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Abstract—In the study, we develop a new optical commu-
nication system based on the nonlinear Fourier transform for
generic (quasiperiodic) finite-genus solutions to the nonlinear
Schrodinger equation. At the transmitter, the finite-genus solu-
tions of a generic type, which are not subject to any periodicity
constraint, are generated by means of the Riemann-Hilbert
problem (RHP) approach and utilized as the data carriers.
Data encoding is achieved by modulating the phases of these
solutions (as defined by the RHP), whereas the main spectrum
determines signal parameters such as duration, bandwidth,
and power. To decode the phases and compensate for their
evolution, we propose a receiver that employs a convolutional
neural network (CNN). CNN helps us overcome the lack of a
complete theoretical framework for generic finite-genus solutions.
We carry out the numerical simulations of a communication
system that utilizes the phases of finite-genus solutions as data
carriers with a CNN-based receiver. We present an analysis of
the system’s performance in terms of bit error ratio (BER) in
dependence on signal power, propagation distance, and sampling
rate. Additionally, we investigate the ability of the CNN-based
receiver to process signals with a truncated linear spectrum to
provide higher spectral efficiency, attaining 4.28 bits/s/Hz (for
a single polarization) at 1040 km transmission distance.

Index Terms—Convolutional neural network, fibre-optic com-
munications, finite-genus solutions, nonlinear Fourier transform,
Riemann-Hilbert problem.

I. INTRODUCTION

HE development of inverse scattering transform (widely

known as nonlinear Fourier transform (NFT) in recent op-
tical communications literature) for the integration of a certain
class of nonlinear evolutionary equations and, in particular,
for the lossless nonlinear Schrodinger equation (NLSE) [1],
opened up the possibility of using the NFT to compensate for
both nonlinearity and dispersion in fibre-optic systems [2], [3].
The first work exploiting this idea was the proposition of the
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so-called eigenvalue communications by Hasegawa and Nyu
[4]. In short, NFT is a technique to transform the nonlinear
signal evolution governed by the NLSE into a linear evolution
of special nonlinear spectral data (nonlinear Fourier spectrum)
within the nonlinear Fourier (NF) domain. The NFT-based
transmission techniques harness the aforementioned linearity
of the nonlinear spectrum evolution as we directly modulate
the solution parameters inside the NF domain [3]. Fibre-optic
communications based on NFT has been developed using
various methods: continuous nonlinear spectrum modulation
[5]-[7], discrete components (solitons) modulation [8]-[13],
full spectrum modulation [14]-[16], b-modulation of the con-
tinuous spectrum [17]-[20], and periodic NFT [21]-[23].
Despite the comprehensive efforts of numerous research
groups, it is still challenging to make the NFT approach
a practical solution [24]. In particular, the complexity of
the NFT algorithms remains one of the major factors in
limiting the method’s applicability: some advanced approaches
[25], [26] offer the algorithms with N log2 N computational
complexity (with N being the number of samples in a signal)
for the direct and inverse problems processing the signals
with continuous spectrum only. However, their performance
substantially degrades as power increases because a higher
value of N is required to provide satisfying accuracy [27].
Among other NFT techniques, periodic NFT (PNFT) has
been proposed [3], [28] to alleviate some difficulties of the
“conventional” NFT-based transmission systems [29]. The
PNFT can be understood as a nonlinear analog of conventional
linear OFDM communication. Although the PNFT offers
several advantages over the conventional NFT - including
continuous signal transmission as opposed to burst mode,
smaller processing window at the receiver, and full control
over the signal’s duration, bandwidth, and power — there
is no satisfying analysis of such systems, primary due to
the complex mathematical theory behind the approach. The
implementation of PNFT-based transmission systems has been
investigated using the algebro-geometric approach [22], [23]
where the data were mapped onto the main spectrum of finite-
genus solutions, whereas the algebro-geometric formalism was
used to generate modulated signals at the transmitter through
evaluation of the Riemann theta functions [30], [31]. The
Riemann-Hilbert problem (RHP) approach is an alternative
and, from our viewpoint, somewhat computationally simpler
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technique: it is based on an analytic factorization problem in
the nonlinear Fourier domain [29], [32], [33]. However, the
optical communication approaches highlighted above suffer
from a technical drawback: they are constrained to employ
perfectly periodic signals, reducing the flexibility of the meth-
ods and adding some computational complexity at the signal
generation stage. As a result, both methods operate within
a quasi-linear regime, omitting the consideration of actual
nonlinear dynamics of finite-genus solutions.

