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A B S T R A C T   

Linear compressors are more efficient than conventional reciprocating com- pressors due to the 
absence of a crank mechanism. One of the main challenges for linear compressors is to keep 
operating at resonant frequency to maximise the efficiency. In this study, a novel resonant fre-
quency tracking method that keeps the current and piston velocity in phase is proposed using a 
numerical linear compressor model with two Luenberger observers for the current and piston 
velocity, a zero-crossing detector for the phase difference and a PI (proportional-integral) 
controller updating the operating frequency. Experiments are conducted using R134a for model 
verification. The observers can give good prediction of the current and piston velocity while the 
phase detector and the PI controller are capable of adjusting the operating frequency to resonance 
with an uncertainty less than 1% compared to the experiments. Resonant operation can achieve 
the smallest current amplitude thus a lower power consumption.   

1. Introduction 

Linear compressor, which has no crank mechanism, is an increasing research interest and has a wide range of applications such as 
Stirling cryocoolers, Joule Thomson coolers and vapour compression refrigeration (VCR) systems [1]. Compared with a conventional 
rotary compressor, a linear compressor utilizes a linear reciprocating motor and allows free-piston operation, leading to the advantages 
of compact scale, low noise, and oil-free operation thus much lower friction [2–4]. A linear compressor is usually able to achieve 10% 
~20% higher efficiency and lower energy consumption especially at part-load conditions [5,6] as well as mitigating CO2 emission [7]. 
Another advantage of the linear compressor is the capacity modulation resulting from the variable displacement. 

Unlike conventional compressors under the constraint of the crank mechanism, linear compressors can alter the compressor stroke 
to meet different cooling demands [8]. However, this may result in an off-resonance operating frequency. As it has been proven that the 
electromagnetic force is minimal when the oscillation frequency equals the resonant frequency [9], functioning at an off-resonant 
frequency would result in higher power consumption and worse efficiency. The resonant frequency can be calculated using the 
following equation [10]: 

fres = (1/2π)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ktotal/m

√
(1) 
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ktotal = ks + kgas (2)  

where ks and kgas denote the mechanical and gas spring stiffness, ktotal denotes the total spring stiffness. It is seen that the resonant 
frequency of a linear compressor is determined by the spring stiffness including the mechanical spring and gas spring because the 
moving mass is a constant [11]. A change in compressor stroke will bring a corresponding change in the gas spring stiffness. There are 
two approaches to help the linear compressor keep resonant. The first is to raise the stiffness for the mechanical spring to dominate the 
resonance thus the varying in gas spring stiffness will be negligible. The second is to continually adjust the operating frequency to 
resonance when the working condition varies. LG linear compressor follows the first logic by using several helical compression coil 
springs [12]. However, this will make the compressor exceedingly heavy and inconvenient to transport. As a result, resonant frequency 
tracking techniques for linear compressors are required to ensure that they operate at resonance regardless of operational variables 
such as varying strokes, temperatures, and pressures. 

The gas spring stiffness, which varies with the cooling load, is a non-linear function against the piston stroke [13]. Bradshaw et al. 
[14] and Liang [15] also pointed out that the resonant frequency was a non-linear function of the stroke-to-diameter ratio. It is a 
challenge to achieve the resonance by directly computing the gas spring stiffness in real time. 

To date, there are several works relating to the resonant frequency tracking of linear compressors. Lin et al. [13] developed a 
resonance tracking method by finding the maximum power for a given current amplitude. It was found that the resonance brought the 
linear compressor its maximum stroke and output power. However, as the maximum output power is difficult to be previously known, 
it will increase the difficulty in designing of the controller. Yu et al. [16] numerically studied the resonant frequency tracking strategy 
by finding the minimum current. However, as the maximum power and minimum current are not known in advance, many loops are 
needed thus a very long settling time. Besides, the compressor stroke and other operating parameters such as pressures and tem-
peratures of heat exchangers may not be constant. Xu et al. [17] established a model reference adaptive system to adjust the spring 
stiffness and the damping ratio to make the piston velocity from the adjustable model agree with that from the reference model. This 
method is novel but requires a highly accurate reference model. The thermodynamic process of the linear compressor was simplified as 

