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e inertial flow in a torus-shape capillary is perfectly symmetrical and

homogeneous

e laser speckle-contrast imaging allows one to see flow velocity on an

image

e artificial intelligence allows computer vision to see shear rate of the

fluid flow

e inertial viscometer could be a novel point on care testing device in

medicine
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Abstract

The theory of rheology of non-Newtonian fluids is based on the generalized
Newtonian hypothesis of viscosity. The viscometers for non-Newtonian fluids
should implement fluid flows with the known stress and strain state param-
eters distributions. Ideally, the distributions should be homogeneous in the
flow domain. The idea of the proposed method is based on a combination
of a capillary and a rotational viscometers implemented in the torus-shaped
capillary viscometer. Analysis of the mathematical model of the inertial
non-Newtonian fluid flow in the torus allowed to determine the conditions of
homogeneity of the mechanical and thermal parameters in the flow domain
and to develop method of viscosity measurement. The measured values are

the shear rate on the inner surface of the capillary and the flow rate. The
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measurements are implemented with the computer vision system that pro-
cesses data obtained from the high speed CMOS camera that records inertial
flow in the transparent capillary illuminated with laser. The computer vision
system is based on the application of deep convolutional neural network for
laser speckle contrast imaging processing. During the experiments, the pro-
posed viscometer was compared with the Brookfield rotational viscometer.
The relative error of the proposed viscometer and method is less than 2 %.
The inertial viscometer is compact, it allows to study the wide range of shear
rates per one test in automatic mode, and it has low fluid capacity of approx-
imately 1.87 ml. That makes it possible to use the viscometer as a point on
care testing device in medicine to study the rheology of physiological fluids,
in particular blood.

Keywords: non-Newtonian fluid, viscosity, inertial viscometer, laser

speckle-contrast imaging, Navier-Stokes equation, deep learning

1. Introduction

The viscosity of physiological fluids is one of the indicators for the diag-
nosis of various diseases. In particular, changes in blood viscosity could be
associated with cardiovascular disease, diabetes, infectious diseases, anemia,
various types of leukemia, etc. [1, 2, 3]. Blood is a multi-component solution
with complex rheological characteristics. Whole blood is a non-Newtonian
fluid [4]. From a rheological point of view, blood can be considered as a
two-phase liquid, it can also be considered as a solid-liquid suspension, with
the cellular elements being a solid phase. However, blood can also be consid-

ered as a liquid-liquid emulsion based on the liquid-like behavior of red blood



cells under shear [5]. Blood is a predominantly shear thinning fluid [6]. This
property has the most important non-Newtonian impact [7, 8, 9, 10].

There are two main types of viscometers - capillary and rotational. The
theory of a capillary viscometer corresponds to the Poiseuille flow and repre-
sents a steady viscous fluid flow under a pressure gradient between the two
ends of a straight capillary [11, 12]. The viscosity of a Newtonian fluid can
be easily found from the equation of motion if the flow rate is measured.
However, the shear rate across a capillary is not constant. Moreover, it is
equal to zero at the center of a tube and is maximum on the surface [13].
The theory of a rotational viscometer corresponds to the Couette flow and
represents a steady viscous fluid flow between two rotating coaxial cylin-
ders [12, 14, 15]. The generalized Newtonian hypothesis [14, 16] is used to
determine the viscosity. The shear stress is determined by measuring the
torque on the surface of one of the cylinders. It is assumed that the velocity
distribution is linear in the thin gap between the cylinders. Then the shear
rate is constant across the gap thickness [17, 18]. It is also assumed that the
shear stress is uniform on the surfaces of the cylinders. For larger values of
the radial gap between cylinders, the velocity can be found from the Navier-
Stokes equation for Newtonian fluids. However, for example, the Brookfield
viscometer is also used to measure the viscosity of non-Newtonian fluids [19].
An error of such measurements of viscosity for non-Newtonian fluids with
a power-law (the Ostwald model p(¢) = 6,6% 1) depends on the ratio of
cylinders radii 6 = r/R and the order of the power-law 6, [12]. As a result,
the smaller the radial gap (i.e. § — 1), the higher the accuracy. Thus, the

viscosity can be determined from the generalized Newtonian hypothesis [14]



of viscosity if the torque on the surface of a cylinder is measured.

Other types of viscometers, including diaphragm viscometers, falling body
viscometers, microfluidic viscometer, vibrational and ultrasonic viscometers
are easy to use, but have a number of significant assumptions [20]. So, their
application to non-Newtonian fluids viscosity measurement is doubtful.

In general, the measurement of a non-Newtonian fluid viscosity is a chal-

lenging problem. The following challenges should be met [15, 21, 14]:

e the viscosity is usually a non-linear function that depends on shear

rate, temperature and, in some cases, pressure;

e most viscometers measure some integral characteristics (flow duration,
flow rate, torque, etc.), but the methods of viscosity measurement refer
to the distributed values (shear rate, shear stress) that should have a

uniform distribution or distribution functions should be known.

In this work, the authors improved the previously developed inertial
method and viscometer [22] by applying a more accurate mathematical model
of fluid flow and a modern computer vision system with the laser speckle-

contrast imaging.

2. Literature review

As noted above, blood is a predominantly shear thinning fluid. Revellin
et al. [23] investigated non-Newtonian properties of blood such as shear-
thinning, viscoelasticity, thixotropy and yield stress. The authors showed
that shear-thinning is the predominant non-Newtonian effect in blood flows.

The non-Newtonian properties of blood occur in the range of shear rates from
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1 to 200 1/s [13, 16]. Meanwhile, Baskurt et al. [5] argue that blood exhibits
pronounced non-Newtonian properties at shear rates up to 100 1/s and in the
range from 100 to 200 1/s blood demonstrates weak non-Newtonian behavior.
When the shear rate increases above 200 1/s, the blood viscosity does not
change. The viscosity measurement results obtained for blood analogues
of various concentrations demonstrate that the viscosity decreases in the
range of shear rates from 1 to 100 1/s, and it is constant at the higher
shear rates [18, 9]. As a shear thinning fluid, blood is also characterized by a
thixotropic behavior [7, 9]. Thixotropy is more pronounced at low shear rates
with a long time scale. However, this effect appears to have a less important
role in blood flow than other non-Newtonian effects such as shear thinning
9, 14]. Blood also demonstrates yield stress although it is a controversial
issue [14, 7, 10]. Yield stress models can be useful to model blood flow in
capillaries where flow at very low shear rates occurs [10, 7).

Capillary and rotational viscometers, as well as falling body viscometers,
are the most frequently used for blood viscosity measurements. For example,
the Brookfield rotational viscometer with the UL adapter for low dynamic
viscosity in the range from 1 to 10 mPa-s [19] allows measuring fluid viscosity
as a shear rate function [24, 25, 18, 26, 17, 27]. The test fluid capacity for
this adapter is approximately 16 ml [19] which is a significant disadvantage.
Gautam et al. [28] present a technique for measuring viscosity using a rota-
tional viscometer for drilling fluids. The real-life drilling fluids are mostly
non-Newtonian with a finite yield stress. This viscometer takes into account
that the part of the fluid near the wall of the outer rotating cylinder moves

as a solid body. In contrast to the Couette flow, the shear rate is supple-



mented by a term related to the true yield strength of the drilling fluids.
Joye et al. [29] propose correction factors to calculate the shear rate when
using a Couette-type viscometer with a small gap. These corrections are ap-
plicable in cases where the Casson model is used to describe the yield-stress
pseudoplastic behavior of fluids. The correction factors tested in chocolate
applications show very good agreement with viscosity—shear rate characteris-
tics obtained with an “absolute” viscometer (cone-and-plate) at higher shear
rates removed from the low shear rate unreliable data region. However, in
this work, shear-thinning fluids are subject to study.

