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We examine the characteristics of the initial conditions leading to the appearance of freak waves of high am-
plitude within the framework of the nonlinear Schrödinger equation. We consider several of the most representa-
tive shapes of the waves with high amplitude as potential candidates for the rogue waves and obtain sufficient 
criteria for their parameters. We also estimate the maximum norm of the resulting rogue wave solution. The re-
sults pave the way for analysis of the properties of initial conditions that might lead to the occurrence of high 
amplitude field spikes in the applications governed by the nonlinear Schrödinger equation. 
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1. Introduction 

The occurrence of large amplitude waves is a generic 
physical phenomenon. Initially studied mostly in the context 
of high amplitude rare waves in the ocean [1–7] the research 
on rogue (or freak) waves expanded to optics [8–14] and 
other fields [15–18]. There are too many publications in this 
fast-growing field, and we refer the reader to the papers 
above and references therein for an overview of recent 
advances and this area of research. Studying the appearance 
of rogue waves (RWs) deals with an interesting question: 
if these events are so rare and (as it was as beautifully for-
mulated in [19]) these waves “appear from nowhere and 
disappear without a trace”, can we predict their emergence? 
Note, that in the context of optical applications, a seminal 
nonlinear Schrödinger equation (NLSE) or its generaliza-
tions are often used to describe properties of the large am-
plitude waves. As it was observed in [20–22] RWs in the 
NLSE have features resembling locally the Peregrine soliton 
(that formally is a solution with background non-vanishing 
at the boundaries). Using NLSE as a master model in 
this Letter we consider the following questions. What are 
the possible shapes of the resulting extreme pulses and 
what are the requirements/limitations on their parameters? 
What initial conditions (initial field distributions) in NLSE 
lead to the generation of a wave with extremely large am-
plitude? 

2. Basic model and some preliminary estimates 

We consider the classical nonlinear Schrödinger equa-
tion (NLSE), which describes high-frequency envelope evo-
lution in a variety of physical applications (see, e.g., [23] and 
references therein) as a generic master model. In the normal-
ized forms, NLSE reads  

 
2

2
2 | | = 0.

2
q i q i q q
z t
∂ ∂

− −
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 (1) 

This model has been actively used for analysis of the for-
mation of RWs [24–26] in different physical contexts. To 
analyze initial conditions leading to the appearance of the 
high amplitude waves we will apply a back propagation, 
starting from a rogue wave given by the field ( ) =RWq t

*= ( , = )q t z z  and solving NLSE backward in z  to the point 
= 0z . This determines initial field distributions leading to 

the generation of RWs. Note that we are interested in a 
wave that reaches its maximum intensity 2= | |RW RWP q  at 

*=z z . 
The necessary condition for the pulse * *( , ) = ( , )q z t P z t , 

*exp ( ( , ))i z tϕ  to be RW is that its intensity 2
* *( , ) = | ( , ) |P z t q z t  

must have a maximum at *=z z  regardless of t. This is a 
somewhat restrictive condition as one can imagine local RWs 
where the pulse is peaked in z  only in the vicinity of a part-
icular time point *t  but most known analytical shapes of 
RWs, such as the Peregrine soliton [20], answer this criterion. 
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From the NLSE (1) it is easy to show that this is only pos-
sible when the RW pulse has a flat phase (which can always 
be set equal to zero) at *=z z , which means that at the point 
of the maximum intensity the RW constitutes a transform-
limited pulse. 

In what follows we assume normalization of the time 
variable by the parameter 0T  that is a characteristic tem-
poral scale of the extreme wave. However, we keep as a 
free parameter a characteristic amplitude A  of RW. We 
start with analyzing three types of real high-energy pulses 
serving as the prototypes of the RWs:

 ____________________________________________________  

 

( )

2

*
12

exp ( ) Type 1: Gaussian,
( ) = sech ( ) Type 2: Hyperbolic secant,

sinc ( ) cos ( ) 1 (2 ) Type 3: Raised cosine (RC) pulse,

A t
q t A t

A t t t
−


−





pb − b
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 _______________________________________________ 

where A  is the amplitude of the pulse and 0 1≤ b ≤  is the 
roll-off factor for the raised cosine (we used the value 

= 0.2b  throughout). By definition sinc ( ) = sin ( ) /t t t , each 
of these prototype pulses is then propagated backward and 
forward in distance z  using a split-step Fourier method [2] 
to verify that they indeed constitute the genuine RW and 
in order to establish the necessary initial conditions at = 0z  
required to generate these waves. Other shapes, e.g., ra-
tional Peregrine soliton, are possible, but here we concen-
trate mainly on the three above. 

