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ARTICLE INFO ABSTRACT
Keywords: A constant displacement amplification ratio is less investigated in compliant mechanisms. This
Compliant mechanisms study addresses this need by presenting an over-constraint based nearly-constant amplification

Compliant amplifier
Nonlinear analysis
Constant amplification ratio
Closed-form solution

ratio compliant mechanism (OCARCM) that alleviates the change in displacement amplification
ratio. The free-body diagram (FBD) combined with the generic beam constraint model (BCM)
method is employed to obtain the closed-form solutions that accurately and insightfully elaborate
the nonlinear kinetostatic characteristics of the OCARCM. Comparative analysis is provided be-
tween the proposed OCARCM and the widely-used bridge-type compliant amplifier in terms of the
ability to remain a constant amplification ratio, with and without external payloads. The closed-
form models are verified by the nonlinear finite element results (FEA) with a maximum difference
of 1%. In our case studies, it shows that the amplification ratio of the OCARCM changes by 1%
over the range, while that of the bridge-type amplifier changes by approximately 14% under the
same conditions. The results also reveal that a higher amplification ratio results in a greater
variation in the ratio. An experiment based on the CNC machined aluminium alloy prototype with
distributed-compliance is conducted, and experimental results show a maximum error of 3.4% for
the amplification ratio compared with the analytical or FEA results.

1. Introduction

A compliant mechanism-based amplifier (compliant amplifier in short) can be used either as a motion amplification mechanism to
increase the stroke of a device or as a motion reducer to increase the motion resolution. For example, the compliant-mechanism-based
piezoelectric actuator incorporates a compliant stroke amplification mechanism to amplify the motion range since a piezoelectric
actuator without an amplification mechanism can produce a stroke generally less than 0.1% of its length. Instead, the compliant
amplifier can be incorporated into the piezoelectric actuator to achieve nano or even sub-nano resolution by swapping the input and
output to achieve a resolution refinement. A compliant amplifier exhibits several merits due to being a compliant mechanism, such as
wear-free, zero noise, zero backlash, and vacuum compatibility [1,2], which is essential in extensive applications, such as jet
dispensing [3-5], energy harvesting [6-9], nanopositioner actuation [10-14]. Currently, three types of compliant amplifiers are being
widely used, i.e., the bridge-type [4,10,15-19], the lever type [20-22], and their derivatives [8,12,23-26]. The bridge-type amplifier is
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mostly used due to its compact and symmetric structure [27-29]. A quarter of the bridge-type compliant amplifier can be kinematically
treated as a rigid-body double-slider mechanism (Fig. 1), whose instantaneous amplification ratio at the current configuration can be
expressed as 1/tang [30]. As the input displacement in the X-direction increases, the geometry parameter ¢ of the bridge-type
compliant amplifier will change, which leads to the change of the amplification ratio. In particular, the amplification ratio of such
a mechanism exhibits a sudden increase and a gradual decrease over the range of the input displacement [31]. The change of the
amplification ratio in the bridge-type amplifier remains an open issue. However, it is important to understand the potential benefits of
a constant amplification ratio in a compliant amplifier before considering alleviating the changes.

The concept of a constant amplification ratio in compliant amplifiers has received limited attention in previous research, with only
a few papers mentioning it. In [18], the author states that a constant amplification ratio is desirable for motion reduction in order to
achieve fine position adjustments. Additionally, in [32], the authors highlight the control consideration into the variable amplification
ratio for achieving high-accuracy positioning. Although the applications of a constant amplification ratio have not been extensively
studied, incorporating this feature into a compliant amplifier design can provide valuable insight into predicting the output motion. A
tangible application would be desired in the generation of uniform output motion resolution/precision, over the whole range of
motion, in micro-/nano-positioning. In such an application, the input motion resolution is usually constant and determined by the
actuator (such as PZT), then the output motion resolution is also constant if the amplification ratio is also constant, leading to uniform
output motion resolution/precision over the whole range of motion.