Capillary viscometers, falling ball and microfluidic viscometers require a
smaller volume of fluid for tests. However, their disadvantage is the inability
to control the shear rate during tests. Different shear rates can only be set
by changing the capillary diameter or the flow rate. Lee et al. [30] present
an analogue of a capillary viscometer equipped with a portable pump and
a built-in pressure sensor. Oh et al. [31, 32] present viscometers based on
the Poiseuille flow. Several horizontal tubes of small capacity and different
diameters are provided in the viscometers. As a result, several pairs of shear
rate-viscosity points can be obtained in one test. Test results are presented

for xanthan gum solution for shear rates from 150 to 900 s+

, as well as blood
in the shear rate range from 50 to 500 s~! and 43% hematocrit. Shin et al. [33]
discuss the application of a mass-detecting capillary viscometer (MDCV) to
continuously measure the rheological characteristics of dairy foods over a
range of shear rates by single measurement of liquid-mass variation with

time. This MDCV can accurately measure non-Newtonian viscosity over

a wide range of shear rates, extending as low as 0.1 s~!. The obtained



viscosities were compared with the data obtained with a rotating viscometer.
The accuracy of the proposed device was demonstrated by measuring the
viscosity of water and comparing the results with its reference value. Ferraz
et al. [34] developed a tubular viscometer for apparent viscosity monitoring.
The viscometer is based on volumetric fluid flow and pressure drop in a
defined tube length. The proposed control method is based on Fuzzy Logic.
Hapanowicz et al. [35] proposed a tubular rheometer for heterogeneous two-
phase fluids. The authors demonstrated that the use of standard rotational
rheometers could not require measuring possibilities for the water-oil system.

In the viscometers with falling body, different shear rates can only be
set by changing the inclination angle. A cylinder and a ball are considered
as falling bodies in some viscometers [36, 37]. The Lovis viscometer with a
falling ball in a thin glass capillary [38] has a test fluid volume of 0.1 to 0.8
pul. The duration of one measurement ranges from 30 s to 3 min. Yamamoto
et al. [39] presented a similar viscometer with a falling needle. Sato et al. [40]
designed a rolling ball viscometer for the simultaneous measurements of vis-
cosity, density, and bubble-point pressure of C'Os-expanded fluids. Viscosity
is calculated using the approximate equation of Hubbard and Brown [41] that
is based on the time of passage of the ball, the angle of inclination of the vis-
cometer, incremental change in temperature and pressure. The pass-through
time was registered by the CMOS camera. Camas-Anzueto et al. [42] present
an optical viscometer with a falling magnetic ball. Four mirrors are used to
reflect the light beam onto the fluid three times. A ball falls under the force
of gravity in a vertical column with fluid. The duration of the ball falling

between two reference points is measured. The method for the viscosity cal-



culation is based on an approximate formula in terms of the ball fall time,
the density of the ball and the test fluid with a calibration factor. It should
be noted that an additional disadvantage of falling body viscometers is that
the shear rate distribution is not uniform on the surface of a falling body.

To date, there are several point-of-care diagnostic devices that are used for
physiological fluids, in particular [16]. For example, the so-called microfluidic
paper-based analytical devices (uPADs) [43] that are inexpensive, easy to
use, and specifically designed for applications in developing countries [44, 45,
46]. The Lucas-Washburn equation is used to measure viscosity in pPADs.
However, the surface tension and contact angle must be known. In some cases
a reference fluid of known viscosity is required. For example, Jang et al. [47]
present a microfluidic paper-based viscometer for measuring the viscosity of
biofluids such as urine, saliva, and plasma. The presented measurements
results were compared with the results obtained by commercial viscometers.
The viscometer requires a small volume of test fluid (20-100 pl) and does not
require the use of reference fluids. However, as the authors point out, the
application for non-Newtonian fluids is limited because the shear rate is not
a controllable parameter and its value is taken as an average value depending
on the flow rate and pore size of the material.

Mustafa et al. [25] proposed a viscosity measurement technique based
on measuring the deflection of flexible (poly) dimethylsiloxane (PDMS) mi-
cropillars. A calibration curve of the reference fluid is used to determine
the viscosity of an unknown fluid. Glycerol/water solutions of various con-
centrations were used as reference fluids. The authors showed a nonlinear

relationship between the fluid viscosity and the deflection of the micropillars



due to the viscoelastic properties of PDMS. The deflection of micropillars was
recorded with a camera. Newtonian test fluids, such as n-decanol (11.91 ¢P)
and aqueous glycerol (50 cP) solutions at the same flow (shear) rates used
to generate the calibration curves (ranging between 15 and 60 ml/h) were
used. Percentage error for 50 cP sample viscosity measurements was deter-
mined to be within 2.6-18.5 %. The authors noted that on similar viscome-
ters [48, 49, 50| for Newtonian fluids, errors of 3-10 %, 4-7 %, 5-24 %, re-
spectively, were obtained in comparison with commercial viscometers. Tzeng
et al. [51] presented another microfluidic viscometer based on electrofluidic
circuits. The viscosity of the tested fluid sample is estimated by its flow re-
sistance, which is a function of pressure drop, flow rate, and the geometry of
the microfluidic channel. The accuracy for the test fluid (glycerol /water solu-
tions) depends on the concentration of the solutions and ranges from 0.1% to
8.9%. Given their low accuracy, the devices can probably be used for a qual-
itative assessment of the fluid properties. For example, for comparison with
threshold values of blood viscosity to determine diseases. Khnouf et al. [52]
proposed a PDMS microviscometer for Newtonian and non-Newtonian flu-
ids. The viscometer is designed to measure the viscosity of the blood and
requires less than 10 pl of test fluid. The test fluid is injected through the
microfluidic channels at a predetermined flow rate using a syringe pump. An
inverted microscope with a built-in camera was used to take snapshots of
the fluid at different time steps. The height of the fluid column at each time
step is measured for each image. Then the velocity is calculated. Viscosity is
determined in terms of pressure drop, velocity, and channel size. The empir-

ical model of viscosity is presented in the results in the form of a non-linear



function of temperature, flow rate, and anticoagulant concentration. How-
ever, it was not taken into account that the fluid velocity is variable across
the channel thickness and the dependence of viscosity on shear rate, and not
on flow rate, is of interest. In addition, it is not clear how to determine the
shear rate.

Falling ball viscometers, microfluidic viscometers and capillary viscome-
ters are the simplest in use. Rotational viscometers are usually designed to
control shear rates and some of them (Couette types with a small gap) pro-
vide a uniform shear rate or shear stress throughout the sample fluid [13, 18].
Most of them may provide a relatively uniform temperature distribution, but
none of them provide a uniform pressure distribution.

One of the ways to create a new type of viscometers, which combines the
advantages of well-known viscometers and eliminates their disadvantages, is
their combination. Previously, the authors presented the inertial viscometer,
which is a hybrid of a rotational and a capillary viscometer with a capillary
wrapped in a torus [22]. The method provides uniform distribution for the
values of shear rate, shear stress, pressure and temperature on the surface of
the capillary. The disadvantages of the proposed viscometer are the relatively
large size of the device and a fairly rough assumption on the fluid velocity
profile.

Dynamic light scattering methods are widely used in biomedical diag-
nostics, including assessment of blood flow, and allow for in vivo measure-
ments [3, 53, 54, 55]. McNamee et al. [56] authors applied purpose-built
laser difractometry in tandem with direct optical visualization to study blood

shear flow and the effect of icreasing in the red blood cells deformability un-
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der low-shear conditions. The laser speckle-contrast imaging (LSCI) method
allows real-time visualization of microcirculation in tissues [57]. If moving
scattering particles are present in the object illuminated by coherent light,
then the blurring of the speckle image recorded by the camera will result
in the observed standard deviation of the intensity being lower than for a
completely static set of scatterers, and therefore the speckle image contrast
will also be reduced. The average velocity of the scattering particles is in-
versely proportional to the characteristic correlation time of the intensity of
the observed speckle dynamics [58]. The value of speckle-contrast correlates
with the flow rate of the fluid in a capillary [59, 60].