Note that due to the conservation of the integrals 
2= | |E q dt∫  (pulse energy) and the Hamiltonian 

22 = | |tH q dt∫  – 4(1/ 2) | |q dt∫  in Eq. (1), we can esti-

mate a lower bound on the maximum of the peak power 
that can be achieved for the initial conditions with given 

(0)H  and (0)E : 

 2 *
max,*

, *

4 ( )= (| | ) = .max
( )t z

H zP q
P z

−  (3) 

This gives an estimate of how large a wave can be pro-
duced by the prescribed distribution with *( ) = (0)H z H  
and *( ) = (0)E z E . For the proposed pulses this gives 

2
*[ =P A  is the amplitude of the seeding pulse (2)]: 

max,* *= / 2 2P P −  (Gauss), *(2 / 3)( 1)P −  (sech), and 
2

max,* *= (2 / 3) 2 / 3P P − p  for RC (the latter valid for = 0b  
only). In the fiber-optic applications, in order to estimate 
the typical values let us consider a seed wave pulsewidth 

* s= 10 pT . Assuming the fiber dispersion coefficient 
2

2 ps20 km= /b −  the dispersion length is given by 
2

* 2= / | | = 5 kmDL T b . The corresponding normalization 
power 0 = 1/ ( ) 0.16 WdP Lγ   where –1 –1= 7 W.2 ·km1γ  is 
the nonlinear coefficient. 

3. Necessary and sufficient conditions  
for the seed RW profile 

In this section, we shall consider the sufficient condi-
tion for the candidate seeding pulse to be a maximum in z . 
This condition is the standard requirement that 

2 2
*/ ( = , ) < 0P z z z t∂ ∂  for each t  (or at least in the central 

part of the pulse). Substituting *= ( , ) ( , )P q z t q z t  and using 
NLSE (1) after some tedious but straightforward algebra 
one obtains 
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Next, recalling that at the critical point the pulse profile 
must be real, i.e., *

* * *( , ) = ( , ) = ( )q z t q z t q t , we arrive at 
the following criterion: 
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for the temporal region near the peak of the pulse. 
Let us evaluate the F -function for the choices given 

above. For the Gaussian function one gets: 

 2 22 4 2 2 2 2( ) = 4 (1 8 ) ( 1 4 )t t
GF t A e A t e t−  − + − +  

.  

The sign of the function is determined by the sign of the 
bracket and one can immediately see that no universal 
maximum is possible as at the wings of the pulse the ( )GF t  
function becomes positive. At the maximum location one 
gets 2 2(0) = 4 ( 1)GF A A −  from which we can see that a 
Gaussian seed can potentially be RW only for small ampli-
tudes < 1A  (or for energies less than = / 2 1.25cE p ≈ ) 
which is much less than the value used in the previous sec-
tion ( = 50E ). 

For the sech-seed one obtains: 

 ( )2 2 6( ) = 2 (1 ) sech ( ) 2 cosh (2 ) 3 .SF t A A t t− −   

Here again the center of the pulse achieves RW only for 
the amplitude < 1A . At the wings of the pulse the bracket 
changes sign and one has a local minimum of power. The 
unit critical amplitude for Gauss and sech appears to be 
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coincidental (see below). Incidentally, the critical ampli-
tude = 1A  for sech corresponds to the canonical single so-
liton solution * = sech ( )q t  for which of course the power is 
stationary in z so that all the derivatives (including of course 
the first two) /n nP z∂ ∂  identically vanish everywhere. 

For the RC the resulting formula is cumbersome, so we 
only provide the result for = 0b , i.e., for a sinc pulse 

* = sin( ) /q A t tp p  for t = 0: 

 2 2 2 22(0) = ( 15 ).
45RF A A− p − + p   

Again there is an upper bound for the amplitudes 
< / 15A p  for which this pulse can serve as the RW. 
The reason why there is an upper bound for the ampli-

tude follows from the general definition of the F-function (4). 
It is a non-homogeneous function of the amplitude and at 
large amplitudes the main contribution comes from the se-
cond and the third terms in (4) that scale as 4A . The third 
term vanishes at the maximum and the second is strictly 
positive (since at the maximum the second derivative is 
negative). 

