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Abstract: We present an advanced online digital signal processing (DSP) method for correcting
the phase and amplitude distortions caused by the phase modulation of the pump source and its
interaction with the dispersive fibre channel in transmission systems using cascaded fibre-optical
parametric amplifiers. The proposed algorithm is numerically demonstrated to achieve significant
(up to 3.7 dB for a four-tone pump-phase modulation scheme) Q2-factor performance improvement
over conventional DSP in 16 quadrature-amplitude modulation signal transmission.
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1. Introduction

Fibre-optical parametric amplifiers (FOPAs), utilising four-wave mixing (FWM) to amplify the
signals, present a number of distinguishing properties that could potentially be exploited to boost
the capability of optical communication systems [1]. These include adjustable centre frequency
and gain spectrum, facilitating broadband [2] or high-gain [3] amplification at virtually arbitrary
wavelengths [4], phase-sensitive amplification [5], and ultra-fast response. Over the past two
decades, FOPA research has focused on sub-system and system studies, incorporating a few
basic amplifier’s features to address engineering challenges in practical optical communication
deployments. While significant progress in terms of realising polarisation-insensitive gain and
mitigating nonlinear cross-talk has been achieved recently [6], the mitigation of stimulated
Brillouin scattering (SBS) remains a primary challenge for FOPAs. The SBS effect limits the
pump power that can be delivered to the highly nonlinear fibre (HNLF), and thereby the achievable
nonlinear phase shift. A common SBS mitigation strategy relies on broadening the line-width of
the pump source to minimise the power spectral density integrated over the Brillouin bandwidth
(typically tens of megahertz). This is most often done via external phase modulation of the pump
source [7,8], known as phase dithering, using, e.g., a combination of radio-frequency (RF) tones
at different frequencies. While pump-phase modulation is a very effective SBS mitigation method
[3], it leads to a modulation of the phase-matching conditions because the instantaneous pump
frequency is also modulated, and this in turn modulates the gain [9]. This is primarily a source of
phase distortion for coherently detected complex-amplitude signals widely used in modern optical
communications. The impact of pump dithering on the FOPA performance has been studied
for both directly detected on-off keying [10,11] and coherently detected quadrature-amplitude
modulation (QAM) [12] signals in a back-to-back optical configuration.

Digital signal processing (DSP) can address performance issues of communication system’s
components and devices from a different perspective: by reducing the induced signal penalties
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on the receiver side rather than developing more complex device’s architectures with improved
characteristics. In this context, our recent work has developed a number of advanced DSP
techniques that can effectively address the impact of phase distortion caused by pump dithering
in fibre-optical parametric devices [13,14]. Having a relatively high frequency (in the gigahertz
range), the dithering-induced phase distortion can not be tracked and sufficiently suppressed by
the conventional carrier phase recovery (CPR) schemes used in commercial coherent receivers
[15–17], which have been designed to operate on the slower (several tens of kilohertz frequency)
phase noise induced by non-zero laser spectral width. Furthermore, the interaction of this intrinsic
dithering-induced phase distortion with the chromatic dispersion of the fibre in a transmission
link results in a phase-to-amplitude distortion transfer [18], which becomes more severe with
increasing transmission distance along the link because of the extended channel memory. In [14],
we presented a scheme to mitigate the dithering-induced phase distortion and its conversion into
amplitude distortion in transmission links using mid-span optical phase conjugation.

This paper expands upon the approach of [14] by applying it to transmission links with
cascaded in-line FOPAs, operating with multi-tone pump-phase modulation to support sufficient
SBS-limited gain [3]. We introduce a novel, fully online DSP scheme enabling the removal of
the accumulated phase and amplitude distortions that have been independently contributed by
each FOPA stage in the link. The technique is numerically demonstrated in 28-Gbaud 16-QAM
FOPA-assisted transmission, achieving up to 3.7-dB Q2-factor improvement over conventional
DSP.

2. Methods

2.1. Transmission link and FOPA model

We considered an optical fibre transmission system comprising N identical spans, each of 100-km
standard single-mode fibre (dispersion parameter D = 17 ps/(nm · km), nonlinear coefficient
γ′ = 1.2 (W · km)−1, loss coefficient α = 0.2 dB/km) followed by a FOPA to compensate the
span losses, as shown in Fig. 1.
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Fig. 1. Schematic diagram of a transmission system with 𝑁 cascaded FOPA stages.
The inset shows the amplitude and phase spectral responses of the FOPA’s parametric
gain versus the detuning from the pump and the respective dithering-induced RMS
fluctuations, as obtained from Eq. (1).
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Fig. 1. Schematic diagram of a transmission system with N cascaded FOPA stages. The
inset shows the amplitude and phase spectral responses of the FOPA’s parametric gain
versus the detuning from the pump and the respective dithering-induced RMS fluctuations,
as obtained from Eq. (1).

