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 A B S T R A C T

This study presents a theoretical and numerical investigation of interfacial flows of oxidised liquid metals in 
a shallow annular channel in the absence of inertial effects. For the first time, viscoplastic surface behaviour 
induced by oxidation is modelled using a bi-viscosity law within a framework that also accounts for interfacial 
curvature governed by the Young–Laplace equation. By solving a coupled bulk-surface flow system, the effects 
of surface rheology, contact angle, and dimensionless capillary length on surface velocity and surface shear 
rate profiles are quantified. Results highlight the competing influences of hydrophobicity and viscoplasticity 
on surface and bulk flow characteristics and demonstrate that accurate modelling of such systems necessitates 
inclusion of both curvature and non-Newtonian surface effects. In appropriate limits, our numerical results are 
validated against semi-analytical solutions. Our findings offer insights relevant to metal casting applications.
. Introduction

Given the growing use of room-temperature liquid metals in; flexi-
le electronics [1–4], electro-wetting [5], and reconfigurable metallic 
ystems [6,7], there is a demand for the surface flow of liquid metals 
overed by an oxide layer to be considered within the broader context 
f alloy casting [8,9], metal additive manufacturing [10–12], and 
icrofluidic applications [13,14].
In these applications, liquid metals rapidly oxidise upon exposure 

o ambient conditions, necessitating the development of surface flow 
odels that go beyond classical no-slip or slip boundary assumptions. 
urface rheological models that incorporate variational interfacial vis-
osities [15], as well as curvature effects arising from wetting phe-
omena [16], are required to ensure a correct physical description of 
he problem. Although surface tension and contact angle values are 
easurable for certain systems, their dependence on the oxidation state 
emains poorly characterised.
For room-temperature liquid metals, surface viscosity data is nearly 

on-existent, with rare exceptions involving oxide-covered Galinstan 
Ga–In–Sn eutectic alloy) [17–19]. Due to its high sensitivity to oxi-
ation, Galinstan serves as a relevant proxy for investigating interfacial 
ehaviours akin to those of molten aluminium- or magnesium-based al-
oys. Like these alloys, Galinstan’s surface rheological properties evolve 
n a non-trivial manner during oxidation. At low oxidation levels, 
ewtonian approximations may suffice. However, under moderate to 
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severe oxidation, experimental observations suggest the emergence of 
viscoplastic interfacial responses.

The inherently high surface tension associated with flows of liquid 
metals results in the emergence of a large capillary length scale, making 
curvature effects integral to the development of accurate surface flow 
models. In addition to this, oxidation-induced ageing further alters 
wetting behaviour, leading to a transition from hydrophobicity to 
hydrophilicity.

Since the early twentieth century, numerous researchers have con-
tributed to the development of experimental test benches designed to 
measure interfacial properties at both micro- and macroscopic scales 
(see, for example, the recent review by Jaensson et al. [20]). Harkins 
and Meyers [21] introduced the first surface viscometer capable of 
measuring surface shear viscosity through a flow driven by an inter-
facial pressure gradient. However, this method does not eliminate the 
influence of Marangoni effects. To mitigate the impact of potential 
surface tension gradients along the flow direction, Mannheimer and 
Schechter [22] proposed the classical annular viscometer configuration. 
In this set-up – depicted in Fig.  1 – an annular shear flow is generated at 
the bottom boundary by a rotating disk, while the lateral walls remain 
stationary.

Since the work of Mannheimer and Schechter, this technique has 
been widely revisited and employed to determine surface shear viscosi-
ties with ever-improved accuracy [23–30]. In many of these studies, 
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Fig. 1. Schematic diagram depicting the flow set-up. In this instance, we depict a hydrophobic situation (𝜙 > 𝜋∕2). However, we will also consider the case when 
the fluid is wetting (𝜙 < 𝜋∕2).
the assumption of a planar interface is adopted to significantly simplify 
the treatment of the tangential component of the interfacial momentum 
balance. This assumption is well justified when the capillary length of 
the fluid is much smaller than the channel width, or when the fluid 
wets the side walls and a sharp-edged boundary is used in conjunction 
with precise control of the bath height [22,31]. However, as we have 
previously outlined, this supposition is not justified when considering 
the annular flow of liquid metals.

In the present study, our investigation considers, from a theoretical 
point of view, the flow induced by an annular surface viscometer. 
Experimentally, this set-up is preferred due to the ability one has 
to remotely impose shear on the liquid surface through momentum 
diffusion from a rotating wall. To reinforce the coupling between bulk 
and surface dynamics, and to mimic the experimental configuration of 
recent associated studies [16,18], we will consider a shallow-channel 
geometry. Here, our investigation focuses on the surface properties of 
liquid metal flows, which, for the first time, necessitates accounting 
for viscoplastic surface behaviour resulting from the development of 
a surface oxidation layer. The work we present here is distinct from 
previous studies, in particular with respect to [32], with regards to our 
motivation, our formulation, and our approach to solving the prob-
lem. Here we account for viscoplastic behaviour using a bi-viscosity 
model, enabling us to capture yield stress effects arising from oxidation 
processes of liquid metals. Additionally, as opposed to using either 
commercially available CFD software or DNS routines, here we de-
velop a simple numerical scheme that takes advantage of our rigorous 
mathematical formulation, accounting for wetting behaviour as well as 
non-Newtonian interfacial dynamics.

This article is outlined as follows: in Section 2 we formulate the 
problem, inclusive of both viscoplastic and curvature effects, in Sec-
tion 3 we outline the numerical method used to solve this problem 
and validate this scheme in the limit when the interface is planar 
and Newtonian in nature, in Section 4 we present our results, and in 
Section 5 we draw conclusions before suggesting potential avenues for 
future investigations.

2. Problem formulation

Working in cylindrical coordinates (𝑟∗, 𝜃, 𝑧∗), where ∗ denotes a 
dimensional quantity, we consider the steady flow of a Newtonian 
fluid, with viscosity 𝜇̄∗, between an inner wall located at 𝑟∗ = 𝑟∗i , 
and an outer wall located at 𝑟∗ = 𝑟∗o, encased from below by the 
plane 𝑧∗ = 0, and from above by the appearance of an interface that 
varies as a function of the radial coordinate; 𝑧∗ = ℎ∗(𝑟∗). The mean 
depth of the fluid inside the annular channel is denoted by ℎ∗0. In this 
configuration, the walls of the channel are fixed and the floor is rotated 
with a constant angular velocity 𝛺∗; a schematic diagram of this flow is 
depicted in Fig.  1. It is assumed that the flow is steady, axisymmetric, 
2 
and that the Reynolds number is small. Furthermore, the radial and 
wall-normal velocity components are assumed to be zero. Denoting the 
azimuthal flow component as 𝑣∗, which from this point onwards will 
be referred to as the bulk fluid velocity, the equation that governs the 
2-D axisymmetric flow is then 

𝜇̄∗
(

∇2𝑣∗ − 𝑣∗

𝑟∗2

)

= 0. (1a)

The boundary conditions for this problem are as follows
𝑣∗(𝑟∗ = 𝑟∗i , 𝑧

∗) = 𝑣∗(𝑟∗ = 𝑟∗o, 𝑧
∗) = 𝑣∗(𝑟∗, 𝑧∗ = 0) − 𝑟∗𝛺∗

= 𝑣∗(𝑟∗, 𝑧∗ = ℎ∗(𝑟∗)) − 𝑣∗𝜎 = 0, (1b)

 where 𝑣∗𝜎 is the fluid velocity along the surface. Throughout this article 
we use the subscript 𝜎∗ in dimensional terms, and 𝜎 in dimensionless 
terms, to indicate a surface quantity. The final condition stated above 
ensures that there is a continuity of velocity across the interface (we 
will use ‘interface’ or ‘surface’ interchangeably throughout this article). 
The exact form of 𝑣∗𝜎 will be determined as part of the solution process. 
In order to model the effects of oxidation, which creates a rheologically 
distinct surface layer, we consider the emergence of a zero-thickness 
fluid layer with viscosity denoted by 𝜇∗𝜎 . This approach being consistent 
with the Gibbs framework of in-excess surface quantities [33].

A balance of the stress terms at the interface leads to the follow-
ing dimensional relationship between the bulk fluid velocity and the 
non-Newtonian fluid velocity of the interface

I
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

𝜇∗𝜎
𝜕
𝜕𝑠∗

[

1
𝑟∗
𝜕(𝑟∗𝑣∗𝜎 )
𝜕𝑠∗

]

|

|

|

|𝑧∗=ℎ∗
+

II
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝜕𝜇∗𝜎
𝜕𝑠∗

[

𝑟∗ 𝜕
𝜕𝑠∗

(𝑣∗𝜎
𝑟∗

)]

|

|

|

|𝑧∗=ℎ∗
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

non-Newtonian surface viscous shear
+2𝜇∗𝜎

𝑣∗𝜎
𝑟∗
dℎ∗
d𝑟∗

d2ℎ∗
d𝑟∗2

[

1 +
(

dℎ∗
d𝑟∗

)2]−2
|

|

|

|𝑧∗=ℎ∗
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

surface curvature

= 𝜇̄∗𝑟∗ 𝜕
𝜕𝑛∗

(

𝑣∗

𝑟∗

)

|

|

|

|𝑧∗=ℎ∗
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

bulk shear

, (2)

where the tangent and normal derivatives are defined like so
𝜕
𝜕𝑠∗

=
[

1 +
(

dℎ∗
d𝑟∗

)2]−1∕2 ( 𝜕
𝜕𝑟∗

+ dℎ∗
d𝑟∗

𝜕
𝜕𝑧∗

)

,

𝜕
𝜕𝑛∗

=
[

1 +
(

dℎ∗
d𝑟∗

)2]−1∕2( 𝜕
𝜕𝑧∗

− dℎ∗
d𝑟∗

𝜕
𝜕𝑟∗

)

,

and the non-Newtonian surface viscosity function, 𝜇∗𝜎 , is defined as 
follows 

𝜇∗
𝜎 =

⎧

⎪

⎪

⎨

⎪

⎪

𝜇∗
yield,

|

|

|

|

𝑟∗ 𝜕
𝜕𝑠∗

( 𝑣∗𝜎
𝑟∗

)

|

|

|

|

≤
𝜏∗y
𝜇∗
yield

,

𝜇∗ + 𝜏∗y

(

1 −
𝜇∗

𝜇∗

)

|

|

|

|

𝑟∗ 𝜕
𝜕𝑠∗

( 𝑣∗𝜎
𝑟∗

)

|

|

|

|

−1
,

|

|

|

|

𝑟∗ 𝜕
𝜕𝑠∗

( 𝑣∗𝜎
𝑟∗

)

|

|

|

|

>
𝜏∗y
𝜇∗ .

