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Thesis Summary

Real-world emerging systems are characterised by several challenges and high level of complexities,
such as stochasticity, nonlinearities, high dimensionality, and systems with coupling. The aim of this
thesis is to address these inconveniences in order to develop robust control algorithms for such real
engineered emergent systems.

The study in this thesis considered the development of the fully probabilistic (FP) framework that
addresses the main challenge of controlling real-world stochastic and uncertain systems. The proba-
bilistic framework characterises the dynamics of the system to be controlled in terms of probability
distributions which is a desirable approach to handle the stochasticity of dynamical systems. Non-
linearity of real-world systems on the other hand, hinders the derivation of analytic control solutions,
yielding expensive numerical computations. To address this problem, a transformation method has
been introduced to the developed FP control framework which facilitated the derivation of an analytic
solution despite the nonlinearity of the system dynamics. This method transformed the nonlinear state
function to another variant where the nonlinearities are preserved but have now been transformed to
a nonlinear affine state function. The inclusion of this novelty allows for the control of more realistic
systems which tend to be nonlinear.

Further advancement includes the extension of the developed nonlinear FP control method to
control large-scale complex nonlinear systems. This is achieved by decomposing the complex system
into small subsystems and then decentrally controlling each individual subsystem by a local controller.
Probabilistic message passing is thereafter used to coordinate between the subsystems constituting
the complex system, thus achieving the overall objective of the controlled complex system. This
decentralised control framework has further been advanced to consider several control objectives,
including regulation, tracking and formation control where the subsystems that constitute the overall

network rely on the probabilistic message passing approach to interact with each other.
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Chapter 1

Introduction

1.1 Overview of the Research Problem

Since the arrival of the modern era of mechanical and technological devices, many systems in the
real-world have not just grown in complexity but also dimensionality which raised many challenges
to modern control theory and its effectiveness in practice. Countless systems have evolved in nature
resulting in complex networks which are composed of a large assemblage of elements that interact
with each other. The concerning problems that accompany such large-scaled complex systems are
omnipresence, intrinsic nonlinearities, high dimensionality, coupling and the effects of high level of
uncertainties [1]. These challenging characteristics make the process of analysing, approximating,
modelling and particularly regulating real-world systems increasingly onerous [2], [3], [4]. Thus,
traditional control designs have been further developed and new control strategies have been intro-
duced to facilitate the control of these systems [5]. Uncertainties found within real systems were
studied profusely to ensure robustness is achieved during the control process [6], [7]. One approach
introduced to effectively handle this complexity was stochastic control theory due to its suitability in
dealing with uncertainty [8]. The theoretical framework consists of representing systems and their
environments by a stochastic model, and minimising the expected value of a cost function. Several
stochastic control strategies were introduced, one of which is the fully probabilistic control design
method [9]. This method is based on the minimisation of the divergence measure between two prob-
ability distributions named the Kullback-Leibler divergence (KLD). FP control design is found to be
very efficient in controlling stochastic systems through the derivation of randomised control solutions.

Nonlinear control is one of the most well-researched areas in the field where advanced control
strategies are required to assist the complicated nature of the systems which demand more rigorous
design specifications [10], [11]. Promising and popular optimal control approaches have been further

developed to extend it to nonlinear systems [12], [13], [14], [15]. However, the main limitations
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of some of these methods is the involvement of online-dynamic optimisation which results in com-
putational delay [11] and the requirement of linearisation techniques such as feedback linearisation.
Furthermore, optimal control methods have also been considered for nonlinear stochastic systems
[16], [17], [18], but were solved numerically and were hence, unable to provide analytic control
solutions.

To address the high dimensionality of complex systems, further control advances in the control
literature have proposed control strategies such as decentralised control [19], [20], [21] distributed
control [22], [23], pinning control [24], [25], probabilistic control [26], consensus control, [27], and
multi-agent control [28], to name a few. Nevertheless, some of these strategies are inadequate due
to the construction of the controller as a single-agent which is centralised and thus, means that the
global state of the control system must be completely observable and known. Another reason is
that some of the aforementioned decentralised control approaches rely only on disconnected and
imperfect information for the decision making process. Moreover, these developments are more
likely to ignore the uncertainty in a control process, and thus do not prove to be efficient in regards
to dealing with the features of complex networks. Therefore, to assist real systems and suit their
complex nature accordingly, more precise and intricate control designs are required. An approach
that is decentralised, does not assume accessibility to global knowledge and considers the stochastic
nature of the considered control system is required to solve these problems.

To re-emphasise, the issue of overlooking some properties of complex dynamical control systems
while focusing on controlling large complex systems results in non-optimal decisions being taken
leading to a less effective control strategy. Therefore, this thesis will investigate the development
of efficient centralised and decentralised probabilistic control algorithms that address many of the

aforementioned challenges of real-world dynamical systems.

1.2 Thesis Aims

In this thesis, the aim is to further research and develop the Fully Probabilistic Control Design in order
to make it applicable to a wider range of systems which can be found in the real-world. As mentioned
before, the FP control design has proven to be an appropriate control strategy to handle stochasticity
of dynamical systems. Evidently, disregarding the stochasticity and uncertainty in the dynamics of
the controlled system can result into poor performance, thus need to be considered in the derivation
of the control law. It is recognised that failure to acknowledge these sources of randomness may
lead to systems instability and robustness cannot be achieved. Therefore, this work will look at the

development of the FP control method such that it considers uncertain information in control systems.
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Moreover, the FP control design was originally proposed in a centralised way restricting its ap-
plication to large-scaled complex systems. Therefore, exploiting the information structure of such
complex systems within a FP control design framework would prove to be rewarding. This involves
the process of decentralisation to obtain subsystems that constitute the overall complex system. It is
then achievable to understand the behaviour of the complex system by comprehending the behaviour
of the simpler subsystems. However, it is key to find a method that allows the subsystems to interact
with each other to guarantee the global behaviour of the system is accomplished. In essence, the aim
is to meet the global objective of the complex control problem through enforcing local actions at the

subsystems that compose the complex system. This forms part of the work in this thesis.

1.3 Thesis Contribution

Further development and exploitation of the FP control design has led to the novel proposed control
approaches in this thesis. This contribution will enable the control design to be shaped in a manner
that will allow it to perform well for several types of large-scaled complex real-world systems. To be

more specific, the contribution of this work falls under

e The development of the FP controller design for nonlinear stochastic systems. Many real
world systems tend to be governed by nonlinearities. This nonlinearity of the systems, gener-
ally hinders the derivation of analytic control solutions of the controller and in particular in the
FP control framework. Thus, the extension of these control methods such that the nonlinearity
of the systems is considered without the need to linearise their dynamics, has been investigated
and developed in this thesis. This contribution ensures that the exact nonlinearities are pre-
served during the control process, thus, guaranteeing more effective control, and facilitates the
derivation of analytic control solutions of the FP control design. To clarify, the main contri-
bution in this part of the work is the derivation of an approximate closed form solution to the
optimal control problem for the case of nonlinear dynamics, albeit one that performs well in
simulations and is computationally advantageous. This has been achieved mainly following a
FP design approach and referred to as the generalised FP control design. This generalised FP
control design framework for nonlinear systems is further developed for a number of perturba-

tions to ensure real control problems can be solved in a probabilistic way:

— Generalised FP control algorithm designed for nonlinear stochastic systems affected
by additive noise. The analytic solution of the FP control design is facilitated through
transformation methods such that the dynamics of the nonlinear systems are expressed to

be affine in both the state and control signals (the state and control matrices are multiplied
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by the state vector and control input respectively). This novel development of the FP
control design is considered for the first time in this work where the system dynamic is

assumed to be affected by additive noise.

— Generalised FP control algorithm derived for uncertain nonlinear stochastic sys-
tems. The dynamics of real systems tend to be unknown and thus, the underlying physics
of the systems need to be estimated. The estimation process however inevitably leads to
functional uncertainty where the estimated and actual values will differ from each other.
Thus, this work has further developed the FP control approach such that the estimation
error between the estimated and actual values is characterised and used in the derivation

of the control signal to improve the control accuracy of the considered systems.

— Generalised FP control algorithm designed for nonlinear systems with multiplicative
noise. In the real world, systems are also influenced by multiplicative noise. Therefore,
a novel algorithm within the FP control design framework has been designed for such
systems and has been published in [29]. This work is based on our initial development of
the FP control design which considered linear systems affected by multiplicative noises
[30]. However, only the development for nonlinear systems will be discussed in this

thesis.

e Decentralised FP control algorithm for nonlinear systems. To solve large-scale complex
control problems, the FP control design has been further developed to consider the decen-
tralised compositions of nonlinear systems to ensure the control algorithm is adapted to the
decomposed structure of the network accordingly. The notion of probabilistic message passing
has been introduced for information to be exchanged between the subsystems according to the
information structure. Rather than deriving a global randomised controller, as was done for the
other algorithms for single dynamical systems, multiple controllers are developed to ensure the

subsystems are controlled and the global behaviour of the complex network is achieved.

This novel decentralised advancement involves a number of probabilistic controllers that con-
vey knowledge through probabilistic messages which allows the decomposition of the control
of the large complex network to achieve a group of smaller control subproblems. Each of these
small subproblems can be dealt with independently, meaning the analysis and implementation

of these can now be conducted individually.

o FP control algorithm for tracking control problem with stochastic reference for nonlinear
systems with multiplicative noises. A fully probabilistic control strategy has been designed for

nonlinear systems with multiplicative noises that require the tracking of a stochastic reference
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model.

e FP control algorithm for formation control for systems with additive noises. The decen-
tralised approach for nonlinear complex systems is further developed to extend it to formation
control problems. This designed algorithm is based on the tracking error and generated good
results when simulated for robotics examples. The control method was able to influence the

position of the robots and force them to form the desired pattern.

1.4 Outline of the report

The structure of the thesis is as follows:

e Chapter 2: Literature Review. This chapter presents some of the significant challenges found
in complex systems and the control approaches that have been introduced to address these
challenges in the control literature. The theoretical frameworks that are surveyed in this chap-
ter are: centralised control, distributed control, and decentralised control approaches. Within
each framework, some of the proposed control strategies such as the developments of adap-
tive, optimal and stochastic control, are presented. Furthermore, the Fully Probabilistic control
design is surveyed to demonstrate how this methodology can address the shortcomings of the
other discussed methods and the extent to which it can be exploited. This exploitation is based

on the limitations of the current FP control approaches which are discussed in this chapter.

e Chapter 3: Fully Probabilistic Control for Nonlinear, Stochastic, and Uncertain Systems.
In this chapter, centralised Fully Probabilistic control designs are developed for nonlinear sys-
tems. In these developments, the derived form of the controller was affected by the nature
of the stochasticity of the system and the consideration of functional uncertainty. Firstly, a
randomised control algorithm is derived for nonlinear stochastic systems that are affected by
additive noise. This method is then further extended such that the functional uncertainties of
systems are characterised and taken into consideration in the derived optimal nonlinear con-
trollers. Lastly, nonlinear systems affected by multiplicative noises is another class of systems
for which the solution to the FP control problem is established. The effectiveness of the cen-

tralised controllers for nonlinear systems is demonstrated through simulation examples.

e Chapter 4: Decentralised FP Control Design for Complex Systems. Decentralised con-
trollers within a FP control design composition are designed for nonlinear complex systems in

this chapter. It discusses how the decomposed subsystems interact with each other to ensure
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the global objective of the controlled system is achieved. The proposed method is illustrated on

a simulation study.

e Chapter 5: Decentralised FP Control Design for Tracking and Multi-Agent Formation
Control. The decentralised control approach is further utilised and extended to tracking and
formation control problems. Firstly, for tracking control, local controllers are designed such
that each subsystem follows its corresponding predefined stochastic reference. Secondly, the
design of controllers that allow subsystems to communicate with each other while controlling
themselves independently to form a certain pattern is demonstrated in this chapter. In addition,
the convergence of the developed optimal randomised controller for a formation problem is
analysed. Simulation examples are implemented for both control strategies developed in this

chapter to illustrate the practicality of these designs.

e Chapter 6: Conclusion and Direction for Future Work. This chapter will conclude this
thesis by summarising the contributions of the work developed throughout and the novelty of
the results achieved. Furthermore, some recommendations for future work is mentioned which

could prove to be fruitful for the field of control.

e Appendix A: Derivation of the FP Control Solution for Nonlinear Systems. This appendix
demonstrates the derivation of the conventional FP control solution for nonlinear systems with

additive noises derived in Chapter 3.

e Appendix B: Derivation of the FP Control Solution for Nonlinear Systems with Func-
tional Uncertainty. The second fully probabilistic control strategy derived in Chapter 3 which
takes functional uncertainties in nonlinear systems into consideration, is proven in this ap-

pendix.

e Appendix C: Derivation of the the FP Control Solution for Nonlinear Systems with Mul-
tiplicative Noise. This appendix provides the proof of the third method developed in Chapter

3 which considers nonlinear systems with multiplicative noises.

e Appendix D: Derivation of the Decentralised FP Control Design for Nonlinear Systems.
Randomised controllers are developed in Chapter 4 for nonlinear systems with additive noises
within a decentralised framework. The derivations of this control strategy are outlined in this

appendix.

e Appendix E: Derivation of the Probabilistic Message Passing Approach. The control de-

sign developed in Chapter 4 and 5 involves the probabilistic message passing approach such
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that subsystems can communicate with each other. This methodology is key in the design of
the decentralised fully probabilistic control design. Therefore, this appendix provides a detailed

proof of the probabilistic message passing framework in this appendix.

e Appendix F: Derivation of the Decentralised FP Control Design for Nonlinear Systems
with Multiplicative Noises. This appendix demonstrates the derivations of the FP control

solution for nonlinear systems with multiplicative noises within a decentralised framework.

e Appendix G: Derivation of the Randomised Controller for Tracking Control of Nonlinear
Systems with Multiplicative Noises. The derivation of the optimal randomised controller for
a tracking control problem which has been developed in Chapter 5 is outlined in this appendix.
The proof demonstrates how the control solution takes the multiplicative noises that affect the

dynamics of the nonlinear systems into consideration.

e Appendix H: Derivation of the Randomised Controller for Formation Control of Non-
linear Systems with Additive Noises. This appendix provides the derivations of the local
randomised controllers that aim to influence the dynamics of the controlled subsystems such
that they form the desired formation. It proves the advancement of the FP control design for

formation control problems given in Chapter 5.

e Appendix I: Convergence Analysis of a Decentralised Nonlinear System with Additive
Noises. This appendix shows the methodology of analysing the convergence of the developed
controller for formation problems in Chapter 5 for decentralised nonlinear systems with addi-

tive noises.
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Chapter 2

Literature review

2.1 Overview of Control Engineering

The behaviour of an engineering system can be affected by an external signal which is sent to ensure
the control aim of the system is achieved. This external signal is referred to as the control input to
the system. Control systems can be categorised as either being an open-loop or closed-loop. An
open-loop control system consists of predefined control inputs for a system that is assumed to be
operating in an ideal situation, meaning full knowledge about the system and its operating condition
is assumed and uncertainties are assumed to be absent in the system. The knowledge about the system
output does not play a role in determining the control inputs. As a result, any changes affecting the
system dynamics are not considered by the open-loop system, thus lead to a poor control performance.
In contrast, closed-loop systems exploit the information about the output variables of the system
by feeding it back which is reflected in the form of a more effective and appropriate control input.
This contributes to an accurate control performance where the closed-loop controller compensates for
uncertainty in model parameters and measurement noise in the system.