The present study continues the development of the ap-
proach detailed in [32]. The communication system proposed
in this research is based on data transmission using non-
periodic finite-genus solutions to the NLSE. Information is
modulated onto the associated spectral parameters (by solving
the inverse NFT problem at the transmitter formulated as an
RHP) with a finite-genus solution. This evolved solution (the
signal at the receiver) then has to be processed for retrieving
the information from the spectral data (and thus to recover the
initial information sent from the transmitter) through solving
the corresponding direct problem. However, when solving the
direct problem to demodulate the data in this setting in our
previous research, we faced some technical limitations [32]: (i)
signals must be strictly periodic, which significantly restricts
the variety of scattering data configurations; (ii) symbols have
to include a cyclic extension to compensate for the dispersion
broadening, thereby decreasing the achievable time-bandwidth
product; (iii) phases of the nonlinear modes were defined
on the interval from 0 to 7, which is only half of the
possible range. Further, the latter constraint was overcome by
formulating an analytical approach capable of retrieving the
phases of periodic finite-genus solutions without restrictions
on their values [34]; however, this approach turned out to be
very computationally involved.

Relaxing the periodicity condition helps with the defi-
ciencies of the previously proposed systems. However, this
requires building a fundamentally new mathematical approach
to receiving data in non-periodic finite-genus optical systems.
In our approach here, we have implemented machine learn-
ing techniques, harnessing the power of convolutional neural
networks (CNN).

Artificial neural networks (NN) have demonstrated their
outstanding potential in application to various areas of fibre-
optic communications. For example, we mention many works
dedicated to the NN-based equalization problem [35]-[37].
Recently, some works have focused on applications within
the NFT-based optical transmission [10], [38]-[40], and on
the systems based on the PNFT [41]. Furthermore, in [42],
some of the present authors developed a pioneering CNN-
based approach to determine the phases of finite-genus solu-
tions; therefore, extending the latter approach to improve the
respective optical communication systems looks natural.

This work presents a fibre-optic communication system that
utilizes the NFT for finite-genus solutions to the NLSE. At
the transmitter (Tx), we modulate the phases of finite-genus
solutions and employ the RHP approach to generate a time-
domain signal ¢(t). At the receiver (Rx), we adopt a CNN-
based method, as detailed in [42], to demodulate the signal,
detect the phases, and compensate for their evolution. Previ-

© 2024 |IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

ously, we proposed these ideas in [43], where a convolutional
neural network was applied to detect received information
in the system with an ideally distributed amplification. In
the current paper, we aim to evaluate the performance of
realistic fibre-optic communication systems based on finite-
genus solutions with lumped amplification. For the first time,
we are employing finite-genus solutions of a generic type,
eliminating periodicity constraints, and go to much higher
powers compared to the previous studies.

II. THE RIEMANN-HILBERT PROBLEM AND FINITE-GENUS
SOLUTIONS

The focusing NLSE governing signal propagation over an
optical fibre with anomalous dispersion, given in the dimen-
sionless form, is:

iq. + gt + 2|g|*q = 0, (1

where z is the evolutionary variable, ¢ is the time variable, and
q(t, z) represents the signal envelope. The equation describes
the signal propagation over a single polarization in a lossless
and noiseless scenario.

The NLSE has a class of solutions known as finite-genus
solutions (also referred to as finite-band or finite-gap solutions
in various literature). A genus-N solution ¢(¢,z) can be
parameterized through a set of spectral data. A possible way
to do this is to exploit the RHP formalism. Namely, ¢ is given
by q(t,z) = 2ilimy 0o AM12(t, 2, A), where M (¢, z, \) is the
solution of the RHP formulated as follows: given the complex-
valued parameters {J\; };V:() (termed the main spectrum) and
the real-valued parameters {¢;}. ¢; € [0,27) (termed
the phases), find M (¢, z, \) which is a 2 x 2-valued function
satisfying the following conditions:

e for any ¢ and z, M (t,z,\) is analytic, as function of A,
in C\ T, where " = Uj-vzol“j and I'; = (A, \}) (the arc
connecting A; with its complex conjugate A%);

o the limiting values My (¢, 2, A) of M(t,z,A) as A € I' is
approached from the left or from the right are related by

M+(t,2,/\) :M,(t,z,)\)J(t,z,)\), A EF, (2)
where
0 Z'e—i(¢j+2i>\t+4i>\zz)
J(t,2,A) = (iei(¢_7+2i>\t+4i>\2z) 0 g

)\EFj,j:O,...,N;

o M(t,z,A) — I (identity matrix) as A — oc.