(3)
⎩

yield yield
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The first term in (2), labelled I, appears in the planar, i.e., non-curved 
interface, Newtonian analysis. The second term, II, appears only in the 
instances when the surface viscosity is a function of the surface shear 
rate. The non-Newtonian surface viscous shear is then defined as the 
sum of these two terms. The surface curvature term appears only in 
the instances when ℎ∗ = ℎ∗(𝑟∗), whereas the bulk shear term appears 
in both the planar and non-planar analyses and depends only on bulk 
flow quantities. We arrive at this condition by balancing stress terms at 
the fluid-fluid interface. The derivation of this relationship is outlined 
in [34] and is motivated by the considerations of Slattery et al. [33], 
based on the concept of a jump momentum balance at a dividing (zero 
thickness) interface.

Here we adopt a bi-viscosity model, as first proposed by O’Donovan 
and Tanner [35], to mimic the behaviour one would observe from 
a Bingham constitutive law (see Fig.  2). Consistent with the Gibbs 
concept of an in-excess surface quantity, 𝜇∗yield is the (large) surface 
yield viscosity with units mass per unit time [MT−1], i.e., it has the 
same dimensions as the bulk viscosity multiplied by a length scale [22]. 
The reference surface viscosity is 𝜇∗, and 𝜏∗y  is the surface yield stress 
[MT−2]. We choose to employ a regularised version of the Bingham 
constitutive law such that the framework we develop here can then 
readily be extended to any Generalised Newtonian Fluid (GNF) model. 
In doing so, our formulation is generic in the sense that shear-thinning 
or shear-thickening effects could be considered simply by appropriately 
adjusting the definition of the surface viscosity function 𝜇∗𝜎 . In principle, 
there is no reason why the classical version of the Bingham plastic 
law could not be applied to this problem. However, one would likely 
have to think carefully about how to resolve the numerical difficulties 
associated with the discontinuous nature of that model. Our adoption 
of a regularised viscosity model is therefore motivated by the ease 
with which it can be generalised and its amenability to numerical
study.

The relative merits and drawbacks of the use of regularised models, 
such as O’Donovan and Tanner’s bi-viscosity model, to approximate vis-
coplastic flow behaviour, have been discussed at length in the literature 
[36–38]. We will not add to that discussion here, instead, we simply 
make note of the recent and continued popularity of the application of 
such models in a range of different contexts [39–42]. To ensure that the 
results we present here are qualitatively independent of the choice of 
regularisation model, we have also considered the exponential regular-
isation technique first proposed by Papanastasiou [43]. Although not 
presented here, the nature of the results we obtain does not change be-
tween the two models. However, the clear distinction between yielded 
and unyielded regions becomes somewhat more difficult to assess when 
moving from the bi-viscosity model to Papanastasiou regularisation, 
this being a consequence of the exponential smoothing that is integral 
to the latter model.

To complete the description of the problem we must define how 
the function ℎ∗(𝑟∗) is determined. The curvature of the interface, ℎ̂∗, is 
governed by the Young–Laplace equation, given as follows 

ℎ̂∗−ℎ∗0 = 𝜆∗2
{[

1+
(

dℎ̂∗
d𝑟∗

)2]−3∕2 d2ℎ̂∗
d𝑟∗2

+
[

1+
(

dℎ̂∗
d𝑟∗

)2]−1∕2 1
𝑟∗
dℎ̂∗
d𝑟∗

}

, (4a)

where 𝜆∗ =
√

𝛾∗∕(𝜌∗𝑔∗), is the capillary length. The bulk fluid density 
is 𝜌∗, 𝑔∗ is the acceleration due to gravity, and 𝛾∗ is the surface tension. 
Eq. (4a) must be solved subject to the end-point boundary conditions 
dℎ̂∗(𝑟∗ = 𝑟∗i )

d𝑟∗ = −
dℎ̂∗(𝑟∗ = 𝑟∗o)

d𝑟∗ = −cot(𝜙), (4b)

where 𝜙 is the contact angle. The function ℎ̂∗ describes the cor-
rect interface curvature but does not account for mass conservation 
considerations. To account for mass conservation we note that

∫

𝑟∗o

∗
ℎ∗ d𝑟 ≡ ℎ∗0(𝑟

∗
o − 𝑟

∗
i ).
𝑟i

3 
Fig. 2. Depiction of the bi-viscosity model used within this article. Here 𝜏∗ is 
shear stress and 𝛾̇∗ is shear rate; all other quantities are as per their definitions 
given on this page. In the limit as 𝜇∗

yield → ∞, this model mimics the Bingham 
plastic law.

Given that ℎ̂∗ describes the correct curvature, then ℎ∗(𝑟) ≡ ℎ̂∗(𝑟) + 𝛿∗, 
where 𝛿∗ accounts for an appropriate shift in the wall-normal direction 
to ensure that mass is conserved. Combining these two relationships, 
i.e., solving for 𝛿∗, one then arrives at the correct description for the 
variation of the curved interface: 

ℎ∗ = ℎ∗0 + ℎ̂
∗ − 1

𝑟∗o − 𝑟∗i ∫

𝑟∗o

𝑟∗i

ℎ̂∗ d𝑟∗. (4c)

Note that in the case when the interface is planar, the above is identi-
cally satisfied when ℎ∗ = ℎ̂∗ = ℎ∗0 = constant.

The problem is made dimensionless as follows

(𝑟i, 𝑟o, 𝑟) =
(𝑟∗i , 𝑟

∗
o, 𝑟

∗)
𝛥𝑟∗

, (ℎ̂, ℎ, 𝑧) =
(ℎ̂∗, ℎ∗, 𝑧∗)

ℎ∗0
, (𝑣, 𝑣𝜎 ) =

(𝑣∗, 𝑣∗𝜎 )
𝛥𝑟∗𝛺∗ ,

where 𝛥𝑟∗ = 𝑟∗o−𝑟
∗
i , is the appropriate nondimensionalising length scale 

in the radial direction. It would not be correct to nondimensionalise 
with respect to either 𝑟∗i  or 𝑟∗o as this would only account for the dis-
tance between the centre of the surface viscometer and the inner/outer 
wall, two measures that have no bearing on the flow dynamics within 
the channel.

The above leads to the definitions of the dimensionless numbers that 
govern the dynamics of this problem

Bo =
𝜇∗

𝜇̄∗
𝑎r
𝛥𝑟∗

, Bn =
𝜏∗y

𝜇∗𝛺∗ , 𝜇yield =
𝜇∗yield
𝜇∗

, 𝜆 = 𝜆∗

𝛥𝑟∗
,

where 𝑎r = (𝛥𝑟∗)−1ℎ∗0 is the ratio of length scales, otherwise referred 
to as the aspect ratio. Here the Boussinesq number, Bo, describes the 
competition between surface and bulk viscous stresses, whereas the 
Bingham number, Bn, describes the competition between surface yield 
stress and surface viscous stress. In order to fully characterise the flow 
one must specify both Bo and Bn. The Boussinesq number quantifies the 
competition between two Couette-type mechanisms: one governed by 
the ability of the surface viscosity to redistribute momentum along the 
interface from, or towards, the lateral walls; and the other by the ability 
of the bulk viscosity to diffuse momentum vertically from the rotating 
floor up to the surface. In contrast, the Bingham number provides a 
measure of the tendency of the interfacial flow to overcome the yield 
stress induced by the oxidation process.

The dimensionless problem is thus defined like so; in the bulk, the 
fluid velocity is determined from the solution of the Stokes equation: 

𝑎2r
𝜕
[

1 𝜕(𝑟𝑣)
]

+ 𝜕2𝑣 = 0, (5a)

𝜕𝑟 𝑟 𝜕𝑟 𝜕𝑧2
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solved subject to 
𝑣(𝑟 = 𝑟i, 𝑧) = 𝑣(𝑟 = 𝑟o, 𝑧) = 𝑣(𝑟, 𝑧 = 0) − 𝑟 = 𝑣(𝑟, 𝑧 = ℎ(𝑟)) − 𝑣𝜎 = 0. (5b)

The function ℎ̂(𝑟) is determined from the solution of 
ℎ̂′′𝑟𝑟 = [1 + (𝑎rℎ̂′𝑟)

2]{𝜆−2(ℎ̂ − 1)[1 + (𝑎rℎ̂′𝑟)
2]1∕2 − 𝑟−1ℎ̂′𝑟}, (6a)

where a prime denotes differentiation with respect to the subscript 
variable. The ODE for ℎ̂(𝑟) is solved subject to the wall conditions 
ℎ̂′𝑟(𝑟 = 𝑟i) = −ℎ̂′𝑟(𝑟 = 𝑟o) = −𝑎−1r cot(𝜙). (6b)

The variation of the interface, ℎ(𝑟), is then given by 

ℎ = 1 + ℎ̂ − ∫

𝑟o

𝑟i
ℎ̂d𝑟. (6c)

Lastly, the surface velocity, 𝑣𝜎 , is determined from the interfacial 
condition

Bo
{

𝜇𝜎
𝜕
𝜕𝑠

[

1
𝑟
𝜕(𝑟𝑣𝜎 )
𝜕𝑠

]

+
𝜕𝜇𝜎
𝜕𝑠

[

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)]

+ 2𝜇𝜎
𝑣𝜎
𝑟

𝑎2rℎ
′
𝑟ℎ

′′
𝑟𝑟

[1 + (𝑎rℎ′𝑟)2]2

}

|

|

|

|𝑧=ℎ

= 𝑟 𝜕
𝜕𝑛

(

𝑣
𝑟

)

|

|

|

|𝑧=ℎ
, (7)

where
𝜕
𝜕𝑠

= 1
√

1 + (𝑎rℎ′𝑟)2

(

𝜕
𝜕𝑟

+ ℎ′𝑟
𝜕
𝜕𝑧

)

, 𝜕
𝜕𝑛

= 1
√

1 + (𝑎rℎ′𝑟)2

(

𝜕
𝜕𝑧

− 𝑎2rℎ
′
𝑟
𝜕
𝜕𝑟

)

,

and the dimensionless non-Newtonian surface viscosity function, 𝜇𝜎 , is 
defined as follows 

𝜇𝜎 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜇yield,
|

|

|

|

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)

|

|

|

|

≤ Bn
𝜇yield

,

1 + Bn
(

1 − 1
𝜇yield

)

|

|

|

|

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)

|

|

|

|

−1
,

|

|

|

|

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)

|

|

|

|

> Bn
𝜇yield

.
(8)

In what follows we solve this coupled problem using a suitable nu-
merical scheme and, in appropriate limits, we compare our numerical 
solutions to analytical and semi-analytical results. However, before 
doing so, we first provide a brief overview of how the interfacial 
profile is determined and how the curvature of the interface is correctly 
accounted for.