Nevertheless, it is fundamental to seek a mathematical model for the dynamics of a real control
problem to ensure the correct strategies are enforced to influence the behaviour of the system to
be controlled. The mathematical models used to express the underlying physics of the systems are
idealisations which means some model discrepancy is bound to be found. Thus, the challenges that
arise with real systems are in the form of uncertain elements from functional uncertainties due to
the dynamics being unknown or incomplete, or due to uncertainties from the environment in which
the systems are operating [31]. These uncertainties prevent the system from operating as expected if
they are not taken into account in the design of the system controller. Therefore, it is vital to have
control actions in place to correct the error signal which is the difference between the actual and

desired states of the systems. As can be concluded from the previous discussion, closed-loop systems
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posses the ability to correct the error signals and are therefore more suitable for real-world problems.
In addition, feedforward [32] and feedback control [33] are control strategies that take actions to
compensate for any effects that fluctuations, uncertainties and noises have on the dynamical systems.
Feedfoward control deals with the perturbation before it influences the expected performance and
output of the system. Thus, it needs to possess the ability to predict the effect of perturbations on the
output of the system. Consequently, when considering feedforward control, it is important to know
which external changes to regard as perturbations and how to prevent those from influencing the
system. Therefore, acquiring information beforehand about possible changes and disturbances is key
for this control method. Unpredicatable perturbations on the other hand can normally be considered
by designing feedback control strategies. It can be said that feedback control takes time to correct
the output of the plant as it waits for an error or deviation to occur before correcting it. However, it
is a very efficient control method in the long term leading to stability as early intervention prevents
the system from deviating to a greater extent. Feedback is the solution to automatic control where
reliance on human interference is not required. More calculated and informative decisions are made
due to the state variables being fedback. On the contrary, feedforward control is a method that aims
to make a system error-free, but cannot achieve this in reality due to the existence of uncertainty and
external noises which cannot be measured beforehand. To conclude, feedback control is therefore the
preferred method as large-scale complex systems in the real world contain many uncertain elements

which cannot be predicted in advance [34].

2.2 Centralised Control

A centralised controller requires full knowledge of the global state since it is in charge of managing
the entire system by influencing the behaviour of the system to ensure it performs as expected. Many
control strategies have been proposed and introduced in the control literature and have proven to be
effective. Some of these that have gained recognition in the field of control include stochastic control,
optimal control, and adaptive control, to name a few. The aforementioned methods are surveyed
in this section due to its increasing popularity and relevance in this thesis. However, as the size of
the network increases, a centralised controller will require a tremendous amount of computation and

processing power to prevent any performance and response time issues.

2.2.1 Optimal Control

The application of control systems are widespread and can be found in numerous fields. Some of

these include vehicle control systems [35], aircraft engine control [36], pharmaceutical manufacturing
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[37], and chemical systems [38]. From the aforementioned application domains, the significance of
obtaining controllers that operate to the best of their abilities can be realised. In other words, control
strategies that deliver optimal results are vital for the satisfactory operation of these systems. On
this account, *optimality’ needs to be defined in order to find such a control method. This can be
achieved by defining the task that needs to be conducted and specifying a mathematical formulation
that determines what can be considered optimal.

Optimal control theory is concerned with designing an optimal controller that finds a variable
for a dynamical system to influence the state variables over a given period of time. Given a set of
permissible inputs, the aim is to seek a sequence of control inputs that results in an optimal path for
the state variables. The optimal response of the system states is determined by a cost function which
is expected to be maximised or minimised.

Many techniques have been proposed to solve an optimal problem such as calculus of variations
[39] which is implemented to achieve the control trajectory that minimizes the performance index
by looking for the minimum value of a functional. A functional is a function of a function, and the
reason this optimal control problem deals with functionals is due to the fact that the state and control
trajectories are functions of time. In [40], a sequential estimation technique was proposed for nonlin-
ear systems of which the dependency was on the minimum least square measure which involved the
implementation of calculus of variations. However, the minimum least square criterion implemented
in [40] does not require information about the unknown inputs to the system and measurement errors
of the output. Thus, the control problem was redeveloped as a deterministic optimal control problem.
In addition, the derivation of the estimator includes linearisation using Taylor series.

The concept of optimisation is theoretically appealing but can be restrictive in terms of its appli-
cation due to being computationally expensive. Various strategies to solve optimal control problems
were introduced including iterative numerical methods such as dynamic programming [41] which is
a method that is widely used [42], [43] and has been further explained in Section 2.2.1. Some of these
iterative methods face the challenge of having to be used in an offline fashion, which is troublesome
for nonlinear systems due to not being able to respond and adjust rapidly to changes in its dynamics.

Achieving optimal control for nonlinear systems is a very challenging task within the field of
control as mentioned in [44]. A possibility is to transform the nonlinear optimal control problem
into the Hamilton-Jacobi-Bellman partial differential equation [45]. However, the practicality of this
approach is restricted due to the difficulties in its solution.

Primbs combined the generalisation of the Lyapunov method called Control Lypunov Functions
(CLF) [46] and Model Predictive control (MPC), also called receding horizon control, to achieve

nonlinear optimal control. The main aim of CLF is to provide information that is enough to produce a
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control technique for stability purposes [44]. For MPCs, the goal is to achieve optimum performance
[47]. MPCs adopts a moving horizon approach in order to strive for an estimation to the optimal
control problem in an online manner. MPCs have demonstrated their effectiveness for the computation
of systems which were capable to be computed online [48], [49]. However, the numerous benefits do
not imply that there are no concerns regarding stability and the application of it in practice, for which
research is still being conducted [50], [S51].

Furthermore, the integration of neural network methods with optimal control has also been con-

sidered in an attempt to achieve better performance[52], [53], [54].

Dynamic Programming

Dynamic programming (DP) is an optimisation method introduced to assist in solving multi-stage
decision problems [41]. It is a technique developed for computational purposes to ensure that the
principle of optimality is applied to decision sequences which describe an optimal control policy. The
output of the previous decision is used to assist with the decision to be made for future ones. In fact,
dynamic programming is based on the principle of optimality.

The principle of optimality considers an optimal policy which is described as follows: regardless
of what the initial state and decisions are, the decisions made subsequently must form an optimal pol-
icy following the state obtained from the first decision. Hence, the multiple decisions made following
the initial state need to be completed in an optimal manner. The principle of optimality reduces a
multi-stage problem to a sequence of single-stage problems, thus making the optimisation process
computationally efficient. Having constraints on the state and control input results into a reduction
of the number of permissible values to be searched which leads to a simplification of the process of
establishing the optimal solution. A direct comparison is made between all entries of the permissible

control law, thus, ensuring that a global optimal control law is guaranteed [55], [56], [57].

This method can be applied to deterministic systems which are systems where the initial state and
decision uniquely determine the next state. It can also be applied to stochastic models where the next
state value cannot be determined exactly due to the effect of noise [55]. Furthermore, dynamic pro-
gramming techniques are also used when implementing control strategies such as Linear-Quadratic
Regulators [58] (which is discussed in Section 2.2.1). The main problem with dynamic program-
ming is that it follows intensive search to find the optimal solution. DP implements the principle of
optimality in order to decrease the number of computations when finding the optimal control law,
yet systems with a high dimension can cause computational restrictions on attaining minimum cost.

Thus, the curse of dimensionality [59], [60] which is a set of problems that arise when working with
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high-dimensional data is another challenge that dynamic programming faces. This problem is a hin-
drance in the process of solving dynamic optimisation problems by backwards induction due to the

high dimensionality of the problem.

Dynamic programming involves the Bellman equation [41] which is a requirement for optimality.
A Bellman equation is a recursive equation and is also called a functional equation, as its solution
consists of finding the unknown value function. The value function is a function of the state that
returns the best value of the control objective. Calculating the value function also allows one to find
the policy function which is also a function of the state but gives the optimal action. Originally, it was
applied to discrete time control problems but was later applied to continuous time control problems
and referred to as the Hamilton-Jacobi-Bellman theory [55]. The problem that arises is that both the
computation and memory requirements of dynamic programming grow exponentially with the state

dimension [61].

Linear Quadratic Regulator

The Linear Quadratic Regulator (LQR) approach is an optimal control method introduced by R.
Kalman in 1960 which was extended from the work by Lyapunov [58]. This approach consists of
a linear system with a quadratic cost function and has been discussed abundantly in the control lit-
erature and applications [62]. The LQR problem can be solved analytically and the derived optimal
controller is described in a state feedback form which is simple and straightforward to implement.
The solution of the LQR problem includes the derivation of a Riccati equation which is explained
later and again, relies on the aid of dynamic programming to solve this optimisation problem.

Since the focus of this thesis is on the FP control design and includes variants of the Riccati
equation as part of the solution of the FP control problem, the LQR is discussed briefly due to its
relevance to the researched method in this thesis.

For a deterministic model with a finite time horizon, H = {0, 1, ..., N}, described by vector
xr = Axp_1 + Bug, where z;, € R" is the state variable, u; € R" is the control input, and A and B
are the state and control matrices respectively, the state feedback controller which is linear in the states
is given by uy, = — Kz where K, is the optimal control gain. The optimal controller minimises

a quadratic (in the state) performance index J; y(zx) = %az%Pm N + é Zﬁ:l vIQx, + vl Ru,,
where J; y means the cost associated from time 7 to time V. It is important to note that matrix () is
an n X n symmetric matrix, i.e. Q = Q" and positive semidefinite. Furthermore, matrix R is also an
r X r symmetric matrix, but positive definite, i.e. R = R”. Matrix P is an n x n symmetric positive

definite or positive semidefinite matrix. Matrices (), R, and P establish the significance of the error
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and the cost of the energies related to the state vector, control vector and the final state, respectively.
The optimal control law u};, the optimal control gain K}, and the Algebraic Riccati Equation solution

Py, are given by:

uy, = Kpxp_q, 2.1
Ky =—(B'P, 1B+ R)"'BTP. A, (2.2)
P,=ATP  A— ATP, \B(B"P,,1B+ R)"'BTP. 1A+ Q. (2.3)

This method has been extended to nonlinear systems but required linearisation of the dynamics to al-
low the application of the LQR approach [63], [64]. However, a nonlinear quadratic regulator (NQR)
approach has also been introduced in the literature which is based on the solution of a state dependent
Riccati equation [65], [66]. Essentially, the approach is motivated by the LQR formulation for linear
systems. The strategy involves the use of parameterisation to adjust the nonlinear system such that
it has a linear structure with state-dependent coefficient matrices. This is considered a linearisation
approach but is expected to perform better than the aforementioned Jacobian linearisation approach.
It updates the linear model approximation at each discrete time step.

The LQR optimal control law is designed for deterministic systems. However, stochastic systems
have been considered for the LQR approach in the control literature. Fisher et. al developed a LQR
control design for stochastic system which required the stochastic dynamics to be transformed into
deterministic dynamics but in higher dimensional state space [67]. However, an optimal control strat-
egy named the Linear Quadratic Gaussian control approach has been developed for linear stochastic
systems which is discussed in Section 2.2.2. In addition, Karny proposed the FP control design which
is an optimal control problem for stochastic systems [9]. A control solution was only demonstrated

to be derived for linear stochastic systems. A more detailed survey can be found in Section 2.4.

State Dependent Riccati Equation

Nonlinear dynamics can be represented by a linear form which consists of state-dependent coefficients
[68]. The dynamics given by z;, = h(xk_1) + g(xk—_1)ui can be described by the linear system state
equation x, = Axp_1 + Bug, where h(xp_1) = Azy—1 and g(zx—1) = B. Here, however, A and B
would not be constant and are instead state dependent. Once the system state is rewritten in a linear
structure with state-dependent coefficients, the SDRE can be solved. The name is derived from the

fact that some parts of the Riccati equations are state dependent.

Many methods have been developed which involve State Dependent Riccati equations (SDRE). It has
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been shown in [69] that solving an algebraic Riccati equation which evolves over time results into a

suboptimal solution of the infinite horizon problem.

2.2.2 Stochastic Control

Two concepts that have been widely investigated in control engineering are deterministic [61], [70]
and stochastic control theory [71]. Systems where the value of the output is exactly known given the
parameters and initial conditions are referred to as deterministic. On the other hand, stochastic con-
trol theory deals with dynamical systems that are affected by disturbances and random noise. These
systems behave in such a manner that the exact values of the state variables are unknown. Both,
deterministic and stochastic approaches aim to design robust controllers to guarantee that control sys-
tems perform satisfactorily, or practically optimally, even when knowledge about the system itself is
unavailable. Robustness is accomplished with the aid of a control strategy that achieves its purpose of
controlling the system dynamics despite the uncertain nature of the system. A great deal of effort was
spent on addressing and characterising the uncertainty with many researchers focusing on developing
robust control methods in a deterministic fashion [3], [72], [73], while others assumed that the ’actual’
system was a constituent of some domain centred around a nominal model on which the control de-
sign was based [74], [75]. It was therefore believed that prior information of the disturbance is known
[8]. Since the noisy and uncertain behaviour of systems tend to be unknown and unpredictable, this
assumption hinders the applicability to real problems. As a result, a coherent strategy to handle the
uncertain nature of the plant was suggested by introducing a probabilistic concept to the uncertainty
of the model, namely stochastic control theory.