The construction of ¢(¢,z) in terms of the solution of the
RHP involving {);}}_, and {¢;}/_ as the input data can be
interpreted as an inverse problem; in turn, the associated direct
problem consists in the following: given a genus-N solution
q(t,z) as function of t evaluated at a particular value of z,
retrieve the underlying parameters {\;}2, and {¢;}1 .

Importantly, ¢(t, z) characterized as above can be equiva-
lently given in terms of the solution of another RHP, where
the matrix J(¢,z, A) in the jump condition (2) is replaced by

. 0 o (@ +CHt+C)2)
J(t,2,0) = it (Gt CH+C2) 0 ’
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rely, j=0,...,N, where the real-valued C} and C’g are
uniquely determined by the main spectrum alone and represent
the temporal and propagation frequencies. For more details
see [29], [32], [33]. We associate the contribution of each pair
{Aj, A7} to the signal ¢(t, z) with the corresponding nonlinear
mode. In this context, the frequency C} and the phase ¢; are
attributes of the j-th nonlinear mode of the signal.

In specific scenarios where the frequencies {C}};V:O are
commensurable, the resulting solution is periodic, and the
direct problem can be addressed using the monodromy matrix
formalism [25], [32], where the points {};, )\;} re-appear as
the main spectrum. In the general case where the frequencies
{C’; ;V:o are non-commensurable, in what follows we still use
the notion of “main spectrum” for the contours’ end points
in the RHP formalism of the inverse problem. It is the fact
that there is no established analytical approach to solve the
direct problem in the general case that motivated us to use a
convolutional neural network for the direct problem, i.e. the
problem of retrieving {¢;}/_ (assuming that {\;}}L are
fixed and known) from the associated solution to the NLSE
taken as a function of ¢ at a fixed z.

The RHP formalism allows linearizing the evolution: the
main spectrum remains unchanged while signals propagate
through an optical fibre whereas the evolution of the phases
follows a simple linear relation:

¢j(2) = $;(0) + (CJ — 2g0)z, 3)

where z denotes the propagation distance and g, similarly to
Cg, is determined by the main spectrum alone [29], [32].

III. FINITE-GENUS SOLUTIONS-BASED COMMUNICATION
SYSTEM

At the core of our research is the idea of using the
properties of finite-genus solutions to develop an effective
communication system. These properties include: (i) the trivial
evolution of scattering data (3), the property that lies behind
the NFT; (ii) absence of burst mode operation that potentially
increases time-bandwidth product and reduces the impact of
noise; (iii) full control over signal duration, bandwidth, and
power by manipulating the main spectrum. These properties
of finite-genus solutions make them a promising candidate to
carry data in fibre-optic communications.

Data transmission utilizing finite-genus solutions involves
the following stages: (i) encoding information onto the phases
of finite-genus solutions; (ii) given the main spectrum, deter-
mined by the desired signal parameters and phases, generating
q(t,z) with the RHP solver; (iii) transmitting the signals
through an optical fibre; (iv) and retrieving the phases with
a convolutional neural network-based receiver. This receiver
compensates for the evolution of the phases and solves the
direct problem of retrieving their values. The schematic of the
communication system is illustrated in Fig. 1.

In order to build a proof-of-concept system and demon-
strate the feasibility of finite-genus communications, we utilize
genus-4 solutions to the NLSE to encode information into
their phases. Genus-4 solutions are chosen because their genus
is high enough to demonstrate complex nonlinear dynamics
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Random data

Fig. 1: Communication system consisting of phase modulation
and signal generation at the transmitter (with power, duration,
and bandwidth defined by the main spectrum), N spans of
an optical fibre with EDFA amplification, and phase retrieval
at the receiver. Optical bandpass filters at the transmitter and
receiver and downsampling are not used in all simulations and
depicted without frames in the scheme.

but, at the same time, they can be calculated by means of
existing algorithms effectively. We observed the nonlinear
dependence of the signal’s duration and bandwidth on the
real and imaginary parts of the main spectrum for genus-
4 solutions. This confirms that the signals we choose to
operate with indeed demonstrate the nonlinear character of
their evolution. The main spectrum configuration we employ
is as follows:

