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Abstract
Medical diagnostic testing can bemade significantlymore efficient using pooled testing protocols.
These typically require a sparse infection signal and use either binary or real-valued entries of ( ) 1 .
However, existingmethods do not allow for inferring viral loadswhich spanmany orders of
magnitude.We develop amessage passing algorithm coupledwith a PCR (Polymerase Chain
Reaction) specific noise function to allow accurate inference of realistic viral load signals. A version of
theCombinatorial OrthogonalMatching Pursuit algorithm is employed to compare the obtained
inference results with those of our probabilisticmessage passing. This work is in the non-adaptive
setting and could open the possibility of efficient screeningwhere viral load determination is clinically
important.

1. Introduction

Typically the infection status of a patient is determined by carrying out a single diagnostic test, which represents
a poor use of resource in the low-prevalence case wheremost tests return negative. Awell-studied improvement
is the pooled testing concept [1]which allows for the structuredmixing of patient samples into groups or pools.
By testing thesemixtures (rather than the individual samples), the number of diagnostic tests required to
determine each patient’s infection status can be dramatically reduced. This can be beneficial where shortages of
laboratory diagnostic equipment, raw testingmaterials and qualified staff occur. The twomain approaches to
pooled testing are the adaptive and non-adaptive protocols. In the former, tests are run sequentially, with
information from the previous testing steps informing the next one [1, 2]. However during the early spread of a
virulent pathogen, laboratories are typically running at capacity and the logistics of adaptive pooled testing are
not always feasible. In this paper, we focus on non-adaptive pooled testingwhich requires only one testing
procedure to infer infection status.

We consider the problemof recovering an unknownN-dimensional vector x representing the diagnostic
status ofN patients where component values can be either binary or real.Wewill introduce the concept using
binary values. Combinations of samples are pooled according to theM×N pooling/measurementmatrix, F
(see figure 1)where each row specifies which patient samples are included in each test.Matrix F can be
constructed as either randomor structured and is a knownquantity in the inference problem. Each rowof F can
be thought of as probing/examining the unknown signal vector by taking a linear projection via a physical
pooling of patient samples. TheM results are output as anM-dimensional vector, y and the aim is to solve the
inverse problemof inferring x fromknown F and y. A smallermeasurement rateα=M/N corresponds to a
more efficient pooled testing setup.

The judicious design of an efficient pooling regime helpsminimizeα. Typical approaches for real-valued
variables xuse poolingmatrices withGaussian randomvariable entries. Subsequent improvements include
matrix designs from error-correcting codes [3] and fromphysics-inspiredmethods of crystal nucleation [4].

Individual infection status is determined from the pooled testmeasurements via a statistical or
combinatorial inference procedurewith themethod used depending on the infection status representation e.g.
binary status (typical in group testing) or real-valued viral loads (compressed sensing). These approaches to
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group testing have been investigated in the fields of computer science [5], statistics [6, 7], error-correcting codes
[3] and statistical physics [4, 8–10]. Group testing typically assumes a sparse infection signal i.e. lowdisease
prevalence.

In some applications, the viral load can range from approximately 102− 109 copies permL e.g. in the case of
SARS-CoV-2 [11]. Thismakes inference problematic, especially for inferring real-valued variables, and, to our
knowledge, there is a lack of work dealingwith this case. The problem stems from each pooledmeasurement
containing a linear combination of zero, low,medium and high real values. Informally, the lower values will
necessarily be ‘drowned out’ by the high values in the pooling process. Thismasking phenomenon is nicely
articulated in [12], which addresses the problemby concatenated experimentation. In this work, we do not
assume that the signal entries are ( )~ 1 . First we ask the natural question of whether it is clinically relevant to
ascertain the viral load of a sample rather than a simple absence or presence of the virus; the answer depends on
the application:

• Viral load is clinically relevant but the efficiencies of pooled testing are not required. For chronic diseases such as
HIV, a lower viral loadmeans higher life expectancy [13]. Hence the success of treatment regimes ismeasured
by viral load. For a previously infected patient, knowing the binary presence or absence does notmatter
because the viruswill be there in some amount. In the case ofHIV, the efficiencies of group testing are typically
not required (unless it is done as community screening e.g. [14]).

• Widespread screening required butmostly the presence or absence of the disease is relevant: In some cases knowing
the viral load is less likely to affect the treatment or isolation regime (such as COVIDorHepatitis C). Here low
viral loadsmean early infection stages but are less likely to affect the clinical decision. A possible caveat to this
is evidence that patients with high viral load aremore efficient at spreading infection [15, 16]. Identifying and
quarantining these individuals will have an outsized effect on viral spread.

• Both viral load and efficient screening are relevant: Pooled testing can be used to estimate the amount of
contaminants in food.Here it doesmatter howmuch salmonella there is in your chicken. There is also a clear
commercial benefit for food companies to gain efficiencies frompooled testing.

• Inferring the stage of outbreak: The distribution of viral load estimates in a population is related to the stage of
the viral outbreak [17, 18]. By inferring their values, themethod described in the current paper provides a
resource-efficientmethod of estimating the stage of infection and potentially the viral reproduction number,
R0.

