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Abstract: We investigate analytically, numerically and experimentally the gain-through-filtering
modulation instability in a hybrid driven Kerr cavity in the normal dispersion regime including
an erbium-doped fiber amplifier. We show that, thanks to the increased cavity finesse enabled
by the intracavity optical gain, the injection power threshold for the modulation instability can
be substantially reduced, and the energy transfer to spectral sidebands enhanced. Our findings
demonstrate how to improve efficiency and bandwidth in optical frequency comb generation
based on the gain-through-filtering modulation instability.
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1. Introduction

Optical frequency combs (OFCs), optical rulers consisting of coherent laser spectral lines equally
spaced in frequency, are of vital importance in various scientific and technological domains
owing to their wide range of applications including in spectroscopy, microscopy, sensing, optical
clocks, astronomy, telecomunications and more [1,2]. OFCs can be generated by a variety of
platforms including mode-locked lasers [3], electro-optic modulators [4], and driven resonators
— both micro [5] and fiber ones [6]. Fiber resonators have historically provided an important
playground for the development of OFC generation techniques later adapted to microresonators —
e.g. the formation of cavity solitons [7] — and in particular geometries they can achieve quality
(Q)-factors of the order of several millions enabling OFC generation both in the the single
[8—11] and multimode [12] operational regime too. In the context of fiber resonators, recent
methodology, called gain-through-filtering (GTF), has been developed to enable the generation
of tunable repetition rate OFCs within passive-driven fiber cavities [13,14]. This technique is
built on previous investigation of modulation instabilities (MlIs) induced by asymmetric spectral
filtering in nonlinear optical systems [13]. The approach leverages the phase contribution of
a filter to achieve perfect phase matching between a strong pump and weak sidebands in the
normal dispersion regime of a ring cavity. As a result, MI can be triggered, leading to the
generation of two symmetric sidebands around the pump, with one positioned close to the filter.
So far GTF induced OFCs have been demonstrated in ring fiber resonators, where, due to the
low finesse, a significant large amount of pump power is required to cross the MI threshold.
Inspired by the recent progress in hybrid active-passive fiber ring cavities (without filter) for
generating low background cavity solitons [15,16], we investigate in this work the impact of
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optical amplification on the GTF process through the inclusion of an intracavity erbium-doped
fiber amplifier (EDFA). We updated the theoretical model presented in [14] to consider the
amplifier contribution developing a formalism suitable for analytical and numerical investigation
of the GTF process in an active-passive fiber resonator. These theoretical development are
confirmed through experimental observations with a very good agreement. The intracavity
amplifier improves the conversion efficiency from the pump to the OFC sidebands resulting in a
reduced input pump power MI threshold.

2. lkeda map model

We consider a ring cavity, which is illustrated in Fig. 1 (a), consisting of four components : an
EDFA, a dispersion-shifted fiber (DSF, 8,>0 at the driving frequency), a narrowband filter and a
fiber coupler. The boundary conditions (BCs) of the Ikeda map model read: [14]

Ans1(z = 0,1) = e h(t) x Ay(z = L, 1) + 0y/Pin. (1

Here, A,(z,t) represents the slowly varying envelope of the electric field. The variable ¢
corresponds to the retarded time, while z denotes the spatial coordinate along the fiber ring
cavity. The variable n indicates the roundtrip number, and Pj, signifies the injected pump power.
The parameters p and 6 are the reflection and transmission coefficients of the coupler for field
respectively. Additionally, ¢o represents the linear phase shift accumulated over one roundtrip,
modulo 2. The symbol x denotes convolution, and /() is the filter impulse response, which has
a frequency-domain counterpart referred to as the filter transfer function, i.e., H(Q) = f_ o:o h(f)e™.
In this paper, we consider a higher-order Lorentzian filter, characterized by its transfer function
given by

H(Q) = PO+ Q) (2a)
a4

FQ)=b—F7—, 2b

@ Q-Qp)*+a* (2b)

Q- Qf)[(Q - Qf)2 + az]
V2[(Q-Q) +a*]

Here, a is related to the filter bandwidth at full width at half maximum (in rad/ns), b<0 is a
dimensionless parameter that governs the filter strength, specifically the maximum attenuation,
and € represents the filter frequency detuning with respect to the resonator pump frequency. The
profiles of amplitude and phase of H(Q) are illustrated in Fig. 1(b) with parameters compatible
with the ones used in experimental setup (see section 4). We notice that () # 0 at Q = 0,
which introduces an additional linear phase for each roundtrip, resulting in a linear detuning of
24 = @0 + (0.