The theoretical model of a compliant amplifier has been previously investigated using various methods including the geometric
model, linear model, and nonlinear model [33]. The geometric model simplifies compliant mechanisms as rigid links joined by the
ideal pivots, where the amplification ratio is determined primarily by the slope of the link [30,34,35]. This leads to poor prediction
accuracy due to excessive simplification. The linear model is the most popular modeling method since it balances the complexity and
accuracy of the solutions [35-38]. However, it neglects the nonlinearities in force-displacement characteristics and largely compro-
mises accuracy under large deformation. In this paper, the nonlinear modelling method based on the beam constraint model (BCM)
will be used to offer a more accurate analysis of the characteristics of the compliant amplifier under large deflection. The BCM captures
the elastic, load-stiffening, kinematic, and elastokinematic effects in compliant beams [39]. It can provide a comprehensive nonlinear
analysis of the compliant amplifier, not only limited to an accurate amplification ratio prediction.

This work presents several main contributions:

e The constant amplification ratio is first studied in the design of a compliant amplifier.

e A novel over-constraint based nearly-constant amplification ratio compliant mechanism (OCARCM) is proposed, which is able to
provide a nearly constant amplification ratio.

e The nonlinear closed-form solutions of the OCARCM are derived with the consideration of the effect of payloads.

e An experiment is conducted with the consideration of payload (using a loading spring) to mimic the actuation of a compliant
mechanism.

The rest of this paper is organized as follows. Section 2 presents the design of the OCARCM based on the over-constraint method.
Section 3 explores the nonlinear analytical modeling of the OCARCM underlying the BCM approach. The characteristics analysis with
the verification of FEA results is presented in Section 4. The experiment based on a CNC machined prototype is conducted in Section 5.
Finally, the conclusions are drawn in Section 5.

Output
Input Input Output ?
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Bridge-type compliant amplifier 24

A quarter rigid-body model
of the bridge-type amplifier

Fig. 1. A quarter of the bridge-type compliant amplifier with a nonconstant amplification ratio.
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Fig. 2. Design from traditional rigid mechanism to compliant mechanism: (a) two rotationally symmetric double slider mechanism; (b) its compliant equivalent; (c) the over-constraint
compliant mechanism.
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2. Mechanism design based on the over-constraint approach

In the literature, several compliant mechanism design approaches are available for the design of compliant amplifiers. For instance,
researchers commonly use a multistage design method to achieve a large displacement or force amplification ratio [40-42]. Flexure
hinges are preferred over distributed-compliance beams [43-45] in order to improve the dynamic performance or load capacity of the
compliant amplifier. Distributed-compliance beams are commonly used to reduce stress concentration in the compliant amplifier. A
symmetrical arrangement is a commonly used method to avoid parasitic motion [46-48]. The use of serial or parallel connection of
flexure modules in a compliant amplifier can lead to possible improvement of performance characteristics such as amplification ratio,
parasitic motion, and load capacity [40,49,22,43]. The over-constraint approach [50,51] usually involves adding extra constraints to
the compliant mechanism, such as additional beams or links, to restrict its undesired motion or performance characteristics. In this
section, we employ a new over-constraint method to eliminate the amplification ratio change of a compliant amplifier maximally.

The amplification ratio of the bridge-type compliant amplifier changes with the input displacement. As shown in Fig. 2(a), the a and
p are the initial angles of the flexure beams. As the double slider mechanism at the bottom is actuated in the X-direction (the slope of
the link alters from « to a’), the amplification ratio increases. The double slider on the top is the 180-degree rotated version of the one
at the bottom. When it is being actuated in the same direction as the one at the bottom, the amplification ratio decreases since the slope
of the beam increases from angle f to angle f’. So, the amplification ratio of the double slider on the top is decreasing while the bottom
one is increasing. If we want to constrain the amplification ratio from altering, we can simply connect the input cranks and output
cranks of both double slider mechanisms, leading to an over-constraint configuration. However, the over-constrained rigid mechanism
does not have any degrees of freedom, so the next step is the flexure module embodiment. Fig. 2(b) shows the compliant designs of the
two double slider mechanisms with parallel-arranged beams. By connecting their inputs/outputs with a rigid link, we can obtain the
over-constraint compliant mechanism as shown in Fig. 2(c). The mechanism in Fig. 2(c) is a quarter of the bridge-type amplifier. The
fully embodied amplifier, called OCARCM, is depicted in Fig. 3(a). The OCARCM is mainly composed of two input stages, output
stages, a base, and eight generic flexure beams. The OCARCM is a highly effective solution that not only mitigates changes in the
amplification ratio but also significantly enhances the in-plane rotational stiffness of both the input and output stages compared with
the bridge-type amplifier. This better-restricted rotation attributes to the formed parallelograms in the over-constraint design, which
provide additional stability to the system.

