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We review recent advances in the study of nonlinear dynamics in mode-locked fiber Accepted 21 October 2025

lasers operating in the breathing (pulsating) soliton regime. Leveraging advanced

diagnostics and control strategies—including genetic algorithms—we uncover a rich KEYWORDS

spectrum of dynamical behaviours, including frequency-locked breathers, fractal Farey Fibre lasers; breathing

hierarchies, Arnold tongues with anomalous features, and breather molecular com-  (pulsating) solitons;

plexes. We also identify a novel route to chaos via modulated subharmonic states. nonlinear dissipative

These findings underscore the utility of fiber lasers as model systems for exploring  Structures; synchronization;
.3 R . R L. chaos; smart lasers

complex dissipative dynamics, offering new opportunities for ultrafast laser control and

fundamental studies in nonlinear science

1 Introduction

Mode-locked fiber lasers are valued not only as compact sources of ultrashort pulses but also as highly
controllable laboratories for nonlinear science. In these cavities, a delicate balance among dispersion, Kerr
nonlinearity, and wavelength-dependent gain and loss sustains dissipative solitons—localized structures
that persist through continuous energy exchange with their environment [1-3]. Because key parameters
such as pump power, intra-cavity dispersion, and saturable-absorber characteristics can be tuned with
precision, fiber lasers provide an archetypal platform for exploring dissipative dynamics. Their accessible
parameter space supports a rich palette of behaviors: breathing oscillations [4-6], soliton explosions
[4,7-10], chaotic [11,12] and rogue-wave states [13,14], harmonic mode locking, and self-organized
patterns ranging from soliton bunches [15] to stable multi-soliton bound states (“soliton molecules”)
[16-24]. Many of these phenomena were identified decades ago, yet their underlying physics is only now
being elucidated thanks to advanced single-shot diagnostics [25-28] that resolve pulse evolution on a
round-trip basis. Insights from these experiments advance fundamental theory—by supplying a testbed for
far-from-equilibrium models—and guide practical design, informing the optimization of next-generation
ultrafast sources. This dual relevance places mode-locked fiber lasers at the center of contemporary
research in ultrafast photonics and nonlinear dissipative systems.

Breathing (or pulsating) solitons, manifesting as localized temporal or spatial structures exhibiting
periodic oscillations in energy, are fundamental nonlinear modes observed across a wide range of physical
systems. They appear in various domains of natural science, including condensed matter physics [29], fluid
dynamics [30,31], plasma physics [32], chemistry, molecular biology, and nonlinear optics [33-35].
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In conservative systems, breathing solitons can arise spontaneously via modulation instability of continu-
ous waves [29,36-38], owing to the fact that the governing evolution equations—such as the nonlinear
Schrédinger equation (NLSE), sine-Gordon equation, or Korteweg-de Vries equation—admit periodic or
quasi-periodic solutions [39,40]. In contrast, in dissipative systems such as passive or active optical cavities,
breathing solitons typically emerge as limit cycles originating from a steady state through a Hopf
bifurcation, also referred to as a Poincaré-Andronov-Hopf bifurcation [41], when system parameters
are varied. In optics, dissipative breathers—initially studied experimentally in passive Kerr fiber cavities
[42] and microresonators [43-45]—have also emerged as a universal mode-locking regime in ultrafast
fiber lasers [6,46,47,48]. In particular, in [6], we reported the first real-time experimental observation of
single breathers and breather-pair molecules in a laser cavity using advanced real-time detection tech-
niques. Since then, a series of distinct experimental studies on breather structures in laser systems have
been published by various groups (e.g. [49-68]).

This sustained interest is mainly due to two key factors. First, breathing solitons represent a novel mode-
locking regime in lasers. Their understanding, characterization, and optimization may open new frontiers in
ultrafast laser physics. In particular, self-synchronization phenomena observed in lasers supporting breathing
solitons [60,68,69] provide critical insights into ultrafast laser dynamics—knowledge that is essential for the
development and practical deployment of next-generation laser systems.

Second, breathing-soliton lasers offer an excellent platform for uncovering novel nonlinear dynamics in
dissipative systems. In linear oscillator ensembles, synchronization manifests primarily as phase-locking
between coupled modes and is fully described by linear superposition, with each mode evolving indepen-
dently. In breathing-soliton lasers, synchronization emerges intrinsically from nonlinear coupling among
the cavity’s internal frequencies, enabling self-synchronization without external forcing. These nonlinear
interactions also allow chaotic attractors, which are prohibited in finite-dimensional linear systems, where
dynamics are confined to linear combinations of non-interacting eigenmodes and no mechanism exists for
intrinsic frequency locking. In this paper, we provide a review of key findings from our recent research in
this rapidly advancing field, situating breathing-soliton dynamics within the broader context of nonlinear
science. Our aim is not to present an exhaustive survey, but to emphasize conceptual and mechanistic
understanding of the breathing-soliton phenomenon, the associated research methods, and the latest
advancements, and to delineate how these results advance the understanding of complex dissipative
dynamics. These include: the emergence of higher-order Farey hierarchies of frequency-locked breather
states and self-similar fractal dynamics [69]; the appearance of abnormal synchronization domains
(unusual Arnold tongues) [68]; transitions between synchronized and desynchronized breather regimes,
including the identification of a novel intermediate dynamic state [60]; and a new route to chaos through
the breakdown of regular dynamics [64]. We also demonstrate the use of genetic algorithms (GAs) to
generate breather dynamics with controlled characteristics [56,69].

The paper is organized as follows: Section 2 reviews the key experimental and theoretical tools and
methodologies that enable advanced studies of breathing solitons in ultrafast fiber lasers, with an emphasis
on real-time diagnostics and GA control. Section 3 examines synchronisation dynamics, including
frequency-locked breathers, Farey hierarchies, and Arnold-tongue structures. Section 4 extends this
discussion to multi-breather complexes and demonstrates their intelligent control. Section 5 explores
transitions of breathing-soliton lasers from regular to chaotic dynamics. Finally, the concluding section
summarizes our findings and outlines future research directions.

2 From measurement to model: laser architecture, diagnostics and control strategy

In this section, we review the key tools and methodologies that have enabled the advanced investigation of
breathing solitons in ultrafast fiber lasers. Addressing this problem required overcoming several chal-
lenges. On the experimental side, substantial progress was achieved through the development of reliable
and controllable laser platforms. A critical component was the implementation of appropriate detection
techniques, as the non-stationary nature of breathers necessitates diagnostics capable of resolving pulse
evolution on a round-trip basis. These measurement capabilities, in turn, facilitated feedback mechanisms
for optimizing cavity parameters. To interpret and predict breather dynamics, it was equally important to
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compare experimental observations with numerical simulations. For this purpose, we examine two
principal modeling frameworks.

It is important to note that this discussion is limited to directly observable breathing solitons. Vectorial
structures whose periodic behavior only becomes apparent after polarization analysis [70-73] are not
addressed here, as their study necessitates polarization-resolved models. We also exclude regimes associ-
ated with dissipative soliton explosions, characterized by abrupt yet quasi-periodic variations in pulse
properties linked to Q-switching dynamics [8,10,48].

2.1 Experimental setup

Here, we summarize the key experimental techniques employed for the generation, observation, and
control of breathing solitons. Detailed descriptions of setups and methodologies can be found in our
previous publications [6,14,54,56,60,69].

2.1.1 Fiber laser architecture

The generation of breathing solitons in fiber lasers does not inherently require cavity designs that differ
radically from those used for the generation of conventional ultrashort dissipative solitons. Figure 1
illustrates a typical ring-cavity architecture employed to generate such structures at telecommunication
wavelengths (around 1550 nm, within the C band). All components operate in the single-mode regime and
are widely available commercially. While the discussion here focuses on a unidirectional ring cavity,
breathing solitons have also been observed in figure-eight lasers [64,74], figure-nine lasers [75], linear
cavities [76], and Mamyshev oscillators [77], highlighting the universality of the breathing regime beyond a
specific laser configuration.

erbium doped fibre

e .
WDM coupler P * motorised *
' EPC mounts
- - Qwp —><E> LC
2 un
HWP —»
. s |:8 g = | e =) |:%
isolator =
dditional fib we O El PBS N 2
additional fibre W
~ o
output QS e g »I::QWP -
~ >
coupler ~ YCOL Y
~ t