Nomenclature 

Abbreviation 
Ap Area of piston (m2) 
C Capacitance (F) 
CD Damping coefficient (N*s/m) 
CL Clearance (mm) 
CoP Coefficient of performance 
e Specific internal energy (J/kg) 
Dp Diameter of piston (mm) 
E Internal energy (J) 
f Frequency (Hz) 
fres Resonant frequency (Hz) 
F Force (N) 
h Enthalpy (kJ/kg) 
i Current (A) 
kgas Gas spring stiffness (N/m) 
ks Mechanical stiffness (N/m) 
L Inductance (H) 
Lp Length of piston (mm) 
M Mass (kg) 
P Pressure (bar) 
Q̇ Heat transfer (W) 
R Resistance (Ω) 
T Temperature (K) 
U Voltage (V) 
Ẇ Power (W) 
X Displacement (mm) 
Ẋ Velocity (m/s) 
Ẍ Acceleration (m/s2) 

Greeks 
α Motor constant (N/A) 
μ Viscosity (Pa⋅s)  
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well. 
To improve that, researchers proposed methods with a certain reference to be the criterion of resonance such as the phase angle. 

References [18,24] use the 90◦ phase angle between the piston displacement and the voltage (or current) as the criterion of resonance. 
However, Suzuki et al. [18] utilizes a Fourier transformation to define the piston position thus presents complicated calculation while 
the linear compressor model of Chun et al. [19] and Zhang et al. [20] lacks the in-cylinder thermodynamics process thus increases 
inaccuracy. Moreover, the wave fitting phase detection method in [20] requires complex computing. Chun et al. [21] also has key 
shortcomings such as that the initial stage of these signals is not stable if the operating frequency changes and the linear compressor 
model is simplified. Latham et al. [22,23] established nonlinear observers to obtain parameters such as the piston velocity, acceleration 
and top and bottom dead centres. However, the linear compressor behaviour was just described by a piston dynamic model and an 
electrical model without capacitor. Xu et al. [24] established an adaptive full-order displacement observer to achieve the resonant 
frequency tracking for a linear compressor, showing good agreement but complex calculation. There was no thermodynamic sub- 
model as well. 

In summary, linear compressors can generally present higher efficiency over conventional ones. By using resonant frequency 
tracking technology, the motor efficiency of a linear compressor can be kept at a high level thus the compressor efficiency can be 
further improved. Although there are already many studies on resonant frequency tracking, they all have shortcomings such as 
simplified linear compressor model [17,19–23] thus low accuracy as well as complex calculations [13,16,18,24]. Additionally, most of 
these studies chose the phase of piston displacement for calculation [18,24]. This will further reduce the accuracy of tracking because 
the piston displacement may have DC bias (piston offset) due to the pressure difference between the two sides of the piston. Following 
the theory that the phase angle between piston displacement and current reaches 90◦ when resonance, it is also known that the piston 
velocity and current are in phase when resonance. As a result, it is necessary to provide a resonant frequency tracking method that can 
be broadly applied in linear compressors and should have high accuracy and simple calculation. 

In this study, a resonant frequency tracking strategy is proposed based on an accurate model of linear compressor with observing 
the current and piston velocity. In Section 2, the linear compressor model illustrating the in-cylinder thermodynamic process, the 
piston motion, and the electrical behaviour is built. Two Luenberger observers describing the piston motion, and the electrical 
behaviour are established to replace the iterative computations by two state-space equations. In Section 3, a novel resonant frequency 
tracking method is proposed and numerically studied with a zero-crossing detection for the phase angle between piston velocity and 
current and a PI controller that changes the frequency. In Section 4, the experimental apparatus and method that verify the accuracy of 
the linear compressor model and observers are introduced. This numerical study can achieve the resonant frequency tracking without 
complex calculations as well as provide the reference for the practical use. 

2. Linear compressor model 

2.1. Compressor sub-models 

The linear compressor model contains three major parts named the thermodynamic sub-model, the piston dynamics sub-model and 
the electrical motor sub-model, respectively. NIST REFPROP database is used to obtain the properties of the working fluid [25]. 