A naive approachwould be to run a compressed sensing algorithm to recover the viral load signal which has a
high dynamic range. Compressed sensing is a theoretically and empirically accurate signal recovery scheme
[6, 10, 19]where the typical error is orders ofmagnitude smaller than the signalmagnitude. However, this results
in small signal components becoming indistinguishable from the noise. Synthetic studies conventionally sample
the non-zero viral loads from a uniformdistribution e.g. ( )~ x 2 , 20 15 in [7]. Here approximately 90%of the
samples lie in the range (212, 215), which is above the typical noise level in compressing sensing algorithms,
leading toflattering accuracy. The claimed high dynamic range is probably not that high. This argument is
applicable to a lesser extent in [20]where viral loads are sampled uniformly from [0, 1000] but discretization
results in 70%of infected samples being in themid [300, 700) and high [700, 1000] categories. In the current
paper, we sample uniformly from a logarithmic range i.e. equal number of samples from each of 20, 21, 22,K

Figure 1.The inverse problem is to infer theN× 1 infection vector, x, given theM× 1 observation vector, y, and theM×N pooling
matrix, F.
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which ismore realistic and relevant. This ensures there is truly a high dynamic signal range but results in a
materially harder problem.

Themanuscript is laid out as follows: section 2 describes themodel setup including combination protocols
specific to PCRdiagnostic testing. Section 3 outlines our specific probabilistic decoding protocol in the formof
message passing equations. Section 4 develops the specific noisemodel and how it differs from the typical
Gaussian noise approach. Section 5 reports on results obtained fromnumerical experiments and compares them
with amodifiedCombinatorial OrthogonalMatching Pursuit algorithmdeveloped specifically for inferring
integerCt values. Section 6 concludes the paper.

2.Model

2.1. Standard combination protocols
There are two typical combination protocols associatedwith the inverse problemoffigure 1:

1. Standardmatrixmultiplication of F and x e.g. [4]

˜ ( )å x= +m m m
=

y F x 2.1
i

N

i i
1

where ξμ represents Gaussian noise associatedwith testμ, xi the individual loads, Fμi themixingmatrix and

m̃y the noisy test result (a corrupted version of y). This is termed the linear estimation problem [21]

2. The binary testing regime uses a logical sum e.g., [8]. If one patient is infected, the test output is infected.

˜ (⋁ ) ( )=m m
=

y C F x 2.2
i

N

i i
1

where xi the individual presence/absence of the disease, m̃y the noisy test result andC(K) is a probabilistic
function incorporatingmeasurement noise such as false positive and false negative rates. Since each patient
participates inmultiple tests (so-called overlapping tests), the accuracy achieved can improve upon the device
error settings [8].

2.2.Decoding algorithms
The objective is to solve (2.1) or (2.2) for the unknown signal vector x and hence individual patients’ infection
status. These typically rely on signal sparsity and can be categorised as greedy (matching pursuit, orthogonal
matching pursuit), convex relaxation (basis pursuit, LASSO), combinatorial (Fourier sampling algorithm) or
iterative pseudoposterior estimation (message passing). See [22, 23] for an overview. Some studies use additional
information such as knowledge of patient interactions (side information), to improve recovery accuracy [24–26].

Message passing algorithms used in this paper are inherently probabilistic, have low computational
complexity and the ability to run in parallel [23]. The formof the iterative equations depends onwhether the
signal entries are discrete or real-valued. A critical aspect that is overlooked inmany of the schemes is having an
appropriate noisemodel, which is embedded in the recovery algorithm; as the dependence of the observations
(threshold PCR cycles) and the viral load is polynomial, a simple Gaussian noise assumptionwill not do andmay
lead to significant errors. There is also a link between the noisemodel and lossmeasure exercised, e.g., a
quadratic loss typically implies Gaussian noise.

As discussed below, wefind that recovery of a high dynamic range signal suggests using discrete valued
signals. This approach coupledwith aGradient Descent algorithmwas used in [27]. It relies on assumptions
regarding the noisemodel used and its accuracy depends on the properties of the loss-landscape i.e. non-smooth
ormultiple local solutions. Our choice is rooted in the choice of an appropriate noisemodel within a principled
probabilistic approximation scheme.

2.3. PCR specific notation
In this paper, we focus on amplificationmethods such those used in the Polymerase Chain Reaction (PCR)
device. The initial patient sample is repeatedly heated and cooled to encourage a doubling of the viral RNA (see
figure 2 for a schematic representation). Hence the initial viral load is amplified. Amarker is addedwhich
fluoresces when attached to a specific section of the virus. Once sufficientfluorescence is detectedwith an optical
device, the cycling is stopped and the resulting cycle number recorded. If nofluorescence is detected after an
upper limit of cycles, typically 40, it is determined that no viruswas originally present. The upper cycle threshold

3
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(Ct) limit is determined by the limit of detection parameter of the PCRdevice. ACt value of 20 typically signifies a
high viral load.Wenowdefine the notation related to the PCRprotocol.

• θ= threshold for detection offluorescence. This is typicallymeasured in number of viral copies perml of
transportmedia and is assumed constant for a given PCRdevice.

• ai= initial viral load (number of viral copies perml). The higher the initial viral load ai, the lower the number
of amplification cycles needed to detect the virus.

• ti= number of amplification cycles required to detectfluorescence if sample i is tested individually. Values of
ti are read off as integers rather than the ‘exact’ real valued solution to q = a 2i ti.

• =mt
y number of amplification cycles required to detect fluorescence for the pooled testμ.

Given the nature of the PCRdoubling cycle, the linear projections described in (2.1)no longer hold. This is
because the viral loads are averaged in the pooling process but these viral loads are only observed via the integer
cycle number. A new combination protocol is formulated in the next section.