. <+—control from PC

oscilloscope

PC
genetic
algorithm

photodiodes RF spectrum

A analyser

S1001 JILSONSVIA

optical spectrum
analyser

7

cymometer

Figure 1. Experimental setup. Schematic of a typical fiber laser cavity used to generate and characterize breathing
solitons. The setup includes a set of diagnostic tools for detailed observation of the pulsating structures, as well as passive
and active components enabling mode locking via nonlinear polarization rotation. FPC, fiber polarization controller; POL,
polarizer; COL, collimator; QWP/HWP, quarter-/half-wave plates; PBS, polarization beam splitter; LC, liquid crystal phase
retarder; EPC, electronically driven polarization controller; DAC, digital-to-analog converter.
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In the ring-cavity architecture, gain around 1550 nm is provided by an erbium-doped fiber, pumped by
a continuous-wave laser diode operating at 976 nm. Although most reported results have been achieved in
the C band, oscillatory dynamics have also been demonstrated at other wavelengths, including 1.03 ym,
1.6 ym, 1.7 ym, and 2 ym, using different doped fibers—such as ytterbium-doped [57,74,78-80], erbium-
doped [53,81], thulium-holmium co-doped [82], and thulium-doped fibers [83,84]. An inline isolator is
typically employed to enforce unidirectional operation, although breathing dynamics have also been
reported under bidirectional operation [85]. Polarization control is achieved by incorporating a fiber
polarizer or a polarization beam splitter, which ensures maintenance of a single polarization state within
the cavity. These components may also be combined in the form of a polarization-dependent isolator. The
cavity elements—such as output couplers, pump wavelength-division multiplexers, and isolators—are
generally based on standard single-mode fiber, which exhibits anomalous dispersion (typically around
—22.8 ps*/km at 1550 nm). The net cavity dispersion can be finely tuned by inserting segments of normal-
dispersion fiber. Breathing dynamics have been observed and characterized in both net-anomalous and
net-normal dispersion regimes [46,86], each exhibiting distinct temporal and spectral features. The
oscillation period of breathing solitons varies strongly with cavity parameters and pump
power—ranging from a few to several tens of cavity round-trips near zero dispersion, to periodicities
on the order of hundreds of round-trips in cavities operating under normal dispersion conditions [6].

A fundamental aspect of any ultrashort pulse laser is the mechanism that enables mode locking,
particularly the choice and implementation of the saturable absorber within the cavity [87]. This absorber
may be a physical component that exploits the intensity-dependent absorption properties of a material
[88-90]. However, to circumvent issues such as material degradation and provide greater control and
flexibility, virtual saturable absorbers can also be employed. In such cases, the Kerr nonlinearity of
silica—manifesting through effects like nonlinear polarization rotation (NPR) or phase modulation—is
converted into effective intensity modulation by means of polarization filtering or auxiliary optical loops.
Ultrafast lasers utilizing NPR [91] have achieved notable success and remain widely used due to their
simplicity and high performance. Nevertheless, tuning operating regimes in NPR-based systems has
historically relied on manual adjustment of fiber-based polarization controllers or combinations of discrete
waveplates. This empirical approach limits reproducibility and stability. To address these limitations, a
range of externally controllable polarization management techniques have been developed. These include
waveplates mounted on motorized stages [92]; conventional mechanical three-loop fiber polarization
controllers enhanced with electronic control [93]; and electronically driven polarization controllers
composed of three or four fiber squeezers oriented at 45° with respect to each other [14,56,94,95].
Another approach involves the use of reconfigurable waveplates based on liquid crystal phase retarders
in combination with a polarization beam splitter, which can also serve as an output coupler [69,96,97]. In
the latter case, the voltages applied to the liquid crystal elements can be precisely controlled via external
drivers, enabling rapid and programmable tuning of the polarization state, thus facilitating the efficient
exploration of a broad parameter space.

The pulsating (breathing) mode-locking regime typically emerges below the pump threshold for
conventional soliton mode locking in normal-dispersion cavities [6], or at higher pump powers beyond
the stability range of solitons in cavities with near-zero net dispersion [47,60,64,98].

2.1.2 Diagnostic tools

The characterization of pulses emitted by a breather laser differs fundamentally from that of a conventional
mode-locked laser, where identical pulses are emitted on every cavity round-trip. In such conventional
systems, both the optical spectrum and the temporal profile can be readily accessed using standard tools
such as optical spectrum analyzers or time-domain techniques like optical autocorrelation. The averaged
signals produced by these methods faithfully represent any individual pulse. This is not the case for
breathing solitons. In these systems, the pulse energy fluctuates from one round-trip to the next. As a
result, the electrical signal detected by a photodiode exhibits intensity modulations that reveal period-
multiplication dynamics—phenomena observed in non-fiber lasers [99-101] as well as in fiber laser
systems [86,102,103]. Figure 2(a) illustrates such oscillatory behavior, showing the round-trip-resolved
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Figure 2. Typical properties of a breathing soliton with a long pulsation period, observed in a laser cavity operating at
normal average dispersion. The cavity repetition rate is 16.765 MHz. (a) Temporal evolution of the intensity relative to the
average over successive cavity round trips, recorded using a 50-GHz photodiode with a 20-ps response time and a 33-GHz
bandwidth oscilloscope operating at an 80-GSa/s sampling rate. (b) DFT measurement of single-shot spectra over
consecutive round trips; the white curve indicates the pulse energy evolution. The accumulated dispersion is
—1200 ps/nm, yielding a spectral resolution of 0.025 nm. (c) RF spectrum obtained by Fourier transformation of the
photodiode signal. Data adapted from [56], acquired following laser optimization via a GA.

dynamics of a long-period pulsating soliton recorded using a high-bandwidth photodiode and oscillo-
scope. This measurement employs the spatio-temporal dynamics methodology [104], which consists of
recording a long, real-time intensity trace I (t), segmenting it into time windows aligned with cavity round-
trips, and assembling these segments into a false-color contour plot. The resulting spatiotemporal map
I(t, z) captures the evolution of pulse dynamics over successive round-trips, where the slow coordinate z
indexes the round-trip number.

However, current limitations in optoelectronic detection bandwidth restrict access to the full ultrashort
temporal features of breathing pulses and may, for example, obscure two closely spaced temporal
components. This challenge is overcome using a method known as time-stretch dispersive Fourier
transform (DFT), which enables real-time visualization of the spectral properties of individual pulses.
DFT has become a breakthrough technique in the characterization of ultrafast events and is now widely
adopted by the scientific community [25-28]. The principle of DFT is conceptually analogous to the far-
field regime in paraxial diffraction. It relies on the fact that, under sufficient dispersion, the temporal
intensity profile of a pulse becomes a stretched replica of its optical spectrum [105]. This linear spectral-to-
temporal mapping—typically achieved via propagation through several kilometers of highly dispersive
fiber—translates the spectral information into the time domain, enabling direct recording with a fast
photodiode and a high-bandwidth oscilloscope. This property has been widely exploited, particularly in
the characterization of extreme events and transient laser dynamics [20,21,90,106-108]. Figure 2(b)
presents the round-trip-resolved spectral evolution of the same breathing soliton shown in Figure 2(a),
captured using the DFT technique. The data clearly show that periodic variations in pulse
energy—associated with oscillations in peak amplitude and pulse width in the temporal domain—are
synchronized with spectral breathing, i.e. periodic stretching and compression of the optical spectrum.

To obtain a more detailed, real-time full-field picture of the dynamics, DFT can be combined with time-
lens techniques that magnify fine temporal structures, making them compatible with the bandwidth limits
of available optoelectronics [106,109,110]. DFT is also highly effective for characterizing doublets of closely
bound ultrashort pulses, which manifest as sinusoidal modulations in the spectral envelope
[6,19,49,88,108,111]. From these spectral modulations, both the temporal delay and relative phase between
the constituent pulses can be extracted. When the separation between pulses exceeds several nanoseconds,
the optical spectrum of each pulse can even be individually resolved [6,66,112,113]. Moreover, DFT is well
suited for analyzing bi-chromatic structures [63]. Furthermore, it has enabled the direct observation of the
birth-to-annihilation dynamics of dissipative Kerr cavity solitons in coherently driven Kerr resonators
[114], and, when combined with time-lens techniques, has resolved the dynamics of dissipative Talbot
solitons in synchronized multicolor fiber lasers [115].

The spectral resolution achieved with DFT allows detection of sharp spectral features such as Kelly
sidebands, signatures of four-wave mixing [83,112] or interactions with dispersive waves [116]. It can also
reveal periodic shifts in the central wavelength of the breathing soliton [54,81], and has proven essential for
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detecting otherwise invisible breathing behavior that is not discernible from pulse energy measurements
alone [52]. Today, DFT is such an indispensable tool in the study of oscillatory dynamics that it is difficult
to imagine an experimental study in this field without it [27,117].

In conventional mode-locked lasers, the radiofrequency (RF) spectrum primarily provides information
about the laser’s repetition rate f, as well as its noise and timing jitter. In contrast, breather lasers exhibit
an additional, defining feature: a pair of sidebands appears symmetrically around the repetition frequency,
located at a distance equal to the breathing frequency f, (see, e.g. Figure 2(c)) [56,62,80,81]. RF
measurements can also reveal the coexistence of multiple breathing frequencies, which give rise to
trampoline-like dynamics [118,119]. Notably, the sharpness of these spectral features distinguishes this
behavior from Q-switching instabilities. As such, the RF spectrum serves not only as a diagnostic tool but
also as a valuable input for automated cavity control algorithms. A more detailed physical interpretation of
the RF components in breather lasers will be presented in Sections 3 and 4, where their connection to
synchronization mechanisms will be established. Finally, high-precision frequency counters (cymometers)
may be used to resolve the RF components and evaluate their long-term stability.

