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A B S T R A C T   

Thermal management of electronic components is becoming a vital necessity in view of the rapid development of 
electronics technology. It is a concern imposed by the miniaturization of electronic chipsets. The present work 
addresses this issue numerically, using the lattice Boltzmann method (LBM). It consists of an air-filled heat sink 
containing multiple protruding electronic components. The problem is modelled using 2D continuity, mo-
mentum, and energy conservation equations. The thermal and dynamic fluid flow are analysed for various 
enclosure inclinations (0◦, 45◦, and 90◦) and Rayleigh numbers (Ra = 103 −106). A twin protruding heat sources 
are considered at the bottom wall. The top cold wall can be at a uniform temperature (case 1) or consisting of two 
protruding sinks maintained at a constant temperature (case 2). The results showed that the maximum heat 
transfer rate corresponding to Nusselt number (Nu = 5.51) is achieved for Ra = 106 on the hot wall for the 
horizontal cavity in case 1, illustrating the cavity with top cold uniform wall. Indeed, the heat transfer is 
improved by 80% by varying the Rayleigh number (Ra) from 103 to 106. Furthermore, for case 2 with a twin cold 
protruding, a quite complicated heat transfer behaviour is observed on the hot wall. For Ra > 106, the horizontal 
cavity outperforms the other cavities in terms of heat transfer rate, however the horizontal position is the less 
performant for Ra < 104. With a horizontal disposition and Ra = 106, the heat exchange ratio is improved by 
32.32% in case 2 compared to case 1. The outcomes of this study provide insights into design and imple-
mentation of natural convection cooling solutions for electronic devices, which can have significant practical 
implications in various industries.   

1. Introduction 

The natural convection heat transfer is a fundamental heat transfer 
process that occurs in many natural and engineering systems. It arises 
from the density differences in fluids that are caused by temperature 
variations, leading to buoyancy forces that drive fluid motion [1]. 
Natural convection (NC) heat transfer mode has been extensively stud-
ied for its application in various fields such as building ventilation, 
geothermal energy systems, and cooling of electronic components [2–4]. 
In particular, thermal management of electronic components has 

become a critical issue due to the increasing power density and minia-
turization of electronic devices, since excessive heat generated may 
cause degradation of device performance and even permanent damage 
[5,6]. Therefore, effective cooling strategies are essential to maintain 
the reliability and longevity of electronic devices. The NC heat transfer 
has emerged as a promising mode for thermal management of electronic 
components due to its simplicity and low cost. Compared to forced 
convection heat transfer cooling techniques that require external power 
sources [7], NC heat transfer cooling technique utilizes the inherent 
buoyancy forces within the fluid, making it a more energy-efficient so-
lution. Moreover, it can operate without any moving parts, making it 
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more reliable and quieter than forced convection cooling techniques 
[8,9]. In recent years, heat transfer by NC has been studied in enclosures 
containing a fluid [10]. These enclosures may involve heating blocks or 
not. This is a research focus, which has received increasing attention. 

Nomenclature 

cs lattice sound speed = c̅ ̅
3

√ , (m/s) 
ck discrete lattice speed, (m/s) 
Fk external force (buoyancy force) 
fk single particle distribution function for density 
g gravitational acceleration, (m/s2) 
gk single particle distribution function for temperature 
H height, (m) 
hb electronic component heigth, (m) 
k thermal conductivity, (W/mK) 
L length, (m) 
Lb electronic component length, (m) 
Nu Nusselt number 
NC natural convection 
Pr Prandtl number 
P dimensionless pression 
p pression, (Pa) 
Ra Rayleigh number 
t time, (s) 
T dimensionless temperature 

U, V dimensionless components of macroscopic velocity 
u, v components of macroscopic velocity, (m/s) 
wk weighting factor 
x, y Cartesian coordinate, (m) 

Scripts 
c cold 
eq equilibrium state 
f base fluid 
h hot 

Greek symbols 
α thermal diffusivity, (m2/s) 
β thermal expansion, (1/K) 
δx, δy lattice space steps, (m) 
ρ density, (kg/m3) 
ϑ macroscopic viscosity 
η perpendicular to the wall 
Ω tilt angle, (◦) 
τ relaxation time 
Δt lattice time step  

Fig. 1. Schematic of the physical model.  

Fig. 2. Discrete velocity vectors for D2Q9.  

Table 1 
Results dependence on grid size.   