2.1. The interfacial profile

In order to solve the boundary value problem defined by (6a)–(6c) 
we reformulate the problem as a system of two first-order ODEs. We 
employ a fourth-order Runge Kutta integrator twinned with a secant 
method shooting scheme and a trapezoidal integrator in order to de-
termine numerical solutions for ℎ(𝑟) as a function of; the contact angle, 
the aspect ratio, and the dimensionless capillary length. The shooting 
method iteration ensures that our solutions are accurate to an order of 
at least 10−8.

In the instances when 𝑎2r ≪ 1, an approximate analytical solution 
for ℎ̂ is obtained in terms of modified Bessel functions

ℎ̂ ≈ 1 +
𝜆 cot(𝜙)
𝑎r𝐶−

1,1

[

𝐶+
1,00

(

𝑟
𝜆

)

+ 𝐶+
0,10

(

𝑟
𝜆

)]

,

where 𝜈 and 𝜈 are modified Bessel functions of the first and second 
kind, respectively, and

𝐶±
𝑝,𝑞 = 𝑝

1

(

𝑟i
𝜆

)

𝑞1

(

𝑟o
𝜆

)

± 𝑞1

(

𝑟i
𝜆

)

𝑝
1

(

𝑟o
𝜆

)

.

Thus, in the limit of small aspect ratio, it follows that 

ℎ ≈ 1 +
𝜆 cot(𝜙)
𝑎r𝐶−

1,1

{

𝐶+
1,0

[

0
(

𝑟
𝜆

)

− 𝛥−

]

+ 𝐶+
0,1

[

0

(

𝑟
𝜆

)

− 𝛥+

]}

, (9)

where 𝛥± = 𝛬±
 (𝑟o) − 𝛬

±
 (𝑟i), and

𝛬± (𝑟) = 𝜋𝑟
[

1

(

𝑟
)

0

(

𝑟
)

± 0

(

𝑟
)

1

(

𝑟
)]

+ 𝑟0

(

𝑟
)

.
 2 𝜆 𝜆 𝜆 𝜆 𝜆

4 
Here 𝜈 is the modified Struve function [44].

2.2. Coordinate system transformation

In what follows it is advantageous for us not to work in the 𝑟–𝑧
coordinate system but instead in a rectangular domain. As such we 
define the new coordinates accordingly;  = 𝑟, and  = 𝑧∕ℎ(𝑟). In this 
coordinate system derivatives with respect to 𝑟 and 𝑧 are defined like 
so
𝜕
𝜕𝑟

= 𝜕
𝜕

− ℎ′

ℎ

𝜕
𝜕

, 𝜕
𝜕𝑧

= 1
ℎ
𝜕
𝜕

,

𝜕2

𝜕𝑟2
= 𝜕2

𝜕2
− 2ℎ′


ℎ

𝜕2

𝜕𝜕

+
[ 2(ℎ′)

2

ℎ
− ℎ′′

]


ℎ

𝜕
𝜕

+ (ℎ′)
2
(


ℎ

)2 𝜕2

𝜕2
, 𝜕2

𝜕𝑧2
= 1
ℎ2

𝜕2

𝜕2
.

Thus, after making use of the definitions above, the equation that 
governs the bulk flow, (5a), becomes 

(𝑎rℎ)2
𝜕
𝜕

[

1

𝜕(𝑣)
𝜕

]

+ 𝜕2𝑣
𝜕2

= 𝑎2r
(

𝛽1
𝜕𝑣
𝜕

− 𝛽2
𝜕2𝑣
𝜕2

+ 2𝛽3
𝜕2𝑣
𝜕𝜕

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
forcing term due to surface curvature

,

(10)

where the 𝛽𝑖’s are given by

𝛽1() =
ℎℎ′


+ ℎℎ′′ − 2(ℎ′)
2, 𝛽2() = (ℎ′)

2, 𝛽3() = ℎℎ′.

These quantities constitute the forcing term due to surface curvature 
and appear only as a result of the coordinate system transformation. 
Away from the interface, the transformed boundary conditions are then 

𝑣( = 𝑟i,) = 0, (11a)

𝑣( = 𝑟o,) = 0, (11b)

𝑣(, = 0) = . (11c)

In the limit as 𝜙 → 𝜋∕2, which is equivalent to the limit ℎ → 1, the 𝛽𝑖
functions tend to zero and we recover, identically, (5a).

2.3. Simplification of the interfacial condition

In order to employ the simple numerical scheme that we have 
developed here, we first need to describe the interfacial condition (7) in 
terms of derivatives with respect to 𝑟 and 𝑧, as opposed to the tangent 
and normal derivatives (with respect to 𝑠 and 𝑛). Having done this, we 
are then able to transform from the 𝑟–𝑧 coordinate system to the –
system as defined in Section 2.2. At this point we introduce both the 
bulk and surface shear rates as follows

𝛾̇ =  𝜕
𝜕

(

𝑣


)

, 𝛾̇𝜎 = 𝛾̇(, = 1) =  𝜕
𝜕

(

𝑣𝜎


)

,

with both quantities defined solely in the – space.
After some lengthy algebra, that can be found in Appendix  A, the 

condition at the interface, along the now horizontal plane  = 1, 
becomes
[

𝑎2rℎ𝛼
𝜕𝑣
𝜕

+ Bo𝜇𝜎
𝜕2𝑣
𝜕2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
1

−Bo(𝑎rℎ)2|𝛾̇𝜎 |(𝜇𝜎 )′
|𝛾̇𝜎 |

𝜕𝛾̇
𝜕

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
2

]

|

|

|

|=1

= Bo 𝑎2r𝜇𝜎

(

𝛽1
𝜕𝑣
𝜕

− 𝛽2
𝜕2𝑣
𝜕2

+ 2𝛽3
𝜕2𝑣
𝜕𝜕

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
3

|

|

|

|=1

+𝑎4rℎ𝛽3

[

𝛼
(

𝛾̇ −
ℎ′
ℎ

𝜕𝑣
𝜕

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

−
Boℎ′′(|𝛾̇𝜎 |𝜇𝜎 )

′
|𝛾̇𝜎 |

𝛼2
𝛾̇

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

]

|

|

|

|=1
, (11d)
4 5
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 where 𝛼() =
√

1 + (𝑎rℎ′)
2, is a measure of surface curvature (the 

integral of 𝛼, with respect to , represents the arc length of the surface), 
and the surface bi-viscosity model takes the form 

𝜇𝜎 =

{

𝜇yield, |𝛾̇𝜎 | ≤ 𝛼Bn𝜇−1yield,

1 + 𝛼Bn(1 − 𝜇−1yield)|𝛾̇𝜎 |
−1, |𝛾̇𝜎 | > 𝛼Bn𝜇−1yield.

(12)

Here we have made explicit use of the fact that 𝑣 = 𝑣𝜎 along the 
interface. Thus, all occurrences of 𝑣𝜎 in (7) have been replaced with 
𝑣(, = 1). However, to ensure consistency of notation, all terms 
that relate directly to the viscosity function have retained their 𝜎
subscripts. Eq. (11d) therefore acts as the final boundary condition for 
the calculation of the bulk flow. The five terms that constitute (11d) 
can be understood as follows: the two expressions contained within 
‘1’ appear in the planar Newtonian analysis and represent simply the 
bulk shear and the Newtonian surface viscous shear, respectively. The 
term ‘2’ appears only due to non-Newtonian effects, whereas the terms 
associated with ‘3’ appear only due to non-planar effects. Terms ‘4’ and 
‘5’ are apparent due to the coordinate system transformation from the 
𝑟–𝑧 space to the – space. They represent, respectively, a contribution 
from the bulk shear and a contribution from both the Newtonian and 
non-Newtonian surface viscous shear.

3. Outline of the numerical method and comparisons with known 
solutions

Our aim is to solve (10) subject to the four conditions (11a)–(11d). 
In order to motivate our choice of numerical method we focus on 
the simplified problem whereby the bulk flow interacts with a planar 
Newtonian interface (ℎ = 𝛼 = 𝜇𝜎 = 1). In this limit an analytical 
solution exists, as was first noted by Mannheimer and Schechter [22]. 
In this limit, where  ≡ 𝑟 and  ≡ 𝑧, we are therefore able to validate 
our scheme against the known exact solution.

Applying a separation of variables approach one finds that

𝑣(𝑟, 𝑧) =
∞
∑

𝑛=1
[𝐴𝑛 cosh(𝜅𝑛𝑧) + 𝐵𝑛 sinh(𝜅𝑛𝑧)]𝜓1(𝑎−1r 𝜅𝑛𝑟),

where 𝜓𝜈 (𝑎−1r 𝜅𝑛𝑟) = 𝜈(𝑎−1r 𝜅𝑛𝑟)1(𝑎−1r 𝜅𝑛𝑟i) − 1(𝑎−1r 𝜅𝑛𝑟i)𝜈 (𝑎
−1
r 𝜅𝑛𝑟), and 

the 𝜅𝑛’s are the roots of 𝜓1(𝑎−1r 𝜅𝑛𝑟o) = 0. Here 𝜈 and 𝜈 are Bessel 
functions of the first and second kind, respectively. The constants 𝐴𝑛
and 𝐵𝑛 are given as

𝐴𝑛 = 2
𝑎r[𝑟2o𝜓0(𝑎−1r 𝜅𝑛𝑟o) − 𝑟

2
i 𝜓0(𝑎−1r 𝜅𝑛𝑟i)]

𝜅𝑛[𝑟2i 𝜓
2
0 (𝑎

−1
r 𝜅𝑛𝑟i) − 𝑟2o𝜓2

0 (𝑎
−1
r 𝜅𝑛𝑟o)]

,

𝐵𝑛 = −𝐴𝑛
Bo 𝜅𝑛 cosh(𝜅𝑛) + 𝑎2r sinh(𝜅𝑛)

Bo 𝜅𝑛 sinh(𝜅𝑛) + 𝑎2r cosh(𝜅𝑛)
.

