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Nonlinear optical effects and their applications: from parametric amplification
in coupled waveguides to modulation instabilities in fibre ring resonators
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This thesis investigates nonlinear optical phenomena in two coupled waveguides and fibre
ring resonators, with a particular emphasis on optical parametric amplification (OPA),
modulation instability (MI), and optical frequency comb (OFC) generation. The work is
divided into two parts.

The first part investigates OPA in dual-core waveguide systems. By exploiting coupling-
induced dispersion, we demonstrate flexible dispersion engineering that enables broadband
gain, even in normally dispersive waveguides. Analytical and numerical models are de-
veloped to assess the impact of pump power and phase fluctuations on system stability.
Additionally, we explore intermodal four-wave mixing in dual-core fibres, revealing how
frequency-dependent coupling and power imbalance between the waveguides lead to asym-
metric gain and signal-idler separation into distinct supermodes. These findings offer design
strategies for efficient, robust, and tunable amplifiers in both fibre and integrated photonic
platforms.

The second part focuses on MI in nonlinear optical resonators. We study filter-induced
MI in a fibre ring cavity with an intracavity amplifier, demonstrating enhanced MI and
efficient energy transfer to spectral sidebands. In parametrically driven resonators with
quadratic nonlinearity, we analyse filter-induced MI and show its role in enabling tunable
OFC generation. Furthermore, we uncover a new dynamical regime in Kerr resonators:
period-4 MI, characterised by temporal patterns repeating every four cavity round trips.
Analytical gain expressions are derived and validated through numerical simulations.

Together, these results advance the understanding and control of nonlinear wave dynam-
ics in optical systems, providing novel mechanisms for amplification, frequency conversion,
and complex temporal pattern formation, with implications for both fundamental science
and practical photonic technologies.
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Nonlinear optics, Parametric amplification, Coupling dispersion, Modulation instability,
Ring resonators, Gain-through-filtering instability, Optical frequency comb
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

Nonlinear optics plays a foundational role in modern photonics, enabling the manipulation
of light through intensity-dependent material responses. Among the wide array of nonlinear
phenomena, optical parametric amplification (OPA) and modulation instability (MI) are
particularly significant due to their applications in signal processing, frequency conversion,
and the generation of complex optical states. These effects are central to the operation of
devices ranging from amplifiers and oscillators to optical frequency comb (OFC) sources.
This thesis investigates nonlinear optical effects across two main platforms—coupled waveg-
uides and fibre ring resonators—focusing on OPA in two coupled waveguides and on the
onset and control of MI in fibre ring resonators. In certain regimes, MI also give rise to
OFCs, which are explored where relevant.

Before starting the two main topics, in Chapter 2, we introduce the fundamental con-
cepts underlying nonlinear light propagation in guided-wave systems, including key proper-
ties of the media: optical loss, chromatic dispersion, and nonlinearities. Then, we formulate
the governing pulse-propagation equations in nonlinear dispersive media. And finally, we
introduce the four-wave mixing and its applications, including OPA and MI.

In the first part, we first introduce the basic theory utilised for dual-waveguide OPA
and emphasise the benefits of using two coupled waveguides for OPA in Chapter 3. Then in
Chapter 4, we study the impact of the coupling dispersion on dual-waveguide OPA. Chap-
ter 5 is dedicated to a stability analysis of equally pumped waveguides under fluctuations
in relative input power and phase, showing that the amplification scheme remains robust

under realistic perturbations. Lastly, in Chapter 6, we investigate intermodal FWM in
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CHAPTER 1. INTRODUCTION

dual-core fibres, where frequency-dependent coupling and power imbalance between waveg-
uides lead to asymmetric gain and signal—idler separation into distinct supermodes. These
studies establish a theoretical foundation for robust, broadband, and efficient parametric
amplification in both fibre and integrated photonic platforms.

In the second part of the thesis, we shifts our focus to MI and OFC generation in fibre
ring resonators. Starting with Chapter 7, we introduce the basic models used for describing
wave propagation in fibre ring resonators: Ikda map and Lugiato—Lefever equation (LLE),
and also the gain-through-filtering (GTF) mechanism. In Chapter 8, we study a GTF cavity
with an integrated erbium-doped fibre amplifier (EDFA). This intracavity gain enhances
resonator finesse and reduces the threshold for MI onset, leading to more efficient energy
transfer to spectral sidebands. In Chapter 9, we analyse MI in parametrically driven ring
resonators, where filter-induced spectral asymmetries induce instabilities and, under certain
conditions, form OFC. Finally, in Chapter 10, we explore a highly nonlinear regime of Kerr
resonators by investigating period-4 (P4) MI—a previously unreported dynamics where the
intracavity temporal pattern repeats after four round trips. We derive analytical expressions
for the P4 MI gain and verify them via numerical simulations, highlighting new dynamical
behaviours in resonators beyond stationary continuous-wave states.

Overall, this thesis presents a unified investigation of nonlinear optical effects—particularly
MI and OPA—across guided-wave and resonator platforms. It reveals how coupling, disper-
sion, and nonlinearities can be harnessed to control MI and enable advanced functionalities
such as broadband amplification, frequency conversion, and comb generation. The ana-
lytical models and numerical methods developed here provide a foundation for the future

design of nonlinear photonic devices with tailored spectral and temporal properties.
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

Chapter 2

Light propagation in nonlinear

media

2.1 Introduction

The propagation of optical pulses in fibres and waveguides is fundamentally governed by the
interplay of several key physical effects: attenuation, chromatic dispersion, and optical non-
linearity. Each of these processes plays a distinct role in shaping the temporal and spectral
dynamics of light as it travels through a nonlinear dispersive medium. A comprehensive
understanding of these effects is essential for designing and optimising photonic systems
used in applications ranging from telecommunications to frequency comb generation and
ultrafast signal processing.

Losses in optical media lead to an exponential attenuation of the optical signal and set
fundamental limits on transmission distance and amplification requirements.

Chromatic dispersion, on the other hand, plays a fundamental role in shaping the dy-
namics of pulses as they propagate through optical media. When a pulse consists of a broad
spectrum of frequency components, any frequency-dependent variation in propagation speed
leads to distortion and temporal spreading, which can critically affect the performance of
optical communication systems and nonlinear optical processes. Understanding and quan-
tifying this dispersion is essential for designing waveguides and fibres that either minimise
pulse distortion or exploit dispersion effects for specific functionalities such as soliton for-

mation or supercontinuum generation [9].
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

Optical nonlinearity arises from the interaction of intense light fields with a medium,
leading to a nonlinear polarisation response. In macroscopic media this response is con-
veniently described by expanding the polarisation in powers of the electric field, which
gives rise to different orders of nonlinear susceptibilities. Two major classes are commonly
encountered in guided-wave optics: second-order (x(?) and third-order (x®)) effects. x(?)
nonlinearities occur in non-centrosymmetric materials and underlie processes such as second-
harmonic generation (SHG), sum- and difference-frequency generation, and optical paramet-
ric amplification (OPA). Third-order nonlinearities are present in all materials and include
the instantaneous Kerr effect, which gives rise to self-phase modulation (SPM), cross-phase
modulation (XPM), and four-wave mixing (FWM), as well as inelastic processes such as
stimulated Raman and Brillouin scattering in optical fibres. In semiconductor waveguides,
the third-order response also encompasses two-photon absorption (TPA) and the subsequent
free-carrier dispersion (FCD) and free-carrier absorption (FCA).

In this thesis we are primarily concerned with refractive nonlinearities that can be mod-
elled by real susceptibilities, in particular the Kerr effect and related parametric interactions,
treated within effective () and y® frameworks. Other nonlinear mechanisms—Raman and
Brillouin scattering in fibres, and carrier-related effects induced by two-photon absorption
in semiconductors—are relevant in many practical situations and can significantly modify
the phase matching and gain characteristics. However, their detailed treatment lies outside
the scope of the pulse propagation models and analytical results developed in this thesis,
and they will be mentioned only briefly for completeness.

To model the evolution of pulses under the combined influence of dispersion and non-
linearity, a central framework is the nonlinear Schrédinger equation (NLSE) and its gener-
alisations [9, 10]. These pulse-propagation equations allow the prediction and analysis of
complex behaviours including soliton formation, supercontinuum generation, and instability
dynamics.

Among the various nonlinear interactions, FWM is of particular interest due to its
broad range of applications in wavelength conversion, parametric amplification, and OFC
generation. FWM involves the coherent mixing of multiple optical fields to generate new fre-
quency components, with its efficiency governed by phase-matching conditions, dispersion,
and nonlinear interaction length.

This chapter introduces each of these fundamental physical effects in detail, establishing
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

the groundwork for understanding complex pulse dynamics and nonlinear optical processes

in modern photonic systems.

2.2 Losses

Losses in optical fibres and integrated waveguides arise primarily from absorption, scatter-
ing, and radiation. These losses are typically quantified by the attenuation coefficient «,
measured in units of km~! or cm~!, depending on the platform. The transmitted power
P(z) along the propagation direction z decays exponentially as P(z) = P(0)e”**, where
P(0) is the input power [9]. In practice, the attenuation is often expressed in decibels per

unit length using

10 P(0) 10

In optical fibres, the dominant loss mechanisms include Rayleigh scattering and ma-
terial absorption, with typical losses as low as 0.2 dB/km at 1550 nm [9]. In integrated
waveguides, propagation losses depend strongly on the material platform and fabrication
process. Silicon photonics waveguides often exhibit losses in the range of 1-10 dB/cm
due to sidewall roughness, strong modal confinement, and two-photon-absorption-related
effects [11]. In contrast, silicon nitride waveguides benefit from a wide bandgap and negli-
gible two-photon absorption in the near-infrared, enabling substantially lower propagation
losses. Early or less-optimised silicon nitride platforms typically exhibit losses on the order
of 0.1 dB/cm [12], while modern low-loss platforms employing optimised geometries and
high-temperature annealing have demonstrated propagation losses well below 10 dB/m,
approaching the sub-dB/m regime [13]. For the purposes of illustration in later chapters,
this thesis adopts a propagation loss of 3 dB/m for silicon nitride, which lies within the
performance envelope of contemporary low-loss platforms while remaining a conservative

and realistic value for practical integrated waveguide devices.

2.3 Chromatic dispersion

Chromatic dispersion arises from the frequency dependence of the propagation constant
B(w), which governs the phase evolution of a wave in a medium. This frequency depen-

dence leads to different spectral components of a light pulse travelling at different phase
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

velocities, resulting in temporal broadening of pulses during propagation [9]. In optical

n(w)w

media, f(w) is related to the refractive index n(w) by f(w) = , where c is the speed
of light in vacuum. The frequency dependence of n(w) gives rise to material dispersion.
In waveguides, however, dispersion also arises from the geometric structure and modal
confinement—known as waveguide dispersion—which can cause the effective refractive in-
dex to vary with frequency even if the material itself is dispersionless. To characterise

overall dispersion, f(w) is typically expanded in a Taylor series around a central angular

frequency wg:

Zﬁ—'w wp)", (2.2)

where 3, = % . Specifically 81 = %‘ corresponds to the inverse group velocity, and
wo wo
Bo = ji—é is the group velocity dispersion (GVD) parameter. A positive [ indicates
wo

normal dispersion, while a negative By corresponds to anomalous dispersion.

2.4 Nonlinearity

Nonlinearity in optical media arises when the response of the material to an applied electric
field becomes non-proportional to the field strength, typically at high optical powers [9, 10].
This behaviour is described by expanding the material’s polarisation P as a power series in

the electric field E:
P(r,t) = co(x'V - E+ x? : EE + Y\®)EEE + .. ), (2.3)

where g is the vacuum permittivity, and x(™ are the n-th order susceptibilities.

In non-centrosymmetric materials such as lithium niobate (LiNbOj3), the second-order
susceptibility y( is nonzero and enables efficient second-order nonlinear effects, includ-
ing SHG, sum-frequency generation, and difference-frequency generation. A popular engi-
neered variant, periodically poled lithium niobate (PPLN), achieves quasi-phase matching
by periodically inverting the material’s crystal orientation, greatly enhancing x@-based
interactions [14].

In contrast, in centrosymmetric materials such as silica glass, x? = 0 due to inversion
symmetry, and the dominant nonlinearity is the third-order susceptibility x(®). This gives

rise to the Kerr nonlinearity, where the refractive index depends on the optical intensity: n =
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

ng + nol. Here, ng is the linear refractive index while ny (Kerr coefficient) is the nonlinear
refractive index related to X(?’). Kerr nonlinearity leads to phenomena such as SPM, XPM,
FWM, which are fundamental in nonlinear fibre optics, supercontinuum generation, and
OPA.

Beyond the (@) and instantaneous y®) responses described above, optical media exhibit
additional third-order nonlinear processes that can influence propagation depending on the
material platform. In silica fibres, stimulated Raman and Brillouin scattering arise from
delayed vibrational and acoustic contributions to x®, which introduce frequency-dependent
gain and can significantly modify the effective nonlinear response, phase-matching condition,
and parametric gain spectrum. Such Raman-induced modifications to optical parametric
amplification dynamics have been analysed in birefringent fibres [15], and related effects
have been experimentally characterised in the scalar case [16, 17].

In semiconductor waveguides, TPA and the subsequent generation of free carriers lead
to FCD and FCA, producing dynamic and absorptive contributions to the effective nonlin-
earity [18]. These mechanisms become relevant at high optical intensities or in materials
with strong two-photon absorption.

While these nonlinear processes are important in many practical contexts, the models
developed in this thesis focus primarily on refractive Kerr-type interactions governed by
the real part of x(3). The scattering-induced and carrier-related nonlinearities mentioned
above are therefore not included in the pulse-propagation equations analysed in subsequent

sections.

2.5 Pulse-propagation equations in nonlinear dispersive me-
dia

In the slowly varying envelope approximation [9], and considering a single transverse mode,
it can be derived from Maxwell’s equations that the propagation of a polarised optical pulse

envelope A(z,t) in a Kerr medium with third-order nonlinearity is governed by the NLSE:

B2

- z?(?tzA—i—z"y(wo)\A]QA. (2.4)

(0%
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

Here, t denotes the retarded time defined as t = 7 — 81z, with 7 being the laboratory time.
Y(wp) = % is the nonlinear coefficient, and A.g is the effective mode area determined by
the transverse profile of the guided mode. The NLSE is derived under the assumption that
the optical field is narrowly centered around a single carrier frequency wg, and that all non-
linear interactions of interest occur near this frequency. Although the third-order nonlinear
polarisation P (t) oc E3(t) generates multiple frequency components—including wo, 3w,
and others—only the component near wy is retained using the rotating wave approximation.
Higher-frequency terms, such as third-harmonic generation, are strongly phase-mismatched
in typical Kerr media and are neglected in the single-frequency envelope model. This leads
to a single governing equation that captures the dominant effects of degenerate four-wave
mixing originating from the interaction of spectral components within a single pulse. A
more detailed derivation can be found in Appendix A.

In contrast, second-order nonlinear processes inherently involve coupling between differ-
ent frequency components. In a x(?) medium, the second-order polarisation P (t) oc E%(t)
results in frequency doubling, such that a fundamental wave at frequency wg generates a
second-harmonic (SH) wave at 2wy. Consequently, the optical field must be represented as a
sum of two distinct frequency components, and their envelopes must be modeled separately.
The slowly varying envelopes of the fundamental field A(z,t) and its SH field B(z,t) obey

the following coupled equations [10, 19]:

04 = [_ago - iﬁQ(;o) 8?} A+ inBA*e 0Bz (2.5a)
9,B = [_0‘22“’0 — AB1O — 152(2000)83] B+ irA2eiA7 (2.5b)

where a,, and as,, are the attenuation coefficients at the respective frequencies, A =

2B(wo) — B(2wp) is the phase mismatch, and AB; = 51(2wp) — B1(wo) denotes the group-

2wodefr
n(2wp)c’

velocity mismatch (GVM). The coupling coefficient is given by k =

with deg being
the effective second-order nonlinear coefficient and n(2wp) the refractive index at the har-
monic frequency. Unlike in the x) case, here both frequencies lie within the range of
interest and must be explicitly included. The SH field is not merely a small perturba-
tion—it evolves dynamically and exchanges energy with the fundamental wave. Even in
the absence of perfect phase matching, the SH field is still locally generated, and the sys-

tem exhibits phenomena such as oscillatory energy transfer, back-conversion, and temporal
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

walk-off [9, 10].

2.6 Four-wave mixing and its application

FWM is a nonlinear optical process involving the interaction of four photons, typically
enabled by third-order Kerr nonlinearity, where at least two input frequencies are involved.
In this process, energy and momentum are exchanged among four interacting photons,
typically resulting in the generation of new frequency components [10, 20, 21, 22, 23]. In
the degenerate FWM, two input waves share the same frequency, making the process more
efficient and easier to implement experimentally. FWM-like phenomena can also arise in
second-order nonlinear media through cascaded processes such as phase-mismatched SH
generation, which induce an effective third-order response [24, 19, 25].

Depending on whether the process is externally seeded or arises spontaneously, it enables
a variety of optical phenomena. In the externally seeded case of FWM, the process is used
for OPA and wavelength conversion (WLC), while the spontaneous case gives rise to MI,
where no input signal is required.

In this thesis, we focus exclusively on the single-pump degenerate FWM. Using the
lossless fibre case (o = 0) as an example, we study the evolution equation of the sidebands,

beginning with the following ansatz:
A(z,t) = Ay(2) + e(z,8), (2.6)

where A,(z,t) = V/PeiP#+i%0 represents an undepleted pump wave, with the pump power
denoted by P and the initial phase by ¢, and €(z,t) accounts for all other components,
mostly the sidebands. Substituting Eq. (2.6) into Eq. (2.4) and considering the small side-
band approximation |e(z, 7§)|2 < P, we obtain the two linearly coupled equations governing

the evolution of e,
05€(z,t) = — i%@fe(z, t) + iv2Pe(z,t) + iy Pe20PH00) e (2 4. (2.7)
If we define n by €e(z,t) = n(z,t)e"P*+i% Eq. (2.7) can be rewritten as

0.n(2,1) = — i2250(,0) + iy Pz, 1) + P (2, 1) (28)
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

Performing a Fourier transform on Eq. (2.8), we obtain

n(z, Q2 (z, Q)
] 7(z, ) o 7(z, )
ﬁ*(zv _Q) ﬁ*(27 _Q)
i202 4 iyP iy P fi(z, Q) 29)
—iyP —i%Q2 — iy P 7*(z, =) ‘ ‘

which takes the form of the Bogoliubov-de Gennes equation. The matrix M determines the
propagation of sidebands in a fibre while neglecting pump depletion, and has the eigenvalues

+\ with \(Q) = \/—(%QQ +~P)2 + (vP)2. Only if A\(Q) is real-valued will the wave at

frequency €2 grow exponentially, that is, become amplified. Two straightforward conclusions
follow: the exponential growth of sidebands occurs exclusively in the anomalous dispersion
regime (B2 < 0); the maximum gain is achieved when %QQQ +~P = 0, which corresponds to
the wavevector relation k() + k(—§) — 2k(0) + 2yP = 0, where the term 2P represents
the total nonlinear phase shift induced by Kerr self- and cross-phase modulation of the
pump and sidebands. This is the nonlinear phase-matching condition that ensures efficient
four-wave mixing.

More generally, phase matching is the central requirement for efficient parametric pro-
cesses such as OPA and MI. In different platforms it can be achieved by exploiting birefrin-
gence, modal phase matching in multimode structures, quasi-phase matching, or longitudi-
nal modulation of the dispersion. In the scalar Kerr fibre system considered here, however,
phase matching is provided self-consistently by the nonlinear phase shifts associated with
the strong pump. The modulational-instability regime discussed below corresponds to the
spontaneous case in which this Kerr-induced phase-matching condition is satisfied, whereas
OPA and wavelength conversion represent externally seeded implementations of the same

underlying four-wave-mixing process.

2.6.1 Parametric amplification and wavelength conversion

In a single-pump OPA or wavelength-conversion scheme, a strong pump wave is injected
into the nonlinear medium along with a weaker input signal at a different frequency [26,
27, 28]. Through the nonlinear interaction, energy is transferred from the pump to both

the signal and a newly generated idler wave. This coherent energy transfer conserves both
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CHAPTER 2. LIGHT PROPAGATION IN NONLINEAR MEDIA

energy and momentum, and the phase-matching condition ensures efficient conversion [26,
21]. Because the process is inherently phase-coherent and adds only the quantum-limited
vacuum noise, OPA and WLC are attractive for low-noise optical communications and
signal-processing functions. Moreover, the same functionalities have been demonstrated in
silicon and silicon-nitride waveguides, which are promising candidates for OPA and WLC
in integrated devices [29, 30].