ψ Ra = 103, Ω =

90◦

Deviation 
(%) 

ψ Ra = 106, Ω =

0◦

Deviation 
(%) 

200 ×

100  
0.445  –  19.143  – 

300 ×

150  
0.542  17.89  21.654  11.59 

400 ×

200  
0.569  4.74  22.777  4.93 

500 ×

250  
0.563  1.05  23.103  1.41  
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Heat sinks designed for thermal management of electronic compo-
nents and other industrial applications are characterized by the omni-
presence of the NC heat transfer mechanism. Numerous research works 
have been dedicated to understanding this mechanism. Ma et al. [11] 
numerically studied NC heat transfer by lattice Boltzmann method 
(LBM). The outcomes evidenced increasing average Nusselt number 
(Nu) with incrementing Rayleigh number (Ra). Furthermore, it was 
shown that for Ra ≥ 104, the heat transfer enhancement became 
increasingly significant. Franco et al. [12] studied NC heat transfer in a 
square enclosure under the effects of several conducting blocks. An in-
crease in the average Nusselt number by a factor of four was reported 

with increasing the Ra. Similarly, the NC heat flow was hindered by the 
increase in the number of blocks. Khan et al. [13] developed simulations 
for enhancing NC heat transfer through fluids. The major interest was 
given to the type of the used base fluid as an influential parameter. Wang 
et al. [14] numerically studied the phenomenon of NC heat loss in an 
isothermal cavity. The impact of the surface temperature, tilt angle, and 
opening ratio was analysed. It was shown that the heat loss by NC 
increased with increasing the surface temperature and opening ratio. 
However, an increase in the tilt angle decreased the heat loss. In addi-
tion, it was claimed that increasing the air velocity in the enclosure 
resulted in a rise in the heat loss. Farahani et al. [15] studied the NC heat 
transfer in a cavity of rectangular geometry. The effect of adding an 
obstacle on the heat transfer was analysed. It was found that the obstacle 
dimensions have a major effect on the heat transfer within the cavity. 
Furthermore, a clockwise rotation of the obstacle was accompanied by 
an increase in heat transfer and the latter was decreased in the case of a 
counterclockwise rotation. Baghsaz et al. [16] numerically investigated 
the NC heat transfer in a nanofluid filled cavity considering Ra values 
ranging from 104 to 107. It was shown that the heat transfer was 
improved by increasing Ra. However, the sedimentation phenomenon of 
nanoparticles was decreased the Nu. Gawas and Patil [17] evaluated NC 
heat transfer with thermal diffusion in an inclined cavity. It was shown 
that heat transfer developed by increasing the tilt angle (counterclock-
wise) and increased the thermal diffusion. Selimefendigil and Öztop 
[18]studied an enclosure containing or not containing obstacles of 
various geometries. It was found that the existence of obstacles within 
the enclosure decreased the heat transfer rate. Sheikholeslami et al. [19] 
investigated the NC heat transfer in an inclined cavity with curved 
boundaries. It was shown that the enclosure’s orientation and its aspect 
ratio were also determining factors, in addition to Ra. Indeed, the 
maximal Nu was found with the inclination of 0

◦

for Ra = 103. For the 
rest of Ra values, the maximal heat transfer rate was observed for an 
inclination of 30

◦

. In this regard, Ma et al. [20] performed numerical 
simulations of NC heat transfer in an enclosure containing heating 
obstacle, and the heat transfer was reported to be significant in a nar-
rower enclosure. Daghab et al. [21] performed simulations on NC heat 

Fig. 3. Substantiation of the accuracy of our code by comparison between our 
numerical results (dashed) and those obtained by De Vahl Davis [57] (solid) in 
terms of isotherms for Ra = 105. 

Table 2 
Comparison of average Nu values.  

CFD 
approach: 

Our results 
LBM 

De Vahl Davis  
[57] FDM 

Khanafer et al.  
[58] FVM 

Fusegi et al.  
[59] FDM 

Ra = 103  1.09  1.11  1.11  1.10 
Ra = 105  4.48  4.51  4.52  4.64 
Ra = 106  8.77  8.79  8.82  9.01  

Table 3 
Comparison maximum dimensionless velocities along the vertical and horizon-
tal centerline.    

Our results De Vahl Davis [57] Deviation (%) 

Ra =

103 
Umax  3.46  3.64  4.94  

Vmax  3.52  3.69  4.60  

Ra =

105 
Umax  36.09  34.73  3.76  

Vmax  69.35  68.59  1.09  

Ra =

106 
Umax  64.81  64.63  0.27  

Vmax  218.18  219.36  0.53  

Fig. 4. Substantiation of the accuracy of our code against numerical results 
obtained by COMSOL Multiphysics software in terms of isotherms (top) and 
streamlines (bottom) for Ra = 103 and Ra = 105. 
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transfer for thermal management of a heat source, the finite volume 
method (FVM) was used for simulations. The results indicated improved 
cooling performance when Ra was incremented. Hidki et al. [22] 
numerically investigated the NC in a square enclosure in the presence of 
heating elements by using the FVM. The maximum temperature 
decreased, and heat transfer increased by boosting Ra. Arroub et al. [23] 
developed a work on numerical modelling on heat transfer with laminar 
flow using the FVM. It was shown that the best cooling inside the cavity 
was achieved by using a rectangular enclosure of an aspect ratio of 2. 
Benhamou et al. [24] evaluated the free convection heat transfer phe-
nomena in an air-filled enclosure and reported that the fluid could ex-
change its heat in a uniform way with the hot surfaces of an obstacle for 
Ra = 103. For higher values i.e., Ra ≥ 104, this heat exchange was found 