A={-2+ai,—1+ai,ai,1+ ai,2 + ai}. 4

Both the real and imaginary parts of the main spectrum
determine a signal’s duration 7" and bandwidth WW. However,
in the linear limit, when a << 1, the influence of the nonzero
parameter a diminishes, and both 7" and W are determined
by the real part of the main spectrum only. It is worth
mentioning that the phases also affect the bandwidth of a
signal. As a signal propagates through an optical fibre, its
envelope undergoes changes, as well as its linear spectrum,
that can be attributed to the phases only because the main
spectrum remains constant. For the main spectrum given in
(4) with a specific value of a, we calculate the frequency
for each nonlinear mode (C%, CJ%...) and define the signal’s
duration as T = 2m/C7{", where C7"" = min; C’} (as
defined in Section II). The smallest frequency corresponds to
the maximum period across all nonlinear modes. So, we can be
sure that the signal with duration 7" contains at least one period
of each nonlinear mode, see Fig. 2 where the maximum period
Ty corresponds to the minimum frequency C’}”i". Therefore,
all essential information is encapsulated within the segment of
the signal lasting 77, defining the symbol duration T' = T3.
While the parameter a modulates the power of signals, due to
the nonlinear nature of finite-genus solutions, it also influences
the frequencies C.

The information signal consists of a sequence of genus-4
symbols, each having a duration of 7' as previously defined.
We concatenate these symbols together into a sequence with-
out guard intervals and transmit it over a single polarization
and one frequency channel. Typically, in such systems, there
is an extension of the symbols beyond the period 7' to prevent
their overlapping due to chromatic dispersion broadening.
However, in our approach, instead, there is no signal extension:
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Fig. 2: Three consecutive genus-4 symbols at the transmitter
calculated for the main spectrum given by (4) with a = 0.6
and random phases from the modulation set. The period of
each nonlinear mode (17, 15, T35, Ty) for the central symbol is
depicted to demonstrate that the maximum period 7 contains
all others.

we put symbols one by one, see Fig. 2. Compensation for
any dispersion-induced overlap is managed by our CNN-
based receiver, which processes not only the current symbol
but also its neighboring ones. The symbols are arranged
closely in sequence, with no temporal gaps between them.
However, there are discontinuities in amplitude and phase
among adjacent symbols. Each discontinuity can be mitigated
by sacrificing one of the five phases employed in modulation
that reduces the system capacity and, therefore, is not adopted.
So, we do not apply any technique to resolve these disruptions,
relying on our CNN receiver.

The evolution of the finite-genus solutions propagated over
optical fibre is dictated by the NLSE, as given in (1). This
model describes signal propagation in the medium with chro-
matic dispersion and nonlinearity only. Introducing periodic
attenuation and amplification deviates from these conditions
and breaks the integrability of the system: the theory of
finite-genus solutions, as well as their linear evolution of the
phases (3), does not hold rigorously. While any deviations
from the original model make the dynamics of the signals
more intricate, their propagation averaged over many spans of
optical fibre remains governed by (1), often referred to as the
lossless path-averaged model [6].

Convolutional neural network-based receiver

A key component of the receiver is CNN: its architecture
is similar to that of Ref. [44]. The approach is detailed in
Refs. [42], [43], where it has been used for retrieving the
phases of finite-genus solutions. In this study, we expand the
NN functionality: Beyond retrieving the phases of the received
symbols, it also compensates for their evolution as dictated
by (3). The network was trained on data propagated through
the optical fibre given at the receiver with the transmitter
phases as labels. The neural network architecture can be
described as follows: it comprises three convolutional layers
followed by a fully connected layer, as illustrated in Fig. 3.
The hyperparameters were optimized by Bayesian methods
[45]. Their resulting values are cataloged in Table I. For a
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more comprehensive discussion on the implementation of the
CNN, one can refer to [42].
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Fig. 3: Scheme of the CNN-based receiver consisting of three
convolutional layers followed by a fully connected and output
layer.

TABLE I: The hyperparameters of the CNN at the receiver
with the architecture given in Fig. 3.