Our FOPA model adopted a single-pump design and calculated the signal gain in the absence
of pump depletion as [9,19]

µ = {cosh(gL) + i [(κ + δκ)/(2g)] sinh(gL)} ei[2γP−(κ+δκ)/2]L, (1)
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where P is the pump power, L is the effective fibre length, g =
√︁
(γP)2 − (κ + δκ)2/4 is the

parametric gain coefficient, κ = 2γP + β2Ω2 + (β4/12)Ω4 is the standard phase mismatch,
δκ(t) = β2φ2

t − β3(φtΩ
2 + φ3

t /3) + β4(φ4
t + 6φ2

tΩ
2)/12 is the instantaneous phase mismatch

induced by the phase modulation of the pump φ(t), Ω = ωp − ωs is the frequency deviation
from the pump, and βn is the nth-order dispersion coefficient. It is worth noting here that
as the modulation of the signal gain is driven by the first derivative φt of the pump-phase
modulation, the distortion induced on the signal by pump dithering will depend on the number
and frequency location of the RF tones modulating the pump phase. We used the parameters:
λp = 2πc/ωp = 1563.7 nm, zero-dispersion wavelength λ0 = 1562.9 nm, β3 = 1.2 × 10−40 s3/m,
and β4 = −2.85 × 10−55 s4/m, and a nonlinear phase shift of γPL = 3.57 rad, yielding the
maximum power gain |µ|2max = cosh2(γPL) = 25 dB, i.e., 5 dB higher than the fibre span losses
to account for the insertion losses of a typical FOPA device. The corresponding FOPA design
parameters are γ = 10 (W · km)−1, L = 200 m and P = 1.785 W. The inset of Fig. 1 shows the
amplitude and phase spectral responses of the parametric gain as a function of the signal detuning
from the pump in the absence of pump-phase modulation and their respective root-mean-square
(RMS) fluctuations caused by a four-tone phase modulation (see discussion below). Whilst the
amplitude fluctuation appears to be rather small, the phase fluctuation exhibits a rapid growth
with increasing detuning from the pump. Therefore, we anticipated that the primary impact on
the amplified signal would originate from the phase fluctuation of the gain. Within the scope
of this paper, the FOPA was operated at its maximum gain (λs = 1537.4 nm), where the gain
amplitude fluctuation is minimal.

The SBS-limited operation of the FOPA can be defined as |µ|2max = cosh2(γPthL), where Pth is
the threshold power required for the onset of SBS, practically defined as the input pump power for
which 1% of power is back scattered. Given that the Kerr-to-Brillouin figure of merit γPthL is in
the range 0.2 rad to 0.3 rad for a range of HNLFs in the 1550-nm spectral region [20,21], reaching
a gain level of 25 dB requires an SBS threshold increase by a factor between 12 and 18. This can
be achieved through a suitably designed multi-tone modulation of the pump phase [22]. Therefore,
we considered three- and four-tone phase modulations, defined as φ(t) = ∑︁Nt

j=1 Amj sin(ωmjt + ξmj)
(Nt = 3 or 4), where Amj, ωmj and ξmj represent the amplitude, frequency, and phase of the jth
tone, respectively. The base modulation frequency νm1 was set to a value higher than the Brillouin
bandwidth (generally between 20 MHz and 50 MHz for typical HNLF [7]), and we selected a
multiple of three spacing between successive tones to maximise the pump spectral broadening
and power distribution [23]. The amplitudes and phases of the modulating tones were optimised
to ensure, as much as possible, a uniform power distribution among the 3Nt peaks generated
across the broadened pump spectrum. This was achieved by implementing a stochastic gradient
descent method in TensorFlow, which simultaneously minimised the squared differences between
the individual power levels of the 3Nt spectral lines and a target power level set at 1/3Nt of the
total power. Figure 2 illustrates the optimisation procedure for the four-tone phase modulation
case, by showing the evolution of the mean squared error and the tone’s parameters over the
number of epochs (i.e., complete passes of the entire training dataset through the algorithm)
and the resultant optimised power spectrum. The increase in the SBS threshold due to phase
modulation can be calculated as ∆Pth = −10 log10

(︁
P̃′max/P̃max

)︁
, where P̃′max and P̃max represent

the maximum power spectral densities over the SBS gain bandwidth with and without phase
modulation, respectively [22]. The threshold enhancement factors obtained from the optimised
power spectra were ∆Pth = 12.9 dB and ∆Pth = 17.3 dB for Nt = 3 and Nt = 4, respectively,
indicating that the use of the three-tone pump dithering scheme represents a viable choice, yet it
may be marginal.