2.1.1. Thermodynamic sub-model 
The change of the in-cylinder temperature and pressure is described using a thermodynamic sub-model based on mass and energy 

conservation theory, which can be written as follows: 

dE
dt

= Q̇ + Ẇ +
∑

in
ṁinhin −

∑

out
ṁouthout (3)  

dE
dt

=
d(ecmc)

dt
= mc

dec

dt
+ ec

dmc

dt
(4)  

where Q̇ and Ẇ denote the heat exchange and the shaft work per time step. ṁin and ṁout are the mass flow rate into and out of the 
compression chamber of the linear compressor (space between the piston and the valves in Figure 1) while hin and hout donate the 
enthalpy of the refrigerant flowing into and out of the compression chamber. It is worth noting that ṁout is the mass flow rate that join 

Fig. 1. Schematic of the linear compressor (compression chamber, body chamber and the linear motor. BDC: Bottom dead centre; TDC: Top 
dead centre). 

Z. Zhu et al.                                                                                                                                                                                                             



Mechanical Systems and Signal Processing 201 (2023) 110675

4

the cycle of the refrigeration system. mc and ec respectively represent the refrigerant mass and the specific internal energy in the 
compression chamber, which can be expressed as below: 

de = cvdT (5)  

e = h − PV (6)  

where cv denotes the specific heat capacity at constant volume, T is the temperature, P is the pressure, h represents the specific enthalpy 
of the refrigerant in the compression chamber, v is the specific volume expressed as 

v = 1/ρ (7) 

The shaft power Ẇ can be expressed as 

Ẇ = − P
(

dV
dT

)

(8) 

An expression of the temperature change in compression chamber can be obtained by combining Eqs. (3)–(8): 

dTc

dt
=

1
mccv

[

Q̇ +
∑

in
ṁinhin −

∑

out
ṁouthout − hc

dmc

dt
− Tc

(
∂P
∂T

)

V

(
dVc

dt
−

1
ρ

dmc

dt

)]

(9) 

The in-cylinder temperature can be calculated by adding the temperature change to the temperature in the last step. The in-cylinder 
pressure can then be obtained using REFPROP database [25] in MATLAB/Simulink environment. 

It is needed to take the seal leakage ṁleak into account when calculating ṁin and ṁout. An equation proposed by Liang [26] can be 
applied, shown as 

ṁleak =
πDpCL3(

P2
c − P2

b

)

24μLpRgTc
(10)  

where Dp and Lp represent the piston diameter and length, CL denotes the clearance. 
A heat transfer model is proposed by using the instantaneous heat transfer coefficient equation (Eq.(11)) from [27] to calculate the 

heat exchange Q̇. 

ht =

(

0.28Re0.65 + 0.25z
Tw

Tc − Tw

)(
k

Dp

)

(11)  

where ht is the instantaneous heat transfer coefficient, Re is the Reynold number, z is the compressibility factor, Tw is the cylinder wall 
temperature, and k is the thermal conductivity. 

The Re and z can be calculated as 

Re = ρ
⃒
⃒
⃒
⃒Ẋp

⃒
⃒
⃒
⃒Dp

/

μ (12)  

z =
γ − 1

Vc

dVc

dt

̅̅̅̅̅̅̅̅̅̅̅
D3

p

α
⃒
⃒
⃒
⃒Ẋp

⃒
⃒
⃒
⃒

√
√
√
√
√

(13)  

where μ is the viscosity and α is the gas diffusivity. 
The heat exchange Q̇ can be expressed as 

Q̇ = htA(Tc − Tw)
/

dt (14) 

where A is the heat exchange area, which can be expressed as Eq.(15). The number 0.00757 denotes the datum position of the 
piston. 