The randomness of systems is of paramount importance in research and builds the foundation of
many studies [76], [77]. Hence, the focus of the study in this thesis is on the behaviour of stochastic
systems. The randomness found in such systems can be regarded as a mere complexity encountered by
systems which would have otherwise been labelled as deterministic. Nevertheless, stochastic systems
are a fundamental class of systems due to its practicality which has seen a thriving interest and has
considerably developed since many control strategies are concerned with the analysis, design and
control of such systems [78]. Standard stochastic control problems require the expected loss function
to be minimised with respect to the feedback control strategy [8] and are essentially managed by
implementing optimal control approaches.

Controlling a stochastic system is usually difficult as shown in the literature [79], [80] that de-
scribes the necessity of having significant memory and computation time. Thus, to deal with this
problem, linear stochastic systems with random variables from the Gaussian distribution were mainly

considered constraining the objective function to the mean or the variance of the stochastic output of
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the system [81], [82]. However, in practice, there exist systems with variables or noises that do not
belong to the Gaussian distribution. Hence, in those cases, the behaviour of the closed-loop system
cannot be described by merely the mean and variance of the output of the system [24]. A few tech-
niques have been proposed to control such systems. In 2009, one proposal involved the development
of a stochastic distribution control system [83]. The idea involves the modelling of a controller that
enables the probability density function of the output of the system to follow a predetermined ideal
probability density function. The second proposed technique involved the control of a closed-loop
probability density function [9], [84]. This allows the controller to impact the closed-loop behaviour
of the system. And lastly, there is the regulation of the tracking error probability density [85].

A recognised method in the control community is the Linear Quadratic Gaussian (LQG) control
approach that aims to find an optimal controller for linear stochastic systems affected by Gaussian
noise through the minimisation of a quadratic cost function. The LQG method is a combination of
LQR and the Kalman Filter. The Kalman filter is also referred to as a linear-quadratic estimator
(LQE). Attempts were made to generalise this approach to make it applicable to nonlinear stochastic
systems [86]. However, this approach requires the dynamics of the system to be linearised and a
further complication is that optimality in the LQG sense does not necessarily imply robustness [87].
Many proposed methods require linearisation of the system before or during the control process such
as discussed by He et al. [88] who attempted to retain the nonlinear characteristic of the system by
implementing online linearisation. Consequently, this gap in the literature motivated the research
on nonlinear systems. As such, this thesis discusses and presents an approach that preserves the

nonlinearities of systems and does not require the linearisation of the dynamics of such systems.

The mathematical approach to unravel the complexity in the form of uncertainties lies within the field
of probability theory which is a suitable means of handling stochasticity [89]. This is due to the ability
of probabilities to model uncertainty, lack of predictability and complexity. As a result, randomised
controllers have been developed to effectively handle uncertain systems with the aim to optimise the

expected value of a suitable cost function with respect to the feedback control approach [71].

As mentioned previously, the FP control design proved to be a promising method [9] where Karny
suggested to implement the probabilistic description of the closed-loop in the design model that needs
to be controlled. In FP control, a randomised control strategy is designed as opposed to many of the
control approaches where a deterministic control strategy is obtained. Since the dynamics of the
systems are characterised by probability distributions, it makes sense for the control law to be derived
as a distribution as well due to the fact that some statistical perturbations exist in the controller too.

This approach is further reviewed in more detail in Section 2.4.
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2.2.3 Adaptive Control

Adaptive control is a key branch in control theory that is concerned with the control of the output of a
system which consists of uncertainty in the parameters, structure and environment. Adaptive control
theory was originally described as an observer for single-input single-output (SISO) states of linear
dynamical systems with unknown parameters [90]. This has been extended to multivariable states
[91]. The field of adaptive control has evolved rapidly since the 1950’s with significant contributions
made by Astrom, Landau and others [92], [93], [94]. This theory involves the selection of a suitable
controller for an unknown system to identify all the unknown parameters of the system and estimate
the state simultaneously. The parameters of the model are estimated using rules that are referred to as

adaptive laws.

Within this field, there are two different approaches to adaptive control theory [95], [96]:

1. Indirect adaptive control: This approach considers the approximation of the unknown parame-
ters or state variables of the system which are then used to modify the control parameters [95],
[97], [98], [99]. In the literature, these type of systems have also been called self-tuning regula-
tors [92]. Indirect control is still being utilised, as shown in a recent paper that uses it for a class
of fractional order systems [100]. The model parameters are approximated using identification
laws, and as mentioned before, the control parameters are calculated using the approximated

model parameters.

2. Direct adaptive control: In this approach, the control parameters are estimated directly with the
objective to minimize some measure that calculates the error between the reference model
outputs and the plant [95]. This normally requires the determination of a set of differen-
tial/difference equations that characterises the error of the output in terms of a function of the
errors of the control parameters. For example, adaptive control laws are established in a form
of differential equations which outline the changes in the control parameters and are given as

functions of the output error [96].

Based on these two main adaptive control approaches, other forms of adaptive control have also
been proposed and discussed in the literature. One variant considers a combined direct and indirect
adaptive control strategy, yielding a method that utilises the advantages of the individual techniques

combined [101].

In the 1980s, further developments have demonstrated that under certain assumptions regarding the
model, it is possible to achieve global stability of the overall system by producing adaptive laws

whilst also obtaining an output error that goes to zero [102], [103]. However, since then, the main
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focus moved towards the robustness properties of adaptive control systems [99]. For the generation

of robust adaptive controllers, the following three elements were researched to a great extent:
a) the effect of external disturbances [104],
b) time-varying parameters [105], [106],
¢) unmodeled dynamics [107].

In addition, the Multilayer Neural Network [108], [109] have also been combined with adaptive
controllers for nonlinear dynamical systems as a method of estimating the dynamics of these systems
[110], [111]. It was demonstrated in [110] that the indirect adaptive control approach was preferred

for nonlinear control theory.

When the parameters of a plant are described as time-varying or uncertain, adaptive control methods
[112], [110] are applied in an online fashion to ensure a good tracking performance. Nonetheless,
these techniques do not prove to be efficient when dealing with more complex circumstances such as
a multi-variable function describing a plant or if the system demonstrates distinct modes of behaviour
during its operation [85]. A number of solutions to this problem have been suggested in [113], [114].
Furthermore, stochastic adaptive control is an effective technique to implement when considering un-

certain systems [115], [116].

Adaptive control is one of the most efficient and widely implemented methods for nonlinear dynam-
ical systems that are uncertain as well [117], [118]. Since a high degree of uncertainty exists in
complex systems which needs to be controlled, this has become a challenge that today’s control the-
orists are investigating [111]. Thus, it is advantageous to obtain a controller with the ability to adapt
itself and adjust the parameters accordingly to deal with this issue. Hence, this branch of control

theory seems to be extremely promising and the ongoing research within this field reflects this.

2.3 Large-Scale Complex Systems

The field of control is growing at a fast pace with research being conducted on real-world control
systems. Emergent engineering systems are classified as complex systems and are known as complex
networks due to their architecture which consists of various nodes interacting with each other at a
large-scale. The complexity makes it difficult to analyse, design and implement control techniques.
The challenges that surface in complex systems include high level of uncertainties, high dimension-
ality, and information structure constraints [1], [21]. For large-scale systems, knowledge about the

state of the entire system may not be obtainable. Nevertheless, there may be cases where information
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of the global state is available, but it would be unmanageable to control the system in a centralised
way due to the large scalability and highly complex nature which would require more processing
power [119]. Thus, to learn more about the overall complex system, it is necessary to consider local
information provided by the individual subsystems that constitute the complex system. However, not
only the information about the individual subsystems is required, but also information about their
interconnections. Many researchers have proposed various control strategies in an attempt to con-
trol large-scale complex systems that exhibit the challenges stated above [120], [121], [122], [123].
However, various developed methods seemed to be insufficient for the control of such systems as they
would either be managed by a single centralised controller that requires complete knowledge of the
global system which is challenging for large-scale systems or that the control algorithm is applied to
a decentralised system which consists of incomplete and disconnected knowledge.

Two of the strategies to analyse and control complex systems that are discussed widely in the con-
trol literature include decentralised control and distributed control. Although occasionally, the terms
distributed and decentralised control have been used interchangeably in the control literature, [124],
there exists a fine line between them. Decentralised control can be seen as a subset of distributed
control. The key difference lies between the way the control decision is made and how that decision
reaches other nodes in the system. Distributed control systems consist of various control loops that
are distributed all over the system. The control approach requires some interaction between the sub-
systems and decisions may still be made in a centralised fashion by a supervisory controller. This is
an efficient method as it reduces the cost and increases the reliability by having local controllers and
simultaneously ensuring the global objective is met with the supervision of the controller to which
the local controllers report. Moreover, when a single processor fails due to outage or experiences a
breakdown for instance, both, distributed and decentralised, control systems effectively diminish the
impact of this on the network due to the fact that control of other nodes in the network proceed as
normal. Only a small part of the network suffers from the technical disturbance.

It is key to consider the attributes of complex systems to realise the different challenges one can
face and how to handle them when solving the control problem. The high dimensionality complexity
can be resolved by decomposing the complex systems into subsystems and their interconnections.
Appropriate local control designs can then be derived for the updated decomposed system which
also consider the impact of the interconnections. There are decomposed process designs where the
coupled subsystems are strongly connected or designs with weakly coupled subsystems [125]. The
aim is to achieve a decomposition such that the sole responsibility of the designed local controllers
is to influence the behaviour of the corresponding subsystem it has been derived for. It can be said

that decomposition is a precondition for decentralised control in many cases. Numerous design tech-
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niques have been proposed to ensure a suitable decomposition of the complex system can be achieved
and more efficient and accurate decentralised controllers can be obtained. The notion of the various
decomposition strategies is to update the structure to ensure the controllers can be derived in such a
manner that they consider the interactions with the other subsystems. One way to obtain the structural
decomposition is based on the physical properties of the system [126]. This is however not always
achievable since there exist systems where no suitable weak coupling can be found. Therefore, nu-
merical decomposition has been suggested to accomplish the aim of generating more manageable
subproblems. Some of these decomposition approaches can be categorised as disjoint decomposition,
overlapping decomposition [127], [19], and epsilon decomposition systems [128], to name a few.
The disjoint decomposition has been used extensively since it results in disjoint subsystems and inter-
connections. Furthermore, overlapping decomposition is implemented for large systems where there
is some sort of intersection between the subsystems. With overlapping decomposition, the original
system that consists of strongly coupled subsystems is expanded into a higher dimensional system
but with weakly coupled subsystems. This concept has been applied in many fields to decompose the
system in overlapping subsystems such as mechanical systems [129], [129], electric power systems
[19], [130], [131], web winding systems [132] and many more.

There has been an increase in studies that focus on incorporating explicit knowledge of the inter-
connections in the control design and also on distributed control since it considers the communication
between subsystems. Most approaches to decomposing the system have been introduced with the aim
to augment the system with strong interconnecting subsystems to a system where the subsystems
are disjoint or weakly connected. However, this means that the controllers are designed based on
incomplete and disconnected knowledge. Consequently, numerous approaches have been exhausted
to preserve the communication links between subsystems. In [133], one such attempt was made by
Roberson et al. to deal with the decentralised control problem of a platoon of autonomous vehicles.
Each vehicle was fitted with an observer to estimate its own state and also the states of the vehicles
it communicated with. An observer based state feedback approach was implemented which allowed
them to access approximations of information that was not accessible via direct links. They exploited
the fact that each vehicle communicates with a common group of neighbouring vehicles which can
be referred to as a circulant network. This type of network results into a simplified system represen-
tation as it can be transformed to a convenient block diagonal form. The proposed method in [133],

however, is limited as it assumes a specific type of network.
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2.3.1 Distributed Control

Several distributed control strategies have been proposed to control complex systems. In [134], Kia
developed a class of distributed continuous-time coordination algorithms to achieve network optimi-
sation. However, the method requires some conditions to be met such as a connected graph topology
and globally Lipschitz gradients. The design parameters are computed offline and complexities such
as disturbances have not been considered. Furthermore, a distributed method for formation control
was suggested in [135] for multi-robots that communicate and share knowledge with their neigh-
bours. However, the dynamics of the robots are assumed to be homogenous and thus can not be
applied to systems that are heterogeneous. Another limitation is the constant velocity that is assumed
for the derivation which would prove to be problematic in case the speed changes abruptly resulting
in impracticable optimisation.

In [25], a distributed control framework was developed which involved the decomposition of
the large-scale complex network into subsystems for which individual probabilistic controllers were
derived. Each subsystem took the corresponding interaction with other subsystems into consideration
by treating the dynamics of the interacting subsystems as a measurable disturbance. The global aim
of the system is realised by the exchange of information between the subsystems which is achieved

through message passing. However, this method was solely developed for linear Gaussian systems.

2.3.2 Decentralised Control

The theory of decentralised control is a concept that solves complex large-scale control problems by
partitioning the problem into more manageable subproblems [136]. As a result, a single centralised
controller is not expected to control the entire plant but instead this task is indirectly fulfilled by
multiple independent controllers which are known as decentralised controllers. The control of the
interconnected dynamical system is achieved by controlling its subsystems and using knowledge that
is solely accessible locally. However, the challenge that needs to be addressed when designing de-
centralised controllers is that only limited knowledge about the global state of the system is available
[119]. Consequently, this would impact the stability of the overall system that is controlled by decen-
tralised controllers since the subsystems do not possess any information about the global state and the
behaviour of other subcontrollers.

Decentralisation reflects the information structure characteristics in the solution to the control
problem. This is achieved by considering decentralisation in the control law by incorporating knowl-
edge of the states and the command which allows independent implementation of controllers. In ad-

dition, the design process can also reflect the objective of decentralisation through the model and the
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aim of the design process. In that case, the derivation of control solutions are obtained independently
and are based on the individual design and model of the subsystems. The concept of decentralising the
design process is driven by various reasons which include subsystems that consist of weak coupling,
the objectives of subsystems are contradicting, or the system itself is of high dimensionality.

One of the fundamental issues that control theorists and analysts face with decentralised control
is the reliability of control systems in the presence of component failure. The solution to improving
the reliability of control systems cannot be obtained by the implementation of more reliable and
better performing components, but is achieved by considering the way the control systems handle
these complications [137]. Each subsystem within interconnecting dynamical systems possesses the
possibility of facing failure within the components due to for example a blackout, downtime or partial
degradation failure. An extensive amount of studies can be found on obtaining control strategies
that tackle this issue which highlights the requirement of considering this in the decentralised control
strategy [137], [138], [139], [140].