The geometric parameters of the OCARCM are labeled in Fig. 3(b), and we can notice that the geometry of the OCARCM is
symmetric about the centerlines. The input force Fyy is assigned in the X-direction and the payload in the Y-direction is defined as Fy.. It
is also worth noting that only the compliant segments of the flexure beam are deformable, and the rest are rigid.

3. Nonlinear analytical modeling
3.1. Generalized flexure beam

Linear analytical modeling fails to capture nonlinear stiffness characteristics and can only be applied over a relatively small range
of motion. In this section, the BCM [52] was used for a generalized beam flexure, serving to accurately model the characteristics of the
proposed amplifier when combing with the free-body-diagram (FBD) system modelling method. The BCM approach captures non-
linearities and leads to a closed-form model that can accurately estimate the kinetostatic behavior of a generalized beam subjected to
combined loads. It is necessary to solve equations associated with constitutive relationships, load-equilibrium conditions, and

Output stage

Flexure beam

(a)

Fig. 3. A schematic of OCARCM design with parameter labelling: (a) isometric view; (b) the front view.
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geometric compatibility conditions to obtain the load and displacement relationships of the proposed amplifier.

The generic flexure beams embodied in the amplifier are identical, one of which, in its deformed configuration, is shown in Fig. 4.
The loading conditions for a single flexure beam are represented by F; (axial force), P; (transverse force), and M; (moment) acting at the
tip of the beam. The resulting displacements are represented by X; (displacement along X-axis), Y; (displacement along Y-axis), 6; and
(rotational angle along Z-axis) with the respect to the local coordinate frame. To simplify the equation representation, all length
parameters and translational displacements are normalized by beam length L, forces by EI/L?, and moments by EI/L. Each of the
normalized quantities is indicated in lowercase, specifically:

F; P; M, X; Yi

v U
= Pi = i = i =V = U=l =
e/ T E BT T L

fi

T
7 @

where I is the second moment of area of the generic flexure beam cross-section about the Z-axis, and E denotes Young’s modulus of the
material. The constitutive equations of each flexure beam are represented below [53]:
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where the coefficients k and g are non-dimensional values that characterize the stiffness of a double-notch flexure beam, and they have
been provided in [53]. It is also worth noting that coefficients/entries associated with the symbols, k and g, are the functions of a
(Fig. 4). In the case of a = 1/2, the generic beam corresponds to a distributed-compliance beam, which will be further discussed in
Section 4.

3.2. Kinetostatic analysis of the amplifier

As the OCARCM is geometrically symmetrical, a quarter of the geometry is used to synthesize its kinetostatic characteristics. The
FBD of a quarter of the OCARCM is presented in Fig. 5(b), where the deformation is assumed to occur only in the flexure segments of
the lumped-compliance beam, and the other parts are rigid. fi, and f,, labeled in Fig. 5 are the normalised input force and the payload,
respectively. my and my are the supplementary moments to maintain the zero rotation of the input stage and output stage, respectively.
Based on the constrained relations and the symmetric structure, the rotational displacement 6; of the rigid stages in the amplifier is
equal to zero. Then the constitutive equations can be simplified as:

0 1
fi =&y + pikly,
pPi 0), (1 1
Xi = k_L + gﬁl)kgl)y? + Pi)’fzg(u) ()]
33

m; = pik(zll)yi + ké?)yi

Given that the coefficient k') is equal to — 2g\%, and g% is 400 orders of magnitude larger than g{)’. The constitutive equation in the
X-direction (Eq. (4)) can be further simplified by removing the third term for the practical interest of this paper.