to be important on the obstacle’s lower face compared to the other faces. 
Saha [25] has numerically studied the NC heat transfer in a trapezoidal 
enclosure. Different inclinations and aspect ratios of the enclosure were 
considered. Incrementing the aspect ratio of the enclosure resulted in a 
large thermally stratified region. In addition, increasing the angle of 
inclination between two non-parallel sidewalls resulted in stronger 
convection. Zemani and Sabeur [26] studied NC in an air-filled enclo-
sure bounded by partially active sidewalls. The enclosure contained a 
partition attached to the hot wall and different positions were assigned 
to this partition to evaluate their effect. The results showed decreasing 
heat transfer with the increase in the partition length particularly for a 
value of L/2. Moreover, a maximum value of the average Nu was pointed 
out in the case of a middle-middle arrangement. 

Fig. 5. Isotherms (right) and streamlines (left) obtained for case 1 (top) and case 2 (bottom) and Ra = 103.  
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Alinejad and Esfahani [27] conducted the LBM simulation of elec-
tronic board using different shapes of obstacles using Ra range of 250 to 
1000 at Pr = 0.71. The results showed that with the increase of Ra 
removed the higher quantity of energy from the obstacles. It was also 
found that distance between the obstacles made the flow deviated and 
accelerated. Further, they investigated the three-dimensional turbulent 
convection heat transfer around an isothermal cylinder using LBM 
simulation under Ra (103 to 109) and aspect ratio (0.5 to 2) [28,29]. The 
results showed the vortex shedding maps in all cases and revealed the 
maximum heat transfer of the triangular unit at stagnation point of the 
cylinder. Also, the mean Nu of upstream cylinder was higher in com-
parison to the downstream cylinder [30]. Djebali and Ferhi [31,32] 
investigated the magnetohydrodynamics (MHD) heat transfer 
enhancement and entropy generation using LBM of a micro-open tall 

cavity under the effect of magnetic field and sinusoidal heating. The 
authors studied the flow patterns, heat transfer characteristics and 
irreversibility patterns by varying Ra (102–104), Ku (0–0.1), Ha (0–80) 
and volume fraction (0–0.04 %). The authors found that the rarefaction 
phenomenon played a significant role in the intensification of the heat 
transfer. Ferhi et al. [33,34] conducted the LBM to study the natural 
conjugate heat transfer and entropy generation of partially heated and 
cooled cavity filled with MWCNT/water, Ag-MgO/water and Al2O3/ 
water based nanofluid under uniform magnetic field. The authors found 
that heat transfer was increased at low Ra with solid volume fraction and 
entropy generation remained constant. Furthermore, with the increase 
of Ha heat transfer and entropy generation both were decreased, 
whereas Be was increased. The various applications and challenges of 
NC heat transfer with complex enclosures were discussed in [35–37]. 

Fig. 6. Isotherms (right) and streamlines (left) obtained for case 1 (top) and case 2 (bottom) and Ra = 104.  
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Most of the studies published in the literature treat the phenomenon 
of NC heat transfer using classical numerical computational methods. 
Indeed, we find works based on the finite element method (FEM) 
[38–40], the finite difference method (FDM) [41–43] and the finite 
volume method (FVM) [44,45]. The last decade has been characterized 
by the appearance of a powerful and efficient numerical tool for the 
treatment of heat transfer problems even with higher complexity, which 
includes the lattice Boltzmann method (LBM) [46–48]. 

Most of the studies deal with heat transfer problems by NC in en-
closures of different geometries, heated/cooled by isothermal walls. Few 
studies have focused on thermal management of electronic components 
that are generally protruding solved by LBM. To the best of the authors’ 
knowledge, NC heat transfer inside an enclosure containing multiple 
protruding electronic components simultaneously cold and hot in the 

same enclosure has not yet been addressed using the LBM. Therefore, the 
originality of the present work lies in the fact that it deals with the 
phenomenon of conjugate heat transfer in a rectangular enclosure filled 
with air for thermal management of multiple electronic components 
with different cooling strategies via the LBM. To this end, a detailed 
study is carried out to unveil the effect of the adopted cooling strategy, 
inclination of the enclosure and Ra on the heat transfer and fluid flow 
structures. 