Research Article Vol. 32, No. 8 / 8 Apr 2024 / Optics Express 13470

from the pump, and 𝛽𝑛 is the 𝑛th-order dispersion coefficient. It is worth noting here that73

as the modulation of the signal gain is driven by the first derivative 𝜑𝑡 of the pump phase74

modulation, the distortion induced on the signal by pump dithering will depend on the number75

and frequency location of the RF tones modulating the pump phase. We used the parameters:76

𝜆𝑝 = 2𝜋𝑐/𝜔𝑝 = 1563.7 nm, zero-dispersion wavelength 𝜆0 = 1562.9 nm, 𝛽3 = 1.2×10−40 s3/m,77

and 𝛽4 = −2.85 × 10−55 s4/m, and a nonlinear phase shift of 𝛾𝑃𝐿 = 3.57 rad, yielding the78

maximum power gain |𝜇 |2max = cosh2 (𝛾𝑃𝐿) = 25 dB, i.e., 5 dB higher than the fibre span losses79

to account for the insertion losses of a typical FOPA device. The corresponding FOPA design80

parameters are 𝛾 = 10 (W · km)−1, 𝐿 = 200 m and 𝑃 = 1.785 W. The inset of Fig. 1 shows the81

amplitude and phase spectral responses of the parametric gain as a function of the signal detuning82

from the pump in the absence of pump phase modulation and their respective root-mean-square83

(RMS) fluctuations caused by a four-tone phase modulation (see discussion below). Whilst the84

amplitude fluctuation appears to be rather small, the phase fluctuation exhibits a rapid growth85

with increasing detuning from the pump. Therefore, we anticipated that the primary impact on86

the amplified signal would originate from the phase fluctuation of the gain. Within the scope87

of this paper, the FOPA was operated at its maximum gain (𝜆𝑠 = 1537.4 nm), where the gain88

amplitude fluctuation is minimal.

Fig. 2. Evolution of (a) the mean squared error and (b, c) the tone’s amplitudes and
phases over the number of epochs for four-tone phase modulation. (d) Power spectrum
of the pump for the optimum tone’s parameters. The vertical lines delimit the spectral
bandwidth (34 − 1)𝜈𝑚1, and the horizontal line indicates the average power level of the
34 spectral peaks.
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Fig. 2. Evolution of (a) the mean squared error and (b, c) the tone’s amplitudes and phases
over the number of epochs for four-tone phase modulation. (d) Power spectrum of the
pump for the optimum tone’s parameters. The vertical lines delimit the spectral bandwidth
(34 − 1)νm1, and the horizontal line indicates the average power level of the 34 spectral
peaks.

2.2. Dithering distortion compensation method

The proposed dithering distortion compensation (DDC) method was developed by back-
engineering the transmission link, considering the exact interaction dynamics of the dithering-
induced phase fluctuations with the chromatic dispersion. Hence, the equivalent base-band
model depicted in Fig. 3(a) (the amplified spontaneous emission noise addition is not shown)
was assumed, where the relationship between input x(t) and output y(t) signal waveforms is
expressed as y(t) =

{︂[︂(︂ (︁
x(t)eiφt(t) ∗ hf (t)

)︁
eiΨ(1)(t)

)︂
∗ · · · ∗ hf (t)

]︂
eiΨ(N)(t)

}︂
eiφr(t). Here, ∗ denotes

the convolution operator, hf (t) represents the linear impulse response of each fibre span, and
ϕt(t), ϕr(t) are the phase noises due to nonzero line-widths of the transmitter and receiver laser
sources, respectively, which were modelled as Wiener processes with increments obeying a
Gaussian probability distribution [24]. The total phase noise introduced at the nth FOPA stage
is given by Ψ(n)(t) = ϕ(n)p (t) + ϕ(n)(t), where ϕ(n)p (t) is the Wiener random pump laser phase
noise, and ϕ(n)(t) represents the phase fluctuation of the FOPA’s complex gain caused by the
pump-phase modulation as described in Sec. 2.1. By applying linear back-propagation to the
previous equation, we derived an approximate estimate of the transmitted signal x̂(t) from the
received signal as

x̂(t) ≃ y′(t) −
N∑︂

n=1

{︂[︂(︂
y′(t) ∗ h(n)f (t)

