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contrast. Segmentation is a technique capable of identifying the pre-
cise contour of a suspicious region [3]. Different types of features
have been extracted in the literature to describe mass properties, in-
cluding shape, contour, density, and texture [7-10], and they are
then selected and utilised to perform classification for the reference of
radiologists.

Mass properties extracted can be effectively used for categorising
masses in real applications. However, impreciseness and ambiguity
widely exist in depicting these features of masses [11]. For instance,
when the quality of a mammography image is suboptimal, the circu-
larity measured either automatically or manually may lack precision.
Consequently, doctors tend to prefer qualitative descriptors such as dis-
similar, similar, or very similar to a circle, rather than relying solely on
specific numerical values. Such imprecise descriptions naturally lead to
the consideration of exploiting fuzzy logic-based CADx. It is not surpris-
ing that many early studies have been conducted following this idea to
detect breast cancer, demonstrating that fuzzy systems could indeed be
an effective tool for breast cancer diagnosis [12,13].

A fuzzy rule base system (FRBS) is known as an inference tool to
capture the vagueness and unclearness of objects’ characteristics using
semantics-rich rules. These rules can be represented in natural language
terms (e.g., large, middle, slight), helping narrow the semantic gap be-
tween the outputs of an automated method and the expected of users
[14]. A notable success in this domain is the recent Deep Image Feature
Learmning with Fuzzy Rules (DIFL-FR) method, which embeds human
decision-making into feature extraction by integrating a FRBS, thereby
enhancing the robustness, interpretability, and efficiency of image pro-
cessing tasks [15]. Additionally, a novel mapping tool model employs a
FRBS to analyse electronic health records, extracting key features from
routine check-up data to provide clinicians with evidence-based decision
support [16]. Other examples include an FRBS for breast density cate-
gorisation with high prediction accuracy [17] and the use of Adaptive
Neuro-Fuzzy Inference System (ANFIS) for improving the effectiveness
of automatic detection and classification with desirable interpretability
[18,191.

Most existing research and development in FRBS for CADx assumes
the availability of a dense rule base for inference. However, due to lim-
ited access to extensive mammogram data or domain expertise, the rule
base available for breast mass analysis may not sufficiently cover the
task domain. Thus, a new mammographic sample (characterised by se-
mantic features) may not activate any rules, impeding reliable predic-
tion. Fuzzy rule interpolation (FRI) [20] can address such sparse knowl-
edge challenges through interpolative reasoning.

A seminal approach of utilising FRI to help perform risk analysis
of mammographic masses has recently been reported in the literature
[21]. Yet, it primarily emphasises the interpretability of the fuzzy in-
terpolative reasoning system while revealing the potential properties of
FRI for such applications. This paper provides a comprehensive inves-
tigation into computer-aided mammography diagnosis, addressing the
chief operations of an entire breast cancer detection process that is sup-
ported with an innovative FRI method. Specifically, this study involves
an in-depth examination of the processes for feature extraction and se-
lection from real mammograms, an analysis of feature characteristics,
and the implementation of an advanced FRI method [22] for diagnostic
tasks. It presents a comparative performance evaluation against tradi-
tional FRI approaches such as T-FRI [23] and WT-FRI [21], as well as
against classical machine learning methods and deep learming models.
The aim is to assess the effectiveness of the advanced FRI method in
enhancing diagnostic accuracy and robustness, especially in data-sparse
contexts.

The core contributions of this work are as follows:

(1) The first comprehensive process for applying FRI techniques to
medical image classification, outlining each stage from initial im-
age processing through feature extraction to final classification
outcomes.

Knowledge-Based Systems 328 (2025) 114232

(2) The first investigation into the use of FRI technologies developed
in recent years through experimental comparison with classical ma-
chine learning models and widely-used neural network architectures.

(3) The open-access to source code, providing verifiable and replication-
enabling solutions for medical image analysis, particularly those fo-
cusing on mammography classification.

The rest of this paper is organised as follows. Section 2 gives a brief
description of the real mammographic data. Section 3 outlines the pre-
processing steps required before fuzzy inference, including feature ex-
traction, feature selection, feature analysis, and fuzzy rule generation.
Section 4 presents the algorithm for implementing the particular FRBS
implementation, built upon the novel transformation-based FRI with
Mahalanobis matrices. Section 5 discusses the results of comparative
experimental studies. Section 6 summarises the paper and discusses rel-
evant further research.

2. Databases

This study utilises four benchmark mammographic image datasets:
INbreast [24], the Curated Breast Imaging Subset of DDSM (CBIS-DDSM)
[25], and the Breast Cancer Digital Repository (BCDR) [26], which in-
cludes two sub-datasets of BCDR-D01 and BCDR-FO1.

INbreast is a publicly available dataset of digital mammograms, be-
ing a benchmark for research purposes in breast cancer detection and
diagnosis [24]. It was acquired at the Breast Centre in Centro Hospitalar
de S. Jodo, Porto, with the equipment of Siemens Mammo Novation. The
images are of size 3328 x 4084 or 2560 x 3328 pixels according to the
breast areas of the individual patients. It consists of 115 cases in full-field
digital format (FFDM), in which 78 % cases include four images: cranio-
caudal (CC) and mediolateral oblique (MLO) views for both the left and
right breasts, and the remaining have two images with both views of
only one breast from a patient who had a mastectomy. Thus, there are a
total of 410 images in the DICOM (Digital Imaging and Communications
in Medicine) format, a standard format for medical images. The images
cover different breast densities and lesion types, including masses, calci-
fications, distortion and asymmetries. Within the dataset, there are 116
masses presented in 107 images. For those images which each have at
least two masses included, only the largest mass is concerned based on
the common clinical practice. The dataset also provides corresponding
annotations given by a specialist in the field for each image, saved in
XML format, including the location, shape, size, and type of any abnor-
malities present. Whilst this dataset may be adopted to develop different
means to predict breast cancer based on various lesion types, this work
focuses on the use of those 107 images that contain masses to implement
the proposed FRI inference method.

CBIS-DDSM is a large mammography image database, originated
from the classical Digital Database for Screening Mammography
(DDSM), providing updated regions of interest (ROI) segmentation and a
more accessible DICOM format by gathering and reformatting the under-
lying metadata [25]. It contains 3061 mammograms from 1597 cases,
with 891 cases containing a total of 1698 masses present in 1592 im-
ages, from both CC and MLO views for most of the screened breasts. The
images are already split into the training and test sets. Pixelwise annota-
tions are available for the regions of interest (ROI) of masses (achieved
by implementing an automated segmentation algorithm that is modi-
fied from the local level set framework [27]). Information on the le-
sion’s pathology (benign or malignant) is provided as the ground truth
for suspicious regions. Again,only the subset of images with masses is
concerned in this research.

The BCDR, a detailed public database for breast cancer research,
includes data from 1734 patients with mammography, clinical histo-
ries, lesion segmentations, and image-based descriptors. It contains two
sub-repositories: digitised film mammography (FM) and full-field digital
mammography (DM), divided into sub-datasets for standardised CADx
system comparisons. FM images are lower resolution, while DM images,
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Fig. 1. ROI and mass mask images of four patients from INbreast and CBIS-
DDSM.

which allow better visualisation, are more common now. This work sam-
ples from both FM and DM sub-datasets: BCDR-DO01: 79 lesions from 64
women (85 benign, 56 malignant), with 141 segmentations. Images are
of 14-bit grey-level, 3328 x 4084 pixels. BCDR-FO01: 200 lesions from
190 women (112 benign, 119 malignant), with 362 segmentations. Im-
ages are of 8-bit grey-level, 720 x 1168 pixels.