The gain of the OPA is defined as the ratio of the signal output power at propagation
distance z = L to its input power at z = 0, while the efficiency of WLC is defined as the
ratio of the idler output power at propagation distance z = L to the signal input power
at z = 0. Both OPA and WLC can be categorised into phase-sensitive (PS) and phase-
insensitive (PI) cases based on the presence of an injected idler wave. In the PS case, the
idler is injected alongside the signal, and their relative phases influence the parametric gain.
In contrast, the PI case does not involve any idler injection. In both scenarios, assuming
that the signal is blue-detuned, the parametric gain and WLC efficiency can be calculated
by

é 2 é 2 A 2 /15 2
(L) = [€(L, ) I%/1€(0, Q) = [a(L, Q)[*/]7(0, )] OPA (2.10)

|e(L, —)P/1€(0, Q) = [7(L, —2)[/17(0,2)]* WLC
where 7(L, £) can be determined by the following equation for any propagation distance
L:

A9\ _ (909 ) o

7" (L, =) 7*(0, =€)

where el = cosh(A\L)Z + %M, with Z being the identity matrix [27]. A typical

parametric gain profile in the anomalous dispersion regime is illustrated in Fig. 2.1, corre-
sponding to a propagation distance of L = 0.1 km. The sidebands around +1.7 THz are
amplified, which is as required by the phase-matching condition. We find that the analytical
predictions, which disregard pump depletion, align perfectly with the simulation results of

the NLSE that incorporate pump depletion.
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Analytical
20+ o NLSE
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= 10/
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Figure 2.1: The gain profile of a fibre-based OPA. Parameters used are v = 10 W 'km ™', 8, =
—0.5 ps?km ™!, P =3 W, and L = 0.1 km.

2.6.2 Modulation instability

The spontaneous case of FWM leads to MI, where no input signal is required beyond a
strong pump. Small perturbations, including quantum fluctuations and intrinsic noise in
the medium, are exponentially amplified through the nonlinear interaction, causing the
breakup of a continuous wave (CW) into a train of pulses and the formation of symmetric
sidebands around the pump frequency [31, 32].

MI was initially regarded as a drawback in the context of fibre—optic telecommuni-
cations, because it converts phase or amplified-spontaneous-emission noise into intensity
fluctuations, raising the noise figure and imposing power limits on CW transmission [9].
However, it has since become a valuable tool in unseeded systems aimed at generating
OFCs [33, 34, 35|, which are light sources whose spectra consist of a series of discrete,
equally spaced frequency lines, resembling the teeth of a comb. In these cases, a strong
continuous-wave pump propagating in a fibre with anomalous dispersion spontaneously
breaks up into symmetric sidebands due to MI, which then seed cascaded FWM. This
leads to the formation of a comb-like spectrum with regularly spaced frequency compo-
nents. When proper phase coherence is maintained—either through pump stabilisation or
by embedding the fibre in a cavity—the result can be a true OFC [36, 37], suitable for
applications in spectroscopy, metrology, and optical clocks [38, 39]. More broadly, MI is
now recognised as a universal phenomenon arising from the NLSE; it occurs not only in
optics but also in systems such as Bose—Einstein condensates, plasmas, and hydrodynamic
fluids [40, 41, 42], wherever the balance between dispersion and nonlinearity gives rise to

instability and pattern formation.
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The gain of MI is typically defined in terms of unit length, or sometimes per round trip
in the case of resonators. For the dynamics described by Eq. (2.9), the MI gain is usually
defined as the maximum eigenvalue of the dynamics matrix M, i.e., g(2) = 2Re[\(Q2)], or
in decibels per unit length,

20

Re[A(©). (2.12)

QdB(Q) = n10 e

The MI gain profile for a fibre in the anomalous dispersion regime is illustrated in Fig. 2.2.
It is worth commenting on the behaviour at zero frequency detuning. The eigenvalue of
matrix M is zero at Q = 0, so the MI gain gqg(€2 = 0) vanishes. In this sense there is no
exponential modulational instability exactly at the carrier frequency, in agreement with the
standard scalar theory [27]. However, the OPA gain defined in Eq. (2.10) is a finite-length
power ratio. At Q = 0 the linearised evolution matrix becomes nilpotent (M? = 0), so
that eMF = T + LM. For a simple initial condition with a small perturbation at Q = 0,
this leads to G(L,0) ~ 1+ (yPL)? > 1, i.e., a weak polynomial increase with propagation
distance rather than an exponential growth. The non-zero value of G(L, 0) in Fig. 2.1 should
therefore be interpreted as a finite-length, phase-sensitive mixing effect, not as evidence of

a genuine MI sideband at zero frequency.

N
o
o

100+

9as (dB/km)

—4 -2 0 2 4
Q21 (THz)

Figure 2.2: The MI gain profile in a fibre. Parameters used are v = 10 W 'km ™', 8, =
—0.5 ps?2km ™!, and P =3 W.

A more detailed discussion of the MI gain specifically in optical ring resonators will be

provided in Chapter 7, where we will also address the generation of OFC initiated by MI.
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CHAPTER 3. BASIC THEORY OF DUAL-WAVEGUIDE PARAMETRIC AMPLIFICATION

Chapter 3

Basic theory of dual-waveguide

parametric amplification

The concept of parametric amplification in two coupled nonlinear waveguides has been dis-
cussed broadly in the context of nonlinear optical couplers [43, 44]. Recently, it has been
proposed as a viable practical solution for optical communications, characterised by a flat
gain profile, phase-matching in the normal dispersion regime—facilitated by coupling con-
tributions—and a 0-dB noise figure in the PS operational mode [45, 46]. Preliminary results
have also been reported in dual-core highly nonlinear fibres [47, 48]. Additionally, it has also
been demonstrated that if the coupling is selected with appropriate spatial dependencies,
it can dynamically compensate for the mismatch arising from pump attenuation [48, 49],
thereby addressing a significant issue in integrated amplifiers where attenuation is on the
order of 1 dB/m [50]. This coupled waveguides geometry can yield superior performance
in terms of bandwidth and bandwidth-gain products under specific parameter selections,
compared to both standard and tapered single waveguide silicon nitride parametric ampli-
fiers [51].

In this chapter, we introduce the basic equtions governing the propagation of light in
coupled waveguides, considering a frequency-dependent coupling between two waveguides,
specifically the coupling dispersion—the second derivative of the coupling strength with re-
spect to frequency evaluated at the pump frequency. Then we derive the linear propagation
equations for sidebands and provide the formalism of sinal and idler gain for certain cases.

A sketch of the dual-waveguide parametric amplifier is illustrated in Fig. 3.1.
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p2 coupled waveguides supermodes

Figure 3.1: Sketch of a dual-waveguide parametric amplifier. Ay is the input signal wave and
Ap1 po are the pump waves in the two waveguides respectively. The components denoted by ”50/50”
are 50/50 couplers. Blue rectangles with a diagonal arrow describe phase shifters, and one can input
“+” and “—” supermodes by switching the phase shifter located before the coupled waveguides
between £7. The second phase shifter and the coupler located after the coupled waveguides enable
separation of the amplified supermodes at the output.

3.1 Coupled nonlinear Schrodinger equations

The starting point of our theory consists of the two CNLSEs which rule the propagation of

the electric field amplitudes E12) along two identical coupled waveguides:

— Bn . . = Cn
9. B2 = —%E(m) +iYy %(z@t)”E(m) +iy EGDPEL?) 44y F(zat)"E@JX (3.1)
n=0 " n=0

Bn and C), are the n-th coefficient of the Taylor expansion of the frequency dependent
propagation constant 5(w) and evanescent coupling C(w) at pump frequency wy respectively;
while v and « are the nonlinearity and attenuation coefficients; ¢ is the temporal coordinate
and z is the spatial evolution coordinate along the longitudinal waveguides dimension. Here,
we have utilised the field amplitude E in place of the envelope A and lab time frame instead

of retarded time, to maintain a symmetric form between 5 and C.

3.2 Stationary solutions

Equations (3.1) admit three types of (attenuated) CW solutions, which guide us in designing

the pattern of input pump waves:

e Symmetric solution:

Eélz) (Z) =4/ %67%Zei[(BO+CO)Z+'Y%ZeH+¢O}_ (32)
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e Antisymmetric solution:
(1,2) Bt 2 il(Bo—Co)aty 2 e+t 2]
Ep7 (Z) = 56 27e 0—%0 Vo ZefTPOLG], (33)

e Asymmetric solution:

E(12)(2) = /P12 §2eilbos 1Pt oot =5 a), (3.4)
with P(D Pp2)y2e—202 — C2, which may only holds if & = 0 or if coupling is 2-

dependent.

Here, P12 are the initial powers in two waveguides, P, = P 4 P?) ig the total power,
Zeff = [y e=*'dz = (1 — e /a) (in absence of losses zeg — 2), ¢o is an arbitrary phase,

and sgn(Cp) represents the sign of Cp.

3.3 Linear evolution equations for sidebands

To study the parametric amplification, we explicitly separate the wave amplitudes E(1:2)

into pump waves and sidebands as follows:

EWD(z,) = B0 (2) + €192, 1). (3.5)

Substituting Eq. (3.5) into Eq. (3.1) and considering the small sideband approximation

2 . . . . .
‘6(1’2)(2, t)‘ < P12 we obtain the two linearly coupled equations governing the evolution

of e1:2),
0.6 (2 1) = — SelD (5 ) + zi &(i&g)”e(m)(z t)
9 2 ) n:O n| )

+ 2 ’E}}v?)

2 2 >
2z, 0) i [B0D] 0D () 103 a0,
n=0

(3.6)

If we introduce the supermodes defined by E&) = [E(M) + E?)]//2 = [El(jl) + EI()2)] JV2+
¢®), where &) = [e(l) + 6(2)] /+/2 is the sidebands of the supermodes, then Eq. (3.6) can
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be rewritten with supermodes as

(07 . > Bn + Cn . n
9.eF) (z,1) = — Ee(i)(z, t)+1 Z T(Zat) e (z,1)

n=0

+in UEZ(,l)‘2+ \E,@ﬂ (B t) + iy . ) (5.1)
M1 _ [-@]?
+iy UEIS“\Q—iEP\Q] € (z,1) + iy =] 3 el @ (0. (3.7)

Since all the three types of pump waves in two waveguides mentioned above are in phase
or out of phase, Eq. (3.7) can be written in a compact form if we defnie Py = plt) — p()
and denote the phase of Ei(,l) by oM (2), ie., Ei(,l) = \/%6_%'26@?)(@, then Eq. (3.7)

becomes

« . ad Bn + Cn . n
0 (z,8) = = S (z,0) +1 ) (50" B (2,1)

n=0

P, 26 (1)
+ iy Pe % eH) (2, 1) + m?te_aze’%pl @) (2, 1)

P, 1)
+iyPie™ %P (2,) + i’Y?defazeﬁd’Pl @3 (2, 1), (3.8)
whose Fourier counterpart reads

N a . > ﬁn =+ Cn n A
0:68)(2,0) = = SeH (2, Q)+ ) P (—Q)ne®) (2, 0)

n=0

P, .
+ivPe %¢®) (2,0) + i’y?te*azeﬂd’él)(z)é*(i)(z, —Q)

P ,
+ iy Pie %) (2,Q) + i*y?de_azezg‘ﬁél)(z)é*(;)(z, —Q). (3.9)

Eq. (3.8) [or Eq. (3.9)] governs the propagation of sidebands. In the chapters 4, 5 and 6,
we will discuss various kinds of pump waves based on this equation.
3.4 Parametric gain

Compared with the single-waveguide case, the definition of parametric amplification gain is
slightly different in the coupled waveguides, since there are two outputs and two inputs. We

consider two kinds of input signals: blue-detuned “—” signal (corresponds to é(=)(0,9) # 0
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and €1)(0,Q) = 0, with Q > 0) and blue-detuned “+” signal (corresponds to é+)(0, Q) # 0
and €()(0,9) = 0 with Q > 0). On the output side, it is possible to obtain “4+” and “—”
signals depending on the style of pump. The signal gain (corresponding to OPA) and idler

gain (corresponding to WLC) in such cases are defined as follows:

e blue-detuned “—” signal input:
EDEAR  opa
GH)(z,0) = { O ora- (3.10)
6 (2.~ )2
eap W
e blue-detuned “+” signal input:
EDEAR  op
GH)(z,Q) = { EVODP OPA- (3.11)
) (z,—0)|2
Eheap WO

In this thesis, we focus on blue-detuned signal amplification. However, the red-detuned case
can be directly generalised by switching the sign of {2. Both cases can be further divided
into PI and PS regimes, relying on the existence of idler. In the PI case, there is no idler at
input, i.e, é(i)(O, —Q) = 0. In the PS case, idler is injected together with signal, which can
be implemented in numerous scenarios [45, 46]. For illustrative purposes, we limit to an

in-phase idler, which will be the case in chapters 4 and 6, that is é*) (0,—Q) = ) (0,9).

3.5 Why two cores?

A flat gain profile is crucial for broadband OPA, as it ensures uniform amplification across
a wide spectral range without introducing spectral distortion. Traditional single-core fibres
often exhibit strong gain variation due to phase-matching limitations and nonlinear walk-off,
as examplified in Fig. 2.1 in Chapter 2. To address this, dual-core fibre designs have been
proposed, which allows flat gain profile through careful engineering of the coupling between
cores [44, 45, 46]. Such structures enable broadband and flattened gain spectra, making
them well-suited for applications requiring high-fidelity amplification over wide wavelength
bands.

7

If we focus on the sidebands of “—” supermode in the symmetrically pumped dual-core

fibre, ignore the losses and coupling dispersion, consider the expansion of 5 only up to the
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. P,
second order, and define 7(7)(z,Q) = é(_)e_z(ﬁoz+77tz+¢0_ﬁlﬂ), we find

o [ 10EY (502 -20+ink i’y 7 (2,9)
7 (z,~9) iy —iF0 20 — i ) \ir (2 -9)
(3.12)
Thus the modulation instability gain for the “—” supermodes reads
_ 20 1
958 (@) = 10 1ORe 5\/—(40 — B2Q2)(4C — 29 P, — 520%) ] . (3.13)

It can be observed from the terms under the square root in Eq. (3.13) that the gain at
) = 0 appears when C < «vP;/2, which has been discussed in detail in Ref. [52, 44], where
2C'/~ is the critical power at which the symmetric CW solutions become unstable and a
pitchfork bifurcation of the CW solutions takes place, giving rise to two stable asymmetric
solutions. C' = yP,/4 = C, is another critical point: for coupling above this value, light
launched in one core undergoes complete power transfer to the opposite core with a power-
dependent spatial period, whereas for coupling below this value, the coupling is inhibited
and the optical field remains essentially confined in the initially excited core. It can also
be observed from Eq. (3.13) that the maximum gain appears at Q = 0 if C > C. in the
anomalous dispersion regime, whereas in the normal dispersion regime, the maximum gain
appears at Q = 0 if C < C.. C = C, is the point to achieve a flat gain profile around
Q=0 [44].

In Fig. 3.2(a) and (c), we illustrate the impact of coupling strength on the MI gain in
the anomalous and normal dispersion regimes, respectively. When the coupling strength
reaches the critical coupling C' = C. (indicated by the dashed line), we observe that the
gain becomes flat in both regimes, which is clearer by observing Fig. 3.2(b) and (d) —
the OPA gain with C' = C,. for propagation distance L = 0.1 km. Parameters used are
the same as those in the single-core OPA shown in Fig. 2.1. Therefore, employing two
coupled waveguides for OPA can improve the uniformity of the gain profile across a broad

bandwidth.
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Figure 3.2: (a) and (c) Impact of the coupling strength on the MI gain in anomalous (a) and
normal dispersion (c) regime. The coupling C = C. is indicated by a dashed line. (b) and (d) Flat
gain profiles in dual-core OPA in anomalous (b) and normal (d) dispersion regimes. Parameters
used are v = 10 W 'km ™!, By = 70.5 ps’km ™!, P, = 6 W (3 W per waveguide), L = 0.1 km, and

C =15 km ™.
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Chapter 4

The role of coupling dispersion

The work presented in this chapter has been adapted from the following publications:
[1] M. Shi, V. Ribeiro, and A. M. Perego. Parametric amplification in coupled nonlinear
waveguides: the role of coupling dispersion. Front. Photon., 4:1051294, 2023.

4.1 Introduction

In Chapter 3, we demonstrated how the coupling strength and coupling dispersion enters
into the CNLSEs and mathematically compensate for the individual waveguide dispersion.
Also, in Section 3.5, we show how the coupling strength help achieving the a flat gain profile.
This chapter is dedicated to a detailed presentation of the impact of coupling dispersion on
the gain spectrum of the dual waveguide parametric amplifier.

Indeed, the influence of the frequency dependence of the coupling strength has been
investigated previously, particularly in the context of coupled silicon waveguides. In this
setting, it facilitates the existence of solitons and MI under conditions where these phenom-
ena would be unattainable within a single, uncoupled waveguide [53, 54, 55]. However, the
role of coupling dispersion in parametric amplification has not yet been examined analyt-
ically. The impact of the MI spectrum associated with the first coefficient in the Taylor
expansion of the coupling around the pump frequency has been theoretically studied in the
past for two evanescently coupled core fibres [56, 57] and in generalised forms of the two
coupled NLSEs [58, 59, 60, 61]. It has been demonstrated that this term can induce the gen-

eration of additional spectral sidebands in both normal and anomalous dispersion regimes,
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provided that the pump power distribution is asymmetric between the two waveguides.

In this chapter, we present a different phenomenon; specifically, we show that the second-
order term in the expansion can enable complete compensation of the GVD of the individual
waveguide when the pump power distribution is symmetric between the two waveguides.
We provide analytical formulas for the parametric gain in both the PS and PI regimes,
considering characteristic parameters for lossless coupled core fibre and lossy integrated
silicon nitride waveguide amplifiers. This offers a novel approach for dispersion engineering,
which can be employed in the design of broadband, flat gain, low noise figure, and energy-

efficient parametric amplifiers.

4.2 Symmetrically pumped evolution equation for sidebands

To illustrate the role of coupling dispersion, we focus on the symmetric pumped parametric
amplification, and show how it enables flat gain profile for one of the system supermode.
In this case, we have gb](gl)(Z) = (Bo+ Co)z + v5t zet + ¢o and Py = 0, then Eq. (3.9) can be

simplified as
NEs I SN .Ooﬁnicn nA(+
el >(Z,Q)_—§e< (2,9 +i ) :T(—Q) e (z,Q)

n=0

P, .
+iyPe % ¢®) (2, Q) + i’y?te*aze’%;’l)(z)(?*(i)(z, —Q). (4.1)

(1)
By introducing #*) defined as é*)(z,Q) = 7 (z,Q)e’ [d)p (ZHﬁOdd(Q)Z}, with Boqa(2) =

—> 0 (gz’f:ll O?k+1 Eq. (4.1) and its complex conjugate can be written in matrix form as

H(E) (2,0 H(E) (2,0
o [ 1PED ), (e
’f/*(i) (Za _Q) ﬁ*(i) (Za _Q)
[ 5+ iK(2,Q) £iCoda($2) iytreo 7 (2, Q) (4.2)
—iyBremes —8 K (2,Q) £ iCoaa() ) \ B (z,—0) )

where K+(z,0) = Beven(2) £ Ceven(€2) = Co — Co +’Y&6_M with Beven (€2) = 32324 g?&g%

Ceven(Q) = > pe 17 CQ’“ Q% Coad(Q) = —> 02 g;’ril),ﬁ%ﬂ. Note that Sy and Cy are

excluded in the deﬁnltlon of Beven and Coyen, respectively. Eq. (4.2) admits an exact solution

in the lossless case and an approximate one in the lossy scenario. The solution is formally
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[1E) (2,Q),7*F (2, Q)T = elo M£()d="[5(H) (0, ), 7*F) (0, —Q)]T, where the exponential

expressions read

efoz My (2')dz" _ eiicoddZQ*%ZNi

-p  sinh(p) . Py _sinh(py)
_ AiCoaaz -5 cosh(pt) + 16+ e iy Legt o (43)
. inh . inh
i Ler™ P cosh(p) — if, T

with 04 = ’}/%Leﬁ? + 75“5"%0““2 — Coz £ Cyz, ptr = \/(’Y%Leﬁ)2 — 02 and Leg = 1‘”;”

(in the lossless case Lefs = z should be used).