A = πD2
p

(
Xp + 0.00757

)
(15)  

2.1.2. Piston dynamics sub-model 
A piston dynamics sub-model can describe the forces affecting the piston behaviour, shown in Figure 1. The piston is acted upon by 

the motor force Fmotor, the damping force Fdamping, the spring force Fspring, and the gas force Fgas. The resultant force Finertia is the vector 
sum of the forces above. Fmotor is the driving power source provided by the motor and always in the same direction of the piston motion 
while Fdamping is opposite. Fspring is to make the piston back to the datum position, which is provided by the flexure spring. Fgas is due to 
the pressure difference on two sides of the piston. The piston dynamics sub-model can be written as 

Z. Zhu et al.                                                                                                                                                                                                             
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Fmotor + Fgas = MpẌp + CDpẊp + ksXp (16)  

Fmotor = αi (17)  

where Mp is the mass of piston, CDp is the damping ratio, ks is the spring stiffness, α and i represent the motor constant through 
correlation [26] and the current, respectively. Xp, Ẋp and Ẍp denote the displacement, velocity and acceleration of the piston, 
respectively. 

2.1.3. Electrical motor sub-model 
The linear motor’s electrical behaviour can be represented using an RLC circuit with a capacitor to eliminate the phase shift 

induced by the inductor [7,9,21,24,26], as seen in Figure 2 and written as 

U − BEMF = Ri + L
(

di
/

dt
)

+

(

1
/

C
) ∫

idt (18)  

BEMF = αẊp (19)  

where U is the input voltage, R, L and C represent the resistance, inductance and capacitance, respectively, and BEMF represents the 
back electromotive force. It is worth to note that the R, L and C are fixed values thus the LC resonant frequency is also fixed, and the 
resonant frequency needed to be satisfied is the mechanical resonant frequency mentioned in Eq.(1). 

2.2. Observers for current and piston velocity 

Using observers can help the state estimation, increasing flexibility and sensor Redundancy for the model-based control [27,28]. 
Moreover, many iterative computations are necessary to calculate the parameters in the numerical model (for example, the piston 
displacement: Xn+1

p = Xn
p + Ẋn

pdt + 1
2Ẍ

n
pdt2), resulting in increased complexity. Luenberger observer is a linear observer that can 

significantly simplify the modelling with keeping the accuracy. In this study, the piston dynamics sub-model and the electrical motor 
sub-model are stated using state-spaces and two Luenberger observers. Following this method, Eq.(16) and (18) can be rewritten as: 

Fin = MpẌp + CDpẊp + ksXp (20)  

Uin = Ri + L(di/dt) + (1/C)

∫

idt (21)  

where Fin = Fmotor + Fgas, Uin = U −BEMF. For the piston dynamics sub-model, set the displacement and the velocity as the states (Z1 

and Z2), the displacement as the output (y), and resultant force of motor force and gas force as the input (u), thus: 

Z1 = Xp (22)  

Z2 = Ẋp (23)  

y= Xp (24)  

u = Fin (25) 

Then Eq. (20) can be rewritten as 
⎡

⎣ Ż1
Ż2

⎤

⎦ =

[
0 1

−ks
/

Mp −CDp
/

Mp

][
Z1
Z2

]

+

[
0

1
/

Mp

]

u (26) 

Fig. 2. Equivalent circuit of the linear motor.  

Z. Zhu et al.                                                                                                                                                                                                             



Mechanical Systems and Signal Processing 201 (2023) 110675

6

y = [ 1 0 ]

[
Z1
Z2

]

+ [0]u (27) 

Set Lmech =

[
L1
L2

]

and the state-space equations can be expressed in the format of an observer, the estimated parameters are marked 

with a hat: 

˙̂Z = (A − LmechC)Ẑ + (B − LmechD)u + Lmechy (28)  

where A =

[
0 1

−ks/Mp −CDp/Mp

]

, B =

[
0

1/Mp

]

, C = [ 1 0 ] and D = [0]. 

The observability can be confirmed through following steps: 
From Eq.(26) and (27), the observability matrix should be formed by stacking the matrices [ 1 0 ] and 

[ 1 0 ]

[
0 1

−ks/Mp −CDp/Mp

]

(O =

[
C

CA

]

). Therefore, the observability matrix is as 

Omech =

[
1 0
0 1

]

(29) 

It can be seen that the rank of this matrix is 2, which equals to the number of states. Therefore, the system is fully observable, and all 
states can be uniquely estimated from the outputs. 