Computer vision methods allowed for high accuracy and excellent results
in many areas [61]. Most of the methods are based on supervised learning [62].
The use of a private data set obtained from original physical experiments
causes the following problems. Firstly, the data set is usually small that
may affect overfitting during the training [62] and the low robustness of the
trained model. The techniques of data augmentation using pretrained or
low-complexity neural networks help to solve this problem partially [63, 64,
65, 66]. Secondly, the data may have uncertainty [67, 68, 69] due to the
factors of drift in the experimental environment and noise or errors in the
measurement system. Predictions of an artificial neural network may also
have uncertainty due to random initialization of the training and a set of
hyperparameters of the network that affect the training results. Labeling
of the data using the uncertainty class [70, 71, 72, 73] and relabeling of the
data during training [73], as well as the uncertainty estimation of the network

predictions [67, 74, 75, 76, 77], allow to increase the accuracy of the artificial
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intelligence system.
Modern level of measuring instruments and modern methods of data pro-
cessing based on machine learning make it possible to modify viscosity mea-

surement methods.

3. Mathematical modelling

The section presents the mathematical model of fluid flow in a torus-
shaped channel of the proposed inertial viscometer. On the basis of the
dimensionless equations analysis of the mathematical model, the conditions
for the homogeneity of the mechanical quantities distribution can be deter-
mined. The set of viscometer parameters can be determined on the basis of

the analysis of the mathematical model and computational experiments.

3.1. Mathematical model of fluid flow in a torus-shaped channel

The unsteady flow of a viscous non-Newtonian incompressible fluid is
studied. The flow domain is a torus-shaped channel (see Fig. 1). The torus
radius is R and the capillary radius is r. The main equations are the Navier-
Stokes equations, the continuity equation and the equation of convective
heat conduction [78]. It is more convenient to present these equations in
toroidal coordinates characterized with the Lame’s coefficients [79]: Hy = 1,
Hy = picos B3+ R, H3 = (1. As a result, the velocity field has only one non-
zero component V = [[0 vy 0]] and the boundary conditions have a simple
form. The continuity equation takes the trivial form: Ovy/05; = 0. From
the latter it follows that the velocity component v, does not depend on the
coordinate f i.e. vy = v(f1, 3). Since the fluid is pumped into the torus

under some pressure pg, then due to the symmetry of the flow domain, the
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Figure 1: Flow domain in a torus-shaped capillary.

pressure is a function of two coordinates p = p(51, 83). A detailed derivation
of the mathematical model equations of fluid flow in the torus channel is
presented in Appendix A.l.

To determine the conditions for the homogeneity of the pressure and
temperature distributions, the equations of the mathematical model are pre-
sented in a dimensionless form. The dimensionless quantities were chosen so
that the dimensionless coordinates and functions varied in the range [0, 1].
The dimensionless mathematical model equations of the considered fluid flow

have the form (see Appendix A2):

Full - 1 O, (1)
0py  Hy+v 0p
ov 1 0 ~ ~ 0 ~
ShRe— = —— —(H3(Hy + 7)?512) + v—((Hy + 7)%323), (2
°F Hg(H2+7)2(aﬁl( 3(Hy +7)"512) @/)853(( 2 +7)%523), (2)

OB Hy+~ 9PBs
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- oT o Hy+~ 0T
H,(H. - 2 (2l
(et )50+ 55 Oy o))

(4)
where Eu = py /(pV$) is the Euler number analogue (hereinafter the Eu-
ler number); Sh = r/(t,Vp) is the Strouhal’s number; Re = Vyr/ng is the
Reynolds number; Pr = poC,/A is the Prandtl number; Ec = ViZ2/(C,AT)
is the Eckert number; Vy = wR is the characteristic velocity; ¢y is the char-
acteristic time of inertial fluid flow to stop; AT is the temperature change of
the fluid; 7y is the characteristic kinematic viscosity; p is the characteristic
density.

The condition of pressure distribution homogeneity can be determined
from Eq. (1) and Eq. (3).The right hand sides of these equations are negligible
compared to the pressure gradient components (the left-hand sides of the

equations) when the following condition is true:

Eu>>~" (5)

Eq. (5) helps to determine the flow velocity value Vj, while the values
of the geometric parameter v, the characteristic pressure py, and the fluid
density p are given.

The first term on the right side of Eq. (4) corresponds to the internal
heat transfer. The exponent of this term depends on the Prandtl number Pr
and the dimensionless geometric parameter . The second term on the right
side of Eq. (4) characterizes the heat transfer due to forced convection. The

exponent of this term depends on the Eckert number Ec. The order of the
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left side of Eq. (4) depends on the Strouhal number Sh and the Reynolds
number Re. Thus, it is possible to achieve homogeneity of the temperature

distribution in the flow channel by imposing the following condition:

ShRe >> max(Pr~"; Ec). (6)

Eq. (6) determines the conditions under which the terms on the right side
of the Eq. (4) are negligible compared to the left side of the equation. The
exponent of the Reynolds number Re is determined from condition Eq. (5)
for a fixed value of the capillary radius r and the characteristic viscosity 7.
The Prandtl number Pr is determined from the properties of the fluid. For
example, for blood, it varies in the range 2.72-3.55 [80]. The Eckert number
Ec depends on the characteristic velocity determined by Eq. (5), as well as
on the value of AT. Therefore, when estimating its exponent, the condition
of an insignificant temperature difference was taken into account 10~ °C.
Eq. (6) determines the exponent of magnitude of the characteristic time of
the inertial fluid flow in the considered channel. Thus, it is possible to de-
termine the conditions for the homogeneity of the pressure and temperature
distributions from Eq. (5) and Eq. (6).

Fluid flow in the torus can be initiated due to inertia. If the torus rotates
at a constant angular velocity, then the fluid inside the torus moves like a
quasi-rigid body. But if the torus stops, the fluid continues to flow for some
time. It is possible to determine the torus velocity before stopping Eq. (5)
and the fluid flow duration after the torus stops Eq. (6). To neglect the
curvature of the channel along the coordinate 52, the condition R >> r or

v >> 0.5 must be satisfied. Taking into account this condition and Eq. (5)
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and Eq. (6), Eq. (2) can be transformed into the following form (see Appendix
A.2):
~ v 0 .~ Ov
ShR@B—A,:—A,NB—A, 7
Y57 8ﬁ1(M 1851) (7)

3.2. Numerical solution for a non-Newtonian fluid flow

It is more convenient to present Eq. (7) in a dimensional form to determine

the velocity distribution:

ov 0 o)
51@ = 5’_51(77518_&

where v = v(;) is an axial velocity component; 1 is kinematic viscosity.

); (8)

The initial and the boundary conditions have the following form:

a’U(t, 61)
0B B1=0

Dynamic viscosity is a function of shear rate and can be represented by

the Ostwald model [15]:

v(0, 1) = Vo, v(t,r) = v(t), =0. (9)

p(E) = o™, (10)
where 0y, 6, are the model parameters; #; < 1 for pseudoplastic fluid, in
particular blood [14].

A density value does not depend on the shear rate. Therefore, it is con-
stant at a fixed test temperature. Given the above, it is possible to determine
the kinematic viscosity as a function of the shear rate n(§).

It is convenient to use the control volume method (CVM) to solve Eq. (9).
The method allows using a small number of calculation points, unlike other
grid methods [78]. The scheme for the discretization of the calculation do-

main is shown in Fig.2
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Figure 2: Control volumes in the time and space domain. Filled markers mean that the
boundary conditions are set. Unfilled markers indicate calculated points with unknown

values. Dashed lines indicate one-dimensional control volume.