Note the fact that since the time is normalized to 
the target RW duration the amplitude 1A  can still lead 
to significant power levels in the real world units. Recall 
that the normalization power 2

0 2=| | /( )RWP Tb γ  and is al-
ready high (22 dBm) for the target value = 10RWT  ps and 
can jump to 42 dBm for a shorter pulse of 1 ps. 

Also note that due to the scaling invariance of the 
NLSE (1) if 0 ( , )q z t  is a solution (e.g., a pulse with unit 
amplitude and width) then 2

0( , ) = ( , )q z t Aq A z At  is also a 
solution and hence one can always “scale up” the ampli-
tude of RW by means of time contraction. 

Figure 1 shows the same spatiotemporal evolution of 
the 3 seed pulses (2) but this time with the lower, sub-cri-
tical values of the amplitude. Note that now the maximum 
occurs at the right place albeit its magnitude is reduced and 
the evolution is non-recurrent. 

Finally, the expression for the F-function (4) and the cri-
terion for the seed pulse to be a valid RW candidate can be 
significantly simplified if one considers only the vicinity of 
the maximum point t = 0. Assuming an arbitrary single hump 

even a real seed pulse *( )q t  one can expand it near 
the point = 0t : 

 2 4
*( ) 1 / 2 / 4!q t A t t ≈ + α +b   

where *= (0) > 0A q , α and b are the second and fourth 
derivatives of the normalized pulse evaluated at zero (note 
that < 0α  for the local maximum). Substituting this poly-
nomial approximation into formula (4) and keeping only 
the terms up to the order of 2t  which we obtain: 

( )
2

2 2 2 4 2 4 21( ) 4 9 ,
2 4

AF t A A A A t ≈ − −α + α +b + − α + α b− b 
 

| | 1t   

This is a parabola that must be negative at = 0t  
which gives a necessary criterion for the seeding pulse to be 
a valid RW: 

 
2

2 2, .
4 | |

A b−α
b ≥ α ≤

α
 (5) 

Note that when the conditions of Eq. (5) are met the second 
term in the expansion of ( )F t  always decreases so at least 
locally one does have a spatiotemporal maximum. 

4. Conclusion 

In conclusion, we have studied the possible shapes of oc-
curring RWs in the NLSE systems and arrived at the fol-
lowing necessary and sufficient conditions for any seeding 
pulse *( )q t  to be a (local) RW: 

(i) The pulse must be real transform limited and sym-
metric; 

(ii) The “kurtosis” of the normalized pulse, 2= /K b α  
must be greater than one; 

(iii) There is a pulse dependent upper bound for the 
permitted amplitude max *= (0)A q . 

For example, the kurtosis of a Gaussian pulse is = 3GK  
and for sech it is = 5SK  with both having the critical am-
plitude max = 1A . 

The above criterion is quite general and relies only on 
the form of the NLSE and local properties of the pulse in 
the vicinity of the maximum. It does not rely on integrability, 
boundary conditions, or the global characteristics of the pulse 

Fig. 1. (Color online) The spatiotemporal intensity evolution obtained numerically for (a) sech, (b) Gauss, and (c) RC target pulses 
for (sub)critical amplitudes A = 0.9 (a), A = 1 (b), and A = 0.8 (c). The target location *z  of the RW is shown by the transverse plane. 
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(e.g., the energy, pulse area, etc). Since the NLSE model 
used in this analysis is universal the obtained results will 
also be applicable to the variety of the hydrodynamic sys-
tems [16] with the obvious substitution z t→  (distance 
to time) and t x→  (time to distance). 
 _______  
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Інверсійний дизайн екстремальних хвиль 

Stanislav Derevyanko, Sergei Turitsyn 

Досліджено характеристики початкових умов, що призво-
дять до виникнення екстремальних хвиль великої амплітуди 
в межах нелінійного рівняння Шредінгера. Розглянуто декілька 
найбільш репрезентативних форм хвиль з високою амплітудою 
як потенційних кандидатів на блукаючи хвилі та отримано 
достатні критерії для їхніх параметрів. Також оцінюється мак-
симальна норма отриманого розв’язку для блукаючої хвилі. 
Отримані результати відкривають можливості для аналізу 
властивостей початкових умов, які можуть спричиняти появу 
високоамплітудних сплесків поля в додатках, що описуються 
нелінійним рівнянням Шредінгера. 

Ключові слова: екстремальні хвилі, блукаючі хвилі, феноме-
нальні хвилі, солітон Перегріна, нелінійне 
рівняння Шредінгера. 
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