4.3 Results

To highlight the role of coupling dispersion in the parametric amplification process, we

kM b

calculated analytically the gain of ouput signal “—” with respect to the blue-detuned “—

signal input. Referring to Eq. (3.10), we find

‘ﬁ(i) ZvQ)|2 —Qz ‘Nﬂﬁ(_)(O’Q)J’»Nﬁﬁ*(_)(Ov*Q)'Q
‘ 7 0.2)P OPA

(
G(z,) = 1170 L (49
1 (=D oz Ny OO0+ Nop i D O0-D iy
=092 7(=)(0,2)]?
where N, with m,n = 1,2, are elements of the matrix N~ defined in Eq. (4.3). Then, we

contrasted these theoretical predictions with numerical simulations of the NLSEs [Eqgs. (3.1)],
which were carried out using the split-step Fourier method (see Appendix B). Although our
theoretical framework applies to an arbitrary order of waveguide and coupling dispersion,
we have limited our analysis in the following examples to expansions up to the second order.
Furthermore, it is noteworthy that the odd terms in the coupling Taylor expansion, repre-
sented by C,qq, do not contribute to the gain expression associated with the supermodes
),

Firstly, we focus on the PI regime, selecting the initial conditions ¢ (0, Q) = —&(1(0,Q) #
0 and €M (0, -Q) = é®) (0, —Q) = 0, which correspond to the excitation of the “—” super-
mode only. This configuration provides the best performance in terms of noise figure [46],

a flat gain profile for identical pump power and phase in the two waveguides, and the com-

pensation of second-order GVD by the second-order coupling dispersion parameter, as will
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Figure 4.1: Lossless PI amplifier. Map of parametric analytical gain vs frequency and Cj in
anomalous a) and normal b) dispersion regime; and gain spectrum vs frequency comparison between
numerics and theory for anomalous ¢) and normal d) dispersion regime with Cy = 1 ps®km ™.
Other parameters used are 33 = +0.5 ps?km ™', v = 10 W lkm™!, P, =6 W, Cy = 15 km ! and
z=0.1 km.

be further demonstrated in this chapter. Therefore, the gain is given by

e |N;j 2 = % (14 52) OPA

Gpi(z) = , (4.5)
e %Ny |> = e72% 52 WLC
where S = 'y%LeffSin};(_p’).

The Cs dependent gain for lossless (utilising parameters typical of coupled core fibres)
and lossy (employing parameters typical of silicon nitride waveguides) parametric amplifiers
is illustrated in Fig. 4.1 (a) and (b) as well as in Fig. 4.2 (a) and (b), respectively, while
considering both anomalous and normal dispersion waveguides. The parameters have been
selected to satisfy the flat gain requirement, Cy = C.. The agreement between theoretical
predictions and simulations is remarkable, as evidenced by the examples presented in Fig. 4.1

(c) and (d) alongside Fig. 4.2 (c) and (d). It is noteworthy that coupling dispersion, when
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appropriately chosen, can effectively compensate for the dispersion of individual waveguides,
thereby significantly improve the amplifier’s gain bandwidth. The maximum bandwidth is

attained when Cy = (s, as clearly illustrated in Fig. 4.1 (a) and (b), as well as in Fig. 4.2

(a) and (b).
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Figure 4.2: Lossy Pl amplifier. Map of parametric analytical gain vs frequency and Cs in anomalous
a) and normal b) dispersion regime; and gain spectrum vs frequency comparison between numerics
and theory for anomalous c) and normal d) dispersion regime with Cy = 0.07 ps?m~!. Other
parameters used are 8 = +£0.05 pslm™', y=12W lm™', P, =6 W, Cy=18m !, z=15m
and o = 0.69 m~! corresponding to 3 dBm™!.

In the PS regime, given ¢(1)(0, ), we establish the initial conditions as follows: ¢ (0, —Q) =
é1(0,9), €2(0,9) = é@(0,-Q) = —eM(0,Q). This leads to the relations é7)(0,Q) =

(0,€), €2(0,9) (0, —%2) (0,€) (0,€)
ﬁé(l)(O,Q) and €(*)(07 —Q) = \/ié(l)(o7 ). Assuming the phase difference between the

signal and pump is ¢, the analytical expression for the gain is given by

e_O‘Z|N1_1€i¢"‘ + ]\71_2(2_Z'¢’S|2 OPA

Gps(2) (4.6)

e~ | Ny e'¥s + Nye 12 WLC
The dependency of the gain on the phase ¢y is illustrated in Fig. 4.3 (a) and (b) for the
lossy amplifier. We then fixed ¢, to maximise the gain and calculated the gain spectrum
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both analytically and numerically, as shown in Fig. 4.3 (c) and (d), where the PI gain is also
shown for reference. An excellent agreement between theory and simulations is observed in
this case as well. It is noteworthy that in this work, we have considered €(7)(z,t) as the
output of the amplifier. If e(+)(z, t) is selected instead, analogous dispersion compensation

effects will occur, but with Cy having the opposite sign.

Gain (dB) Gain (dB)
L | L e
1 6 11 16 21 1 6 11 16 21

0 0
-4 -2 0 2 4 -4
20 20
15, 15,
[aa] m
S 10; T 104
c (e
(E 5_ l’TS 5_
) o
0 0
—51 —51
-4 -2 0 2 4 -4 -2 0 2 4
Q/2n (THz) Q/2n (THz)

Figure 4.3: Lossy PS amplifier. Map of parametric gain calculated analytically vs frequency and
¢s in anomalous a) and normal b) dispersion regime; gain spectrum vs frequency for anomalous
¢) and normal d) dispersion regime with ¢, = 0.357 comparing numerics with analytics. Other
parameters used are fo = £0.05 ps?m~', y =12 W 'm ', P, =6 W, Cy =18m™!, 2= 15m,
Cy = 0.07 ps?m~! and o = 0.69 m~! corresponding to 3 dBm~!.

4.4 Conclusions

In conclusion, we have demonstrated that coupling dispersion is a fundamental physical
effect that facilitates dispersion engineering in dual-waveguide parametric amplifiers. This
effect allows for significant tailoring of the gain spectrum and provides the potential for
broadband parametric amplification, even when the individual waveguides exhibit normal
dispersion. This powerful tool enhances the versatility of dual-waveguide parametric ampli-

fiers, which are already characterised by features such as a flat gain spectrum, a 0-dB noise
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figure, and compensation of losses induced by mismatches. Future research on frequency-
dependent coupling for dispersion compensation could be pertinent for fibre amplifiers with
numerous cores and for arrays of integrated waveguides with varying coupling topologies,
as well as for other photonic devices that involve multiple coupled modes. We remark
that, although coupling dispersion is a well-defined theoretical parameter, its controlled
manipulation over kilometre-scale lengths in two-core fibres is challenging in practice, since
the coupling coefficient is mainly fixed by fabrication constraints such as core separation,
refractive-index contrast, and drawing tension. In contrast, integrated coupled-waveguide
platforms provide much greater freedom for dispersion engineering: the waveguide separa-
tion, cross-sectional geometry, and cladding environment can be lithographically tailored,
enabling precise control of both the magnitude and frequency dependence of the coupling.
From an experimental perspective, coupling dispersion is therefore expected to be more
accessible and tunable in chip-based coupled waveguides than in long multi-core fibres,
even though the formal theory presented here applies to both systems. A second remark
concerns the relative importance of coupling dispersion compared to other nonlinear pro-
cesses that are always present in fibres, most notably the delayed Raman response. In
standard single-core fibres, Raman-induced nonlinear phase shifts can substantially alter
the phase-matching relation and the MI gain spectrum, and a comprehensive study of this
interplay has been carried out in the context of birefringent fibres in Ref. [15]. To the
best of our knowledge, no analogous systematic investigation exists for two-core fibres. The
present work therefore isolates the effect of coupling dispersion within an instantaneous
Kerr model; whether coupling dispersion dominates over Raman-induced contributions in
real fibre platforms will depend on the specific material parameters and operating regime.
A complete quantitative comparison is beyond the scope of this thesis but represents an

interesting direction for future studies.
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Chapter 5

Impact of pump power and phase
fluctuations on the dual-waveguide

parametric amplification

The work presented in this chapter has been adapted from the following publications:
[2] M. Shi, V. Ribeiro, and A. M. Perego. On the resilience of dual-waveguide parametric
amplifiers to pump power and phase fluctuations. Appl. Phys. Lett., 122(10):101102, 2023.

5.1 Introduction

Several impairments may impact the performance of dual-waveguide parametric amplifica-
tion, such as relative power and phase variations between the pump waves in the two waveg-
uides, random fluctuations of the zero-dispersion wavelength and their correlation across
the two waveguides, as well as differences in parameters among the two waveguides—such as
GVD and nonlinearity—resulting from the fabrication process [26, 62, 63, 7]. In this study,
we focus on the symmetrically and antisymmetrically pumped waveguides, analytically and
numerically examine the first of these potential impairments, specifically the impact of
pump power and phase fluctuations between the two coupled waveguides on amplifier per-
formance when the two waveguides are pumped with equal power. We derive an analytical
formula that characterises the spatial instability—leading to power exchange and oscilla-

tions of the CW solutions between the two coupled waveguides during propagation—that
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results from the minor and unwanted time-independent perturbations caused by varying
input power and phase. We demonstrate that the predictions from our analytical formula
correspond well with numerical solutions regarding the propagation of pump waves along
the waveguides. Furthermore, we conduct a numerical investigation into the influence of
input pump phase and power differences on the amplifier gain, utilising parameters typical
of coupled-core silica fibres, as well as integrated silicon nitride waveguides, and show that
the amplifier exhibits robustness against fluctuations within realistic experimental control

limits.

5.2 Stability of Pump waves — formalism

We first study how the initial input power imbalance and phase difference impact on the
propagation of pump waves in two waveguides. Our starting point is the two stationary

solutions Eq. (3.2) and Eq. (3.3), which can be rewritten in a compact form as

7(12) \/ge—i‘zei(qﬁpi&’;)’ (5.1a)

ép = 90 + [Bo + (~1)*Col= + J Pezerr, (5.1b)

where £ is 0 for symmetric solutions and 1 for antisymmetric solutions, and ¢o+§75 represent
the initial phases of the two pump waves. Then we add small perturbations 712 (|n12]? <

P,) at pump frequency to the CW solutions E}(?L?)’ which leads to the following ansatz:
E(MD(2) = B 4y p(z)e 226l (O EED) (5.2)

By redefining P; as the total power and choosing an appropriate ¢g, the initial amplitudes

in the two waveguides can always be expressed as

Py Py oy oitdicn
E]gl’2) (O) :\/ESZ(%isziEz), (53)
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where P; and ¢4 represent the initial power difference and phase difference, respectively.

Assuming P; < P; and ¢4 < 1, the amplitudes can be reformulated as

P, P, (;Sd
E(12)(0) ~ i + -9 14 =2 ) gildoke3)
» 7 0) 2V/2P,
~ —+ — 0 5.4
( 5 TPt ¢d> (5.4)

It implies that 71 (0) = —n2(0) = L¢4. By substituting Egs. (5.2) into the

2\/213 +i3
coupled NLSEs [Eq. (3.1)], and explicitly expressing ny = ay + iby, where ny = ny + 2,
we derive the equations governing the propagation of the real and imaginary parts of the

perturbations as follows,

a a
. + ML +
b+ by
_ 0 'y%e*az — K4 a+ (5.5)
'y%e_o‘z + K4 0 bi

where Ky = y&te ™% + (=1)5(£Cy — Cp). As n:(0) ~ 0 and 7_(0) ~

P
\/m"i‘z 2¢d7

the evolution only needs to be calculated for n_, while n, remains negligible. An approx-
imate solution to Eq. (5.5) is given by (a_,b_)T = elo M= (q_(0),b_(0))T, where the
exponential expression is defined as
. N h 0 sinh
_ i cosh p sinh p

-(2)dz" _ , (5.6)
= lsinhp coshp

with p = \/—2C2[2Coz — (—1)§yPizest], 6 = (—1)2Cpz/p. Thus we obtain

n—(z) =(cosh p + i@~ sinh p)
+ (@sinh p + i cosh p)y/ — qbd (5.7)

To gain direct insight into the instability of the symmetric pump power solution, we examine

the power difference between the two waveguides, defined as P_(z) = |up1|? — |upe|?. This
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can be evaluated as a function of n_ approximately by

2
_ P on- P o
P _az 11 -1 A
(2) =e |\/2+2 '\/2 2

=e~** (Pycosh p + P40 sinh p) (5.8)

2

where 71 = —n2 = n_/2 is considered. We first focus on the symmetric pump power
solution (£ = 0). The characteristic flat broadband gain of coupled waveguide amplifiers
is achieved with symmetric pump input when the attenuation is negligible for vP;, = 4Cj.

Consequently, we will employ this relation throughout the chapter, resulting in 6 ~ 1.

5.3 Resilience of parametric amplification: symmetric pump

In realistic symmetrically pumped parametric amplifiers, cosh p is approximately equal to
sinh p when the amplifier length L exceeds the nonlinear length Ly, specifically L > Ly =
W%W' For our analysis, we consider Ly, = 33 m for dual-core fibres and Ly, = 28 cm for
integrated waveguides. Therefore, the two expressions enclosed by parentheses in Eq. (5.7)
are approximately equal.

As the pump power typically exceeds 1 W, fluctuations of approximately 1 mW in power
and 1 mRad in phase will yield similar dynamics for the power imbalance P_. Experimen-
tally, it is generally more challenging — though still feasible — to control phase differences

to the mRad level compared to managing power fluctuations or imbalances to the mW level,

as we will discuss in more detail later. Hence, we can typically assume that %gf)d > \/Z‘%,
and the initial phase differences in the two waveguides usually represent the dominant effect
that can induce substantial pump power imbalance during propagation. In typical exper-
imental setups for optical parametric amplifiers, the noise generated by the pump laser
can result in power fluctuations, yielding an optical signal-to-noise ratio (OSNR) ranging
from 50 to 70 dB. For a pump laser with an average power of 1 W, this translates to noise
power or variance within the sub-yW to W range. Another source of power fluctuations
is the 3-dB coupler that follows the pump laser, which typically consists of a low-power
laser source coupled to an erbium-doped fibre amplifier. However, since the two optical

waves employed to pump dual-waveguide parametric amplifiers are generally derived from

splitting a powerful wave via a 50/50 optical coupler, coupler imperfections primarily con-
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Figure 5.1: Evolution of pump power difference for the symmetric case. P_ evolution without
losses calculated analytically (solid) and in numerical simulations (dots) for different values of Py
and ¢4 shown in the legends, where (x,y) represents P; = x mW and ¢4 = y mRad. (a)-(c) describe
coupled core fibres and parameters used are v = 10 W lkm ™, P, =6 W, Cy =15 km ' and o = 0.
(d)-(f) describe lossy integrated waveguides and parameters used are v = 1.2 W 'm~!, P, =6 W,
Co=18m ™! and o = 0.69 m~! corresponding to 3 dB - m™?!.

tribute to the relative power differences between the two pump waves. The ratio tolerance
is approximately +5% within a 100 nm bandwidth for most standard 50/50 couplers, in-
creasing almost monotonically as the wavelength shifts away from the centre wavelength
(in practice, the ratio tolerance is significantly smaller when the pump is positioned at the
centre of the coupler’s transmission bandwidth). For a reference pump power of about 1
W, this results in a maximum power imbalance of +£50 mW between the pumps, equating
to a net difference of 100 mW. It is important to note that the physical power difference
between the pumps corresponds to P, in our notation (as defined in Eqgs. (5.3)). Sources
of relative phase differences between the two input pump waves are related to variations
in their optical paths—after being split at the 50/50 coupler. These variations may arise
from alignment issues in the fibre components within the setup or from fabrication precision
challenges in the case of integrated waveguides. For instance, an optical path difference of
1 nm corresponds to approximately 6 mRad of phase difference at a wavelength of 1550
nm in silica. The methods available for significantly reducing relative input pump power

imbalance and for precisely controlling phase differences will be discussed later in the text.
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Examples of the evolution of pump power differences with and without losses (using
parameters typical of coupled core fibres and silicon nitride waveguides, respectively) are
illustrated in Fig. 5.1. To investigate the worst-case scenario, where pump and phase
fluctuations lead to a maximum power difference between the two waveguides, the signs of Py
and ¢4 are maintained consistently in the following analysis. For each scenario, we assessed
the effects of various initial pump power differences — Py = 0.4 mW,4 mW, 40 mW — as
well as the effects of different initial phase differences — ¢4 = 0.6 mRad, 6 mRad, 60 mRad
(which correspond to optical path differences of approximately ~ 0.1 nm, 1 nm, and 10 nm
at a wavelength of A = 1550 nm in silica) — and the combined effects of both initial power
and phase differences. In the lossless case (Fig. 5.1(a)-(c), the analytical theory aligns
closely with the numerical simulation results of the coupled NLSEs, particularly up to the
point where most of the power resides in a single waveguide (P_ ~ P,). Notably, larger
input perturbations result in P_ becoming significant earlier along the propagation. It
is important to note that the simulation results reveal the power exchange between the
two waveguides during propagation: power in one waveguide transfers to the other and
subsequently returns at the critical point P_ = P, at which all power is confined to a single
waveguide. Since the stability analysis relies on the assumption of small perturbations, this
phenomenon is not captured by the analytical calculations. In the lossy case (Fig. 5.1(d)-(f),
we observe that P_ exhibits damped oscillations, and the agreement between simulations
and theory appears to be quite robust for the parameters considered.

To investigate how the amplifier gain spectrum is affected by the relative input pump
phase and power fluctuations, we performed numerical simulations of Egs. (3.1) using pa-
rameters corresponding to both coupled core fibres and integrated lossy coupled waveguide
amplifiers, taking into account terms up to the second order in waveguide and coupling dis-
persion. The simulated amplifiers had characteristics analogous to those used in the pertur-
bation analysis shown in Fig. 5.1, resulting in the key quantity that determines the amplifier
gain—the nonlinear phase shift accumulated per waveguide, given by P, L /2—reaching val-
ues of up to 4.5 for dual-core fibres and up to 5.4 for integrated waveguides. These values
can be considered realistic for parametric amplifiers employed in optical communications,
where the accumulated nonlinear phase shift typically ranges between 3 and 5[64, 65, 30].

7

We calculated the PI gain spectrum with a blue-detuned “—” signal input. We first

examined how the relative pump power and phase difference individually influence the
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Figure 5.2: PI gain for F_: equivalence of amplitude and phase fluctuations effects. Map of
parametric gain from numerical simulations vs z and frequency. Amplification in lossless coupled
core fibres: (a) (Py = 600 mW, ¢4 = 0); (b) (P; = 0,04 = 100 mRad). Amplification in lossy
coupled waveguides: (¢) (P; = 600 mW, ¢4 = 0); (d) (P; = 0, ¢4 = 100 mRad). Evolution of P_
calculated analytically (solid) and numerically (dots) are shown as a reference. Other parameters

used in (a)-(b) are: By = —0.5 ps’km™ ', y =10 W 'km™, P, =6 W, a =0 km™ ', Cy = 15 km ™',

C; = —3ps-km™! and Cy = 1 ps’km™'; parameters used in (c)-(d) are: By = —0.05 ps’m~ 1,

v=1.2 Wilm 1 P=6W,Ch=18m !, C; =03 psm*, Co =0.1 ps?2m~! and a = 0.69 m~!
corresponding to 3 dB - m™!.

amplifier gain spectrum. Specifically, we compared the parametric gain spectrum obtained
with parameters of (P; = 600 mW, ¢4 = 0) and (P; = 0, ¢4 = 100 mRad). From Eq. (5.7),
it follows that n_ would remain nearly identical in both scenarios, given the selected total
pump power P, = 6 W. The findings are summarised in Fig. 5.2, which includes results for
both coupled core fibres and coupled integrated lossy waveguides.

We have then investigated the effect of varying pump power and pump phase fluctuations
on the parametric gain, comparing the resulting parametric gain profiles with those observed
in the unperturbed scenario. The gain of the sidebands for the lossless dual-core fibre
amplifier is illustrated in Fig. 5.3 for supermode E_ and in Fig. 5.4 for supermode F,. In
the case of the lossy integrated waveguide amplifier, the gain is presented in Fig. 5.5 for
supermode E_ and in Fig. 5.6 for supermode E, respectively. Up to Py = 40 mW and ¢g =
40 mRad, we observe that for propagation distances of z < 100 m and z < 1 m for coupled
core fibres and integrated waveguides, respectively, the primary effect of amplitude and

phase perturbations is a slight reduction in maximum gain, without substantially affecting
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Figure 5.3: Symmetrically pumped lossless PI gain for E_. Maps of parametric gain from numerical
simulations vs z and frequency. (a) no fluctuations (Py = 0, ¢g = 0); (b) P; = 4 mW and ¢4 =
4 mRad; (¢) Py = 40 mW and ¢4 = 40 mRad; (d) P; = 200 mW and ¢4 = 200 mRad. Evolution
of P_ calculated analytically (solid) and numerically (dots) are shown as a reference. Remaining
parameters used are the same as in Fig. 5.2(a)-(b).
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Figure 5.4: Symmetrically pumped lossless PI gain for £, . Map of parametric gain from numerical
simulations vs z and frequency. (a) no fluctuations (Py = 0, ¢g = 0); (b) Py = 4 mW and ¢4 =
4 mRad; (¢) Py = 40 mW and ¢4 = 40 mRad; (d) P; = 200 mW and ¢4 = 200 mRad. Evolution
of P_ calculated analytically (solid) and numerically (dots) are shown as a reference. Remaining
parameters used are the same as in Fig. 5.2(a)-(b).
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Figure 5.5: Symmetrically pumped lossy PI gain for £_. Maps of parametric gain calculated
numerically vs z and frequency. (a) no fluctuations (P; = 0, ¢4 = 0); (b) Py = 4 mW and
¢q = 4 mRad; (¢c) Py = 40 mW and ¢4 = 40 mRad; (d) P; = 200 mW and ¢4 = 200 mRad.
Evolution of P_ calculated analytically (solid) and numerically (dots) are shown as a reference.
Remaining parameters used are the same as in Fig. 5.2(c)-(d).
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Figure 5.6: Symmetrically pumped lossy PI gain for E,. Map of parametric gain with numerical
simulation vs z and frequency. (a) no fluctuations (P; = 0, ¢4 = 0); (b) P; = 4 mW and ¢4 =
4 mRad; (¢) Py = 40 mW and ¢4 = 40 mRad; (d) P; = 200 mW and ¢4 = 200 mRad. Evolution
of P_ calculated analytically (solid) and numerically (dots) are shown as a reference. Remaining
parameters used are the same as in Fig. 5.2(c)-(d).
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the ideal amplifier performance. However, for larger propagation distances and/or for higher
values of input power and phase differences (here we consider P; = 200 mW and ¢4 = 200
mRad to illustrate a more extreme case), significant modifications of the gain spectrum
occur, as well as energy coupling from the input supermode E_ to supermode FE,. This
also results in a frequency asymmetric gain spectrum for different supermodes, due to the
interplay between power asymmetry in the two waveguides and C1, the first-order term of
the coupling Taylor expansion around the pump frequency. It can indeed be shown that the
combination of coupling dispersion and asymmetric pump power among the two waveguides
can lead to intermodal four-wave mixing, resulting in coupling between different supermodes
and a frequency asymmetric parametric gain spectrum for the individual supermodes as
well [3]. We note that significant changes in the gain spectrum begin to occur when most of
the pump power is confined to a single waveguide (P_ ~ P,), as illustrated by the evolution

of P_ plotted in each case considered.