Given the above expression for the flow in the bulk, the fluid velocity 
and shear rate along the interface are therefore given by

𝑣(𝑟, 𝑧 = 1) = 𝑣𝜎 = +
∞
∑

𝑛=1
𝐴𝑛

𝑎2r𝜓1(𝑎−1r 𝜅𝑛𝑟)

[Bo 𝜅𝑛 sinh(𝜅𝑛) + 𝑎2r cosh(𝜅𝑛)]
,

𝜕𝑣(𝑟, 𝑧 = 1)
𝜕𝑟

−
𝑣(𝑟, 𝑧 = 1)

𝑟
= 𝛾̇𝜎 = −

∞
∑

𝑛=1
𝐴𝑛

𝑎r𝜅𝑛𝜓2(𝑎−1r 𝜅𝑛𝑟)

[Bo 𝜅𝑛 sinh(𝜅𝑛) + 𝑎2r cosh(𝜅𝑛)]
.

In order to reproduce these results numerically, we recast (the 
now simplified version of) (10) in terms of second-order accurate 
finite differences. We adopt a finite difference approach to solving the 
collection of problems outlined in Section 2, given that: the flow we are 
considering is axisymmetric and steady, the only non-zero component 
of the flow field is the azimuthal direction, and, after the transformation 
to the - space, we are no longer working in curvilinear coordinates. 
Given the relative simplicity of the bulk flow problem, this set-up 
naturally lends itself to a solution approach constructed via finite 
differences. We note that the use of such methods remains popular 
when solving both steady [45,46] and unsteady [47,48] viscoplastic 
flow problems, and also problems involving viscoelastic fluids [49,50]. 
5 
Table 1
Comparisons between the exact analytical solutions of Mannheimer and 
Schechter [22] and our numerical results. In order to differentiate the solu-
tions we denote the numerically calculated surface velocity 𝑉𝜎 , with 𝛤̇𝜎 the 
respective surface shear rate. We report the wall values of 𝛤̇𝜎 using a third-
order accurate description for the first-order radial derivative. In all cases
𝑎r = 0.25.
 Bo 𝑁 = 𝑁 ||𝑣𝜎 − 𝑉𝜎 ||∕||𝑣𝜎 || 𝛾̇𝜎 (𝑟i) 𝛤̇𝜎 (𝑟i) 𝛾̇𝜎 (𝑟o) 𝛤̇𝜎 (𝑟o)  
 0.00625 50 2.788 × 10−4 4.212 4.214 −4.947 −4.953 
 100 6.859 × 10−5 4.212 −4.948 
 150 2.969 × 10−5 4.212 −4.947 
 0.06250 50 1.900 × 10−4 2.869 2.870 −2.850 −2.852 
 100 4.612 × 10−5 2.869 −2.850 
 150 2.002 × 10−5 2.869 −2.850 
 0.62500 50 1.983 × 10−5 0.706 0.707 −0.616 −0.617 
 100 4.299 × 10−5 0.706 −0.616 
 150 1.963 × 10−6 0.706 −0.616 

If we were to account, for example, for non-zero Reynolds numbers, 
it is likely that we would have to move away from this solution 
methodology and instead adopt either finite volume or finite element 
approaches. Indeed, we will return to this discussion point in Section 5.

A Gauss–Seidel successive over-relaxation (SOR) scheme is thus 
defined as follows

𝑉 𝑘+1
𝑖,𝑗 = (1 − 𝜔)𝑉 𝑘

𝑖,𝑗 + 𝜔
{ (𝑎r𝛿)2𝑖[(2𝑖 + 𝛿)𝑉 𝑘

𝑖+1,𝑗 + (2𝑖 − 𝛿)𝑉 𝑘+1
𝑖−1,𝑗 ]

2{2[𝛿2 + (𝑎r𝛿)2]2
𝑖 + (𝑎r𝛿𝛿)2}

+
(𝛿𝑖)2(𝑉 𝑘

𝑖,𝑗+1 + 𝑉
𝑘+1
𝑖,𝑗−1)

2[𝛿2 + (𝑎r𝛿)2]2
𝑖 + (𝑎r𝛿𝛿)2

}

, (13)

where capital letters have been used to differentiate the numerical from 
the analytical and 𝜔 is the relaxation factor. We discretise the domain 
with 𝑁+1 points in the radial direction and 𝑁+1 points in the wall-
normal direction. The radial and wall-normal step-sizes are therefore 
𝛿 = (𝑟o − 𝑟i)∕𝑁 = 1∕𝑁, and 𝛿 = 1∕𝑁. We thus enforce (13) at all 
points where 2 ≤ 𝑖 ≤ 𝑁, and 2 ≤ 𝑗 ≤ 𝑁. At the boundaries we have 
that 𝑉1,𝑗 = 𝑉𝑁+1,𝑗 = 0, that 𝑉𝑖,1 = 𝑖, and from (11d) that

𝑎2r
𝜕𝑣
𝜕𝑧

+ Bo 𝜕
2𝑣
𝜕𝑧2

= 0 ⟺ 𝑉𝑖,𝑁+1

= −
𝑐(2)−𝑝Bo𝑉𝑖,𝑁+1−𝑝 +

∑𝑙=𝑝−1
𝑙=1 (𝑐(1)−𝑙 𝛿𝑎

2
r + 𝑐

(2)
−𝑙 Bo)𝑉𝑖,𝑁+1−𝑙

𝑐(1)0 𝛿𝑎2r + 𝑐
(2)
0 Bo

, (14)

where the constants 𝑐(𝑞)𝑝  represent the backward finite difference co-
efficients for derivatives of order (𝑞) to an accuracy of (𝛿𝑝−1 ). For 
example, when 𝑝 = 3 we stipulate the condition to second-order 
accuracy, so that 𝑐(1)0 = 3∕2, 𝑐(1)−1 = −2, 𝑐(1)−2 = 1∕2, and 𝑐(2)0 = 2, 𝑐(2)−1 = −5, 
𝑐(2)−2 = 4, 𝑐(2)−3 = −1, and thus obtain

𝑉𝑖,𝑁+1 =

−
−Bo𝑉𝑖,𝑁−2 + (−2𝛿𝑎2r − 5Bo)𝑉𝑖,𝑁

+ [(1∕2)𝛿𝑎2r + 4Bo]𝑉𝑖,𝑁−1

(3∕2)𝛿𝑎2r + 2Bo
.

In the Newtonian limits, both planar and non-planar, we find it is 
sufficient to stipulate the interfacial boundary condition to this order 
of accuracy, i.e., to the same order to accuracy as was used to dis-
cretise the momentum equation. However, as viscoplastic effects are 
introduced the summation needs to be extended to ensure we arrive at 
fully converged solutions. This point will be discussed in more detail in 
the following section.

For all calculations we report here, the relaxation factor is defined to 
be within the range 1.5 ≤ 𝜔 ≤ 1.9. Given the closeness of these values 
to the upper limit (𝜔 = 2), we find that our solutions converge very 
quickly, and, given the error tolerances that we stipulate, to a high 
degree of precision. All results are entirely independent of the choice 
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Fig. 3. In (a) we plot the surface velocity profiles, and in (b) we plot the surface shear rates, for three values of the Boussinesq number. The solid curves 
represent our numerical solutions, whereas the markers represent the known analytical solutions. The aspect ratio is fixed such that 𝑎r = 0.25, and all solutions 
are presented as a function of 𝑟̄ = 𝑟 − 𝑟i.
of value of the relaxation factor; all that defines the choice of the value 
of 𝜔 is the desired speed of convergence.

Numerical testing reveals that 𝑁 = 𝑁 = 150 is sufficient to obtain 
excellent agreement between our numerical solutions and Mannheimer 
& Schechter’s analytical solutions (see Table  1). As part of the calcula-
tion process we stipulate two convergence criteria; the scheme iterates 
until |𝑉 𝑘+1

𝑖,𝑗 − 𝑉 𝑘
𝑖,𝑗 | < 1 × 10−10, and the condition stipulated in (14) is 

also satisfied to at least the same level of precision. The agreement 
between these two sets of results is presented in Fig.  3 for a range 
of values of the Boussinesq number. In everything that follows we set 
𝑟∗i = 30mm, and 𝑟∗o = 70mm, these choices are directly motivated by 
the experimental set-up described in [16]. Thus, the results presented 
in Fig.  3, where 𝑎r = 0.25 (such that ℎ∗0 = 10mm, which is typical of 
the observations of Patouillet and Davoust [16]), represent the scenario 
when the reference surface viscosity is 160Bomm times larger than the 
bulk viscosity. Thus when Bo = [0.00625, 0.0625, 0.6250], then 𝜇∗∕𝜇̄∗ =
[1mm, 10mm, 100mm]. In what follows, we will focus primarily on the 
case when 𝑎r = 0.25, and Bo = 0.0625 (= 𝑎2r ), this being representing 
of the instance when the ratio of the reference surface viscosity to the 
bulk viscosity is equal to the wall-normal nondimensionalising length 
scale, ℎ∗0 = 10mm.

4. Results

4.1. Newtonian non-planar interface

It is not possible to determine an analytical solution, as per the 
planar work of Mannheimer and Schechter [22], in the case when 
the interface is non-planar in nature. However, in the instances when 
𝑎2r (dℎ∕d𝑟) ≪ 1 the Newtonian non-planar problem, in the – coor-
dinate system, reduces significantly in complexity. The equation that 
describes the bulk flow is then 

(𝑎rℎ)2
𝜕
𝜕

[

1

𝜕(𝑣)
𝜕

]

+ 𝜕2𝑣
𝜕2

= 0. (15a)

In arriving at this PDE we make use of the fact, for this problem at 
least, that when 𝑎2r (dℎ∕d𝑟) is small then 𝑎2r (d2ℎ∕d𝑟2) must also be small, 
i.e., d2ℎ∕d𝑟2 is of the same order as dℎ∕d𝑟.