2.1.3 Control via genetic algorithms

Despite their fundamental importance, breathing solitons have received comparatively little experimental
attention—although this situation is rapidly evolving—primarily because their intrinsic oscillations are
difficult to characterize and reproduce in a controlled, repeatable manner. As mentioned in the
Introduction, fiber-laser cavities offer numerous tunable degrees of freedom [120], including pump
power and small-signal gain [121,122], output-coupler extraction ratio [123], cavity length and average
dispersion [124], as well as temporally modulated losses implemented via acousto- [125,126] or electro-
optic modulators [127,128]. These parameters define a vast and complex optimization landscape. In
practice, the degree of freedom most commonly exploited is the effective saturable absorber. In systems
based on nonlinear polarization evolution, this corresponds to tuning the intra-cavity state of polarization,
facilitated by the active components described in Section 2.1.1.

The recent implementation of evolutionary and GAs has overcome a major bottleneck by automating
exploration of this high-dimensional parameter space. GAs now enable reproducible access to complex
operating regimes—such as breathing dynamics—that previously required laborious empirical tuning and
whose admissible parameter window is typically narrower than that required for conventional stationary
mode locking. The GA approach is particularly well-suited for the global optimization of user-defined
targets arising from complex nonlinear interactions—for instance, those involved in supercontinuum
generation [129,130]. In photonic cavities, early successes include the automated identification of station-
ary mode-locked regimes, such as single-pulse [131-133], dual-pulse [134], and harmonic mode-locking
states [135]. More recent developments have pushed these so-called smart lasers further, demonstrating
their ability to self-tune to highly dynamic and complex regimes, including ultra-broadband noise-like
emission [92] and the generation of super rogue waves [14].

GAs emulate Darwinian evolution, advancing only the fittest individuals through successive generations
[136,137] (see Figure 3(a)). In the present context, an individual corresponds to a particular laser
operating regime, uniquely specified by the set of control voltages applied to the intracavity polarization
controller [56]; these voltages serve as that individual’s genes. The optimization begins with an initial
population whose gene values are random. For every individual, the laser output is evaluated with a user-
defined merit (fitness) function, which assigns a quantitative score. A new generation is then created by
breeding individuals from the previous generation, with the probability of an individual being selected as a
parent weighted by its score. Breeding consists of crossover—gene exchange between two parents—to
produce two offspring, followed by mutation, which randomly perturbs individual genes to maintain
genetic diversity. Selection strategy is regime-dependent. For stationary mode-locking, an elitist
scheme—in which the highest-scoring individuals are cloned directly into the next generation—rapidly
preserves desirable traits. By contrast, for breather mode locking, a roulette-wheel scheme, which assigns
selection probabilities proportional to fitness yet still explores lower-ranking individuals, proves more
effective [138] (see Figure 3(b)). Generations iterate until the population converges, yielding the individual
(laser setting) that maximizes the fitness function, i.e. the desired operating state.
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Figure 3. Genetic algorithm principles. (a) Flow chart of the algorithm; (b) “Roulette wheel” selection diagram. Results
adapted from [56].

The merit function is the linchpin of any self-tuning scheme: it must increase monotonically as the laser
approaches the target state. Simple metrics—such as the peak height at the cavity repetition frequency or
the detected pulse count—are effective for locating stationary mode-locked regimes and can be adapted to
identify basic breather operation [93]. To reach breather states with prescribed attributes, however, it is
advantageous to exploit finer details of the RF spectrum [56]. For an automatically optimized, self-starting
breather regime, we define the composite merit function

fi+A fu
Fmerit = “le + ﬁFb> Fb =1- z I(f)/ z I(f)’ (1)
fi-A £

where F,,| quantifies the quality of mode locking and is taken as the average pulse intensity [93,132]. Its
role is to penalize operating states—such as noise-like pulsing or relaxation oscillations—that can
mimic breather spectra. The second term Fy, discriminates between stationary and breathing opera-
tion. In a breather, the modulation frequency f, appears as symmetric sidebands f,, around the cavity
repetition frequency f. [fi =|f, —f. |; see Figure 2(c)]; in a stationary mode-locked state, these
sidebands are absent. Accordingly, F, is constructed from the ratio of the spectral power at f
(summed over a window of width 2A) to the power contained in the sideband region spanning f,
to f,,. The weighting coefficients & and f3 are chosen empirically. By augmenting Fyriy with additional
terms, we have obtained fine control over breather attributes such as the breathing ratio and period
[56]. When the pump power is set high enough to favor multi-pulse self-starting, the same composite
merit function—followed by a pulse-count constraint—enables the GA to stabilize breather molecular
complexes with a user-specified number of constituent breathers, as demonstrated in Section 2.1.3. A
further refinement exploits the defining hallmark of frequency-locked breathers, namely the high
signal-to-noise ratio (SNR) at the breathing sidebands [Figure 4(a3-a4)]. Incorporating this SNR
metric into Fyerie proved essential for directing the GA to laser states that exhibit precise frequency
locking, thereby allowing systematic exploration and tailoring of the Farey-tree hierarchy of locked
ratios reported in Ref. [69] and discussed in Section 3.2.

This area is undergoing rapid development on both the algorithmic and hardware fronts [139-141].
Emerging control strategies—most notably those that integrate neural-network (NN) [142,143]
surrogates with evolutionary search—are markedly improving optimization speed and accuracy,
even as the dimensionality of the parameter space grows. These advances are now enabling real-
time tuning of increasingly intricate mode-locking regimes that were previously beyond practical
reach.
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Figure 4. (a, b) Experimental characterization of synchronized and unsynchronized breathing-soliton states. (a1, b1)
Photodetected DFT signals captured over consecutive cavity round trips (7, denotes the round-trip time). (a2, b2)
Corresponding single-shot DFT spectra; white curves trace the energy evolution. (a3-a4, b3-b4) Associated RF spectral
measurements. The synchronized state (a3-a4) shows a single-mode oscillation at the subharmonic breathing frequency
over spans of 50 kHz and 100 Hz. In contrast, the unsynchronized state (b3-b4) exhibits unstable multimode oscillation of a
non-subharmonic breathing frequency over 50-kHz and 10-kHz spans. The reference frequency corresponds to one-fifth of
the fundamental repetition rate. (c) Experimental observation of frequency locking: RF spectrum of the laser output versus
pump power, showing the sequential emergence of rational winding numbers. Adapted from [69].

2.2 Laser model

In this section, we present and discuss the two principal physical models that have underpinned the
conceptualization and characterization of pulsating solitons as a distinct class of nonlinear dissipative
structures. While these models remain foundational for physical insight, the rapid development of
machine learning (ML) has recently introduced alternative approaches, particularly those based on NN
architectures of varying complexity [144-146]. Although these data-driven models offer promising
avenues—especially due to their high-speed simulation capabilities after training—they typically require
a substantial dataset for training, often generated numerically. Moreover, their “black-box” nature can
obscure the underlying physics, making it difficult to interpret the contribution of individual components.
Despite these limitations, such approaches are increasingly valuable for complementing traditional
modeling strategies, particularly when navigating high-dimensional or experimentally inaccessible
regimes.
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2.2.1 Master-equation approach based on the cubic-quintic Ginzburg-Landau equation

To investigate the dynamics of fiber lasers and assess the generality of experimentally observed behaviors, a
widely adopted approach is to perform numerical simulations based on the master equation
formalism—one of the foundational methods in the theory of passively mode-locked lasers. Originally
introduced by Haus [147], this framework has evolved into the cubic-quintic Ginzburg-Landau equation
(CQGLE), which is often considered the minimal-complexity model that still supports soliton solutions. In
its standard form, the CQGLE is expressed as

D
i‘I’g+?‘I’"+|‘I’|2‘I’+;7|‘I’|4‘I’:i@‘l’+ie|‘l’|2‘l’+iﬁ‘l’n+iy|‘1’|4‘l’, (2)

where ¥ is the normalized complex envelope of the optical field, 7 denotes the normalized time in a
reference frame moving at the group velocity, and & represents the propagation distance along the
unfolded cavity. The dimensionless temporal and spatial coordinates are scaled by a characteristic pulse
duration T, and the dispersion length Lp = Tg/| f, |, respectively, where f3, is the path-averaged group-
velocity dispersion of the cavity. On the left-hand side of Eq. 2, the parameter D = —sgn(f3,) indicates the
sign of the dispersion regime, and # quantifies the quintic nonlinear refractive index contribution. The
right-hand side contains the dissipative terms: ® represents the net linear gain or loss, 3 is the gain
bandwidth parameter, and € and y are the cubic and quintic gain/loss coeflicients, respectively.

The master-equation framework is invaluable for discerning the spectrum of nonlinear structures that
can emerge in an optical cavity [1]. Beyond stationary dissipative solitons, the CQGLE predicts pulsating
solitons—periodic attractors that occupy an intermediate state between stationary behavior and chaos
[86,148]. In phase space, stationary solitons correspond to fixed points, whereas pulsating solitons trace
limit cycles [149]. The CQGLE also reproduces extreme breathing dynamics [5], eruptive structures [4],
soliton pairs (molecules) exhibiting vibrational oscillations, and compound breathing states [6,54,58].
Moreover, it captures routes to chaos via successive bifurcations [86,148]. Because key physical parameters
such as dispersion, gain, and saturation enter explicitly, the model readily accommodates higher-order
linear and nonlinear effects [150-153]. Although the CQGLE is most often integrated numerically,
reduced-order solutions can be obtained via moment methods [149,153,154] or variational techniques
employing trial functions [155], reinforcing its versatility as a universal model for dissipative systems.