The load-equilibrium conditions of each rigid stage can be derived from the free-body diagrams of the rigid stages shown in Fig. 5
(b). It is worth noting that the moment reference center is the geometry center O as labeled in Fig. 5(a).

4 X
Flexible part

Fig. 4. Loading condition and geometry parameters of the generic flexure beam (the middle part considered to be rigid, with a thickness much
larger than T); Under the condition of a = 1/2, the generic beam corresponds to a uniform thickness beam, i.e., distributed-compliance beam.
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Fig. 5. The static modelling of a quarter of the amplifier: (a) a quarter of the OCARCM,; (b) the FBD of the OCARCM.
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By solving the constitutive equations, load equilibrium and geometric compatibility equations simultaneously, one can obtain the
displacements and amplification ratio as functions of applied forces. The analytical models for the general case of a # ff are too complex
to be presented here, which is graphically analyzed in Section 4 instead. While the models for the case when the beam slope @ = j are
presented below.
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During the calculations for the amplification ratio (Ay,), high-order terms are dropped without significantly affecting the accuracy
of the results. The maximum error that results from dropping these high-order terms is less than 1.1%. Eq. (10) shows that the
amplification ratio can be approximated by 1/tana (a is the initial angle). This indicates that the amplification ratio over the whole
range of motion is primarily determined by the flexure beam slope and is much less influenced by the input force and payload.

A comparison will be made between the amplification ratio characteristics of the OCARCM and those of the bridge-type compliant
amplifier using the analytical model and FEA simulation. The main comparison variables are the different amplification ratios (by
changing « and f), the different input and output forces, and the different beam stiffness (by changing A). The analytical model of the
bridge-type compliant amplifier can be easily found by following the above derivation process.

4. Characteristics analysis with FEA verification

We compare and analyze the performance of the OCARCM from multiple perspectives. A study of the OCARCMs with different
generic flexure beam slopes was undertaken in an effort to understand how slope affects the force-displacement characteristics and
amplification ratio. A comparison of the OCARCM and the bridge-type amplifiers with the same generic flexure beam slope was
conducted. The case where the OCARCMSs were assigned payload (F.) was analyzed to examine their performance in response to the
loading. Furthermore, the case where the lumped-compliance (a = 1/3) and distributed-compliance (a = 1/2) OCARCM is also
considered. All the designs were modeled in COMSOL@5.0 using identical flexure beam parameters listed in Table 1. The simulation
assumes that the stages and base set are rigid, similar to the assumptions made in analytical modeling. Nonlinear solvers were used
since there are large elastic deformations. Finer hexahedra mesh was generated at the flexure beam to gain stable and accurate results.
The aluminum alloy AL6061 with Young’s Modulus 69 GPa and Yield Strength 276 MPa was assigned to the material. A series of
incremental forces or displacements were applied to the input stages during the simulation. All the parameters were switched back to

Table 1
Parameters for all the cases in this section.
L U T A
30 mm 8 mm 0.8 mm Lumped-compliance: 5 mm and 10 mm Distributed-compliance: 15 mm
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dimensional values for a more straightforward comparison.

Fig. 6(a) plots the exaggerated results of applying 0.4 mm displacement at each input stage. The resultant displacement of the
OCARCM is about 1.39 mm, while the displacement of the bridge-type amplifier is 1.44 mm. The reduced displacement of the
OCARCM reveals the over-constrained behavior occurring in the output stage.

The force-displacement relationship of both lumped-compliance and distributed-compliance OCARCMs are plotted in Fig. 7. The
plot reveals a good correlation between FEA and analytical results, where the maximum error is less than 1.0%, and it also shows that
the OCARCM with a larger flexure beam slope has larger stiffness. It can be observed in both analytical and FEA results that the force-
displacement characteristic shows nonlinear characteristics, which are not encompassed by linear models.