Eq. (8) is integrated over each control volume (CV) [81;_1 9, B1;11/2)- The
velocity gradient component dv/df; on the right side of Eq. (8) at points
Pri—1y2 and Bi;4q/9 is replaced with the corresponding central finite differ-
ences. On the left side of Eq. (8) the first mean value theorem for definite
integrals is used when integrating over 8;. And the partial derivative with re-
spect to time is replaced with the right finite difference. As a result, a system
of linear algebraic equations is obtained for the velocity at each calculated
point in coordinate and time:

ajviy + 0t + ot = —daf, (11)
where ¢ = 1,..N, — 1 corresponds to the spatial coordinate; £k = 1,..N;
corresponds to time.

The initial velocity and the boundary values, respectively:

17



U? =W, v]]i,r = vt(tk), vg = v]f, (12)

. 1 , 1
o = (4 ko) o = (0 = Dalehay) (13

2
Ap,
di = —
At
where n(ffH /2) is the value of the kinematic viscosity in the previous time
step t; ff+1/2 = (Uﬁl — )/ (2A8), zk—l/g = (vf —vl)/(2A6).

The computational experiment on model Eq. (11)—(14) was carried out at

By, V= —al —cF — d;, (14)

i J—

different values of the torus rotation frequency. The characteristic dimensions
of the torus are R=0.095 m and r=0.001 m. The pressure in the torus is
po=0.1 MPa. The values of the torus rotation frequency n=50-200 rpm were
obtained from Eq. (5): Vi << po7y/p. Numerical solutions were obtained for
the three types of fluids: blood u(¢) = 0.0115£7%19 [14], Intralipid p(¢) =
0.01£7%282 and a solution of Intralipid with glycerol u(&) = 0.036£ 0018,
Fig. 3 demonstrates plots of the shear rate in time, obtained from the
numerical solution of Eq. (8), (9) or Eq. (11), (12). Fig. (3a) demonstrates
plots of the shear rate in time for blood flow in the channel at various initial
torus rotation frequencies range n=50-200 rpm. Fig. (3b) shows graphs of
the shear rate over time at the frequency of n=100 rpm for the three types of
fluids. It can be seen in Fig. 3a that the fluid flow duration (after the torus
has stopped) does not depend on the torus initial velocity. However, Fig. 3b
shows that the flow duration depends on the kind of fluid. The fluid flow
lasts less than half a second at given geometric static and thermomechanical
parameters. The obtained results fully comply with the requirements of

Eq. (6). Therefore, the choice of the initial rotation frequency of the torus
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should be made based on the dimensionless similarity criteria (see Eq. (5)).
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Figure 3: The results of the fluid flow simulation obtained for the torus of size R=0.095
m, the capillary radius is 7=0.001 m: the shear rate as the function of time at different
initial torus rotation frequency and for the blood viscosity model u(¢) = 0.01156-0-199

(a); the shear rate as the function of time regarding different kinds of fluids at a constant

initial torus rotation frequency n=100 rpm (b).

4. Inertial viscometer with a computer vision system

The proposed viscosity measurement method was implemented in a com-
pact test setup with widely available components.

The three-dimensional model of the test setup is shown in Fig. 4. Fig. 5
shows the structural and functional diagram of the test rig. Some of the
details of the test setup were made of PLA plastic using a 3D printer. The
torus is made of nylon. The disc is mounted to the stepper motor using an
aluminum flange coupling. The disc has slots for tube connectors. The sizes
of the torus and capillary are: R = 0.095 m, » = 0.001 m. The tests have
the following order of actions. The test fluid with light-reflecting particles
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is pumped into the torus under pressure py. The disk has been smoothly
accelerated by the stepper motor up to the rotation frequency n, then stopped
immediately. The brake helps stop the disc and prevent the disk vibrations.
Thus, after the torus stops, the fluid flow inside the torus is investigated,
which continues for some time.

The initial torus speed is determined by Eq. (5): V@& << poy/p. In
theory (see Section 3.2), the fluid flow duration t; does not depend on the
initial torus speed, but it depends on the type of fluid. The torus rotation
frequency range n=>50-200 rpm provides the values of the shear rates range

that corresponds to the natural shear rates of the blood in a human body.

Nylon tube
(Torus)

Tube
connector

Temperature
sensor

(a)

Figure 4: Overview of the experimental setup: the 3d model (a) and the photograph of
the test rig (b).

During the inertial fluid flow, the computer vision system registers and

processes a sequence of images of the fluid flow. The fluid flow is illuminated
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Figure 5: Structural and functional diagram of the inertial viscometer. Mini-computer
Jetson Nano (1) is the main controller of the test rig. Expansion board (2) controls
17HS4401 stepper motor (4) and laser module (10). Temperature sensor (3) controls the
overheating. Data transmission between (1) and (2) is implemented using the UART
protocol. The torus (7) is fixed on the disc (6). Test fluid (8) is injected into the torus (7).
Lens (9) dissipate the coherent light of the laser module (10) into the test fluid (8). Brake
stop (5) prevents the disc vibrations (6). IDS UI-3220CP-M-GL CMOS camera (12) with
AZURE-0814M3M camera lens (11) acquires fluid flow sequence of images and implement
the LSCI method. The CMOS camera (12) transmits data to Mini-computer Jetson Nano
(1) via USB interface.

21



by a laser module through a biconcave lens. Images of fluid flow are captured
by a CMOS camera through a lens. The received images are processed by
the Jetson Nano mini-computer, the calculations are accelerated using the
mini-computer CUDA cores.

The expansion board for the Jetson Nano minicomputer is shown in Fig. 5
at position 2. The expansion board allows to reduce the computing load on
the mini-computer, as well as simplify the setup of the installation. The
functions of the board include: stepper motor control via the STEP/DIR
interface, digitization of the signals from the temperature sensor and laser
module power control. The board is based on the STM32G071 micro con-
troller. The controller has the necessary set of peripherals. To control the
stepper motor, the DRV8825 stepper motor driver is used as a part of the
module. The module is applicable for controlling the stepper motors with
winding current up to 2 A. B57861S0103F040 thermistor connected to the
analogue to digital converter of the micro controller. Communication be-
tween the main controller and the board is carried out via the UART inter-
face. The output power of the laser module is adjusted by the resistor of the

expansion board.

5. Experimental studies and results

This section presents the design and the results of an experimental study
of the viscosity of non-Newtonian fluids. The technique to measure the viscos-
ity by the proposed inertial viscometer includes the following stages (Fig. 6,
Subsection 5.3): 1) obtain a sequence of images of the inertial fluid flow

in the torus; 2) predict the flow rate and the shear rate at each time step;
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3) calculate the kinematic viscosity of the fluid at each time step using the
Navier-Stokes equation Eq. (8). The shear rates and the flow rates are pre-
dicted using the deep neural network. The data for training were obtained

using an additional experiment (Fig. 6, Subsections 5.1, 5.2).

5.1. Training data for the computer vision system

The Intralipid solution of 20% (SMOFlipid, Austria) with glycerol was
used as the test fluid. The dynamic viscosity of the test fluid at various shear
rates and constant temperature T=25.5°C is presented in Fig. 7 . The re-
sults are presented as the average values of the viscosity for five parallel tests.
Measurements were taken on the Brookfield DV-II4Pro viscometer with a
UL cylinder-to-cylinder spindle used for low-viscosity fluids. According to
the measurement results, it can be seen that the test fluid has pseudoplas-
tic properties due to the non-Newtonian properties of Intralipid. The data
obtained were used to estimate the accuracy of the new method.