2.2.2 Lumped model based on the generalized nonlinear Schrédinger equation

Despite the considerable success of the CQGLE in providing a qualitative and descriptive understanding of
the main families of solutions that can arise in fiber lasers, it remains challenging to apply this approach
when accurate quantitative agreement with experimental observations is required. Consequently, a more
reliable modeling framework for optimizing fiber cavity design has progressively gained attention. This
challenge has been addressed through a lumped modeling approach, wherein each section of the fiber
cavity is modeled individually. Unlike the CQGLE framework—whose parameters are difficult to relate
directly to the physical characteristics of specific cavity segments—the lumped model enables straightfor-
ward incorporation of experimentally measured values, thereby improving the fidelity of simulations.
Moreover, it offers valuable physical insight into the nonlinear pulse dynamics occurring within each
segment or component of the cavity.

As previously noted, by focusing in this study on pulse regimes that do not involve periodic energy
exchange between polarization modes, a scalar approximation is sufficient to describe light propagation in
the fiber. The generalized NLSE is used to model the pulse evolution in each fiber segment [87]:

ip , 1
v Loy ly Py Sy S ®)

where ¥ = ¥ (z, t) denotes the slowly varying electric field envelope, ¢ is the retarded time, and z is the
longitudinal propagation coordinate. The coeflicients 3, and y represent second-order dispersion and Kerr
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nonlinearity, respectively. The dissipative terms account for linear gain as well as a parabolic approxima-
tion of the gain spectral profile, with bandwidth Q. The gain is modeled as a saturable function given by
g(z) = g exp (—EE—"), where g, is the small-signal gain (nonzero only in the gain fiber), E,(z) = [dt | y [2
is the pulse energy, and Ej, is the saturation energy determined by the pump power. More advanced gain
dynamics can also be implemented, particularly to account for the population dynamics of the active ions
in the doped fiber [63,90], and to provide insight into Q-switching-related regimes.

The NPR-based mode-locking mechanism can be modeled using an instantaneous and monotonically
increasing nonlinear transfer function applied to the field amplitude:

T:\/l—qo—qm/[1+P(t)], (4)

sat

where g, denotes the unsaturated loss of the absorber, g is the saturable loss (modulation depth),

P(z,t) = | y(z, t)* is the instantaneous pulse power, and B, is the saturation power. Linear
losses—accounting for intrinsic fiber losses and output coupling—are typically imposed after the passive
fiber segments.

The numerical model is generally solved using a symmetric split-step Fourier method [156]. To
improve convergence towards the nonlinear steady-state structure, simulations often begin with a
Gaussian-like initial condition rather than random noise. It is worth noting that the inclusion of
higher-order dispersive terms, such as fourth-order dispersion, has revealed the potential existence of
pulsating quartic solitons [157-160].

3 Synchronization dynamics

First identified by Christiaan Huygens in 1665 [161], frequency locking—or synchronization—is the
process by which coupled nonlinear oscillators adjust their frequencies to match or maintain a rational
ratio (known as the winding number). This phenomenon is ubiquitous across both natural and engineered
systems, appearing in contexts as diverse as biological clocks, chemical reactions, mechanical and electrical
oscillators, and lasers, to name just a few well-known examples [162]. It underpins a broad range of
technologies, including telecommunications, global navigation systems, and biomedical instrumentation.
Recently, laser cavities and microresonators operating in the breathing-soliton regime have emerged as a
compelling platform for investigating synchronization dynamics within a single physical system
[45,47,60,69]. In these systems, harmonics of the breathing frequency f, can lock to the cavity repetition
frequency f,, driven by nonlinear coupling and competition between the intrinsic system frequencies, with
f, acting as the master and f; as the slave. This self-synchronization mechanism obviates the need for
external modulation or auxiliary resonators, offering a compact and inherently robust approach to
frequency locking. In the following, we demonstrate that breathing-soliton lasers serve as enabling
platform for the emergence of intricate synchronization phenomena and the manifestation of self-
similar fractal dynamics in nonlinear systems.

3.1 Different breather states

As discussed in the Introduction, mode-locked lasers can support not only stationary dissipative solitons
but also breathing solitons, depending primarily on the pump strength and the intra-cavity polarization
state, the latter effectively modulating the cavity loss [6,47,54,56,60,61,63,69]. The transition from station-
ary to breathing solitons is associated with a Hopf bifurcation—a widely observed dynamical instability
marking the onset of periodic behavior in nonlinear systems. Figure 4(a) and 4(b) illustrate two distinct
breather regimes that emerge at closely spaced pump powers: a subharmonically synchronized (frequency-
locked) breather state, and an unsynchronized (quasi-periodic) state [69]. In the synchronized regime
[Figure 4(al-2)], the photo-detected signal after time stretching, optical spectrum, and pulse energy
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exhibit strictly periodic variations with a well-defined period—5 cavity roundtrips in this case—indicative
of subharmonic entrainment. By contrast, the quasi-periodic regime [Figure 4(b1-2)] displays degraded
temporal and spectral periodicities. The most prominent distinction between the two regimes is evident in
the corresponding RF spectra [Figure 4(a3—4, b3—4)]. The synchronized state exhibits a sharp breathing
frequency component with narrow linewidth (0.5 Hz) and a high SNR, precisely located at one-fifth of the
cavity repetition frequency, yielding a rational winding number f, /f, = 1/5. Conversely, the unsynchro-
nized state is characterized by a broadened, noisy breathing frequency that deviates from this rational
subharmonic. Direct time-resolved measurements of the breathing frequency using a cymometer reveal
marked disparities in frequency stability between the two regimes [69]. As explored further in the
following subsection, the locked breathing frequency remains robust over a range of pump power values,
indicating the presence of a synchronization plateau.

The distinct characteristics of the two breather states are also evident in the pump-power-resolved RF
spectrum shown in Figure 4(c), which captures the onset and evolution of frequency locking. At lower
pump powers, three dominant RF components are observed: the breathing frequency, the difference
frequency between f, and the 5th harmonic of f, (f, — 5f,), and the difference frequency between the first
two (6f, — f). As f — 5f approaches zero, the system undergoes a transition to a locked state with a
winding number of 1/5. Further increases in pump power induce redshifts in this winding number, giving
rise to a sequence of rational ratios and indicating the emergence of a devil’s staircase structure
characteristic of frequency-locking transitions in nonlinear systems, as discussed in the next subsection.
Notably, the observation of breather frequency locking requires the net cavity dispersion to be close to
zero; such dynamics are absent when the laser operates under moderate or large normal dispersion [6]. In
the latter case, the breathing frequency is comparatively slow, leading to RF spectra densely packed around
. (see, e.g. Figure 2(c)) and to sidebands that are not located exactly at subharmonics of f.. This reflects
that the breathing oscillation is not readily commensurate with the cavity round-trip time. By contrast,
near-zero dispersion yields much faster breathing oscillations—by an order of magnitude or more (cf.
Section 2.1.2)—which are easily subharmonically related to f, and therefore capable of frequency locking.
This distinction highlights the fundamentally different physical mechanisms underlying the two breathing-
soliton regimes [163].

Our further investigations [60] have revealed the existence of an intermediate state between the
synchronized and unsynchronized phases of breather structures, which we refer to as the modulated
subharmonic state. To the best of our knowledge, this regime has not been previously observed in
nonlinear systems. A characterization of this state—distinguished by a self-modulation of the subharmo-
nically synchronized breather oscillations—is presented in Section 4.2.

3.2 Farey tree and devil’s staircase

Frequency locking has been studied across a wide range of physical systems, including charge-density
waves [164], Josephson junctions [165], and the Van der Pol oscillator [166], among others [167]. The
distribution of frequency-locked states in parameter space—exhibiting the fractal structure known as the
devil’s staircase [168,169]—can be understood through the number-theoretic framework of Farey trees
[170-173]. The Farey tree is a hierarchical sequence of rational numbers constructed via the Farey-sum (or
mediant) operation, denoted by @: given two adjacent fractions, % and g, a new fraction is generated at the
next level of the tree by summing the numerators and denominators separately, yielding % ® S = %.
the context of nonlinear dynamics, the Farey tree provides a framework for understanding the local
organization of two-frequency resonances. The physical motivation for its use lies in the observation that,
between two adjacent resonances, the Farey fraction—with the smallest denominator—is typically the
dominant resonance in that interval. This hierarchical structure gives rise to a devil’s staircase curve
composed of an infinite number of plateaux, exhibiting characteristic self-similarity and fractal geometry.
In optics, frequency-locking phenomena have been extensively studied in externally modulated semi-
conductor lasers [174-178], where tuning the modulation frequency allows direct observation of the Farey
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hierarchy and the devil’s staircase structure [175]. Frequency locking has also been observed in a range of
other systems, including coupled or externally driven Kerr resonators [179,180], coupled semiconductor
laser oscillators [181], fiber lasers with externally modulated loss [125,126] or gain [154], solid-state lasers
operating in dual-mode regimes [182], and in the generation of soliton-pair molecules in solid-state lasers
under external modulation [183]. In all of these cases, synchronization is driven by an auxiliary oscillator
or an external modulation source that introduces a distinct characteristic frequency into the system. In
contrast, optical resonators supporting breathing solitons inherently exhibit two characteristic frequencies,
thereby offering a fundamentally different platform for studying frequency locking without external
forcing.