In Fig. 8, we compared the amplification of the lumped-compliance (A = 5 mm, A = 10 mm) and the distributed-compliance (A =
15 mm) OCARCMs to that of the lumped-compliance and distributed-compliance bridge-type amplifiers, respectively. It is worth
noting that the amplification ratio is obtained based on Eq. (9). In the case of a zero-input displacement (xj,), the amplification ratio is
not captured, since division by zero is mathematically undefined. In his way, the plots for the amplification ratio are not continuous
lines. The plots reveal that the amplification ratio of the bridge-type compliant amplifier varies with the input displacement at a large
scale while that of the OCARCM shows a nearly constant amplification ratio for both the lumped-compliance design and the
distributed-compliance design. Both FEA and analytical results show that the amplification ratio of the proposed OCARCM decreased
by 1% while the bridge-type amplifier decreased by 13.9% for the design with the same flexure beam slope (a = ) of 15°. Moreover,
the amplification ratio of the OCARCM is close to the simplified analytical expression (A, = 1/tana), especially when the displacement
is small. The maximum error occurs in Fig. 8(d) where the amplification ratio of the OCARCM is 1.73% smaller than the simplified
results (the red dash-dot line).

It is also worth noting that there is a relatively larger nonlinearity in the amplification ratio of the design with a beam slope of 15°
compared to the ones with 30° and 45°. The nonlinear effect of load-stiffening and elastokinematic nonlinearities can be seen in Eqs.
(2) and (3) which are associated with the axial load p. The nonlinear effects are significant for the OCARACM with a smaller beam slope
as the proportional force of the input force in the axial direction imposed on each flexure beam is large. Thus, the amplification ratio of
the design with a smaller beam slope produces a larger nonlinear effect.

The effect of the payload (FL) on the amplification ratio is illustrated in Fig. 9. Fig. 9(a) presents the amplification ratio of the
lumped-compliance OCARCM (A = 10 mm, a = f = 15°) in response to different payloads. The results obtained from the FEA show
good agreement with those obtained from the analytical results with a maximum error of 0.72%. The amplification ratio of the lumped-
compliance OCARCM varies between 3.56 and 3.83 at small input as the payload changes from — 40 N to 40 N.

The amplification ratio of the bridge-type amplifier in response to the payload is graphically shown in Fig. 9(b). The FEA results are
consistent with the analytical results. Both results indicate that the amplification ratio of the bridge-type amplifier changes at a large
scale, ranging from 3.25 to 4.54. However, the variation of the amplification ratio is not only contributed by the payload but also by the
character of the bridge-type amplifier itself. To demonstrate the effect of the payload on the amplification ratio, we plot the variation of
the amplification ratio of the OCARCM and bridge-type amplifier in response to different payloads ranging from — 40 N to 40 N in Fig. 9
(c). The amplification ratio of the bridge-type amplifier varies within the orange region which is much larger than that of the blue
region. This means the amplification ratio of the OCARCM is more robust to the applied payload. Both types of amplifiers also present
the trend that the larger the payload, the greater the variation in the amplification ratio.

The comparison between the amplification ratio of the lumped-compliance (relatively high stiffness) and the distributed-
compliance (relatively high compliance) is plotted in Fig. 10. The amplification ratio of the distributed OCARCM varies between
3.54 and 3.87, while the amplification ratio of the lumped-compliance OCARCM varies between 3.56 and 3.83 as the payload changes
from — 40 N to 40 N. This indicates that the amplification ratio of the lumped-compliance OCARCM is more robust to the payload
compared with distributed-compliance OCARCM. Another pattern we can observe from the plot is that the stiffness has a slight

mm mm
A 1.1x107 A 3.54x10™"

0 0
-0:2 -0.2
0.4 D -0.4
-0.6 7 S -0.6
-0.8 -0.8

1 -1
1.2 -1.2
1.4

V¥ -1.39 Vv -1.44

(b)

Fig. 6. Displacement analysis: (a) the exaggerated view of the displacement plot of the OCARCM with the flexure beam slope of 30°; (b) the
deformation of the corresponding bridge-type amplifier.
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Fig. 7. Force-displacement characteristics without payload (F,, = 0): (a) lumped-compliance (A = 5 mm); (b) lumped-compliance (A = 10 mm); (c)
distributed-compliance (A = 15 mm).

influence on the variation scale of the amplification ratio. The difference is below 1.62% between the lumped-compliance OCARCM
and the distributed-compliance OCARCM.