The above must be solved subject to

𝑣( = 𝑟i,) = 𝑣( = 𝑟o,) = 𝑣(, = 0) − = 𝑎2rℎ
𝜕𝑣(, = 1)

𝜕

− Bo
𝜕2𝑣(, = 1)

𝜕2
= 0. (15b)

Due to the fact that the function ℎ appears explicitly in the interfacial 
condition it is not possible to determine an analytical solution to 
this problem using a separation of variables approach. However, an
6 
Fig. 4. In the top figure, we plot both the surface velocity (purple) and surface 
shear rate (burgundy). In the bottom figure, we plot the variation of the 
interface height (orange). The aspect ratio, dimensionless capillary length, and 
contact angle are indicated above the top figure. The Boussinesq number is 
fixed such that Bo = 0.0625. In all cases the solid curves represent the numer-
ical solutions, whereas the approximate analytical results are represented by 
the circular markers.

approximate solution can be formulated at each radial location in the 
domain [𝑟i, 𝑟o]. Under this approximation the surface velocity at each 
point 𝑚 is defined as such

𝑣𝜎 (𝑚) =
∞
∑

𝑛=1
𝐶𝑛

(𝑎rℎ𝑚)2𝜓1[𝜅𝑛𝑚∕(𝑎rℎ𝑚)]
[Boℎ𝑚𝜅𝑛 sinh(𝜅𝑛) + (𝑎rℎ𝑚)2 cosh(𝜅𝑛)]

, where

ℎ𝑚 = ℎ(𝑚),

for 𝑚 = 1, 2,… ,𝑀 , with 1 = 𝑟i, and 𝑀 = 𝑟o. The constants 𝐶𝑛 are 
given by

𝐶𝑛 = 2
𝑎rℎ𝑚{𝑟2o𝜓0[𝜅𝑛𝑟o∕(𝑎rℎ𝑚)] − 𝑟2i 𝜓0[𝜅𝑛𝑟i∕(𝑎rℎ𝑚)]}

𝜅𝑛{𝑟2i 𝜓
2
0 [𝜅𝑛𝑟i∕(𝑎rℎ𝑚)] − 𝑟

2
o𝜓2

0 [𝜅𝑛𝑟o∕(𝑎rℎ𝑚)]}
,

with the 𝜅𝑛’s being solutions of 𝜓1[𝜅𝑛𝑟o∕(𝑎rℎ𝑚)] = 0. The definition for 
the surface shear rate follows accordingly

𝛾𝜎 (𝑚) =
d𝑣𝜎 (𝑚)
d𝑟 −

𝑣𝜎 (𝑚)
𝑟

= −
∞
∑

𝐶𝑛
𝑎rℎ𝑚𝜅𝑛𝜓2[𝜅𝑛𝑚∕(𝑎rℎ𝑚)]

2
.

𝑛=1 [Boℎ𝑚𝜅𝑛 sinh(𝜅𝑛) + (𝑎rℎ𝑚) cosh(𝜅𝑛)]
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Fig. 5. Plots of the azimuthal velocity component for increasing values of 𝜙. The contact angle increases from left to right and down the page. In all cases the 
aspect ratio, Boussinesq number, and dimensionless capillary number are fixed; 𝑎r = 0.25, Bo = 0.0625, 𝜆 = 0.1.
Fig. 6. In both figures we plot the variation of max(𝑣𝜎 ) (blue) and ̄𝑟max (green). 
In the top figure, the Boussinesq number is fixed such that Bo = 0.0625 ( ⟹
log2(Bo) = −4), whereas in the bottom figure the dimensionless capillary length 
is fixed such that 𝜆 = 0.1.

Given that an approximate analytical solution for ℎ exists in the in-
stances when 𝑎2r ≪ 1 (see Section 2.1), we are able to construct entirely 
analytical approximations to our numerical results in the instances 
when 𝑎2r (dℎ∕d𝑟)≪ 1, given that this is a more onerous restriction.

In Fig.  4 we compare our analytical approximations to our numeri-
cal solutions in the appropriate limit. The appropriateness of the limit 
is ensured by noting that the maximum value of dℎ∕d𝑟 occurs at the 
walls and is thus equal to, max(ℎ′𝑟) = |𝑎−1r cot(𝜙)|. In Fig.  4 we have 
stipulated that 𝜙 = 𝜋 − arctan(25∕4), such that 𝑎2rmax(ℎ′𝑟) = 0.01, given 
that 𝑎r = 0.0625. We observe a near-perfect agreement between our 
analytical approximations, denoted by the circular markers, and our 
numerical results, given by the solid curves. This excellent agreement, 
that spans a broad range of both Boussinesq number and dimensionless 
capillary number, serves as a mechanism to validate our numerical 
scheme in the non-planar regime. For the remainder of this subsection, 
we present numerical results only; thus, we no longer need to consider 
appropriate asymptotic limits.

We plot the entire flow field for a range of values of the contact an-
gle in the instance when the dimensionless capillary length is equal to 
0.1, in Fig.  5. As the contact angle is increased we observe an increase 
in the surface velocity, with this maximum value being attained closer 
7 
to the outer wall as 𝜙 increases in value from 𝜙 = 𝜋∕2. This increase 
in fluid velocity is a direct consequence of the growth of the maximum 
absolute value of the surface shear rate with increasing contact angle. 
We also observe that the maximum height of the interface increases 
(above the plane 𝑧 = 1 in hydrophobic cases) with increasing contact 
angle, as is enforced by mass conservation.

In Fig.  5 we have presented results only in the case when Bo =
0.0625, and 𝜆 = 0.1. However, the conclusions noted above hold true 
for a broad range of values of the dimensionless capillary length, as is 
evidenced in Fig.  6 where we plot the variation of max(𝑣𝜎 ) and 𝑟̄max
(the location at which the maximum surface velocity is attained) with 
both 𝜆 and Bo, for two different contact angles. As 𝜆 increases, for a 
fixed Boussinesq number, so do both max(𝑣𝜎 ) and 𝑟̄max. This behaviour 
is indicative of an increase in shear rate at the outer wall. These findings 
are consistent across all contact angles considered here, with the effects 
being more pronounced as the value of 𝜙 departs further from the 
planar case, 𝜙 = 𝜋∕2. The converse is true as Bo increases, for a fixed 
dimensionless capillary length. Both max(𝑣𝜎 ) and ̄𝑟max decrease in value 
(for a fixed contact angle), this being an indication that surface viscosity 
effects dominate over hydrophobic effects in this low Reynolds number 
regime.

Given that wettability can change significantly under the oxida-
tion process, switching from hydrophobic to hydrophilic conditions 
can be of practical importance, and we therefore include equivalent 
hydrophilic results in Appendix  C. These results would also be of 
particular interest if one were seeking to model, for example, the 
emergence of Langmuir films of lipids or proteins, for instance, atop 
an aqueous bulk flow. Information regarding the extensive applications 
of these types of flows is outlined in [20], and the interested reader is 
referred there for an excellent overview of interfacial rheology.

4.2. Non-Newtonian planar interface

We now consider the case when 𝜙 = 𝜋∕2, and 𝜇𝜎 = 𝜇𝜎 (𝛾̇𝜎 ), i.e., the 
interface is planar but non-Newtonian in nature. A full description of 
the modifications to the numerical scheme outlined in Section 3, that 
are required to solve this variant of the problem, are provided in Ap-
pendix  B. As is commonplace when modelling both shear-thinning and 
viscoplastic flows [51], we avoid the numerical difficulties associated 
with raising vanishingly small values to negative exponents by multi-
plying every term in the interfacial boundary condition by the absolute 
value of the surface shear rate. In addition to this, as noted previously, 
we must also make use of a more accurate description for the wall-
normal derivatives that appear in (11d), to ensure that we arrive at fully 
converged solutions. In the Newtonian case studies (both planar and 
non-planar) it is sufficient to describe these derivatives to second-order 
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Fig. 7. In (a) we plot the surface velocity profiles, and in (b) we plot the surface shear rates, for three values of the Bingham number. The vertical dotted black 
lines indicate the extent of the unyielded region for the case when Bn = 5. In all cases 𝑎r = 0.25, and Bo = 0.0625.
accuracy (𝑝 = 3). However, as the magnitude of the surface yield stress 
grows, we determine it necessary to approximate these derivative terms 
to sixth-order accuracy (𝑝 = 7). This increase in accuracy is needed 
to be able to correctly account for the large gradients associated with 
the bi-viscosity model. For moderate values of the Bingham number 
such an increase in accuracy is not necessarily required. However, to 
ensure the consistency of the results we present here, we will report all 
findings given this stipulation, noting that, outside of the large Bingham 
number regimes, converged solutions are obtained given less accurate 
descriptions for the wall-normal derivatives that appear in (11d). In 
addition to this, we also increase, for both the planar and non-planar 
non-Newtonian studies, the number of discretisation points in both 
the radial and wall-normal directions such that 𝑁 = 𝑁 = 200. 
In all cases, the solutions we present here are invariant upon further 
reducing the  and  step-sizes. To perform the calculations in the 
viscoplastic regime we begin by calculating the equivalent Newtonian 
solution (𝜇yield = 0) and then sequentially increase the value of 𝜇yield, 
with the previous solution being used to seed the solution at the current 
step. This process continues until convergence, with respect to the wall 
values of the surface shear rate function, has been achieved.

It is commonly noted in the literature that a value of 𝜇yield = 1000
is sufficient in order to be able to accurately approximate results one 
would obtain from the Bingham plastic model [35,52,53]. In order to 
test this assertion, we have explored, for a range of Bingham numbers, 
the convergence of the wall values of the surface shear rate as a 
function of 𝜇yield. These results are presented in Table  2. For moderate 
values of Bn, we find that our numerical solutions have converged 
well before the 𝜇yield = 1000 threshold. It is only in the large Bing-
ham number limit, where the unyielded region spans, say, more than 
approximately 50% of the annular channel width, that one needs to 
stipulate the value of the dimensionless surface yield viscosity to this 
order of magnitude. In everything that follows, we present results given 
a value of 𝜇yield that ensures the convergence of 𝛾̇𝜎 (𝑟o) to at least 
4 decimal places. In all the numerical tests we have conducted, the 
value of 𝛾̇𝜎 (𝑟i) will have converged to at least this level of precision 
for a lesser value of 𝜇yield. In Table  2 we also note, in the instance 
when Bo = 0.0625, how much of the annular channel is spanned by 
the unyielded region (as a percentage, accurate to 1 d.p.), with this 
quantity being defined as 𝜚.