3. Data preparation
3.1. Format transformation and mass segmentation

The original image format for all the datasets is DICOM. To facili-
tate subsequent image processing steps in Python, all images are con-
verted to PNG or JPEG format using OpenCV. This work focuses on mass
classification and does not involve designing additional programmes for
extracting ROIs or segmenting masses from images, as all four datasets
provide segmentation information for the underlying mass lesions in
each mammogram. In the CBIS-DDSM dataset, binary mask images are
provided, where a mass is depicted in white on a black background.
For INbreast and BCDR datasets, mass contours are supplied as coor-
dinate points stored in XML files, and the corresponding binary mask
images are generated using these coordinates. Fig. 1 illustrates the ROI
and mass mask for each of the four patients, where patients A and B are
from INbreast, and patients C and D are from CBIS-DDSM.

3.2. Feature extraction and selection

3.2.1. Feature extraction
Feature extraction is the process of transforming the original image
data into easy-processed numerically valued characteristics that pre-
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serve and represent the image properties, such as size, shape, density,
and smoothness of borders. Based on the ROI and segmented mask of a
mammogram image, a vast number of potential features of a mass lesion
can be extracted. Due to the enormous diversity of normal tissues and
the variety of abnormalities, the feature space is exceedingly extensive
and complicated [14]. There is no definitive list of which features to
extract from raw data for subsequent image analysis. In clinical diag-
nosis, typical benign masses often exhibit a round or oval shape with
smooth and well-defined boundaries, whereas malignant tumours are
more likely to have irregular shapes with spiculate, rough, or poorly de-
fined edges. Consequently, shape, edge, and texture features are highly
effective in distinguishing between benign and malignant tumours and
are commonly utilised as feature spaces in mammogram analysis across
numerous studies.

Shape and margin features. The shape and margin features are also
called morphological or geometric features. They are calculated from
the boundary pixels after segmentations. Thirteen morphological fea-
tures are considered in this work, as listed and described in Table 1.
Among them, Area, Perimeter, Max radius, and Min radius features (la-
belled as F1-F4 respectively) are computed directly from the binary
mask images by some basic image processing technologies. The remain-
ing nine features (F5-F13) are descriptions of the mass shape through
different measurements calculated from the above four features. For ex-
ample, Elongatedness (En) is a ratio of the minimum dimension to the
maximum dimension of the rectangle with the max value 1 for a square;
Circularityl (C1) measures how the mass is similar to a circle, providing
a metric to distinguish an oval mass from an irregular mass; Compact-
ness (CN) represents the similarity of the contour of a mass with value
1 indicating a perfect circle.

Texture features. In addition to the shape information, the texture of the
surrounding area of a mass also contains important information for clas-
sification. This is because the presence of a mass distorts the structure
of the surrounding tissue leading to texture changes in mammograms.
It also explains why most benign masses have sharp borders, whereas
malignant tumours have indistinct borders. First-order statistics (FOS)
is a term used to describe basic statistical measures and provide primary
information about the distribution of images. They are computed from
the histogram of a masked image region, describing the empirical prob-
ability density for single pixels within the image. Common FOS features
include mean, standard deviation, median, mode, kurtosis, energy, en-
tropy, etc. Table 2 gives the definitions of FOS, where H; is the ratio of
the number of pixels with grey level i to the total number of pixels in
the ROI and f(x, y) is the grey value of the pixel (x, y).

Gray Level Co-occurrence Matrix (GLCM) [31] is a texture analysis
method that is commonly used in image processing and computer vision

Table 1
Shape and margin features.
No. Features Expression Description
F1 [28] Area (A) Total pixels in mass.
F2[28] Perimeter (P) Total pixels in edge border of mass.
F3[29] Max radius (Rmax) - Maximum Euclidean distance between centre and edge of a mass.
F4 [29] Min radius (Rmin) - Minimum Euclidean distance between centre and edge of a mass.
2
F5[29] Eccentricity (Ect) 1- (%) Measures elongation of a mass.
F6 [29] Equivdiameter (Eqd) ax % Applied to discriminate round from irregular masses.
F7 [29] Elongatedness (En) a“:n], Used to differentiate regular oval from irregular masses.
F8 [28] Circularityl (C1) lx;n, Measures how a mass is similar to circle.
F9 [28] Circularity2 (C2) fmin Measures how a mass is similar to ellipse.
F10 [30] Compactness (CN) s :’“ Computes degree of deviation of a mass from a perfect circle.
F11 [29] Dispersion (DP) RT'"‘“ Measures irregularity of a mass.
F12 [30] Thinness ratio (TR) b‘:* Applied to differentiate circle and line from other mass.
F13 [29] Shape index (SI) hk’;n Describes margin characteristics of a mass.




M. Zhou et al.
Table 2
First-order statistics (FOS) features.
No. Features Expression
Fl4  Mean =Y, iH;
F15  Standard Deviation o=/2,i— uPH,
F16 Median st. Y, H; =05
F17  Mode argmin H;
F18  Skewness TAEEVH,
F19  Kurtosis TAEE H,
F20  Energy Y. H!
F21  Entropy - ¥, Hn(H);)
F22  Minimal Gray Level min £ (x, ¥)
F23 Maximal Grey Level max f(x, ¥)
F24  Coefficient of Variation %
F25  10th percentile st ¥, H;=0.1
F26  25th percentile 1. ¥, H; =025
F27  75th percentile st Y, H; =075
F28  90th percentile st H =09
F29 Histogram Width F28—- F25
Table 3
Gray level Co-occurrence matrix (GLCM) features.
No. Features Expression
F30  Angular Second Moment X %, e,
F31  Contrast I Rl T p0)

A
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maxHX HY

(1 —exp(—20(HXY2— HXY)])%

F3z Correlation

F33  Sum of Squares: Variance

F34  Inverse Difference Moment

F35  Sum Average

F36 Sum Variance

F37 Sum Entropy

F38  Entropy

F39  Difference Variance

F40  Difference Entropy

F41 Information Measures of Correlation 1
F42  Information Measures of Correlation 2

F43 Maximal Correlation Coefficient (Second largest eigenvalue of Q)%

applications, also in extracting useful information from medical images
[32,33]. The matrix describes the joint occurrence of grey-level values
in an image, where each element of the matrix represents the number
of times a particular pair of grey levels occurs regarding a specific spa-
tial relationship within the image. It can be calculated for a given im-
age by specifying the distance and direction of the spatial relationship
between the pixels. Generally, due to the large dimension of such a ma-
trix, it is not directly used to distinguish textures, but certain statistics
derived from it are utilised instead. Table 3 lists 14 common statistics
of GLCM, where p(i, j) = E-—g(-i}% and P(i, j) are the estimated values
of the second-order joint conditional probability for two pixels with a
certain distance and angle, whose intensities are of grey level i and j.
Normally, given a chosen distance, four angles are concerned, 0°, 45°,
90° and 135°, leading to four values of P(i, j) and consequently each of
the 14 GLCM features. From [31], not all four values are needed, only
the mean and range for each feature are computed to comprise a set of
28 GLCM features.

Each feature in Table 3 therefore, has two values, mean (F30-F43)
and range (F44-F57), where N, is the number of grey levels; ¥, and

%, are 35 and 3% respectively; uy = X1 %, G, #y= ;)
S0 02 =Xii—u)p ) 2=, - ulp,0% Py k)=3,

. Ng—1 .
Zj‘:ﬂ,hiﬂ:kp(l’-'r}’ »“xiyzzk:'] kpx;ty(k), HXY:_Z; ZJP(I!J}
log(p(i,j); HX and HY are entropies of p, and p,; HXY1=
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Fig. 2. Example of extracting a band around a mass’ contour.
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Local Binary Pattern (LBP) is an efficient and robust texture descrip-
tor [34], with an efficient capability for capturing the local spatial pat-
terns and the grey scale contrast in an image. It works by considering
a circular neighbourhood around a pixel and then, selecting P equidis-
tant points on the circumference of the circle with radius R. These points
are converted into a binary bit stream based on the comparison of their
grey values to that of the centre pixel. Different extensions have been
proposed in the literature. In this work, a rotation invariant measure
LBPp  using a so-called uniform pattern is employed to reduce the
length of the feature vector and implement a simple rotation invariant
descriptor. The uniform fundamental patterns, denoted by U (x), with a
uniform circular structure containing at most two 0 — 1 or 1 — 0 transi-
tions, are assigned the LBP code, such that

—1 .
Z:::l] s(gp — &) if U(x) <2
P + 1, otherwise.