2.4. Simplemixing example
To gain intuition for the idiosyncrasy of PCRmixing, consider two patients i and jwhere q =

q
a 2i ti and

q =
q

a 2j tj represent each patient being tested individually (note that t θ are not integers). The aim is to recover ti
and tj from the possibly noisymeasurement vector ỹ . If these samples are combined in an equal ratio in testμ,

the resulting viral load, which is never directly observed, is ( ) ( )+ = +q - -q q
a a 2 2i j

t t1

2 2
i j . The corresponding

measurement cycle number, whichwe label mt
y is given by the relationship ( )= +- - -m

q q q
2 2 2t t t1

2
i j where the θ

parameters cancel. To illustrate numerically, suppose the initial viral loads are ai= 25= 32 and aj= 26= 64 and
the detection threshold θ= 29= 512.Wefind = =qt t 4i i and = =qt t 3j j noting the inverse relationship

between qti and ai. For samples pooled in an equal ratio, the viral load per unit volume is ( )+ =32 64 481

2

leading to »m
qt 3.42, a non-integer value between qti and

qtj . The PCRdevice will return ameasurementCt value

of⌈ ⌉ =m
qt 4. Thismeasurement discretizationmakes the inference problemmore difficult and less accurate.

2.5. Generalmixing example
If equal quantities ofK samples are pooled (whereK<N), the correspondingmixing relationship is

( )å=-

=

-m
q

m
q

K
2

1
2 2.3t

k

K
t

1

k

where m
qt k represents the real-valued threshold of element k in themix and m

qt the real-valued threshold for testμ.

Figure 2.This schematic plot shows the doubling process central to PCRdevices. Since detection is at integer values, the observedCt

reading is ‘rounded-up’ from the exact solution to q=q
a 2t0 where a0 is a randomvariable which represents the initial viral load of

the sample (notice that t θ is not an integer).We do not observe a0 directly but only via an integer valued ⌈t
θ⌉. Reading off from curve

q< +a a2 2t t
0 0k k 1. Re-arranging q q<- -+  a2 2t t

0k k1 .
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2.6. Signal sparsity assumption
In traditional testing,we performNdiagnostic tests forNpatients. Attempts to reduce thenumber of tests i.e.
M<Nwill lead to an ill-defined systemof equations infigure 1with an infinite number of solutions. The constraint
required to solve the problem typically relies on a sparsity assumption (in some suitable basis) i.e. amajority of zero
entries corresponding tonon-infectedpatients. In the present case, uninfectedpatients correspond to a cycle
number equal to the upper limit. In typical compressed sensing scenarios, a sparse prior is defined via the signal

densityρusing aBernoulli-Gauss distribution [9] such as ( ) [( ) ( ) ( )] r d r m s= - +
=

p tt 1 ,
i

N
i1

2 and i.i.d.
signal components. In this paper, the variables used are all integers, corresponding to thePCRcycleswhere infection
canbefirst detected. They range from the lowest number of cyclesL to the highestU. In the absence of additional
informationweassume themajority of signal entries take the valueU (controlled by the sparsity parameter,ρ) and
the remainder are uniformly distributed values in the state space { }Î + ¼ - L L U, 1, , 1 , according to

( ) {( ) [ ] [( ) ]} ( ) r d r= - + Q - Q - -
=

p t L U tt 1 1 2.4
i

N

t U i i
1

,i

whereΘ(x) is theHeaviside step function andU represents no viral load/not infected.
An alternative approach, used in [5], is to discretize the entire signal range { }Î ¼ L U, , into low,medium,

high and non-infected ranges corresponding to clinically relevant ranges of low,mild and high infection status.
This simplification simplifies the inference problem at the expense of accuracy.

3.Message passing

Weaim to recover theN-dimensional vector twhere each component Î ti . The viral load variables only
participate through themixing relationship described in section 2.5. The inference problem can be represented
by a bipartite factor graph (see figure 3) and since the graph is sparsely connected, inference can be efficiently
achieved using amessage passing algorithm,whereby conditional probabilities are iteratively exchanged
between factors and variables until they converge to provide pseudomarginal posterior probabilities for the
individual variables.Message passingmethods are exact on trees but offer approximate solutions on loopy
graphs [28]. Their use in the context of group testing has been studied previously butmostly in the case of binary
infection status to our knowledge [8, 29].While preparing themanuscript, we came across the paper [5]which
utilizes amessage passing algorithm for inference of a real-valued signal. However, there is a distinct difference
between our approach and the one of [5], that is based on the iterative removal of values found and uses a very
small number of categories, arguablymaking the problem easier.

Messages exchanged between factors and variables represent a closed set of equations ofmessages from
factors to variables p( fμ|ti)≡mμ→i(ti) and from variables to factors p(ti|{f}μ)≡mi→μ(ti), detailed below.

3.1. Factor-to-variablemessages (PCRnoise)
Herewe denote the noisemodel asf(t, ty)where tä {t1, t2,K, tK}. Themechanismneeded for the discretization
inherent in the PCRmeasurement process is developed in section 4.

( ) ( ) ( ) ( )( ) ( )

\ \
å fµm

t

m
m

t

+

Î¶
m t m tt t, 3.1i i

t

y

j i

N

j j
t

1

i

The superscript τ denotes the iteration step and the notation∂μi refers to all variables connected to factorμ
except i. Eachmessage is an ∣ ∣ -dimensional column vector with entries being real numbers between 0 and 1
representing the state probability. The summation is over all possible states of the vector t excluding ti. This is the
main computational bottleneck and does not scale well with ∣ ∣ (state space size) orK (factor node degree). This
difficulty is reduced in [5] by assuming a state space of none, low,medium and high viral loads. For real-valued
signals, themessages can be approximated by theirmeans and variances leading to approximatemessage passing
protocols [10, 19].

