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Inverse design of extreme waves
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We examine the characteristics of the initial conditions leading to the appearance of freak waves of high am-

plitude within the framework of the nonlinear Schrédinger equation. We consider several of the most representa-

tive shapes of the waves with high amplitude as potential candidates for the rogue waves and obtain sufficient

criteria for their parameters. We also estimate the maximum norm of the resulting rogue wave solution. The re-

sults pave the way for analysis of the properties of initial conditions that might lead to the occurrence of high

amplitude field spikes in the applications governed by the nonlinear Schrodinger equation.
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1. Introduction

The occurrence of large amplitude waves is a generic
physical phenomenon. Initially studied mostly in the context
of high amplitude rare waves in the ocean [1-7] the research
on rogue (or freak) waves expanded to optics [8—14] and
other fields [15—18]. There are too many publications in this
fast-growing field, and we refer the reader to the papers
above and references therein for an overview of recent
advances and this area of research. Studying the appearance
of rogue waves (RWs) deals with an interesting question:
if these events are so rare and (as it was as beautifully for-
mulated in [19]) these waves “appear from nowhere and
disappear without a trace”, can we predict their emergence?
Note, that in the context of optical applications, a seminal
nonlinear Schrédinger equation (NLSE) or its generaliza-
tions are often used to describe properties of the large am-
plitude waves. As it was observed in [20-22] RWs in the
NLSE have features resembling locally the Peregrine soliton
(that formally is a solution with background non-vanishing
at the boundaries). Using NLSE as a master model in
this Letter we consider the following questions. What are
the possible shapes of the resulting extreme pulses and
what are the requirements/limitations on their parameters?
What initial conditions (initial field distributions) in NLSE
lead to the generation of a wave with extremely large am-
plitude?
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2. Basic model and some preliminary estimates

We consider the classical nonlinear Schrodinger equa-
tion (NLSE), which describes high-frequency envelope evo-
lution in a variety of physical applications (see, e.g., [23] and
references therein) as a generic master model. In the normal-
ized forms, NLSE reads

o %%

% 2o ilq|* q=0. )

This model has been actively used for analysis of the for-
mation of RWs [24-26] in different physical contexts. To
analyze initial conditions leading to the appearance of the
high amplitude waves we will apply a back propagation,
starting from a rogue wave given by the field ggy (¢) =
= q(t,z = z+) and solving NLSE backward in z to the point
z =0. This determines initial field distributions leading to
the generation of RWs. Note that we are interested in a
wave that reaches its maximum intensity Py =|qgy |* at
Z = Zx.

The necessary condition for the pulse g(zx,t) = 4/ P(z«,t),
exp (ip(zx,1)) to be RW is that its intensity P(zs,) =| q(z«,1) |*
must have a maximum at z = z. regardless of ¢ This is a
somewhat restrictive condition as one can imagine local RWs
where the pulse is peaked in z only in the vicinity of a part-
icular time point £ but most known analytical shapes of
RWs, such as the Peregrine soliton [20], answer this criterion.
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From the NLSE (1) it is easy to show that this is only pos-
sible when the RW pulse has a flat phase (which can always
be set equal to zero) at z = z., which means that at the point
of the maximum intensity the RW constitutes a transform-
limited pulse.

A exp (—12)
q+(t) =4 A4 sech (¢)

In what follows we assume normalization of the time
variable by the parameter 7, that is a characteristic tem-
poral scale of the extreme wave. However, we keep as a
free parameter a characteristic amplitude 4 of RW. We
start with analyzing three types of real high-energy pulses
serving as the prototypes of the RWs:

Type 1: Gaussian,
Type 2: Hyperbolic secant, 2)

A sinc (¢) cos (nBt)(l —(2B1)? )71 Type 3: Raised cosine (RC) pulse,

where 4 is the amplitude of the pulse and 0 < <1 is the
roll-off factor for the raised cosine (we used the value
= 0.2 throughout). By definition sinc (¢#) = sin (¢) /¢, each
of these prototype pulses is then propagated backward and
forward in distance z using a split-step Fourier method [2]
to verify that they indeed constitute the genuine RW and
in order to establish the necessary initial conditions at z =0
required to generate these waves. Other shapes, e.g., ra-
tional Peregrine soliton, are possible, but here we concen-
trate mainly on the three above.