LBP, x(x) = { 6))
where g, is the grey value of the centre pixel and g,p=0,...,P—1are
the grey values of the corresponding P points; s(x) = x if x <0 other-
wise s(x) = 0. Two important statistics, energy and entropy of an LBP
image, are used as the feature descriptors based on three different radii
(R=1, 2, 3) around the centre pixels with the corresponding pixel count
P = 8, 16,24, respectively. Thereby, six more features are extracted (F58-
F63), leading to a total of 63 features for describing each ROI image.

As introduced in [35], the banded area immediately adjacent to the
outline of a mass is also used in this work for texture analysis. Fig. 2
gives an example of this banded area, where Fig. 2a shows the ROI of
the concerned mass, Fig. 2b is the mask of the mass, Fig. 2c plots the
contour of the mass on the ROI image, and Fig. 2d extracts the band
around the contour of the mass. Note that two masses are found in this
patient's mammography (see Figs. 2a and b), and only the left bigger
one is processed subsequently (see Figs. 2c and d).

3.2.2. Feature selection

From the above, 63 features are extracted based on the shape, mar-
gin, and texture information of a given mammographic image. How-
ever, not every feature contributes equally to classification across dif-
ferent datasets. Thus, only the most relevant features are needed to be
selected for the inference system specific to each dataset. Nevertheless,
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Table 4
Selected features per dataset.

Dataset Selected features

INbreast Ect (F5), C2 (F9), CN (F10), TR (F12), SI (F13), FOS Maximal Gray_Level (F23),

(15) GLCM_Sum_Of Squares_Variance Mean (F33), GLCM_Sum Variance Mean (F36),
GLCM_Maximal Correlation_Coefficient Mean (F43), GLCM_Contrast Range (F45),

GLCM _Correlation Range (F46), GLCM_SumEntropy_Range (F51),
GLCM_Information2 Range (F56), LBP_R_1_P 8 energy (F58), LBP_R_1 _P_8 entropy (F59)

CBIS-DDSM Area (F1), Perimeter (F2), Max radius (F3), Min radius (F4), Eqd (F6), SI (F13),

(26) FOS_Mean (F14), FOS_Median (F16), FOS_ Mode (F17), FOS Minimal Gray Level (F22),

FOS Maximal_Gray Level (F23), FOS_10th_Percentile (F25), FOS_25_Percentile (F26),
FOS_75_Percentile (F27), FOS_90 Percentile (F28), FOS Histogram_Width (F29),
GLCM_Contrast Mean (F31), GLCM _Sum_Of Squares Variance Mean (F33),
GLCM_Sum_Average Mean (F35), GLCM_Sum _Entropy Mean (F37), GLCM_Entropy Mean (F38),
GLCM_Contrast Range (F45), GLCM_Sum Variance Range (F50),

LBP R_1 P 8 energy (F58), LBP_R_2 P_16 energy (F60), LBP_R_3 P 24 energy (F62)

BCDR-DO1 Area (F1), Perimeter (F2), Max radius (F3), Min radius (F4), Ect (F5), Eqd (F6), C2 (F9),

(18) SI (F13), FOS Median (F16), FOS Minimal Gray Level (F22), FOS Maximal Gray Level (F23),
GLCM_Sum_Of Squares_Variance Mean (F33), CM_Sum _Variance Mean (F36),
GLCM_Contrast Range (F45), GLCM_Sum Variance Range (F50),

LBP R_1 P _8 energy (F58),LBP_R_1_P_8 entropy (F59), LBP_ R _2 P_16_energy (F60)
BCDR-FO1 Area (F1), Perimeter (F2), Max radius (F3), Min radius (F4), Ect (F5), Eqd (F6), C2 (F9), SI (F13),
(20) FOS_Mean (F14), FOS_Median (F16), FOS Minimal Gray_Level (F22),

FOS Maximal_Gray Level (F23), GLCM_Sum_Of Squares Variance_ Mean (F33),
CM_Sum_Variance Mean (F36), GLCM_Contrast Range (F45), GLCM _Sum _Variance Range (F50),
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Fig. 3. Heatmap displaying relationship between selected features on INbreast.

subjectively predicting which feature or combination of features will
achieve better classification rates is difficult, as different combinations
can lead to varying performance outcomes [30]. Feature selection tech-
niques can help in this regard, as they are developed with an aim to
identify a minimal representative subset of features to describe a given
problem [36].

Generally speaking, a feature selection process may involve four
computational aspects: a feature subset generation procedure, a subset
evaluation function, a stopping criterion, and a subset validation pro-
cedure. Feature subsets are generated through a certain search process
from a family of feature subsets of the original feature set. These sub-
sets are evaluated separately with respect to a prescribed quality metric.
When the measured quality level reaches a satisfactory level, the search
process for the reduced subset of features terminates. A subset of se-
lected features may then be validated with regard to the application
problem at hand.

Feature selection techniques can be divided into four types: Filter,
Wrapper, Embedded, and Ensemble. Amongst them, the Wrapper and
Embedded methods are directly related to the underlying data-driven
learning algorithm that realises a certain computational task (e.g., clas-
sification or regression). The evaluation criteria of a Filter approach are
independent of the leaming algorithm but depend on the training data
set. In practice, it is often assumed that those feature subsets with a
greater correlation to a given objective function would achieve a higher
accuracy in the following application process of the selected features.
Ensemble approach is a hybridisation of multiple FS algorithms, of any
of the other three types [37].

RFECV (Recursive Feature Elimination with Cross-Validation) [38]
is a type of wrapper feature selection method. It is an extension of
the Recursive Feature Elimination (RFE) algorithm, combining it with
cross-validation. RFECV starts by fitting an underlying model to the full
set of features, then it recursively removes the least important features
and refits the model until it reaches the desired number of features.
The importance of each feature is determined by the model’s perfor-
mance metric, such as accuracy or Fl-score. Being a wrapper method
RFECV uses the performance of the model to determine the importance
of each feature and selects the subset of features that results in the
best model performance. To determine the optimal number of features,
RFECV utilises cross-validation to evaluate the model’s performance at
each iteration. The dataset is split into training and validation sets, and
the model is trained on the training set and evaluated on the validation
set. This process is repeated for multiple folds, and the average per-
formance across all folds is used to determine the optimal number of
features.

In recognition of its popularity, in this work, RFECV is employed to
select the best subset of features from the numerical database generated
from the last step. The logistic regression algorithm is applied as the per-
formance metric to determine the importance of each feature. However,
if preferred, any other effective feature selection tools, including the Fil-
ter type (e.g., the equally famous FRFS method [39]) may be employed
as an alternative.

3.2.3. Selected features and feature analysis

By implementing RFECV, the best subsets of features are selected for
each of the datasets taken for investigation in this study, with 15, 26,
18 and 20 being the cardinalities of the selected subsets for INbreast,
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Fig. 4. Feature distribution (Malignant vs. Benign).

CBIS-DDSM, BCDR-D01 and BCDR-F01, respectively. Table 4 lists the features within the selected subset, providing a valuable tool for ex-
selected features as per each dataset. ploring and analysing this dataset. It uses a colour scale to indicate the

To better understand the selected features, a detailed feature anal- magnitude or direction of the correlation between the variables, with
ysis is performed. For example, regarding the INbreast dataset, Fig. 3 red coloured entries representing positive correlations and blue repre-
presents a heatmap that visualises the correlation between any two senting negative correlations. From the heatmap, although the RFECV
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method has been implemented to select the best subset of features, cer-
tain features remain highly correlated and hence, one of each such cor-
related pairs (with values close to 1 or —1 or colours close to totally red
and blue in cells, e.g., F10 and F12, F33 and F36, F58 and F59) is still
redundant.