The data set with labels to train the computer vision system was obtained
experimentally. The test fluid was pumped through a long transparent capil-
lary of radius r=0.001 m. The flow rates were controlled by an electric pump
and established according to the required shear rates range. The enforced
flow of a viscous fluid in a tube is known as the Poiseuille flow [21, 12] and
the task has a known analytical solution. Therefore, the relationship between
the flow rate and the shear rate given on the inner surface of the capillary

can be expressed with one formula:

3
r
Q= 7|§r|7
where 7 is the capillary radius; || is the shear rate on the inner surface of
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Figure 6: The proposed viscosity measurement method intuition. The method is based on
the computer vision system that can be trained to recognize the flow rate and the shear
rate of the fluid flow in the transparent capillary (lines 1 and 2). The computer vision
system analyzes the inertial flow of the test fluid in the torus capillary and recognize the
flow rate and the shear rate at each time step of the inertial flow. Then the viscosity

values are calculated at the each time step.
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Figure 7: Viscosity of the intralipid solution of 20% (SMOFlipid, Austria) with glycerol at
the different shear rates and constant temperature T=25°C. Viscometer: the Brookfield

DV-II+4Pro with a UL cylinder-to-cylinder spindle used for low-viscosity fluids.

the capillary.

The plan of the experiment included 19 pairs of the shear rate £ and the
flow rate @ in the ranges of 7-117.5 1/s and 39.8-663.6 ml/h, respectively.
A set of 5 parallel tests was carried out for each pair of & and ;. The video
recording time was 20 s for each test. A total of 95 tests were carried out.
The CMOS camera recorded the video of the fluid flow inside the transparent
capillary with illumination by a 650 nm diode laser. Thus, an i-th labeled
sample {X;,&;,Q;} included the sequence of images X;, the corresponding
shear rate &; and flow rate ;. The images were preprocessed using the LSCI
method. This method allows one to obtain an image of dynamic inhomo-
geneities by analyzing the local speckle-contrast [58]. When the scattering

fluid is illuminated with coherent light, a random picture of the light inten-
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sity arises. This pattern is caused by interference within the fluid and at
its surface. The resulting intensity structure is known as a speckle pattern.
The movement of particles in the fluid leads to blurring in the image due to
averaging over the exposure time of the camera. Spatial and temporal statis-
tics of speckle patterns are used to extract information on motion in fluids
under study. Spatial speckle-contrast (SSC) is calculated in a small square
area of an image. The optimal size for this area is a 7x7 pixels window [53].
This window moves horizontally and vertically across the image. The spatial

speckle-contrast in each window is calculated with formula:

m»

where n is subdomain size; o, is intensity standard deviation; (I,,) is mean

K = (15)

intensity.

To implement the LSCI method, a CMOS camera IDS UI-3220CP-M-
GL was used (see Figs. 4, 5). To ensure recognition at a high flow rate,
the camera operated at a maximum frequency of 240 FPS and an exposure
time of 0.1 ms. In addition, high frequency allows to receive more data in a
certain time. A high speed of image acquisition is also required to study the
inertial flow, since such a flow is characterised by the time of less than 1s. To
ensure the stable operation of the software, the transfer of images from the
camera to the mini-computer and their recording to the hard disk occur in an
asynchronous mode. To save computational resources, the camera transmits
only a 224x224 pixels fragment of the fluid flow domain. For maximization
of the signal-to-noise ratio, the minimal speckle size must exceed the Nyquist

criterion [81]. Thus, the speckle size on the camera was adjusted by changing

26



Q:39.86,8:7.05 Q:99.65,8:17.62 Q:232.51,¢&:41.12 Q: 348.76,¢&: 61.68 Q: 498.24, £: 88.11
a4 4

2 2 2 2

4
2
’ o | - lo 0 0 0
R } P ;é [ - s oy .
[FErn e b R e T e s [ R o

()
Q:39.86,&: 7.05 Q:99.65, & 17.62 Q: 23251, §:41.12 Q:348.76, £: 61.68 Q: 498.24, £: 88.11

Figure 8: Random frames of the training data set in the form of images with labels of
corresponding values of the flow rate @ and the shear rate &: the original images (a); the

images processed by spatial speckle contrast method (b).

the pupil diameter of the camera lens to achieve a speckle size at least 2 times
the pixel size. The speckle size can be estimated using the equation [81]:
S = 2.44\(1 + M) f/# , where X is the illumination wavelength, M is the
imaging system magnification, and f/# is the camera lens aperture.

Fig. 8 demonstrates the original images and the spatial speckle contrast
images at various flow rates. Fig. 9 shows diagrams of the distribution of the
spatial speckle-contrast at the different values of the shear rate and the flow
rate.

The correlation of speckle contrasts and kinematic characteristics of the
flow makes it possible to develop models and tools to predict the shear rate

and flow rate from the speckle contrast images.
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Figure 9: The average spatial speckle contrast distribution depends on the flow rate (a)
and the shear rate (b). The diagrams show that with an increase in the flow rate and the
shear rate, the speckle contrast decreases nonlinearly. Also, there may be no significant
difference between neighboring flow rates and shear rates, which makes it difficult to
determine them only by the speckle contrast value. As a result, neural networks will be

used for regression.
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5.2. Training and test the computer vision system

Experimental data for enforced flow in a capillary were applied to train ar-
tificial neural networks (ANNs) that approximate the flow rate and the shear
rate from the speckle-contrast values. Two ANN architectures were used: a
multilayer perceptron (MLP, see Fig. 10a) and the ResNet18 convolutional
neural network (CNN, see Fig. 10b). Two options for data preprocessing were
used: normalisation of the original images and image processing by the LSCI
method (see Eq. (15)) with normalisation. The mean square error (MSE)

was applied as the loss function:

1 o .
MSE = % Z Z (ytruei(k) - ypredi(k))2 — mn (16)

k=1 i=1
where n is the number of samples in the training dataset; ytTUEi(k) are true
(target) values (& and Q;); ypredi(k) are predicted values.

To solve the optimization problem Eq. (16), the values of the flow rate
@; and the shear rate & were normalized. Subsequently, when presenting
the results, all values were converted back to the dimensional form. The
Adam optimizer [82] was used to train the models. The dataset was di-
vided into three subsets for training, cross-validation and test, respectively.
Cross-validation was carried out for 4 folds [62]. The training step was
set as a hyperparameter for the models (Fig. 10) with the following values
[1074,5-1074,1073,5-1073,1072,5-1072,107!]. An additional hyperparameter
was the number of neurons in the hidden layer of the MLP with the following
values [16, 32,64, 128]. For ResNet18, an additional hyperparameter was the
number of neurons in the fully connected layer in the range [64, 128, 256].

ResNet18 was pre-trained on the well-known ImageNet dataset, as well as
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on the data presented in the work [59]. M SE and the coefficient of determi-
nation R? metrics are presented in Table 1 for MLPs and CNNs: with the
original images (M LP;, CNN;) and the SSC images (M LP,, CNNs).

Table 1: Metric values.

Training Validation Testing

Modll NS R(Q) B¢ MSE RXQ) R MSE RA(Q) RA(E)

MLP; 0395 0.792 0.792 0916 0.172 0.173 0.826 0.270 0.270

MLP,; 0.0494 0.981 0.981 0.0630 0.950 0.950 0.0745 0.948 0.948

CNN; 0.005 0.998 0.998 0.3941 0.630 0.630 0.4032 0.635 0.635

CNNy 0.0222 0.996 0.997 0.0613 0.958 0.957 0.0739 0.956 0.960

The optimal result in validation and test was obtained for the ResNet18
(C'N Ny, see Table 1) network that was trained on SSC images using a pre-
trained neural network from [59] and without using an additional fully con-
nected layer (see Fig. 10b).