Filters | Kernel size | Activation
1 conv. 94 3 tanh
2 conv. 112 17 tanh
3 conv. 145 18 sigmoid
[ Fully con. | 128 neurons [ sigmoid |

The receiver processes signals after propagation through an
optical fibre. It takes three consecutive symbols at the input
at two sample rates, 64 and 128 samples per symbol, and
retrieves the phases of the central symbol. We determined that
processing three symbols suffices to account for dispersion-
induced memory. Consequently, we do not implement any
linear chromatic dispersion compensation when feeding sig-
nals into the CNN-receiver. We use the following equation to
estimate the broadening of signals [6]:

AT = 27|52 BL, &)
where By = —21.67ps?/km is the chromatic dispersion,
B = 6GHz is a typical bandwidth of the signal of the

presented communications system (one among others), L. =
1040km is the propagation distance. By substituting the
given values into the equation, we find the broadening of the
signal AT = 0.85ns, whereas the symbol’s duration is 1ns.
So, we guarantee that three consecutive symbols contain all
information about the central one among them. Moreover, it
was mentioned in [23] that finite-genus solutions show less
broadening in comparison with the linear estimate (5) due to
the nonlinear nature of their evolution.

To train the CNN, we compiled a dataset comprising
400000 training symbols and at least 20000 test symbols.
In some experiments, we expanded the test dataset to ensure
statistically significant results. The test dataset was not utilized
during training. For labeling, we employed complex-valued
points on unit circles that correspond to phases. This labeling
approach was adopted to guarantee the periodicity of the
labels corresponding to the phase periodicity of the solutions.
Therefore, the CNN predicted points on the unit circle that
matched the phases. These points were used to apply the
“hard decision’ technique. The network was trained over 5000
epochs using the Adam optimizer (learning rate 10~%) within
the TensorFlow 2.0 framework.
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IV. RESULTS

We numerically simulate the propagation of signals within
the communication system illustrated in Fig. 1. We encode
data onto the phases of finite-genus solutions and generate
signals ¢(t, z) by concatenating symbols to form sequences of
1020 symbols each. These signals are then transmitted through
a communication line, which consists of multiple spans of
optical fibre, each 80 km in length (the exact number of
spans varies in our simulations), with an EDFA amplification
scheme over one frequency channel and noise added at the
end of each span. After propagation, the first and the last
ten symbols in sequences are removed to avoid any boundary
effects. We apply the CNN-based receiver detailed above
(and independently trained for each set of parameters: power,
propagation distance, bandwidth) and evaluate the system
performance by calculating the bit error rate (BER), which
is determined by directly counting the erroneous bits in the
received sequences.

Specifically, to generate information-bearing symbols, we
employ the main spectrum configuration as in (4). The sym-
bols’ duration and bandwidth are determined primarily by the
real part of the main spectrum. At the same time, due to
the nonlinear nature of signals, the imaginary part (parameter
a) affects the duration and bandwidth as well. The signals’
power is also modulated by a. We normalize the duration of
all symbols to 1ns regardless of the value of a (the detailed
normalization procedure is given in [3]). We implement a 32-
phase shift keying (PSK) modulation for each phase of the
genus-4 solution (5 phases), inset in Fig 4.

We simulate the propagation of signals through standard
single mode fibre (SSMF) with the following parameters:
group velocity dispersion 32 = —21.67 ps?/km, nonlinearity
coefficient v = 1.27 x 1073 mW 'km~!, and attenuation
a = 0.2dB/km. We employ the split-step Fourier method
(SSFM), having 128 samples of the temporal variable per sym-
bol and 128 steps of the evolutionary variable per fibre span
[46]. We add the Gaussian white noise at the end of each span
with the spectral power density Nasg = (e*F4 —1)hv,NF/2,
where L4 = 80km is the span length, hv, represents the
photon energy (with h being Planck constant and carrier’s
frequency v, = 193.4THz) and NF'/2 being a noise figure
per polarization [46], NF = 10*/10,

We evaluate the system performance as a function of launch
power, examining the BER as shown in Fig. 4. Ranging
parameter a from 0.4 to 2 corresponds to a launch power from
—4dBm to 3dBm. We consider receiving at two sampling
rates: 128 and 64 samples per symbol (that corresponds to
128 GSam/s and 64 GSam/s), these two options are exploited
to estimate the performance of the receiver at a practical sam-
ple rate 64 GSam/s and investigate how this performance can
be enhanced with an increased value. We demonstrate the data
signaling below the forward error correction (FEC) threshold,
which has a value of 3.8 x 1073 and an overhead of 7% for
both sampling rates [47]. The optimal launch power yielding
the lowest BER for 128 sam/sym is —1.72dBm (a = 0.6),
whereas, for 64 sam/sym, it is —0.57dBm (a = 0.75). The
behavior of the BER curve for 128sam/sym at the lower
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power levels deviates below the expected position. This can be
attributed to the CNN’s inherent ability to filter noise, a feature
also discussed in [44]. Thus, the higher dimensionality of the
CNN’s input affords improved noise filtering.