In addition, Fig. 4 illustrates the distribution of data for malignant
and benign outcomes across each feature (without loss of generality,
only the first 11 features are shown for brevity). In this figure, a binary
value of 1 represents malignant, while 0 represents benign. The left col-
umn displays histograms for both malignant and benign cases, along
with their corresponding density curves, where red denotes malignant
and green denotes benign. The right box plots depict the distribution of
quantitative data in a manner that enables comparisons among various
levels of a categorical feature.

By examining the distributions shown in Fig. 4, insights into the char-
acteristics and patterns of the underlying data can be gained. Most of
the features do not have strong discriminatory power between malig-
nant and benign cases, as the distributions of both pathology results
largely overlap. Only a few features show certain ability to distinguish
between them. For example, the distribution of F10 (Compactness) is
skewed to the right with a long tail for benign cases, while for malig-
nant cases, it is relatively symmetric with a peak around the centre. This
suggests that higher values of Compactness (F10) are more likely to be
associated with benign cases, whereas lower values are more indicative
of malignant cases. The distribution pattemn for the Thinness ratio (F12)
is similar to that of F10.

3.3. Generation of fuzzy rules

The generation of fuzzy classification rules for mammogram mass
analysis begins by representing mass lesions in each mammogram using
the selected features. These feature values, combined with the corre-
sponding pathology information for each mammographic image, form
the foundation for establishing a fuzzy rule. Each rule follows a fuzzy
IF-THEN structure, where the antecedent attributes correspond to the
selected mass features, and the consequent attribute represents the le-
sion type derived from the pathology data in the datasets. The features
in the antecedent part of a rule are fuzzified, namely converted into
linguistic terms that describe the physical characteristics of the mass.
These linguistic terms, such as Small, Mediun, and Large, are derived
from the numerical feature values to represent different mass properties.
The complete rule base is constructed by iterating this process across all
available mammographic images.

In particular, to generate fuzzy rules from numerical features, this
paper employs Chi’s method [40], an extension of Wang and Mendel’s
approach [41] for classification problems. Although this method shares
similarities with Wang and Mendel’s technique, it is specifically adapted
for fuzzy rule-based classification systems, using only class labels from
the data as the consequents in the resulting learned fuzzy IF-THEN rules.
Note that as with feature selection, alternative fuzzy induction methods
established in the literature (e.g., 42) may be exploited to generate fuzzy
production rules, if preferred.

The rule generation process herein employed comprises four main
steps. First, the input feature space is divided into distinct fuzzy re-
gions, corresponding to certain domain-specific linguistic terms. The
number of fuzzy regions depends on the designated linguistic terms for
each feature. For example, when describing the feature “Area” (F1) in
Table 1, the terms Very Small, Small, Medium, Large and Very Large serve
as five linguistic descriptors, as illustrated in Fig. 5. Second, fuzzy IF-
THEN rules are generated from the provided training data. Specifically,
for each feature of a training instance, the linguistic term with the high-
est membership value is assigned, while the consequent part is directly
represented by the class label (e.g., Benign or Malignant). This process
is repeated for all instances in the training dataset, resulting in the con-
struction of a comprehensive rule base. For instance, a rule may be ex-
pressed as: IF Area is Very Small, Circularityl is Large, Compactness is
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Fig. 5. Illustration of an input feature divided into five distinct fuzzy regions.

Medium, Standard Deviation of FOS is Medium, and Angular Second Mo-
ment of GLCM is Small, THEN Mass is Benign. Such rules are derived from
data points where these feature values intersect, enabling classification
based on distinct fuzzy characteristics. Third, each rule’s certainty de-
gree is calculated by aggregating the membership degrees of both an-
tecedents and consequents. Finally, the rule base is refined by compar-
ing and retaining rules with the highest degrees, effectively reducing
redundancy.

The fuzzy rules established in this manner not only capture the in-
herent vagueness of the feature data but also align with human intuitive
reasoning through their IF-THEN structure. As a result, the rule base is
prepared to match and reason when a new case is presented with a set of
observed feature values, enabling the identification of an unknown mass
lesion. When the learned rule base is incomplete as often the case given
that the training data can hardly cover all possible mass situations, with
the integration of FRI, an FRBS can provide reliable diagnostic insights
even in scenarios with sparse knowledge. In principle, this leads to a
transparent and easily interpretable decision-making process.

0.0

4. Transformation-based fuzzy interpolative reasoning with
mahalanobis matrices

As indicated previously, even though the most representative sub-
set of features may be selected through feature selection, certain fea-
tures still exhibit high correlations, resulting in information redundancy
within the rule base. Additionally, the overlap in the distributions of
pathology results for malignant and benign cases reduces the discrimi-
natory power of many selected features. Therefore, traditional FRI meth-
ods, whether they are able to assign different weights to each feature
during fuzzy interpolative reasoning [21,43,44], may not achieve opti-
mal classification performance.

This calls for innovative approaches to FRI. In response, a novel FRI
technique, transformation-based fuzzy interpolative reasoning with the
Mahalanobis matrices (MT-FRI), is introduced here. It transforms both
the original rule base and new observations into a new feature space
for reasoning, as illustrated in Fig. 6. This transformation redefines the
relationships between features to ensure their independence while en-
hancing their discriminative power for classification. To facilitate a clear
understanding of this method, preliminary concepts are first outlined
below.

4.1. Preliminary notions utilised in MT-FRI

Consider a rule base R= {r|,r;,...,ry} generated from prior data.
A typical rule r; can be represented as follows:

IF x, is A;; and x, is Ap and --- and x,, is A;,, THEN yis B;,
where i =1,2,..., N with N being the number of rules stored in the
rule base; m is the number of antecedent attributes (features); 4; 1 and
B; represent the value of the jth (j € {1,...,m)) antecedent attribute
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Fig. 6. Framework of proposed method.

and that of the consequent in R;, respectively, each defined by a fuzzy
set. A new case (or an observation) o* represented by fuzzy sets is: o* =
(A}, A3, . AT, A,

The concept of a representative value (Rep) [23] plays a key role in
guiding fuzzy interpolative reasoning. The Rep of a fuzzy set captures
crucial information on both the position of its domain and the shape of
its membership function. For instance, in the commonly used triangu-
lar membership function A, the x-coordinates of the three vertices are
represented by a,, a,, a3, and the representative value of this fuzzy set is
given by: Rep(4) = % As aresult, a simplified rule r; from the rule
base R can be denoted as r; = (Rep(A;;), Rep(A;7), ..., Rep(A;y,), Rep(B;))
to facilitate the implementation of FRI in subsequent steps.

The Choquet integral, defined with respect to a fuzzy measure [45],
allows for varying levels of significance to be assigned not only to indi-
vidual features but also to their subsets, providing a sophisticated math-
ematical method for variable fusion. A discrete Choquet integral defined
on finite spaces is formulated by

Cu®) = Y Koty = Xoti—1) (S ) @
i=1

where (x,(1),X5(2), ---» Xo(n)) IS @ non-decreasing permutation of x =

(xq,%32, .., x,)T, p(-) is a fuzzy measure, and San = {Xotys s Xam 1>

with the convention that x,q =0 and S,,.;) =#@. The concept of a
fuzzy measure, denoted by a set function yu : 2N [0,1] where N =
{1,...,n)}, serves as a foundational tool in constructing the Choquet
integral [45].

Using the above notations, the algorithm for MT-FRI can be sum-
marised as follows.

4.2. Transformation of original rule base and observation

A Mahalanobis metric learning process [46] with the simplified rule
base is conducted to obtain a Mahalanobis matrix M, which can trans-
form rules into a new coordinate system where the features from the
original space are reconstructed. Specifically, rules with the same con-
sequent are clustered closely together, while rules with different conse-
quents are pushed farther apart.