In a decentralised control system, each subsystem within the network derives a controller to in-
fluence its own behaviour without taking into account the behaviour of the other subsystems or their
controllers. The decentralised controllers consist of control systems that take place locally. Usually,
the subsystems do not posses complete global system knowledge and their controllers are only con-
cerned with controlling the individual subsystem [141]. In case of a technical disturbance, only a
small fraction of the network suffers from it. On the other hand, not considering information about

other neighbouring subsystems could result in failure to meet the global state objective.

2.4 Fully Probabilistic Control

The similarity between one probability distribution to another probability distribution can be obtained
by various divergence measures that have been developed and researched such as Jensen difference
divergence [142], Kullback Leibler Divergence (KLD) [143], Jeffreys divergence [144], Kagan’s di-
vergence [145] and considerably more. A very popular divergence measure for probability distri-
butions is the KLLD which is computationally advantageous and a convenient statistical measure to
describe the "distance" or "divergence" between two distributions since many distributions can be
expressed as exponential functions. In [9], Karny proposed the FP control design which is an optimal
control method, i.e. minimises a cost function that is based on the KLD. This section is specifically
dedicated to the current state-of-the-art that has been produced on the FP control design. The scope
to further develop this control method proves to be propitious and is therefore the chosen approach in

this thesis.
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It was suggested by Karny [9] to seek a control design in which the derivation of the controller
is based on the characterisation of the joint probability distribution of the closed loop control sys-
tem. Since the considered systems are stochastic in nature, the theory of probabilities is a suitable
approach to handle them. This adaption of the description of the closed-loop enabled the shift from
the common minimisation of the expected value of a data-dependent cost function to the minimisa-
tion of two joint probability distributions using the KLD [143], [146]. The proposed control design
involves minimising the discrepancy between the actual joint probability distribution and the ideal
joint probability distribution of the closed-loop system. The developed framework is called the Fully
Probabilistic Control design which allows the derivation of an explicit form of the optimal controller.
The solution of the optimal control law is presented as a probability density function (pdf) [24]. In its
original form, the FP control design provided an explicit solution for stochastic systems with additive
noise that can be described by any arbitrary probability density function, but was only demonstrated
on linear Gaussian systems. Over the years, however, monumental progress has been made on the
FP control design. In [147], the design of the FP controller is generalised by extending it to a Gaus-
sian class of linear uncertain stochastic systems of which the dynamics are unknown and the model
discrepancy is considered in the design of the control law.

On the other hand, dynamical systems with multiplicative stochastic disturbances have recently
received a great amount of attention due to the extension of the application domain to fields such
as image processing systems [148], [149] in ultrasound and laser imaging, biological motor systems
[150], [151], and aerospace engineering systems to give a few examples. In fact, there are many key
problems in chemistry, biology, ecology, economics, physics, and engineering which involve multi-
plicative noise instead of additive noise [152], [153], [154], [155], [156]. Hence, the consideration
of multiplicative noise in real-life engineered dynamical systems is of paramount importance. Unlike
additive noise, the second moment of the multiplicative noise is not constant, but rather dependent on
the state of the system. Essentially, this creates complications and makes the research more challeng-
ing [157]. Consequently, many approaches have been developed in the literature for systems affected
by multiplicative noises including the linear matrix inequality (LMI) approach [158], [159], [160] and
the Riccati equation [161] to name a few. However, none of the aforementioned considered a fully
probabilistic approach. To ensure the FP controller can also be applied to linear systems affected by
multiplicative noises, the control framework was further developed in [30].

In addition, FP control design methods have mostly focused on demonstrating the control so-
lutions for linear and quadratic control systems [9], [30] since the derivation of an analytic control
solution for nonlinear systems cannot be obtained in a FP framework. This is due to the nonlinearity

of the parameters of the probability density functions that characterise the system state and control
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input. As a solution, nonlinear control problems have been solved numerically within a FP control
framework in [17], without the requirement of linearisation of the system dynamics. Furthermore, in
[17], the discussed control design is proposed for nonlinear stochastic systems affected by functional
uncertainties using the probabilistic dual heuristic programming (DHP) adaptive critic approach.

Despite, the many advancements, a closed form control solution to the FP problem had not been
developed for nonlinear systems. The hindrance to the derivation of an analytic solution and how to
address it is one of the contribution of the work in this thesis which has appeared in [29] and will
be explained in the next chapter. This extension allows the Fully Probabilistic control design to be
applied to a wider class of real systems as the physics of many real-world systems are affected by
multiplicative noises and governed by nonlinear dynamics [148], [150].

Much work has been done to further extend the FP control design to consider various aspects of
stochastic and uncertain systems [147], [18], [162], [30]. The original FP control design method was
derived by assuming the dynamics of the system are known [9]. The approach was further developed
for systems with unknown dynamics by Herzallah [147] and a generalised randomised controller that
considers functional uncertainty was derived. The paper recognises the existence of functional un-
certainty which is unavoidable and arises from the poor modelling of complex systems of which the
dynamics are unknown. It considers an intelligent control technique that incorporates functional un-
certainty in the optimisation of the randomised controller. This method was shown to be effective
in improving the performance of the stochastic controlled system which was also assumed to have
unknown dynamics, and were thus estimated online. The consideration of functional uncertainty in
the design of the randomised controller yielded less transient overshoot due to the development of a
cautious controller. The proposed method in [147], however, was demonstrated on linear stochastic
systems. Consequently, the work in this thesis considered the extension of this method to systems
governed by nonlinearities as can be seen in the discussion of Chapter 3. The proposed adaptive
control method in Chapter 3 is more complicated due to the estimation process of the nonlinearities
of the system dynamics, increasing the intensity of the estimation error, and making the consideration

of functional uncertainty of paramount importance.

The FP control design was originally proposed in a centralised way [9]. It was soon realised by
Herzallah et al. that the FP control framework needs to be adapted to ensure large-scale complex
systems can be controlled using the FP control design. The pinning control method was suggested for
large-scale systems [24]. However, the control strategy involved the design of randomised controllers
that pin or control a few nodes in the network, and therefore still follows a centralised architec-

ture. Further development of the FP control design within a decentralised framework was proposed
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for large-scale complex linear systems in [25]. It decomposes the system into smaller subsystems
which makes it more manageable to control. The individual subsystem considers its own dynamics
and obtain knowledge about the dynamics of the interacting subsystems as an external observable
disturbance. The interaction between the subsystems is achieved via probabilistic message passing.
Having information of the other interconnecting subsystems in the form of external observable dis-
turbances as part of the dynamics of the subsystem improves the control reliability. For example, if
some part of the system experience failure, the system can still predict information about the other
subsystems. Nevertheless, as real complex systems tend to be nonlinear in nature, this probabilistic
design approach has been further developed in Chapter 4. In addition, the FP control design has not
been demonstrated for a formation control problem. Hence, this gap and its solution are discussed in

Chapter 5.
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Chapter 3

Fully Probabilistic Control for Nonlinear,

Stochastic, and Uncertain Systems

3.1 Introduction

Many engineered dynamical systems in the industry are fraught with a variety of uncertainties which
have a direct impact on the dynamics of the systems. These disruptions affecting the performance
of the system could come in many forms such as functional uncertainties, noises and disturbances
caused by the surrounding environment or operating conditions. The aforementioned complexities
have made the designation and derivation process of an optimal controller more challenging. From
the literature, it can be established that many branches within control are proposed with the aim
to manage uncertainties in order to optimise the performance of the control systems resulting in
robustness and allowing near optimal control of real world applications that operate under noises and
functional uncertainties.

As such, the focus of this PhD is on stochastic systems since they consider noises and uncertain-
ties in the dynamics. Due to these noises, the exact value of the state cannot be determined at the
current time step. However, the probabilistic description of the state can be obtained for which it is
then required to derive a controller that handles the probabilistic nature of the system. For the regu-
lation problem of stochastic dynamical systems, a control method was developed following a Fully
Probabilistic control framework [9]. This approach considers the full distribution of the stochastic
system dynamics for the derivation of randomised controllers. Further advancements to the FP con-
trol method consider various aspects of stochastic and uncertain systems [30], [147], [162].

Despite its effectiveness in dealing with stochastic systems, an analytic control solution using the
FP control method can be obtained for linear and Gaussian systems only. The nonlinearities of the

parameters of the distribution of the system dynamics on the other hand, means that control solutions
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for nonlinear systems need to be obtained using numerical methods. Additionally, the Fully Proba-
bilistic Design in its original form considers systems with additive noises only [9] which makes the
application of it to real-world systems limited as many systems in reality are affected by multiplica-
tive noises as well. Thus, in [30], we considered linear stochastic systems affected by multiplicative
noises. The developed method is referred to as the generalised Fully Probabilistic control design as
the resulting solution consists of a generalised Riccati equation that has additional terms due to the
involvement and consideration of multiplicative noises in the stochastic system.

To address the aforementioned challenges, a novel approach that considers the nonlinearities of
the system dynamics is demonstrated in this chapter. Unlike many methods in the literature [88], the
proposed approach does not require the system to be linearised and sustains the nonlinear peculiarity
of the system. Furthermore, this chapter will exploit different types of noises and uncertainties found
in real-world systems and propose a probabilistic controller which takes these inconveniences into
consideration.

The structure of this chapter is as follows: Section 3.2 discusses the objectives of the FP control
design and briefly describes the conventional FP control design as discussed in [9]. Section 3.3
focuses on the development of an analytic solution of the FP control design for nonlinear systems
with additive noises. Section 3.4 describes how to include knowledge of functional uncertainty in the
derivation of the randomised controller in a FP control framework. Section 3.5 discusses the design
of an optimal randomised controller that considers multiplicative noises which have an impact on the

dynamics of nonlinear systems. Section 3.6 concludes this chapter.

3.2 Fully Probabilistic Control Design

A control strategy is implemented to control the state of a dynamical system to a predefined desired
state. It is to ensure and guarantee that the system behaves as expected making it crucial for the
control problem and the dynamics of the stochastic system to be understood. Since the governing
dynamics that describe the states of a dynamical system are usually unknown and affected by noise,
the stochasticity of the system only allows the probability distribution of the states to be estimated.
Therefore, the objective and formulation of the control problem needs to be adapted accordingly. This
signifies that the controller is required to reflect the probabilistic framework in which it is operating.
The Fully Probabilistic Design is an optimal control method that is based on the minimisation of
a predefined performance index for systems described by probability distributions. This performance
index is derived from the Kullback-Leibler Divergence measure which is the foundation of the FP

control design. The KL.D, defined in (3.1), measures the distance between the actual and ideal joint
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probability density functions,

f(D)
o7 1174 = [ foym (L) ap, G
F1(D)
where D = {x1,...,xH,u1,...,un}, with z and u being the state and control input vector respec-

tively, and H is the control horizon. The FP control design minimises the KLD given in (3.1) by
designing a probabilistic controller that brings the actual joint pdf f(D) of the closed-loop system

closer to the ideal joint pdf f!(D) of the closed-loop system.

A stochastic system is characterised with the inputs u; and measurable states x, and expressed in dis-
crete time steps k = {1, ..., H}. It is assumed that the behaviour of the system state xy, is represented

by a known conditional pdf and is given by,

S(ij”l,Lk,ZL'k,l), (32)

with x;, being the state of the system at time step k. Furthermore, the probabilistic controller which

needs to be derived is described by the probability distribution given by,

c(ug|rp—1), (3.3)

where one can notice the dependency of the controller on the state. This is a valid assumption given

that the states are directly observable.

To re-emphasise, the objective of the FP control design is to control the joint pdf of the system
dynamics and controller to a predefined desired joint pdf. This objective can be achieved by design-
ing a randomised controller ¢(u|xr—_1) that minimises the discrepancy between the joint distribu-
tion of the system state and control input, f(zx,ur|xr—1) and a predefined ideal joint distribution,
f1(xg, ug|zr_1) . Using the chain rule for probability density functions [163], f(x,ux|Ts_1) can

be factorised as follows,

[ (@, uplzp—1) = s(xplug, xp—1)c(ug|er—1). (3.4)

Similarly, the ideal joint probability distribution of the closed-loop system can be factorised as fol-

lows,

Flap, uplep—1) = 8" (ag|up, vp_1)c! (ug|zr_1), (3.5)
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where s’ (zk|ug, xx—1) represents the ideal distribution of the dynamics of the system state, and
c!(ug|zp_1) is the ideal distribution of the controller. The minimisation of the KLD is attained
by finding a probabilistic control law, c(ug|xg—1), which regulates the actual closed-loop system,
f(xp, ug|zr_1) stated in (3.4) and brings it as close as possible to the ideal joint probability distribu-
tion of the closed-loop system, f7(xy, u|rr—1) as defined in (3.5).

The minimum cost-to-go function that minimises equation (3.1) with respect to the admissible

control sequence, uy, is given by the following recurrence equation [162],

C(y(zp)) = min / s<wkluk,wk_1>c<uk|xk_1>[m( s<xk\Uk,mk1>c<Uk\xk1>>

{c(uklzr—1)} sT(zg|ug, xp—1)c! (ug|xK—1)
Partial cost
= () ]dm,uk), (3.6)

—_——
Optimal cost-to-go

where — In(vy(xx_1)) is the expected minimum cost-to-go function. The equation given in (3.6)
equates to the recurrence equation of the dynamic programming solution to the control problem. A

more detailed derivation of the cost-to-go function can be found in [162].

3.2.1 General Solution to the FP Control Design Problem

Following the discussion above, it is now possible to obtain a general optimal solution for the FP

control problem as shown in Proposition 1.

Proposition 1. The minimisation of the cost-to-go function (3.6) with respect to the control law,
c*(ug|rp—1) results in the designation of the optimal controller. This yields the following optimal

randomised controller,

! (ug|zr—1) exp[—B1 (wp, wp—1) — Ba(uk, —1)]

C*(uk|xk—1) = ’Y(xk;—]_) 3 (37)
where

Br(up, Tp—1) = /S(xk |k, Tp—1) (hl sz(z:k“i;:’zkk__ll)))dxia (3.8)

Ba(uk, xp—1) = —/8(9% [ug, —1) In(y(zp))dos, (3.9

Yonr) = [ ¢ unbonos) explr(ug, o)~ Balun,zi1)ldua. (3.10)

Proof. The details of the complete proof of the performance index — In(y(zx_1)) defined in (3.6)

and the optimal control law ¢*(uy|zg—1) given in (3.7) - (3.10) can be found in [162], [9]. d
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Equation (3.7) provides the general solution of the randomised controller for arbitrary probability
density functions of the system dynamics and controllers. However, it is important to note that the
randomised optimal control solution only allows an analytic solution to be evaluated for systems that

are characterised by Gaussian distributions and are linear as will be demonstrated in the next section.