5.4 Resilience of parametric amplification: antisymmetric
pump

In the antisymmetrically pumped (¢ = 1) parametric amplifier, the evolution of the pump
power difference remains governed by Eq. (5.8), yet p remains imaginary at any distance,
causing the pump power difference P_ to oscillate around zero. This behaviour is illustrated
in Fig. 5.7. In the antisymmetric scenario, the same initial conditions for signals and idlers
as in the symmetric case have been considered, resulting in more stable parametric ampli-
fication—although without a flat gain profile—as depicted in Figs. 5.8 and 5.9. Here, we
observe that spectral gain degradation occurs for much larger perturbation values compared
to the symmetric case. Analogously to the symmetric case, substantial changes in the gain
spectrum for mode E_ correspond to energy transfer to mode E (not shown here). We
have presented the effects of input pump phase and power fluctuations in the PI operational
regime. Notably, in the PS scenario, we observe analogous results, which we do not discuss
here for brevity. A similar situation arises for a PI amplifier where the input signals are
located in supermode E rather than in F_.

Achieving two nearly identical optical paths for the waves injected into the coupled

nonlinear waveguides amplifier may lead to alignment issues that necessitate specialised
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Figure 5.7: Evolution of pump power difference for the antisymmetric case. (a)-(c) Evolution of
P_ without losses calculated analytically (solid) and in numerical simulations (dots) for different
values of P; and ¢4 shown in the legends, where (z,y) represents Py =  mW and ¢4 = y mRad.
Parameters used are like Fig. 5.1(a). (d)-(f) Evolution of P_ with losses calculated analytically
(solid) and in numerical simulations (dots). Parameters used are like Fig. 5.1(d).

equipment for precise compensation. However, existing commercial phase metres [66] allow
for phase control on the order of 6 urad. This indicates that our parameter choices concern-
ing the gain spectrum degradation due to large relative phase differences, as illustrated in
the previous figures, constitute a rather pessimistic scenario. A similar pessimistic scenario
has indeed been considered for gain degradation due to significant input power differences
as well. An analysis based on currently available 50/50 couplers [67], which have a coupling
ratio tolerance of +£5%, predicts relative differences on the order of +50 mW for a 1 W
pump in the worst-case scenario. However, it is crucial to emphasise that since the resolu-
tion of typical power metres is on the order of sub uW, such imbalances can be corrected,
as they are not fundamental, without the need for sophisticated technology; for instance, by
utilising variable optical attenuators in each output port of the 50/50 couplers. Therefore,
it is likely feasible to achieve the performance depicted in Fig. 5.3, 5.5(a)-(b) with minimal

engineering effort and negligible impact on the noise figure.

M. Shi, PhD Thesis, Aston University 2025 39



CHAPTER 5. RESILIENCE OF PARAMETRIC AMPLIFICATION

Gain (dB) Gain (dB)
(@) ——  (b) r
3 9 15 21 27 33 _ 15 21 27 33
2 01
01
3
AW
-3
0.00 0.05 0.10 0.15 0.00 .05 0.10 0.15
z (km) z(km)
Gain (dB) Gain (dB)
(c) y ” 7 T T ] (d) .
3 9 15 21 27 33 15 21 27 33
3
-3
3
0
-3
0.00 0.05 0.10 0.15 0.00 .05 0.10 0.15

z (km) z (km)

Figure 5.8: Antisymmetrically pumped lossless PI gain for F_. Maps of parametric gain from
numerical simulations vs z and frequency. (a) no fluctuations (Py = 0, ¢4 = 0); (b) Py = 40 mW
and ¢4 = 40 mRad; (¢) P; = 400 mW and ¢4 = 400 mRad; (d) Py = 800 mW and ¢4 = 800 mRad.
Evolution of P_ calculated analytically (solid) and numerically (dots) are shown as a reference.
Remaining parameters used are the same as in Fig. 5.2(a)-(b).
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Figure 5.9: Antisymmetrically pumped lossy PI gain for F_. Maps of parametric gain from
numerical simulations vs z and frequency. (a) no fluctuations (Py = 0, ¢4 = 0); (b) Py = 40 mW
and ¢4 = 40 mRad; (¢) P; = 400 mW and ¢4 = 400 mRad; (d) Py = 800 mW and ¢, = 800 mRad.
Evolution of P_ calculated analytically (solid) and numerically (dots) are shown as a reference.
Remaining parameters used are the same as in Fig. 5.2(c)-(d).
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5.5 Conclusions

In conclusion, we have presented an analytical theory for the stability of pump waves in
an equally pumped dual-waveguide parametric amplifier, considering the effects of relative
input power and phase fluctuations. Our analysis predicts the evolution of the pump power
difference along the waveguides and agrees well with numerical simulations for realistic
parameters. Additionally, we have demonstrated numerically how the instability of pump
waves, induced by power and phase fluctuations, affects the amplifier gain spectrum, even
for perturbation magnitudes significantly larger than what can be feasibly controlled in ex-
periments. The findings of this study suggest that equally pumped coupled dual-waveguide
parametric amplifiers exhibit resilience against pump fluctuations, providing valuable in-

sights for the design of photonic technologies that utilise this amplification scheme.
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Chapter 6

Asymmetric parametric gain
spectrum in dual-core fibre
amplifiers through unbalanced

pump waves

The work presented in this chapter has been adapted from the following publications:

[3] M. Shi, V. Ribeiro, and A. M. Perego. Parametric amplification based on intermodal
four-wave mixing between different supermodes in coupled-core fibers. Opt. Express, 31(6):
9760-9768, 2023.

6.1 Introduction

In standard parametric amplification, the Manley-Rowe relations impose that signal and
idler grow together, so the idler is inevitably generated and carried along the same spatial
mode. In many platforms this is undesirable: the idler introduces an extra noise channel
since it originates from vacuum fluctuations, and it occupies an additional spectral band
that may interfere with system-level spectral allocation. These considerations motivate the
search for regimes in which the signal can be efficiently amplified while the idler is strongly
suppressed. The asymmetric gain spectrum in parametric amplifiers has been studied and

attributed to factors such as third-order dispersion [68, 69, 70], gain saturation [71], Raman
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gain [16, 64], and asymmetric losses between signal and idler waves [72, 73, 74]. While these
effects introduce measurable asymmetries, they typically do not reduce the idler gain to a
negligible level across a broad bandwidth. Recently, idler suppression has also been demon-
strated using interferometric architectures designed to reject unwanted four-wave mixing
products [75]. Multimode fibres offer an attractive alternative for amplifying signals while
spatially isolating idler waves in distinct optical modes. This is achieved through inter-
modal four-wave mixing [20, 76, 77, 78, 79]. In this chapter, we demonstrate that coupled
core fibres used as parametric amplifiers, when operated in the regime where the two cores
are pumped with different powers—due to the frequency dependence of the coupling—can
achieve frequency asymmetric gain for the two supermodes of the system. This leads to neg-
ligible amplification of idlers in the supermode carrying the signals, eliminating the need for
spectral filtering or any form of optical losses, while relying solely on conservative nonlinear

dynamics. In Fig. 6.1 the amplifier concept is illustrated pictorially.
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Figure 6.1: Amplifier concept. Schematic of the difference between the standard parametric ampli-
fier, which amplifies signals and generates idlers in the same optical mode, and the asymmetrically
pumped dual core fibre parametric amplifier, for which the signals encoded into one supermode are
amplified and no idlers are generated in the same supermode.

6.2 Formalism

As discussed in Section 3.2, the coupled waveguides exhibit asymmetric CW solutions
for fibres (loss is negligible) when the powers in the two waveguides are related by the

equation P(N) pR)n2e—20z — C2. This condition can be equivalently expressed as P; =
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— (2Cp/~)?, which implies that the prerequisite P, > 2Cj /v must be satisfied [80]. B

setting a = 0, Eq. (3.4) can be concisely rewritten as

P+ Py 50,
EM(2) = \/? w0 4)(2) = do + Boz + 1Pz, (6.1)

and evolution equations for sidebands Eq. (3.9) becomes

9.¢M)(2,Q) :izﬂnfilc"(—mw( )(2,9)
n=0 ’

iy Pe®) (s, Q)H,ﬂ; 204" (:)+(5) (5, _Q))

+ iy Pye®) (2,Q) + wz 203 ()¢ “F) (2, —Q). (6.2)

Similar to the procedure done in Section 4.2, by introducing 7*) defined as é*)(z,Q) =

(1)
ﬁ(i)(z, Q)GZ [d)p (Z)-i-ﬁodd(Q)z] , with Boaa(Q) = Zk °, 512{114-11 Q2+l | Eq. (6.2) and its complex

conjugate can be written in matrix form,

&t Et M, M\ [&F
9, M| |= e (6.3)
E~ E~ M, M_ E~

Here we defined £%(z,Q) = [1F)(2,Q),7F) (2, —Q)]T. The matrix M governs the propaga-

tion of £. The submatrices M, which describes the evolution of éi, and M, representing

the coupling between the modes & and £ induced by pump power difference Py, read
1Ky +£1Coqq i’y% P, 2 1

My = , M. = z'y? , (6.4)
—ivE —iKy +iCoqa -1 -2

ﬁeven( ):I:Ceven(Q)iCOHBeven( Zk 17 B% Q2k Ceven(Q) -

Q) =
ey (622; Q2% and Coqq(Q) = = heo g,’;’iﬁl),Q%“ £E can be computed at an arbitrary

propagation distance z as (€, (2),€_(2))T = N(€;(0),€_(0))T with matrix N = M.

respectively, where K (z,

6.3 Asymmetric parametric amplification gain spectrum

w_»

We now examine the parametric gain of the signal output with providing the blue-

detuned “—” signal input. To better emphasise the essential conditions for idler-free para-
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metric amplification, we first consider the case where Cy = 0. We compared the analytical
predictions with numerical simulations of the coupled NLSEs (Egs. 3.1), which were per-
formed using a split-step Fourier method. In the PI regime, the analytical expression for

the gain is given by

Ns33(2)[? OPA
Grr(z) = sa(2) (6.5)
|Nuz(2)]> WLC

where N,,, is the element of the matrix N at m-th row and n-th column. The matrix
elements need to be calculated numerically due to their cumbersome form resulting from

the matrix exponential eM?.
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Figure 6.2: PI amplifier with “—” signal input. Map of analytical parametric gain for E(~)

vs frequency and Cp in anomalous (a) and normal (b) dispersion regime, and comparison of gain
spectrum vs frequency between theory (continuous line) and numerics (dots) for anomalous (¢) and
normal (d) dispersion regime with C; = F7.5 ps-km ' (C; = 0) shown in orange (gray). Other
parameters used are 8 = F0.5 ps?’km ™!, v =10 W 'km™', P, =54 W, C, = 15 km™ !, Cy = 0,
and z = 0.1 km.

We illustrate the dependence of the amplifier gain spectrum on Cj in Fig. 6.2 for (a)

anomalous and (b) normal waveguide dispersion, respectively. Additionally, panels (c¢) and
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(d) depict an idler-free operation example for the — supermode. In this latter case, the
idler-free operational mode is restricted to the high-frequency range, resulting in a smaller
signal gain for the parameters considered. For the selected parameters, the idler-free regime
demonstrates a notable gain difference of approximately 20 dB between signal and idler side-
bands in both anomalous and normal dispersion regimes. In the normal dispersion scenario,
asymmetric gain coexists with symmetric low-frequency sidebands, which necessitate addi-

tional filtering to assess the useful signal power in the idler-free spectral lobe. For input

. s . . Fm g (Q)dY
signal waves within the interval (0, $2,,], we computed the quantities I, = fﬁﬂ%&y;jﬂ,
—Qm P

S22 S_()dey
and Is = T3 g (opyasy

S_(€) of the “—” supermode for frequencies exceeding the pump frequency to the total

1, represents the ratio of the integral of the output spectral power

power contained in the simulation window [—Q,, = —27-6, +£,, = 27 - 6] rad/ps, excluding
the pump. Meanwhile, I, indicates the ratio of the integral of the “—” supermode output
spectral power computed within the interval around the asymmetric signal spectral lobe,
delineated by s1 and s, to the total power in the full simulation window.

For the anomalous dispersion case — (Fig. 6.2(c) with C; = —7.5 ps-km™1) — we find
I, =0.96 and Iy = 0.79, indicating that 96% of the power of the — supermode is present
in the signal spectrum and that 79% of the power resides within the asymmetric spectral
lobe in the interval [s; = 27 - 3.85, s9 = 27 - 5.61] rad/ps. Performance is less pronounced
in the normal dispersion regime — (Fig. 6.2(d) with C; = 7.5 ps - km™!) — due to the
substantial power contained in the low-frequency symmetric sidebands. In this case, we
obtain Iy = 0.58 and Iy = 0.09, indicating that 58% of the power of the — supermode
is in the signal spectrum and 9% is in the asymmetric spectral lobe within the interval
[s1 = 27 - 4.10,82 = 27 - 5.53] rad/ps. Similar results are observed for the PS amplifier
discussed below.

The PS operational mode in two coupled waveguide parametric amplifiers can be realised
in a variety of scenarios [45, 46]. For the sake of clarity, we specify the initial condition
as €)(0,-Q) = é)(0,9Q) # 0 and &) (0, —Q) = 1) (0,Q) = 0. Additionally, we assume

that the phase difference between signal wave in waveguide 1 and the pump wave is ¢g,
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Figure 6.3: PS amplifier with “—” signal input. Map of analytical parametric gain for E(=) vs

frequency and C; in anomalous (a) and normal (b) dispersion regime with ¢s; = 0, and vs frequency
and ¢, in anomalous (c) and normal (d) dispersion regime with C; = F7.5 ps-km™'; gain spectrum
vs frequency comparison between theory (continuous line) and numerics (dots) for anomalous (e)
and normal (f) dispersion regime with ¢, = 0 and C; = F7.5ps - km™* (C; = 0) shown in orange
(gray). Remaining parameters are like in Fig. 6.2.

leading to the following expression for gain:

|N33(z)ei¢5 + N34(z)e_i¢s\2, OPA
|Nuz(2)e'®s + Nug(2)e™"?¢[?,  WLC.
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The characterisation of the PS amplifier is presented in Fig. 6.3. Additionally, we have
examined the dependence of the gain spectrum on the pump power difference Py, as illus-
trated in Fig. 6.4 for both PI and PS operational modes. Varying the pump power serves as
an effective method for experimentally controlling the amplifier gain. The results indicate a

trade-off between maximising the gain and minimising idler amplification. It is important
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Figure 6.4: P;-dependency. Map of PI analytical parametric gain for F_ vs frequency and Py
in anomalous (a) and normal (b) dispersion regime; and map of PS parametric analytical gain vs
frequency and P; in anomalous (¢) and normal (d) dispersion regime with ¢s = 0. Other parameters
used are C; = F7.5 ps-km ™', By = F0.5 ps?km ™!, v = 10 W tkm ™!, Cp = 15 km ™', C5 = 0, and
z = 0.1 km. The variation of P, depicted corresponds to a change of P; in the interval [3,8.5] W.

to stress that the gain asymmetry for signal and idler waves between different supermodes
discussed here is not related to odd dispersion terms (,qq, which in our system results in
a simple phase factor as it can be appreciated from the definition of #*). Furthermore,
while the impact of C7 on the MI spectrum in asymmetrically pumped dual core fibres has
been investigated in [56, 57|, in those works the frequency asymmetric gain spectrum for
different supermodes was not observed, possibly because the focus was on the eigenvalue
spectrum of the CW stability problem (which is symmetric in frequency) and the paramet-

ric gain was not calculated by fully solving the signals and idlers equations. Both in the PI
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and PS regime, the amplifier asymmetric gain spectrum is due to the combined action of
the unbalanced pump power distribution between the two waveguides and of the frequency
dependency of the coupling. Notably, P; # 0 causes supermodes mixing as it can be clearly
seen from Egs. 6.3 and 6.4 showing that the supermode coupling matrix M, is nonvanishing
only if Py # 0. In that case, even if one supermode only is injected inside the amplifier,
the nonlinear dynamics couples energy into the other supermode too. If C # 0 is further
satisfied, while the four-wave mixing process keeps its symmetric spectral feature, then the
signals remain located in one supermode while the idlers are located in the other super-

mode. This point can be observed in Fig. 6.5, where “+” supermode is amplified with “—

signal input. As in the normal dispersion the signal-idler separation between supermodes
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Figure 6.5: PI amplifier with “—” signal input. Map of analytical parametric gain for E(*) vs

frequency and C; in anomalous (a) and normal (b) dispersion regime; and comparison of gain
spectrum vs frequency between theory (continuous line) and numerics (dots) for anomalous (c¢) and
normal (d) dispersion regime with C; = F7.5 ps - km™* (C; = 0) shown in orange (gray). Other
parameters used are 8y = F0.5 ps?km !, v =10 W lkm ™!, P,=54W, Cy =15 km~ !, Cy = 0,
and z = 0.1 km.

is not complete and it does not apply in the low frequency range, the anomalous disper-
sion regime the most attractive for a full separation of signals and idlers. An analytical

expression for the gain difference in dB between the two supermodes as a function of the
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dominant eigenvector vi = (v1, v2,v3,v4)” of matrix M can be derived (see Appendix C.1)

and reads: chltiff = 10log ﬁi‘l; = 10log

for the frequency asymmetric gain of the two supermodes can be provided by considering

2
% . A further intuitive picture of the reason

that in the asymmetric operational regime signal waves for the individual waveguides modes
(é(12)(z,0Q)) exhibit a 7 phase difference, while idlers (¢(1?)(z, —Q)) have no phase difference
(see Appendix C.2). We can attribute the origin of this phase-shift to the interplay between
the asymmetric pump power distribution between the two cores and Cyqq — the odd part of
the frequency dependent coupling — which are the necessary ingredients for the intermodal
four-wave mixing to occur. As supermodes “+” are defined by the sum/difference between
individual waveguides modes respectively, i.e., E+ = (E; £ FE5)/+/2, this unequal phase dif-
ference translates, due to interference, into the fact that one supermode is idler-free and the
other one is signal-free (at least in a certain frequency bandwidth). While the supermode
carrying the signals can be used for idler-free amplification purpose, the supermode carrying
the idlers, E; in our examples, can be used for wavelength conversion applications. The
two supermodes can be easily extracted at the amplifier output by a simple combination of
a phase shifter and a coupler, as shown in Fig. 3.1.

We have furthermore verified through numerical simulations that the undepleted pump
approximation assumed in the analytical theory is excellent for the parameters used in this
study (input signals power ~ 10712 W) as pump depletion is negligible, resulting in an
about 107°% of pump power reduction between output and input. The validity of this
assumption can also be appreciated indirectly from the nice agreement between theory and

simulations across the whole chapter.