)︂
iϕ(n)(t)

]︂
∗ h(n)e (t)

}︂
, (2)

where he(t) is the inverse response of the fibre span (he(t) ∗ hf (t) = δ(t), δ(·) is the Dirac delta
function), y′(t) = e−iδφ(t)[y(t) ∗ h(N)

e (t)], and δϕ(t) = ∑︁
n ϕ

(n)
p (t) + ϕt(t) + ϕr(t). The responses

h(n)f (t) and h(n)e (t) represent the accumulation by n spans. To derive Eq. (2), we assumed that the
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operations of laser phase noise multiplication and channel convolution commute considering that
the time scales on which phase variations due to laser phase noise take place are much longer
than those associated with the dithering-induced phase noise. Moreover, we used the small
signal approximation eiα ≃ 1 + iα for the phase fluctuations ϕ(n)(t). Noticing that y′(t) can be
regarded as the output signal from a conventional DSP chain that includes chromatic dispersion
compensation (CDC) and CPR [15], Eq. (2) evidences that the conventional DSP output differs
from the transmitted signal by an additional dithering-dependent complex distortion term, which
becomes more important with an increasing number of fibre spans. This is the distortion that we
aim to track and compensate for.
complex distortion term, which becomes more important with an increasing number of fibre141

spans. This is the distortion that we aim to track and compensate for.

Fig. 3. (a) Base-band equivalent of the FOPA link shown in Fig. 1(a). (b) Block
diagram of the proposed DDC-enabled DSP chain. The inset shows the structure of the
adaptive digital filter. (c) Flow diagram of the DDC algorithm.
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Fig. 3. (a) Base-band equivalent of the FOPA link shown in Fig. 1(a). (b) Block diagram of
the proposed DDC-enabled DSP chain. The inset shows the structure of the adaptive digital
filter. (c) Flow diagram of the DDC algorithm.

Based on the aforementioned considerations, the received signal at the time instance k after
matched filtering and down-sampling, y[k], was first passed through conventional CDC and CPR
blocks as depicted in Fig. 3(b). CDC was performed in the frequency domain by multiplying the
signal spectrum by the inverse transfer function of the dispersive channel. For CPR, we used the
feed-forward blind phase search (BPS) method [17], the principle of which is as follows. The
signal is rotated by B test carrier phase angles, then all rotated symbols are fed into a decision
circuit and the squared distances to the closest constellation points are calculated in the complex



Research Article Vol. 32, No. 8 / 8 Apr 2024 / Optics Express 13472

plane. To remove noise distortions, the distances of 2K + 1 consecutive test symbols rotated by
the same carrier phase are summed up, where 2K + 1 denotes the length of the linear filter. After
filtering, the optimum phase angle is determined by searching the minimum sum of distance
values, and the decoded output symbol is selected from the decision-directed symbols by a
switch controlled by the index of the minimum distance sum. The output signal from the CPR
stage, y′[k], entered the DDC unit (Fig. 3(c)), where the distortion term described in Eq. (2) was
eliminated. By approximating the channel impulse response with a finite impulse response filter,
we can express this distortion term at time instance k as

D[k] = i
M/2∑︂

m,m′=−M/2
y′[k − m − m′]

N∑︂
n=1

(︂
h(n)f ,mϕ

(n)[k − m′]h(n)e,m′

)︂
, (3)

where M/2 is the filter delay, assumed to be independent of n and corresponding to the channel
memory of the N-span link to reduce computational complexity. Equation (3) suggests that
we can recreate the dithering-induced distortion by passing y′[k] through an adaptive digital
filter whose taps are functions of the ϕ(n)[k] terms (inset of Fig. 3(b)). Because these taps
have similar form to the first-order time derivative of the pump phase φt in Eq. (1), they can
be predicted by fitting a parametric model with the known frequencies used for pump-phase
modulation at each FOPA stage. Therefore, by using the complex least-mean-square algorithm
[25], we fitted a time-varying filter WWW[k] = [w−M[k], . . . , wM[k]]T such that D[k] =WWWT[k]YYY ′[k].
Here, YYY ′[k] represents the signal block after the conventional CDC and CPR stages at time k,
containing a sufficient number of neighbouring samples. The filter was trained by updating the
coefficient vector θθθ in the linear regression form WWW = θθθBBB given the set of known frequencies
(ωm1, . . . , ωmNt ), where the feature vector was defined as