3.2.2 Solution of FP control for linear systems

This subsection gives a brief insight into the solution of the conventional FP control design for linear
dynamical systems which may be used for comparison purposes with the methods developed and
explained in the subsequent sections in this chapter.

Consider the discrete time linear stochastic system with additive noise represented by the follow-
ing model,

T = Axp_1 + Bug + €, 3.11)

where z;, € R" is the system state, ux € R™ is the control input, A € R™*™ and B € R™*"™ are
the state and control matrices, respectively. The noise defined by ¢, is assumed to have a Gaussian
distribution with zero mean and covariance . Under the assumption that the noise affecting the
system is Gaussian noise, the stochastic linear model in (3.11) can be characterised by the following

Gaussian probability density function conditioned on previous state and control input,

S(xk]uk,xk_l) NN(.Tk,E), 3.12)

where,

T = Axp_1 + Buy, (3.13)

is the mean of the system and . is the global covariance. Although the distribution of the system
dynamics is assumed to be Gaussian in (3.12), any other distribution could have been assumed. If a
different distribution to the Gaussian one is assumed though, the analytic solution as will be obtained
here might not be possible. The ideal probability distribution of the system state which represents the

desired behaviour of the system is given by,

s' (xp|up, mp—1) = N(0,5). (3.14)

The mean equates to zero since a regulation problem is considered where the aim is to reach state
zero. In this section, the covariance matrix X of the ideal distribution is assumed to be equal to
the covariance matrix of the controlled system and the random noise affecting it. However, this

covariance matrix of the ideal distribution is generally a design parameter that can be specified based
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on prior knowledge we have on the noise affecting the system. For example, if the noise is known
to be constant and state independent, the covariance matrix of the ideal distribution can be set to be
equal to the one estimated from the data as will be discussed in section 3.3.2. For systems that are
affected by state dependent noise, the covariance matrix of the ideal distribution can be specified to
be very small, as will be seen later in this chapter and in Chapters 4 and 5 (Sections 4.8.1, 5.3.1),
since this noise can be controlled and minimized. Otherwise this covariance of the ideal distribution
can be determined from the constraint of the system as discussed in [164]. Furthermore, the ideal

distribution of the randomised controller is described by,

! (ugzr_1) = N(0,T), (3.15)

where the mean is zero and I' determines the permissible range of control inputs for a given confidence
level.

The analytic solution of the FP control problem for linear systems that are described by Gaussian
pdfs can be found in the following proposition. It is referred to as the conventional FP control design

in this thesis and was originally demonstrated by Kéarny [9].

Proposition 2. The randomised control law for the linear system described by the distribution in

(3.12) and the ideal pdfs of the system state and controller expressed by (3.14) and (3.15) respectively,

is given by,
¢ (uglrg—1) = N(pg, Bi), (3.16)
where,
pr, = — Kpwp_1, (3.17)
K, =C'+ BT +GuB) BT (27 + Gp)A, (3.18)
-1
Ry, :(r—l + BT (x4 Gk)B> . (3.19)

The quadratic cost function implemented to obtain the designed randomised controller in (3.16) is
given by,
—In(y(zy)) = 0.5z}, Gray + 0.5w, (3.20)
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with,

Gr_1 :AT{(E—l +Gp)— 1+ GBI+ B2+ GBI 'BT(x 7 + Gk)}A,
(3.21)

wy—1 =wy, + tr(GyE) + ||+ In (BT (S + Gy)B+T71), (3.22)

where Equation (3.21) represents the discrete time algebraic Riccati equation (DARE) and wy_1 in
(3.22) is some constant term that has no dependency on the state. The derived optimal controller
described by (3.16) is a Gaussian distribution with mean ;. given by (3.17) where the control gain,

K, is expressed by (3.18) and covariance Ry, is defined by (3.19).

3.3 Generalised Fully Probabilistic Design for Nonlinear Systems with

Global Variance

The FP control design has been demonstrated for various scenarios, primarily linear and quadratic
control systems [9], [147], [30], [165], [25], [166], yet the derivation of a closed form control solution
has failed to be demonstrated for nonlinear systems [29]. Research on the FPD for systems governed
by nonlinearities has been conducted in the literature, but the proposed methodologies consist of
numerical solutions [18], [17]. The hindrance of the achievement of an analytic control solution is
due to the nonlinearity of the parameters of the pdfs that describe the system state and control input.
Consequently, this section proposes a novel approach for the derivation of analytic solutions of
the randomised controllers for nonlinear systems. The derivation of analytic control solutions is
facilitated by the means of transformation methods. This will be shown to be achieved through
transforming the nonlinear state function to another variant where the nonlinearities still exist in the
state but have now been transformed to a nonlinear affine state function. The introduced novelty
allows the FP control design to be extended to more realistic control problems that are characterised

by nonlinearities, and does not require linearisation of the systems.

3.3.1 System Description

In real-world, many systems are governed by nonlinear dynamics. As such, a class of nonlinear
discrete time dynamical stochastic systems are considered which are described by the following state

space model,

rp = h(wp_1) + g(wp_1)up + e, (3.23)
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where k = 1, ..., H denotes the discrete time step, x € R" describes the state, and ug € R™ is the
control input to the system. Also, ¢ € R™ is a Gaussian noise with zero mean and fixed arbitrary
covariance, 3. The nonlinear state vector and control matrix are represented by ﬂ(mk,l) € R" and
g(xk—1) € R™™, respectively.

To re-emphasise, for the nonlinear system (3.23), the presence of the noise ¢ means that the previ-
ous state and current control input specify the probability distribution of the present state, s(zy|uk, Tx—1)
rather than their actual values. To clarify, given the assumption that € is a Gaussian noise, the distri-
bution of the present state of the nonlinear system (3.23) can be characterised by a Gaussian distribu-
tion with mean given by, iz(xk_l) + g(wx_1)ug and a global covariance matrix given by . However,
this nonlinearity of the parameters of the distribution that characterises the dynamics of the nonlinear
system (3.23) means that the optimal solution of the randomised controller given in (3.7) can only
be obtained using numerical methods, and an analytic or closed form solution of the randomised
controller can not be obtained. Therefore, the derivation of the randomised controller will be facili-
tated by first transforming Equation (3.23) such that it becomes nonlinear affine in the system state to

obtain:
T = h(p_1)Tp-1 + GlTr—1)uk + €, (3.24)

where ﬁ(mk_l) = h(zp_1)Tp_1.

The matrix A is defined as follows,

hii(zg—1) ... hin(zr—1)
h(zp—1) = : : : (3.25)

hnl(xk—l) hnn(xk—l)

The stochastic evolution of the system state defined in Equation (3.24) can then be captured during
the control process by estimating its generative distribution, s(xy|rg_1, ux), from the observed data

as will be explained in the next subsection.

Definition 3.3.1. Suboptimal solution to the nonlinear FP control design: The FP control approach
for obtaining a suboptimal solution of nonlinear control problems (such as Equation (3.23)) can be

obtained using the following definition:

1. Use transformation methods to bring the nonlinear dynamics to the nonlinear affine dynam-
ics. For example, for the formulation in the current section, transform the nonlinear equation

in (3.23) to the nonlinear affine dynamics in (3.24).
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2. Solve the equations provided in Proposition 1 to obtain the closed form suboptimal solution at

each discrete time instant.

3.3.2 System State Estimation

Since the physical description of most real-world systems is unknown, the proposed adaptive control
method in this section will utilise neural network techniques to estimate the dynamics of the controlled
system. To be specific, the Multilayer Perceptron (MLP) is implemented to predict the probability
distribution of the system state variables.

Firstly, it should be noted that the dynamics of the system are unknown. The only data available
to us is the measurable state x; and the input to the system defined as ug. Furthermore, a prior
assumption about the dynamics of the system is that it is governed by affine nonlinearities. This
means that in (3.24), the state x;_; is multiplied by a matrix ﬁ(xk_l) whose elements are nonlinear
functions of the state and the control input is multiplied by a control matrix g(zx_1), whose elements
are also nonlinear functions of the state. Based on these assumptions and the data available to us, the

conditional mean of the system dynamics can be approximated using a MLP neural network.

Throughout this thesis, a three-layer MLP perceptron neural network is assumed. The three layers are
the input layer, the hidden layer, and the output layer. The nonlinear activation functions of the hidden
layer could be taken to be any of the known activation functions for instance the sigmoid and tanh
function. Once the structure of the MLP is defined, this neural network model can be used to provide
a prediction for the conditional expectation of the system state as shown in Fig 3.1. The output of the
MLP provides an estimation for the conditional expectation of the actual state of the system defined

in (3.24) and is given by the following equation,

&y, = mlp(xp_1),

= h(zp—1)Tp—1 + g(Tp—1)u, (3.26)

where h(z_1) and g(xj_1) are the estimates of the actual state, h(x;_1), and control, §(x;_1), ma-
trices respectively. The parameters of the MLP model (3.26) are optimised online at each instant of
time by computing the sum of squares error between the actual state values xj as obtained from (3.24)
and the estimated 2, as obtained from (3.26). The details of this online optimisation (parameter esti-
mation and control of the system are done simultaneously with each time step) is given in Algorithm
2. However, to improve the convergence property of the neural network model, it is pre-trained offline
using some generated data from the system equation as explained in Algorithm 1.

Therefore, once the estimation has been completed, the following stochastic model can be gener-
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Figure 3.1: The input layer consists of the state vector xj_1, the hidden layer consists of the elements
of matrix h(zp_1) and g(zx—_1), and the output layer consists of the state values Zj. DL is the delay
line. In the diagram, an example of an activation function, namely the tanh function, has been given.
There are, however, a variety of activation functions that can be selected.

ated,
TR =Tk + ep_1, (3.27)

where the residual error of the output of the system is characterised by the last term eg_;. It is stated
in [162] and [167] that the error e;_; can be shown to be close to Gaussian random noise with zero
mean and an input dependent covariance matrix, 3. This is a well-known finding which states that
if the approximation model accurately approximates the system behaviour, then the estimation error
will be very small and close to a Gaussian noise [168]. This covariance matrix >, indicates the
covariance of the error in predicting state xj, and is calculated by considering the residual value of the

error between the actual and estimated state values,
S . A \T
Yk = (zp — Tp) (T — 1) (3.28)

To clarify, ¥, here is input dependent, meaning it can be computed for each state variable. However,
using the process outlined in [162], the global covariance Y; can be estimated by averaging over all

the input values,

Sy = E [(zx — )z — 21)7] (3.29)
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where E(.) represents the expected value. To elucidate, the computation of the global covariance
matrix is achieved by adding up the input dependent covariances, > and dividing it by the length of

time.

Consequently, according to the universal approximation property of neural network models [168], the

conditional distribution of the system state at time & can be represented by a Gaussian distribution,

s(zpluk, Tr—1) = N (&k, Zp), (3.30)

where the mean, Zj, is defined in (3.26) and X, is the global covariance matrix given in (3.29). As
mentioned earlier, a Gaussian distribution facilitates the derivation of a closed form solution to the

randomised controller.

Algorithm 1 Algorithm for Training MLP

I: procedure PRE-TRAINING OF THE MLP FOR THE ESTIMATION OF THE NONLINEAR DYNAM-
ICS AND THE GLOBAL COVARIANCE
2: Generate a vector of length L of control inputs to excite the system equation and cover all
operation range
Generate a vector of length L of random noise, €.
Initialise the state at time k = 0 to a certain value, z(k = 0) = x.
fork=1:1L
Use Equation (3.23) to calculate the next state value, ﬁ(mk_l)xk_1+§(xk_1)uk +e€) — T
End for
Use the generated state vector x;_; that was obtained in Steps 5-6 along with the control
input vector from Step 2 uy, as input to the neural network model and the non-delayed state vector
Tk as output to optimise its parameters. Here, the forward backward algorithm is used to update
and optimise the parameters of the neural network model.
9: Forward the generated state data from Steps 5-6 along with the control input vector from Step
2 to the optimised neural network model to predict the state values.
10: Calculate the input dependent covariance matrix ) using Equation (3.28), (zx — 25)7 (21, —
11: Calculate  the  global  covariance  matrix X,  using equation  (3.29),
E [(z — &) " (z — &)] « Si.

® NN h W

3.3.3 FP Control Solution for Nonlinear Systems

The advancement of the FP control design is demonstrated in this section for the system state dis-
tribution described by (3.30). As discussed previously, the aim of the FP controller is to shape the
joint pdf of the closed-loop system such that it converges to the desired pdf of the system. Hence, the
following requirement is the provision of the definition of the behaviour of the desired distribution of

the system state which in the case of a regulation problem is specified by,

st (@p g, zr_1) ~ N(0, %), (3.31)
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where the zero mean reflects the regulation objective of making the states converge to zero, and
>;, denotes the covariance of the ideal distribution of the system which in this case is assumed to
be the same as the covariance of the actual distribution given in (3.30). The assumption of equal
covariance matrices here is due to the fact that the systems considered in this chapter are assumed to
be affected by state and control independent noises. Where the noise is state and control dependent,
this assumption can be generalised in a straight forward manner as will be seen in the next chapters.
Furthermore, the ideal probability distribution of the controller is described by the following Gaussian
distribution with mean zero and ideal covariance I" which represents the permitted range of optimal

control inputs,

! (ug)zr—1) ~ N(0,T). (3.32)

It can be seen that the objective, which in this case is the regulation of the system, is taken into con-
sideration in the ideal distribution of the system st (xg|zK—1,us) and the ideal controller distribution
! (ug|op_1).

The succeeding theorem outlines the randomised controller obtained from the minimisation of the

cost-to-go function given in (3.6).