2. Physical and mathematical model 

2.1. Physics of the problem 

The present physical problem is studied for the purpose of the 

Fig. 7. Isotherms (right) and streamlines- (left) obtained for case 1 (top) and case 2 (bottom) and Ra = 105.  
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thermal management of electronic components. The conjugate heat 
transfer by conduction and NC heat transfer in a rectangular enclosure 
filled with air (Pr = ϑ

α = 0.71) [49] has been numerically studied by 
using the LBM method. The enclosure contains two protruding heat 
sources modelling electronic components maintained at constant tem-
peratures of Th: “ON” state. Two techniques for cooling these electronic 
components have been adopted. The enclosure could be cooled by either 
a cold wall maintained at a uniform constant temperature Tc (case 1) or 
two heat sinks at Tc (cases 2): “OFF” state. Fig. 1 shows, in detail, the 
geometry studied, and the two cases treated along with their boundary 
conditions. 

The present paper develops a 2D investigation in order to simulate, 
by using LBM, the conjugate heat transfer in an air-filled rectangular 

enclosure, which is heated by a discrete pair of protuberant sources 
simulating electronic components and cooled either by uniform cold 
wall or a discrete pair of sinks while all the other walls of the cavity are 
adiabatic, as shown in Fig. 1. The enclosure is of height H and length L 
inclined by an angle Ω. Each electronic component has a height of hb and 
a length of Lb. The proposed mathematical model is established based on 
the physics of the current problem. This model is based on Navier–-
Stokes Equations. For a computational resolution of this problem, the 
following assumptions are adopted:  

- The working fluid flow is supposed to be laminar, incompressible, 
and Newtonian.  

- No viscous dissipation effects in the energy equation. 

Fig. 8. Isotherms (right) and streamlines (left) obtained for case 1 (top) and case 2 (bottom) and Ra = 106.  
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- Thermal radiation is neglected.  
- All thermophysical properties are assumed to be constant and the 

Boussinesq approximation is adopted to control density variation. 

The system of non-dimensional equations governing the physical 
problem described above, based on simplifying assumptions, can be 
expressed as follows: 

∂U
∂X

+
∂V
∂Y

= 0 (1)  

U
∂U
∂X

+ V
∂U
∂Y

= −
∂P
∂X

+ Pr
(

∂2U
∂X2 +

∂2U
∂Y2

)

+ Ra.Pr.T.sin(Ω) (2)  

U
∂V
∂X

+ V
∂V
∂Y

= −
∂P
∂Y

+ Pr
(

∂2V
∂X2 +

∂2V
∂Y2

)

+ Ra.Pr.T.cos(Ω) (3)  

U
∂T
∂X

+ V
∂T
∂Y

=
∂2T
∂X2 +

∂2T
∂Y2 (4) 

The following non-dimensional parameters are defined as follow: 

X =
x
H

Y =
y
H

U =
uH
α

V =
vH
α

P =
p

ρ(α/H)
2

T =
T0 − TC

TH − TC

Ra =
gβ(TH − TC)H3

αϑ  

2.2. Lattice Boltzmann method 

The phenomena of conjugate NC heat transfer and fluid flow are 
generally governed by the Navier-Stokes equations. The numerical res-
olution of these equations could be achieved by using different numer-
ical methods. Among them is the LBM which is recently developed to 
avoid the iterative resolution at each time step adopted by traditional 
numerical methods. Indeed, the LBM has been found to be efficient and 
simple in terms of computation and formulation both when it first 
appeared [50,51] and after modifications and improvements [52,53]. 
The LBM is based on two distribution functions: one for the dynamic 
field fk(x, t) and the other for the thermal field gk(x, t). A 2D LBM-based 
model with nine velocities (LBM-D2Q9) [54] is used as shown in Fig. 2. 
The entire computational domain was subject to a uniform mesh, in both 
directions, with δx = δy. 

2.2.1. LBM for fluid flow 
By adopting the single relaxation time approximation, known as the 

Bhatnager, Gross, and Krook (BGK) approximation and according to the 
D2Q9 model [54], the lattice Boltzmann equation for velocity field in 
the k direction, is given by: 

fk(x + ckΔt, t + Δt) − fk(x, t) = −
fk(x, t) − f eq

k (x, t)
τ + Δt.Fk.ck (5)  

ck is defined by: 

ck =

⎧
⎨

⎩

c0 = (0, 0); k = 0
ci = c(cosθk, sinθk); k = 1, 2, 3, 4; θk = (i − 1)π/2

ci = c
̅̅̅
2

√
(cosθk, sinθk); k = 5, 6, 7, 8; θk = (i − 5)π

/
2 + π

/
4

(6)  

c and Δt are taken equal to unity in the simulations. τ is expressed as 
follow: 

τ =
ϑ

c2
s Δt

+
1
2

(7)  

where cs is given by c̅ ̅
3

√ . 