Note that due to the conservation of the integrals

E= I |g|>dt (pulse energy) and the Hamiltonian

2H =||q, |? dt — (1/2)||q|* dt in Eq. (1), we can esti-
t

mate a lower bound on the maximum of the peak power
that can be achieved for the initial conditions with given
H(0) and E(0):
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This gives an estimate of how large a wave can be pro-
duced by the prescribed distribution with H(z.) = H(0)
and E(z.)=E(0). For the proposed pulses this gives
[P = A% is the amplitude of the seeding pulse (2)]:
Ppaxs = B /N2 -2 (Gauss), (2/3)(B.—1) (sech), and
Pyax» = (2/3)P. —2m* /3 for RC (the latter valid for p=0
only). In the fiber-optic applications, in order to estimate
the typical values let us consider a seed wave pulsewidth
T. =10 ps. Assuming the fiber dispersion coefficient
B, =—20ps’/km the dispersion length is given by
L, =T2/|B, |=5km. The corresponding normalization
power Py =1/(yL;) ~0.16 W where y =127 W -km " is
the nonlinear coefficient.

3. Necessary and sufficient conditions
for the seed RW profile

In this section, we shall consider the sufficient condi-
tion for the candidate seeding pulse to be a maximum in z.
This condition is the standard requirement that
0>P/0z*(z = z.,t) < 0 for each ¢ (or at least in the central

part of the pulse). Substituting P = ¢(z,#)q" (z,¢) and using
NLSE (1) after some tedious but straightforward algebra
one obtains
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Next, recalling that at the critical point the pulse profile
must be real, i.e., g(z+,¢) = ¢ (2+,t) = q«(t), We arrive at
the following criterion:

2
F(t):82P| _1 d%q. 5 382(]*—6 2(6(]*)2
a2 7= 2 a2 PR P
1 *q.
——qs(t <0, 4
54 (0 por )

for the temporal region near the peak of the pulse.
Let us evaluate the F-function for the choices given
above. For the Gaussian function one gets:

Fy(t) =442 [A2(1—8t2) 4o’ (—1+4t2)}.

The sign of the function is determined by the sign of the
bracket and one can immediately see that no universal
maximum is possible as at the wings of the pulse the F ()
function becomes positive. At the maximum location one
gets F;(0)=44?(4%>—1) from which we can see that a
Gaussian seed can potentially be RW only for small ampli-
tudes 4 <1 (or for energies less than E, = Jn/2 ~ 1.25)
which is much less than the value used in the previous sec-
tion (E = 50).
For the sech-seed one obtains:

Fg(t)=2A4%(1- 4%) sech®(t) (2 cosh (21)-3).

Here again the center of the pulse achieves RW only for
the amplitude 4 <1. At the wings of the pulse the bracket
changes sign and one has a local minimum of power. The
unit critical amplitude for Gauss and sech appears to be
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coincidental (see below). Incidentally, the critical ampli-
tude A4 =1 for sech corresponds to the canonical single so-
liton solution g« = sech (¢) for which of course the power is
stationary in z so that all the derivatives (including of course
the first two) 8" P/ 0z" identically vanish everywhere.

For the RC the resulting formula is cumbersome, so we
only provide the result for =0, i.e., for a sinc pulse
q+ = Asin(nt)/ nt for ¢ =0:

Fr(0)= —%AZ n?(-154% +n?).

Again there is an upper bound for the amplitudes
A< /15 for which this pulse can serve as the RW.

The reason why there is an upper bound for the ampli-
tude follows from the general definition of the F-function (4).
It is a non-homogeneous function of the amplitude and at
large amplitudes the main contribution comes from the se-
cond and the third terms in (4) that scale as A*. The third
term vanishes at the maximum and the second is strictly
positive (since at the maximum the second derivative is
negative).

Note the fact that since the time is normalized to
the target RW duration the amplitude 4 ~ 1 can still lead
to significant power levels in the real world units. Recall
that the normalization power B, =|B, | /(yT}3, ) and is al-
ready high (22 dBm) for the target value T, =10 ps and
can jump to 42 dBm for a shorter pulse of 1 ps.

Also note that due to the scaling invariance of the
NLSE (1) if g4(z,¢) is a solution (e.g., a pulse with unit
amplitude and width) then G(z,1) = Aq,(A4%z, At) is also a
solution and hence one can always “scale up” the ampli-
tude of RW by means of time contraction.