ImA
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Fig. 4: BER is plotted as a function of launch power for
128 sam/sym (depicted in green) and 64 sam/sym (depicted
in yellow) in comparison with the FEC threshold of 3.8 x 103
(7% overhead). On the upper axis, the corresponding values
of the imaginary part of the main spectrum, parameter a, are
indicated (as defined in (4)). The inset displays the constella-
tion diagram at the receiver for optimal power of 64 sam /sym
scenario, as well as reference values at the transmitter. The
five-layer structure of the output clouds (represented by shades
of red from dark to light) corresponds to the received phases
for different nonlinear harmonics of 4-genus solutions.

For the power levels that provide the lowest BER (which
are different for 128 sam/sym and 64 sam/sym, as indicated
in Fig. 4), we evaluate the performance of our transmission
system as a function of the number of spans, as shown in
Fig. 5. We demonstrate that receiving at 128 sam/sym can
maintain a BER below the FEC threshold up to 23 spans,
which corresponds to a total distance of 1840km. At the
same time, the maximum distance achievable for 64 sam/sym
receiving is 15 spans, equating to 1200 km.

The linear spectrum of the signal (1020 symbols) for
a = 0.75 at the transmitter is depicted in Fig. 6. This value of
the parameter a corresponds to the optimal power (providing
minimum BER) for 64sam/sym sampling rate receiving.
The spectrum contains overtone-like structures with a non-
negligible part of the energy therein. Bandwidth corresponding
to 99% of energy equals to 21 GHz, using of which is
absolutely ineffective. At the same time, our tailor-designed
receiver is able to process signals slightly deviated from exact
finite-genus solutions. So, we apply a narrow-band filter at the
transmitter to cut only the substantial part of the signal linear
spectrum as given in Fig. 6. The central part still contains the
majority of energy (95%) and provides the properties of finite-
genus solutions to be saved. At the receiver, we also apply the
same narrow-band filter to clean the signal from noise.

To investigate the properties of the signals with the truncated
spectrum, we consecutively add overtones in the bandwidth
starting from zero and going up to five overtones on each side
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Fig. 5: BER as a function of distance given in the number of
spans (each 80 km in length) for 128 sam/sym (in green) and
64 sam /sym (in yellow) in comparison with the FEC threshold
of 3.8 x 1073 (7% overhead).
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Fig. 6: Left: the linear spectrum at the transmitter for optimal
a = 0.75 of 64sam/sym scenario before (grey) and after
(green) cutting overtones. Right: the same spectrum at the
receiver before (grey) and after (green) filtering of noise.

of the spectrum, Fig. 6. Adding overtones to the spectrum
decreases the effect of distortion because of less deviation from
exact finite-genus signals but increases the time-bandwidth
product due to the wider spectrum. At the same time, a
bigger bandwidth contains more noise that distorts signals.
We calculate BER as well as spectral efficiency (SE) varied
with the number of overtones for receiving at 64 sam/sym
with total distance 1040 km (13 spans), Table II. The SE can
be estimated for our communication system as the following:

5 x AIRg,
T.xB ’

where T is the duration of the symbol, and B is the bandwidth
(varied with the number of overtones in the spectrum). AT R,
is the achievable information rate per one nonlinear mode
averaged over all nonlinear modes in a symbol and over all
symbols in a signal. So, 5 x AIR,, gives the achievable
information rate per symbol (each symbol contains 5 modes).
We calculated AIR,, according to the technique based on
the assumption about the Gaussian statistics of the received
symbols [48].

We observe that reducing the number of overtones in the
signal spectrum provides better performance because of effec-
tive filtering of noise (compare with the BER = 1.63x 1073 in
the scenarios when the full bandwidth without any truncation
is used, Fig. 4). The ultimate cut-off of overtones, a scenario

SE = (6)
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TABLE II: Bandwidth, spectral efficiency (SE), and BER for
the transmission with a truncated spectrum.