The influence of the different beam slopes (a # f) on the amplification ratio is also investigated and plotted in Fig. 11. A decrease in
the amplification ratio first can be observed as the difference between the two flexure beams’ slopes increases. With an increased slope
difference (a minus f3), the design also shows a more linear trend and a greater change in amplification ratio as the input displacement
gradually increases. It tends to be preferable to design flexure beams with the same slope since it exhibits less deviation of the
amplification ratio than those with different slopes.

5. Experiment tests

The prototype with distributed-compliance is selected as the candidate to obtain experimental results, which can verify the FEA and
analytical results. The compliant loading spring is selected as the payload to mimic the actuation of compliant mechanisms. These
experiments are less investigated but are becoming more popular as compliant mechanisms become more widely used. The influence of
the loading spring on the force-displacement characteristics and the amplification ratio of the OCARCM is analyzed and discussed in
the following sections.

5.1. Fabrication of the OCARCM prototype

The prototype (Fig. 12(b)) is monolithically manufactured using a computer numerical control (CNC) milling machine from a piece
of AL7075 plate, using the same parameters listed in Table 1. The AL7075 material with Young’s modulus of 71 GPa was selected due
to its lightweight and high-yield stress. A 1.5 mm radius fillet corner is created by the milling tools. To avoid the deformation of the thin
beam (0.8 mm), 3D-printed blocks are embedded to support the beams while machining. The overall dimension of this OCARCM
prototype is 195 mm x 160 mm x 10 mm.
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Fig. 8. Comparison between bridge-type amplifier and OCARCM with the equal beam slope (¢ = f): (a) lumped-compliance (A = 5 mm); (b)
lumped-compliance (A = 10 mm); (c) distributed-compliance (A = 15 mm); (d) OCARCM compared with the bridge-type compliant amplifier with
different compliance.

5.2. Experimental setup

Loading springs were used to mimic the payload of the OCARCM, which is fabricated using 3D printing. Their stiffness was tested
with a stiffness of 3.67 N/mm for loading stiffness 1 and a stiffness of 9.47 N/mm for load stiffness 2. The stiffness testing rig is shown
in Fig. 12(a). The motion range of the loading spring is designed to be 6 mm which satisfies the output displacement demand of the
OCARCM. The force sensor and the micrometer are utilised to measure the reaction force and the input displacement, respectively.

Fig. 12(c) shows the experimental setup of the OCARCM with a spring payload. In typical cases, a piezoelectric actuator is employed
to achieve displacement amplification in the amplifier. However, in this particular experiment, we opted to use a pulley system and
weights as our actuators. By using the pulley system, we were able to simulate bidirectional input forces (against the PZT’s unidi-
rectional actuation), allowing us to fully characterize the properties of the OCARCM. Previously, the OCARCM was actuated by giving
forces to both input stages, as illustrated in Fig. 3. It was difficult to use a pulley system to actuate both input stages simultaneously
with an even actuation force given to each input stage. Therefore, we fixed one of the input stages as the base, and the other input stage
connects to the pulley system, as shown in Fig. 12(b) and (c). During the experiment, a pair of identical springs (loading spring 2) was
installed on the top and bottom surfaces of the OCARCM to avoid the introduction of an out-of-plane payload. Dial gauges were used to
measure the displacement of both the input and output stages, with a motion resolution of 0.001 mm and a spring force of 0.4-0.7 N.
The OCARCM was actuated by applying a fixed force interval ranging from 0 to 200 N, and the corresponding dial gauge output
displacements were recorded for each step. The experimental procedure was repeated three times to obtain an average result for each
force interval.