6.4 Conclusions

In conclusion, we have presented parametric amplification facilitated by intermodal four-
wave mixing in a dual-core optical fibre. We have demonstrated that the interaction be-
tween frequency-dependent coupling and pump power imbalance in two coupled nonlinear
waveguides is the primary factor for achieving signal and idler separation through frequency-
asymmetric gain for the two system supermodes. Our findings indicate that this separation
is feasible using realistic dual-core fibre parameters. Our rigorous analytical theory aligns

closely with the results of numerical simulations and will serve as a guide for the future de-
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sign of experimental demonstrations of the proposed concept. It aims to optimise idler-free
amplifier performance—specifically in areas such as bandwidth, maximum gain, and energy
efficiency—as well as to investigate potential impairments. Moreover, our framework can
be adapted to describe coupled waveguides composed of different materials, such as silicon
and silicon nitride. The results discussed in this chapter have the potential to enable a
more efficient utilisation of bandwidth in optical parametric amplification and may also

have applications for wavelength conversion.
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Chapter 7

Basic theory of fibre ring

resonators

MI in fibre ring resonators was observed for the first time in 1988 [81]. MI in fibre ring
resonators is different from that in open fibres discussed in Section 2.6.2, where anomalous
dispersion is required, cavity-enhanced MI can occur even in the normal dispersion regime
due to parametric gain enabled by the periodic boundary conditions (BCs) and detuned
pumping [82, 83]. This intracavity MI serves as a precursor to OFC generation and temporal
pattern formation in passive and active resonators. The underlying physics can be described
using models such as the Ikeda map or mean-field equations like the LLE [84, 82, 83].
Understanding MI in resonators is crucial for designing Kerr comb systems, mode-locked
fibre lasers, and microresonator-based photonic devices [85, 86].

As mentioned in Section 2.6.2, OFCs have crucial applications including precision spec-
troscopy, optical atomic clocks, high-capacity coherent communications, and astronomical
spectrograph calibration [38]. A wide range of platforms can be employed to generate OFCs,
including mode-locked lasers [87], electro-optic modulation techniques [88], and externally
driven resonators, both in micro-scale [89] and fibre-based implementations [90]. Among
these, fibre resonators have historically served as a foundational testbed for OFC generation
strategies—many of which were later translated to integrated platforms. Notable examples
include the observation of cavity soliton formation [91]. In specific configurations, fibre res-
onators can also achieve quality (@) factors on the order of several million, enabling OFC

generation in both single-mode [92, 93, 94] and multimode [95] regimes.
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In the context of fibre-based cavities, a recently developed method known as GTF has
enabled tunable-repetition-rate OFC generation in passively driven ring resonators [96,
97]. The key principle of this technique is to exploit the phase contribution of a spectral
filter to achieve perfect phase matching between a strong pump and weak sidebands in
the normal dispersion regime of the cavity. This facilitates the onset of MI, resulting
in the generation of symmetric sidebands around the pump, one of which lies near the
filter resonance. Subsequent cascaded four-wave mixing generates higher-order sidebands,
ultimately forming an OFC whose line spacing can be tuned by adjusting the detuning
between the pump and the filter.

In this chapter, we will introduce the fundamental mathematical tools for describing
optical wave propagation in fibre ring resonators, specifically the Tkeda map model and the
LLE. Building upon these models, we will examine the MI. At the end of this chapter, we
will present the GTF instability and GTF-based OFC generation, which will serve as the

foundation for Chapters 8 and 9.

7.1 Ikeda map model

The wave envelope A, (z,t) evolving in a co-moving reference frame with temporal coor-
dinate ¢t and spatial coordinate z inside a fibre ring cavity of length L, with n denoting
the round trip number, is governed by the NLSE. Along with the corresponding BCs, the

complete dynamics of A, (z,t) inside the cavity is given by

OA,  fa9PA,
09z 2 o2

Api1(0,t) = pe¥0 A, (L,t) + 0/ Py (7.1b)

+ iy An 2 A, (7.1a)

Here, (B2 denotes the GVD, « is the Kerr nonlinearity coefficient, € is the coupler trans-
mission coefficient, and p = £v/1 — 62 is the effective power reflection coefficient, with loss
coefficient £ accounting for fibre loss and splicing loss. The linear phase accumulation over
a round trip is given by ¢¢ (modulo 27), and Py, is the input pump power. Egs. (7.1)
is commonly referred to in the literature as the lkeda map. Strictly speaking, this is a
generalized Tkeda map, since ITkeda’s original works did not include GVD and were formu-

lated for dispersionless Kerr cavities [98]. The inclusion of GVD extends the model to the
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regime relevant for fibre-ring resonators. The Ikeda-type dynamics has been experimentally
investigated in fibre-based systems, notably in the pioneering work of Nakatsuka et al. [99],

demonstrating period-doubling bifurcations.
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Figure 7.1: Stationary CW solutions. (a) bistability at P, = 0.19 W. (b) multistability at P, = 10
W. Red and gray parts represent stable and unstable CW solutions, respectively. Parameters:
0o =—0.1m, v=25 W lkm™', p=108,0=+01, L=0.1km, and 8, = 0.4 ps?/km.

By setting 82;‘; =0and A4,11(0) = A,(0), we find the stationary solutions of Egs. (7.1):

An(2) = Ap(2) = VPe"P# where the intracavity power is given by P = i +p2_2p€j£i(fpo P

Figs. 7.1 demonstrated the relation between the intracavity power and input power. The red
parts indicate that the CW solutions are stable against zero-mode perturbations, whereas
the gray parts denote unstable CW solutions. From Figs. 7.1(a), we can see that varying the
input power allows us to access monostable and bistable regimes. Furthermore, as depicted
in Figs. 7.1(b), increasing the input power can lead to the emergence of multistability. The
stability of CW solutions is basically determined by examining whether the MI gain at
Q = 0 larger than 0.

7.2 MI analysis based on Ikeda map

The MI analysis of the cavity dynamics based on Tkeda map is a Floquet analysis, which

can be divided into two parts: the NLSE and the BCs. Following Section 2.6, starting from

Ap(z,t) = Ap(2) + en(2, 1), (7.2)
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where €, is the perturbations, we can derive a evolution equation for perturbations 7, (z,t) =
en(z,t)e” % governed by the matrix Mey, (denoted by M in Section 2.6) as follows:

ATL aQ An ,Q
. fin(2, ) Mo fin(2, ) . (7.3)

ﬁ;(z7—Q) ﬁ;(Z, _Q)

Applying this equation to one-round trip propagation, we find

- evo

in(L, ) N 7n(0,€2)

(L, —€2) (0, —€2)
[ cosh(qL) + iK LEIE) iy PLIMGE) (0, Q)
—iry PLEMGL) cosh(gL) — iK L¥E |\ iy (0, —)

(7.4)

with K(Q) = %Qz + 7P, and ¢(Q) = /(7P)? — K2(Q) being one of the eigenvalues of
Mevo (another one is —¢q).

On the other hand, from the BCs Eq. (7.1b), we find
fin41(0,Q) = pe' PP, (1, ), (7.5)

which in the matrix form reads

A’I’L 079 AnL,Q
A9 _ [ (L)

A - BC A
77;—1—1(07 _Q) UZ(La _Q)
[ peiteotrPL) 0 iin(L, ) 76)
0 per PP (L, )

Finally, the wave in two consecutive round trips are related by the following equation:

n+1(0, 2 (L, §2
ma0:9) | _ o an0) ) -

ﬁ;—i—l(ov _Q> ﬁ;;(L: _Q>

where we have defined the Floquet matrix N = NgywoNpc, and the Floquet multipliers, i.e.,

eigenvalues of N read

Ay =p (A + /A2 1) , (7.8)
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where
K Lsinh(qL)

A(Q) = cosh(qL) cos(pp + yPL) — 7
q

sin(pg + yPL). (7.9)

Then the MI gain per round trip reads G ~ A%, with A = max(|]\,|,|\_|), and the gain in

decibels per unit length reads

20
gdB = fl‘)gm A (7.10)

In Fig. 7.2(a), MI gain calculated by this equation is illustrated.
A non-zero MI gain corresponds to A > 1, which requires |A| > (p? + 1)/2p. In the
good cavity limit, i.e., p ~ 1, this is approximately equivalent to |A| > 1. Considering

2vP < |B2822/2|, i.e., [ > 21/ P/|B2|, we have q(2) ~ £iK (), which leads to
A = cos(KL+ ¢o++vyPL) = cos(%QQL + ¢o + 2vPL). (7.11)

The potentially unstable frequencies maximise |A| and satisfy the following phase matching

condition:

%QQL + @0 + 2yPL = kn, (7.12)
where (2 is the frequency detuning of the sidebands with respect to the pump, and k£ =
0,+1,4+2,... [100, 101, 97]. Physically, KL is the phase shift acquired by the propagation
on top of the CW, while pg + vPL is the phase shift of CW over one round trip. The
modulation mode reaches maximum gain when the total phase shift over one round trip is
an integer multiple of . More specifically, an even k (or a real and positive \) corresponds
to a period-1 (P1) MI, in which the intracavity CW solution develops a harmonic temporal
modulation that repeats identically every round trip. This behaviour is characteristic of
operation close to the cavity resonance (¢ = 0). In contrast, an odd k (or a real and
negative A) corresponds to a period-2 (P2) MI, where the modulation alternates between

successive round trips, as illustrated in Fig. 7.2(b). Such alternation reflects operation close

to the antiresonance condition (pg = 7).

7.3 Lugiato-Lefever equation

Originally the LLE was derived by Lugiato and Lefever in the context of diffractive driven

Kerr resonators [84] and subsequently by Haelterman, Trillo and Wabnitz to describe passive
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Figure 7.2: (a) MI gain map vs ¢ with fixed intracavity power P = 0.55 W. (b) Simulation
results with P, = 6.32 W: intracavity power of two consecutive round trips (400 and 401) in the

modulationally unstable regime indicated by the red dot in (a). Parameters used are ¢o = 0.257,
y=25W km !, p =108, 0 =+0.1, L =0.3 km, and S = 0.4 ps?/km.

driven ring fibre resonators [82, 83]. LLE is an approximate model for describing wave
propagation in a driven, dissipative Kerr cavity. While it simplifies the full field dynamics
by averaging over each round trip (mean-field approximation), it remarkably captures many
of the essential features that govern the behaviour of nonlinear resonators. These include
the onset of MI, the generation and stabilisation of Kerr frequency combs, the formation of
temporal cavity solitons, and the emergence of periodic or chaotic patterns depending on
system parameters.

If we use Z to denote the total distance the envelope passed through, i.e., Z = nL + z,
the envelope A, (z,t) can be simply represented by A(Z,t). That is A(Z,t) = A,(z,t) with
z=2Z7 (mod L) and n = L%j The propagation of field A(Z,t) is approximately governed
by the LLE as follows:

Loz A = (—ar +ipy — i%L@f +iyL|A])A+ 6/ Py, (7.13)

where ar is the effective field loss, usually approximated by ar =1 — p.

A CW solution of LLE is of the form A(Z,t) = A, = VP €', where P and ¢ are the
power and phase, respectively. Substituting this solution form into Eq. (7.13), we find the
relationship between the intracavity power P and the input power Py:

0% Py,

P = . 7.14
2 T (o0 1 PL)? (7.14)

The power relation is illustrated in Fig. 7.3(a)-(b). We observe both monostability and
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bistability, similar to the results obtained from the Ikeda map, as shown in Fig. 7.3(a).
However, in the case of LLE, no multistability can be observed and only the lowest branch

of the CW solution can be reproduced, as shown in Fig. 7.3(b).

Gain (dB/km)

2.5 ; 100 : )
(@ (b) : 0 2 4 6 8
2.0+ ! 80+ ! n
: : N (©
E 1.54 : % 60 i § m/
1o L 0.10w S 0. Ll000w | £
| | S
0.51 ! 20 ! —n/2
0.0 L - 0 , ? : —n
0.0 0.2 0.4 0 5 10 15 20 -1 0 1
Pin (W) Pin (W) Frequency (THz)

Figure 7.3: (a) Stationary CW solutions for LLE. Bistability appears around P, = 0.19 W.
Parameters used are the same as those in Fig. 7.1. (b) MI gain vs ¢ calculated based on LLE.
Parameters used are the same as those in Fig. 7.2.

7.4 MI analysis based on LLE

Akin to the MI analysis based on Ikeda map, to do an LLE-based MI analysis, we start

from the following assumption:
A(Z,t) = Ap +e(Z,1), (7.15)

where € is the perturbations. Substituting Eq. (7.15) into the LLE [Eq. (7.13)], the evolution

equation of € can be derived:

—ar +ipy o

e = 7 Z?Gf € + i72P¢ + iyPe?%0¢*, (7.16)

Performing Fourier transform, we obtain

&(Z,9) &(Z,Q) S v &(2,9)
0z =M = |dZ + , (7.17)
e(Z,-Q) (Z,-Q) v -5 e(Z,-Q)

where we have defined d = —%F, S =90 + i%ﬂz +i2yP, and V = iyPe?%0. The matrix
M has two eigenvalues Ay () = d + /S%(Q2) + [V|?, thus the MI gain reads

20

= 1o R (). (7.18)

9db
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The MI gain is illustrated in Fig. 7.3(c). Compared to the Ikeda map, LLE is able to capture
the P1 MI gain band, but not able to reproduce the P2 MI gain band.

7.5 GTF instability and GTF-based OFC generation

In this section, we provide a detailed presentation of the mathematical models used to
describe the GTF instability. We also analyse the analytical MI gain and examine the
generation of OFCs with tunable repetition rates, as demonstrated through both simulations

and experimental results. The discussion is primarily based on Refs. [96, 97].

7.5.1 Mathematical model

Figure 7.4: Setup schematic: a fibre ring cavity with an incorporated spectral filter before the
coupler.

A GTF cavity is illustrated in Fig. 7.4, comprising three components: a dispersion-
shifted fibre (DSF, 8 > 0 at the driving frequency), a narrowband spectral filter, and a
fibre coupler. A spectral filter located at z = zp modifies the field as [97]

Ap(zp+,t) = h(t) % Ap(zp—, 1), (7.19)

where the symbol x denotes convolution in time, i.e., for two arbitrary functions f(¢) and
g(t), fxg = [Z_ f(t—t")g(t') dt’. Here, h(t) is the impulse response and H(w) = [ h(t)e™*

is the transfer function. We adopt, without loss of generality, a higher-order Lorentzian filter
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with

H(Q) = "+ (7.20a)
a4

F(Q) = bm, (7.20D)

5(Q) = 5 (2= 2P = Q)* + 0] (7.200)

V2[(Q = Qp)* + o]

where a (rad/ps) sets the bandwidth, b < 0 controls the depth, and €y is the central
frequency. The amplitude and phase profiles of H(2) are examplified in Fig. 7.5. Notably,

»(Q) # 0 at Q = 0, which adds a linear phase shift per round trip and leads to a redefined
effective detuning given by ¢( = ¢o + 1(0).

(@)

05/
Sor---- -
£ 0 P
05 —Amplitude| |/

- - -Phase
1!
-1000 0 1000

Frequency (GHz)

Figure 7.5: Amplitude and phase of the filter [97].

If we include the effect of the spectral filter into BCs, we find [97]:

Api1(z=0,t) = pe?h(t) « Ap(z = L,t) + 6/ Py,. (7.21)

which together with the NLSE governs the dynamics of the wave envelope A, (z,t).
If we consider that near z = zp, Eq. (7.19) can be written as

‘M’é(;’t) = 0(z — zp) (® + i) % Ap(2, 1), (7.22)

with ® and ¥ the inverse Fourier transforms of F'(€2) and ¢ (), respectively, a generalised
LLE for the cavity with spectral filtering can be derived [97]:
B2

LO.A = [—ar +ipg + (D + i0)x]A + (—ZQLaE + z"yL]A|2> A+ 0/ Py. (7.23)
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7.5.2 GTF instability
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Figure 7.6: MI gain of the fibre ring resonator in the normal dispersion regime without spectral
filtering calculated by Ikeda map (a) and LLE (b). MI gain of the fibre ring resonator in the normal
dispersion regime with blue-detuned spectral filtering calculated by Ikeda map (c) and LLE (d).
The dashed lines indicate the central frequency of the spectral filter. [97].

Both the Ikeda map and LLE are applicable for MI analysis. A comprehensive formula-
tion is provided in Ref. [97]. The MI gain calculated based on these two models is illustrated
in Fig. 7.6. Compared to the case without spectral filtering [(a) and (b)], the incorporation
of spectral filter breaks the normal MI gain band, and enables GTF instability [(c) and
(d)]. The new MI gain bands emerge near the filter central frequency and at the frequency
symmetric with respect to the pump, since only the even part of the filter. Depending on
whether the filter is placed on the red- or blue-shifted side of the pump, these bands appear
either on the inner or outer side relative to the filter central frequency [97]. Although the
LLE typically fails to capture the P2 MI, it is sufficient to describe the GTF instability. As
we will see in the next section, it is adequate for generating OFCs.

It is worth mentioning that although the spectral filter is asymmetric, the MI gain
remains symmetric with respect to 2 = 0. This is because the linearised Kerr—NLSE
dynamics always couples the frequency components {2 and —{) as a conjugate pair, so the

Floquet eigenvalues depend only on the even part of any frequency-dependent phase term.
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7.5.3 Tunable OFC generation

Initiated by GTF instability, the cascaded FWM can finally lead to the generation of OFCs.
In Fig. 7.7, simulations performed through split-step Fourier method demonstrates the
generation of OFCs based on both Ikeda map and LLE. In Fig. 7.7(a)-(b), the evolution of
the temporal patterns over round trips are shown. The final stable patterns are shown in

Fig. 7.7(c) and the corresponding power spectrum is shown in Fig. 7.7(d).

LLE

400
a 8

= 2 200
= =
O O
(14 he

(b)
0
-20 0 20 -20 0 20
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1

-2 0 2
Frequency (THz)

0
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Figure 7.7: The evolution of the power over round trips simulated by Ikeda map (a) and LLE (b).
The stable temporal pattern (c¢) and the corresponding power spectrum (d). [97].

As the location of GTF instability is linked to the offset between the filter central
frequency and the pump frequency, it is feasible to control either of these parameters to
alter the repetition rate of the generated OFCs. This concept has been demonstrated in
experiments [96], and the results are shown in Fig. 7.8. From Fig. 7.8(b), it can be observed
that as the offset between the pump frequency and the filter central frequency increases,
the offset between the first comb line and the pump also increases, indicating a reduction

in the OFC repetition rate.

M. Shi, PhD Thesis, Aston University 2025 63



CHAPTER 7. BASIC THEORY OF FIBRE RING RESONATORS

a
e o®ea® Ca®w® @
23000 T 60 T o ™ e (e
I ' . .
) 771 e oo 5
B o
< |---- FBG transmission ‘ = Theory
k= | . O Experiments °
g 7
of 1 Seop —
gt —/E/ [
g b
2 a
2T 1 £
2 & 550
3
500 . L .
300 350 400 450 500
Frequency (THz) foump — fraa (GHZ)

Figure 7.8: Tunable OFC. (a) Output spectra for various pump wavelengths. (b) Relation between
the OFC repetition rate and the offset frequency between pump and filter.
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Chapter 8

Amplifier enhanced
Gain-Through-Filtering instability
in a hybrid Kerr cavity

The work presented in this chapter has been adapted from the following publications:

[6] M. Shi, S. Negrini, N. Englebert, F. Leo, M. Conforti, A. Mussot, and A. M. Perego.
Amplifier enhanced gain-through-filtering instability in a hybrid kerr cavity. Opt. Express,
33(21):43665-43675, 2025.

8.1 Introduction

GTF-based OFCs have been demonstrated in passive ring fibre resonators. However, these
systems often require high pump power to overcome the MI threshold due to their inher-
ently low finesse. Motivated by recent progress in hybrid active-passive fibre ring cavi-
ties—particularly those demonstrating low-background cavity solitons without filters [102,
103]—this work investigates the role of optical amplification in enhancing the GTF process.
Specifically, we incorporate an intracavity EDFA to study its impact on OFC generation.
We extend the theoretical framework introduced in Section 7.5 to account for amplifier
dynamics and develop a formalism suitable for both analytical and numerical analysis of
GTF in an active-passive fibre resonator. The theoretical predictions are validated experi-
mentally, showing strong agreement with the observed results.

The inclusion of the intracavity amplifier significantly improves the conversion efficiency
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from the pump to the OFC sidebands, effectively lowering the MI threshold and reducing

the required input pump power.

8.2 Ikeda map model

(a) Z=\0,L 1.5

Outpﬁt 1.0
o |

Inpuf

c i
Ji
X el S
i
—0.51 'i' — |H|
---- arg(H)
-1.01— : :
-0.5 0.0 0.5

Frequency (THz)

Figure 8.1: (a) Setup schematic: a fibre ring cavity consisting of an amplifier (EDFA), a passive
fibre with normal dispersion (DSF), and a filter. (b) Amplitude and phase profiles of the filter transfer
function H(f2). Parameters used are a = 0.043 rad/ps, b = —1.06, and Qy/(27) = —0.35 THz.