Consider for example, an arbitrary fuzzy set A j=12,....m with
a triangular membership function, taken from a rule r; € R. It is rep-
resented as a ternary vector (a i J,a 3T where the elements are the
x-coordinates (abscissas) of the three vertices of the fuzzy membership

function, with .aJ ;< afj < .aJ ;- BY left-multiplying these vectors with the
learned transformation matrix M, the antecedent values (originally de-
fined by A;;) of the fuzzy rule r; are mapped onto a new linear space as

below:

a, a, al al a1
il " il i2 im

M 052' aiz l l&§1 a a, 3)
@ a, .. @ @, .. @,

where A ("I ”?J, ”?J)T (j € {1, ..., m}) denotes the transformed fuzzy
set with respect to A;;. The consequent part B; of r; can be obtained
in a similar manner. Nevertheless, for classification problems involving
crisp outputs, this step is skipped to reduce computational complexity.
Consequently, the transformed rule 7; (i € {1,...,N}) is constructed in
the new space as follows:

IF x, is A;; and x, is Ay and --- and x,, is A;,, THEN yis B,.

With the same procedure, when a new observation does not
match any rule in the original sparse rule base, it is projected
onto the new coordinate system using the transformation matrix ap-
plied to the rule antecedents. Thus, the transformed observation &*

(AI, ME, ,ﬁ}, ..., A%), where A; (a )T denotes the fuzzy set
value of the jth transformed anteceden

4.3. Neighbouring rule selection in new space

In the FRI literature, typically, the n closest neighbouring rules to an
unmatched observation o* are selected to perform interpolation [20].
These nneighbouring rules are the ones with the smallest distances to o*.
In MT-FR], after all rules from the rule base are transformed into the new
space (which is a one-off operation), given a new observation, it is also
transformed to be a point in the new space. Then, the » neighbouring
rules are selected by calculating the distance from 6* to each 7; (where
ie{l,...,N}), with n < N. The distance is measured by:

4)

which is calculated on the basis of the distances between the Rep of each
antecedent feature value inrelation to its counterpart of the observation,
such that

. [Rep(4})—Rep(4;)|

d(A5, Ay) = range 5)
il
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where range; = maxy — ming ,j=1,2,...,m represents the domain
J 4
range of the jth antecedent feature.
From this, the n closest rules having the least distance measurements
with regard to ¢* are selected for use in the subsequent procedure of MT-
FRI, as to be described next.

4.4. Intermediate rule construction

This step of the MT-FRI process involves constructing an intermedi-
ate rule (IR), including both antecedent and consequent parts, denoted
as

IF %, is A and %, is A} and ... and %, is A],, THEN y is B;. This is
in order to align with the general format of the rules in the existing rule
base and is achieved using the principle of analogical reasoning [23].
The principle essentially states that if a certain level of similarity exists
between the values of antecedent attributes A’ and A*, then the con-
sequent parts B’ and B* should exhibit the same degree of similarity.
It provides the intuitive basis for this step as well as for the entire FRI
process that follows.

Let w;; (where ie {1,...,n} and j €€ {1,...,m]}) represent the
weight indicating the degree to which the j-th antecedent variable of
the i-th rule contributes to constructing the j-th antecedent fuzzy set ﬁ;
of the intermediate rule. This weight is inversely related to the distance
between ﬁ}‘ and A; ;> given by
1

i T =L = s 6
ij 1+d(43,4;) ©

which is normalised as shown below to guarantee that the weights for
each attribute j sum to 1,
_ wj
W =—m—- )]
L wy

To ensure the representative values concerned remain consistent be-
fore and after transformation, the new intermediate fuzzy antecedent
values fi} (for j = 1,2,...,m) are calculated as follows:

A = A7 +Rep(4}) - Rep(4”), ®)

where ﬁ;.’ =YL, m; jﬁ ;j is a temporary intermediate antecedent (TIR).
Similarly, the intermediate consequent B’ is computed as

n
B' = Z ;3 B; + 8y -range g, 9
i=1
where B; is the consequent value of the i-th rule, range ; = max z — ming,
and the factors ;, and &, are calculated by:

Wy, = C (W, Wiy, ...y Wiy, ), (10)

8y = C(8y, 8, ..., By), (11)
Rep(A*)—Rep(A")
with @, being derived from Eq. (7), §; = E"(;Mig:‘”
max; —ming (j € {1,...,m]}). As a result, the mostjsimilarn fuzzy rules
4 4

to the observation are aggregated into a single intermediate rule (IR).
The remaining interpolative inference process, which includes two steps
of transformation: scale and move transformations, continues to rely on
analogical reasoning to guide the process of deriving the final inferred
consequent B*.

, and range; =

4.5. Scale transformation

Through scale transformation, the IR resulting from the preceding
step is transformed into a scaled intermediate rule (SIR). It consists of
ﬁf, ﬁ;, ,ﬁTm and BT, where the fuzzy terms fi} (for j=1,2,...,m) and
B' represent the scaled intermediate fuzzy sets for the antecedent and
consequent attributes of the emerging SIR. This scaling ensures that the
resulting consequent B is obtained using the same scale factor that
transfers the antecedents from the IR to the SIR. An arbitrary antecedent
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from the SIR, represented as ﬁ}(&}l,&}? ﬁL), is calculated by scaling
ﬁ}(ﬁ;l, 5;_2, &}3) from IR with a scale matrix, as shown below:

pa
(j{' 1425y l—s“;j l—s;j 5;_1
6{2 =_|1-s4 1+2s,;_‘_ l—s,;_‘_ 5;_2 \ 12)
&j3 1—s4 I_S:‘!j 1+23;J_ 5;_3
&t it
where s; = a;‘3 a{l. The consequent of the SIR, Bf(bT,b;,b;}, is com-
g Tl

FERRN I

puted as follows using B'(¥|, ¥, }) and the aforementioned analogical
reasoning principle.

bj Jrezm 1-m -5
bl=3 1-5,  1+25 1-5 (|5 (13)
g,% 1-§, 1-5  1+25|| ¥

3

where 5, is the Choquet integral of s ip such that

§b=Cﬂ(S‘;],S‘;2,...,S‘;m). (14)

4.6. Move transformation

This step aims to align ﬁ}with the position of the original observation
ﬁj".‘ and similarly shifts B' to achieve the desired analogical reasoning
outcome B*(b], b3, b}). This adjustment is accomplished by applying the
following move matrix to B:

3—im iy of ol
Hom, 3-2m, ofsl] ifim,>0
b* _ _ T
1 —my my, 3 b3
Bl=1 - o (15)
5, 3 —my m, |5
1 _ _ T .
3|0 3+2m, —2m, b% , otherwise,
_0 _rﬁb 3 +mb_ _b3_
where
iy = Cylmg ,myg ,...,mg ), (16)

with my, (for j = 1,2,...,m) being a move ratio in response to fi} and is
computed by

3@ —al )
AU a2
F T an
- iz g
"4 = 3@, -al) .
+——, otherwise
& —d

4.7. Computational complexity

The computational complexity of the proposed FRI approach primar-
ily depends on two key factors: the number of generated fuzzy rules (de-
noted as R) and the number of input features (m). During the inference
(prediction) phase, the complexity is equivalent to that of T-FRI and
WT-FRI, since the interpolative process is performed within the estab-
lished new feature space and therefore requires no additional computa-
tion compared with T-FRI.