To ensure the stability of the system, the eigenvalues of (A −LmechC) should have negative real parts. The eigenvalues of (A −LmechC)

correspond to the system’s characteristic roots or poles. Stability requires that all these eigenvalues have negative real parts. When the 
real parts of the eigenvalues are negative, it indicates that the system’s response will decay over time, leading to a stable and well- 
behaved system. Positive real parts in the eigenvalues imply that the system’s response will grow or oscillate, indicating instability. 
Therefore, for Eq.(28), set λ1 = λ2 = −1, Lmech can be calculated as 

|λI − (A − LmechC)| = 0 (30)  

where I is the unit matrix. Then Lmech can be expressed as (the subscript ’mech’ indicates the mechanical dynamic sub-model) 

Lmech =

[
L1
L2

]

=

[
2 − CDp

/
Mp

1 − (ks + 2CDp + CD2
p)/Mp

]

(31) 

Substituting Eq. (31) to (28), the observer for the piston dynamics sub-model is expressed as 

Fig. 3. Schematic of the linear compressor model and associated observers.  
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⎡

⎣
˙̂Z1
˙̂Z 2

⎤

⎦ =

⎡

⎢
⎣

−L1 1

−
ks

Mp
− L2 −

CDp

Mp

⎤

⎥
⎦

[
Ẑ 1
Ẑ 2

]

+

⎡

⎢
⎣

0
1

Mp

⎤

⎥
⎦u +

[
L1
L2

]

y (32) 

Likewise, the observability matrix for the electrical motor sub-model (Eq.(33)) and the observer for the electrical motor sub-model 
can be obtained. It can be seen that the rank of the observability matrix is 2 thus fully observable. Set the voltage of the capacitor and 
the current as states, the current as the output, and Uin as the input, and the observer can be expressed as Eq.(34) and (35) (the 
subscript’elec’ indicates the electrical motor sub-model): 

Oelec =

[
1 0
0 1/C

]

(33)  

Lelec =

[
L3
L4

]

=

[
1/C − L
2 − R/L

]

(34)  

⎡

⎣
˙̂Z3
˙̂Z 4

⎤

⎦ =

⎡

⎢
⎢
⎣

0
1
C

− L1

−
1
L

−
R
L

− L2

⎤

⎥
⎥
⎦

[
Ẑ 3
Ẑ 4

]

+

⎡

⎣
0
1
L

⎤

⎦u +

[
L3
L4

]

y (35) 

The diagram of the linear compressor model illustrating the implementation is shown in Figure 3. The linear compressor model, 
observers and the controller are integrated in a MATLAB/Simulink environment. 

3. Resonant frequency tracking strategy 

The resonant frequency tracking strategy in this study is to control the phase difference. For the sinusoidal signals, a very common 
method to measure the phase difference between two signals is the zero-crossing method, which calculates the time difference between 
the two signals becoming positive one after the other. The diagram of zero-crossing phase detector is shown as Figure 4. 

An integral of 1 was applied to compute the time difference. When signal 1 (the blue solid line) becomes positive, the integral will 
be triggered. The integral calculation will last until signal 2 (the red dash line) becomes positive. Thus, the time difference can be 

tdiff =

∫ tstop

ttrigger

1dt = tstop − ttrigger (34) 

As the zero-crossing test requires a certain datum position to ensure the accuracy, a considerable offset is not acceptable. However, 
due to the integral calculation, the displacement has an offset which cannot be predicted. To avoid this uncertainty, the phase dif-
ference between the piston velocity and the current are chosen as the criterion. After the piston velocity signal and the current signal 
are computed through the linear compressor model, they are passed to the zero-crossing phase detector to calculate the phase angle, 
seen as 

Φdiff = Φi − Φẋ (35) 

The phase difference in degree can be calculated as 

Φdiff = tdiff Ã ⋅ (1/f ) × 360 (36) 

A reference phase angle Φref = 0 is set to obtain the error in phase ΔeΦ, expressed as 

ΔeΦ = Φref − Φdiff (37) 

Fig. 4. The diagram of zero-crossing phase detector.  
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A PI controller is employed to adjust the frequency as below. Note that the phase difference can only be obtained when the signals 
are stable, the PI controller is set to function every 0.3 s as it is observed that the signals become stable after this period. Therefore, the 
frequency is adjusted discretely. The subscript k denotes the kth time step: 