Figure 1 shows the same spatiotemporal evolution of
the 3 seed pulses (2) but this time with the lower, sub-cri-
tical values of the amplitude. Note that now the maximum
occurs at the right place albeit its magnitude is reduced and
the evolution is non-recurrent.

Finally, the expression for the F-function (4) and the cri-
terion for the seed pulse to be a valid RW candidate can be
significantly simplified if one considers only the vicinity of
the maximum point ¢ = 0. Assuming an arbitrary single hump

even a real seed pulse ¢.«(¢f) one can expand it near
the point# =0:

ge(0) ~ A[1+a¢2 /2+PBt? /4!]

where 4=¢.(0)>0, o and B are the second and fourth
derivatives of the normalized pulse evaluated at zero (note
that oo <0 for the local maximum). Substituting this poly-
nomial approximation into formula (4) and keeping only
the terms up to the order of #> which we obtain:

2
F(t)= _AT(—OLZ +4oAd? +|3)+[—9a2A4 +%aA2B— A“Bjtz,

[t <1

This is a parabola that must be negative at =0
which gives a necessary criterion for the seeding pulse to be
a valid RW:

2
B>a2, A%< p—a

T 4|al ©)

Note that when the conditions of Eq. (5) are met the second
term in the expansion of F(¢) always decreases so at least
locally one does have a spatiotemporal maximum.

4. Conclusion

In conclusion, we have studied the possible shapes of oc-
curring RWs in the NLSE systems and arrived at the fol-
lowing necessary and sufficient conditions for any seeding
pulse g« (¢) to be a (local) RW:

(1) The pulse must be real transform limited and sym-
metric;

(ii) The “kurtosis” of the normalized pulse, K =B/ o’
must be greater than one;

(iii) There is a pulse dependent upper bound for the
permitted amplitude 4, ,, = ¢+(0).

For example, the kurtosis of a Gaussian pulse is K; =3
and for sech it is K¢ =5 with both having the critical am-
plitude 4, =1.

The above criterion is quite general and relies only on
the form of the NLSE and local properties of the pulse in
the vicinity of the maximum. It does not rely on integrability,
boundary conditions, or the global characteristics of the pulse
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Fig. 1. (Color online) The spatiotemporal intensity evolution obtained numerically for (a) sech, (b) Gauss, and (c) RC target pulses

for (sub)critical amplitudes 4 =0.9 (a), 4 =1 (b), and 4 = 0.8 (c). The target location z.« of the RW is shown by the transverse plane.
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(e.g., the energy, pulse area, etc). Since the NLSE model
used in this analysis is universal the obtained results will
also be applicable to the variety of the hydrodynamic sys-
tems [16] with the obvious substitution z — ¢ (distance
to time) and ¢ — x (time to distance).
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IHBEepCiNHWI Ou3aliH ekcTpemManbHUX XBUrb
Stanislav Derevyanko, Sergei Turitsyn

JlocimipKeHO XapaKTePHCTUKH HOYaTKOBHX YMOB, 1110 HPH3BO-
JSTh 10 BUHUKHEHHS €KCTPEMaJIbHUX XBHJIb BEJIMKOI aMIUIITYIH
B Meax HeliHidHoro piBHsHHS Llpeninrepa. PosrstHyTo nekinbka
HalOUIBII PeNpPe3eHTATUBHUX (HOPM XBUIIb 3 BHCOKOIO aMILTITYIOKO
SIK MOTCHIIWHUX KaHAWIATIB Ha ONyKal4HW XBWJII Ta OTPHMAaHO
JOCTaTHI KpUTepil uisl IXHiX napameTpiB. Takoxk OLIHIOETbCS MaK-
CHMaJlbHa HOpMa OTPUMAHOTO PO3B’SI3KY [UIs OJYKaro4ol XBHIII.
OtpuMmaHi pe3yjibTaTd BiJKPUBAIOTH MOXIIHMBOCTI Ul aHAII3y
BJIACTHBOCTEH IIOYaTKOBHX YMOB, SIKi MOXKYTh CHPHYUHSTH MOSBY
BHCOKOAMIUITYJHUX CIUIECKIB HOJIS B I0AATKaX, 110 OMHUCYIOThCS
HeniniitHnM piBusHHEIM [Ipeninrepa.

Kitro4oBi crioBa: ekcTpeMaibHi XBuii, Oiykaroui XBuii, heHoMe-
HaJbHI XBWI, coniToH Ileperpina, HemiHiiHe
piBusins Llpeninrepa.
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