The local equilibrium distribution function f eq
k depends appropriately 

on the local hydrodynamic properties. It is given by: 

f eq
k = wkρ

[

1 + 3
ckueq

c2 +
9
2

(ckueq)
2

c4 −
3
2

uequeq

c2

]

(8) 

wk are given by: 

wk =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

4
9
; k = 0

1
9
; k = 1, 2, 3, 4

1
36

; k = 5, 6, 7, 8

(9) 

The summation of moments in the velocity space is used to evaluate 
the following hydrodynamic quantities: 

Fig. 9. Local temperature distribution along the central line for Ra = 103.  
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ρ(x, t) =
∑8

k=0
fk(x, t) (10)  

ρu(x, t) =
∑8

k=0
ckfk(x, t) (11)  

2.2.2. LBM for heat transfer 
The LBM mathematical modelling of the thermal behaviour is 

introduced in this sub-section. The lattice Boltzmann equation for tem-
perature field, under the BGK approximation, is given by [55]: 

gk(x + ckΔt, t + Δt) − gk(x, t) = −
1
τ [gk(x, t) − geq

k (x, t) ] (12) 

Since the flow is incompressible, the compression work resulting 

Fig. 10. Local temperature distribution along the central line for Ra = 104.  
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from pressure and heat dissipation can be neglected. τ is expressed as: 

τ =
3α

c2
s Δt

+
1
2

(13) 

The local equilibrium energy distribution function geq
k is written as 

follow: 

geq
k = wkT

[

1 + 3
ckueq

c2

]

(14) 

According to that, the fluid temperature T(x, t) can be evaluated by: 

T(x, t) =
∑8

k=0
gk(x, t) (15) 

For LBM modelling of NC, the buoyancy force term is given by: 

Fk =
wkρgβ(T − Tc)

c2
s

(
ck,xsin(Ω) + ck,ycos(Ω)

)
(16)  

2.3. Nusselt number calculation 

The dimensionless Nusselt number (Nu) performs the evaluation of 
natural convective heat transfer for a fluid flow. This number defines the 
dominance of convection compared to conduction. The following ex-
pressions are used for a better estimation: 

1- Average Nusselt number for the cold wall:  

NuC = −
1

L(Th − Tc)

∫ L

0
k

∂T
∂x

dy (17)   

2- Average Nusselt number for sinks:  

NuC = −
1

(Lb + 2hb)(Th − Tc)

∫ Lb+2hb

0
k

∂T
∂n

dl (18)   

3- Average Nusselt number for sources:  

NuH = −
1

(Lb + 2hb)(Th − Tc)

∫ Lb+2hb

0
k

∂T
∂n

dl (19)  

2.4. Numerical implementation 

The incompressible regime imposes a value of Mach number lower 
than 0.3. Hence, for our code to be implemented, it must meet this 
condition. In this study, the value of 0.1 has been assigned to the Mach 
number. Based on this logic, the viscosity could be estimated, depending 
on the parameters governing the problem, by [56]: 

ϑ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

PrMa2M2c2
s

Ra

√

(20)  

2.5. Grid sensitivity study and code validation 

The sensitivity of the results to the grid size was executed by 
considering four different grid sizes. The four grid sizes of 200 × 100, 
300 × 150, 400 × 200 and 500 × 250 are used. The results are associ-
ated to the case 1 with different inclinations. Table 1 shows the results 
obtained with respect to the value of the stream function at the centre of 
the enclosure. A quick analysis of the data shown in Table 1 could help 
us to choose the grid size 400 × 200 due to the low deviation after 
passing through the next grid size of 500 × 250 and which is equal to 
1.05% and 1.41% for an inclination of 90◦ and 0◦ , respectively. Indeed, 
this grid size is sufficient to give accurate results. Other grid sizes could 
be adopted but they require a drastic CPU time without improvement of 
the computational accuracy and no optimization of the computational 
time could be reported. 

To validate our in-house FORTRAN-LBM code, the latter has been 
modified to reproduce the same problem treated by De Vahl Davis [57]. 
The numerical predictions obtained by our code were compared to the 
numerical results of Ref. [57] in terms of isotherms for Ra = 105. Fig. 3 
displays a very good agreement between the results. A quantitative 
validation was also performed by comparing the average Nu values and 
maximum dimensionless velocities along the vertical and horizontal 
centerline obtained by our code and those from different works in the 
literature. Tables 2 and 3 gather the obtained results, which also con-
firms a sufficient agreement. 

A second validation study was performed by comparing our results 
with those obtained by COMSOL Multiphysics software. An attempt was 

Fig. 11. Local temperature distribution along the central line for Ra = 105.  
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made to reproduce the same problem of case 1 of the present study in the 
commercial software with an inclination of 00 for Ra = 103 and Ra =

105. The results obtained were presented in terms of isotherms and 
streamlines for each value of Rayleigh number as shown in Fig. 4. An 
excellent agreement between the two results could be observed. 

3. Results and discussion 

3.1. General trends of isotherms and fluid flow pattern 

The isotherms and streamlines are depicted in Figs. 5–8 for the two 
investigated cases (case 1 and case 2) and three tilt angles (Ω = 0◦, 45◦, 
and 90◦) considering four different values of Rayleigh number (103, 104, 
105, and 106). For Ra = 103, the heat transfer is driven mainly by 

Fig. 12. Local temperature distribution along the central line for Ra = 106.  
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Fig. 13. Average Nusselt number dependency on Rayleigh number for case 1.  