The propagation of light waves in the EDFA and DSF is governed by the following equations,
respectively:

Y(Q) = ba

(20)

0A, g . & 0> B |
0<z<L o2 2 i — 4 iyDIA, ) | AL 3
eshis 5o =2 aae "o T W )
(2) 1o
A, By 0* ok i
Li<z<L: 92 = _lTﬁ + 1y |An| Ay )

Here, 1 and 2 indices label the EDFA and the passive fiber, respectively, and we denote the
total cavity length as L = Ly + L,. ﬁgl)’(z) are the group velocity dispersion values, and Y2 are
the Kerr nonlinearity coeflicients. €, is the angular frequency bandwidth of the gain. The EDFA
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Fig. 1. (a) Setup schematic: a fiber ring cavity made of an amplifier (EDFA), a passive
fiber with normal dispersion (DSF) and a filter. (b) Profiles of amplitude and phase of
the filter transfer function H(Q). Parameters used are a = 43 rad/ns, b = —1.06 and
Qr/(27) = -0.35 THz.

80
1+(Patr) ™! iR |An(e.t)2dt’
gain, Py, being the gain saturation power, and #z being the roundtrip time.
In the scenario involving a short pulse of duration ¢, compared to the round trip time, the term
1] . . . . . .
(Psaitr) ™! fOR |A,(Ly, t)|*dt can be approximated by an integral over a certain time window, i.e.,

If—"lt;VI /I . |A,(Ly, t)|>dt, where ty is the width of the simulation time window, rp = tp/tg < 1,
80

and /tw represents the integral over #,. Hence we obtain g = — Pt T ], oL P

The stationary quasi continuous wave (CW) solution of the cavity is given by A,(z) =
\/P(2)e"? with real amplitude /P,(z) and phase ¢,(z). Then the gain reads g = ﬁm 20,
depending on the ratio rp, and P, and ¢, can be obtained by solving Eqgs. (3) and (4), which
yields

gain is modeled as in [15,17] with g(z) = and go denoting the unsaturated

0<z<lis PG = PAOKE, )= 4O +yVPOLE -1 )
iLi<z <Lt Po(@) = Palli), ¢u(@) = du(Li) + 7P @~ L)Pu(Ly), ©)
leading to
Py(L) = Py(0)e™, (7
Bu1) = 6,0)+ Y OPL O = 1) 4y PP, O)L e ®)
Considering the boundary condition for the steady solution, we obtain

An1(0) = pe " H(0)AL(L) + 0y/Pi. ©)

Finally, the requirement A,,;1(0) = A,(0) yields the implicit form of the steady solution:
VP(0) = \/P(0)ue” = 0/Pipe (10)

where 4 = pe’? 7O and y = @) + 7 VPO) (e = 1) + YD PO)Laet™ = ¢ +yVP(L1) (1 ~
e~8L1) + y@P(L,)L,. Taking the square modulus of both sides of Eq. (10), we obtain

P(Ly)e #5 [1+ p* = 2pcos v| = 2Py, (11)
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by which the intracavity power P(L;) can be solved. The relation between the injection and the
intracavity power is shown in Fig. 2.

4
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Fig. 2. Relation between input and intracavity power calculated by Ikeda map with EDFA
(solid lines) and without EDFA (dashed lines). Parameters used are p = V0.6, 6 = V0.03,
g0 = 4.87 dB/m, Pgye = 500mW, rp = 1.3/451, (D = 1.3 W lkm™ !, y@ = 3 W-lkm™!,
Ly =0.33m, L, =85m, and a = 43 rad/ns, b = —1.06 and Qy/(27r) = —0.35 THz.

If we assume that the nonlinear phase shift is small compared to the linear phase ¢, Eq. (10)
yields the following power relation:

92Pin _ 02Pin
|1 - preih 2 14p2-2p cosg)’

P(0) ~ (12)

L
where we have defined p’ = peng+F ©), The maximum power is achieved when @, = 2km, and

0Py,
(1-p")*"

is given by P(0) =
power, i.e.,

Consequently, we seek a value of ¢ that results in half-maximum

6%P;, 1 6Py
L+p2-2p'cosg) 2(1—p)?