Δf = PI(ΔeΦ) (38)  

fk+1 = fk + Δf (39) 

Figure 5 shows the diagram of the resonant frequency tracking technique, which mainly consists of three steps as below: 1) current 
and piston velocity calculation by the linear compressor model; 2) phase difference detection by the zero-crossing phase detector; 3) 
operating frequency adjusting by the PI controller. The detailed procedure is as follows: if ΔeΦ > 0, indicating a negative Φdiff , meaning 
the current lags the velocity, the operating frequency should be increased with a positive Δf . If ΔeΦ < 0, indicating a positive Φdiff , 
meaning the current leading the velocity, the operating frequency should be decreased with a negative Δf . If ΔeΦ = 0, meaning the 
current and the velocity are in phase, the operating frequency should be unchanged with Δf = 0. 

4. Experiments 

To verify the linear compressor model, experiments were done utilising a linear compressor vapour compression test apparatus 
with R134a as the refrigerant. A linear compressor driven by a moving magnet linear motor was built, which includes a piston me-
chanical assembly, two flexure springs and two reed valves for suction and discharge. The piston mechanical assembly is regarded as a 
spring-damp system locating in the cylinder as shown in Eq.(16) and Figure 1. The linear motor consists of a resistance and an 
inductance with an extra capacitance added, which is illustrated in Eq.(18) and Figure 2. Figure 6 displays the prototype oil-free linear 
compressor and Table 1 lists the key parameters of the linear compressor. 

The linear compressor VCR test rig is shown in Figure 7. The test rig consists of a VCR system (the black solid lines), a bleed flow 
pipeline (the orange solid lines) and a controlling and data acquisition system (the red dash lines). 

The VCR system consists of two linear compressors oppositely arranged, an off-the-shelf copper water-cooled coaxial condenser, an 
expansion valve, and an evaporator with an electric heater inside. The key temperatures (suction, discharge, body, before and after the 
heat exchangers) were measured by seven K-type thermocouples with the accuracy of ± 1.5 ℃ while the key pressures (suction, 
discharge, body and after expansion) were measured by four Druck PMP1400 pressure transducers with a range of 0–25 bar. The main 
mass flow rate was measured using a Hastings HFM-201 thermal-type mass flow meter with an accuracy of ± 1%. The voltage and 
current were measured by a Fylde 261 HVA HV voltage attenuator and two LA LEM 25-NP current transducers for each linear 
compressor. Two data acquisition devices (DAQ) were adopted to obtain the signals of temperatures, pressures, mass flow rate and 
displacement, etc. The details of the test rig can be found in [26]. According to our previous uncertainty analysis, all inaccuracies in 
power input, cooling capacity, CoP, and volumetric efficiency of within 2% [29]. 

5. Results and discussion 

5.1. Model validation 

As mentioned in Section II. A, the thermodynamic sub-model gives the in-cylinder pressure. Figure 8 shows the P-V loop from both 
model and measurement [30]. A difference is seen at the high-pressure area, which is caused by the seal leakage of the reed valve. In 
general, a good agreement is observed. The current and velocity from measurement and observer are chosen to make the comparison to 
validate the feasibility and accuracy of the model as these two signals are essential for the resonant frequency tracking. Figure 9(a) 
displays the comparison between the current obtained by measurement and observer at the stroke of 10 mm, pressure ratio of 2.0 and 
condenser temperature of 50 ◦C. It is observed that the curve from the observer agrees well with the measured one. The error in 
amplitude is 5.2% while the error in phase is 0.3%. Figure 9(b) displays the comparison between the piston velocity obtained by 
measurement and observer at the stroke of 10 mm, pressure of 2.0 and condenser temperature of 50 ◦C. Like the current illustrated 
above, the curve from the observer agrees well with the measured one. The error in amplitude is 3.9% while the error in phase is 1%. It 
is considered that the accuracy of the model including the observer is sufficient for resonant frequency tracking and control. 