Thus, the ResNet18-based model, trained and optimized on the SSC im-
ages, predicts the values of the flow rate and the shear rate on the inner
surface of the capillary with high accuracy. The next subsection demon-
strates that, based on predicted kinematic characteristics, it is possible to
calculate the value of the kinematic viscosity by numerical solution of the

Navier-Stokes equation Eq. (8).

5.3. Proposed viscosity measurement method

According to Eq. (8), the viscosity distribution correlates with the velocity

distribution. After the integration across the (; coordinate and taking into
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Figure 10: The proposed neural network architectures are MLP(a) and ResNet18 (b). The
MLP processes the input image as a series of independent features. The ResNet18 is able
to find specific objects in an image and identify the most important features, which helps

to increase the ability of the network to generalization of the obtained data.

account the boundary condition 71|s,—¢ = 7o, Eq. (8) takes the following form:

B1
ﬁla—“ldﬁl B i N

o O b ) 9p )

The above equation is written on the inner surface of the capillary of the

Bi=r B1=0

torus. After some transformations on the left side of the equation, replacing

Jy BrvdBy = % the following is obtained:

0Q
-, = 4mr&ene,
5 &)
where &, = %%| 8,=r 15 the shear rate on the inner surface of the capillary of

the torus; 7, is the kinematic viscosity on the inner surface of the capillary
(hereinafter n); @ is the flow rate.

The derivative on the left side of the equation was approximated by a
finite difference method. Then the kinematic viscosity was determined in

terms of the shear rate and flow rate at each time step t*:
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where &%, Q% are the shear rate on the inner surface of the capillary and the
flow rate at each time step t*, respectively; At = t**1 — t* is the constant
time step value.

Taking into account the pre-trained ResNet18 model (see Subsection 5.2),
the automated kinematic viscosity measurement algorithm includes the fol-
lowing steps:

1) receive the data on the inertial fluid flow in the torus of the viscometer
in a form of the sequence of images obtained during the time interval ¢, with
the time step At;

2) predict the shear rate ¥ at the inner surface of the capillary and flow
rate through the capillary QF of the torus at each time step t* using the
ResNet18 inference model (Subsection 5.2);

3) calculate the kinematic viscosity values as a function of shear rates &*

using Eq. (17).

5.4. Results and discussion

Comparison of the predicted and target values of the flow rates and the
shear rates is shown in Fig. 11. Fig. 12 demonstrates graphs of the average
temporal speckle contrast for the inertial fluid flow in the torus after the
torus rotated at the speed of 50 rpm has stopped. The data were averaged
over 10 tests and filtered.

Therefore, during the measurement period of time ¢y, an array of values

of the shear rate and the corresponding values of the kinematic viscosity were
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Figure 11: The values predicted by the network are compared with the target values: the
predicted (blue markers) and target (orange markers) values of the shear rates (a) and the
flow rates (b). Evaluation of the accuracy of the predictions is based on the data from the
test set. The determination coefficient is applied to estimate the quality of the predictions

which is 0.956 and 0.96, respectively.

33



0.08 . .°.°.-°o°0‘°‘°’."==ee°
p4 L] . L]
+0.07
S 0.06 A
o
@
< 0.05
a
0 .
< 0.04
m
L] o\ ® fer
= 003 A . « Initial data, rpm 50
*? Filtered data, rpm 50
0.00 0.05 0.10 0.15
Time, t (s)

Figure 12: Average temporal speckle contrast values in time for the inertial fluid flow in
the torus after the torus rotated at the speed of 50 rpm has immediately stopped. The
interval from 0.02 seconds to 0.04 seconds corresponds to a gradual increase in the speckle
contrast value. Beyond this interval, the speckle contrast value is not sensitive to changes

in the flow velocity.

determined. Fig. 13 demonstrates the flow rates and shear rates predicted by
the CNN inference model (see Subsection 4.2) for 10 parallel tests at the ini-
tial torus speed of n=50 rpm. The values were approximated by exponential
functions of time.

The predicted flow rates and shear rates were then used to calculate the
kinematic viscosity using Eq. (17). Fig. 14a demonstrates the dynamic vis-
cosity calculation results p(§) = pn(€) using the proposed method and also
shows the values of dynamic viscosity measurements on the Brookfield rota-
tional viscometer (test sample, see Subsection 5.1). Table 3 presents metrics
of the measurement accuracy according to the proposed method for the test
fluid. The data obtained from the Brookfield viscometer (see Subsection 5.1)

were applied as gold standard. The metrics were calculated for different inter-
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Figure 13: The flow rate and the shear rate values predicted by the convolutional neural
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and the green curves show the averaged predictions of the model for 10 parallel physical

tests. (see Subsection 5.2).
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Table 2: Metrics of the proposed method for the test fluid with non-Newtoinian properties.

Shear rate ranges, 1/s RSD, % epae, %0  E,%

(0;20) 1.603 2.014 1.309
(205 40) 0.6041 1.437  0.5817
(405 60) 0.1306  0.6885 0.2189
(605 80) 0.1166  0.1995  0.1498
(80;100) 0.08747 0.2651 0.07419

(100; 120) 0.1735 0.2249  0.1803

vals of the shear rates. The relative standard deviation (RSD, %) and mean
relative error (2,%) were calculated as metrics. The relative error distribu-
tion is shown in Fig. 14b. The minimum error and the minimum standard
deviation are provided at high shear rates. The maximum average relative
error in the range of shear rates 0 < £ < 20, 1/s was about 2%.

Additional experiments were carried out on a Newtonian fluid to assess
the accuracy of the measurements on the presented viscometer. Zink ox-
ide suspension (0,1%) in 80% aqueous glycerol solution was used as the test
fluid. The particle size of the zinc oxide powder was about 400 nm. Zinc
oxide powder was added to the test fluid as reflective light particles to enable
the LSCI method to be applied. Before each test, the test fluid was stirred
in an ultrasonic bath to improve the uniformity of the reflective particles.
Measurements of the viscosity of the test fluid by the Brookfield viscometer
showed the independence of viscosity from shear rate (blue dot markers in
Fig. 15a). Thus, the addition of zinc oxide powder at the presented con-
centration didn’t affect the linearity of the fluid properties. And also, the
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Figure 14: Comparison of viscosity measurements of the test non-Newtonian fluid: (a)
blue dot markers (1) represent the viscosity of the test fluid obtained using the Brookfield
viscometer; red triangular markers (2) represent the viscosity values of the test fluid ob-
tained using the proposed method; (b) the relative measurement errors obtained for each

range of shear rates by both methods.
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Table 3: Error of the Brookfield viscometer measurements of the test Newtonian fluid.

Shear rate ranges, 1/s RSD, % epae, %0 &, %

(0: 20) 0.1396  0.6254  0.4430
(20; 40) 0.1267  0.3834 0.1425
(40; 60) 0.1019  0.2013 0.1022
(60; 80) 0.0849  0.1406 0.0678
(80; 100) 0.0325  0.325 0.0325

viscosity value of the suspension corresponds to the reference value of the
viscosity of 80% aqueous glycerol solution. Fig. 2 shows the results of mea-
suring the test fluid viscosity by the Brookfield viscometer and using the
proposed methodology. The measurements were carried out at a tempera-
ture of 25 °C. The measurement results were compared with the reference
value of viscosity for 80 % glycerol solution (u = 0.04586 Pa s).

Table 3 presents the values of the measurement errors of the Brookfield
viscometer. The RSD errors and the average relative error are presented
relative to the reference value. Table 4 presents the same metrics to esti-
mate the error of the proposed method. The RSD and the € metrics for
the proposed method are less than 0.5% and decrease with increasing shear
rate (Fig. 15b). The error of the method is comparable to the error of the
Brookfield viscometer. It is worth noting that Brookfield measurements are
sensitive to the shear rate, as stated in the instructions. The error of the
presented method is less sensitive to the shear rate. However, in this case,
these remarks are unimportant due to the small error.