13)

If we focus exclusively on values of ) that are near 0, we can approximate cos ¢/, using the

10" Thus the full width of ;) at half-maximum power

2
. @5 . Ly
expression 1 — 2. This results in ¢/, = +—%
p 2 %o Vo

. 2(1-p") . .
is =7 and the finesse of the ring cavity reads
T ’
F = N (14)
l-p

3. Modulation instability analysis

To study the stability of the steady state, we consider the following ansatz:

An(z, 1) = [\/P(z) + (2, t)] PO (15)

where P(z) and ¢(z) are the power and phase of the steady state respectively, 17,(z,t) is the
perturbation and |1,(z, 7)] < +/P(z). Substituting Eq. (15) into Eq. (1), Eq. (3), and Eq. (4),
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respectively, we derive the equations for 7,(z, t), as follows:

BC:  nus1(0,1) = pe O BIh(r) %, (L, 1), (16)
(1) o

O _ 8 19 Py 0", .
0<z<L: == — =y p + 1), 17
z 1 6Z 2 Qﬁ atz Tn l 2 atz ry (Z)(Tln r]n) ( )

(2) 2
Onn By o, . V) "

Li<z<L: =i — P(2)(1 + 1) 18
1<z = oz IS 5a T (2)(70 +my,) (18)

where we assumed that the gain is not affected by the small perturbation so that g = #‘}L(h) £0-

If we separate the real and imaginary parts of the perturbation as 5, = a, + ib,, and denote their
Fourier counterparts by a,(z, Q) and b,(z, Q), respectively (where Q represents the frequency
detuning from the pump), we obtain the evolution equation for (&, b,)" as follows:

Aﬂ Oat AnL,t
S L ))=NBC“( ))

bus1(0,1) bu(L,1)
(19)
b cos[po + n(L) — #n(0)]  —sinleo + ¢u(L) — ¢u(0)]\(H+ —H-\[an(L,1)
Sin[‘PO + ¢n(L) - ¢n(0)] COS[‘PO + ¢n(L) - ¢n(0)] H_ H, Bn(L7 t)
. . ﬁ(l)Qz
(9 day ap Qz 0 -2 n
0<z<L;: 721 =M,  |= g - 0?2 g ~ |
< bn bn Qg ZT + 2’y(l)P(Z) 0 bn
(20)
(2) 2
9 [ &, 0 B2 (a
L1<Z <L: 6— R = Mz n = ﬁ(z)Qz ~ | (21)
< bn bn 22 + 2’)/(2)P(Z) 0 bn

where we introduced the evolution matrix M) > and the boundary condition matrix Ngc. Here
H. and H_ are the Fourier transform of the even and odd part of the response function A(r)
respectively, which can be evaluated by the following formulae:

(0 H(Q)+ H* (-Q
H (Q) = / Melﬂldt - HQ) + H'(-Q) (22a)
2 2
h(t) = h*(¢) ; H(Q)-H"(-Q
H_(Q) — / ( ) . ( )elﬂtdt — ( ) _ ( )' (22b)
2i 2i
The perturbations in the same roundtrip at z = L and at z = 0O are related by
an(L) - N an(0) _ efLI; Mz(Z)dZef()L' M (2)dz an(0) (23)

b)) \bu(0) ba(0)]

where we have introduced the transformation matrix Ng,, induced by the propagation in
EDFA and fiber for one roundtrip, and adopted the integral approximation, which holds
under the assumption that M, »(z) do not vary too rapidly along z. As the two integrals read
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fOLl P(2)dz = P(0)(e$l1 — 1)/g = P(Ly)(1 — e781) /g and /LLI P(z)dz = P(L1)L, respectively, we
obtain

22| el cos(kaLs) A sin(kaLy) cos(kiLy) e sin(k;Ly)
Newo = e\ %/ 7 2Lo % 2t2 1 2k 1
evo —
ﬁ(zz% sin(kyLy) cos(kyLy) l% sin(ki L) cos(kiLy)
2 2

(24)

22
£z 29 +2y@P(Ly)|, and

(12 12 —g
B, Q| B, Q2 2y(D(1—e8L1)P(L
where k; =\/ — 2— +Z ¢ o A1)

@2
and ky = \/ ﬁzz

cos(Ap) —sin(Ap)\[H, -H-
Nac = p i : (25)
sin(Ag) cos(A¢) [\H- H,

with Ag = gy +yV %(1 —e$I)P(Ly)+yPP(L)L,. Finally, N = NgcNeyo governs the evolution
of the perturbations over one roundtrip:

&n+l(0, Q) 61,,(0, Q)
R =N . . (26)
by+1(0,Q) bn(0,9Q)

If we denote the eigenvalues of N as 4, , the MI gain in decibels per length reads

20
8(Q) = - log,g max{| 1], |42} €2))

It is worth mentioning that a theoretical investigation of MI in a driven Kerr cavity containing
an active medium has been performed in [18] using a meanfield model of the Lugiato-Lefever
form. However, in our work we are considering a more general formalism based on evolution
matrices, also involving the effect of gain saturation. Furthermore, at variance with [18] which
investigates MI above the lasing threshold, we are using our model to investigate a different
scenario with the cavity operating always below the lasing threshold and including a narrow band
filter which is triggering the MI process.