BBB[k] = [︁
sin[ωm1k], cos[ωm1k], . . . , sin[ωmNt k], cos[ωmNt k]

]︁T . (4)

The transmitted signal at time k was then recovered as x̂[k] = y′[k] −WWWT[k]YYY ′[k] = y′[k] −
BBBTθθθTYYY ′[k]. The update of θθθ occurred at the symbol rate using the error calculated from the
estimated symbol and the reference one, where the reference symbol was given from the
decision-directed operation when the algorithm exited the training phase.

3. Results and discussion

We performed numerical simulations of the transmission of a single-polarisation 28-Gbaud 16-
QAM Nyquist shaped signal with a roll-off factor of 0.1 and 8 samples per symbol over a channel
consisting of N = 13 fibre spans. The laser line-widths were 50 kHz and 30 kHz for the transmitter
and receiver units and the FOPA pumps, respectively. To avoid the signal symbols experiencing
exactly the same phase distortion along the FOPA link, we included a random time shift in the
pump-phase modulation sinusoidal waveform at each FOPA stage. We employed the Q2-factor
derived from the directly-counted bit-error-rate (BER) (i.e., Q2[dB] = 20 log(

√
2erfc−1(2BER)))

on a total number of 10 × 216 symbols as a system’s performance metric.
Figure 4(a) shows the performance of our developed DDC algorithm as a function of the

transmission length, recorded at the optimum launched signal power of 0 dBm, for the three- and
four-tone pump-phase modulation schemes with a base frequency of νm1 = 100 MHz, i.e., with
the frequency sets: [0.1, 0.3, 0.9]GHz and [0.1, 0.3, 0.9, 2.7]GHz, respectively (cf. Sec. 2.1).
A test-phase resolution of B = 32 phase angles was used in the BPS algorithm [17]. The lengths
of the BPS block filter and the DDC filter were optimised at the maximum transmission length
considered (see Figs. 6(b) and 6(c)). We also included the performance curves of transmission
links with in-line erbium-doped fibre amplifiers (EDFAs) and pump-dithering-free FOPAs as a
reference. The latter curve was obtained under the assumption that the FOPAs were free from
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SBS, allowing them to achieve the necessary 25-dB gain without any penalties associated with
this effect. It serves as an upper performance limit for our proposed DDC scheme. The amplifier’s
gain and noise figure were 25 dB and 4.5 dB, respectively, in all cases. The EDFA amplification
obviously represents the best scenario, while the transmission scheme with dithering-free FOPAs
performs marginally worse due to the accumulation of pump laser phase noise along the link. The
performance difference between the three-tone and four-tone phase modulation FOPA schemes
arises from the RF scheme used. The highest frequency of the four-tone scheme is significantly
greater than that of its three-tone counterpart (2.7 GHz against 0.9 GHz), resulting in larger
performance penalty due to increased dithering-induced distortion (see Sec. 2.1 for details).
With the three-tone dithering FOPA scheme, our DDC method attains nearly 1-dB improvement
in Q2-factor over conventional DSP, paralleling the performance of the dithering-free FOPA
scheme. Importantly, in the four-tone dithering case, the algorithm brings about significant
performance benefits across a wide range of transmission lengths, achieving approximately
3.7-dB Q2 improvement at a BER level of 2 × 10−2, reached after 800-km transmission. The
capability of the DDC method to mitigate both phase and amplitude distortions accrued along
the transmission link is corroborated by Figs. 4(b) and 4(c). These show the evolution over the
transmission length of the RMS deviations of the phases and amplitudes, respectively, of the
received symbols compared to the transmitted ones, after post-processing by the conventional and
DDC-enhanced DSP chains. The RMS deviation of each constellation point was calculated as√︂

1
Ns

∑︁(|x̂| − |x|)2 for the amplitude and
√︂

1
Ns

∑︁(arg(x̂) − arg(x))2 for the phase, where Ns is the
total number of symbols considered, and x̂ and x are the post-processing and reference symbols,
respectively (cf. Sec. 2.2). The RMS values shown in Figs. 4(b) and 4(c) are the averages over
the alphabet size.