Fig. 14. Average Nusselt number dependency on Rayleigh number for case 2.  
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conduction as indicated by the nearly isotherms (Fig. 5) for the two 
studied cases and all tilt angles. The streamlines show one large domi-
nant counter-clockwise cell except the horizontal position Ω = 0◦ for and 
this for both cases (case 1 and case 2) where two main counter-rotating 
vortices characterize the coolant flow structure. Increasing Ra to Ra =

104 results in distorted streamlines for all cases (Fig. 6) meaning heat 
transfer dominated by convection at this case. The heat transfer in the 

enclosed fluid becomes governed by NC heat transfer which induces 
fluid circulation caused by the buoyancy effect inside the enclosure. 
When Ra increases, temperature differences are higher inducing 
convective flow which results in temperature peaks observed according 
to the enclosure inclination. A thermal plume appears in the horizontal 
cavity for both cases 1 and 2. With further increase in Ra i.e., Ra = 105, 
illustrated in Fig. 7, the streamlines become more denser with increasing 

Fig. 15. Heat exchange ratio dependency on Rayleigh number for an inclination of (a) 0◦, (b) 45◦, and (c) 90◦.  
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intensity of NC heat transfer, mainly near the heating components. The 
upper fluid circulation is stronger than that the above one inside the 45◦- 
cavity. The maximum streamline function values obtained for the case 1 
are 4.5, 7.12, 7.71 for Ω = 90◦, 45◦, and 0◦, respectively, while for the 
case 2, the maximum computed values are 3.97, 6.15, 6.65 for Ω = 90◦, 
45◦, and 0◦, respectively. Fig. 8 shows the simulations in the case of 
higher value of Ra (Ra = 106). New vortices appear in the enclosures for 
both case 1 and 2 due to the strong intensity of NC heat transfer. The 
flow structure changes, the plume in the horizontal cavity is split into 
two parts due to the active fluid flow induced by buoyancy. The 
streamline’s function indicates maximum values for case 1: 8.55, 12.22, 
22.77, for Ω = 90◦, 45◦, and 0◦, respectively, and for case 2, values of 
7.47, 10.69, 18.5 for Ω = 90◦, 45◦, and 0◦, respectively. Among all in-
clinations, the horizontal position shows the most significant natural 
convective flow in the enclosure. This effect is more pronounced in the 
case 2 as compared to the case 1 where the air near the hot sources at the 
bottom is heated and raised upward due to the buoyancy force for a 
short path to cool down on the upper cold wall and return backward. 

3.2. Temperature profiles 

The temperature profile along the centreline of the cavity is illus-
trated in Figs. 9–12 for case 1 and case 2, three tilt angles (Ω = 0◦, 45◦, 
and 90◦) and different Rayleigh numbers ranging from 103 to 106. Fig. 9 
shows the temperature profiles in the investigated cavities (case 1 and 
case) at Ra = 103 for the three inclinations (0◦, 45◦, and 90◦). Due to the 
low Ra, the overall temperature rise is not significant for Ra = 103 as 
shown in Fig. 9. The significant overheating is observed for Ra ≥ 104. 
Similar trends in temperature profile are found for Ra = 103 in the two 
cases i.e., uniform cold wall (case 1)/discrete twin cold components 
(case 2). Due to the low heat transfer dominated mainly by conduction 
the enclosures do not overheat where the maximal temperature 
(dimensionless) observed lie between 0.4 and 0.45. The temperature 
distribution does not show significant difference between the two cases 
1 and 2 in a hand and on the other hand within the same enclosure. The 
higher temperatures are shown in the middle of the enclosure above the 

two heat sources for the horizontal enclosure, where a symmetry in the 
temperature profile is obtained while high temperatures are shown in 
the top half of the enclosure for both inclinations 45◦ and 90◦. The 
horizontal enclosure shows symmetry in the temperature profile with 
respect to the vertical centreline, whereas 45◦ and 90◦-inclined cavities 
show peaks in the top half of the enclosure caused by the weak fluid 
circulation. Similar temperature profiles are shown in the two inclined 
cavities except the slight difference shown on the top due to the pattern 
of the nature of the weak convective currents. It is worth noting that at 
Ra = 103, the temperature profile is not affected by the cooling 
configuration either uniform cold wall (case 1) and discrete twin sinks 
(case 2) show the same temperature profile. Besides, at low Ra i.e., low 
heat dissipation the horizontal enclosure observes slightly low over-
heating effect compared to the inclined cavities. The highest tempera-
ture is obtained in the case of 90◦ tilt followed by the 45◦ case. 