5.3. Experimental results
The experiment has been conducted to validate the FEA and analytical results. Fig. 13(a)-(c) plot the input force versus the input
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displacement with different loading springs. The FEA results show good agreement with the analytical results. And both results show a
nonlinear pattern. In contrast, the experiment results generally show a linear pattern compared to the FEA results or analytical results.
Fig. 13(d) presents the error/discrepancy between the experimental results and analytical results with a maximum error of 14.5%. The
error for the case with the loading spring is much larger than that for the case without the loading spring over the motion range close to
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experimental and analytical results; (e) integrated plots of experiment results; (f) integrated plots of analytical results.

the home position (zero input). This discrepancy could be attributed to the deformation of the parts, such as the output stage and input
stage, which were assumed to be rigid in the analytical mode. Additionally, it can occur due to the assembly error of the test rig. For
instance, a small misalignment between the string in the pulley system and the mechanism’s symmetric line may cause uneven
displacement between the two-output stages. Fig. 13(e) and (f) presents the experiment results and analytical results of the force-
displacement characteristics of the OCARCM with and without payload, respectively. These plots indicate that the stiffness of the
OCARCM increases as we increase the stiffness of the loading spring. This is also called the load-dependent effect. Furthermore, the
pattern of the force-displacement relationship turns out to be more linear as we increase the stiffness of the loading spring. This, as
aforementioned, can be caused by the deformation of the parts assumed to be rigid.
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Hereafter we analyzed the influence of the loading spring on the amplification ratio of the OCARCM as shown in Fig. 14. The
experiment results generally show a constant value with small fluctuations. While the FEA and analytical results show a small increase
trend and a decreasing trend. However, the variation in amplification ratio is very small (below 2.1% in experiment results and below
0.67% in FEA and analytical results). As the stiffness of the loading spring increases, the OCARCM amplification ratio falls. The error
bar in Fig. 14(a)—(c) illustrates the standard deviation of the three-time experiment results. The standard deviation of the experiment
without payload is generally smaller than the ones with payload. Several factors contribute to this, including the assembly of the
loading spring and the low repeatability of the 3D-printed loading spring. The error between the experimental results and the
analytical results is plotted in Fig. 14(d). The plot shows a fluctuation pattern with a relatively low maximum error of 3.4%. The
amplification ratio is dominated by the flexure beam slope. So, manufacturing errors such as the variation of the beam thickness or
beam length will not have a noticeable contribution to the amplification ratio error.

6. Further discussions
6.1. Dynamic performance

A modal analysis was conducted to gain insight into the dynamic behavior of the OCARCM, and the results of which were compared
with those of a corresponding bridge-type amplifier. Using FEA, we obtained the first-four modes of both the bridge-type amplifier and
the OCARCM as shown in Fig. 15. The results showed that the first two modes of the OCARCM occur at 142.3 Hz and 191.9 Hz,
corresponding to the output stage translations along the Y-axis (desired output direction) and X-axis, respectively. The third mode is
the output stage rotation about X-axis and the fourth mode is the output stage rotation about the Z-axis at a large natural frequency of
1378 Hz. In contrast, the first mode of the bridge-type compliant amplifier is the translation of the output stage in the X-direction
(undesired output direction) at a natural frequency of 117.6 Hz. The second mode of the bridge-type amplifier is the output stage
translation along the Y-axis. The third and fourth modes of the bridge-type amplifier are the output stage rotations about the X-axis and
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Fig. 14. Amplification ratio of the OCARCM with different loading springs: (a) amplification ratio without payload; (b) amplification ratio with
loading spring 1; (c) amplification ratio with loading spring 2; (d) Error between the experimental results and analytical results.

14



J. Zhu et al. Mechanism and Machine Theory 186 (2023) 105347

3" Mode (506.9 Hz) 4™ Mode (1378.2 Hz)

1* Mode (117.6 Hz) 2" Mode (269.8 Hz) 3" Mode (329.2 Hz) 4" Mode (676.1 Hz)

Fig. 15. The first-four natural frequencies.

the Z-axis, at a natural frequency of 329.2 Hz and 676.1 Hz, respectively.

The output stage of the OCARCM is much heavier than that of the bridge-type amplifier. This leads to a relatively low natural
frequency in the OCARCM’s Y-direction (1st mode) compared to the natural frequency in the bridge-type amplifier’s Y-direction (2nd
mode). However, other frequencies of the OCARCM are higher than those of the bridge-type amplifier. For example, the natural
frequency of the output stage rotation about the Z-axis (4th mode: 1378.2 Hz) is twice that of the bridge-type amplifier (4th mode:
676.1 Hz), because the in-plane rotation of the output stage of the OCARCM is better constrained than that of the bridge-type amplifier
due to our new over-constraint design approach. Additionally, the rotation of the input stage of the bridge-type amplifier is also
observed in the 1st mode (117.6 Hz), while the rotation of the input stage of the OCARCM happens at the 4th mode (1378.2 Hz). These
findings suggest that both the output stage and the input stage of the OCARCM are less susceptible to rotational oscillations. While the
OCARCM has a low 1st mode natural frequency in the Y-direction, this can potentially be improved through mass optimization of the
output stage.