In [69], by systematically exploring transitions between different breather states in a laser cavity
accessible via pump-power tuning, we reported, for the first time, a high-order Farey tree hierarchy of
frequency-locked states. Figure 5(a) shows a representative measurement of the breathing frequency as a
function of pump power, starting from the region corresponding to a winding number of 1/5 (see
Figure 4). The data reveals a characteristic devil’s staircase structure, with distinct plateaux. The frequen-
cies corresponding to the plateaux can be associated with rational winding numbers, as identified through
the analysis of the RF spectra [Figure 5(b)]. In each frequency-locked state, the RF spectrum displays a
finite number 7 of equally spaced sidebands below the cavity repetition rate f. The most prominent line

corresponds to the breathing frequency f,, and if this line is the m-th component from the low-frequency
side, then the associated winding number is given by f, /f. = m/n. Remarkably, the winding numbers

emerge sequentially across the pump power axis in the order prescribed by the Farey tree [inset of
Figure 5(a)], with the width of each plateau inversely correlated with the level at which the corresponding
fraction m/n appears in the Farey hierarchy. The gaps in pump power between adjacent steps (plateaux)
correspond to regions of quasi-periodic breather oscillations, similar to the example shown in Figure 4(b).
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Figure 5. Farey tree and devil’s staircase. (a) Measured breathing frequency (winding number) plotted as a function of
pump power. The inset shows the relevant portion of the Farey tree, with the observed winding numbers highlighted in
blue. (b) RF spectra corresponding to frequency-locked states with winding numbers 1/5, 2/9, and 9/41, respectively. In
each case, a set of equidistant spectral lines emerges within the frequency span defined by the cavity repetition rate
f, = 34.2 MHz. (¢) Simulated breathing frequency (winding number) as a function of the gain saturation energy, varied
with step sizes of 10 pJ and 1 pJ, respectively. The finer step reveals additional plateaux, indicating a fractal structure in
the frequency-locking behavior. Insets display the relevant sections of the Farey tree with the observed Farey fractions.
Adapted from [69].
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The fractal dimension D of the staircase, calculated from the distribution of these gaps [184], is found to be
D = 0.906 + 0.025—closely approaching the theoretical value of 0.87 predicted for a complete devil’s
staircase, as described by the circle map model [168], thereby highlighting the universal nature of
frequency-locking dynamics in nonlinear systems governed by two competing frequencies.

A remarkable feature emerging from Figure 5(b) is that the frequency-locked breather regime gives rise
to the excitation of dense RF combs—e.g. 41 times denser than those produced in the standard single-pulse
stationary regime in the case of Figure 5(b3). Notably, the line spacing in these combs is not constrained by
the cavity length and can extend into the sub-MHz range. As a stable alternative to long fiber cavities, such
lasers hold strong potential for applications like high-resolution spectroscopy.

Figure 5(c) presents the corresponding numerical simulation results, showing the breathing frequency
as a function of the gain saturation energy, which plays a role analogous to the pump power in the
experiment (cf. Section 2.2.2). The parameter is varied starting from the range corresponding to the 1/5
locked state, using two different step sizes. With finer steps, a larger number of frequency-locked plateaux
emerge, confirming the fractal nature of the winding number distribution. As shown in Figure 5(c2), the
model successfully reproduces the same portion of the Farey tree observed in the experiment, spanning
breathing frequencies from 1/5 to 2/9. Moreover, the gaps between the steps in gain saturation energy
resemble those found experimentally in pump power. The fractal dimension of the gap set calculated from
the model is D = 0.873 + 0.009, which is even closer to the theoretical value expected for a complete devil’s
staircase—thanks to the ability of the model to use arbitrarily small increments in gain saturation energy.

A slight change in the initial polarization state of the laser in the experiment—or equivalently, a slight
variation in the intracavity loss in the model—can trigger the emergence of Farey fractions from different
branches of the Farey tree [69]. Our simulations further demonstrate that the frequency-locking phenom-
enon is robust across a wide range of laser parameters, including net cavity dispersion and the modulation
depth of the saturable absorber [185]. More recently, experiments using a figure-nine laser configuration
[75] and dispersion tuning to induce Farey-tree locking [186] have reinforced the robustness and
universality of the fractal dynamics observed in breather lasers. These findings have also stimulated
analogous investigations into self-synchronization phenomena in Kerr resonators [187] and fractal
dynamics in terahertz quantum cascade lasers [188].

3.3 Complexity of Arnold tongues

In the classical master-slave synchronization scheme described by Adler’s equation, the frequency of the
slave oscillator locks to that of the master when their frequency detuning lies within a specific range
[162,189]. This locking range expands with increasing coupling strength, forming a characteristic tongue-
shaped region—commonly referred to as an Arnold tongue after mathematician Vladimir I. Arnold
[190]—in the parameter space defined by frequency detuning and coupling strength. Within this region,
both frequency and phase locking are achieved. Arnold tongues serve as a fundamental tool for controlling
synchronization dynamics, which is essential for practical applications. These structures have been
extensively investigated across diverse physical systems, including coupled nanomechanical oscillators
[191], Kerr resonators [192,193], biological oscillators [194,195], oscillators subjected to external frequen-
cies [196], and many others [197-199]. Additionally, Arnold tongues have been observed in the synchro-
nization of the internal dynamics of soliton molecules in fiber lasers under external modulation [127].
Although Arnold tongues are considered universal features of synchronization, pioneering theoretical
studies have shown that, under sufficiently strong forcing, the locking region may cease to broaden with
increasing drive strength, leading to a significant deviation from the classical tongue shape [162,200].
Instead, the region first widens and then narrows, evolving into a distinct leaf-like structure [200].
Additionally, strong forcing can give rise to holes within Arnold tongues—regions of quasi-periodic
(unsynchronized) dynamics embedded within the synchronized domain—as demonstrated in theoretical
studies of flow systems [201]. Although not explicitly addressed, similar dynamical behavior was also
implied in theoretical studies of breathing solitons in optical microresonators [45]. However, experimen-
tally accessing these nonstandard regimes remains challenging, as many real-world synchronized systems
become fragile under strong forcing. In optical systems, for instance, a strong external drive from the
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master oscillator can disrupt the delicate coherent pulsing states of the slave oscillator [127,179,181]. This
phenomenon, known as amplitude death, refers to the complete suppression of oscillations under
excessive forcing [162,202,203]. In contrast, resonators supporting breathing solitons inherently exhibit
a significant imbalance in strength, with the master oscillations (f,) being much stronger than the slave
oscillations (f,)—thus creating a favorable platform for exploring abnormal synchronization regimes. In
[68], by implementing high-resolution control of intra-cavity loss (via a neutral density filter) to modulate
the coupling strength between f and f in a breather laser—thereby introducing a second degree of
freedom alongside the pump strength used to characterize the frequency-locking range—we demonstrated
that this intrinsic asymmetry provides experimental access to synchronization dynamics that deviate from
the canonical Arnold tongue structure. Specifically, we revealed both a leaf-like and a ray-like pattern—of
which the former had previously only been studied numerically in the circle map model [200]—and
experimentally observed both for the first time. In addition, we identified holes within Arnold tongues,
marking the first experimental confirmation of this theoretically predicted feature [201].

Figure 6(a) presents an example of a synchronization pattern observed in our laser. The synchronization
region is clearly resolved in the map of breathing frequency intensity across the parameter space defined by
pump current and intra-cavity loss [Figure 6(al)], where it exhibits a distinct leaf-like shape, highlighted
by the blue dashed outline. To better visualize this structure, the corresponding locking range is plotted as
a function of pump current in Figure 6(a2). In addition to the main synchronization region corresponding
to a winding number of f, /f. = 1/5, two narrower synchronization regions also emerge in Figure 6(al),
associated with winding numbers 3/14 and 2/9. These three ratios follow the Farey tree ordering (cf.
Section 3.2). The black areas in Figure 6(al) indicate either stationary soliton states or continuous-wave
laser operation.

Interestingly, the synchronization region in Figure 6(bl-2)—obtained under different polarization
controller settings—exhibits a fish-ray-like structure, with a ’head’ that contains a distinct ’hole’, as high-
lighted in the insets. This hole reflects a transition from synchronized breather oscillations to an unsyn-
chronized state, followed by re-entry into synchrony as the pump current is tuned. To illustrate this, a cross-
section of the inset in Figure 6(b1) is shown in Figure 6(b3), where the drop in breathing frequency intensity
corresponds to points within the hole. The breathing frequency’s variation with pump current, plotted in
Figure 6(b4), reveals a nearly parabolic dependence between two synchronization plateaux—a feature also
predicted theoretically in breathing soliton dynamics within microresonators [45]. Such holes have been
linked to quasi-periodic states [201], which is confirmed experimentally by the phase diagram in
Figure 6(b5), characteristic of quasi-periodic dynamics [162,204,205]. For comparison, the phase diagram
of the synchronized state in Figure 6(b6) displays five fixed points, consistent with the winding number 1/5.