We consider a ring cavity as illustrated in Fig. 8.1(a), comprising four components: an
EDFA, a dispersion-shifted fibre (DSF, 82 > 0 at the driving frequency), a narrowband
filter, and a fibre coupler. The amplitude and phase profiles of filter transfer function H(2)
are shown in Fig. 8.1(b), with parameters matching those used in the experimental setup
(see Section 8.5). With the incorporation of EDFA, we need to separate the propagation

equations for the envelope in the EDFA and DSF as follows:

04n g, 9 &* BV ()42
< z< (gL 9 Y P2 '
0<2<1I, 92 (2 + 202 012 T + iy | Ap|* | An, (8.1)
0An B2 o
< — | g2 ' ‘
Li<z<L o ( T + i1y Anl? | An (8.2)

Here, the indices 1 and 2 label the EDFA and passive fibre, respectively, and the total cavity
length is denoted by L = L1 + Ls. Bél)’(z) represent the GVD coefficients, while (1)) are
the Kerr nonlinearity coefficients. {1, denotes the angular frequency bandwidth of the gain.
The EDFA gain is modeled following [104, 102] as g(z) = & where

14+ (Paartr) =1 [y B |An(2,t)|2dt’
go is the small-signal gain, Py, is the saturation power, and tg is the round-trip time.

In the scenario involving a short pulse compared to the round-trip time, the term

M. Shi, PhD Thesis, Aston University 2025 66



CHAPTER 8. AMPLIFIER ENHANCED GTF INSTABILITY

(Psattr) ™! g R | A, (L1, t)|?dt can be approximated by an integral over a certain time window,
ie., %tﬁ} ftw |An(L1,t)|?dt, where ty is the width of the simulation time window, rp =

tp/tr is the time ratio between the pulse width ¢p and the round-trip time tg, and ftw

represents the integral over ty,. Hence, we obtain g = T (Pt ) 1 fgo T (LD
sa’ f’W n b

The stationary quasi-CW solution of the cavity is given by A,(2) = \/Pn(2)e’®"(?), with
real amplitude /P, (z) and phase ¢, (z). The gain is then expressed as g = ngo,
depending on the ratio rp. The quantities P, and ¢,, can be obtained by solving Egs. (8.1)

and (8.2), which yield

0<2<Li: Pu(z) = Po(0)e, én(2) = om(0) + 7<1>Pn(0);(egz ~1),  (83)

L1 <z<L: Py(z)=Pu(l1), ¢on(z) = ¢on(L1) + '7(2)(75 — L1)P,(L1), (8.4)

leading to
P,(L) = P, (0)e91, (8.5)
¢n(L) = én(0) + W(I)Pn(o);(egh — 1) + 7 P, (0) Lyes™. (8.6)

Considering the BCs for the steady-state solution, we obtain
Api1(0) = pe?* H(0) A, (L) 4 0/ Py (8.7)

Finally, the requirement A,11(0) = A,(0) yields the implicit form of the steady-state solu-

tion:

VP(0) — V/P0)ue” = 0+/Ppe 0 (8.8)

where p = pegLTl+F(0) and v = 806+’7(1)P(0)§(69L1—1)+’7(2)P(0)L269L1 = @6+7(1)P(L1)§(1—
e=981) + 4D P(Ly) Ly. Taking the square modulus of both sides of Eq. (8.8), we obtain

P(L1)e 9 [1 + p® — 2pcosv] = 62 Py, (8.9)

by which the intracavity power P(L1) can be determined. The relationship between the
injected and intracavity powers is shown in Fig. 8.2.

If we assume that the nonlinear phase shift is small compared to the linear phase ¢f),
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Figure 8.2: Relation between input and intracavity power calculated by the Tkeda map with EDFA
(solid lines) and without EDFA (dashed lines). Parameters used are p = +/0.65, § = 1/0.03, go =
4.87 dB/m, P,y = 500mW, rp = 1.3/451, v = 1.3 W lkm ™!, v =3 W 'km ™', L; = 0.33 m,
Ly =85 m, and a = 0.043 rad/ps, b = —1.06 and Q/(27) = —0.35 THz.

Eq. (8.8) yields the following power relation:

0P, 6°P,
2 14 p2%—2pcosyp)’

P(0)

(8.10)

’1 — pleto

ZZA+F(0)

where we define p/ = pe The maximum power occurs when ¢ = 2km, giving

P(0) = (fi];“)Q. We then seek the value of ¢f, that yields half the maximum power, i.e.,

1+ p?%—=2pcosg  2(1—p)? '
If we focus on values of ¢f, close to zero, we can approximate cos ¢f, ~ 1 — %62. This leads
to ¢y = j:l\;g. Thus, the full width at half-maximum (FWHM) of ¢y is 2(1/%?l), and the
finesse of the ring cavity is given by
/
F= f_‘ﬁ’;,. (8.12)

8.3 Modulation instability analysis
To analyse the stability of the steady state, we consider the following ansatz:

Ap(z,t) = [\/P(z) + nn(z,t)} ) (8.13)
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where P(z) and ¢(z) denote the power and phase of the steady state, respectively, and

nn(z,t) is a perturbation satisfying |n,(z,t)| < v/ P(2).
Substituting Eq. (8.13) into Eqgs. (7.21), (8.1), and (8.2), we derive the evolution equa-

tions for n,(z,t) as follows:

BC:  nni1(0,t) = pe'?0tonBln(t) w (L, 1), (8.14)
ann g 1 62 ﬂél) aZnn . (1) "
< z< — = - a2 )
Oszshi: 57=3 (1 02 8752) n i H PR ), (8.15)
(2) 52
Li<z<L O _ ;B2 9" + iy D P(2)(nn + 1), (8.16)

92 2 o

where we assume the gain is unaffected by the small perturbation, so that g = ﬁm go-
Next, we decompose the perturbation into its real and imaginary parts as 7, = a, + ib,,
and denote their Fourier transforms by a,(z, ) and by (z,9), respectively. We then obtain

the evolution equation for the vector (ay,b,)T as follows:

ana1(0,1 an(L,t
po: [° +1(0,0)) _ N [ (L)
bn+1(07t) bn(L7t)
_, cos[po + ¢n(L) — ¢n(0)] —sinfpo + ¢n(L) — ¢n(0)]\ (Hy —H-\ [an(L,t)
sinfpo + ¢n(L) = $n(0)]  coslpo + ¢n(L) — n(0)] ) \H-  Hy | \ba(L,1)
(8.17)
~ ~ 5(1)Q2
an an 02 0 -2
0<2<Ly: 88 ) =M | = 3(1_92>+ (1) g2 ?
Z\ by, by, 9 2= +29MP(2) 0
(8.18)
(2)
o (an i 0 _B 2N G
Ll <z S L . 87 . — M2 R - (2)92 R 3 (819)
o bn bn 2 3 + 2’)/(2)P(Z) 0 bn

where we introduced the evolution matrices M7 2 and the boundary-condition matrix Npc.

Here, H, and H_ denote the Fourier transforms of the even and odd components of the
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response function h(t), respectively. These can be evaluated using the following formulae:

H_(Q) = /h(t);ih*(t)eimdt _ H(Q) _251*(_9)' (8.20b)

The perturbations in the same round trip at z = L and at z = 0 are related by

dn(L) _ Nevo dn(o) _ €fll;1 MQ(Z)dzefoLl Ml(z)dz d’l’b(o) (821)
bn(L) b (0) bn (0)

where we have introduced the transformation matrix Neyo, which is induced by the prop-
agation through the EDFA and the fibre over one round trip. We have also adopted an
integral approximation, which is valid under the assumption that A 2(z) do not vary too
rapidly along z. Since the two integrals evaluate to fOLl P(2)dz = P(0)(e9"* —1)/g =
P(L1)(1 — e 91) /g and fL z)dz = P(L1)Ls, respectively, we obtain

(1)92 .
Ao o €<1_%)@ cos(kgLQ) ’82% sin(kaLo) cos(lel) _/32%1 sin(k1L1)
evo —
ﬁ(Q)QQ sin(kaLo) cos(kaLo) 5(1)92 sin(k1 L) cos(k1Lq)
(8.22)
(1) (1) _ (2) (2)
where ky = \/,82 292 [ﬂg 292 N 2w<1)(1_ZLiL1)P(L1)} and ky — \/52 292 [ﬁ 2 2@ P(Ly)]

and

cos(A —sin(A H, —-H_
Nac = p (Ap) (Aw) + | (8.23)
sin(Ay)  cos(Ap) H_ H;

with Ap = ¢o + 7(1%(1 — e 9 P(Ly) + Y@ P(Ly)Ly. Finally, N' = NpcNeyo governs the

evolution of the perturbations over one round trip:
(8.24)

If we denote the eigenvalues of N as A1 2, the MI gain in decibels per unit length reads

20
9(Q2) =  logyo max{[A1], [Az]}. (8.25)
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8.4 Analytical and numerical results
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Figure 8.3: MI gain map and simulations via Ikeda map. (a) MI gain vs g, the red solid line

indicates pe% = 1. (b) MI gain vs intracavity power. (c) MI gain vs linear phase shift ¢g. (d)

power spectrum evolution from simulations. Parameters used are P = 1.0 W, Bél) = —23 ps?km*,
52) =1.2 ps’km™ !, Q,/(27) = 4 THz, ¢} = —0.04, and others are like Fig. 8.2.

Using Eq. (8.25), we show the dependence of MI gain on various parameters in Fig. 8.3(a)—
Fig. 8.3(c). The horizontal dashed line in each figure indicates the parameter used in
the other two figures, while the vertical dashed lines denote the filter central frequency.
Fig. 8.3(a) shows the evolution of MI gain vs the unsaturated amplifier gain gg. The setup
consistently operates below the lasing threshold, specifically pe% < 1, as indicated by the
red line at 5.7 dB/m. We observe two symmetric side lobes appearing on both sides of the
pump and close to the filter central frequency, as in passive GTF cavities. Similar lobes
also appear in Fig. 8.3(b), which shows the dependence of MI gain on the intracavity power
P. In Fig. 8.3(c), the relationship between the MI gain and the linear phase shift ¢ is pre-
sented. It clearly illustrates the influence of the filter on the MI gain, resulting in upward
and downward tails around the filter central frequency. The evolution of the spectrum via

simulation is shown in Fig. 8.3(d), demonstrating perfect agreement with the theoretical
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predictions of Eq. (8.25) regarding the frequency positions of the generated sidebands.
Fig. 8.4 shows the output spectra for different amplifier gain values when the input
power is set to 1.0 W. As the amplifier gain increases from 4.57 dB/m to 5.25 dB/m, more

sidebands are generated.

g F=147
) F=68
© 01 — F=61
5
O
(]
o
™ —50;
()
2
& | |

-100 T T . : : .

-4 -3 -2 -1 0 1 2 3 4

Frequency (THz)

Figure 8.4: Output spectra for various amplifier gain. Power spectrum with effective finesse being
(a) F =61 (go = 4.55 dB/m), (b) F = 68 (go = 4.7 dB/m), and (c¢) F = 147 (go = 5.4 dB/m).
Parameters used are the same as those in Fig. 8.3, except that input power P, is fixed at 1 W.

8.5 Experimental setup

Based on the theoretical results discussed above, our collaborators at Université de Lille
designed the experimental setup to test these predictions. The experimental work was
carried out primarily by Stefano Negrini at Université de Lille. A schematic of the cavity
is shown in Fig. 8.5(b). The main part of the cavity consists of 80 m of DSF with a normal
dispersion of Bég) = 1.2 ps’km~!. A 90/10 coupler is used to inject signals into the cavity,
while a 99/1 tap coupler is used to extract them. The employed filter is an FBG with
a centre wavelength of Ay = 1547.97 nm, modeled by the Lorentzian profile in Eqs. 7.20
using parameters a = 43 rad/ns and b = —1.06. The amplifier, labeled as EDF in the
diagram, consists of a Lo = 0.33 m erbium-doped fibre segment, connected to the passive
fibre via two wavelength division multiplexers (WDMs). The EDF is pumped by a laser
diode (LD pump) at 1490 nm, injected through one of the WDMs. This configuration allows
separation between the amplifier pump and the signal wavelengths. The full setup is shown
in Fig. 8.5(a). The laser pump is a CW tunable laser with a maximum output power of
44 mW and a linewidth of less than 100 Hz. Its frequency can be rapidly adjusted using
an externally controllable piezo actuator, which is used to stabilise the cavity, as detailed

below.
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Figure 8.5: Scheme of the experimental setup and cavity. (a) Experimental setup. IM: inten-
sity modulator; AOM: acousto-optic modulator; PM: phase modulator; EDFA: erbium-doped fi-
bre amplifier; OA: optical amplifier; BPF1/2: band-pass filters; PC1/2: polarisation controllers;
PDH: Pound-Drever-Hall module; PID: proportional-integral-derivative controller; OSC: oscillo-
scope; OSA: optical spectrum analyser; PWM: power metres; AC: active cavity. (b) Schematic
of the active cavity. LD pump: laser diode pump; WDM: wavelength-division multiplexer; EDF:
erbium-doped fibre; FBG: fibre Bragg grating.

The pump is first divided into two parts by a 90/10 coupler, with 90% allocated to the
strong driving signal and 10% to the control signal. The two signal paths are indicated
in the schematic with red and blue lines, respectively. The driving signal is shaped into a
pulse train using an intensity modulator (IM) with a pulse width of tp = 1.3 ns and a repe-
tition rate of tp = 451 ns. This pulse train then passes through an acousto-optic modulator
(AOM), introducing a frequency shift of 200 MHz. This shift enables precise control of the
cavity detuning by adjusting the pump frequency relative to the nearest cavity resonance.
The signal is subsequently amplified by a commercial erbium-doped fibre amplifier (EDFA)
and filtered by BPF1 to suppress any residual amplified spontaneous emission from the
EDFA. A polarisation controller (PC1) aligns the signal with one of the cavity’s polari-
sation axes, and an optical isolator prevents back reflections from reaching the amplifier.

Given the cavity’s high sensitivity to external disturbances such as vibrations, noise, and
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temperature fluctuations, a feedback control loop is necessary to maintain the driving signal
in phase with the intracavity signal. The control system employed in this experiment is
based on the well-established Pound-Drever-Hall (PDH) technique [105], which utilises a
phase modulator (PM), a PDH controller, and a proportional-integrative-derivative (PID)
actuator to stabilise the laser frequency.

As shown by the blue path in Fig. 8.5(a), 10% of the pump signal is modulated by the
PM. The modulated signal passes through a chain consisting of an optical amplifier (OA), a
filter (BPF2), a polarisation controller (PC2), and an isolator—similar to the driving signal
path, but at significantly lower power to avoid stimulated Brillouin scattering. After being
injected into the cavity, the signal is retrieved from one of the outputs and converted into an
electrical signal (black path) using a photodiode (PD1). This electrical signal is processed
by the PDH and PID controllers to generate a correction signal, which is applied directly
to the piezo input of the laser pump. This feedback mechanism continuously adjusts the
pump frequency, compensating for any disturbances in the intracavity field and maintaining

coherence and stability of the entire system.

8.6 Experimental results

In the experiment, we have observed the spontaneous generation of spectral sidebands due
to the GTF process in our system. We have explored the impact of the EDFA by recording
different spectra as a function of different cavity finesse values obtained by varying the
amplifier gain, while carefully maintaining the cavity below the lasing threshold.

Fig. 8.6 presents a comparison of spectra obtained from simulations and experiments for
various input powers. The powers are all normalised to the zero mode. A good agreement
between the simulations and experimental results is observed in both the sideband power
and position, as illustrated in Fig. 8.6(c). Furthermore, an excellent agreement is noted
regarding the input power threshold, as demonstrated in Fig. 8.6(a) and Fig. 8.6(b).

In Fig. 8.7, we present the dependency of the input power threshold on the amplifier
gain. We observe that the input pump power threshold for sideband generation decreases
as the amplifier gain increases. The experimental results show good agreement with the
numerical ones, where the MI threshold corresponds to sidebands exceeding a power level

of —72.5 dBm/Hz, determined by the noise level. In contrast, the analytical thresholds are
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Figure 8.6: Numerical and experimental power spectra. (a) Numerical spectra and (b) experimen-
tal spectra vs input pump power with go = 4.76 dB/m. The dashed horizontal lines indicate the
input power threshold. (c¢) Comparison of spectra between simulation and experiment for a selected
input power power P, = 1.36 W. The dashed vertical lines indicate the filter central frequency.
Parameters used are like those in Fig. 8.3.

based on whether the MI gain is greater than 0, without considering the noise level, which

results in a lower threshold.
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Figure 8.7: Input power threshold vs amplifier gain obtained from analytics, numerics, and exper-
iments. Parameters used are like those in Fig. 8.3.

8.7 Conclusions

By integrating an EDFA into the GTF fibre cavity and precisely adjusting the pump current
to maintain the cavity below the lasing threshold, we successfully reduced the total losses,
thereby increasing the resonator finesse. Consequently, we observed a decreased power
threshold for GTF instability and enhanced energy transfer to spectral sidebands. These
findings lay the foundation for advancing the efficiency and spectral bandwidth of GTF-

induced OFC sources.
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Chapter 9

Optical frequency comb generation
in Kerr-quadratic resonators with

spectral filtering

The work presented in this chapter has been adapted from the following publications:

[5] M. Shi, N. Englebert, F. Leo, D. V. Skryabin, and A. M. Perego. Modulation instability
and frequency comb generation in hybrid quadratic-cubic resonators with spectral filter.
Phys. Rev. A, 112(2):023522, 2025.

9.1 Introduction

Resonators exploiting quadratic nonlinearity have emerged as a promising platform for
OFC generation [25, 106, 107, 108, 109]. Unlike Kerr resonators, which rely solely on in-
trinsic third-order nonlinearities, quadratic resonators enable strong nonlinear interactions
at significantly lower power thresholds due to the larger magnitude of second-order sus-
ceptibility. In typical implementations, only the fundamental field is resonant within the
resonator, while the SH field is not. Despite this, the nonlinear coupling between the two
fields—mediated by SHG—can lead to a range of complex dynamics, including MI and
OFC generation [25]. A key theoretical insight is that under phase-mismatched conditions,
cascaded y() processes can emulate an effective third-order nonlinearity, producing Kerr-
like effects such as self-phase modulation and four-wave mixing [24, 19]. This effective

nonlinearity arises from the back-action of the SH field onto the fundamental and can be
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engineered in sign and strength depending on the phase-matching configuration. Recent
work by Englebert et al. [106] has further demonstrated that stable quadratic soliton combs
can form in singly resonant quadratic resonators, where parametric down-conversion drives
coherent sech-shaped signal waves. As such, quadratic resonators offer a flexible and effi-
cient platform for realising OFCs with dynamics reminiscent of those in Kerr systems, while
retaining the benefits of strong second-order interactions.

In this chapter, we propose a new route to OFC generation in hybrid quadratic—cubic
resonators by extending the concept of GTF, as introduced in Section 7.5, to parametrically
driven resonators containing a periodically poled fibre (PPF) [110, 111], which is a silica
fibre in which an effective second-order nonlinearity is induced by thermal or ultraviolet
poling and then periodically modulated along the propagation direction to provide quasi-
phase-matching, in direct analogy with PPLN. Although the ¥ in PPF is typically much
weaker than in lithium niobate, the same coupled-envelope equations describing fundamen-
tal and SH fields apply under the slowly varying envelope approximation. Our approach
involves integrating an asymmetric spectral filter into a doubly resonant quadratic cavity,
allowing control over the phase-matching condition for sideband growth. By exploiting
the filter-induced phase shift, we demonstrate analytically and numerically that MI can be
initiated even in regimes where traditional phase matching is not satisfied. The resulting
MI sidebands are further amplified via cascaded processes, ultimately forming a tunable-
repetition-rate OFC. This work builds upon the foundational studies in quadratic resonators

and extends the GTF technique to the domain of quadratic nonlinear media.

9.2 Generalised parametrically driven NLSE

Quadratic resonators can be modeled using either coupled-mode theory—especially relevant
for integrated platforms [112, 113, 114]—or a mean-field, parametrically driven NLSE, which
is commonly employed for fibre cavities [106, 25, 107]. In this work, we consider a ring
cavity composed of an SMF, a PPF section, a spectral filter, and input—output couplers, as

sketched in Fig. 9.1. In the PPF and SMF, the optical wave envelope propagates according
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Z2=0,L- 2w (Input)

wo(Output)

2w

Figure 9.1: Sketch of the setup consisting of a single-mode fibre (SMF), a section of periodically
poled fibre (PPF), a spectral filter, and the input and output couplers.

to

(1) (1) 52
9An _ (_a . iﬁzf)) A,

0z 2 2 Ot2
+ikBinALe HO7 2 A% [A2 4 J] (9.1)
DA a® P p2
n_|_%°_ .P2 Y - (2) 2
o ( 5 = BT + iy |An|* | An, (9.2)
respectively, where
1 © 1 _ —ik(Q)z
T(ot) = / Lo e ™7 —iongg, (9.3)
21 Joo k()
. (1)
k() = —iO‘T +AB = ABQ — 527’392. (9.4)

Ap(z,t) is the slowly varying envelope of the field at w = wy, t is the retarded time, z the
propagation distance, and n the round trip index. Lj2 denotes the lengths of the cavity
components, where the index 1 represents the PPF and the index 2 represents the SMF
(this convention applies to other variables as well). The total cavity length is denoted by
L = L1+ Ly. The coefficient 551’2) denots the GVD at wy, 12 is the attenuation constants,
and x and 7 are the second- and third-order nonlinear coefficients. In Eq. (9.1), B, is
the pump amplitude at 2wg (its phase is set to zero without loss of generality), AS =
2B(wo) — B(2wp) is the phase-mismatch parameter, AS; = 51(2wp) — 51(wo) the inverse-

group-velocity difference, and 32 g the GVD at 2wp—its phase-matching contribution is
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negligible compared with AfZ;. In Eq. (9.3), ©Q is the offset frequency relative to 2wy;
henceforth, we redefine 2 = w — wy as the offset from wy. The quadratic nonlinearity at wy
thus acts as a Kerr-like term filtered by J.