It should be noted that the result of measurements by the proposed
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Figure 15: Comparison of viscosity measurements of the test Newtonian fluid: (a) green
continuous straight line (1) shows the reference value for the viscosity of the test fluid, taken
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test fluid obtained using the Brookfield viscometer; red triangular markers (3) represent
the viscosity values of the test fluid obtained using the proposed method. Zink oxide
suspension (0.1%) in 80 % aqueous glycerol solution is considered as the test Newtonian
solution. The viscosity value of the suspension corresponds to the reference value of the

viscosity of 80% aqueous glycerol solution; (b) the relative measurement errors obtained

Shear rate, £ (1/s)

(b)

for each range of shear rates by both methods
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Table 4: Error of the proposed measurement method of the test Newtonian fluid.

Shear rate ranges, 1/s RSD, % epae, %0 &, %

(0; 20) 0.4552  0.5291 0.4531
(20; 40) 0.3347  0.3762 0.3339
(40; 60) 0.2267  0.2910 0.2662
(60: 80) 0.2238  0.2410 0.2236
(80; 100) 0.2047  0.2058 0.2047

method is an average viscosity estimate, since the calculation algorithm is
based on the fitting model based on the deep neural network. However, for
a new test under the same conditions (same fluid, same temperature, etc.),
the network predictions will differ slightly from the previous one, because the
images of the fluid flow obtained during the test are fed to the input.

During the study, the following results were obtained:

- the conditions that ensure the homogeneity of the thermal and me-
chanical quantities distribution and recommendations on sizes and operating
modes of the novel inertial viscometer were formulated on the basis of the
analysis of the dimensionless mathematical model of the inertial fluid flow in
a toroidal channel;

- analysis of the fluid flow simulation model allowed to determine that
the duration of the inertial fluid flow does not depend on the initial torus
speed but it depends on the kind of fluid. Therefore, the choice of the initial
rotation speed is connected with the range of shear rates under study. It is
shown that at the initial rotation frequency n=>50 rpm, the shear rates range

is 0-200 s~!. In general, the flow duration is less than 1 s. All the theoretical
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conclusions were confirmed during the experiments with the test setup;

- it was found that the values of the spatial speckle contrast calculated
using a sequence of images make it possible to predict the kinematic charac-
teristics of the flow, such as the flow rate through the capillary of the torus
and the shear rate on the inner surface of the torus;

- the proposed inference CNN model based on the ResNet18 architecture
that receives the LSCI data obtained from CMOS camera predicts the flow
rate and shear rate with high accuracy;

-a novel viscosity measurement method for non-Newtonian fluids based
on a combination of the numerical solution of the simplified Navier-Stokes
equation and application of an artificial intelligence model for the computer
vision system equipped with CMOS camera and laser illumination has been
developed.

The advantages of the method include the ability to obtain a set of vis-
cosity values in a given shear rates range in just one test; the duration of
one measurement is less than 1 s; a small volume of the test fluid is required
(1.87 ml); the homogeneity of the temperature and pressure distributions are
ensured.

The disadvantages of the method include the requirement for the type
of the test fluid, namely, it must have the ability to reflect light, i.e. be a
suspension with small particles (oils with various modifying additives, fat
emulsions, as well as physiological fluids); the viscometer has rotating parts
and complicated measuring system.

It is worth noting that, as with any machine learning method, training

data is required. On the one hand, this is a disadvantage, because for new
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fluids, the predictive model may turn out to be ineffective, but on the other
hand, it is possible to expand the training set and retrain the model according
to the transfer learning principle. Therefore, further research should be aimed
at expanding the classes of tested fluids and improving the accuracy of the

method.

6. Conclusions and further prospects

Theoretical basics of viscosity measurement methods are based on knowl-
edge of the strain-stress state in the fluid flow domain. In this work we ar-
gued theoretically and proved experimentally that the proposed torus shaped
flow domain of the inertial viscometer provides uniform distributions for the
shear rates on the torus surface, as well as the pressure and temperature
throughout the torus capillary. As the result, the number of assumptions
is minimized and the proposed method allows the viscosity measurement of
non-Newtonian fluids with viscous or viscoplastic properties. The challenging
problem of measurements inside the torus is solved by means of application
of the computer vision system and the speckle contrast imaging. The sys-
tem operates with natural suspensions or fluids with ultrafine additives of
relatively low viscosity (e.g. blood, urine, synovial fluid, water, glycerol, oils,
etc.). The obtained results demonstrate that the relative error of the pro-
posed method is less than 2% for the tested non-Newtonian fluid and less
than 0.5% for the tested Newtonian fluid. Future research should be aimed
at expanding the classes of tested fluids and the functionality of the computer
vision system for extraction of some additional information on the state of

the tested fluids.
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Appendix A. Equations of the mathematical model

Appendixz A.1. Derivation of the mathematical model equations
This section deals with Eq. (1)-(4). The equations of a fluid flow in a
toroidal channel are presented in a toroidal coordinate system (; (1), which

allows us to simplify these equations, as well as the boundary conditions.
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The main model assumptions are presented below:

- the velocity field has only one nonzero component V. = [[0 vy 0]] in
toroidal coordinate system;

- due to the symmetry of the flow domain, the pressure is a function of
two coordinates p = p(f1, f3).

Under the condition of medium incompressibility p = const the continuity
equation [78] in curvilinear coordinates f; has the form:

1 <6(01H2H3) + 8(1}2H3H1) + 8(113H1H2)
HlHQHg 851 852 853

) =0, (A.1)

where the Lame’s coefficients for the toroidal coordinate system J; have the
form [79]:
le 1,H2:B1C0863+R,H3:ﬁ1. (A2>

Then for the given velocity field V = [[0 vy 0]] the continuity equation (A.1)
in the toroidal system §; (A.2) takes the trivial form:
i(Hgvg) =0. (A.3)
9P
According to (A.3) the axial velocity depends on two coordinates: vy =
v2(B1, B3)-

The fluid motion equations are the Navier-Stokes equations [78] in curvi-
linear coordinates §; for an incompressible fluid (p = const) have the general
form 1!:

ov; v Ov; U,% 0H; vpv; OH; 1 Op
P =pfi—

ot " H,0p, HH, 05 | HyH, 05, 05
]_ ]_ a HlHQHgHZ‘ 81n Hm
+—= Sij) —Smm (a5, |
H; \ HiHyH3 0B, H; 0p;

(A.4)

'Here and below, we use the Einstein notation

44



where p is a density of fluid; H; are Lame’s coefficients [79]; v; are velocity
components; pf; are body forces which are neglected for the considered flow;
p is a pressure; s;; are stress tensor components.

Stress tensor components s;; can be expressed from the generalized New-

tonian hypothesis [21, 14] taking into account the incompressibility condition:
DO- = 2MD§,

where D, = [[s;;]] and D¢ = [[&;;]] are strain stress and strain rate deviators.
According to the Stokes formula, the components of the strain rate tensor

in curvilinear coordinates have the form:

1/1 0v; 1 0v 1 OH,; OHj, Uy Oln H;
ik = —< - ) (A.5)

— Tk 49
mon mon i U an s ) T a ag,

where 0;;, is the Kronecker delta.