These unconventional synchronization patterns were also reproduced in our lumped laser model within
the parameter space of gain saturation energy and intra-cavity loss, with all key features—including the
holes—closely mirroring those seen in the experiment [68]. Notably, the high-resolution parameter sweeps
required for this analysis were made computationally feasible through the use of parallel computing.
Numerical simulations have confirmed that the transmission function of the NPR plays a central role in
shaping the synchronization regions within the system. Furthermore, these simulations have revealed the
complex dependence of the locking range on intra-cavity loss. Notably, in regimes of high loss—where the
slave becomes substantially weaker than the master—the foundational assumptions of Adler’s weak-
injection theory [189] no longer hold.

While the physical origin of the “holes” appearing within otherwise continuous synchronization regions
remains unresolved, both our experimental and numerical results indicate that such features can only be
observed under conditions of precise control over both linear and nonlinear intra-cavity losses. This finding
may inform future experimental strategies in other nonlinear photonic systems, such as microresonators [206].

4 Breather complexes: control and synchronization of composite structures

The interaction between optical solitons can give rise to compact and stable self-assembled bound states,
commonly referred to as soliton molecules [16-24]. These entities display striking analogies to matter
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main synchronization regions, associated with a winding number of 1/5. (a2, b2) Synchronization regions extracted from
(a1) and (b1), respectively, highlighting their distinct leaf-like and ray-like structures. For clarity, the pump current axis at
each loss value is offset relative to the midpoint of the corresponding plateau in (a1, b1). Synchronized and unsynchro-
nized states are indicated in pink and white, respectively. The dashed rectangular areas in (b1) and (b2) are magnified in
the corresponding insets. (b3) Cross-section of the inset in (b1), showing a drop in breathing frequency intensity between
two plateaux (red markers). (b4) Corresponding variation of the breathing frequency with pump current. (b5, b6) Poincaré
sections for unsynchronized and synchronized states, respectively, showing the phase portraits of pulse energy at cavity
roundtrip N + 4 versus N. Adapted from [68].
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molecules, with properties such as formation dynamics, intrinsic vibrational modes, and switching
behaviors. Soliton molecules are pervasive in ultrafast lasers and passive nonlinear resonators, where
multiple traveling pulses can interact over extended temporal scales. While soliton pairs constitute the
fundamental building blocks of such assemblies, higher-order molecular complexes are also possible,
including macromolecules, soliton crystals [207-210], and even highly ordered supramolecular arrange-
ments through engineered long-range interactions [211]. Remarkably, although breathing solitons are
fundamentally distinct from stationary ones, recent studies have demonstrated that they can also exhibit
collective behavior akin to molecular organization [6,44,49,50,53,58,59,62,65,66]. In [6], using real-time
temporal and spectral measurements of a normal-dispersion mode-locked fiber laser, we reported the first
experimental observation of breathing soliton-pair (“diatomic”) molecules in lasers. This study was
expanded in [54], where we demonstrated a variety of breather molecular complexes in an anomalous-
dispersion cavity by tuning the intra-cavity loss at fixed pump strength. These included multi-breather
(tetratomic) molecules, as well as hybrid assemblies formed by the binding of two diatomic molecules or of
a diatomic molecule with a single breather. A key finding was that the inter-molecular temporal
separations in these breather complexes exceeded those in stationary soliton molecules [22] by more
than an order of magnitude. This observation is consistent with the presence of long-range interactions
[212] mediated by slowly decaying dispersive waves radiated in the anomalous-dispersion regime [213].
Additionally, we observed rich non-equilibrium dynamics within these complexes, including breather
collisions and the annihilation of individual breathers.

In this section, we demonstrate the automatic generation of breather molecular complexes with a
controllable number of constituent breathers within a laser cavity, enabled by the use of GAs [56].
Furthermore, we extend the study of synchronization phenomena to include multi-breather complexes
[60], uncovering new pathways for manipulating their collective dynamics.

4.1 Intelligent dynamics generation

While soliton molecules in fiber lasers can be generated simply by raising the pump power above the
fundamental mode-locking threshold—with the number of solitons in each molecule scaling monotoni-
cally with the pump power [19,22] —the excitation of breather molecules is more challenging. Moreover, in
normally dispersive fiber cavities, the formation of multi-breather complexes (more than two breathers) is
hindered because breathers propagating in the normal-dispersion regime do not emit dispersive waves [6].
To circumvent this limitation, we recently introduced a GA strategy that optimizes the highly dynamic
breathing behavior of ultrafast lasers by exploiting distinctive features in the RF spectrum of the breather
output (see Section 2.1.3 and Ref. [56]). Using this approach, we accessed a broad family of breather
molecular complexes exhibiting diverse internal dynamics. Representative results are collected in Figure 7.
In particular, Figure 7(a) displays two examples of breather-pair molecules, showing the round-trip
evolution of their DFT spectra, first-order single-shot optical autocorrelation traces obtained via
Fourier transformation of those spectra, and the relative phases between the constituent breathers
extracted from the autocorrelation data [22]. Figure 7(al) displays a dense fringe pattern in the single-
shot spectra, exhibiting a pronounced Moiré effect. The very small fringe spacing corresponds to a large
intramolecular pulse separation of 268 ps, as confirmed by the autocorrelation trace in Figure 7(a3). The
relative phase, ¢, |, between the trailing and leading breathers evolves almost linearly with the number of

round-trips [red curve, Figure 7(a4)]. Because the phase-evolution slope is proportional to the intensity
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(a1) indicates a large intramolecular pulse separation. (a2,a6) Magnified views of the DFT data. (a3,a7) First-order single-
shot autocorrelation traces versus round-trip number. (a4,a8) Evolution of the relative phase between the two breathers
(red) and of the total molecule energy (black). (b) Breather triplets. Results for a (2 + 1) complex, a (1 + 2) complex, and a
triatomic molecule. (b1,b4,b7) DFT single-shot spectra; white curves trace the total intra-cavity energy. (b2,b5,b8) Enlarged
spectral windows together with the corresponding temporal-intensity profiles. (b3,b6,b9) Temporal-intensity evolutions
referenced to the average round-trip time. (c) (1 + 3) complexes. Examples with (top) large and (bottom) small internal
pulse separations. (c1,c4) DFT single-shot spectra. (c2,c5) Close-up spectral views and associated temporal intensities.
(c3,c6) Temporal-intensity evolutions relative to the average round-trip time. Adapted from [56].

d
N

difference between the two bound pulses [18,19], this linear trend implies an essentially constant intensity
imbalance, with the trailing breather remaining the more intense of the pair throughout the evolution. By
contrast, the molecule in Figure 7(a5-a8) exhibits a markedly broader breathing of the optical spectrum,
an intramolecular pulse separation reduced by nearly a factor of three, and a strongly oscillatory relative-
phase dynamics. The phase modulation in Figure 7(a8) signals continuous energy exchange between the
two breathers: the pulses attain equal intensity and the total intracavity energy peaks at the round-trip
indices where the phase-evolution curve reaches its extrema.

Extending the discussion beyond di-breather molecules, Figure 7(b) summarizes GA-optimized solu-
tions for three archetypal bound-breather triplets: a (2 + 1) complex, in which a di-breather molecule
precedes a single breather; a (1 + 2) complex, where the single breather leads the di-breather; and a
triatomic molecule comprising three nearly equidistant breathers. The DFT-based single-shot spectra and
the corresponding spatio-temporal intensity maps differ markedly among these cases, and these contrasts
govern their internal phase and energy dynamics. As shown in [56], in the (2 + 1) and (1 + 2) complexes,
the relative phases evolve almost linearly with round-trip number: the central pulse is the weakest, while
the trailing pulse is strongest in the (2 + 1) configuration; the opposite hierarchy holds for the (1 + 2)
configuration, where the leading pulse dominates. By contrast, the triatomic molecule exhibits an
oscillatory phase evolution. Figure 7(c) shows the dynamics of two representative (1 + 3) breather
complexes. The spatio-temporal intensity evolutions in panels (c3) and (c6) reveal markedly different
pulse separations within the two complexes, highlighting the diversity of their structural configurations. As
with the previously discussed cases, more targeted measurements allow us to resolve the internal motion of
these complexes in detail and to discern the distinct dynamical behaviors that emerge [56]. These
behaviors contrast significantly with those typically observed in stationary soliton molecular complexes,
underscoring the richer and more complex internal dynamics accessible in breather-based systems.

4.2 Synchronization, desynchronization and intermediate regime

Building on the investigation of single-breather synchronization discussed in Section 3, in [60] we
demonstrated, for the first time, the occurrence of subharmonic synchronization and desynchronization
of multi-breather molecule-like bound states within a laser cavity. As noted in Section 3, we additionally
identified an intermediate regime—modulated subharmonic breathing—that emerges between the syn-
chronized and desynchronized phases. Our results underscore the inherent robustness of the phase
transition, demonstrating that it persists independently of the number of constituent breathers forming
the soliton structure. This finding further supports the universality of synchronization and desynchroniza-
tion phenomena in nonlinear systems and opens new avenues for investigating the dynamics of systems
involving three or more interacting frequencies [214,215].