The temperature profiles in the investigated cavities (case 1 and case 
2) at Ra = 104 is plotted in Fig. 10 for Ω = 0◦, 45◦, and 90◦. The tem-
perature profiles show significant change caused by the significant NC 
heat transfer, which affects the fluid flow pattern. The horizontal cavity 
presents a symmetrical profile with noticeable temperature peak 0.75 
(dimensionless) above the centre i.e. conjugate effect of heat dissipated 
between the two heat sources. Similar trends are found in the two 
remaining inclinations (45◦ and 90◦) with slight advantage of the former 
in terms of low overheating inside the cavity. These two inclinations 
show increasing temperature along L with temperature peaks 0.72 and 
0.73 comparable in value with that obtained for Ω = 0◦. Unlike the 
previous simulations with Ra = 103, the peaks are located on the upper 
wall which means quasi-stratified temperatures within the inclined en-
closures. It is noted that the configuration (i.e., cold wall/ twin cold 
protruding components) does not affect the temperature profile as both 
Fig. 10a and b show similar trends for all inclinations at Ra = 104. This 
similar behavior is also found with lower Rayleigh number (Fig. 9). 

As Ra is increased (Ra = 105 and Ra = 106, Figs. 11 and 12, 
respectively), there is no significant difference between the effect of 
Ra = 105 and Ra = 106 on the temperature’s profiles of all simulated 

Fig. 15. (continued). 
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cases. For Ra = 105, the temperature profiles become much more 
complicated, mainly for the Ω = 0◦ and 45◦, due to the strong NC heat 
transfer currents. Nonetheless, the 90◦-enclosure keeps roughly the 
same increasing temperature trend along the cavity due to the vertical 
active walls, which are parallel to the gravity. The 45◦-inclined cavity 
keeps temperature increasing along the cavity but with different rates; 
the steeper is shown on the top half of the cavity to achieve a peak on the 
top wall. This steepness is explained by the stronger upper vortex 
compared to the lower one shown in Fig. 7. The peak is on the top wall 
not below as shown previously for lower Ra. For Ra > 104, the cavity 
overheating in the horizontal cavity is observed at the middle above the 
space between the two heating components. For the remaining two 
cavities i.e., the vertical and inclined enclosure, the overheated area is 
located at the top of the cavity with higher temperatures in the case of 
the vertical position. 

3.3. Heat transfer analysis 

3.3.1. Average Nusselt number 
Thermal performance of the simulated configurations is compared by 

means of the Nu on both cold and hot walls. Figs. 13 and 14 depict the 
effect of Ra on the Nu on both active walls i.e. cold and hot wall and this 
for the enclosure tilts 0◦, 45◦, and 90◦, for both case 1 and case 2. First of 
all, we note that Nu increases with increasing Ra for all configurations, 
this increment is more noticeable with strong NC heat transfer. The 
maximum Nu = 5.51 is obtained on the hot wall for the horizontal cavity 
in the case of cold uniform wall (case 1) for Ra = 106. On the hand, the 
cavity tilt significantly affects the heat transfer rate. This effect is more 
pronounced in the case of horizontal enclosure that shows higher Nu 
values compared to the two remaining inclinations, mainly for high Ra 
numbers where the buoyancy force is significant. Regarding the cavity 
tilt, the Nu is higher in the case of a horizontal enclosure followed by the 
45◦-inclined-enclosure and finally the vertical cavity. This is due to the 
buoyancy force effect where this effect is favourable for the two former 
inclinations (i.e., 90◦ and 45◦) regarding the position of the hot sources 
which enables rapid hot–cold surface heat transfer process, due to the 
short distance when compared to the vertical enclosure. In fact, the hot 
air in the latter vertical enclosure travels upward along the hot surface 
and downward along the cold surface which results in lower heat 
transfer rate and hence lower Nu values when compared to the two other 
cavity tilts. However, the difference between the Nu values become 
more significant as Ra increases due to the strong fluid convective cir-
culation resulting in a high transfer rate. In contrary, for low values of 
Ra, there is no significant effect of Ra on the Nu and this for all simulated 
configurations. Furthermore, on the hot wall, there is no significant ef-
fect of the enclosure tilt on the Nu for Ra ≤ 105 and this apply for the 
two cases i.e., case 1 and case 2. The Nu on the cold wall is higher for the 
horizontal enclosure in comparison to the other two inclinations for all 
Ra numbers whereas on the hot wall the Nu is higher in the case of the 
horizontal cavity position for only high values of Ra i.e., Ra > 105. 

For the discrete cold protruding (case 2), heat transfer rate on the 
cold wall is higher for the horizontal position when Ra > 104 while no 
significant difference is observed for lower Ra values. On the hot wall a 
much-complicated behaviour is shown for heat transfer in the cavity. For 
Ra > 105, the horizontal cavity outperforms the other cavities in terms 
of heat transfer rate, but this position is the less performant for 
Ra < 104. The inversion of this behaviour should take place midway 
between Ra = 104and105. 