As the Bingham number is increased we observe, for example, 
in Fig.  7, the emergence of an unyielded zone across the annular 
channel where the surface shear rate is effectively zero. For any fixed 
value of the Boussinesq number, this solidification process serves to 
reduce the maximum value of the surface velocity (max(𝑣𝜎 )). In Fig. 
8 we demonstrate the linear nature of the reduction in max(𝑣𝜎 ) with 
Bn. Twinned with this, we also predict that the maximum value of 
the surface velocity will shift closer to the outer wall, again in an 
8 
Table 2
Tabulated values of the surface shear rate function evaluated at the walls with 
increasing 𝜇yield. We consider the low (Bn = 0.2), moderate (Bn = 1), and large 
(Bn = 5) Bingham number regimes, given a Boussinesq number of Bo = 0.0625. 
We report the wall values of 𝛾̇𝜎 using a third-order accurate description for the 
first derivative. In all cases 𝑎r = 0.25.
 Bn 𝜇yield 𝛾̇𝜎 (𝑟i) 𝛾̇𝜎 (𝑟o) 𝜚  
 0 – 2.869 −2.850  
 0.2 400 2.913 −2.799  
 700 2.913 −2.799  
 1000 2.913 −2.799 2.0%  
 1 600 2.821 −2.514  
 800 2.821 −2.514  
 1000 2.821 −2.514 20.4% 
 5 800 2.046 −1.096  
 900 2.046 −1.095  
 1000 2.046 −1.095 60.7% 

almost linear fashion. The competition between surface yield stress and 
surface viscous stress drives the extension of the unyielded region, and 
thus the width of the region (measured by the quantity 𝜚) increases 
monotonically with Bn.

In Fig.  9 we plot the entire flow field for a range of Bingham 
numbers. The flow in the bulk is strongly affected by an increase in 
the surface yield stress. Indeed, as Bn increases we move, gradually, 
towards a no-slip-like condition at the interface. This adaptation of the 
boundary condition results in a significant reduction in the magnitude 
of the flow velocity in the bulk.

In order to be able to assess how surface yield stress effects vary as a 
function of the competition between surface and bulk viscous stresses 
we plot, in Fig.  10(a), for a large range of Boussinesq numbers, the 
value of the Bingham number that ensures that a fixed span along 
the surface remains unyielded. When Bo is large, i.e., in the limit as 
Bo → 1, regardless of viscoplastic effects, the bulk shear at all locations 
along the surface is significantly diminished in magnitude (as a result 
𝑣𝜎 ≈ 0), and thus the propensity of the flow to exhibit an unyielded 
region is greatly enhanced. Therefore, as is evidenced in Fig.  10(a), 
this unyielded region will be evident for large Boussinesq number flows 
even for relatively small (Bn < 1) Bingham numbers.

We do not consider the case when the Boussinesq number is iden-
tically equal to zero, as this would imply a vanishing reference surface 
viscosity, which is clearly not physical. However, in the small Boussi-
nesq number limit, we observe that the surface yield stress must grow 
progressively larger in order for the size of the unyielded region along 
the surface to be maintained. We do not predict asymptotic behaviour 
in the limit as Bo → 0, as this limit directly corresponds to the 
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Fig. 8. In the top figure, we plot the variation of max(𝑣𝜎 ) (blue) and 𝑟max (green) with the Bingham number. In the middle figure, we plot the variation of the 
absolute value of the surface shear rate at the inner (purple) and outer (burgundy) walls. In the bottom figure, we plot the variation of the quantity 𝜚.

Fig. 9. Plots of the azimuthal velocity component for increasing values of Bn. The Bingham number increases from left to right and down the page. In all cases 
the aspect ratio and Boussinesq number are fixed; 𝑎r = 0.25, Bo = 0.0625.

Fig. 10. In (a) we plot the variation of the value of the Bingham number required to ensure that a fixed width (as a percentage) of the unyielded region along 
the surface is maintained, as a function of the Boussinesq number. In (b) we plot the same results in terms of the effective Bingham number, , as opposed to 
the Bingham number, Bn. In both figures, the solid, dash-dotted, and dashed curves represent unyielded regions that span 20%, 30%, and 40% of the channel 
width, respectively.
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Fig. 11. In (a) we plot the surface velocity profiles, and in (b) we plot the surface shear rates, for three values of the Bingham number, inclusive of the Newtonian 
case when Bn = 0. The solid lines represent the non-planar solutions with 𝜙 = 3𝜋∕4, and 𝜆 = 0.1. The planar results, included as a point of reference, are represented 
by the square markers. In all cases 𝑎r = 0.25, and Bo = 0.0625.
unphysical instance when 𝜇∗ → 0 (given that the aspect ratio must 
be non-zero), which, regardless of the value of the surface yield stress, 
implies that Bn → ∞. Evidence of this singular behaviour would indeed 
become apparent if we were to extend the range of Boussinesq numbers 
we consider in Fig.  10(a).

Asymptotic behaviour is, however, recovered if the definition for 
the Bingham number is adjusted such that it is made independent of 
the reference surface viscosity. To that end, by introducing the quantity

 = BoBn =
𝜏∗y

𝜇̄∗𝛺∗
𝑎r
𝛥𝑟∗

,

we remove any dependence on 𝜇∗. The dimensionless number  then 
describes the competition between surface yield stress and bulk viscous 
stress, as opposed to Bn, which describes the competition between sur-
face yield stress and surface viscous stress. If one defines the ‘effective’ 
yield stress as  ∗

y = 𝜏∗y∕𝛥𝑟
∗ (note this has the correct units for yield 

stress, as opposed to the surface yield stress), then we refer to  =
(𝑎r ∗

y )∕(𝜇̄∗𝛺∗) as the ‘effective’ Bingham number. The plots presented 
in Fig.  10(a) are reproduced in Fig.  10(b), where the variation of 
𝜚 is instead considered in terms of the effective Bingham number, 
as opposed to Bn. Limiting behaviour in both the small and large 
Boussinesq number limits is evident when the results are presented in 
this fashion.

In what follows, we will continue to present results in terms of 
Bn, given that, for the sake of both consistency and brevity, we will 
consider only the case when Bn = 0.0625 in Section 4.3. However, we 
note that if further variations in important flow features were to be 
explored as a function of the Boussinesq number, it would likely be 
prudent to quantify these results in terms of  as opposed to Bn.

4.3. Non-Newtonian non-planar interface

Lastly, we consider the combination of both non-planar and non-
Newtonian effects. Within this subsection, we will fix the Boussinesq 
number (Bn = 0.0625) and explore how variations in; the contact angle, 
the dimensionless capillary length, and the Bingham number affect 
both the bulk and surface flow characteristics. In the previous two 
subsections we considered how variations in the Boussinesq number 
affect quantities such as the maximum surface velocity and the relative 
size of the unyielded region. Although we do not present results for 
a range of Boussinesq numbers here, we can confirm that the trends 
previously observed, i.e., decreasing Bo increases maximum surface 
velocity, and, when Bo is large, the presence of an unyielded region will 
be apparent even for small Bingham numbers, persist when viscoplastic 
and non-planar effects are combined (assuming all other dimensionless 
control parameters are fixed).
10 
The primary focus of the results we will present in this subsection 
is on the disparity in the findings one would obtain if non-planar/vis-
coplastic effects were not to be correctly accounted for. To that end, 
in Fig.  11 we present a comparison between the planar/non-planar 
results for surface velocity and surface shear rate in both the Newtonian 
(Bn = 0) and viscoplastic (Bn = 2.5, 5) regimes. As noted previously, 
an increase in contact angle increases the maximum surface velocity, 
and this finding is consistent across all Bingham numbers. Interestingly, 
we observe that the difference between the planar and non-planar 
results remains relatively constant as the Bingham number increases. 
This suggests that the effects of viscoplasticity do not serve to either 
enhance nor diminish the effects of surface curvature. Furthermore, as 
can be noted from Fig.  11(a) and (b), respectively, surface curvature 
has a very minimal effect on both the radial location of the maximum 
surface velocity and the relative size of the unyielded region, given 
a fixed value of the Bingham number. Thus, although the gradient 
of the surface shear rate function is significantly increased near the 
walls (in absolute value) as 𝜙 increases from 𝜙 = 𝜋∕2, this does not 
translate to a significant enough change to the bulk shear profile along 
the surface such that it is comparatively easier to overcome the surface 
yield stress. Initially, this would appear to be a rather surprising result. 
However, we recall that, in the non-planar cases, the Bingham number 
is effectively scaled by the measure of the surface curvature 𝛼, see (12). 
Thus, in relative terms, the Bingham number effectively increases near 
to the walls, given that this is where the gradient of the curvature is 
the largest, and 𝛼 =

√

1 + (𝑎rℎ′)
2. It is this effective dependence of the 

Bingham number on the surface profile that ensures that there is not 
a significant change in the yielded/unyielded properties of the surface 
flow as the contact angle increases.