6.2. Eliminating force-displacement nonlinearity

Over-constraint based design method mitigates variations in amplification ratios and increases robustness to payload variations.
This may adversely lead to a nonlinear force-displacement relationship (load-stiffening effect) when using straight flexure beams as
observed in Fig. 13. This nonlinear effect is not desired for a very large range of motion and a small actuation effort [12,54]. To
eliminate the force-displacement nonlinearity, a potential solution is presented in Fig. 16(a). Under the same topology, the straight
beams were replaced by the Z-shape beams to alleviate the force-displacement nonlinearity.

The deformed configuration obtained from the FEA simulation is shown in Fig. 16(b). The FEA shows a linear pattern between the
force and displacement which is desired. We also compared the amplification ratio between the bridge-type compliant amplifier,
OCARCM with straight beams and OCARCM with Z-shape beams. The dominant factor that influences the value of the amplification
ratio is the slope of the flexure beam. This also applies to OCARCM with Z-shape beams. The angle of the endpoints of the Z-shape
beams is set as 12.5° and corresponds to an amplification ratio of 2.95. And the angle of the straight beam in both bridge-type
compliant amplifiers and the original OCARCM is set as 18.73° to produce the same amplification ratio. The OCARCM with Z-
shape beams shows a similar pattern as OCARCM with straight beams (previous design) but has a relatively larger variation in
amplification ratio as depicted in Fig. 17(b). And the bridge-type amplifier still shows a large variation in amplification ratio.

6.3. Reducing the footprint

Compared to the bridge-type compliant amplifier, the footprint of the OCARCM increases due to the added extra flexure beams.
This may bring a drawback in certain applications where space is limited. To address this issue, a multi-layer design method can be
implemented [55,56]. As presented in Fig. 18(a), it shows a three-layer design with a reduced footprint. Fig. 18(b) shows the deformed
shape of the three-layer design. The footprint has been significantly reduced in comparison to the planar OCARCM. However, it
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simultaneously increases the difficulty of fabrication. The tradeoff between footprint and manufacturing complexity should be taken
into account during practical applications.

7. Conclusion

A compliant amplifier with a constant amplification ratio was designed to allow a uniform output motion resolution/precision. The
proposed OCARCM is compared to a commonly used bridge-type compliant amplifier in terms of its ability to maintain a constant
amplification ratio with and without payload. A free-body diagram (FBD) and beam constraint model (BCM) are used to obtain closed-
form solutions that reveal nonlinearities in the force-displacement characteristics of the OCARCM. A prototype is fabricated and tested
to validate the force-displacement and amplification ratio characteristics of the OCARCM. COMSOL with large deformation turned on
was used for nonlinear FEA analysis to corroborate the analytical modeling. Based on the discussions, the main contribution of this
paper can be summarized below:

(1) A compliant amplifier with a nearly constant amplification ratio allows a uniform output motion resolution/precision.

(2) The closed-form solutions are developed which can accurately quantify the force-displacement characteristics and amplification
ratio of the proposed OCARCM.

(3) The FEA results based on the COMSOL show good agreement with the closed-form solutions with a maximum error of 1%, even
in the case of large deformation.

(4) An experiment was set up based on a CNC-machined aluminum prototype. The experimental results showing the variation of the
amplification ratio is below 2.1% with loading springs. And the error between the experiment results and FEA or analytical
results is below 3.4% within the output motion range of 1.76 mm.

It is possible to address the issues existing in the OCARCM, including its nonlinear force-displacement characteristic and relatively
large footprint, by using the methods in Section 6.
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Fig. 18. Three-layer design with reduced footprint: (a) geometry of the design; (b) deformed configuration.
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