Furthermore, we evaluated the resilience of our DDC algorithm to variations in the pump
dithering frequencies from their nominal values, which were employed to define the feature
vector BBB as described in Sec. 2.2. The frequency of every phase modulation tone at each FOPA
stage was sampled from a normal distribution centred around the tone’s nominal frequency value
and with a fixed standard deviation σf . Figure 5 illustrates the Q2 improvement achieved by the
DDC scheme over conventional DSP after 800-km transmission as a function of σf . Notably,
there is no reduction in performance gain for both three- and four-tone pump-phase modulation
schemes when σf = 0.1 MHz. However, as σf increases, a predictable decline in performance
is observed. Yet at σf = 1 MHz, our DDC method can deliver roughly half of the maximum
improvement realised under the ideal condition of σf = 0. This finding highlights a crucial
design consideration for future FOPA links regarding the precision of the electronic components
used for RF tone generation. In practical terms, the accuracy of these components can typically
ensure that frequency fluctuations do not exceed 1 MHz, thereby sustaining the effectiveness of
our DDC algorithm under realistic operational conditions.

As one can observe from the results shown in Fig. 4(a), the transmission performance of
the FOPA-amplified system is significantly affected by the bandwidth of the pump spectrum
broadened through phase modulation, which in turn depends on the number and spacing of the
dithering frequency tones. To address this aspect, we assessed the performance of our DDC
method in relation to the base frequency νm1 of the four-tone phase modulation scheme. The
results summarised in Fig. 6(a) were obtained after 800-km and 1300-km transmissions and for
νm1 varied within the practical range of 50 MHz to 120 MHz. We can see that the Q2-factor
performance of the conventional DSP compensation scheme diminishes linearly and quite steeply
with increasing νm1, experiencing a decline of nearly 4 dB over the surveyed νm1 range. In contrast,
the DDC-enhanced compensation scheme is rather robust against pump bandwidth variations,
showing only about 1-dB degradation over the same νm1 range. This resilience translates into a
growing Q2 gain over the conventional DSP as the pump spectrum widens.
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Fig. 4. (a) 𝑄2-factor after conventional (CDC+CPR) (blue) and the proposed DDC-
enabled (green) DSP versus number of fibre spans for three-tone (dotted) and four-
tone (solid) pump phase modulations schemes. The performance curves for in-line
amplification by EDFAs (black) and pump dithering-free FOPAs (red) are also shown.
The inset shows the constellation diagrams for the four-tone phase modulation without
(blue) and with (green) DDC after 8 spans. (b, c) Evolution of the RMS phase and
amplitude fluctuations after conventional and DDC-enabled DSP over number of fibre
spans.

greater than that of its three-tone counterpart (2.7 GHz against 0.9 GHz), resulting in larger199

performance penalty due to increased dithering-induced distortion (see Section 2.1 for details).200

With the three-tone dithering FOPA scheme, our DDC method attains nearly 1-dB improvement201

in 𝑄2-factor over conventional DSP, paralleling the performance of the dithering-free FOPA202

scheme. Importantly, in the four-tone dithering case, the algorithm brings about significant203

performance benefits across a wide range of transmission lengths, achieving approximately204

3.7-dB 𝑄2 improvement at a BER level of 2 × 10−2, reached after 800-km transmission. The205

capability of the DDC method to mitigate both phase and amplitude distortions accrued along206

the transmission link is corroborated by Figs. 4(b) and 4(c). These show the evolution over the207

transmission length of the RMS deviations of the phases and amplitudes, respectively, of the208

received symbols compared to the transmitted ones, after post-processing by the conventional209

and DDC-enhanced DSP chains. The RMS deviation of each constellation point was calculated210

as
√︃

1
𝑁𝑠

∑( |𝑥 | − |𝑥 |)2 for the amplitude and
√︃

1
𝑁𝑠

∑(arg(𝑥) − arg(𝑥))2 for the phase, where 𝑁𝑠211

is the total number of symbols considered, and 𝑥 and 𝑥 are the post-processing and reference212

symbols, respectively (cf. Sec. 2.2). The RMS values shown in Figs. 4(b) and 4(c) are the213

averages over the alphabet size.214

Furthermore, we evaluated the resilience of our DDC algorithm to variations in the pump215

dithering frequencies from their nominal values, which were employed to define the feature216

Fig. 4. (a) Q2-factor after conventional (CDC+CPR) (blue) and the proposed DDC-enabled
(green) DSP versus number of fibre spans for three-tone (dotted) and four-tone (solid)
pump-phase modulations schemes. The performance curves for in-line amplification by
EDFAs (black) and pump dithering-free FOPAs (red) are also shown. The inset shows the
constellation diagrams for the four-tone phase modulation without (blue) and with (green)
DDC after 8 spans. (b, c) Evolution of the RMS phase and amplitude fluctuations after
conventional and DDC-enabled DSP over number of fibre spans.