To explore the consequences of not accounting for curvature and 
viscoplastic effects, we present, in Fig.  12, the relative difference be-
tween the hydrophobic Newtonian and non-Newtonian flow fields (col-
umn on the left), and non-Newtonian planar and non-planar flow fields 
(column on the right). Given the imposition of the no-slip condition 
along the inner and outer walls, we simply fix the relative difference 
there to be identically zero. Comparing planar and non-planar solutions 
(second column), we observe that the flow in the bulk is more strongly 
affected in the instances when Bn > 0. Thus, although the changes in 
the surface flow with increasing contact angle are relatively consistent 
across Bingham numbers (Fig.  11), the bulk flow is more significantly 
affected by viscoplasticity for a fixed hydrophobic contact angle. How-
ever, when we compare Newtonian and non-Newtonian solutions (first 
column), we observe that the difference between the two flow fields 
remains relatively consistent with increasing contact. This suggests 
that failing to account for surface oxidation is essentially equally as 
important in both the planar and non-planar cases.
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Fig. 12. Plots of the relative difference between the azimuthal velocity components. In the first column, the surface is considered to be Newtonian (Bn = 0) 
vs. non-Newtonian (Bn = 1) for a range of increasing contact angles. In the second column, the surface is considered to be planar (𝜙 = 𝜋∕2) vs. non-planar 
(𝜙 = 2𝜋∕3) for a range of increasing Bingham numbers. The aspect ratio and Boussinesq number are fixed; 𝑎r = 0.25, Bo = 0.0625, and in all non-planar cases the 
dimensionless capillary length is 𝜆 = 0.1.
Fig. 13. In (a) we plot normalised surface velocity profiles for a range of values of 𝜆 given a fixed contact angle 𝜙 = 3𝜋∕4. The results have been normalised 
with respect to max(𝑣𝜎 ) in the instance when 𝜆 = 0.14. In (b) we present similar results for a range of values of 𝜙 given a fixed capillary length 𝜆 = 0.1 where, 
in this case, the results have been normalised with respect to max(𝑣𝜎 ) in the instance when 𝜙 = 7𝜋∕8. In both (a) and (b) we plot the trace of the maximum 
normalised surface velocity contour using a dash-dotted line. The aspect ratio, Boussinesq number, and Bingham number are fixed; 𝑎r = 0.25, Bo = 0.0625, Bn = 3.
In Fig.  13, we present surface velocity profiles for a fixed Bingham 
number (Bn = 3), across a range of dimensionless capillary lengths 
(a), and contact angles (b). In order to better quantify these results, 
each profile has been normalised by the respective maximum of 𝑣𝜎
in the domain considered. For a fixed contact angle, an increase in 
the capillary length clearly has a very minimal effect on the surface 
flow, (a). However, for a fixed capillary length, an increase in the 
contact angle has a much more pronounced effect, (b). The results 
presented in Fig.  12 demonstrate the importance of differentiating 
planar and non-planar flows in both the Newtonian and non-Newtonian 
regimes. The results we present in Fig.  13 suggest that it is the correct 
11 
characterisation of the contact angle that is of primary importance, 
given that the surface flow is largely unchanged with variations in 𝜆. 
This conclusion is consistent across all Bingham numbers, including 
Bn = 0, as is evidenced by the results presented in Fig.  14 where we 
compare how the surface flow characteristics change, as a function of 
the Bingham number, for different contact angles (left column), and 
different dimensionless capillary lengths (right column). We observe 
that there is in fact very little variation in the size of the unyielded 
region upon changes in either the contact angle or the capillary length. 
Experimentally, it should, therefore, be possible to characterise the 
surface oxidation via the Bingham number simply by measuring the 
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Fig. 14. On the left we compare the variation of max(𝑣𝜎 ), 𝑟max, and 𝜚 with the Bingham number for a fixed value of 𝜆 and two hydrophobic contact angles. On 
the right we compare the variation of the same quantities but in this instance fix 𝜙 and consider the cases when 𝜆 = 0.05, and 𝜆 = 0.15.
size of the unyielded region without the specific need to account for 
non-planar dynamics. This verification of the results we have presented 
here is of primary importance to us, and we expect to report on these 
experimental findings in due course.

5. Discussion and conclusions

We have developed a framework that captures surface oxidation 
effects in liquid metal flows. The methodology presented here is general 
in the sense that it could readily be extended to any Generalised Newto-
nian Fluid (GNF) model. Our mathematical formulation is independent 
of the form of the viscosity model given that the surface viscosity is 
a function of the surface shear rate — the definition of a GNF. This 
fact, twinned with the fact that our formulation is also able to account 
for dewetting (hydrophilic) effects, means that the model we present 
here would also be suitable to use when analysing condensed-phase 
monomolecular films atop an aqueous bulk flow, where shear-thinning 
effects have already been shown to be of importance [30].

In order to capture the effects of surface oxidation we have made 
use of O’Donovan and Tanner’s bi-viscosity model to approximate 
viscoplastic flow behaviour. Given that the surface yield viscosity is 
sufficiently large, this serves as an excellent proxy to the Bingham 
plastic model. In much the same way as [32], we describe the curvature 
of the liquid metal surface via the Young–Laplace equation and, in the 
limit of small aspect ratio, have determined approximate analytical so-
lutions that have been shown to be in excellent agreement to equivalent 
numerical results.

Our findings reveal that accounting for both non-planar and vis-
coplastic effects is of paramount importance in order to be able to 
correctly characterise liquid metal flows that exhibit surface oxida-
tion. As surface curvature effects are enhanced we find, for a fixed 
Boussinesq number, that the maximum surface velocity increases and 
that the location of this maximum velocity shifts towards the outer 
wall. This being a consequence of the relative reduction in the surface 
shear rate at the outer wall, when compared with the inner wall, as 
non-planar effects become more pronounced. A similar radial shifting 
trend is predicted upon increasing viscoplasticity effects; however, as 
one would expect, the maximum surface velocity diminishes as the 
Bingham number increases. This reduction in the surface velocity, as 
a consequence of surface oxidation, has a significant retarding effect 
on the flow in the bulk.

In order to be able to correctly characterise flows of this nature, 
one must specify both the ratio of surface viscous stress to bulk viscous 
stress (the Boussinesq number, Bo), and the ratio of surface yield stress 
to surface viscous stress (the Bingham number, Bn). This is true for 
12 
moderate Boussinesq numbers, however, in the limit of either very 
large or very small Boussinesq numbers, we find that we are able to 
characterise the surface flow via just the stipulation of what we have 
referred to as the effective Bingham number, this being the product 
of the Boussinesq number and the Bingham number, a quantity that is 
independent of a reference surface viscosity.

The methodology and results we have presented here should al-
low for better quantification and measurement of the shear response 
of oxidised liquid metal surfaces in casting processes. Although we 
have considered only one specific flow configuration – the annular 
surface viscometer – the ideas we have presented here could readily be 
extended to other configurations in the low Reynolds number regime.

For annular viscometer flows, it is entirely appropriate to adopt a 
zero Reynolds number approach, and the relatively simple numerical 
scheme that we have developed here makes use of this justified sim-
plification. However, in order to explore the inclusion of both inertial 
and/or unsteady effects, one would likely need to move away from 
the finite difference formulation we have presented here and consider, 
instead, the use of finite element (or finite volume) schemes. Although 
the bulk flow is steady in nature, it would be of particular interest to 
conduct unsteady simulations of the surface flow, as one could then 
quantify how the oxidation process evolves in time. Indeed, we intend 
to pursue this avenue of investigation, as well as the experimental 
verification noted in Section 4.3, and hope to report on these findings 
in due course.
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Appendix A. Derivation of the transformed interfacial condition

We begin by rewriting the second term on the left-hand side of (7) 
as follows 
𝜕𝜇𝜎
𝜕𝑠

[

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)]

= 𝜇𝜎
𝜕
𝜕𝑠

[

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)]

. (A.1)

where

𝜇𝜎 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0,
|

|

|

|

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)

|

|

|

|

≤ Bn
𝜇yield

,

Bn
(

1
𝜇yield

− 1
)

,
|

|

|

|

𝑟 𝜕
𝜕𝑠

(

𝑣𝜎
𝑟

)

|

|

|

|

> Bn
𝜇yield

.

We now rewrite the partial derivative terms that appear in (7) and (A.1) 
with respect to 𝑠 and 𝑛, in terms of 𝑟 and 𝑧. We have that

𝑟 𝜕
𝜕𝑛

(

𝑣
𝑟

)

= 1
𝛼

[

𝜕𝑣
𝜕𝑧

− 𝑎2rℎ
′
𝑟𝑟
𝜕
𝜕𝑟

(

𝑣
𝑟

)]

,

𝜕
𝜕𝑠

[

1
𝑟
𝜕(𝑟𝑣𝜎 )
𝜕𝑠

]

= 1
𝛼2

{

𝜕
𝜕𝑟

[

1
𝑟
𝜕(𝑟𝑣𝜎)
𝜕𝑟

]

+ 1
𝑟
𝜕
𝜕𝑟

(

𝑟ℎ′𝑟
𝜕𝑣𝜎
𝜕𝑧

)

+ ℎ′𝑟
𝜕
𝜕𝑧

(

𝜕𝑣𝜎
𝜕𝑟

+ ℎ′𝑟
𝜕𝑣𝜎
𝜕𝑧
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1
𝑟
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𝜕𝑧

]
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𝜕𝑠
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𝑟 𝜕
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𝑟
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= 1
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𝑟
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−
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′
𝑟ℎ
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𝑟𝑟
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[

𝑟 𝜕
𝜕𝑟

(

𝑣𝜎
𝑟
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]
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𝛼2
ℎ′𝑟
𝑟
𝜕𝑣𝜎
𝜕𝑧

,

where 𝛼() =
√

1 + (𝑎rℎ′𝑟)2. Given the above then
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𝑟
𝜕
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(
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𝜕𝑧
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−
𝑎2rℎ

′
𝑟ℎ
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(

𝑣𝜎
𝑟

)

+ ℎ′𝑟
𝜕𝑣𝜎
𝜕𝑧

]

.

The interfacial condition can therefore be expressed in the following 
manner

Bo
{

𝜇𝜎
𝜕
𝜕𝑟

[

1
𝑟
𝜕(𝑟𝑣𝜎 )
𝜕𝑟
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𝑟 𝜕
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]

|

|

|
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𝜕
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𝑟
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|

|

|

|𝑧=ℎ
. (A.2)

Given the form of the governing bulk flow Eq. (5a), and the fact that 
𝑣 = 𝑣𝜎 along the interface, the first term in (A.2) can be rewritten, and 
all explicit appearances of 𝑣𝜎 can be replaced with 𝑣. Thus

Bo
{

−
𝜇𝜎
2
𝜕2𝑣

2
+𝜇𝜎

𝜕
[

𝑟 𝜕
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. (A.3)

At this stage terms associated with the surface viscosity function are 
still expressed in terms of the surface velocity.

The next step is to then transform this expression for the interfacial 
boundary condition to the – coordinate system as defined in 2.2. 
The benefit of this transformation is that it serves to effectively ‘flatten’ 
the interface such that all points along the curved plane 𝑧 = ℎ, are 
recast along the plane  = 1, which is parallel to the floor. We deal 
first with the terms relating to the viscosity function, we have that
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,

where

𝛾̇𝜎 =  𝜕
𝜕

(

𝑣𝜎


)

.

It follows directly that

𝜇𝜎 =

{

𝜇yield, |𝛾̇𝜎 | ≤ 𝛼Bn𝜇−1yield,

1 + 𝛼Bn(1 − 𝜇−1yield)|𝛾̇𝜎 |
−1, |𝛾̇𝜎 | > 𝛼Bn𝜇−1yield.

Having addressed these terms, we proceed to map the interfacial con-
dition (A.3) from 𝑟-𝑧 space to - space. After some algebraic manipu-
lation, and noting that a number of the terms cancel with one another, 
the following is obtained
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.