4. Analytical and numerical results

Using Eq. (27), we show the dependency of MI gain on various parameters in Fig. 3(a)-Fig. 3(c).
The horizontal dashed line in each figure indicates the parameter used in other two figures, while
the vertical dashed lines indicate the filter center frequency. Figure 3(a) represents the evolution
of MI gain versus unsaturated amplifier gain gg. The setup consistently operates below the

lasing threshold, specifically pe% <1, as indicated by the red line at 5.7 dB/m. We observe two
symmetric side lobes appearing on both sides of the pump and close to the filter center frequency,
as in passive GTF cavities. Similar lobes also appear in Fig. 3(b), which shows the dependency
of MI gain on the intracavity power P. In Fig. 3(c), the relationship between the MI gain and the
linear phase shift ¢ is presented. It clearly illustrates the influence of the filter on the MI gain,
resulting in upward and downward tails around the filter center frequency. The evolution of the
spectrum via simulation is shown in Fig. 3(d). The position of the first comb line, highlighted by
the dashed vertical line, perfectly aligns with the position of the theoretically predicted highest
MI gain indicated by the red dot in Fig. 3(c).

Figure 4 represents the output spectra for different amplifier gain values, when the input power
is set at 1.0 W. By increasing the amplifier gain from 4.57 dB/m to 5.25 dB/m, we observe a
broader spectral bandwidth and a greater number of comb lines generated. It is worth noting
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Fig. 3. MI gain map and simulations via Ikeda map. (a) MI gain versus gq, the red solid line

gL
indicates peLT] = 1. (b) MI gain versus intracavity power. (c) MI gain versus linear phase
shift ¢g. (d) power spectrum evolution from simulations. Parameters used are P = 1.0 W,
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Fig. 4. Output spectra for various amplifier gain. Power spectrum with effective finesse
being (a) ¥ = 61 (gg = 4.55 dB/m), (b) ¥ = 68 (g9 = 4.7 dB/m), and (c) ¥ = 147 (gp = 5.4
dB/m). Parameters used are the same as those in Fig. 3, except that input power Pjj, is fixed
at 1 W.
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that a higher MI gain can lead to the generation of more spectral sidebands and hence a broader
comb. However, when the MI gain becomes too large, the system tends to transition into a
chaotic regime characterized by irregular amplitude and phase fluctuations, rather than forming a
coherent and stable OFC. This inherent trade-off limits the extent to which bandwidth can be
increased in the present scheme.

5. Experimental setup

We now describe the setup used for the experimental verification of the theoretical results
described above. A schematic of the cavity is shown in Fig. 5(b). The main part of the cavity
consists of 80 m of a DSF with a normal dispersion of ﬂ<22) = 1.2 ps’km~". A 90/10 coupler is
used to inject the signals into the cavity, while a 99/1 tap coupler is used to extract the signals.
The filter used is a fiber Bragg grating (FBG) with a center wavelength of Ay = 1547.97 nm, and
it is fitted to the Lorentzian description given in Egs. (2) with the parameters a = 43 rad/ns and
b = —1.06. The amplifier consists of a piece of L, = 0.33 m erbium-doped fiber (EDF), which is
connected to the passive fiber by two wavelength division multiplexers (WDMs). The pump of
the EDF is a laser diode (LD) pump at 1490 nm injected through one of the WDMs. The use of
the WDM allows the separation of the amplifier pump laser and the other useful signals. The
complete setup is shown in Fig. 5(a). The laser pump is a CW tunable laser with a maximum
output power of 44 mW and a linewidth of less than 100 Hz. The laser allows for fast tuning via
an externally controllable piezo, which is used to stabilize the cavity, as explained below.