Number of overtones 0 1 2 3 4 5
Bandwidth, GHz 583 | 795 [ 996 | 11.96 | 13.95 | 15.97
SE, bits/s/Hz 428 | 3.14 | 2.51 2.09 1.79 1.56
BER, x10~? 8.64 | 295 | 2.10 | 2.39 2.66 2.99

when only the central part of the spectrum is saved, slightly
increases BER because deviation from the exact finite-genus
solutions is getting sufficient. Nevertheless, the last scenario
still provides signaling with the applicable BER, while the
achieved SE efficiency is 4.28 bits/s/Hz. With a symbol
rate 1 Gbaud, the total capacity of our one-channel one-
polarization system is 25 Gbits/s. However, this capacity can
be enhanced by exploiting a wider bandwidth in comparison
with 5.83 GHz in our case. This can be achieved either
by increasing the genus of solutions or filling the bandpass
with many channels of the type we considered in this study.
Simply decreasing the symbol duration 7" necessitates a higher
sampling rate (that is impractical) to maintain the same number
of samples per symbol (64 or 128) for which the properties
of the CNN receiver are analyzed.

For comparative purposes, it is useful to mention some
of the highest performances of other NFT-based commu-
nication systems. In the research [49], the performance of
a b-modulation-based communication system was estimated.
The system featured an improved receiver exploiting the
statistical correlations between noise and information signals.
For transmission parameters similar to those considered in
our work, within a narrow-bandwidth system operating at
5GHz over a propagation distance of 960 km, the authors
detected maximum SE equals to 5.51 bits/s/Hz. In another
research, a nonlinear frequency division multiplexing dual-
polarization scheme was implemented employing the proper-
ties of Hermite-Gauss wave carriers [19]. They demonstrated
a system with 4.75 GHz bandwidth, providing spectral effi-
ciency of 12bits/s/Hz over both polarizations for transmis-
sion distance 800km. Although our system has a lower SE,
we can expect that systems based on finite-genus solutions
have the potential to increase effectiveness further. Exploiting
higher-genus solutions and sampling optimization may be the
next steps in this direction.

V. CONCLUSION

In the study, we have developed an innovative method
for data transmission based on finite-genus solutions to the
nonlinear Schrodinger equation. We exploited the Riemann-
Hilbert problem framework to generate signals at the trans-
mitter of the communication system with one polarization
while encoding data into the phases defined in the frame of
RHP. At the receiver, the convolutional neural networks-based
approach is applied to retrieve the phases and compensate
for their evolution during transmission. A key novel idea
of our method is to apply the CNN-based receiver, which
allows us to overcome the constraints of exactly periodic
NFT. This advancement eliminates the limitations imposed by
the existing approaches based on RHP, such as the necessity
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of relying exclusively on periodic solutions and using cyclic
extension, as well as expands the range of phases available for
modulation in comparison with the method given in previous
research [32]. Moreover, we employ CNN at the receiver,
harnessing their ability to compensate for distortions in the
system deviating from its ideal model and CNN’s property
to filter noise, thereby enhancing the communication system’s
performance. We implemented the described communication
system as a proof-of-concept without additional optimizations,
aiming to unlock the potential of finite-genus solutions in sce-
narios unrestricted by the limitations of preceding approaches.

Our simulations demonstrated the successful data transmis-
sion over a single frequency channel with BER below the 3.8 x
1073 (7% overhead) FEC threshold with 128 sam/sym and
64 sam/sym sample rates. The system effectively transmitted
data over distances of 1840km (23 spans) and 1200 km (15
spans) for both sample rates correspondingly. Additionally, our
investigation explored the system performance when operated
with a truncated signal spectrum for 64sam/sym, aiming
to improve spectral efficiency. While cutting the overtones-
like parts of the spectrum off, we achieved the SE equal to
4.28 bits/s/Hz at 1040 km transmission distance.

Despite significant advances in previous research, several
unresolved problems persist in applying finite-genus NFT in
fibre-optic communications. An important area of focus is the
development of algorithms for generating high-genus solutions
[31]. The incorporation of high-genus solutions is critical for
effective bandwidth utilization and enhancing spectral effi-
ciency. Moreover, these algorithms must address the bottleneck
of the NFT methods: the high computational complexity.
Furthermore, to the best of our knowledge, a dual-polarization
communication system employing finite-genus solutions has
not yet been realized, partly due to the incomplete theory for
the NFT methods for the dual-polarization Manakov channel.
Addressing these challenges is crucial to improving the appli-
cability of finite-genus solutions in fibre-optic communications
and the efficiency of the resulting systems.
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