Figure 3.Randomvariables (circles) represent each of theN patients tested. Each factor node (squares) represents the compatibility of
the test/measurementμwith the relevant patient variable values. The degree of the factors nodes isK and of the variable nodes is L.
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3.2. Variable-to-factormessages

( ) {( ) [ ] [( ) ]} ( ) ( )( ) ( )

\
r d rµ - + Q - Q - -m

t

g m
g
t


+

Î¶
m t t L U t m t1 1 3.2i i t U i i

i
i i

1
,i

where δij is the Kronecker delta function and the notation∂iμ refers to all factors connected to variable i except
μ. For both factor-to-variable and variable-to-factormessages, the constants of proportionality can be calculated
by normalisation e.g. ( )å =mÎ m t 1t i ii

.

3.3.Marginal probabilities
Once themessages (3.1) (3.2) have been iterated to convergence, themarginal probabilities for each variable/
patient can be calculated:

( ) {( ) [ ] [( ) ]} ( ) ( )r d rµ - + Q - Q - -
m

m
Î¶

p t t L U t m t1 1 3.3i t U i i
i

i i,i

The inferredCt value corresponds to themessage component with highest probability. It is an approximation in
our case since the bipartite graph contains loops.Hence, the time complexity ofmessage passing algorithms is
linear in the number of free parameters ( )O NK , whereN is the number of patients,K the number of tests and
 the number of time intervals. Iterative probabilistic estimationmethods of the type used here do not come
with a clear estimate of the convergence speed. Fromour experience this number is small, ranging between 10
and 100 iterations depending on system size; the current system is relatively small.

3.4. Pseudocode
The bipartite graph, G, described infigure 3, initialises the poolingmatrix. The twomessages associatedwith
each edge (factor-to-variable and variable-to-factor) are initialised using randomdraws from the uniform
distribution in the interval (0, 1). Other practical considerations for initialising parameters are described in
section 5.

The iterative solution process is contained in thewhile loopwhere the conv variable is sumof squared
differences between current and oldmessages. The stopping condition ismetwhen this squared error term is
below a user-defined threshold, thresh variable.

Algorithm1.Message PassingAlgorithm

Input:GraphG, convergence threshold = thresh

Output: Final beliefs

for each edge (i,μ)äGdo

mi→μ(ti)← initial_message

( )( ) ¬m
t
m t initial message_i i

end for

while conv< threshdo

for each node iäGdo

for each neighborμ of ido

mμ→i(ti)← update_message using (3.1)
mi→μ(ti)← update_message using (3.2)
end for

end for

Calculate convusing squared error between old and newmessages

end for

Returnmarginal probabilities: belief for each node i using (3.3)= 0

Our algorithm and datawill be available from theAston open access archive.

4.Developing the noisemodel

The two types of noise present in the PCRmechanism are discretization noise and physicalmeasurement noise.
Wewill address the former in this section and the latter in section 5.6. Discretization noise is present sinceCt

values are recorded as integers rather than decimals and requires careful treatment in themathematical
modelling setup.
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4.1. Nomeasurement noise
In the case where the real cycle values are applied (denoted by the θ superscript) equation (2.3)holds, and
consequently

( ) ( ) åf d= -
m= =

-m
q

m
q

K
t t,

1
2 1 4.1y

M

k

K
t t

1 1

k⎜ ⎟
⎛
⎝

⎞
⎠

However, discretization to the next higher integer cycle value creates a difference between the test cycle integer
value and those of the individual samples. Themodelling of this difference is a challenge and an appropriate
noisemodel has to be used.

4.2. Gaussianmeasurement noise
One of the simplestmodels to accommodate these differences is to assumemeasurement errors follow a
Gaussian distribution incorporating (2.3) and the discretization (see [7]).Wewill replace the ‘true’ but unknown
real cycle values m

qt and m
qt k by the integer variables mt

y and tμk, respectively.We expect that ⌈ ⌉=m m
qt ty and

⌈ ⌉=m m
qt tk k .

( ) ( ) åf
p

=
D

-
D

-
m m m= =

-m m

K
t t,

1

2
exp

1

2

1
2 1 4.2y

M

k

K
t t

1 1

2
y

k⎜ ⎟
⎡

⎣
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥

whereΔμ is the variance in the noisemeasurement.
Wewill consider two different noise distributionsf(t, ty) to ‘filter out’unreasonable combinations of t and ty

from the factor-to-variablemessages in (3.1). Thefirst is a simple binary function in section 4.4 and the second
uses the overlap between distributions toweightmessage products in section 4.5.

4.3. Comparisonwith optimisation classification approaches
It is worthwhile to briefly compare generic algorithmic optimisationmethodswith our probabilisticmessage
passing approach. The probabilistic approach is based on likelihoodwhich corresponds to the probability of the
model producing the data, which includes an explicit noisemodel, and a prior. In our framework, the highly
nonlinear and non-symmetric noisemodel, comparing data andmodel prediction plays a crucial role in
determining themessages and resultingmarginal probabilities. Themodel itself has very few parameters and
aims to achieve the typical case result. Optimisation-based classificationmethods are typically based on
minimising a quadratic error underweighted constraints using some optimisation algorithm, such as gradient
descent, e.g. [27]. The quadratic loss function translates into an implicit log-normal noise assumption in the
probabilistic approach, which does not necessarily represent an accurate noisemodel. A couple of other
detrimental aspects of the optimisation approach are the arbitraryweight given to the constraint, the inability of
gradient descentmethod to deal with non-smooth constraints, which requires amodification of the normused
in the constraints, and the strong dependence of their performance on the parameters used, e.g. the step-size
coefficient.We are fully aware that these are commonly used practices and one can usuallyfind sensible
parameters that work inmost cases. Nevertheless, wewould like to point out that the differentmethods have
different strengths andweaknesses.