Fig. 5. Performance improvement of the proposed DDC scheme over conventional
DSP versus standard deviation of the dithering frequencies for three-tone (dotted) and
four-tone (solid) pump phase modulation schemes after 8 fibre spans.

vector 𝐵𝐵𝐵 as described in Sec. 2. The frequency of every phase modulation tone at each FOPA217

stage was sampled from a normal distribution centred around the tone’s nominal frequency value218

and with a fixed standard deviation 𝜎 𝑓 . Figure 5 illustrates the 𝑄2 improvement achieved by the219

DDC scheme over conventional DSP after 800-km transmission as a function of 𝜎 𝑓 . Notably,220

there is no reduction in performance gain for both three- and four-tone pump phase modulation221

schemes when 𝜎 𝑓 = 0.1 MHz. However, as 𝜎 𝑓 increases, a predictable decline in performance222

is observed. Yet at 𝜎 𝑓 = 1 MHz, our DDC method can deliver roughly half of the maximum223

improvement realised under the ideal condition of 𝜎 𝑓 = 0. This finding highlights a crucial224

design consideration for future FOPA links regarding the precision of the electronic components225

used for RF tone generation. In practical terms, the accuracy of these components can typically226

ensure that frequency fluctuations do not exceed 1 MHz, thereby sustaining the effectiveness of227

our DDC algorithm under realistic operational conditions.228

As one can observe from the results shown in Fig. 4(a), the transmission performance of229

the FOPA-amplified system is significantly affected by the bandwidth of the pump spectrum230

broadened through phase modulation, which in turn depends on the number and spacing of the231

dithering frequency tones. To address this aspect, we assessed the performance of our DDC232

method in relation to the base frequency 𝜈𝑚1 of the four-tone phase modulation scheme. The233

results summarised in Fig. 6(a) were obtained after 800-km and 1300-km transmissions and for234

𝜈𝑚1 varied within the practical range of 50 MHz to 120 MHz. We can see that the 𝑄2-factor235

performance of the conventional DSP compensation scheme diminishes linearly and quite steeply236

with increasing 𝜈𝑚1, experiencing a decline of nearly 4 dB over the surveyed 𝜈𝑚1 range. In237

contrast, the DDC-enhanced compensation scheme is rather robust against pump bandwidth238

variations, showing only about 1-dB degradation over the same 𝜈𝑚1 range. This resilience239

translates into a growing 𝑄2 gain over the conventional DSP as the pump spectrum widens.240

The averaging filter length, 2𝐾 + 1, and the number of filter taps, 2𝑀 + 1, are key design241

parameters of the BPS and DDC algorithms, respectively. Figures 6(b) and 6(c) show the results242

of their optimisation for different values of the base frequency 𝜈𝑚1 used in Fig. 6(a). The optimal243

values were determined as the minimum lengths beyond which no significant performance244

improvement was observed. The fast increase of the optimum BPS block filter length with rising245

𝜈𝑚1 values, as illustrated in Fig. 6(b), is attributed to the fact that the larger phase fluctuation of246

the FOPA’s gain, and hence the increased dithering-induced phase distortion make the estimated247

phase more susceptible to cycle slips – phase discontinuities of multiple of 𝜋/2, which in turn248

require a larger block size to reduce their occurrence. This cycle-slipping phenomenon is249

responsible for the fluctuating behaviour of the performance curves corresponding to high 𝜈𝑚1250

Fig. 5. Performance improvement of the proposed DDC scheme over conventional DSP
versus standard deviation of the dithering frequencies for three-tone (dotted) and four-tone
(solid) pump-phase modulation schemes after 8 fibre spans.
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Fig. 6. (a) 𝑄2-factor after conventional (CDC+CPR) (blue) and the proposed DDC-
enabled (green) DSP versus base frequency of the four-tone pump phase modulation
scheme after 8 (filled markers) and 13 (empty markers) fibre spans. (b,c) 𝑄2-factor
after conventional and DDC-enabled DSP as a function of the BPS block filter length
and the DDC filter length, respectively, for the different base frequency values used in
(a).

values (above 80,MHz) before reaching performance saturation. Regarding the DDC algorithm251