Theorem 1. The suboptimal control law as described by Definition 3.3.1 for the system state distri-
bution specified by (3.30) and the ideal pdfs of both the state and the controller described by (3.31)

and (3.32) is given by,

¢ (uklzr—1) = N (u, Ri), (3.33)
where
uf = —Kpp_1, (3.34)
Ki = Ry, [gT(mkl)(zgl + Mk)h(xkl)], (3.35)
Ry = [r—l + 9" (zp1) (S + Mk)g(xkl)} _1. (3.36)

The distribution of the randomised controller in (3.33) is Gaussian with mean v, and covariance Ry.
The optimal gain is defined by K}, in (3.35). The performance index for the system state described

by the pdf (3.30) is specified by,

—In(y(zx)) = 0.52f My, + 0.5wg, (3.37)
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where,

—1
My =h" (z),_1) [(Ekl + M) — (S5 + M) g(ar—1) [T+ g7 (2p-1) (S + Mi)g(wr—1)

xg" (zr—1) (1 + Mk)} h(zr_1), (3.38)

wi—1 =wg, + tr(MgX) + In |T'| + In ]gT(xk,l)(Zgl + My)gr—1 + Ffl\. (3.39)

Proof. A detailed proof of the randomised optimal controller in (3.33), the performance index in (3.37)

and the DARE in Equation (3.38) can be found in Appendix A. O

The DARE is given by (3.38) and the constant term wy_1 is specified by (3.39). In comparison
to the conventional DARE (3.21) obtained from the conventional FPD (Proposition 2), the derived
DARE is a state dependent Riccati equation (SDRE) due to the dependency of the nonlinear parame-
ters of the state and control distributions on previous state values. The SDRE is not new and has been
used in the literature to solve quadratic control problems when the system equations are nonlinear
[169], [68], [65], [170]. However, to our best knowledge, the SDRE has not been considered in the
Fully Probabilistic Control design. As such, it is shown for the first time that the suboptimal solution
of the nonlinear FP control design problem for stochastic nonlinear affine systems results in a SDRE.

The obtained solution (3.33) will be referred to as the conventional SDRE FP control approach.

3.3.4 Algorithm of Proposed Method in Theorem 1

The optimal controller given by (3.33) requires the evaluation of the Riccati equation solution in (3.38)
in order to be implemented. If the probabilistic controller is being employed for an infinite horizon
optimal control problem, the solution of the Riccati equation becomes a steady state (SS) solution.
It should be noted that the Riccati equation solution is computed backwards in time, i.e. M}, needs
to be computed first to determine My,_;. However, in infinite horizon control problems, this is not
possible since we do not know the final value of the Riccati equation solution Mj. Therefore, as a
solution to this problem, the steady state solution of the Riccati equation can be found as a result
of adjusting the time index. To clarify, the way the DARE is evaluated for the employment of the
randomised controller derived in (3.33) is presented here. Equation (3.38) is calculated by adjusting

the time index such that an increase in k refers to earlier time instants as shown below,

1
M, =h" (z),_1) [(221 + M) — (S5t + Mig—1)g(vp—1) | T+ g7 (2—1) (51 + My—1)g(zp—1)

g (0B M) o) (340)

A.A.Z.Zafar, PhD Thesis, Aston University 2021 47



The idea is to keep iterating the amended DARE (3.40) until a steady state solution is found. The

pseudocode in Algorithm 2 summarises the approach of the conventional SDRE FP control design.

Algorithm 2 Pseudo-code of conventional SDRE FP control approach

1: procedure IMPLEMENTATION OF THE FP CONTROL DESIGN FOR NONLINEAR SYSTEMS WITH
THE GLOBAL COVARIANCE
2: Initialise: x(, My and pre-train the neural network model as discussed in Algorithm 1 (op-
tional).
fork=1— H do
Estimate h(x;_1), g(xk_1) from the neural network model, and compute X, using (3.29).
Calculate the SS solution of M using (3.40).
Use the SS value from Step 5 in (3.35) to find the SS solution of K.
Calculate u}, using equation (3.34).
Forward the control signal uj, obtained in Step 7 to the system equation (3.23)

Using a one step delayed of the new state value xx—; from Step § and the calculated
control signal uy from Step 7 as input to the neural network model and the new state xj from
Step 8 as output, retrain the neural network model and update its parameters.

10: end for

R A A

3.3.5 Simulation

The effectiveness of the control solution given by (3.33) in Theorem 1 for nonlinear systems with
global variance i, is verified in this section. As a simulation example, a discrete time model of the
driven inverted pendulum is implemented [171] of which a diagram is given in Figure 3.2. The perfor-
mance of the randomised controller designed in (3.33) is then compared with the nonlinear quadratic
regulator SDRE of which the formulations of the suboptimal controller, suboptimal feedback gain

and Riccati equation [172] are respectively given by,

up = — Kprp 1, (3.41)
Ky = [R+ g (vx—1)Prg(zr—1) + R g" (v—1) Peh(wp_1), (3.42)
Pi1 = —h (@p_1) Prg(zs—1) [R + g7 (2k—1) Prg(s-1)] 9" (w5—1) Ph(z)_1)

+ W (xp_1) Peh(z—1) + Q, (3.43)

where the weight matrices () and R determine the significance of the error and the cost of the energies
related to the state and control vector, respectively.

The control problem consists of finding the optimal control sequence for the pendulum from the
specific initial level to the unstable equilibrium point. With the assumption that the origin corresponds

to the unstable equilibrium, the dynamics of the system for the simulation are described in the form
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of equation (3.24) which is repeated here,

xp = h(zp—1)zp—1 + §(Tp—1)uk + €, (3.44)
where,
B 1 T, 0
hag-1) = | 7,9 . Lol g(zp—1) = ; (3.45)
Ll‘Lk SIH(ZL‘L]{;) — ML 1
with,
T, =0.05, M =01, L=0.1, g=10, ~v=0.05. (3.46)
X1
u
L

Figure 3.2: Diagram of the inverted pendulum.

However, the original model of the driven inverted pendulum that is used in [171] is deterministic,
meaning unaffected by any noises which does not resemble real-world situations. Consequently,
the system is simulated the right way as it would operate in the real-world by adding noise to the
equation obtained from [171] as shown by (3.44). The noise €, in (3.44) has zero mean and covariance
% = 0.001Z3x2. The state and control matrices given by h(zy_;) and g(xj_1), respectively, are
unknown and are therefore required to be estimated to obtain h(z;_1) and g(xg_1) of which the
estimation process is explained in Section 3.3.2. Since this simulation example is demonstrated on
the method proposed in this section and the NQR SDRE [172], two experiments are required to be
implemented.

For comparison purpose, two sets of experiments were conducted. The first set of experiment
considers the derivation of the suboptimal control law using the proposed conventional SDRE FP
control approach. Here, the covariance I' of the ideal controller is taken to be 50 to give the controller
more freedom which results in a faster rate of convergence. In addition, the covariance of the ideal
distribution is taken to be the same as the covariance of the global covariance matrix YJ;, of the actual

system state distribution which is estimated as discussed in Section 3.3.2.
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In the second set of experiment the suboptimal control law is derived using the NQR SDRE
control method. This method requires the specification of the weighting matrices R and () as can be
seen from (3.41) - (3.43). These tuning parameters are chosen to be R = 0.01 and Q = 0.112x5
where [ is the identity matrix. Multiple experiments are carried out in which the parameters are tuned
to obtain a good convergence. Additionally, similar to the proposed conventional SDRE FP control
approach, the system equation is assumed to be unknown thus estimated as discussed in Section 3.3.2.
The difference here is that only the expected value of the system state estimated using MLP neural
network model is required.

The control objective for both approaches is to bring the state values of the pendulum to zero
where the initial state is taken to be xg = [7 _5} T. The results are illustrated in Fig 3.3 - 3.4 where

the states have converged towards zero and very closely oscillate around zero for both approaches.

State variable x

1
4F Conventional FP SDRE
_‘-.‘ NQR SDRE
1 —-—=FP using true functions h(x, ,) and g(x_ ,)
3k k-1 k-1
1
_ '\ 5 «10~° Zoomed-in Subplot
X
2r ) 7™\
4 Sher, o
MAKA AL A
\ ot W W TTRLA
T\ ’ . k|
Y\ 400 420 440 460 480 500
.
0 L s TAMEG S e e e e
0 100 200 300 400 500
k

Figure 3.3: Comparison between the conventional SDRE FP control approach, the NQR SDRE con-
trol strategy and the SDRE FP control approach which uses the true functions h(zj—_1) and §(zg_1)
on state x1. The subplot demonstrate that the states oscillate around zero.

From the plots 3.3 - 3.4, it can be seen that the states of the pendulum (3.44) have converged
faster for the conventional FP SDRE than the NQR SDRE control strategy. In addition, the NQR
SDRE demonstrates more oscillations as opposed to the proposed conventional SDRE FP control
design which also shows a quicker achievement of the transient response. The plots also demonstrate
the performance when the FP control design is implemented but using the true functions, h(xj_1)
and g(zp_1) as given by (3.45). From the plots, it can be seen that the proposed conventional SDRE
FP control strategy (green), converges slower than the SDRE FP control design (blue) that uses the

true functions h(xy_1) and g(xg—1). The latter is faster due to the fact that the covariance matrix
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State variable x
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Figure 3.4: Comparison between the conventional SDRE FP control approach, the NQR SDRE con-

trol strategy and the SDRE FP control approach which uses the true functions h(x;_1) and g(zy_1)
on state x2. The subplot demonstrate that the states oscillate around zero.

Control input u,
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Figure 3.5: Comparison between the Conventional SDRE, the NQR SDRE control strategy and the
SDRE FP control approach which uses the true functions h(zx—1) and g(xx—1) on the control input
Uk

> is given to be 3 = 0.001 x I2«2 while the estimated covariance matrix of the proposed method

0.0322 0
converges to X = . The penalisation on the states is obtained by finding the

0 0.0182
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) ) ) 71 ) ) . 31.0634 0
inverse of the covariance matrices, namely >, ~. This would give us ¥, ° =

0 54.8902
' . 1000 0
for the proposed conventional SDRE FP control method and ¥, = for the FP
0 1000

control design that uses the true functions h(xp_1) and g(zx—1). The penalisation is higher on the
FP control design with the true functions in comparison to the proposed SDRE FP control method.
Higher penalisation means a higher cost is incurred for a slower convergence rate of the states. This
explains the quick convergence of the states towards zero when the FP control design using the true
functions is implemented. However, as mentioned previously, it is unrealistic to assume that the true
functions h(zj_1) and g(xj_1) are known.

Nevertheless, the conventional FP control design effectively handles the effects of the MLP net-
work approximation errors compared to the NQR SDRE method. The estimation of the global co-
variance matrix for the conventional FP control method allows for systems uncertainty to be taken
into consideration as was explained in Section 3.3.2. Figure 3.5 plots the control inputs u; obtained
from the proposed SDRE FP control strategy with the global covariance, the NQR SDRE approach
and the FP control strategy which uses the true functions h(zj_1) and g(xj_1). All three computed
control inputs uj converge towards and closely oscillate around zero. In conclusion, the simulation

has illustrated the effectiveness of the derived solution to the FP control problem in (3.33).

3.3.6 Selection of Tuning Parameters

In Section 3.3.5, the parameters Q and R were subject to experimentation since they were tuned until
the states of the system described by Equation (3.44) converged towards values extremely close to
zero. This process makes the method less time efficient due to the requirement of trial and error when
tuning the NQR parameters. The advantage of the proposed conventional SDRE FP control design is
that the covariance matrix, namely Xy, is estimated which makes the method more time efficient since
no tuning is required.

Furthermore, it should be noted that the inverse of X¥; and I' in the FP control method represent
the penalisation on the states and control input, respectively. Hence Z,;l and I'~! correspond to ) and
R in the NQR control strategy, respectively. Thus, in this section, the simulation in Section 3.3.5 is
implemented again, where the () and R in the NQR method are now updated such that they correspond
to the parameters of the SDRE FP control design. In the previous section, the covariance I" of the ideal

controller was set to be 50. Therefore, in this simulation, R is settobe R = I'"1 = 50~ = 0.02.

0.0322 0
The global covariance Y, in Section 3.3.5 converged to X, = . Therefore, in this

0 0.0182
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_ . . 1 31.0634 0
simulation, () is settobe Q = ¥, = . The parameters of the proposed SDRE

0 54.8902
FP control design remain the same as in Section 3.3.5 as well as the initial state values for both the

NQR and FP control method, that is zg = [7 _5} T. The results are displayed in Figures 3.6 - 3.7
which demonstrate that the performance of both the NQR method and the SDRE FP control strategy
are comparable when the parameters of the NQR SDRE method correspond to the parameters of the
FP control design. In particular, the zoomed-in subplots within Figures 3.6 - 3.7 demonstrate the
likeliness of the two control strategies when the parameters are set to be the same. Moreover, the

control inputs of both methods have been plotted in Figure 3.8.
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Figure 3.6: Comparison between the conventional SDRE FP control approach and the NQR SDRE
control strategy on state x1. The equivalence of the estimated global covariance matrix >, for the FP
control method is taken as the () value and R is the equivalent of the covariance of the ideal controller
I". The subplot shows that the states oscillate around zero.

3.4 Generalised Fully Probabilistic Design for Nonlinear Uncertain Sys-

tems

The FP control design is further exploited in this section for nonlinear uncertain systems. The dy-
namics of real world systems are unknown and are hence required to be approximated. However, the
modelling of unknown systems governed by nonlinearities inevitably results in some approximation

error in the estimated model leading to functional uncertainties and uncertainty from the unknown
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Figure 3.7: Comparison between the conventional SDRE FP control approach and the NQR SDRE
control strategy on state zo. The equivalence of the estimated global covariance matrix Yy, for the FP
control method is taken as the @) value and R is the equivalent of the covariance of the ideal controller
I". The subplot shows that the states oscillate around zero.
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Figure 3.8: Comparison between the Conventional SDRE and the NQR SDRE control strategy on the
control input wy.

parameters. These complications necessitate and increase the requirement for the development of

robust cautious controllers. The previous section (Section 3.3) focused on the designation of a fully
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probabilistic controller for systems governed by nonlinearities. Despite having to estimate the pa-
rameters of the distribution of the system state, the controller derived in Section 3.3 did not consider
functional uncertainty. Therefore, the designation of the controller in this section considers functional

uncertainty to ensure robustness.

3.4.1 System State Estimation

The system for which the controller is derived in this section is governed by the same dynamics as

described in Section 3.3.1 and is repeated here for the convenience of the reader,

wp = h(zp_1)7h_1 + G(Tp_1)up + €. (3.47)

For the estimation of the probability distribution of the system state variables, two Neural Net-
works that are optimised online, are implemented in this section to provide predictions for the condi-
tional expectation of the system state and the covariance of the estimation error.