Fig. 5. The diagram of resonant frequency tracking technique.  
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5.2. Frequency tracking 

Figure 10 plots the frequency variation after the proposed resonant frequency tracking is applied at a stroke of 12 mm, condenser 
temperature of 50 ◦C and pressure ratio of 2.5 and 3.0, respectively. The red dash line represents the resonant frequencies that were 
experimentally identified. In the experiments, the resonant frequency was measured by changing the operating frequency to reach the 
highest motor efficiency. The adjust interval was firstly 1 Hz when the motor efficiency reached 90%, and then the increment was 
reduced to 0.5 Hz until lower motor efficiency occurred. The experimental error in resonant frequency was within 0.5 Hz. It is seen that 
with the resonant frequency tracking technique, the operating frequency can be adjusted to be very close to the resonant frequency. 

Fig. 6. Prototype oil-free linear compressor.  

Table 1 
Key parameters of the linear compressor.  

Parameters Values 

Piston diameter (mm) 18.99 
Piston length (mm) 31 
Piston area (mm2) 283.23 
Motor constant (N/A) 35 
Moving mass (kg) 0.66 
Mechanical Stiffness (N/m) 16284.85 
Damping Coefficient (N⋅s/m) 0.0475 
Resistance (Ω) 3.5 
Inductance (H) 0.141 
Capacitance (µF) 150  

Fig. 7. Linear compressor vapour compression refrigeration test rig (P: pressure transducer, T: thermocouple, I: Current transducer, M: mass 
flow meter). 
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The stable frequency at pressure ratio of 2.5 is 37.1 Hz while that at pressure ratio of 3.0 is 38.1 Hz. The differences between the 
tracked resonant frequencies and the experimental ones are 0.1 Hz (0.27%) and 0.4 Hz (1.04%), respectively. 

Figure 11 plots the CoP (coefficient of performance) and electrical efficiency against drive frequency for a stroke of 11 mm and 
pressure ratio of 2.5 with an evaporator temperature of 19 ◦C and a condenser outlet temperature of 50 ◦C. It is observed that the CoP 
and electrical efficiency reach the highest values of 3.4 and 82% at resonant frequency (38 Hz). The CoP decreases to approximately 

Fig. 8. P-V loop comparison between model and measurement using R134a at stroke of 12 mm, pressure ratio of 3.0 and condenser temperature of 
50 ◦C [30]. 

Fig. 9. Current and piston velocity from observers and measurement using R134a at stroke of 10 mm, pressure ratio of 2.0 and condenser tem-
perature of 50 ◦C: (a) current (b) piston velocity. 

Fig. 10. Frequency variation under the resonant frequency tracking at stroke of 12 mm and condenser temperature of 50 ◦C: (a) pressure ratio 2.5 
(b) pressure ratio 3.0. 
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3.0 in both directions from the peak value when the operating frequency changes by 2 Hz. Similarly, the electrical efficiency decreases 
to 78% in both sides when the operating frequency is 2 Hz away from the resonance. This can verify the importance of operating at the 
resonant frequency. However, it can be seen that the curves are fairly flat, indicating that the operating frequency does not need to be 
precisely equal to the resonant frequency. Therefore, the final tracked resonant frequencies from the resonant frequency tracking 
technique (Figure 10) are acceptable. 

5.3. Phase difference 

Figure 12 display the frequency change and phase difference between current and piston velocity response of resonant frequency 
tracking at stroke of 11 mm, pressure ratio of 4.0 and condenser temperature of 50 ◦C starting with a lower and a higher operating 
frequency. It can be observed that the resonant frequency tracking method can work well both from a lower or higher initial frequency 
with decreasing Φdiff and Δf to zero. It also can be seen that the settling time is different. It takes approximately 6 s when starting with 
37.5 Hz, while 3 s when starting with 39.5 Hz. This is because that Δf is determined by Φdiff . As observed, the phase differences are 
initially -17◦ and 25◦ when the operating frequencies are 37.5 Hz and 39.5 Hz respectively, and the PI controller gives larger Δf when 
starting with 39.5 Hz. This can also illustrate the robustness of the control strategy. 