(Fig. 6(c)), the longer the filter length, the stronger the ability of the algorithm to accurately252

model and compensate for the signal distortions. However, similarly to the BPS algorithm, once a253

sufficient number of neighbouring symbols are considered, this improvement saturates, indicating254

that excessively long filters do not yield further performance gains. The optimal length of the255

DDC filter increases linearly with the base frequency 𝜈𝑚1 due to the larger phase fluctuations in256

the FOPA’s gain, leading to stronger inter-symbol interference as described in Eq. (2), requiring257

a higher-order filter for compensation.258

4. Conclusion259

We developed a new online DSP algorithm to address the phase and amplitude distortions260

originating from the phase modulation of the pump source and its interaction with the fibre261

dispersion in transmission systems with cascaded FOPAs. The algorithm, added at the end of262

a conventional DSP chain including CDC and CPR, effectively reconstructs these distortions263

and then eliminates them from the received signal. Through detailed numerical simulations,264

we optimised the system’s configuration for improved performance and assessed the scheme’s265

effectiveness under non-ideal conditions. We demonstrated a notable increase in𝑄2 performance,266

with 1-dB and 3.7-dB gains obtained for three-tone and four-tone dithering FOPA schemes,267

respectively, in 28-Gbaud 16-QAM long-distance transmission. This performance enhancement268

corresponds approximately to a 1.2-fold and 2.4-fold increase in transmission reach at a𝑄2-factor269

of about 9 dB for the two dithering cases, respectively. We believe that our proposed scheme may270

become a key component of future FOPA-based transmission links, where pump dithering will271

be necessary to achieve high amplification gains.272

Fig. 6. (a) Q2-factor after conventional (CDC+CPR) (blue) and the proposed DDC-enabled
(green) DSP versus base frequency of the four-tone pump-phase modulation scheme after 8
(filled markers) and 13 (empty markers) fibre spans. (b,c) Q2-factor after conventional and
DDC-enabled DSP as a function of the BPS block filter length and the DDC filter length,
respectively, for the different base frequency values used in (a).

The averaging filter length, 2K + 1, and the number of filter taps, 2M + 1, are key design
parameters of the BPS and DDC algorithms, respectively. Figures 6(b) and 6(c) show the results
of their optimisation for different values of the base frequency νm1 used in Fig. 6(a). The optimal
values were determined as the minimum lengths beyond which no significant performance
improvement was observed. The fast increase of the optimum BPS block filter length with rising
νm1 values, as illustrated in Fig. 6(b), is attributed to the fact that the larger phase fluctuation
of the FOPA’s gain, and hence the increased dithering-induced phase distortion makes the
estimated phase more susceptible to cycle slips – phase discontinuities of multiple of π/2, which
in turn require a larger block size to reduce their occurrence. This cycle-slipping phenomenon is
responsible for the fluctuating behaviour of the performance curves corresponding to high νm1
values (above 80 MHZ) before reaching performance saturation. Regarding the DDC algorithm
(Fig. 6(c)), the longer the filter length, the stronger the ability of the algorithm to accurately
model and compensate for the signal distortions. However, similarly to the BPS algorithm, once a
sufficient number of neighbouring symbols are considered, this improvement saturates, indicating
that excessively long filters do not yield further performance gains. The optimal length of the
DDC filter increases linearly with the base frequency νm1 due to the larger phase fluctuations in
the FOPA’s gain, leading to stronger inter-symbol interference as described in Eq. (2), requiring
a higher-order filter for compensation.

4. Conclusion

We developed a new online DSP algorithm to address the phase and amplitude distortions
originating from the phase modulation of the pump source and its interaction with the fibre
dispersion in transmission systems with cascaded FOPAs. The algorithm, added at the end of
a conventional DSP chain including CDC and CPR, effectively reconstructs these distortions
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and then eliminates them from the received signal. Through detailed numerical simulations,
we optimised the system’s configuration for improved performance and assessed the scheme’s
effectiveness under non-ideal conditions. We demonstrated a notable increase in Q2 performance,
with 1-dB and 3.7-dB gains obtained for three-tone and four-tone dithering FOPA schemes,
respectively, in 28-Gbaud 16-QAM long-distance transmission. This performance enhancement
corresponds approximately to a 1.2-fold and 2.4-fold increase in transmission reach at a Q2-factor
of about 9 dB for the two dithering cases, respectively. We believe that our proposed scheme may
become a key component of future FOPA-based transmission links, where pump dithering will
be necessary to achieve high amplification gains.
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