4.4. Step-function distribution
First consider themeasure d inspired by (2.3) but using integer rather than real values.

( )å= - = -
=

- -d
K

X Y
1

2 2 4.3
k

K
t t

1

k
y

⎜ ⎟
⎛
⎝

⎞
⎠

wherewewill use short-hands åº =
-X 2

K k

K t1

1
k and º -Y 2 t y which are fixed for a given combination. The

uncertainty in both randomvariablesX andY can be represented by uniformdistributions ( ) X X, 2 and
( ) Y Y, 2 leading to an inequality:

· ( )å-

=

- - 
K

1

2
2

1
2 2 2 4.4t

k

K
t t

1

y
k

y

Hence our first approximation forf(t, ty) can bewritten:

( ) ( )f = - - - d
t t,

1 if 2 2

0 otherwise.
4.5y

t t1

2

y y

⎧
⎨⎩

Notice this function does not need to be normalized since themessages are normalized in themessage passing
iterations. Clearly d= 0 is in the interval as expected. Themessage passing summation (3.1) includes all
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combinations of {tk} for a given ty and the role off(t, t
y) is to exclude implausible combinations. This simple

binary approach has the benefit ofmaterially reducing the number of summands in eachmessage passing
iteration speeding up implementation.

4.5.Distribution overlap
Rather than a binary function, consider a functionf(t, ty)whichweights different combinations of {tk} and ty
depending on the overlap of the distributions ( ) X X, 2 and ( ) Y Y, 2 . For the caseX<Y:

( ) ( )f =

>

-

-



 

 

X Y

Y X Y

Y X Y

X Y

t t,

0 if

if

if 2

0 if 2

4.6y

X Y

Y

Y X

Y

1

2

2 1

2

2

⎧

⎨

⎪
⎪

⎩

⎪
⎪

This noise distribution, which has the same support as (4.4), is used in the numerical experiments of section 5.

4.6. Further refinement
Using a uniformdistribution for -2 t y is plausible but the distribution for = å -X 2

K k
t1
k should properly

account for each tk chosen at random from {L,K,U}. The probability density function has been derived in
[30, 31]. The cumulative distribution function forX, derived in [32], can be used to calculate the overlapwith

( · )- - 2 , 2 2t ty y
. This calculation is not implemented due to the increased computational cost required due to

the nested summations.

4.7. Alternative treatments
Previous research has considered the PCRnoise function but primarily in the case of binary variables (infected/
non-infected). The traditional noisemeasures of false positive and false negative rates are comprehensively
treated in [8]where it is shown that pooled testing can overcome technical device limitations since each patient
participates inmultiple tests. Noise inCt values andfluoresence thresholds are dealt with in [7] butwith a
different signal reconstruction algorithm and the discretization effect ismodelled asGaussian rather than
uniform.Wehave avoided the need for calibration of the threshold θ andmapping between amplified viral load
andfluoresence in [7]with our functional formoff(t, ty). An alternative approach is to learn the translation
function between viral loads and discretemeasurement classes using supervised learningmethods such as a
neural network [5].While our approach splits this up intomixing (2.3) and noise probability functions, [5]may
be able to learn fromprevious PCR results if the ground truth properties are known.

5.Numerical Experiments

5.1. Implementation
The problem is defined by initializing parameters ρ,M,N,K and state space  . Of course, the signal sparsity ρ is
not a priori known for a given batch of samples but could be estimated by either the Expectation-Maximization
[8, 9] or the Expectation Propagation [33]methods. An approximate but practical approach is to take a recent
average disease prevalence value as an estimate of ρ. This parameter is used to set the number of observationsM
in the poolingmatrix.

We now carefully describe the protocol for generating the ground truth signal t in our numerical
experiments. This is important as it influences our subsequent choice of noise function boundary.Decimal
values are sampled for infected and non-infected patients fromuniformdistributions ( )- - L U1, 1 and

( )- U U1, respectively and combined using (2.4). The decimalmeasurement vector qty is calculated in silico

using the PCRmixing protocol (2.3). Finally an integermeasurement value is obtained by rounding up qty to the
nearest integer. Additional noise is added (see section 5.6) in some scenarios as described below. The discretized
version of t is stored for calibration purposes once the inference is complete. A different (unphysical) protocol
could be consideredwhich starts from integer values of infected patients. This would reduce uncertainty in the
noise function thus providingmore flattering accuracy statistics but is not used in our experiments since it
unrealistic.

The randombinarymeasurementmatrix F defineswhich samples are included in each test and is typically
defined by the degree distribution of the variable and factor nodes of the bipartite graph (figure 3). Choices
include random-randomor random-Poisson [29]. In this paper, we follow [8] in using random-random
matrices such that each rowhasKnon-zero entries and each columnhas L=KN/Mnon-zero entries. In other
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words, the factor nodes have a constant degreeK and the variable nodes a constant degree L. The values used in
our setup result in a sparse Fmatrix. Ourmessage passing algorithm could also be combinedwith the structured
matrix approach [4, 9, 34].

Given knowledge of F and y, themessage passing equations (3.1), (3.2) are iterated until convergence. The
message passing equations search for afixed point to the dynamical systemofmessages, fromwhich posterior
variable values can be inferred using (3.3). Typical of iterative problems, our implementation utilises a damping
factor (in our case, set to 0.01) to help convergence. In addition, the sumof squared differences between all
messages is chosen as ametric to determine convergence. The thresholdwas chosen empirically as 10−5 for the
noiseless cases. This synthetic setup can therefore be used to test the accuracy of signal recovery.