The pump is first divided into two parts by a 90/10 coupler, 90% for the strong driving signal
and 10% for the control signal. The two signals are highlighted with a red and a blue path in the
schematic. The driving signal is shaped into a pulse train using an intensity modulator (IM),
driven by an arbitrary wave generator (AWG), with a pulse width of 1.3 ns and a repetition rate of
tg = 451 ns. The pulse train passes through an acousto-optic modulator (AOM). The AOM has a
central operating frequency of 200 MHz and is driven by a signal generator (SG) that produces a
sinusoidal signal. Adjusting the frequency of this signal allows one to fine-tune the frequency
of the pump relative to the nearest cavity resonance. On top of that, the sinusoidal signal is
gated synchronously with the pulses generated by the AWG, in order to exploit the 50 dB of
extinction ratio of the AOM. This helps to increase the quality of the pulses and reduces the
amount of noise amplified in the following steps. The signal is then amplified by a commercial
EDFA and filtered (through BPF1) to suppress any residual spontaneous emission generated by
the EDFA. A polarization controller (PC1) is used to align the signal to one of the polarization
axes of the cavity, and an isolator is used to prevent any back reflection of the amplifier. Due to
the high sensitivity of the cavity to external disturbances such as vibration, noise and temperature
variations in the laboratory, a control loop is required to keep the drive signal in phase with the
intracavity signal. The control system used in this experiment is an adaptation of the well-known
Pound-Drever-Hall (PDH) technique [19], which requires a phase modulator (PM), a PDH
controller and a proportional-integrative-derivative (PID) actuator to correct the laser frequency.

As shown by the blue path in the Fig. 5(a), 10% of the pump signal is modulated by the
PM. The resulting signal passes through a chain consisting of an optical amplifier (OA), a filter
(BPF2), a polarization controller (PC2) and an isolator, in a similar way to the driving signal,
but at a much lower power to avoid any stimulated Brillouin scattering. After injection into the
cavity, the signal is recovered at one of the outputs and converted into an electrical signal (black
path) using a photodiode (PD1). This electrical signal is then processed by the PDH and the
PID controller to produce a correction signal which is directly connected to the piezo-input of
the laser pump. This signal constantly modifies the frequency of the pump, responding to any
disturbances in the intracavity field and keeping the whole system coherent and stable.
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Fig. 5. Scheme of experimental setup and cavity (a) Experimental setup. IM: intensity
modulator, AOM: acusto optical modulator, PM: phase modulator, EDFA: erbium-doped fiber
amplifier, OA: optical amplifier, BPF1/2: band pass filters, PC1/2: polarization controllers.
PDH: Pound-Drever-Hall module, PID: proportional-integrative-derivative controller. OSC:
oscilloscope, OSA: optical spectrum analyzer, PWM: powermeters, AC: active cavity. (b)
Scheme of the active cavity. LD pump: laser diode pump, WDM: wavelength division
multiplexer, EDF: erbium-doped fiber, FBG: fiber Bragg grating. The red path indicates
the route of the nonlinear signal, while the blue path indicates the route of the stabilization
signal.

6. Experimental results

We have experimentally observed the spontaneous generation of spectral sidebands due to the
GTF process in our system. We have explored the impact of the EDFA by recording different
spectra as a function of different cavity finesse values obtained by varying the amplifier gain, by
carefully keeping the cavity below the lasing threshold.

Figure 6 presents a comparison of spectra obtained from simulations and experiments for
various input powers. The powers are all normalized to the zero mode. A good agreement
between the simulations and experimental results is observed in both the comb line power and
position, as illustrated in Fig. 6(c). Furthermore, an excellent agreement is noted regarding the
input power threshold, as demonstrated in Fig. 6(a) and Fig. 6(b).

In Fig. 7, we present the dependency of the input power threshold to the amplifier gain. We
observe that input pump power threshold for sidebands generation is reduced by increasing the
amplifier gain. The experimental results are in good agreement with the numerical ones, where
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Fig. 6. Numerical and experimental power spectra. (a) Numerical spectra and (b)
experimental spectra versus input pump power with gg = 4.76 dB/m. The dashed horizontal
lines indicate the input power threshold. (c) Comparison of spectra between simulation and
experiment for a selected input power power Pj, = 1.36 W. The dashed vertical lines indicate
the filter central frequency. Parameters used are like those in Fig. 3.

MI threshold corresponds to sidebands exceeding a power level of —72.5 dBm/Hz due to noise
level. The analytical thresholds are instead determined by whether the MI gain is larger than 0,
which does not account for the noise level, leading to a lower threshold.
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Fig. 7. Input power threshold versus amplifier gain obtain from analytics, numerics and
experiments. Parameters used are like those in Fig. 3.

7. Conclusions

By integrating an EDFA into the GTF fiber cavity, and precisely adjusting the pump current to
maintain the cavity below the lasing threshold, we successfully reduced the total losses increasing
the resonator finesse. Consequently, we observed a decreased power threshold for GTF instability
and enhanced energy transfer to spectral sidebands. These discoveries lay the foundations for
advancing the efficiency and spectral bandwidth of GTF induced OFC sources.
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