Figure 8(a) presents a typical evolution of the RF spectrum of the laser emission as a function of pump
current. At low currents (up to 102 mA), the laser emits a single soliton pulse per cavity round trip,
marked by a single frequency component at the cavity repetition frequency f.= 33.39 MHz (not visible in

Fig. 8(a), where a reduced frequency span is used for clarity). Increasing the pump current induces a Hopf
bifurcation, leading to the generation of a breathing soliton with a pulsation period of four round trips, as
evidenced by the emergence of a narrow subharmonic peak at f; = f,/4, indicating frequency locking [69].
Further pump increase drives the laser into the so-called modulated subharmonic regime [60], distin-
guished by the appearance of additional, symmetrically spaced spectral lines around f,. The spacing
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between these lines corresponds to a longer pulsation period in the time domain, forming a characteristic
‘'modulated subharmonic' RF structure. Beyond 106 mA, the frequency locking is disrupted: the modulated
sidebands vanish and f begins to drift continuously with pump current, becoming non-commensurate
with f. At currents exceeding 111 mA, the pulsating behavior gives way to brief chaotic dynamics,
followed by the formation of diatomic stationary-soliton molecules up to approximately 117 maA.
Subsequent increases introduce breathing-soliton molecules, with alternating subharmonic, modulated
subharmonic, and non-harmonic regimes observed between 117-133 mA. Beyond 133 mA, the system
transitions to triatomic breather molecules, repeating the same RF spectral evolution. Figure 8(a) also
reveals an important trend: as the number of elementary constituents increases, the subharmonic breather
structures exhibit enhanced robustness against variations in pump strength.

Complementary spatio-spectral measurements of the laser dynamics across the three phases are
summarized in Figure 8(b), using the diatomic breather molecule as a representative example.
Qualitatively similar behavior was observed for the triatomic breather molecule regime [60]. Panels
(i-iii) show roundtrip-resolved optical spectra acquired via the time-stretch technique. The subharmonic
and non-subharmonic regimes exhibit strictly periodic and degraded periodic variations, respectively, in
both the optical spectrum and pulse energy across successive round trips [cf. Figure 4(a2, b2)]. In both
cases, the period of spectral fringes remains nearly constant, indicating a stable intra-molecular pulse
separation. By contrast, the modulated subharmonic regime features two distinct periodicities: a short
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Figure 8. Synchronization dynamics and regimes of breathing-soliton structures. (a) Measured RF spectra of the laser
output as a function of pump current, illustrating a sequence of dynamical transitions from subharmonic (SUB) to
modulated subharmonic (M-SUB) and finally to non-subharmonic (N-SUB) states. These transitions are observed for single
breathers as well as for diatomic and triatomic breather molecules. (b1-b3) DFT recordings of single-shot optical spectra
over consecutive cavity round trips, corresponding to SUB, N-SUB, and M-SUB regimes in diatomic breather molecules,
respectively. The overlaid white traces depict the pulse energy evolution. (b4) Magnified view of (b3), highlighting short-
period breathing dynamics. (c) Representative RF spectra for the three breathing regimes. (d1-d3) Simulated temporal
intensity evolutions over successive round trips for SUB, N-SUB, and M-SUB diatomic breather molecules. (d4) Magnified
view of (d3). (e) Evolution of peak intensities for the leading and trailing pulses in the three breather molecule regimes. In
the N-SUB and M-SUB states, the trailing pulse has been delayed by a fixed number of round trips to demonstrate lag
synchronization between the two breathers. Adapted from [60].
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period of 4 roundtrips and a long modulation period of approximately 88 roundtrips. The corresponding
RF spectra around f./4 [Figure 8(c)] further highlight the distinctions among the three regimes: the

subharmonic state exhibits a single, extremely narrow frequency component located exactly at f, = f /4;
the modulated subharmonic state displays a symmetric set of narrow sidebands around f, = f,/4; while the

non-subharmonic regime presents broadened spectral lines, consistent with frequency-unlocked laser
operation [69].

The RF spectral intensity as a function of the gain saturation energy, obtained from simulations of the
laser model (cf. Section 2.2.2), showed excellent agreement with experimental observations [60]. Crucially,
the simulations—providing full access to the underlying temporal dynamics—unveiled that in the
unsynchronized and modulated subharmonic regimes, the constituent breathers within a soliton molecule
are mutually synchronized with a constant time delay, exhibiting lag synchronization [162,216,217]. This
behavior is illustrated in Figure 8(d, e), where the roundtrip evolution of the temporal intensity profiles
and the peak intensities of the leading and trailing pulses reveal a consistent delay between the two
breathers [panels (d2—-3)]. When this delay is numerically compensated for, the evolution of the pulses
becomes fully synchronous [panels (e2-3)]. Similar lag synchronization behavior was also observed in
triatomic breather molecules. Moreover, the temporal profiles [Figure 8(d)] highlight a recurring structural
feature across the three breather molecule states: each breather is composed of multiple sub-pulses,
indicative of higher-order soliton-like evolution within the anomalous dispersion segment of the laser
cavity.

By adjusting the laser’s polarization state in the experiment (equivalent to varying intra-cavity loss in
the model), we also identified direct transitions between synchronized and desynchronized states,
consistent with saddle-node bifurcations [162]. These dynamical transitions resonate with broader analo-
gies in the field of dissipative soliton physics, where nonlinear fiber lasers have been shown to exhibit
behaviors reminiscent of states of matter—such as soliton molecules, crystals, rains, and gases [218]. In this
context, the synchronization-desynchronization dynamics of breathing solitons and their bound states can
be qualitatively linked to commensurate-incommensurate phase transitions [219], a class of phenomena
well-known in condensed matter physics and other complex systems.

5 Transition to chaos and the modulated subharmonic route

Theoretical studies have shown that solitons can exhibit chaotic behavior in perturbed systems
[12,220-222]. While experimental observations have so far been largely restricted to spin-wave systems
[223,224], the possibility of chaos driven by optical solitons remains a subject of considerable interest.
Chaotic solitons offer a natural extension of laser chaos [225] into the framework of the generalized NLSE,
and this extension is significant for two main reasons. First, the generation of chaos within the Maxwell-
Bloch formalism generally requires external signal injection [226] or impractically high pump powers,
whereas soliton chaos can arise spontaneously in free-running mode-locked lasers, as predicted in [12].
Second, a wide range of physical systems are known to follow three well-established universal routes to
chaos: the Ruelle-Takens scenario via quasi-periodicity [227], the Feigenbaum scenario via period-
doubling [228], and the Pomeau-Manneville scenario via intermittency [229]. These classical routes are
typically described by Lorenz-type systems or one-dimensional maps. In contrast, the generalized NLSE is
fundamentally different and may enable novel pathways for the transition from regular to chaotic
dynamics. Identifying such mechanisms in real systems governed by the NLSE or its extensions is therefore
of fundamental importance in the broader context of nonlinear science.

Despite the significance of soliton chaos and early theoretical predictions in mode-locked lasers [12],
experimental studies of optical chaotic solitons have remained limited—primarily due to ultrafast dynam-
ics that exceed the temporal resolution of conventional electronic detection systems. Consequently, earlier
experiments were unable to unambiguously confirm the presence of soliton chaos [230], a challenge
similarly encountered in Kerr resonator systems [231]. However, a recent study [232] has provided the first
systematic experimental evidence of soliton-to-chaos transitions in a mode-locked laser, following a route
marked by cascaded short- and long-period pulsations, as revealed through RF spectral analysis and
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Lyapunov exponent evaluation. More recently, this same scenario of cascaded pulsations has also been
observed in the internal dynamics of soliton-pair molecules [233].

In [64], we employed real-time measurements to reveal a new pathway from solitons to chaos, wherein
the transition occurs via the modulated subharmonic state of a breather laser described in the previous
section. This route to chaos—referred to as the modulated subharmonic route—was unambiguously
identified in both experiments and numerical simulations, and its universality was demonstrated across
two distinct laser architectures: figure-eight [234] and ring-cavity configurations.