5.2. Easy algorithm
In problemswhere only binary infection status is considered, sure variables of certain states can be determined
using simple logical arguments without resorting tomore complex inferencemethods. These are termed
Combinatorial Basis Pursuit (CBP) orCombinatorial OrthogonalMatching Pursuit (COMP) in computer science
implementations of group testing [35] and are described in anEasy Algorithm [29]. Briefly, they identify certain
(sure)negative patients since they participate in a negative test result. Further, sure positive samples can be found
as thosewho participate in positive tests alongside sure negative samples. These variables are then removed
reducing the problem size.One drawback of this approach is the inability to infer undetermined variables [29],
the inability to use prior knowledge and to exploit the power of probabilistic inference in the inevitable presence
ofmeasurement noise.

In the present case, where the state space  representsCt values, a non-infected testmeasurement result,
=mt Uy , does not guarantee all samples are non-infected (even in the noiseless case) e.g. trueCt values of

{U− 1,U,U,U,U}will result in =mt Uy . This is due to the peculiarity of the PCRmixing protocol (2.3) and the
discretization ofCt values. The issue can be seen clearly for the low viral load values (equivalently highCt values)
infigure 4.Hence theEasy Algorithm cannot be used in ourwork, either as a pre-processing step or as a
comparison baseline for ourmessage passing results. In fact it is arguably impractical to any scenario that
includes ameasurement noise.

5.3. Uncertain inference
Recall that eachmessage consists of ∣ ∣ components representing the probability of each state from L toU. To be
clear, each state of  represents a doubling of the viral load from the preceeding state on a logarithmic scale (base
2). OurMaximumAPosteriori (MAP) inference protocol uses the highest probability state as our diagnosis.
However, for some samples, two states could have similar high probabilities implying uncertain inference. A
computational improvement could be envisaged, using decimation, where, upon convergence, the less
ambiguous results arefixed to a standard basis vector e.g. (0, 1, 0,K, 0)T and themessage passing algorithm
continues with a smaller convergence threshold. Note, the ‘certain’ samples are simply the complement of the
uncertain samples. This intervention in the algorithmdynamics did notmeaningfully change the results in our
test implementations. A possible clinical protocol would be to physically re-test this small number of individuals
with ambiguous results, but this has its own operational andmedical implications.

5.4.Motivating example
To illustrate the discretization problem central to PCR testing,figure 4 shows the confusionmatrix for the
noiseless inference problemofN= 2400 individual samples,M= 800 observations,K= 6 patients in each
group, ρ= 0.01 prevalence and { }Î ¼ 20, ,30 . As a guideline, the expected number of tests required in
adaptive binary (yes/no only)Dorfmann tests is approximately r =N2 480 (see [29]).

Predicting aCt value one away from its true value is clinically acceptable leading to the formulation of two
accuracymeasuresC0 andC±1 corresponding to a tolerance of zero and ± 1Ct value, respectively. However,
given the imbalanced classes in the signal, thismetric is found not to be suitable to our task since simply
predicting no infection results in high accuracy.

For the remainder of this paper, wewill focus on the clinically relevantmetric of sensitivity (the ratio of true
positives to positive samples) and use a state space comprising { }Î ¼ 20, ,30 . The relationship between
sensitivity and ∣ ∣ is investigated infigure 5.

5.5. Accuracy of inference procedure
Wecarry out numerical experiments with afixedmeasurement ratioα=M/N= 800/2400= 0.33 and vary the
signal sparsity in the range ρ= [0.01, 0.05] to represent typical infectious disease values. 30 simulations are run
for each ρ valuewithC0 andC±1 accuracy, true/false positive/negativemeasures recorded. The high accuracy
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values shown infigure 6mask an underlying issuewith the false negative rates hence our focus on sensitivity.
Although an error of ± 1Ct value is an order of 2 error, it is unlikely to affect the clinical decision process.

5.6. Accuracy versusmeasurement noise
In previous sections, we have accounted for the discretization noise arising from the PCRdoublingmechanism.
Physical noise sources, also inherent in recording t y values, includefluorescence not being distinguished from
background levels e.g. light leaks into the sample well and imperfect doubling during the amplification phase
e.g. (1+ q)twhere qä (0, 1) rather than 2t [7]. These tend to lower and raise themeasuredCt value from its true
reading respectively. This PCR efficiency factor can be incorporated into our analysis by replacing the factor of
2with 1+ q. The issue of estimating q is addressed in [27]. In the absence of accurate statistics, we naively assume
under- and over-Ct estimation is equiprobable leading to a noisymeasurement t y :

Figure 4.Confusionmatrix representing a single problem instance, described in section 5.4, using synthetic data:
M= 800,N= 2400,K= 6, ρ= 0.01, η= 0 and { }Î ¼ 20, ,30 . The noise functionf(t, ty) is taken as described in section 4.5,
producing an accuracy of 2388/2400 or 99.5% (compared to 99.0% for a always-negative classifier). The false negative rate of
3/24= 12.5% reduces as the state space  increases (see figure 5).

Figure 5.Plot of Sensitivity (True Positive Rate=TP/P) against the largestCt value. The lowerCt value isfixed at 20. The intuition
fromourmotivating example infigure 4 is false negatives occur forCt values close to themaximum. This plot confirms false negatives
decrease as the range size become larger the number of values per variable is higher. The zero sensitivity value atCt= 21 corresponds
to all 24 positive samples being falsely classified as negative. Parameters ρ= 0.01,α=M/N= 800/2400 are fixed. Changing a true to a
false positive results in a sensitivity change of 1/24≈ 4%. Simulations are run 30 times. Red lines display themedian value, the boxes
cover the interquartile range and thewhiskers show the extreme values.
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where η= 1. Setting η= 0 represents no physicalmeasurement noise (whichwas the case for our previous
experiments). Equation (5.1) is used to add noise to our synthetically generated signals. After convergence of our
message passing equations, the inferredCt values are converted into binary variables where negative corresponds
toCt=U and positive otherwise. The resulting sensitivity values, plotted infigure 7, assess how robust the
inference is to increasing η. The presence of overlapping tests i.e. each patient participating inmultiple tests
(L=KN/M> 1)was considered in [8] andwas found to overcome typical noise levels.