Specifically:

* Neighbouring Rule Selection: R x O(m)+ O(RY), accounting for
attribute-wise distance computations and sorting;

* Intermediate Rule Construction: 3 x @(mn) + O(n), covering the com-
putation of wy;, @, A}, and B’, where n denotes the number of fired
rules;

* Scale and Move Transformations: each @(m) + O(1), for calculating
Sa,s BY, my and B*.

ijr

Thus, the overall complexity can be simplified as: @(R? + R - m).
Given that the mammography datasets used in our experiments yield
relatively small rule sets (typically fewer than 1000 rules) and a modest
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number of extracted features (15-26), the total number of floating-point
operations per inference is limited to approximately 10,000-30,000. To
illustrate practical scalability, assuming a conservative single-core CPU
throughput of approximately 2 GFLOPS (billion floating-point opera-
tions per second)-well below the theoretical capabilities of modern desk-
top CPUs-the proposed approach achieves inference times well under 1
millisecond per mammogram. This extremely low computational over-
head ensures that the FRI method comfortably satisfies the stringent
latency requirements of real-time clinical decision support systems.

Moreover, FRI imposes a minimal memory footprint due to the
compact storage of fuzzy membership functions and rule antecedent-
consequent parameters, making it particularly well-suited for deploy-
ment within clinical infrastructures where computing resources are
constrained. In contrast to data-intensive techniques such as k-nearest
neighbours (KNN), which scale linearly with dataset size, and com-
putationally demanding deep learning models like VGG-16 [47] and
the Vision Transformer (ViT) [48], whose complexity increases signif-
icantly with image resolution, the complexity of FRI remains low and
predictable.

In summary, the analysis demonstrates that the FRI method exhibits
not only favourable computational complexity but also excellent scala-
bility relative to alternative approaches, making it particularly suitable
for real-time clinical applications due to its exceptionally low latency,
modest resource requirements, and ease of incremental updates.

5. Experimentation

This section provides a comprehensive experimental study on mam-
mographic mass prediction. It is carried out through comparative in-
vestigations, covering the transformation-based FRI with Mahalanobis
matrices approach, classical FRI methods, conventional machine learn-
ing techniques, and modemn deep neural network models.

5.1. Experimental set-up

5.1.1. Experimental environment

All mammograms containing mass lesions from the four datasets are
utilised for these experiments, which are summarised in Fig. 7. Since the
experimental comparison includes deep neural network models, a vali-
dation set is required. The dataset is therefore, randomly divided into a
training set, validation set, and test set, comprising 64 %, 16 %, and 20 %
of the data, respectively. The deep neural network models are trained
on the training set, with parameter tuning performed on the validation
set to achieve optimal prediction results. For the traditional machine
learning classifiers and FRI methods, the training and validation sets
are combined for training.

More specifically, in Fig. 7, data flow for training is indicated by
green arrows, while data flow for testing is shown by red arrows. At the
bottom of the figure, highlighted in yellow, T-FRI represents the widely-
used scale and move transformation-based fuzzy rule interpolation (FRI)
[23]; WT-FRI denotes the latest weighted attribute-based FRI [21]; and
MT-FRI refers to the transformation-based FRI with Mahalanobis ma-
trices proposed herein. The training and test data are fuzzified before
being utilised for reasoning in the three FRI approaches. In implement-
ing fuzzification, given that different types of membership function do
not significantly impact inference results when they are properly fine-
tuned [49], following the common practice in the FRI literature, trian-
gular membership functions are used to represent fuzzy values for all
domain variables in the implementation across all three FRI methods.
More sophisticated membership functions, such as trapezoidal, complex
polygonal, or other bell-shaped functions, could be utilised if desired.
As mentioned proeviously, to construct a dense fuzzy rule base from the
data, Chi’s method [40] is employed.

To ensure fairness in performance comparison, the feature value do-
mains are normalised to a range of 0 to 1 prior to being uniformly di-
vided into five fuzzy sets. As discussed in [22], increasing the number of
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Fig. 7. Flowchart of experimental investigation process.

partitions (e.g., to seven, nine, or ten) significantly raises the computa-
tional cost without significantly improving overall system performance.
Subsequently, a sparse rule base is created by randomly selecting 70 %
of the rules from the dense fuzzy rule base to evaluate the performance
of FRI in handling sparse data scenarios. Of course, in practical appli-
cations of mammographic mass classification, the conventional compo-
sitional rule of inference (CRI) [50] would be used if a dense rule base
is available. Nevertheless, since CRI has been shown to perform signif-
icantly worse than FRI in predictive accuracy in sparse data scenarios,
as demonstrated in [21], this experimental study omits such compar-
isons. Furthermore, both empirical evidence (e.g., the finding of [51])
and formal analysis (e.g., the work of [52]) suggest that increasing the
number of nearest rules used to construct an intermediate rule does not
consistently and necessarily improve accuracy across many existing FRI
techniques. Hence, the interpolation approach in T-FRI utilises only the
three nearest rules, a commonly adopted practice.

Note that due to the relatively small numbers of mass lesion samples
given in the BCDR and INbreast datasets, five-fold cross-validation is
repeated five times for the FRI methods, resulting in a total of 25 runs.
This ensures a more robust and fairer performance estimate, mitigating
overfitting and reducing the impact of random variation. In contrast,
the CBIS-DDSM dataset contains a sufficient number of cases for a sys-
tematic evaluation, making additional computationally intensive vali-
dation unnecessary. The results produced by all compared methods on
the test set are taken for comparison, which are analysed and evaluated
to assess their relative predictive performances. This process includes
examining the performance metrics such as accuracy, precision, and re-
call to provide a balanced assessment of each method’s effectiveness in
mammographic mass prediction.

All experiments reported have been conducted on a personal com-
puter featuring an AMD Ryzen 5 5600 6-Core Processor, an NVIDIA
GeForce RTX 4060 Ti, and 32GB of unified memory. The comput-
ing system runs on Windows 10, while utilising PyCharm Professional
2020 with Python 3.8 and PyTorch 2.4.0. Links to the programmes and
datasets used will be provided here for open access.

5.1.2. Compared methods

As some of the most widely used non-parametric machine leaming
algorithms, the k-neighbours (k-NN) classifier, Decision Tree classifier,
and Support Vector Machine (SVM) are employed in this study to rep-
resent classical machine leaming classifiers for comparative analysis.
Alternative machine learning algorithms (like C4.5) may be utilised if
preferred, though this will necessitate parameter learming prior to im-
plementation. This intriguing aspect, however, is a topic that remains
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open for exploration in future endeavours. k-NN operates by identifying
the k nearest data points (i.e., nearest neighbours) in the training set to
a given input data point. It then predicts the label of the input data point
by assigning it the class that is most frequently represented among its
k nearest neighbours. In essence, the k-NN classifier assigns class labels
to new data points based on their similarity to known data points in the
training set. For consistency with the FRI methods and fair comparison,
the value of k, which determines the number of neighbours to be taken
into account when making classification decisions, is set to 3, the same
as the number of the nearest rules being selected in FRI. For the Decision
Tree classifier and SVM, their default settings, as recommended in the
respective literature, are adopted.

Further to classical classifiers, two widely recognised deep neural
network models, VGG16 and ViT-B/16, are utilised due to their strong
performance in image recognition tasks. VGG16 [47] consists of 16 lay-
ers, including 13 convolutional layers followed by three fully connected
layers. It employs small 3x3 filters throughout, which enhances compu-
tational efficiency while maintaining high accuracy. ViT-B/16, a vari-
ant of the Vision Transformer (ViT) model [48], uses a transformer-
based architecture initially developed for natural language processing.
Unlike the use of convolutional neural networks (e.g., [53]), ViT-B/16
divides an input image into non-overlapping 16x16 patches and then
embeds and processes these patches as a sequence of tokens. The trans-
former layers capture global dependencies, allowing ViT-B/16 to per-
form effectively in tasks that require a comprehensive understanding
of spatial relationships across the entire image. Due to limited sam-
ple sizes in the datasets run, both models are fine-tuned using weights
pre-trained on the ImageNet ILSVRC2012 dataset [54,55]. All images
are resized to 256x256 pixels, and a batch size of 8 is used for both
training and validation. Training is conducted for 100 epochs using the
Adam optimiser, with a weight decay of 0.05 and a learning rate of
6.25 x 107°. Multiple worker processes are employed to accelerate data
loading. Our implementation is available as open-source software at
https://github.com/DataSprinter/MammoClassify.