It is worth mentioning that Eq. (9.1) is an effective single-field mean-field equation
derived from Eqgs. (2.5) by assuming that the intracavity field A varies negligibly over a
single round trip [25]. This assumption is valid only when the SH field does not remain
phase-coherent with the fundamental over long propagation distances. Such a situation
occurs in the presence of a large GVM, where temporal walk-off causes rapid dephasing
between the fundamental and the SH wave.

Figure 9.2(a) shows the amplitude and phase of H({2) for representative parameters of

the spectral filter, which has been introduced in detail in Section 7.5.
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Figure 9.2: (a) Amplitude and phase profiles of H(Q). (b), (c) Real and imaginary parts of
1(Q) for AB = 0 in (b) and A = 46.5 m~" in (c). Filter parameters: a = 0.6 rad/ps, b = —3,
and Q;/(27) = 0.2 THz. PPF parameters: a(!) = 0.069 km~' (0.3 dB/km), AB; = 350 ps/m,
B2.5 =10 ps?/km, and L; = 4 cm.

The general BCs for the envelope A,(z,t) read
Api1(0,1) = pe0 A, (L, t) + 04T/ Py, (9.5)

where p? and 62 are the power reflection and transmission coefficients of the coupler, re-
spectively. Here P, is the power and @ the initial phase of the injected wave at wy,
while ¢g is the linear phase accumulated over one round trip, modulo 27. In this work we
set P, = 0; pump injection can be incorporated straightforwardly when exploring more
complex scenarios.

Defining Z = z +nL, ap = —Inp + %(a(l)Ll + a(Q)LQ), B2 =] él)Ll + ﬁéQ)Lg]/L,
and v = y& L, /L, we obtain the generalised, parametrically driven NLSE with spectral
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filtering;:
0A
La—Z =(—ar +ipo)A+ (P +i0) x A
.ﬂQ 82 . 2
—i—L—= LIAI ) A
+< i3 atz—i—w | Al
+ ik LegBinA* — (kL1)? (I x A%) A*, (9.6)
with
L1 1 oo )
I(t) :/ J(z,t)dz = / I(Q)e ™ dQ, (9.7a)
0 2m —o00
Lo . . .
Lus :/ e—i(0) g0 _ [ o=ik(O0)L1/2 sinc[k(ong} , (9.7b)
0

where [(Q) = [1 — ik(Q)L; — e~ *DL1] /[k2()L2] [25]. The profiles of [(Q) for A = 0
and AS # 0 are plotted in Figs. 9.2(b) and 9.2(c). Further discussion of I(2) is provided

A

in Section 9.4. We emphasise that the cavity is driven by the x(® response of the PPF at

wp, while the pump at 2wy is non-resonant and circulates only within the PPF section.

9.3 Stationary solutions

We assume a CW solution of Eq. (9.6) in the form A(Z,t) = /P €%, where P and ¢ are the
power and phase, respectively. Substituting into Eq. (9.6) yields the trivial solution P = 0
and a non-trivial branch (P # 0). The power and phase of the non-trivial solution satisfy

the implicit system

—ar +ipo + F(0) + p(0) + P [i’yL - (HLl)Qf(o)} ‘2
=|kLegBin|?, (9.8a)

—ar + iy + F(0) + ip(0) + P [wL - (le)Qf(O)}
_Z."QLeffBin

= e, (9.8b)

Figure 9.3(a) and Fig. 9.3(b) plot the intracavity power P vs the input pump power Pg =
| Bin|? (solid lines) for fixed ¢f, = ¢o+1(0) = 0 and —1, respectively; dashed lines show the
cavity response without the filter. A non-zero phase mismatch Ap raises the input-power

threshold required for a non-trivial CW. Figure 9.3(c) summarises how this threshold grows
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with the mismatch AfS.
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Figure 9.3: (a),(b) Intracavity power P vs input power Pp for non-trivial CWs with (solid)
and without (dashed) the filter: (a) AS = 0, (b) AB = 46.5 m~!. (¢) Minimum input power
required for positive P vs AfS. Parameters: a = 0.6 rad/ps, b = —3, Q;/(27) = 0.2 THz, a =
0.069 km ™" (0.3 dB/km), AB; = 350 ps/m, f2.5 = 10 ps?/km, L; = 4 cm, £ = 2.5 m "W~ /2,
v =14 W km™, ar = 5%, and L = 20 m.

9.4 MI analysis

We analyse the MI of the intracavity CW solution starting from Eq. (9.6). Introduce a
weak perturbation 1(Z,t), with |n|? < P, such that

A(Z,t) = VPe® +n(Z,t). (9.9)
Substituting Eq. (9.9) into Eq. (9.6) and retaining only terms linear in 7, we obtain

157 =[~ar+igo — % L +i2yPL|n + (B +i¥) x1
+ (PLE¥E + inLeBin — (5L)*1(0) P )
— (kL1)?2P (I *n). (9.10)

Fourier transforming Eq. (9.10) gives

e (4. =M S , (9.11)

0Z \ji*(z,-q) (2, )
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with
d 0 s c
M = + , (9.128,)
0 d c* -8
d(Q) = —ar + Fo(Q) + i) (Q) — (kL1)?2P1, (), (9.12b)

S(Q) = iy + Fo(Q) + ite(Q) + iR LO?
+i2yPL — (kL1)?2P1_(), (9.12c)

C = iyPLe* + ik LegBin — (kL1)%1(0)Pe?e, (9.12d)

where even/odd decompositions are F, , = (F & F(—Q))/2 and similarly for ¢, while I+ =
(I + I*(—9Q))/2. The eigenvalues of M are Ay = d & /S + |C|2, giving the power gain

0(2) = 2 {~ar + F(Q) — (L1)?2P Re[F, ()] + Rey/5% 4 [OF} (9.13)

From Figs. 9.2(b) and 9.2(c), we note that Re I(Q) is nearly even, while Im I(Q) is nearly
odd, so I_ is negligible. Thus I mainly affects the gain via Re[f+(Q)], which suppresses

gain near the carrier without altering the sidebands.

9.5 MI gain and OFC generation for nontrivial CWs

We first focus on the non-trivial CW solutions and examine their MI gain and OFC gen-
eration. To highlight the impact of the filter, we present analytical gain spectra vs g in
Fig. 9.4(a) and Fig. 9.4(b), comparing cases with and without the filter. It is clear that the
filter enables MI for parameter values that would otherwise be stable, specifically around
vy =0 (ie., oo = —1(0)). The dependence of the MI gain on the phase-mismatch param-
eter A and the GVM parameter AS; is shown in Fig. 9.4(c) and Fig. 9.4(d), respectively.
While Af has little influence, a vanishing A suppresses MI gain. Indeed, a vanishing real
part of 12:(0) suppresses the effective third-order nonlinearity. Moreover, Fig. 9.5 and Fig. 9.6
display analytical gain maps vs filter bandwidth, depth, and centre frequency, as well as
dispersion, quadratic and Kerr nonlinearities, and intracavity power. Notably, the MI gain
disappears and then reappears as k increases [Fig. 9.6(b)]. This behaviour occurs because
the intracavity power first drops below the MI threshold (31 W) and then exceeds it again

as k grows. Filter-induced sideband gain persists even without fibre Kerr nonlinearity, as
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Figure 9.4: (a),(b) MI gain vs o without (a) and with (b) filtering. (c¢) MI gain vs AS; (d) MI gain
vs ABy, both with the filter present. Parameters: P =31 W, By = 5 ps?km ™', k = 2.5 m~ W~ /2,
vy =14 W 'km™ ar = 5%, L =20m, L; = 4 cm, o = 0.069 km~' (0.3 dB/km), AS = 0,
ABy =350 ps/m, B2 p = 10 ps?/km, a = 0.6 rad/ps, b = —3, Q5 /(27) = 0.2 THz, and ¢o = —1(0).
Dashed horizontal lines mark the parameter values used in other panels; dashed vertical lines mark
the filter central frequency.
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Figure 9.5: Analytical MI gain with filtering vs (a) filter bandwidth a, (b) filter depth b, and (c)
filter central frequency wy/2m. Parameters are as in Fig. 9.4. Dashed horizontal and vertical lines
indicate parameter values and the filter centre, respectively.

seen in Fig. 9.6(d) in the limit v — 0, emphasising that MI survives when quadratic nonlin-

earity in the PPF dominates. While in our model the Kerr term arises from the nonlinear
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Figure 9.6: Analytical MI gain with filtering vs (a) intracavity power P, (b) dispersion fa, (c)
quadratic nonlinearity & at fixed input power Pg = 88 W (red line marks the minimum & for a
CW), and (d) cubic nonlinearity v at Pg = 88 W. Other parameters are as in Fig. 9.4.

SMF [106], the dominant nonlinearity in practice will depend on the specific experimental
setup.

To validate the theory and explore the nonlinear stage of MI, we solved Eq. (9.6) nu-
merically using a split-step Fourier method. Figures 9.7(a) and 9.7(c) confirm that the
analytically predicted maximally unstable frequency matches the simulations. In the non-
linear regime, a stable roll pattern forms [Fig. 9.7(b)]; its spectrum is an OFC whose line
spacing equals the offset of the maximally unstable sideband, as shown in Figs. 9.7(c) and
9.7(d). Because the MI-gain position can be tuned by adjusting the detuning between wyq
and the filter frequency [Fig. 9.5(b)], the scheme enables OFC generation with a tunable
repetition rate. Close to the MI threshold, stable rolls appear; for much larger gain, the

nonlinear stage produces chaotic combs.
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Figure 9.7: Numerical simulation results. (a) Analytical MI gain map with filtering vs intracavity
power P; the frequency of maximum gain at P = 31.5 W is marked. (b) Field-power evolution
between the 1500th and 1600th round trips; the initial condition is the steady state plus 1 mW of
broadband noise. (c) Power spectrum at the 1500th round trip. (d) Power-spectrum evolution up
to the 4000th round trip. Parameters are as in Fig. 9.4.

9.6 MI gain and OFC generation for trivial CWs

As noted in Section 9.3, non-trivial CW solutions exist only above a certain input-power
threshold. We therefore examine the MI of trivial CWs below that threshold. Figure 9.8(a)
shows that introducing the filter (increasing its strength from zero) produces new MI side-
bands. Figure 9.8(b) confirms once again the possibility of OFC generation with a tunable
repetition rate. The MI gain vs input power Pg is plotted in Fig. 9.8(c). The trivial solution
becomes unstable to zero-mode perturbations above the power marked by the yellow dashed
line; beyond this point, only non-trivial solutions remain 0-mode stable. At Pg = 0.5 W the
peak gain occurs at /27 = 490.1 GHz, in perfect agreement with the simulated spectrum

of Fig. 9.8(d), where a sparse OFC is generated.
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Figure 9.8: (a),(b) MI-gain maps vs filter strength (a) and filter central frequency (b). Dashed
horizontal lines mark the chosen parameters, and the vertical line in (a) marks the filter centre.
(¢) MI gain vs input power Pg; the frequency of maximum gain at Pg = 0.5 W is indicated. The
yellow dashed line is the input-power threshold for a positive non-trivial intracavity power P—also
the stability limit of the trivial solution. (d) Power spectrum at the 1500th round trip. Parameters:
Pg=05W, B=5ps?km !, k =25m W% v =14 W 'km ™}, ar =5%, L=20m, L, =4
cm, oM = 0.069 km™! (0.3 dB/km), A =0, AB;, = 350 ps/m, B p = 10 ps?/km, a = 0.6 rad/ps,
b=—1, Qs/(2m) = 0.2 THz, and ¢y = —9(0).

9.7 Conclusions

We have presented analytical and numerical results on filter-induced MI in hybrid quadratic—cubic
resonators, driven by asymmetric spectral losses between signal and idler. Analytical ex-
pressions for the parametric gain, covering a broad parameter range, agree excellently with
numerical simulations. We further showed that the gain-through-filtering mechanism en-
ables tunable optical-frequency-comb generation in quadratic—cubic resonators. The large
GVM is not a fundamental requirement for MI in x(?) systems. Indeed, MI has been demon-
strated both in conservative SHG and in intracavity x(2) configurations even in the absence
of strong walk-off [115, 116]. We expect that the filter-induced MI could also be found in

more general models for Y media, and this will be the subject of future investigations.
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Chapter 10

Period-4 modulation instability in

ring fibre cavities

The work presented in this chapter has been adapted from the following publications:
[4] M. Shi, M. Conforti, A. Mussot, and A. M. Perego. Period-4 modulation instability in
ring fiber cavities. Phys. Rev. A, 111(1):013513, 2025.

10.1 Introduction

As discussed in Section 7.2, MI in ring fibre cavities can exhibit P1 or P2 modulation pat-
terns. Spectral sidebands associated with P2 MI were observed experimentally in 1997 [100].
However, direct observation of the temporal dynamics of P2 MI has remained elusive for a
long time due to the fast oscillation frequencies—in the THz range—and it has only recently
been observed through time-domain, round trip-resolved measurements enabled by a time
lens [117].

While P2 patterns are observable for stationary CW solutions, Haelterman described
period-doubled CW solutions for a driven fibre cavity both analytically and numerically
in the 1990s [118, 119, 120]. These solutions consist of two distinct CW power levels that
alternate periodically between consecutive cavity round trips. In this chapter, we analyse
the MI of period-doubled CW solutions in a passive ring fibre cavity and predicts the
existence of a P4 temporal pattern, which repeats itself every four cavity round trips. We
model the evolution of disturbances to the period-doubled CW solution by means of two

coupled Tkeda maps, which allow us to compute CW solutions, perform a Floquet linear
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stability analysis, and carry out full numerical simulations of the system dynamics. Our
findings reveal that, under realistic conditions, there exists a configuration in which the
period-doubled CW solutions are stable against 0-mode perturbations but modulationally
unstable against perturbations oscillating at other frequencies, thereby enabling observation

of P4 dynamics.

10.2 Period-doubled CW solutions

Based on the findings detailed in Ref. [118], the period-doubled CW solutions of Egs. (7.1)
can be derived. If we denote the CW envelopes in two consecutive round trips by X (z) and

Y (2), respectively, the BCs [Eq. (7.1b)] give

Y (0) = pe' 0TI X (0) + 0/ P, (10.1a)
X(0) = pe @Y (0) + 0/ P, (10.1b)

where Px = |X(0)|? and Py = |Y(0)%. Eliminating 6+/P,,, one finds
1+ pei(‘PO+’7PXL):| X(0) = [1 + pei(<P0+'YPYL)] Y (0). (10.2)

The relationship between the two intracavity powers can be obtained by taking the modulus

squared of both sides of Eq. (10.2):

_ 1+ p* +2pcos(po +PxL)
1+ p* +2pcos(po + Py L)

% Px. (10.3)

Additionally, substituting Eq. (10.1a) into Eq. (10.2) yields the relationship between the

input power P, and the intracavity powers Px and Py as follows:

1+ p* —2p? cos[2 Px + Py)L
62 = — L 2P cos(2p0 +(Px + Py)L] p, (10.4)
1+ p* + 2pcos(po + Py L)

To obtain the relationship between the input and output powers, we first solved for Py
implicitly from Eq. (10.3) for each value of Px using the bisection method, and then sub-
stituted both Px and Py into Eq. (10.4) to derive Py,. The resulting solutions are shown in
Fig. 10.1(a). Since Px and Py represent the intracavity powers of two consecutive round

trips, the solutions for Px inherently also apply to Py. Without loss of generality, we select
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Px to represent the intracavity powers in the demonstration. In Fig. 10.1(a), we observe
not only the typical S-shaped curve (black and gray), which is characteristic of Eqgs. (10.3)
and (10.4), but also the emergence of new solutions—period-doubled CW solutions (red
and pink). To determine how the intracavity power depends on each value of g, we first
implicitly obtained the relationship between Py and Py from both Egs. (10.3) and (10.4)
using the bisection method within a specific range of Py (0 < Py < 5.5 W in our case), and
then calculated the intersections of the two curves to determine Px. The results are shown

in Fig. 10.1(b).
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Figure 10.1: Period-doubled vs stationary CW solutions. (a) Intracavity power vs input pump
power P, with fixed g = 0.87. (b) Intracavity power vs o with fixed P, = 10 W. Black (gray)
curves represent the stationary CW solutions which are stable (unstable) with respect to the 0-mode
perturbations, whereas red (pink) curves represent the period-doubled CW solutions which are stable
(unstable) with respect to the 0-mode perturbations. Parameters used are v = 2.5 W lkm ™,
p =408, 60 =401, L = 05km, and B, = 0.4 ps?/km. The two dashed lines indicate the
parameters used in other panels.

Before focusing on the study of MI in period-doubled CW solutions, it is worth empha-
sising that for effective energy transfer from the pump to the sidebands via the four-wave
mixing process, the CW solution must be stable against 0-mode perturbations. Figure 10.1
illustrates a scenario characterised by considerable parameter flexibility around the dashed
lines, in which the lower-energy stationary CW solutions exhibit instability while the period-
doubled CW solutions remain stable against 0-mode perturbations, rendering the latter the

lowest-energy stable CW solutions.
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10.3 Modulation instability of period-doubled CW solutions

To investigate the MI of a period-doubled CW solution, we introduce small frequency-
dependent perturbations n,(z,t) to the CW fields described by Eq. (10.4), with |n,| <
\/m . Without loss of generality, we assume the intracavity power is Px during the 2nth
round trip and Py during the (2n + 1)th round trip, that is,

Agnony1(z,t) = [\/ Pxy + non2n+1(2, t)] edx. (2 (10.5)

where ¢xy(z) = ¢xy(0) + vPxyz are the phases of the CW solutions. Substituting
Eq. (10.5) into Eq. (7.1a) yields the evolution equations for the perturbations along the

cavity,
ON2n. 2n+1 ) 0?Nan 2n+1

5, = i T OPxy (Mnzert £ 05n001), (10.6)

which, in the frequency domain, read

82 f2n,2n+1(2,w) Y fl2n,2n+1(2, w) | (10.7)
& 77>2kn,2n+1(27 _w) ngn,Zn—l—l('zv _w)

Here, the evolution matrices for even (e) and odd (o) round trips are

K iy P
M;Zf’: X, Y TEX)Y ’ (10.8)

—i’yPX7y —’L'nyy

with kxy(w) = %wQ + vPxy. Equations (10.7) admit exact solutions that relate the

perturbations at z =0 and z = L,

Non,2n+1 (L, w) M2n,2n+1(0, w)

= Ngy , (10.9)
ngn,Qn—i—l (Lv _w) n;n,Qn—&—l(O? _w)
where NSV = elMES | Tts rows are (Cosh(qX,YL) + iﬁx,yLisinzggi’zL), i"ypx,YLisnggi’ZL))
. inh L ‘ inh L .
and (=iy Py LT, cosh(axy D) —iry LEFH), with axy (@) = /(0P )? = 1y (@)

being the eigenvalues of M.

On the other hand, the BCs for the perturbations follow from Eq. (7.1b) and read

Mont1,2n42(0,) = pe' PO TIPXY LT, o (L, 1), (10.10)
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where ¢y x = ¢y (0) — ¢x(0). The Fourier counterparts of Eqgs. (10.10) read

) Lw
_ NEOC f2n,2n+1( ) . (10.11)

ﬁ§n+1,2n+2(07 —w) ﬁén,2n+1(L’ —w)

font1,2n+2(0, w)

Here, NES represents the boundary-condition matrices that link the fields at even or odd
round trips to those of the subsequent round trips and reads

pei(<P0+’YPX,YL:|3¢YX) 0

NI = (10.12)

0 pe*i(WOJr’YpX,YL?%fX)

Finally, we relate the perturbation spectral amplitudes between two consecutive round trips
through

N 0,w Non (0, w
fl2n+2(0, w) . fl2n (0, w) | (10.13)

77>2kn+2(0? 7(‘}) ﬁ;n(()? *w)
where we define N = NBCNeONBCNevo If A denotes the eigenvalue of N with the largest

modulus, the perturbation gain in decibels per unit length is
10
gan = logyg |A]. (10.14)

The phase-matching condition in this case generalises Eq. (7.12)—taking into account the
total phase shift accumulated over 2L and replacing P with the sum of the powers in two

consecutive round trips, Py + Py—and is expressed as
Bow?L + 200 4+ 27(Px + Py)L = K, (10.15)

with K = 0,+1,+2,.... Equation (10.15) generally provides a good quantitative prediction
near the MI threshold.