Figure 9 summarizes the experimental results obtained using a figure-eight laser setup. As shown in
panels (a) and (b), the characteristic RF sidebands of the modulated subharmonic state drift with
increasing pump power and have a noisy structure. These unstable sidebands [64] ultimately give rise
to chaos, as indicated by the emergence of a significantly broadened RF spectrum. To validate the chaotic
behavior, we computed Poincaré maps, Lyapunov exponents, and correlation dimensions of the recon-
structed phase space [204,235]. Figure 9(c) presents the sequence of Poincaré sections corresponding to the
laser operating states shown in Figure 9(b). In the subharmonic breather state (panel I), the phase portrait
exhibits six fixed points, which evolve into open loops in the modulated subharmonic state (panel II).
These loops become connected by scattered points (panel III), indicating an expansion of the phase space
and the onset of chaos. In the fully chaotic regime (panel IV), this structure is further broadened. Notably,
the Poincaré section in panel III retains periodic components—evidenced by open loops—coexisting with
a certain amount of chaotic motion, a hallmark of the so-called chaotic resonance predicted in [12]. This
mixed state is also reflected in the RF spectrum [Figure 9(b), III], where a dominant peak indicates
periodicity, while the surrounding broadband noise signifies chaos. It is also worth noting that the phase
portraits were reconstructed using pulse energies derived from the single-shot optical spectra measured via
DFT. In contrast, attempts to extract similar phase-space information from direct temporal intensity
measurements—without time-stretch—failed to resolve the attractor structure due to the limited temporal
resolution of the photodetector, which could not capture the soliton duration (~ 665 fs) [64].
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Figure 9. Experimental observation of modulated subharmonic route to chaos. (a) RF spectrum of the laser output as a
function of pump current, illustrating successive dynamical transitions from stationary solitons to non-subharmonic (N-
SUB), subharmonic (SUB), modulated subharmonic (M-SUB) breathing solitons, and eventually to chaos. The subharmonic
breather state is characterized by a rational winding number of f, /f. = 1/6. (b) Representative spectra corresponding to
the SUB (151 mA), M-SUB (153 mA), and chaotic (154.8 and 155.2 mA) states. (c) Corresponding Poincaré sections showing
the phase portraits of pulse energy at cavity roundtrip N + 6 versus N. (d) Maximum Lyapunov exponent analysis for the
chaotic state in (b), IV. The average divergence of nearby trajectories is fitted with e!!, yielding A, = 1.04 us™’. (e)
Grassberger-Procaccia analysis for the same chaotic state, presenting the correlation integral C (r) versus sphere radius r
for different embedding dimensions m. The slope at small r gives an estimate of the correlation dimension. (f) Correlation
dimension as a function of embedding dimension for the four dynamical states shown in (b). Adapted from [64].
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The Lyapunov characteristic exponent (1) quantifies the rate at which nearby trajectories diverge in
phase space; a positive value is a signature of chaos [204,235]. Figure 9(d) shows the exponential
divergence of trajectories for the fully chaotic regime, with A; = 1.04 us™!. We also measured a positive
A = 0.399 us™! for the chaotic resonance state, a negative value for the subharmonic state, and a near-zero
but still slightly positive A;, = 0.045 us™! for the modulated subharmonic state, due to measurement noise
[64]. To further characterize the system, we estimated the correlation dimension (v) using the Grassberger-
Procaccia algorithm [236]. Figure 9(e) displays the correlation integral C(r) as a function of the sphere
radius r for varying embedding dimensions m, showing clear saturation of v for the chaotic state
[Figure 9(c), panel IV], indicative of deterministic chaos. This trend is summarized in Figure 9(f),
where all four states exhibit saturated v values that reflect their increasing dynamical complexity—from
periodic to chaotic.

By varying the laser’s polarization state (intra-cavity loss), we found that solitons in our laser can also
transition to chaos via the subharmonic route—through a subharmonic breather state—previously
reported in other physical systems [237,238], and the quasi-periodicity route—through a non-
subharmonic breather state—echoing recent observations in magnetic films [224]. As a final remark, we
emphasize the critical role of the polarization controller’s settings in enabling soliton chaos; merely
increasing the pump power from the soliton regime does not typically induce chaotic behavior [64].

6 Conclusions and outlook

We have presented an overview of our recent research demonstrating ultrafast fiber lasers operating in the
breathing-soliton regime as a powerful and versatile platform for investigating complex synchronization
phenomena and chaotic dynamics relevant to a wide range of physical systems—all within a single
nonlinear oscillator, without the need for coupled systems or external forcing. In parallel, we have
introduced intelligent control of breather dynamics using GAs, enabling systematic exploration and
optimization of dynamic states.

Together, these findings advance our fundamental understanding of nonlinear dynamics and provide a
novel experimental framework for probing and controlling complex systems. Notably, we report the first
experimental observation of unconventional synchronization structures that had remained unconfirmed in
physical systems since the prediction of leaf-like patterns in the circle map model over 25 years ago [200].
We also uncover a modulated subharmonic regime that bridges synchrony and desynchrony, as well as a
route to chaos via modulation of subharmonic states—both of which have not been previously observed in
physical systems.

The synchronization and desynchronization behaviors observed in breather structures are qualitatively
linked to commensurate-incommensurate phase transitions [219], a class of phenomena well known in
condensed matter physics. While single-breather oscillations offer a minimal system for studying two-
frequency interactions, multi-breather states introduce additional degrees of freedom through their
constituent breathing frequencies—paving the way for the investigation of systems with three or more
interacting frequencies [214,215,239]. In parallel, since nonlinear interactions among three frequencies are
known to give rise to low-dimensional chaos [64,214,215], our results suggest that studying coupled
breathing-soliton oscillators and/or multi-breather oscillators could open avenues for exploring high-
dimensional chaos (hyperchaos) [240,241] and synchronization of chaos [242,243].

In addition to the ultrafast breathing-soliton lasers discussed, recent studies have extended the
breathing-soliton phenomenon to spatiotemporal mode-locked (STML) multimode fiber lasers
[244-246]. These systems naturally exhibit complex, high-dimensional nonlinear dynamics, including
periodically tunable multimode soliton pulsations [247], spatiotemporal soliton and soliton-molecule
behaviors [248,249], and spatiotemporal period-doubling bifurcations [250]. The presence of multiple
coupled spatial and temporal modes introduces additional degrees of freedom, possibly enabling interac-
tions among several breathing frequencies and thereby offering a fertile platform for exploring routes to
hyperchaos, synchronization and desynchronization of complex oscillatory states, and multi-frequency
commensurate-incommensurate transitions. STML fiber lasers thus offer a complementary and more
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richly structured setting for extending our studies of breather-mediated nonlinear dynamics. Beyond fiber
systems, solid-state lasers have also been shown to support breathing vortex solitons [251], further
underscoring the generality of breathing-soliton phenomena across platforms.

Very recently, we have developed a unified model for breather fiber lasers that incorporates the
spatiotemporal dynamics of the gain medium. This model reveals the distinct formation mechanisms of
breathing solitons under net-normal and near-zero net cavity dispersion, which explain the markedly
different experimental behaviors observed in each regime. Specifically, while a combination of Q-switching
and soliton shaping is responsible for the formation of breathing solitons under net-normal dispersion,
Kerr and dispersion effects dominate the generation of breathing solitons under near-zero dispersion. As
partially discussed in this work, these differences manifest in the pump-power range relative to stationary
mode-locking, oscillation period, spectral characteristics, and synchronization capabilities. These insights
advance our understanding of the physics governing breather dynamics and will be presented in detail in a
forthcoming publication [163].

From an applied perspective, our study holds important implications for mastering complex laser
behavior, a key requirement for the development of high-performance, turn-key laser sources.
Additionally, frequency-locked breather lasers can generate dense RF combs with sub-MHz line
spacing—surpassing cavity length limitations—making them highly attractive for high-resolution spec-
troscopy. Moreover, Arnold tongues provide a robust mechanism for controlling synchronization dynam-
ics. Understanding the conditions that lead to the formation of holes within the synchronization regions is
crucial, as this knowledge enables their suppression and ensures stable and reliable system operation.
Concurrently, chaotic solitons offer new capabilities for chaos-based technologies such as parallel optical
ranging, by leveraging their broad spectral bandwidth, in contrast to microcomb-based systems relying on
modulation instability [252,253].

The development of smart, self-optimizing ultrafast fiber oscillators is gaining increasing importance
[254,255], as many emerging applications demand lasers with precisely tailored temporal and spectral
characteristics. Traditional trial-and-error approaches to laser design and optimization are time-
consuming, often irreproducible, and poorly suited for real-time control. Meanwhile, systematic numerical
propagation modeling remains computationally expensive, limiting exploration of broader subspaces of
useful ultrafast dynamics. Within the broader context of smart ultrafast photonics, artificial intelligence-
driven control—particularly through ML approaches—offers a promising path forward. NNs
[256,257,144], and especially physics-informed learning frameworks [258], which require less training
data and offer greater robustness than purely data-driven models, provide computationally efficient tools
for solving both forward and inverse problems in nonlinear systems. These approaches hold strong
potential for discovering novel phenomena and deepening our understanding of underlying physical
mechanisms. In parallel, advanced signal processing techniques are emerging as powerful tools for
analyzing and characterizing the complex radiation dynamics of fiber lasers. One such technique is the
inverse scattering transform based on the Zakharov-Shabat system [259] —commonly referred to in optics
as the nonlinear Fourier transform—which is applicable in regimes where coherent, localized structures
are embedded within dispersive backgrounds [260,106,261]. Additionally, methods such as dynamic mode
decomposition and the sparse identification of nonlinear dynamical systems (SINDy) algorithm have
shown promise in analyzing the internal dynamics of soliton molecules [262,263] and may be extended to
characterize a wide range of periodic and multi-scale nonlinear interactions.

We anticipate that our work will stimulate further research efforts in these directions, both within our
group and across the broader ultrafast photonics and nonlinear dynamics communities.
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