5.1.3. Performance metrics

Accuracy, Precision, Recall (also known as sensitivity or true posi-
tive rate (TPR)), and F1 score are calculated as the performance indices.
These indices measure the proportion of correctly classified samples, the
proportion of true positives out of all positive predictions, the propor-
tion of true positives out of all actual positive samples, and the harmonic
mean of precision and recall, respectively. They are computed by

Accuracy = 5 ;; :1};}; +FN’ as)
Precision = %, (19)
Recall = Tpiipm‘ (20)
Fl= 2 % (Precision ¥ Recall) (21)

Precision + Recall
where TP, FP, TN, FN stands for true positives, false positives, true neg-
atives, and false negatives.

Note that in practice, Area Under the Curve (AUC) is commonly used
as a performance metric in binary classification tasks. It refers to the
area under an ROC (Receiver Operating Characteristic) curve, which is
a visual representation of a binary classification system’s performance
across various discrimination thresholds, with ROC being a plot of true
positive rate against false positive rate. As such, AUC reflects the abil-
ity of a model to extrapolate knowledge as conservatively as possible,
minimising false positives. Conversely, F1 score aims to improve the
proportion of true positives among the samples that test positive, which
translates to enhancing the accuracy/hit rate of the test. It captures the
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capability of a model not to overlook any possibilities when extrapolat-
ing knowledge. In medical classification, it is more important not to miss
any possible positives than to pursue a low false positives rate. Thus, F1
score is often preferred in applications for medical classification and
hence, adopted in the present work, instead of using AUC.

5.2. Results and discussion

5.2.1. Results

The performance measures for the four datasets are presented in
Tables 5-8. These tables summarise the results of various models tested
on the INbreast, CBIS-DDSM, BCDR-DO01, and BCDR-F01 datasets, re-
garding both full training data and sparse training data (with 30 % ran-
domly removed). These results provide insights into the strengths and
limitations of each model type across different datasets and training con-
ditions. Figures representing the highest values in each column are high-
lighted in bold.

INbreast. The MT-FRI approach clearly outperforms all other models,
achieving the highest accuracy (0.8336), precision (0.9008), and F1
score (0.8724). These metrics highlight MT-FRI's robustness and reli-
ability in prediction tasks. Although WT-FRI and T-FRI also produce
competitive results-with F1 scores of 0.8043 and 0.8057, respectively-
MT-FRI demonstrates superior overall performance. Among traditional
classifiers, SVM notably achieves the highest recall (0.9319) of all mod-
els, though its precision (0.7960) is significantly lower than that of MT-
FRI The Decision Tree Classifier also performs well, obtaining a strong
F1 score of 0.8488, closely trailing SVM (F1 = 0.8586). Additionally,
the k-neighbours (k-NN) classifier shows reasonable effectiveness un-
der sparse data conditions (F1 = 0.8097); however, none of these tra-
ditional methods surpasses the overall effectiveness of MT-FRI. Among
the deep learning models, VisionTransformer with pre-training produces
competitive results with full data, achieving an F1 score of 0.7588, sug-
gesting that it benefits from comprehensive datasets. However, its per-
formance declines significantly with sparse data, as its F1 score drops
to 0.6606 in this case. Both VGG-16 and VisionTransformer models per-
form less effectively without pre-training, particularly VGG-16, which
shows a substantial drop across all metrics, especially under sparse data
conditions.

CBIS-DDSM. The MT-FRI approach performs strongly once again, par-
ticularly in recall (0.9825) and F1 score (0.7671), indicating its robust-
ness and reliable ability to detect true positives. While T-FRI and WT-FRI
also show competitive results, they lag slightly behind MT-FRI, with an
F1 score of 0.6948 and 0.6980, respectively. The three machine learmning
classifiers perform significantly worse than the FRI-based methods, un-
derscoring its limitations on this dataset. Among the deep learning mod-
els, VGG-16 with pre-training achieves the highest accuracy (0.6975)
with full data; however, its F1 score remains insufficient to surpass the
FRI models. Both VGG-16 and VisionTransformer struggle without pre-
training, particularly under sparse data conditions, highlighting the de-
pendence of deep learning models on large, labelled datasets for optimal
performance. In summary, MT-FRI excels on the CBIS-DDSM dataset,
while deep learning models, even with pre-training, are unable to match
its performance facing the challenges induced by sparse data.

BCDR-D01. MT-FRI is shown to be the best-performing model, with an
accuracy of 0.8930, precision of 0.8987, recall of 0.8246, and F1 score
of 0.8600, making it the most reliable choice for this dataset. WT-FRI
also performs well, achieving the highest recall at 0.8596, though it
trails MT-FRI in other metrics. T-FRI scores slightly lower than both
MT-FRI and WT-FRI but still outperforms the deep learning models.
The SVM classifier reaches an F1 score of 0.8004 under sparse data
conditions, though it falls short of what can be attained by the more
advanced FRI methods. Among the deep learning models, VisionTrans-
former with pre-training achieves the highest performance, with an F1
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Table 5
Performance comparison on INbreast with sparse and full training data.
Training data Approach Accuracy  Precision Recall F1 score
T-FRI 0.7336 0.7912 0.8208  0.8057
FRI WT-FRI 07317 0.7898 0.8194  0.8043
MT-FRI 0.8336 0.9008 0.8458  0.8724
k-neighbours Classifier 0.7645 0.8874 0.7444  0.8097
30% Removed  Machine Learning Classifier Decision Tree Classifier 0.7972 0.8517 0.8458 0.8488
SVM 0.7935 0.7960 0.9319  0.8586
VGG-16 with Pre-training 0.6890 0.6450 0.6318  0.6386
VGG-16 without Pre-training 0.6162 0.5892 05432  0.5210
Deep Neural Network Models
P Neu or VisionTransformer with Pre-training 06677 06455  0.6889  0.6606
VisionTransformer without Pre-training ~ 0.6666 0.6582 0.6084  0.6483
VGG-16 with Pre-training 0.7188 0.6778 0.6765  0.6855
VGG-16 without Pre-training 0.6250 0.6050 0.6118  0.6086
0% Removed  Deep Neural Network Models ;v former with Pre-training 07792 07687 07690  0.7588
VisionTransformer without Pre-training  0.6875 0.6782 0.6484 0.6583
Table 6
Performance comparison on CBIS-DDSM with sparse and full training data.
Training data Approach Accuracy  Precision  Recall F1 score
T-FRI 05794 06177 07939  0.6948
FRI WT-FRI 05926 0.6312 0.7807  0.6980
MT-FRI 0.6402 0.6292 0.9825 07671
k-neighbours Classifier 05741 0.6264 07281  0.6734
30% Removed  Machine Learning Classifier Decision Tree Classifier 05212 0.6026 0.6053  0.6039
SVM 0.5529 05942 0.8157  0.6876
VGG-16 with Pre-training 0.6350 0.6100 0.6200  0.6150
VGG-16 without Pre-training 0.6000 0.5800 0.5750  0.5775
Deep Neural Network Models . 1+ ansformer with Pre-training 06420 06300 06250  0.6275
VisionTransformer without Pre-training  0.6180 0.6050 0.5900 0.5975
VGG-16 with Pre-training 0.6975 0.6658 0.6615  0.6535
VGG-16 without Pre-training 0.6467 0.6305 0.5877  0.6132
0% Re d Deep Neural Network Models
move P Neu or VisionTransformer with Pre-training 06514  0.6684  0.6745  0.6471
VisionTransformer without Pre-training 0.6675 0.6754 0.6358 0.6213
Table 7
Performance comparison on BCDR-D01 with sparse and full training data.
Training data Approach Accuracy  Precision  Recall F1 score
T-FRI 0.8231 0.7629 0.8070 0.7843
FRI WT-FRI 0.8545 0.7929 0.8596  0.8249
MT-FRI 0.8930 0.8987 0.8246 0.8600
k-neighbours Classifier 0.8350 07774 0.8211 0.7986
30% Removed  Machine Learning Classifier Decision Tree Classifier 0.7923 0.7366 0.7456 0.7411
SVM 0.8413 0.8025 0.7982 0.8004
VGG-16 with Pre-training 0.6783 0.6684 0.6562 0.6307
VGG-16 without Pre-training 0.6666 0.5909 0.6250 0.6210
Deep Neural Network Models
ped or VisionTransformer with Pre-training 07305 07423 07256 07103
VisionTransformer without Pre-training  0.6546 0.6684 0.5937 0.5872
VGG-16 with Pre-training 0.7500 0.7187 0.6875 0.6812
VGG-16 without Pre-training 0.7021 0.6904 0.5937 0.5872
0% Re d Deep Neural Network Models
move P Neu or VisionTransformer with Pre-training 07916 07666 07812 07722
VisionTransformer without Pre-training  0.6666 0.6428 0.6562 0.6444