According to the incompressibility condition, the deviator of the strain
rate tensor is equal to the strain rate tensor D¢ = T¢. Taking into ac-
count (A.3) the deviator of the strain rate tensor in toroidal coordinates (A.2)

has the form:

0 &2 O
De=| (& 0 &3l (A.6)
0 &2 O

_ __1(0v vy OH. _ _1(1 0Ov vy OH.
where {15 = &1 = 5(8—52; — i aﬁf) o3 = &32 = g(ﬁsﬁ - H2Ew§)- Then,
t

taking into account (A.3) and (A.6), the Navier-Stokes equations (A.4) have
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the form:

(9p 1 aHQ 2

0. "Hy 08,

s 1 [0, 9
”ﬁ—HmA%N“m@ mﬁHmO (A1)
8]) . 1 (9H2 2

98;  "Hy 08

where vy = v (hereinafter).
Under the condition of constancy of temperature properties in curvilinear
coordinates (3; the equation of convective heat conduction [78] has the form:

or v, OT N O ,H.H,OT
pCp(E * H_mﬁ_m) N HiHij 851( ;‘L 85,) + 201papa;

(A.8)

where C), is the specific heat capacity; 1" is the temperature function; A is
the thermal conductivity; p is the dynamic viscosity; &,, are components of a
strain rate tensor; E; ;& 1s the Levi-Civita symbol only for an even permutation
of (1,2,3).

Taking into account (A.3) and (A.6), the equation of convective heat

conduction (A.8) in toroidal coordinates has the form:

H,yHj

or A (a

oT 0 ,Hy, 0T
e = T, \ 95, 0

o5 Yo G og) ) 2SR + &) (A9)

Appendiz A.2. Dimensionless form of the mathematical model equations

The method of non-dimensionalization is presented in table (A.5). Di-
mensionless equations can be obtained by substitution of dimensional quan-
tities expressed through dimensionless quantities. For example, according to
Table (A.5), the dimensional coordinate (; has the form £, = rgl or the

dimensional temperature function has the form 7' = ATT + Ty, and etc.
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Table A.5: Dimensionless quantities.

Dimensionless quantity ﬁNl BNQ BNg ﬁz TPt T
Non-dimensional form % % % —HTQ(?{%_T) % p% % TA_YTO

Then, the Navier-Stokes equations (A.7) and the equation of convective

heat conduction (A.9) can be presented as follows:

—~ 9p 1 0H,_,

Fu— = = —0°, (A.10)
081 Hy+v 0B
v 1 0 ~ =~ 0 ~
ShRe— = —— — (H3(Hy+7)?8120) +00—((Ho+7)%323), (A.11
¢S H3(H2+7)2<8ﬁ1( 3(Hy+7)"512) 1/}853(( 2+7)"523), (A.11)

Fo P _ 1 Oty
0ps  Hy+y 0B3

oT 1 1 ( 9 oT , 0 (HQ+78T)>+

(A.12)

ShRe— =——=——= ~ ﬁ ﬁ = ~ ~ ~
“or " Pr iy (H,+ 1) 851( sl 2+7)a@1)+w853 Hy 0B

+ 2Ecﬁ(€f2 + 533)7

(A.13)

where Eu = py /(pV#) is the Euler number analogue (hereinafter the Eu-
ler number); Sh = r/(toVp) is the Strouhal’s number; Re = Vyr/no is the
Reynolds number; Pr = poC,/A is the Prandtl number; Ec = Vi2/(C,AT)
is the Eckert number; v = (R —r)/(2r), ¢ = 1/(2m) are the dimension-
less geometric parameters; o = &y = %(% — %ﬂg—%), oy = E3p =
%(;—% — #ﬂ%gj) are the dimensionless strain rate tensor components;

Sij = 2/75 are the stress tensor components; Vj = wR is the characteristic

velocity; tg is the characteristic time of inertial fluid flow to stop; AT is the
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Table A.6: Dimensionless terms of Eq. (A.14).

Inertial term Dissipative terms
v P2 o %W 0w ~
e} o S ou & v
ot 082 9B 0BZ 0B

ReSh [ 10° 470 10° 4% %72 472 471 4Py7h 4y

temperature change of the fluid; 7, is the characteristic kinematic viscosity;
p is the characteristic density.

Equation (A.11) can be written in detail:

o (025 ( 1 O0Hy, 1 0H;\ 0v 2 0%
+ + =—= +

ShReZ2 =i &2 _ 2y ) 9T
8ﬁ% Hy+~ 0B H3 0B,

N—

ot 0B HOR
e OHy o6 ( 1 (aﬁg)Q 1 OH, aﬁ3+
H3(Hy +)? 03 055 Hy +~v\ 0B Hs(Hy + ) 0By 0p,

Y2 (82f12 1 (afo)?))N
+ == — + = = v .
H3(Hy+~)\ 083  Hy+~y\09p;

Table (A.6) shows the dimensionless terms orders of Eq. (A.14). The

+

N———

(A.14)

dimensions of the channel are designed in such a way that the curvature of
the channel can be neglected. Namely, the geometric parameter is taken as
v >> 0.5 (see subsection 3.1). The term with the coefficient ReSh on the
left side of the equation has the highest order. With respect to this term in
Eq. (A.14), only two terms are significant (the first and third term on the
right side, see Table A.6). Then Eq. (A.14) can be written in a simplified

form:

~ v d , .~ O0v
ebh o on, (151 051) ( )
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Appendix A. Nomenclature

Operators and symbols

1,7,k

S

03

Ts = [0]
V=[5l
Vo = [52]
Vey=g

Vey=[5]ye V=[]
V'Ty:[[aij]]
A= 2

*

U, y

Geometry parameters

beta;

H1 = ]_, H2:61C0863+R, H3:

b
L

r, R
v=(R=7)/@2r), Y =1/(2r)

dummy indexes

Levi-Civita symbol only for an even
permutation of (1, 2, 3)

Kronecker delta

unit tensor

Hamiltonian

gradient of a scalar function
divergence

gradients of a vector function
divergence of a tensor

Laplacian

dimensionless and characteristic value,

respectively

toroidal coordinate system

Lamé’s coeflicients for a toroidal coor-
dinates

length (m)

radius (m)

dimensionless geometric parameters

Cartesian coordinates (m)
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Kinematic parameters

Te = [&5]
D¢ = [[Uij]]

€o

n

Static parameters

M

b

T, [[Jij]]
Dy = [s4]
Un? pn7 Tn
0o

Dynamic parameters

strain rate tensor (1/s)

deviator part of the strain rate tensor
(1/s)

mean strain rate (1/s)

velocity vector, (m/s)

angular velocity (1/s)

characteristic velocity

flow rate of fluid (m?/s)

torus rotation frequency (rpm)

kinematic viscosity of fluid (m?/c)

torque (N - m)

fluid flow pressure or negative mean
stress (Pa)

stress tensor (Pa)

deviator part of the stress tensor (Pa)
full, normal and tangential surface
stresses, respectively (Pa)

mean stress, og = —0;;/3 (Pa)
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s Ko

907 91

Dimensionless similarity criteria
Eu= po/ (PV5)

Sh=r/(toVo)

Re = Vyr/no

Pr = pCy/A

Ee=Vg/(C,AT)

Laser speckle contrast parameters

On

(I,) mean intensity in subdomain

dynamic viscosity coefficient (viscos-
ity) and mean viscosity, respectively
(Pa-s)

parameters of the Ostwald model
(u(€) = 0p6M71), 0, < 1 for pseudo-
plastic fluid

time (s)

characteristic time of inertial fluid flow
to stop

temperature change of the fluid
specific heat (J/(kg - K))
thermal conductivity (W/(m - K))

rheological function of state (Pa - s)

analogue of the Euler number
Strouhal’s number

Reynolds number

Prandtl number

Eckert number

intensity standard deviation in subdo-

main
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>

S = 2.44N(1 + M) f/#

Metrics

1 2 & k
MSE = %kz::lizl (ytruez‘( ) —
ypredi(k))Q

n 2
Z (ytTuei_ypredi)

n 2
Z (ytrueifytrue)

spatial speckle-contrast
imaging system magnification
camera lens aperture
illumination wavelength

speckle size

mean square error

coeflicient of determination

1 n 2
n Zl (yt"‘ueifypredi)
RSD = = — relative standard deviation
rue
1 n
n Z Ytrue; —Ypred;
==t mean relative error
Ytrue
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