5.4. Effects of resonant frequency 

Figure 13 illustrates the change in the curves of current and piston velocity at condenser temperature of 50 ◦C, pressure ratio of 4.0 
and input voltage of 50 V. It is observed that when the operating frequency is significantly smaller than resonance (Figure 13(a)), the 
piston velocity leads the current by a significant phase angle. With the operating increasing towards the resonant frequency, the phase 
angle that the piston velocity leading the current becomes smaller (Figure 13(b)). After the operating frequency reaches resonant, the 
phase difference between the piston velocity and the current is negligible as they cross the zero point at almost the same time 
(Figure 13(c)). If the operating frequency continues increasing, the current will lag the piston velocity (Figure 13(d)(e)). It is seen that 
as the operating frequency varies towards resonance, the amplitude of the current decreases. The amplitude of the current decreases 
from 2.5 A at the operating frequency of 32 Hz to 0.8 A at the operating frequency of 38.25 Hz, then raises to 4.5 A at 44 Hz. Since the 
amplitude of the voltage is unchanged in the procedure of resonant frequency tracking, it can be deduced that the power consumption 
is lower when the system works at resonance, shown as Figure 14. The power consumption reaches the lowest of 40.1 W at resonance. 
When the operating frequency decreases to 32 Hz or raises to 44 Hz, the power consumption becomes 110.2 W and 207.2 W, 
respectively. 

Figure 15 illustrates the resonant frequency as a function of piston stroke at different evaporator temperatures. When the condenser 
temperature is fixed, higher pressure indicates lower evaporator temperature. It is clear to see that the resonant frequency decreases 
with piston stroke increasing. This is because the increase in piston stroke brings a decreased stiffness of the gas spring, thus a lower 
effective spring stiffness. As the moving mass is considered as a constant, the resonant frequency decreases. Additionally, as the 
pressure ratio increases, the cylinder pressure becomes higher, leading to a higher gas spring stiffness, thus a higher resonant fre-
quency. At the piston stroke of 11 mm, the resonant frequencies are 38.3 Hz and 38 Hz and 37.8 Hz for pressure ratio of 4.0, 3.5 and 
3.0, decreases by 0.8% and 0.5%, respectively. 

6. Conclusions 

This work proposed a novel resonant frequency tracking strategy by keeping the current and piston velocity in phase. The 

Fig. 11. CoP and electrical efficiency against drive frequency for a stroke of 11 mm and pressure ratio of 2.5 with an evaporator temperature of 
19 ◦C and a condenser outlet temperature of 50 ◦C. 
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characteristics of resonant frequency tracking for the linear compressor are numerically investigated. Here are the main findings:  

1) The linear compressor model and the observers can give an accurate prediction of the current and piston velocity with errors in 
amplitude and phase smaller than 5% and 1%, respectively.  

2) The resonant frequency tracking method can help adjust the operating frequency to resonance with an error smaller than 1%, which 
has a negligible effect on the CoP and power consumption of the linear compressor.  

3) The amplitude of current will decrease when operating frequency varies towards resonance. At the condenser temperature of 50 ◦C, 
pressure ratio of 4.0 and input voltage of 50 V, the amplitude of the current decreases from 2.5 A at the operating frequency of 32 
Hz to 0.8 A at the operating frequency of 38.25 Hz, then raises to 4.5 A at 44 Hz.  

4) Higher pressure ratio can lead to higher resonant frequency as well as smaller piston stroke. The resonant frequency ranges within 
36 Hz to 39 Hz when the pressure ratio is within 3.0~4.0 and the compressor stroke is within 10 mm~13 mm. At the piston stroke 
of 11 mm, the resonant frequencies are 38.3 Hz and 38 Hz and 37.8 Hz for pressure ratio of 4.0, 3.5 and 3.0. 

Fig. 12. Frequency change and phase difference between current and piston velocity response of resonant frequency tracking at stroke of 11 mm, 
pressure ratio of 4.0 and condenser temperature of 50 ◦C: (a) starting with a lower frequency (b) starting with a higher frequency. 

Fig. 13. Phase difference between current and piston velocity before and after reaching resonance at condenser temperature of 50 ◦C, pressure ratio 
of 4.0 and input voltage of 50 V. 
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