Collecting like terms, making use of the definition of the bulk shear 
rate (defined as 𝛾̇ in Section 2.3), rearranging, and noting that now 
𝜇𝜎 = |𝛾̇𝜎 |(𝜇𝜎 )′

|𝛾̇𝜎 |
, such that 𝜇𝜎 + 𝜇𝜎 = (|𝛾̇𝜎 |𝜇𝜎 )′

|𝛾̇𝜎 |
, we then arrive at 

(11d):
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|

|

|

|=1
, (A.4)

where the 𝛽𝑖’s are as defined in Section 2.2.

Appendix B. The SOR scheme inclusive of curvature and non-
Newtonian effects

Here we outline the details of how the finite difference scheme 
detailed in Section 3 is adapted to account for the effects of both 
interfacial curvature and a non-Newtonian surface viscosity.

We begin by expressing (10) in terms of second-order accurate finite 
differences, we then isolate the 𝑉  terms and define the SOR scheme 
𝑖,𝑗
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Fig. C.15. Plots of the azimuthal velocity component for increasing values of 𝜙. The contact angle decreases from left to right and down the page. In all cases 
the aspect ratio, Boussinesq number, and dimensionless capillary number are fixed; 𝑎r = 0.25, Bo = 0.0625, 𝜆 = 0.1.
accordingly

𝑉 𝑘+1
𝑖,𝑗 = (1 − 𝜔)𝑉 𝑘

𝑖,𝑗 + 𝜔
(𝑎r𝛿ℎ𝑖)2𝑖[(2𝑖 + 𝛿)𝑉 𝑘

𝑖+1,𝑗 + (2𝑖 − 𝛿)𝑉 𝑘+1
𝑖−1,𝑗 ]

2{2[𝛿2𝑖,𝑗 + (𝑎r𝛿ℎ𝑖)2]2
𝑖 + (𝑎r𝛿𝛿ℎ𝑖)2}

+ 𝜔
(𝛿𝑖)2[(2𝑖,𝑗 − 𝑎2r 𝛿𝑖,𝑗 )𝑉 𝑘

𝑖,𝑗+1 + (2𝑖,𝑗 + 𝑎2r 𝛿𝑖,𝑗 )𝑉 𝑘+1
𝑖,𝑗−1]

2{2[𝛿2𝑖,𝑗 + (𝑎r𝛿ℎ𝑖)2]2
𝑖 + (𝑎r𝛿𝛿ℎ𝑖)2}

+ 𝜔
𝑎2r 𝛿𝛿

2
𝑖𝑗ℎ𝑖(ℎ′)𝑖(𝑉

𝑘+1
𝑖+1,𝑗−1 + 𝑉

𝑘+1
𝑖−1,𝑗+1 − 𝑉

𝑘
𝑖+1,𝑗+1 − 𝑉

𝑘+1
𝑖−1,𝑗−1)

2{2[𝛿2𝑖,𝑗 + (𝑎r𝛿ℎ𝑖)2]2
𝑖 + (𝑎r𝛿𝛿ℎ𝑖)2}

,

where

𝑖,𝑗 = 1 + [𝑎r𝑗 (ℎ′)𝑖]
2,

𝑖,𝑗 = {−1
𝑖 ℎ(ℎ′)𝑖 + ℎ𝑖(ℎ

′′
)𝑖 − 2[(ℎ′)

2]𝑖}𝑗 .

In the instance when ℎ = 1, i.e., the interface is planar in nature, the 
expression for 𝑉 𝑘+1

𝑖,𝑗  collapses identically to that in (13), as is required.
We now need to apply exactly the same ideas to the surface bound-

ary condition (11d). It proves useful to collect like terms and express 
the condition in the following manner 

𝑎2r1
𝜕𝑣
𝜕

+ Bo2
𝜕2𝑣
𝜕2

− 𝑎2r3
𝜕2𝑣
𝜕𝜕

− 𝑎4r4𝛾̇ − Bo 𝑎2r5
𝜕𝛾̇
𝜕

= 0, (B.1)

where

1 = ℎ𝛼 − Bo𝜇𝜎𝛽1 + 𝑎2rℎ
′
𝛼𝛽3, 2 = 𝜇𝜎 (1 + 𝑎2r𝛽2), 3 = 2Bo𝜇𝜎𝛽3,

4 = ℎ𝛽3[𝛼 − Boℎ′′𝛼
−2(𝛾̇𝜎𝜇𝜎 )′𝛾̇𝜎 ], 5 = ℎ2𝛾̇𝜎 (𝜇𝜎)′𝛾̇𝜎 .

In the limit as ℎ → 1, then 1 → 1, 2 → 𝜇𝜎 , 3 → 0, 4 → 0, 
and 5 → 𝛾̇𝜎 (𝜇𝜎 )′𝛾̇𝜎 . Thus the third and fourth terms appear only as a 
consequence of interface curvature whereas the fifth term appears only 
due to the non-Newtonian description of the surface viscosity.

Making use of second-order accurate finite difference expressions 
for each of the -derivatives associated with 3 − 5, and given that 
𝑉1,𝑁+1 = 𝑉𝑁+1,𝑁+1 ≡ 0, (B.1) can be expressed as such

(𝑐(1)0 𝛿𝑎
2
r1 + 𝑐

(2)
0 Bo2)𝑉 𝑘+1

𝑖,𝑁+1
=

− 𝑐(2)−𝑝Bo2𝑉
𝑘+1
𝑖,𝑁+1−𝑝

−
𝑙=𝑝−1
∑

𝑙=1
(𝑐(1)−𝑙 𝛿𝑎

2
r1 + 𝑐

(2)
−𝑙 Bo2)𝑉 𝑘+1

𝑖,𝑁+1−𝑙

+ (𝑎r𝛿)23

[ 𝑐(1)0 𝑉 𝑘
𝑖+1,𝑁+1

+ 𝑐(1)−1𝑉
𝑘
𝑖+1,𝑁

+
∑𝑙=𝑝−1
𝑙=2 𝑐(1)−𝑙 𝑉

𝑘+1
𝑖+1,𝑁+1−𝑙

2𝛿𝛿

]

− (𝑎r𝛿)23

[ 𝑐(1)0 𝑉 𝑘+1
𝑖−1,𝑁+1

+ 𝑐(1)−1𝑉
𝑘+1
𝑖−1,𝑁

+
∑𝑙=𝑝−1
𝑙=2 𝑐(1)−𝑙 𝑉

𝑘+1
𝑖−1,𝑁+1−𝑙

2𝛿𝛿

]

+ 𝑎2r (𝑎r𝛿)
24

[𝑉 𝑘
𝑖+1,𝑁+1

− 𝑉 𝑘+1
𝑖−1,𝑁+1 −

𝑉 𝑘
𝑖,𝑁+1

]

2𝛿 𝑖

14 
+ Bo(𝑎r𝛿)25

[ 𝑉 𝑘
𝑖+1,𝑁+1

− 2𝑉 𝑘
𝑖,𝑁+1

+ 𝑉 𝑘+1
𝑖−1,𝑁+1

𝛿2

−
(𝑉 𝑘
𝑖+1,𝑁+1

− 𝑉 𝑘+1
𝑖−1,𝑁+1

)

2𝛿𝑖
+
𝑉 𝑘
𝑖,𝑁+1

2
𝑖

]

, (B.2)

for 2 ≤ 𝑖 ≤ 𝑁. In the planar Newtonian analysis the quantity 𝑉𝑖,𝑁+1
depends only on predetermined quantities. Thus we are able to specify 
the condition (14) outside of the SOR iterative procedure, i.e., the 
condition is free from superscripts given that everything is evaluated at 
the (𝑘+ 1)st step. However, in both the non-planar and non-Newtonian 
analyses we obtain an implicit expression for 𝑉𝑖,𝑁+1 in terms of both 
itself and 𝑉𝑖+1,𝑁+1. Thus, in order to effectively implement this condi-
tion, we evaluate the implicit terms at the previous iteration, as noted 
above. Given the stringent convergence criteria that we have outlined 
in Section 3, we argue that this approximation is entirely justified. 
Indeed, testing in the planar Newtonian case, where all of the terms 
that appear on the right-hand side of (14) are evaluated at the 𝑘th 
iteration, as opposed to the (𝑘 + 1)st iteration, produces no difference 
in the accuracy of the results presented in Table  1.

In the instances when 𝜇𝜎 = 𝜇𝜎 (𝛾̇𝜎 ), we again approximate |𝛾̇𝜎 | using 
second-order accurate finite differences as per (B.2). Additional care 
also needs to be taken when one considers the application of the bi-
viscosity model. In these instances, to effectively employ the condition 
(B.2), we first multiply (B.1) throughout by |𝛾̇𝜎 |. This ensures that 
we avoid the numerical challenges associated with raising vanishingly 
small values to a negative exponent. We have omitted the details of 
this step in order to not overly complicate what is already a reasonably 
lengthy analysis.

Appendix C. Hydrophilic results

Here we present results equivalent to those appearing in Section 4.1 
for the cases when the fluid under consideration is hydrophilic in 
nature, i.e., the contact angle is less than 𝜙 = 𝜋∕2. As the contact angle 
decreases, the effect of the no-slip boundary condition appears to pen-
etrate slightly further into the flow domain (see Fig.  C.15). However, 
the maximum value of the surface velocity is almost unchanged upon 
increasing 𝜆, even in the most extreme case when 𝜙 = 𝜋∕8 (see Fig. 
C.16). In addition to this, the variation of the radial location at which 
the maximum surface velocity is attained is again almost unchanged. 
As per the hydrophobic case, both max(𝑣𝜎 ) and 𝑟̄max diminish as the 
Boussinesq number increases. However, unlike the hydrophobic case, 
these quantities are largely unaffected by a reduction in the contact 
angle. These results suggest that, away from the walls, hydrophilicity 
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Fig. C.16. In both figures we plot the variation of max(𝑣𝜎 ) (blue) and 𝑟̄max
(green). In the top figure, the Boussinesq number is fixed such that Bo =
0.0625 ( ⟹ log2(Bo) = −4), whereas in the bottom figure the dimensionless 
capillary length is fixed such that 𝜆 = 0.1.

does not strongly affect the flow field. These findings are in direct 
contrast to the hydrophobic results we present in Section 4.1.

Data availability

No data was used for the research described in the article.
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