3.3.2. Heat exchange ratio 
For a more detailed heat transfer analysis, a heat exchange ratio R is 

introduced. This is a quantity representing the ratio between the average 
Nusselt number in vicinity of the cold part (sinks) NuC and the average 
Nusselt number in vicinity of the hot part (heat sinks)NuH (R = NuC

NuH
). In 

other words, R is a parameter reflecting the rate of heat transfer between 
the two different regions. Consequently, a high heat exchange ratio 
characterizes better heat dissipation. At this stage, it could be argued 
that the average Nusselt number and the heat exchange ratio are two 
decisive parameters for determining the optimal configuration. Fig. 15 
shows the evolution of the heat exchange ratio R as a function of Ray-
leigh number and heat sink inclination, for cases 1 and 2. 

Equipping the cavity with a twin sinks (case 2) instead of a cold wall 
(case 1) reduces heat transfer by inducing an apparent drop in the 
Nusselt number, see Figs. 13 and 14. Evaluating only the average Nusselt 
number, we cannot judge which configuration is recommended for 
better evacuation of the heat generated by electronic components in ON 
state. The difference in values between the average Nusselt number in 
vicinity of the hot and cold sides leads us to the introduction of the heat 
exchange ratio R. This difference is due, firstly, to the fact that we have 
considered protruding electronic components occupying a space in the 
air-filled cavity. Secondly, there is the mechanical reason that the pro-
truding electronic components act as an obstacle to fluid flow, delaying 
its movement. It could also be justified from a thermal point of view, as 
heat exchange takes place by conduction within the electronic compo-
nents on the one hand and by NC between the electronic components 
and the fluid on the other. This contributes to a reduction in heat flow 
between the hot/cold part and the surrounding fluid. 

Looking at Fig. 15, it is clear that, for all inclination values, the heat 
exchange ratio increases as the Rayleigh number increases, whatever the 
case. Moreover, in all cases, the heat exchange ratio evaluated in case 2 
is high compared to that evaluated in case 1. A maximum value of 0.99 is 
highlighted for case 2 with an inclination of 0◦ and Ra = 106. For the 
same configuration and conditions, this value is 0.67 in case 1. By 
replacing the cold wall (case 1) with a twin sinks (case 2), the heat ex-
change ratio is improved by 32.32 %. This is the configuration with the 
best heat dissipation. 

4. Conclusions 

Natural convection of air inside a cavity embedded with simulta-
neous presence of a twin heat sources (representing protruding elec-
tronic components) and a twin sinks/isothermal cold wall is simulated 
using the lattice Boltzmann method. The effect of the enclosure incli-
nation (0◦, 45◦, and 90◦) on the thermal and dynamic field is studied for 
different Ra ranging from 103to106. The enclosure could be cooled by 
either a uniform cold wall maintained at a constant temperature Tc (case 
1) or a sink pair maintained at a constant temperature Tc (cases 2); 
“OFF” state. The following conclusions are drawn:  

• Smooth thermal and dynamic fields are obtained at low Ra values.  
• At high Ra number, the buoyancy driven natural convection is 

significantly active; the vertical enclosure shows the most noticeable 
overheating at the top of the cavity, followed by 45◦ inclined cavity 
also at the top, and lastly the horizontal cavity, however the over-
heating in the latter cavity is shown at the middle above the space 
between the two heat sources.  

• For the uniform top cold wall (case 1), the heat transfer rate on the 
cold wall is higher for the horizontal position compared to the in-
clined cavities and this effect apply for all investigated Ra values but 
the heat transfer on the cold wall is higher for the vertical position for 
only Ra > 105.  

• For case 1, the heat transfer is improved by 80% by varying the 
Rayleigh number Ra from 103 to 106 with a horizontal disposition.  

• For case 2, i.e., twin cold protruding, heat transfer rate on the hot 
wall shows a complicated behaviour. For Ra > 105, the horizontal 
cavity outperforms the other cavities in terms of heat transfer rate, 
but the horizontal position is the less performant for Ra < 104. 
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• Results indicate no significant difference of the average Nu computed 
for the two inclined cavities i.e., 45◦ and 90◦ for both cases regardless 
the Ra value. 

• The maximal heat transfer rate corresponding to Nu = 5.51 is ob-
tained on the hot wall for the horizontal cavity in the case of a cold 
uniform wall (case 1) for Ra = 106.  

• With a horizontal disposition and Ra = 106, the heat exchange ratio 
is improved by 32.32 % in case 2 compared to case 1.  

• The second configuration is recommended for the best heat 
dissipation. 

For future research, we will consider multiple heat sources/sinks of 
various shapes, sizes, and positions. Despite the increasing use of the 
LBM method for the numerical solution of heat and mass transfer 
problems, this technique has certain limitations. The major limitation is 
the simulation of high Mach number flows for aerodynamic applica-
tions. To date, no thermo-hydrodynamic scheme has been proposed to 
overcome this limitation. 
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