In Figs. 10.2(a) and 10.2(b), we show the MI gain as a function of the phase shift g for
a fixed average power (Px + Py)/2. The blue regions correspond to MI of stationary CW
solutions (Px = Py ), whereas the cyan regions correspond to MI of period-doubled CW
solutions (Px # Py ). The period of MI for stationary CW solutions can be identified using

the rules outlined in Section 7.2. Extending these rules to period-doubled CW solutions is
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Figure 10.2: MI gain and cavity spectrum. (a) MI gain spectra for fixed average intracavity power
(Px + Py)/2 = 0.312 W: the blue regions correspond to MI of stationary CW solutions, whereas
the cyan regions correspond to MI of period-doubled CW solutions [similarly for (b) and (c)]. (b)
Close-up of (a); note that part of the P2 MI gain of stationary CW is obscured by the P2 MI
gain of the period-doubled CW. (¢) MI gain calculated for the lowest-power stable CW solutions at
fixed input power. (d) Power-spectrum evolution over round trips. Other parameters: P, = 10 W,
0o =0.87m, v =25 W 'km ™!, p=+0.8, 0 =+0.1, L =0.5km, By = 0.4 ps®/km, £ = 0.954, and
a = 0.046 km~! (equivalent to 0.2 dB/km).

straightforward: P2 MI appears when A is real and positive with an even K, whereas P4 MI
occurs when A is real and negative with an odd K. Around ¢y = 0.87, the period-doubled
CW solutions emerge and exhibit P4 MI.

To provide an experimentally accessible example, Fig. 10.2(c) displays MI gain spectra
for a fixed input power Pj,, focusing only on the lowest-power stable CW branch (i.e., the
branch of smaller power values between the black and red curves in Fig. 10.1(d)).

In Fig. 10.2(d), we present the power-spectrum evolution over several cavity round trips
obtained from numerical simulations at ¢y = 0.877, corresponding to the dashed horizontal
line in Figs. 10.2(b) and 10.2(c). The detuning of the primary sidebands with respect to the
pump frequency agrees excellently with the analytical prediction indicated by the vertical

dashed line.
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In Fig. 10.3, we report the P4 temporal MI patterns obtained from numerical simula-
tions. The modulation exhibits a 7 phase shift not after every round trip—as in P2 MI—but

instead after two round trips.
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Figure 10.3: P4 MI temporal patterns from simulations. (a) P4 temporal patterns for four consec-
utive round trips (2000-2003) plotted in yellow, red, blue, and black, respectively. (b) P4 temporal
patterns vs round trip number. Parameters are the same as in Fig. 10.2.

The problem addressed in this chapter is mathematically equivalent to MI in Mobius
fibre resonators—two coupled ring cavities described by coupled Ikeda maps—in which P4
MI patterns were theoretically predicted [121]. However, the physical systems differ: P4 MI
in Ref. [121] arises in two coupled cavities with mismatched parameters such as different
detunings, whereas our work predicts P4 MI in a single ring fibre resonator, offering a

simpler and more compact configuration.

10.4 Conclusions

We have investigated the highly nonlinear regime of MI in a multistable driven optical
fibre cavity, focusing on the stability of period-doubled CW solutions. Using two coupled
Ikeda maps, we have analytically and numerically predicted and characterized a P4 MI —
a P2 growth of sidebands over a period-doubled pump — whose temporal pattern repeats
after four consecutive cavity round trips. We derived an analytical expression for the MI
gain, and its predictions are confirmed by numerical simulations. The P4 MI regime is
achievable under experimentally accessible parameters. Our demonstration of P4 MI in a
single nonlinear optical resonator broadens the understanding of Kerr-resonator dynamics,
where studies of MI have traditionally focused on stationary CW solutions. Moreover,

higher-period MI (beyond P4) can be attained using higher-period CW solutions, although
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this requires significantly higher input power. A systematic theoretical investigation of the

P-n mechanism, where n is an even number, will be a future objective.
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Chapter 11

Conclusion

This thesis has investigated the fundamental and applied aspects of nonlinear optical effects
in guided-wave systems, with a particular focus on two interconnected domains: parametric
amplification in two coupled waveguides, emergence of MI and MI-driven frequency comb
generation in fibre ring resonators.

In this thesis, we have explored a wide range of nonlinear optical effects and their
applications, focusing primarily on dual-waveguide OPA, MI, and OFC generation across
distinct physical platforms. Our work spans theoretical modelling, numerical simulations,
and conceptual design for practical implementations, offering new insights into waveguide
and resonator systems.

In the first part of the thesis, we began by demonstrating that coupling dispersion is a
powerful physical mechanism for dispersion engineering in dual-waveguide parametric am-
plifiers. This finding opens new possibilities for broadband amplification, even in normally
dispersive waveguides, by tailoring the gain spectrum through the coupling parameters.
The ability to harness frequency-dependent coupling offers a versatile route to engineer am-
plifiers with desirable features such as flat gain profiles and loss compensation, suggesting
utility in multi-core fibres and photonic circuits with complex topologies. Next, we anal-
ysed the robustness of equally pumped dual-waveguide parametric amplifiers against relative
power and phase fluctuations. Our analytical and numerical results show that these systems
maintain stable operation under realistic perturbations, providing useful design guidelines
for photonic devices where gain uniformity and stability are critical. We then explored

intermodal four-wave mixing in dual-core optical fibres, presenting both analytical and nu-
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merical models for asymmetric gain and signal-idler generation into distinct supermodes.
By identifying the interplay between pump imbalance and frequency-dependent coupling
as a key control knob, we proposed a scheme for idler-free parametric amplification. This
concept has implications for bandwidth efficiency and is adaptable to a variety of integrated
platforms beyond conventional silica fibres.

In the second part of the thesis, we turned our attention to fibre ring resonators. We
implemented the GTF method in a fibre ring resonator enhanced by an EDFA. Our ex-
periments demonstrated reduced power thresholds and improved energy transfer to side-
bands, indicating the effectiveness of intracavity gain in enhancing GTF-induced instabili-
ties. These results contribute to the ongoing development of energy-efficient and spectrally
broad OFC sources. Then, we investigated GTF-induced MI in hybrid quadratic—cubic res-
onators. Using a combination of analytical gain calculations and numerical simulations, we
showed that spectral asymmetries introduced by filtering enable tunable OFC generation in
parametrically driven resonators. Finally, we extended our analysis to the strongly nonlin-
ear regime of driven Kerr resonators. We identified and characterised a P4 MI, where the
system exhibits periodic behaviour over four cavity round trips. Our derivation of the MI
gain, validated by simulations, offers the first demonstration of P4 MI in a single nonlinear
resonator and enriches the landscape of known dynamical instabilities in optical cavities.

Overall, this thesis offers a unified treatment of parametric processes in waveguides and
resonators across various nonlinear regimes. It provides both theoretical tools and prac-
tical design strategies for manipulating light through nonlinear interactions. Future work
may focus on the role of nonlinear coupling in dual-waveguide systems, the impact of the
randomness of the coupling strength on dual-waveguide OPA, experimental realisations of
intermodal amplification schemes, on-chip integration of GTF-based comb sources, further
exploration of multistability and pattern formation in complex resonators, and investigation

of driven nonlinear dual-waveguide or dual-core fibre resonators.
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APPENDIX A. DERIVATION OF NONLINEAR SCHRODINGER EQUATION

Appendix A

Derivation of nonlinear
Schrodinger equation

Maxwell’s equations in matter are

0B
VXxE= T (A1)
oD
V-D=py, (A.3)
V-B =0, (A.4)
where
D =¢E + P, (A.5)
H-lB_M (A.6)
Ko
pr=p—(~V-P), (A7)
P
Jf:J—(VxM+8—). (A.8)

ot

Considering a material with no free charge, no free current, and being nonmagnetic, i.e.,
J; =0, pr =0, M= 0, we obtain

0B 0’D 0’E o’P
VXVXE:VX (—E):—ﬂOW:—M()ﬁOW—/JOW, (Ag)

The polarization P is usually given by the Taylor series in E,

P(r,t) = eo(x'V - E+ x? : EE + \®EEE + .. )
=€ Z% Z Xz('gl')Ej + Z XE?])QE]EK’ + Z XE?])glEjEkEl +...

7 J Jk Jkl
=Py, + P, (AlO)
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APPENDIX A. DERIVATION OF NONLINEAR SCHRODINGER EQUATION

where the first linear term is explicitly denoted as Prp,, and the others are represented by
Pni. However, if the material cannot response instantaneously, the product should be
replaced by convolution over time, as x* is frequency dependent in this case. As V - E is
usually negligible, especially when the slowly varying amplitude approximation (SVEA) is
valid [10], we can approximate V x V x E = V(V - E) — V2E ~ —V2?E. As a result,

0’E 0?Py, 0?Pyy,

V?E — - =
Ho€o 912 Ko 912 Ho a2

(A.11)

For the linear part of P, in consideration the frequency dependency of Y1), we have, in the
frequency domain, . )
Pr(r,w) = eox(w) - E(r,w). (A.12)

In the absence of the nonlinear source term, Eq. (A.11) gives the wave equation in the

frequency domain as

OJ2

VZE(r,w) + e(w)c—QE(r,w) =0 (A.13)
where ¢ = 1/,/mo€o and €(w) = 1 + xM(w). Both € and x!) are rank-2 tensors.
In a x® medium like silica glasses, where x(2) vanishes due to the inversion symmetry,

if we assume the nonlinear response is instantaneous, we have

Pui, = eox*:EEE. (A.14)

In the case of a polarized pulse (along x-axis), we have

~ ~

E(r,t) = gE(r,t) +cc = gU(r,t)ei('Boszot) + c.c., (A.15)
where Z is a unit vector along z-axis, wg is the central angular frequency of E, U is the

envelope and By = B(wyp) is the propagation constant at wg. Thus

A~

x
§PNL(I', t) +c.c. = PNL(I', t)
3

1 .
= ieOX(z?v)w$ |:2U(rv t)ez[ﬁoz—wot] +c.c

7 3 ‘ 1 .
= SeoxZho [4rv<r, DIV (r, t)e0mmtl 4 U (x, )P B0em3l) e,
(A.16)

where terms with Xg(j?m and Xg?p)m are ignored. Here, the wave with 3wy can be ignored in

practice due to the phase mismatch, which leads to

Pni(r,t) = egent(r, t)E(r, t) (A.17)
with 5
ent(r,t) = Zxé?;?mIU(rJ)IQ- (A.18)
And in the frequency domain,
Pai(r,w) & egent,(r, 1) E(r,w). (A.19)
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Finally, from Eq. (A.11), we obtain

2

V2E(r,w) + e(w)%E(r,w) =0, (A.20)
where
e(w) =1+ xW(w) + ext. (A.21)

In considering the relation between E(r,w) and U(r,w) as follows,

E(r,w) = U(r,w — wp)e?, (A.22)

substituting this relation into Eq. (A.20), we obtain the equation of the envelope function
in frequency domain as follows,

Ulr,w—

~ 0
V2U (r,w — wo) + 2iBo P

2 ~
) + [e(w)(';; - ﬁg} U(r,w —wp) =0. (A.23)
Performing the separation of variables as follows:
Ulz,y, 2,t) = F(z,y)A(z, 1), (A.24)

we can rewrite several variables,

U(r,w) = F(z,y)A(z,w), (A.25a)
E(r,t) = F(z,y)A(z, t)e'lPoz—wot], (A.25D)
E(r,w) = F(z,y)A(z,w — wy)e0?. (A.25¢)

Either substituting Eq. (A.25a) into Eq. (A.23) or substituting Eq. (A.25¢) into Eq. (A.20)
gives
O2F (x,y) + 6§F(x, y)  9%A(z,w — wp) 0 A(z,w — wp) 2

TzL\e 0 w2 _
F@,y) A(z,w — wp) 2 A(z,w — wo) Tel) c? By =0. (A.26)

Then we can introduce a space-independent parameter A(w) to obtain

w2
OXF (z,y) + 8§F(x,y) + [e(w)c2 — )\(w)z] F(z,y) =0, (A.27a)
D2A(z,w — wo) + 2iBo0. Az, w — wy) + [)\(w)2 - 53} A(z,w —wp) = 0. (A.27b)

Here, A can be solved as an eigenvalue problem by Eq. (A.27a), and reads
«
AMw) = B(w) +i5 + Baw(wo), (A.28)

woltz [ |E(r,t)*|F(z, y)|[*dzdy 2
AL (wo) ~ = 7(wo)|A(z, )], (A.29)
c [[|F(z,y)[*dzdy
where ((w) is the propagation constant when eny, and absorbation is not included, « is
the linear absorbation coefficient (the nonlinear absorbation is ignored), Anr(wp) is the
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order-zero modification, and 7 (wp) is defined as

Wy ff|F(a:,y)|4dacdy
c [[|F(x,y)dzdy

¥(wo) = (A.30)

Then with the approximations 924 ~ 0 and Mw)? — 82 ~ 2Bo[A(w) — Bo], Eq. (A.27b)
becomes
D, A(z,w — wp) = i [Mw) — Bo] A(z,w — wp)
=i[f(w) — 50]14(2,0) — wo) + iy (wo)|A(z, )2 A(z,w — wo) — = A(z,w — wp),
(A.31)

| Q

0, A(z,w) = i[Bwo + w) — Bo]A(z,w) + iv(wo)|A(z, 1) |2 A(z,w) — —A(z w). (A.32)

Considering the Taylor series of f(w) around w = wy,

B(w) = Bo + B1(wo)(w — wo) + 52(;0) (w—wo)®+ ... = Z ’6"7(:;}0)((,‘) —wo)",  (A.33)
n=0

and the following correspondence between the frequency and time domain:

)y B”T(:,UO) (i0y)", (A.34)
n=0 ’

we find the time-domain equation from Eq. A.32 as follows:

(9A Z ﬁn Z@t Az, t) +iy(wo)|A(z, 1) 2 A(2, 1) — %A(z, t). (A.35)

If we define retarted time ¢ =t — 312, we have

A A A A
dA = g—dz + %td(t’ + B1z) = (‘9 51 )dz + %—tdt (A.36)

so that if we use z and ¢’ as the independent variables, i.e. A = A’(z,t), we find

0X _0A 04 x4 _oa
0= 92 Ttoat’ ot ot
Thus Eq. (A.35) can be rewritten as

(A.37)

aA (2 1) Z 5” (i0)" A’ (2, 1) + iy(wo) |A (2, ) P A (2, 1) — %A’(z,t’), (A.38)

Here, the summation starts from 2. The most common NLSE truncates the summation at
n=2.

M. Shi, PhD Thesis, Aston University 2025 109



APPENDIX B. SPLIT-STEP FOURIER METHOD

Appendix B

Split-Step Fourier Method

The Split-Step Fourier Method (SSFM) is a numerical technique for solving partial differ-
ential equations of the general form [9]

DA(z,1)

z

~ (D4 8) A, (B.1)

where A(z,t) is the complex field envelope, D represents the linear dispersive operator, and
N denotes the nonlinear operator. This form is typical in equations such as the nonlinear
Schrédinger equation.

The key idea of the SSFM is to approximate the evolution over a small step Az by
splitting the linear and nonlinear parts, treating each separately:

Az + Az, t) m ePA2/2NA2,DA/2 A 4y 1 O(AZ3), (B.2)

which is accurate to second order in Az using the symmetric splitting.

B.1 Linear Step
The linear operator D often involves derivatives in time t, such as

~ Ba 0?
D=—-i—— B.3
"2 o2 (B:3)
for the case of second-order dispersion. This term is evaluated in the Fourier domain, where

derivatives become multiplications,

0?A ~
7 |G| = -emrrc) (B.4)
where F|-| represents Fouier transform and f is frequency, so the linear propagation becomes
A(z+ Az, f) = A(z, f) exp <—iﬁ22(27rf)2Az> . (B.5)
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B.2 Nonlinear Step

The nonlinear operator N is applied in the time domain and may include terms like
N =iy A(z, 1)) (B.6)
This gives the nonlinear update as follows:

Az + Az, t) = A(z,t) exp (iv]|A(z, t)[*Az) . (B.7)

B.3 Algorithm Summary

The SSFM proceeds as follows for each propagation step Az:
1. Linear half-step: Apply exp(DAz/2) in Fourier space.
2. Nonlinear full-step: Apply exp(N Az) in time domain.
3. Linear half-step: Apply exp(ﬁAz /2) in Fourier space again.

This approach exploits the efficiency of the Fast Fourier Transform (FFT) to handle the
dispersive terms, making the SSFM especially suitable for simulating long-distance wave
propagation in nonlinear media. SSFM can also be extended to generalised forms of the
NLSE featuring additional terms, such as LLE and parametrically driven NLSE discussed
in this thesis.
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Appendix C

Other results on asymmetrically
pumped dual-core OPA

C.1 Mathematical analysis of the asymmetric gain

As stated in the main text, the amplitude of the supermodes as a function of z, F1(z), can
be obtained by solving the following equation,

Dx (s €insrei )l =iM(egy,€ip,es—, i), (C.1)
whose solution is A
(€st, iy, s, i)l = Z a;vieti®, (C.2)
j=1

where \; and v; are respectively the eigenvalues and eigenvectors of matrix M, and the
coefficients a; are determined by the initial conditions as

(ala az, as, a4)T = (Vlv V2,V3, V4)_1 (€s+7 €i4,€E5—, eif)T' (03)

As an exmaple, we chose the anomalous dispersion case and plotted the imaginary part of
four eigenvalues which is shown in Fig. C.1 (a). A nonzero imaginary part of eigenvalues
implies gain. Without loss of generality, we assume A; possessing a minimum (negative)
imaginary part, then the term a;v;e**'* becomes dominant for large z, i.e.

(esi,eir,es e )l ~ ajvie. (C4)

As a result, assuming that vi = (v1,v2,vs,v4)7, the gain difference between signals and

idlers is given by
2 2
G4 — 1010g "fSi‘Q = 10log , (C.5)
€]

V271

U3F1

”on

here G‘}riﬁ refers to supermode "+” while G refers to supermode respectively. As
shown in Fig. C.1(b), the gain difference between e;_ and e;— at around 5 THz is about
20 dB. In addition, Fig. C.1(c)-(d) show the impact of C; on the minimum imaginary part
of eigenvalues Im(A;) and the gain difference between e;_ and e;_ respectively. From Fig.
C.1(d), we can see that C; plays an important role in obtaining asymmetric gain spectrum.
In summary, the sign of C; and the sign of ) together determine whether the gain spectrum
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of one supermode is idler-free or signal-free. For fixed (1, one can always adjust the input
signal detuning respective to the pump waves or select the output supermode to obtain a
supermode with an idler-free gain spectrum.

Lol @ o

() o s

;

N
o
!

r
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i)

Im/\j

Gdiff (dB)
o

ImA L Gdiff
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11 1 1 1 1
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Q/2rt (THz) Q2 (THz)

Figure C.1: Eigenvalues and gain difference between signals and idlers estimated by
eigenvectors. (a) Imaginary part of eigenvalues; (b) Gain difference estimated through eigenvec-
tors. (c) Map of the absolute value of the eigenvalues minimum imaginary part versus frequency
and C;. (d) Map of estimated gain difference between es_ and e;_ versus frequency and C;. Pa-
rameters used are B = F0.5 ps?km ™', vy =10 W km™!, P, =54 W, Cy = 15 km ™!, Cy = 0, and
z = 0.1 km. The value of C} in in (a) and (b) is —7.5ps - km ™" . Note that Im(\y) = 0 everywhere
and its line is covered by Im(A3).

C.2 Gain spectrum of individual waveguides modes

To have a direct understanding of how the separation of signals and idlers between different
supermodes is produced, we simulated the PI amplifier for individual waves in two waveg-
uides and the results are shown in Fig. C.2. We can see that the gain is almost symmetric
for C; = —7.5 ps-km™!. In addition, the phase difference between two individual modes is
shown in Fig. C.3, from which, it is clear that the idlers (frequency range between -6 and
-4 THz) have a phase difference close to zero, whereas the signals (frequency range between
+4 and +6 THz) have relative phase close to m. As a result, the two supermodes are one
idler-free and the other one signal free respectively.
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Figure C.2: PI amplifier for individual modes. (a) and (b) Map of parametric analytical gain
versus frequency and C; in anomalous dispersion regime for waveguide 1 and 2 respectively; (c) and
(d) comparison of gain spectrum versus frequency between theory (continuous line) and numerics
(dots) for anomalous dispersion regime with C; = —7.5 ps-km ™" for waveguide 1 and 2 respectively.
Parameters used are 8 = F0.5 ps2km !, v =10 W 'km ™!, P,=54W,Cy=15 km~!, Cy =0,
and z = 0.1 km.
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Figure C.3: Phase difference of two individual modes. Here C; = —7.5 ps - km ™' and other
parameters used are like in Fig. C.2.
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