score of 0.7722, accuracy of 0.7916, and recall of 0.7812 under full data
conditions. However, it does not surpass MT-FRI across any performance
metric.

BCDR-FO1. MT-FRI once again emerges as the top-performing model
among those investigated, achieving the highest accuracy of 0.8277,
precision of 0.8771, and F1 score of 0.8223. Despite its slightly lower
recall (0.7739), MT-FRI’s balanced performance across key metrics high-
lights its reliability for this dataset. WT-FRI also performs competitively,
achieving the highest recall (0.7882) among the FRI methods and an
F1 score of 0.8125. The SVM classifier delivers strong performance as
well, closely following MT-FRI with an accuracy of 0.8251, precision of

0.8646, and an F1 score of 0.8219. The k-NN classifier attains similar re-
sults to WT-FRI, demonstrating robust performance with an accuracy of
0.8116 and an F1 score of 0.8103.The Decision Tree classifier achieves
comparatively weaker results. Among the deep learning models, VGG-
16 with pre-training demonstrates better effectiveness than VisionTrans-
former under sparse data conditions, achieving an F1 score of 0.6062.
With full data, its performance improves only slightly, reaching an F1
score of 0.6278.

5.2.2. Discussion
Across the four datasets, MT-FRI consistently exhibits the highest
performance, particularly in terms of F1 score, underscoring its robust-
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Table 8
Performance comparison on BCDR-F01 with sparse and full training data.
Training data Approach Accuracy  Precision  Recall F1 score
T-FRI 0.7900 0.7980 07932  0.7956
FRI WT-FRI 0.8125 0.8382 0.7882  0.8125
MT-FRI 0.8277 0.8771 07739  0.8223
k-neighbours Classifier 08116 0.8422 0.7806  0.8103
30% Removed  Machine Learning Classifier Decision Tree Classifier 0.7758 0.7750 0.7958 0.7852
SVM 0.8251 0.8646 07832  0.8219
VGG-16 with Pre-training 0.6093 06177 0.6127  0.6062
VGG-16 without Pre-training 05104 05138 0.5104  0.5039
Deep Neural Network Models .. o nsformer with Pre-training 0.5781 06297 05853  0.5652
VisionTransformer without Pre-training ~ 0.5625 05344 05119  0.4909
VGG-16 with Pre-training 0.6323 0.6334 0.6291  0.6278
VGG-16 without Pre-training 05937 05873 0.5762  0.5755
0% Re d Deep Neural Network Models
move P Neu or VisionTransformer with Pre-training 05772 05500  0.5476  0.5294
VisionTransformer without Pre-training  0.5468 0.6115 0.5813 0.5273

ness and adaptability even under conditions of data scarcity. Interest-
ingly, WT-FRI also achieves strong results, consistent with findings in
existing literature [21]. In comparison, the SVM classifier achieves the
best performance among the three machine learning classifiers, even
slightly surpassing or performing similarly to WT-FRI This indicates the
importance of advancing and refining FRI methods to achieve optimal
results.

Collectively, deep neural network models generally exhibit lower
recall and F1 scores compared to the three FRI methods and the ma-
chine learning classifiers. This finding reinforces the notion that given
only sparse data, deep neural networks are less effective than other ex-
plicit modelling approaches. However, an increase in data volume can
enhance the performance of neural networks, as demonstrated by VGG-
16 with pre-training, which achieves the highest accuracy on the CBIS-
DDSM dataset containing 1698 mammograms.

These results also validate the effectiveness of the feature extrac-
tion and selection techniques employed, which are particularly well-
suited for optimising classification performance in data-limited scenar-
ios. Furthermore, the quality of the mammographic images significantly
influences classification outcomes. For instance, datasets like DDSM and
BCDR-FO01, derived from digitised film mammography with lower res-
olution, lead to lower classification performance compared to INbreast
and BCDR-DO01, which are sourced from higher-resolution full-field dig-
ital mammography. Although classification accuracy is generally af-
fected by image quality, the relative stability of the proposed method
across different datasets suggests that it can tolerate moderate variation
in acquisition conditions.

Although devised for sparse data, the proposed FRI is inherently
robust to heterogeneity in image quality, imaging protocols and pa-
tient demographics. All handcrafted features (including shape, margin,
first-order statistics, and GLCM) undergo normalisation to zero mean
and unit variance within each imaging site, which significantly reduces
variability caused by differences in detectors, compression settings, and
imaging protocols, enabling consistent feature representation. Besides,
continuous fuzzy membership functions for rule antecedents instead of
rigid thresholds and multi-rule interpolation enable predictions to adjust
smoothly to moderate shifts in noise, resolution or vendor characteris-
tics. The rule base can be expanded or re-weighted incrementally, and
its construction is stratified by key demographics (e.g. breast density
and age), ensuring adequate coverage of diverse sub-populations. These
properties allow FRI to maintain reliable performance across varied clin-
ical settings without requiring full retraining.

6. Conclusion

This paper has presented a novel data-driven learmning and reasoning
mechanism: transformation-based fuzzy rule interpolation with Maha-

lanobis matrices (MT-FRI), for aiding in automated detection of mam-
mographic masses. Given a set of mammography images in the stan-
dard DICOM format, the main steps of this CADx system include for-
mat conversion, region of interest extraction, mass segmentation, fea-
ture extraction, feature selection, fuzzy rule generation, and fuzzy inter-
polation inference. Empirically verified against popular mammographic
datasets, the comprehensive experimental study carried out has demon-
strated the success of the proposed approach, particularly for working
in the situations where an unobserved mass does not match any existing
rule. Benchmarked against other FRI approaches, as well as classical ma-
chine learning methods and popular deep neural network models, the re-
sults have highlighted MT-FRI's superior effectiveness in handling data
sparsity.

Although the findings presented here are encouraging, the current
study is deliberately focused on scenarios characterised by limited and
sparsely labelled data. When extensive and well-annotated datasets be-
come available, state-of-the-art deep-leaming approaches-augmented
by advanced data augmentation, fine-tuning, and ensemble strategies-
are expected to achieve superior accuracy [56], albeit potentially sac-
rificing interpretability. Therefore, future research should systemati-
cally integrate MT-FRI's interpretable, rule-based reasoning with opti-
mised deep-leaming architectures (e.g., CNN or Transformer models)
[57,58]. In such a hybrid system, deep neural networks would pro-
vide rich visual descriptors, while MT-FRI would retain its adaptabil-
ity by allowing rules to be modified or expanded incrementally with-
out full retraining. Additionally, this hybrid approach will be rigorously
validated on multi-institutional mammography repositories comprising
tens of thousands of examinations, enabling thorough assessment of
scalability, generalisability, and real-time performance within clinical
workflows.
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