To re-emphasise, the functions h(z_1) and g(x_1) need to be approximated to obtain the esti-
mation of the conditional expectation of the system state variables. The same procedure as explained

in Section 3.3.2 is followed to achieve this. Again, it is repeated here for the reader’s convenience,

jjk :mlp(xk—1)7

=h(zp—1)xr—1 + g(Tp—1)us, (3.48)

where h(xg_1) and g(zx_1) are the approximations of the actual states and control matrices, given
by h(xy_1) and g(z_1), respectively.
Once the system state estimation has been completed, the following stochastic model can be

established,

T = i‘k + e(.%'kfl, uk), (3.49)

where the estimation error e(zy_1, u) represents the functional uncertainty of the estimated model
at time &k which is shown to be close to Gaussian noise [167] with zero mean and an input dependent
covariance matrix given by %, = E[(z), — 21) (21, — &) 7).

This input dependent covariance matrix > can then be estimated using a second Generalised

Linear neural network model which takes the state variables and control signal as inputs,

Zk = ka,l + Guk, (350)
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where D and (G are partitioned matrices and are updated online at each instant of time with the aim
to minimise the error between the actual covariance matrix, f]k and the estimated one, ;. Also
note that x;_1 and u should be represented as block matrices in (3.50). The linear structure is
assumed for simplification and better clarification of the system uncertainty estimation. To elaborate,
the parameters of the GLM network can be obtained using linear optimisation methods (i.e. with
the Pseudo-inverse). The state xp_; and the control signal uy are taken to be the input (I) to the
GLM. The actual output (O) of the GLM is the square of the error between the actual state x;, and the
estimated state 2. The parameters (w) of the GLM are obtained by computing O = wl — w = O t
where 7 is the Pseudo-inverse. The obtained parameters (w) can then be represented as the partitioned
matrices D and G.
To re-emphasise, D and G are partitioned matrices that are obtained from the parameters of the GLM
to reconstruct the covariance matrix in the correct way. Furthermore, we introduced checks to make
sure that the estimated covariances are always positive. To elaborate, whenever the covariance value
goes negative, it is replaced by a small positive number.

For a more detailed explanation and visual representation of the estimation process of the condi-
tional distribution of the system, the readers are referred to Figure 3.9.

Following the assumption that the residual error from the estimation process is Gaussian, the

distribution of the system state at time &k will then be Gaussian and hence represented by,

s(wklug, vh—1) = N (2, X), (3.51)

where the mean, 2, is defined in (3.48) and X, is the covariance matrix given by (3.50). This charac-
terisation of the system state by Gaussian distribution, facilitates the derivation of a closed for control
solution as will be seen from further developments. To re-emphasise, the parameters of the estimated
pdf of the system state are state and control input dependent. The estimated covariance matrix given
in (3.50) characterises the functional uncertainty that results due to the discrepancy between the actual

and estimated behaviour of the system dynamics.

To clarify and understand the concept of partitioned matrices, let us consider a two-dimensional sys-

tem as an example, for which the dimension of the covariance matrix is (2 x 2). It is assumed that uy,
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Figure 3.9: The shaded area in blue represents the process of the MLP for the estimation of the system
dynamics. The outer part and dashed lines correspond to the GLM process. For both, the MLP and
GLM, z_, is the input layer to the neural network.

is a single input to the system, and is therefore a scalar. Hence, the equation in (3.50) is given by,

ot ol [di1  di2] [di3  dy4] T1k—1 N g11 912 y
= |- R R R EEEEt EEEEE ks
03 03 [da1  dao] [doz  dod] Tok—1 921 | g22
D11 @ Dy gi1 ! 912
el B A Tp1+ |t U,
Doy ¢ Do g21 | 922
—Day_1 + Guy, (3.52)

where d;; are the elements of the partitioned matrix D and g;;, are the elements of matrix G' with
i={1,2},j ={1,2,3,4} and k = {1, 2}. In this example, D is a partitioned matrix of size (2 x 2),

xp—1 is a partitioned matrix of size (1 x 1), G is a partitioned matrix of size (2 x 2) and uy is a
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partitioned matrix of size (1 x 1). Note that the dimension of each sub-matrix of the partitioned
matrix D corresponds to the dimension of the state vector x;_1, which in the case of this example is
2-dimensional. Likewise, the dimension of each sub-matrix of the partitioned matrix GG corresponds
to the dimension of the control input u; which in this case is a scalar.

As can be seen from (3.52), the covariances have been obtained by computing the following,

2 +

o1y =dnrig—1 + di2T2.6—1 + graux,
2 +

019 =d13%1.5—1 + d14T2;—1 + g12Uk,
2

051 =d2121.5—1 + dooT2.—1 + Go1U,

P
059 =d23%1.5—1 + dogTo,k—1 + goouy.

3.4.2 FP Control Solution for Nonlinear Systems with Functional Uncertainty

Similar to Section 3.3, the purpose of the developed controller presented in this section is to regulate

the system to state zero. Therefore, the ideal distribution of the system is given by,
st (zp|ug, 21—1) = N(0,%2), (3.53)

where the zero mean reflects the regulation around zero objective. Note that unlike the method de-
veloped in Section 3.3, the covariance of the ideal distribution (3.53) in this section is not the same
as the covariance of the actual distribution (3.51). The ideal covariance Yo is assumed to be smaller
than the actual covariance >;. This is permissible as the covariance matrix Xy, is state and control
dependent and thus can be driven to a smaller value which is specified by the covariance of the ideal
distribution of the system state. Finally, the ideal distribution of the controller is still determined to

be Gaussian and given by,
cl (ug|zp—1) = N(0,T), (3.54)

where the covariance I identifies the permissible range of optimal control inputs.
Given the pdfs of the system state (3.51), and ideal distributions of the system state and control
input given by (3.53) and (3.54) respectively, the randomised suboptimal controller is presented in the

following theorem.

Theorem 2. The suboptimal control law that minimises the cost-to-go function (3.6) and has been

derived based on Definition 3.3.1 and the assumption that the state covariance matrix depends linearly
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on the system state is specified by the following Gaussian distribution,

c(uglrg—1) = N(uj, Ry), (3.55)
where,
uz = —kak,1 — Pk, (3.56)
Ki = Ry, [gT(a:kl)(Ez_l + Mk)h(a:kl)] : (3.57)
1, 1
Py = Ry |59 (vp—1)T) + §tr(GMk:) ; (3.58)
-1
Ry, = [r—l + 9" (1) (55 + ng(xk_l)} : (3.59)

The suboptimal controller is specified by a Gaussian distribution with mean u;, and covariance Rj,.
Based on the estimated distribution of the system state given by (3.51), it can be shown that the

performance index, — In(y(zy)), is described as follows,
—In(y(zx)) =0.52F My + 0.5T,xk + 0.5wy, (3.60)

where,

-1
My =h" (z)_1) {(251 + M) — (35" + My)g(wr—1) [Tl + 9" (zr—1) (37" + My)g(2p—1)

xgT (@n 1) (S5 + M@} haxo), G3.61)
1 1
Tk—l :Tkh(l’k_l) + tI'(DMk) — 2<2Tk9($k—1) + 2tr(GMk)>
-1
X [r—l + g  (rp1) (25 + Mk)g(mk_l)] g7 (xp_1) (S5t + My)h(zp_1), (3.62)
1 —1
orct =~ 3 (Tugtony) +0(GML) ) [T+ g7 (@) (55 + Mog(an)
1 _ _

x5 <gT(xk_1)Tk + tr(GMk)> +In [T+ In [0+ g7 (2 1) (55" + My)g(zr1)]-
(3.63)
Proof. The proof of Theorem 2 can be found in Appendix B. O

In this theorem, Equation (3.61) is the discrete time algebraic SDRE, T}, in (3.62) is the linear
equation and wy, in (3.63) is the constant term . Note that Equation (3.62) is a key adjustment to the
conventional form of the FP control design. This term arises from the consideration of the input and

state dependent noise. As such, this equation can be referred to as the equation of cautiousness since
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it is the part that allows the probabilistic controller to be cautious and take functional uncertainty
into consideration. The reason as to why this linear term has appeared in the development of the FP
control design in this section is due to the form of the covariance matrix (3.50) which is linear in the
state and control input. After observing the form of the suboptimal randomised controller given by
Equation (3.55), one can notice that it differs from the controller derived in Section 3.3.3. The mean
of the designed controller in this section involves a linear shift given by P. This shift exists due to the
involvement and consideration of the input and state dependent noise, and is based on the parameter

of the noise model (3.50) and the equation of cautiousness (3.62).

3.4.3 Algorithm of Proposed Method in Theorem 2

As outlined in Section 3.3.4, the SDRE defined in (3.61) and in this case, the linear term given
by (3.62) need to be computed to implement the fully probabilistic controller given by (3.55). The
same approach is followed and hence, the time index is adjusted to obtain the steady state solution
of the Riccati equation. Once the SS solution of the Riccati equation has been obtained, it is used in
Equation (3.62) of which the time index is again changed such that the solution of the Riccati equation
at k is obtained from earlier time instants. Thus, the following is computed to obtain the SS solution

of Tk.

My, =h" (z)1) [(22—1 + My—1) = (257 + Mi—1)g(@p—1)
-1
[ g )57+ M) o )25 M) B, G
1 1 _
Ti :Tk—lh(l’k—l) + tl‘(DMk) — 2<2Tk_1g(xk_1) + 2tr(GMk)> |:I_‘ ! + gT(:Uk_l)
-1
x (251 + Mk)g(:ck_l)} 9" (2p—1) (23" + My)h(zg_1). (3.65)
To re-emphasise, the reversed SDRE (3.64) and reversed equation of cautiousness (3.65) need to be
reiterated a certain arbitrary number of times until the steady state solutions are found. The pseu-
docode in Algorithm 3 summarises the approach of the FP control design developed in this section as
a pseudocode.
3.4.4 Simulation

A simulation example is implemented here to demonstrate that the derived randomised controller
in (3.55) effectively controls stochastic systems that are characterised by functional uncertainty and

achieves the desired control objective. The inverted pendulum on a cart problem which is imple-
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Algorithm 3 Pseudo-code of FP control design that considers functional uncertainty

1: procedure IMPLEMENTATION OF THE FP CONTROL DESIGN FOR NONLINEAR SYSTEMS THAT
CONSIDER FUNCTIONAL UNCERTAINTY

Initialise: x(, My, Ty and optionally pre-train the neural network model as discussed in Al-
gorithm 1 (optional).
3 for k =1— H do
4 Estimate 1 (1), g(x;—1) from the neural network model.
5: Approximate D and G for Y as according to (3.50).
6: Calculate the SS solution of M using (3.64).
7
8
9

N

Use the SS solution M from Step 6 to find SS solution of 7" using (3.65).
Use the SS values from Steps 6-7 in (3.57) - (3.58) to obtain the SS solutions of K and P.
Calculate uj, using Step 8 in Equation (3.56).

10: Forward the control signal u;, obtained in Step 9 to the system equation (3.23).

11: Using a one step delayed of the new state value xy_1 from Step 10 and the calculated
control signal uj, from Step 9 as input to the neural network model and the new state xj from
Step 10 as output, retrain the neural network model and update its parameters.

12: end for

mented extensively as a simulation example [173], [174] for control problems is used here to evaluate
the performance of the proposed nonlinear FP control method. The results are compared with the
conventional SDRE FP control approach discussed in Section 3.3 which does not account for func-
tional uncertainty. The discrete time equation of the nonlinear inverted pendulum is described in the

form of (3.47) and repeated below,

T = h(zp_1)Tp—1 + GlTr—1)ur + €k, (3.66)
where,
1 T 0 0 0
- 0 ag(rp—1) a(zr—1) aga(zg—1) | ba(xp—1)
h(zp—1) = yg(wp—1) = ,
0 0 1 T 0
| 0 as(ze-1) as3(wp—1) asa(zr-1) | | ba(@p-1) |

and where x, is four-dimensional such that,

1,k

X
= F . (3.67)

T3k

L4k

)

The original inverted pendulum system equation that is used in [173] does not involve any noises

which is not the case in real-world situations. Therefore, to simulate the system properly as it operates
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in real-world, the equation obtained from [173] is modified by the addition of noise to it. The noise
€. in (3.66) is Gaussian with zero mean and covariance ¥ = 0.001Z,4. The matrices E(mk_l) and

g(zk—1) are the state and control matrices respectively of which the variables are defined as follows,

—b
CLQQ(ZUk_l) =1 + T@,
( ) Tm2L29 cos(z3 ;) sin(zs 1)
a3(Tp_1) =
23(Tp—1 0l 1 mL?) )

mLsin(zs g
ag4(Tp—1) :TQQ(&)(:::M),

mLb cos(z3 )

ag2(Tp—1) = )
12(Tk-1) O+ m)
aq3(xp—1) = — T'—————1,
e O (23,1)
m2L? cos(z3,1) sin(x3 1) (74 1)
aga(xp—1) =1 =T : : =,
44(Tp—1) (M + m),
T
b 1) =—
2(Tk-1) 0
mL cos(zs k)
ba(zp—1) =—T———=5, 3.68
1 (Th—1) (M + m)s (3.68)
where,
m?2L? cos®(z31)
O =1+mL* - :
1 +m M +m ,
m?2L? cos®(z31)
Q=M - ’
2= AEm I+ ML
The description of the parameters of the system are assumed to be,
M =05kg, m=05kg, b=0.IN. =2,
m (3.69)

L =0.3m,and [ = 0.06kg.m?,
where:
e M is the mass of the cart.
e m is the mass of the pendulum.
e b is the friction coefficient between cart and ground.

e [ is the length to the pendulum center of mass.

[ is the inertia of the pendulum.

Details on how to find the estimations of matrices h(zy_1) and g(zj_1) to obtain h(z_1) and

g(zx—1) can be found in Section 3.4.1.
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Figure 3.10: A diagram of the inverted pendulum on a cart. The pendulum can be balanced at a
specific position following the application of a horizontal force to drive the cart. The pendulum mass,
m, is focused at the end of the massless rod. The horizontal displacement on the cart is denoted by x.
0 represents the rotational angle of the pendulum. The carriage driven by the Force is u. The friction
coefficient of the cart is given by b. The mass of the cart is given by M.