In addition to device-specificmeasurement noise,modelled by (5.1), laboratory sample handling errors can
occur [36]. These include cross-contamination of samples and errors pipetting samples into physical groups/
pools. This source of error is not accounted for in ourmodel. Another source of noise inherent in the PCR
protocol is introduced by the limit of detection. This can bemodelled using the stochastic threshold group testing
methodwhere the result is negative when the number of infected samples in the pool is no larger than l, positive
if the pool containsmore than u infected samples, and stochastic in the interval [l, u] (see [37] for a detailed
description). This setup could be incorporated into ourmessage passing equations but insteadwe focus on our
primary objective of recovering viral load signals with an extremely large dynamic range.

5.7. Comparison to other decoding protocols
5.7.1. Qualitative comparison
To our knowledge, there are three studies describing non-adaptive pooled testingwith ranges of viral loads
[5, 20] orCt values [27]. Table 1 qualitatively compares these to the current work. Pooled testingwith binary
values [4, 14] is not comparable to the currentmethod.

5.7.2. Quantitative comparison
It is difficult to reproduce the results reported in [20, 27, 38] due to the lack of available code, data and detailed
protocols. Therefore, to compare the results obtained against a generic commonly used approachwe have
modified theCombinatorial OrthogonalMatching Pursuit (COMP) algorithm to account for discreteCt values
in the noiseless non-adaptive setting.

The COMPalgorithm (described in section 5.2). All items in a negative test areDefinitely Non-Defective
(DND) and all other items arePossibly Defective (PD). If a test contains only onePD item, then that item is
definitely defective (DD). TheCOMPalgorithmdeclaresDND items to be non-defective and the remainder
defective. TheDD algorithmfinds allDD items are defective and the remainder non-defective. Here defective
means infected/presence of viral load andNon-Defectivemeans not infected/absence of viral load. This
algorithmworks in the noiseless setting.

Themodified COMPalgorithm. TheN samples are divided intoN/3 distinct non-overlapping sets i.e. exactly
3 samples per test resulting in a poolingmatrix with components

Figure 6. Left: Plot ofC0 (lower) andC±1 (upper) accuracymeasures against signal sparsity ρ. Right: Plot of Sensitivity against ρ. Note
that specificity (TrueNegative Rate=TN/N) is�0.999 for ρä [0.01, 0.05] so is not plotted. The state space is { }Î ¼ 20, ,30 .
Simulations are run 30 times and the red lines display themedian value, the boxes cover the interquartile range, thewhiskers show the
extreme values and outliers are shownwith red ‘+’ symbols. The signal sparsity/prevalence range (x-axis) is chosen to represent
typical infectious diseases values. Themeasurement ratioα is constant atM/N= 800/2400 and nomeasurement noise is added
(η= 0, see discussion in section 5.6). These plots correspond to the experiment described in section 5.5.
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( )/d d d m= + +m m m m- -    F N i N1 3, 1 5.2i i i i,3 2 ,3 1 ,3

where δi,j is theKronecker delta function. Each sample only participates in one test and so no information about
the samples is shared between tests. This differs frommost pooled testing set ups. The following algorithmwas
developed by the authors but reviewers of thismanuscript have kindly pointed out the similar approaches of [12]
and [40] using tropical arithmetic.

Assume the state space { }Î + ¼ L L U, 1, , . The difference with the traditional COMPalgorithm is how
outputs {L,K,U− 1} are treated. The probability of having k= 1, 2 or 3 defective (Ct<U)members can be

calculated from the binomial distribution ( ) ( )r r- -1
k

k k3 3 as 0.03, 0.0003 and 0.000001 respectively. Hencewe

make the simplifying assumption that each test contains exactly one defective. This infectedCt value, t, can be
calculated from the pooledmeasurement output, tout, and themixing equation (2.3) as

⌈( ) ( )⌉ ( )( )= - - ´ -- -t U 1 log 3 2 1 5.3U t
2

1 out

The location of the defective cannot be determined amongst the three slots (see (5.2)) so all three samples are
labelledPossibly Defective (PD). By construction of our non-overlapping tests, we cannot determineDefinitely
Defectives (DD).

Wemake the assumption that it is clinically preferable to label a sample infectedwhen it is not, than not
infectedwhen it is infected i.e. reducing the number of false negatives (at the expensive ofmore false positives).

Figure 7. Sensitivity against noise level η defined in (5.1). This corresponds to experiment described in section 5.6. Parameters
ρ= 0.01,α=M/N= 800/2400 are fixed. Simulations are run 30 times. The necessity ofmore iterations for the noisy signals is well
known [29] so it was necessary to relax the convergence threshold to 10−3.

Table 1.Comparison of inference algorithmprotocols.

Reference Signal type Decoding Noisemodel

[5] Discrete - none, low,

mid, high viral load

Loopy Belief Propagation Neural network classifier

[12] Ct values Underestimate,Match, Explain andDark Room Dependent on Schedule

Matrix, S

[20] Discrete - none, low,

mid, high viral load

Definitely not defective (DND) [38], combinatorialMax-

imumLikelihood (ML) [39], followed by viral load
estimation

Some stochasticmap-

ping + + f : "

[27] Ct values Optimisation (gradient descent and iterativemirrored

hard thresholdingmethods)
log-normal noise

[40] Ct values Tropical DD,COMP and SCOMP Similar to classical algorithm

counterparts

Current paper Ct values Probabilistic (Bayesianmessage passing ) PCR-specific
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Therefore all three samples in the test are labelledwith theCt value calculated from (5.3), increasing the
sensitivity at the expense of the specificity.

Algorithm2.ModifiedCOMPAlgorithm

Input:Number of samples per test= 3, sparsity, ρ= 0.01

Output: InferredCt values

x← initialN× 1 signal vector with sparsity, ρ

ˆ¬x inferredN× 1 signal vector

for each testμdo

Fμi← δi,3μ−2+ δi,3μ−1+ δi,3μ from (5.2)
end for

for each testμdo

ˆ ˆ ˆ ¬m m m- -x x x, ,3 2 3 1 3 update using (5.3)
end for

Return Inferred signal vector, x̂=0

To allow direct comparisonwith our numerical simulations (section 5), model parameters are set to
M= 800,N= 2400, ρ= 0.01, η= 0 and { }Î ¼ 20, 21, ,30 .With this sparsity value, approximately 97%
of the 800 tests have a value of 30 (using the Binomial distribution in the noiseless case) and approximately
0.97× 800× 3= 2, 328 samples areDefinitely Non-Defective (DND). As discussed above, the remaining tests
will have one expected defective sample with inferredCt:

⌈ ( )⌉ ( )= - ´ --t 29 log 3 2 1 5.4t
2

29 out

This simplemodification to theCOMPalgorithmhas been constructed to account forCt values and to allow
for a comparison to section 5. In this framework, itmay not be practically possible to increase the number of
samples per testmuch above three. The confusionmatrix for a single simulation is shown infigure 8with
roughly the expected number of false positives (46, close to the expected 48). Despite the simple algorithm,most
infected samples are either predicted correctly or oneCt value away.

To allow comparisonwithAlgorithm1, 30 simulations of Algorithm2were run andmean accuracymetrics
recorded in table 2.MetricsC0 andC±1 are defined in section 5.4. As a sanity check, a naive classifier, where all
predictions are negative, is included (sensitivity =TP/P= 0/24= 0, specificity =TN/N= 2376/2376= 1).

Some studies include theCOMPalgorithm as a pre-processing step to the decoding protocol. Since the
COMP logic only works in the noiseless case and our noisemodel (section 4) is an integral part of our
investigation, we do not combine themodifiedCOMPandmessage passing.

6.Discussion

Pooled testingwas originally designed for the efficient diagnosis of infectious diseases [1]. There are numerous
explanations for the lack of widespread adoption in public health including perceived complexity, requirement
for sophisticated laboratorymanagement or conflicting economic incentives. By combining pooled testing
efficiencies with accurate estimation of a realistic range of viral loads, themethods presented heremay lead to
wider adoption into applications such as food contaminant testing and community screening for infectious
diseases.

It is known that the viral load present in infectious disease testing samples can vary bymany orders of
magnitude [11]. This concept has typically not been taken into account in theoretical investigations of pooled
testing.We estimate the viral load bymapping the inference task to amessage passing problemwhere the factor
nodes incorporate the specific PCRmixing protocol. Numerical experiments explicitly highlight the source of
the error originating frommixing patient samples andwe have dealt with this through amodified noise function

f(t, ty). Thisfilter, used in section 4.4, approximates the distributions of randomvariables åº =
-X 2

K k

K t1

1
k

and º -Y 2 t y as step functionswith the overlap providingweights in themessage passing equations. For
completeness, we note that for applications where the viral load actually has a narrow range of values, the
well-developed theory of compressed sensing [9, 10] can be applied to infer signal values, accurately and
efficiently, using either randomor structured poolingmatrices.

It is clearly important to compare our results to other algorithms.However, the scarcity of comparable
approaches led us to create amodified version of theCOMPalgorithm to account forCt values. The lack of
comparable algorithms also suggests that our probabilistic approach is a valid addition to the existing
optimisation literature.
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Themain focus of futurework is to improve the scalability of algorithm.While real-valued signals can be
approximated via the first twomoments of themessage distributions, the approximation for our integer-valued
state space problem is not clear. The resulting summation in the factor-to-variablemessages (3.1)does not scale
well with ∣ ∣ (increasingCt range) orK (number of patients in each pool). Our choice of noise functionmitigates
this effect bymaterially reducing the number of summands in the factor-to-variablemessages. An alternative
approach is to translate the integerCt values to broad classes of infection status e.g. [5]. Further code efficiencies
or parallelizationmay also help.

Other avenues of future work include awet laboratory experiment to test ourmodelling assumptions. The
methods described in this paper can be applied to other amplification protocols such as Loop-mediated
isothermal amplification (LAMP).
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Figure 8.Confusionmatrix for a single instance of themodifiedCOMPalgorithmdescribed in Algorithm2. Since the exact location
of infected samples cannot be determinedwithin the test, all three samples in the defective test are labelled defective. Hence there are
expected to be 2 false positives per defective test i.e. a total of approximately 48 false positives. In this instance, there are 46.

Table 2.Comparison of inference algorithms. Accuracy figures aremean values calculated
from30 numerical simulations. The two accuracymeasuresC0 andC±1 correspond to a
tolerance of zero and ± 1 from the trueCt value.

C0 C±1 Sensitivity Specificity

Message Passing (Algorithm1) 0.995 0.999 0.854 1.000

ModifiedCOMP (Algorithm2) 0.977 0.984 0.946 0.982

Naive classifier 0.990 ≈ 0.990 0.000 1.000
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