The covariance I' of the controller is chosen to be 100 to give the controller more freedom and
achieve a faster convergence rate. The consideration of functional uncertainty in this section means
that the covariance matrix is dependent on the state and control input which was taken into account
in the derivation of the proposed method. On the contrary, the method developed in Section 3.3
which is referred to as the conventional SDRE FP control approach, does not consider the functional
uncertainty of the system dynamics. There, the ideal covariance matrix Y5 is assumed to be the same
as the actual global covariance namely ;. In addition, the development in Section 3.3 only requires
the evaluation of the SDRE given by equation (3.38). The equation of cautiousness given in (3.62)
as well as the additional linear term (3.58) which are required for the evaluation of the randomised
controller in this section given by (3.55), do not exist. These additional equations emerge in the
proposed method in this section only due to the consideration of the functional uncertainty of the
system dynamics as explained earlier.

To clarify, two sets of experiments were conducted. In the first experiment, the conventional
FP SDRE developed in Section 3.3 is used to derive the suboptimal randomised controller. In this
experiment, the covariance matrix of the ideal distribution of the system state is taken to be equal to
the global variance of the actual covariance matrix which is estimated as discussed in Section 3.3.2. In
the second experiment, the method proposed in this section that accounts for functional uncertainties

is used to derive the suboptimal randomised controller. Here, the covariance matrix, Y2, of the ideal
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distribution of the system state is taken to be,

0.0001 0 0 0

) 0 0.0004 O 0
Yo = 1072 x . (3.70)
0 0  0.0009 0
0 0 0  0.0013

The ideal covariance matrix X5 is a design parameter which is chosen here to be smaller than the co-
variance matrix of the noise affecting the system, since the noise is state dependent, thus its effect can
be minimised as discussed in Section 3.3.2. For both, the conventional SDRE FP control design and
the proposed method, the initial state of the pendulumis takentobe,xo = | —1 24 0.2 —0.2 |,

and the control objective is to bring the four states of the pendulum from their initial values to zero.

State variable x

1
25T
Proposed method
21 : — — Conventional FPD

+10° Zoomed-in subplot

1.5

160 170 180 190 200

L 1 L I Il

100 150 200 250 300
Kk

Figure 3.11: Comparison between the proposed method and conventional SDRE FP control design
on state x1.

The results of both experiments are shown in Fig. 3.11 - 3.14 from which it can be seen that
the states of the pendulum (3.66) have converged to zero for both the conventional SDRE FP control
design and the proposed method in this section. However, compared to the conventional SDRE FP
control approach, the states converge faster and with less oscillations using the proposed method in
this section which accounts for functional uncertainty and input dependent noises. Hence, the tran-
sient response is reached quicker for the proposed FP control design. The consideration of functional

uncertainty embedded in Py, affects the transient response of the system and the speed in which the
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Figure 3.12: Comparison between the proposed method and conventional SDRE FP control design
on state xs.

State variable x

3
1 -
J, ! r
' &
1Y «10° Zoomed in
-1F L 5
[ \
I 0 \ ‘
_2 3 I l _2
Ly 160 180 200
1
3T l': Proposed method
= = Conventional FPD
4 . . . . . .
0 50 100 150 200 250 300

K

Figure 3.13: Comparison between the proposed method and conventional SDRE FP control design
on state variable x3.

system converges to the steady state value as has also been shown in [147]. Thus, it can be concluded
that the converging speed of the proposed design is better. Also, having a controller that takes un-

certainties into consideration ensures that the system does not overshoot which can also be clearly
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Figure 3.14: Comparison between the proposed method and conventional SDRE FP control design
on state variable x4.

Control input u,
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Figure 3.15: Comparison between the proposed FP method that considers functional uncertainties
and the conventional SDRE FP control design on the control input .

seen from Fig. 3.11 - 3.14. In addition, Figure 3.15 shows the obtained control sequence for both the

proposed SDRE FP control design and the conventional SDRE FP control design.
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3.4.5 Simulation on Multiple Noise Sequences

In this section, the previous simulation is repeated multiple times with different noise sequences.
This is done with the objective of numerically estimating the distribution of the closed loop system
and then demonstrating that the distribution of the closed loop system converges to the predefined
ideal distribution. In this section, the simulations for the various noise sequences are repeated for
both the proposed SDRE FP control method that takes functional uncertainty into consideration in
the derivation of the suboptimal control law, and the conventional SDRE FP control design. The
averages, the global averages and the global variances of the states of both the proposed SDRE FP

control method and the conventional SDRE FP control design can be found in Table 3.1, 3.2 and 3.3.

For each simulation, the average of the states is calculated over time (average,,.). The mean Z is

2 averagey,

e e ). Furthermore, the variance

calculated by finding the average of these averages, i.e. (

p o Dlaveragey, —)?

is computed as follows: va TP e TIPS
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Table 3.1: Proposed SDRE FP Control Method

Sim. no.
Averageiin 1 2 3 4 5 6 7 8
State no.
(x107%)
State 1 -8.15 -5.33 -0.67 -0.97 12.4 -18.8 9.7 -0.68
State 2 6.92 5.09 -0.99 1.9 -11.6 14.7 6.96 -3.48
State 3 -0.83 | -0.801 | -0.68 0.18 1.05 -2.99 -1.67 -1.1
State 4 7.07 6.06 2.09 -0.41 -9.78 17.2 8.91 1.36
Sim. no.
Averagei 9 10 11 12 13 14 15 16
State no.
(x107%)
State 1 -0.44 -1.27 -6.93 1.29 7.87 3.08 8.54 4.39
State 2 -0.599 5.94 6.83 -1.57 -6.85 -1.76 -5.29 1.66
State 3 -0.53 0.85 -0.91 0.19 0.46 0.27 1.78 2.5
State 4 2.2 -8.21 7.83 -1.81 -4.79 -2.64 -6.91 -6.6
Sim. no.
Averagein 17 18 19 20 21 22 23 24
State no.
(x10~%)
State 1 4.13 1.15 0.4 3.49 2.22 -5.12 0.48 -0.16
State 2 -2.78 -1.95 1.98 -1.46 -1.86 2.56 2.15 2.7
State 3 -0.43 -0.25 1.27 0.75 0.38 -1.66 1.2 -0.73
State 4 2.92 -1.21 -0.12 242 -1.58 6.32 -1.91 0.11
Sim. no.
Averagein 25 26 27 28 29 30 31 32
State no.
(x10™%)
State 1 -0.75 -4.47 -4.47 10.37 | -16.95 | -18.07 -1 1.4
State 2 3.69 2.18 3.87 -12.06 | 13.42 12.12 -0.23 -8.1
State 3 0.85 -3.02 | -0.801 0.37 -3.28 3 0.07 0.32
State 4 -0.15 13.57 5.56 -8.99 16.04 14.38 -0.23 -1.3
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Table 3.2: Conventional SDRE FP Control Design

Sim. no.
Averageyin 1 2 3 4 5 6 7 8
State no.
(x107%)
States 1 -11.81 | -9.65 -0.82 -9.43 18.75 | -17.52 | -13.11 2.78
State 2 10.51 6.36 -1.23 8.34 -13.56 | 13.29 7.77 -3.24
State 3 -0.56 -0.71 -0.71 0.89 1.26 32 -1.49 -0.7
State 4 6.33 5.59 1.6 -0.13 | -1025 | 16.79 8.38 0.85
Sim. no.
Averagei 9 10 11 12 13 14 15 16
State no.
(x107%)
States 1 -0.92 | -13.73 | -10.64 0.3 10.81 3.74 8.78 -0.11
State 2 -0.29 11.37 7.68 0.44 75 -3.33 -3.27 479
State 3 -0.46 -0.29 -0.77 0.47 0.49 0.39 1.84 2.55
State 4 1.83 5.94 6.64 -1.4 -4.66 2.9 -7.27 -6.21
Sim. no.
Averageyin 17 18 19 20 21 22 23 24
State no.
(x10~%)
States 1 7.15 2.32 2.18 2.48 477 42 2.22 1.53
State 2 475 -3.39 1.19 0.23 -3.02 0.55 -1.3 -2.49
State 3 0.28 -0.44 0.94 0.86 0.42 -1.82 0.47 -0.54
State 4 271 -0.55 0.39 -2.99 -1.62 6.16 -1.77 0.34
Sim. no.
Averagein 25 26 27 28 29 30 31 32
State no.
(x10™%)
States 1 -5.85 -0.23 7.6 1836 | -35.49 | -19.39 | -59.14 -8.9
State 2 5.79 -3.02 3.64 -14.55 17.5 12.45 452 | -87.23
State 3 0.87 -1.22 -0.69 0.22 3 -2.98 72.3 8.18
State 4 -0.13 2.26 5.16 -8.55 15.59 14.49 238 | -93.23
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Table 3.3: Global Averages and Global Variances

State number 7 = Global Average (x107%) Var = Global Variance (x107%)
State number Proposed | Conventional | Ideal Distr. Proposed | Conventional | Ideal Distr.
State 1 -1.35 -4.45 0 0.169 0.679 1
State 2 0.76 -2.67 0 0.125 1.11 4
State 3 -0.292 2.28 0 0.00625 0.518 9
State 4 1.48 -2.18 0 0.158 1.05 1.3

To repeat, the ideal probability distribution of the system state is described by a Gaussian distri-

bution with mean of zero and covariance matrix 3o given by

0.0001 0 0 0
) 0  0.0004 0 0
Yo =102 x . (3.71)
0 0  0.0009 0
0 0 0  0.0013

From Table 3.3, it can be realised that the global averages of the states from both the proposed
SDRE FP control and the conventional SDRE FP control methods demonstrate close convergence
to the mean of the ideal Gaussian distribution of the states, which is zero. Both estimated means
and covariance matrices for the conventional FP control design and proposed method can be seen to
be converging towards the ideal mean of zero and covariance matrix given in (3.71). The proposed

method also demonstrates to work effectively when affected by various noise sequences.
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3.5 Generalised Fully Probabilistic Design for Nonlinear Systems with

Multiplicative Noises

Among the variety of noises that affects the dynamics of stochastic systems, multiplicative noises
are one variant of noises that can be found in systems. The FP control design was further extended
to linear systems with multiplicative noises in [30]. This advancement is further developed here for
systems governed by nonlinearities that are affected by multiplicative stochastic disturbances which

will be discussed and demonstrated in this section.

3.5.1 System State Estimation

The computation of the controller that is designed in this section handles systems that are nonlinear
and affected by multiplicative stochastic noises. The dynamics of these systems are assumed to be

governed by the following stochastic nonlinear discrete time equation,

ok = h(2p_1) + g(zp—1)up + Dry_1vp1. (3.72)

The system goes through the same transformation as explained in Section 3.3.1 to obtain,

T = h(@k—1)k—1 + G(Tp—1)ugk + Drjp_108_1, (3.73)

where h(xj_1) and g(xj_1) are the nonlinear state and control matrices, respectively. The system

matrix D is multiplied with the scalar noise v;_; with zero mean and variance Q,

vg—1 ~ N(0,Q). (3.74)

The estimations for the conditional expectation of the system state is obtained by estimating the
functions h(xj_1) and g(zp_1) as explained in Section 3.3.2. To remind the reader, it is repeated

here,

&y, = mlp(zp_1),

= h(wp—1)Tp—1 + g(Tp—1)up- (3.75)

The functions h(zx—1) and g(xp_1) were estimated using the measurable state xj. However,
there does exist some error e, between the actual value xj, and the estimated Z;, such that z, — . =

er = Dxj_qv,_;. from which the estimation of matrix D defined as D can then be obtained as
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follows,
D = ep(zp—1v5-1)", (3.76)

where (.) represents the pseudoinverse [175]. In addition, the covariance matrix, ¥;, which is given

by,

Ek :COV(SCk’uk,xk_l),
=F{(xx — 21), (xx — 3%)"},
:E{ka,lvk,lvz_lxg_lDT},

=Dy 1Qx}_ DT, (3.77)

can now be estimated due to the achievement of the approximation D of D.

Hence, the final estimation obtained for the state dependent covariance matrix is specified by,

Sk :E{ka_lvk_lvgflxg_lDT},

=Dxyp_1Qxt_DT. (3.78)

Consequently, since the distribution of the multiplicative noise affecting the system dynamics is as-

sumed to be Gaussian, the distribution of the model described in (3.73) will also be Gaussian,
s(xp|ug, xp—1) ~ N (Tg, X)), (3.79)

where the mean Zj, is given in (3.75) and the covariance is defined in (3.78). This Gaussian assump-
tion on the multiplicative noise and consequently the distribution of the system state facilitate the

derivation of a closed form control solution as will be see shortly.

3.5.2 FP Control Solution for Nonlinear Systems with Multiplicative Noises

Having estimated the conditional distribution of the system state, the ideal distribution of the sys-
tem state and controller needs to be specified next to allow the implementation of the FP control
method. The ideal distribution aims to achieve the same objective as outlined in Section 3.4.2 by
Equations (3.53) and (3.54). Similar to the additive input dependent noise discussed in Section 3.4,
since the multiplicative noise is state dependent, the covariance of the ideal distribution of the system

state, 9, can be specified to be smaller than the actual covariance of actual system state.

Theorem 3. Based on Definition 3.3.1, the suboptimal control law that minimises performance index
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—In(y(zk—1)), subject to the probabilistic description of the system dynamics given by (3.79) and

ideal distributions of the system and controller defined by (3.53) and (3.54) respectively, is specified

as follows,
c* (uk|xk_1) = /\/'(u;;, Rk), (3.80)
where,
u}'; = — kak:—ly (381)
Ky =Ry, [QT($k—1)(E2_1 + Sk)Th(xk:—l)]a (3.82)
-1
Ry = |:F_1 + gT({Ek_1)(22_1 + Sk)g(xk_l)] . (3.83)

The suboptimal control law specified in (3.80) is described by a Gaussian distribution with mean u;,
in (3.81) and covariance Ry, given in (3.83). The term K}, in (3.82) is the suboptimal control gain.
The suboptimal performance index for nonlinear systems with multiplicative stochastic disturbances

is given by,
—In(y(zx)) =0.521 Skwy + 0.5wg, (3.84)

where,

-1
Sp1=—hT(zp_1)(Z2 4+ Se)g(zr_1) [T + g7 (@p_1) (B2 + Si)g(zr_1)
X g  (@p—1) (D2 + Sp)h(xp—1) + hT (xp—1) (B2~ + Sp)h(zp—1) + DTSLQD, (3.85)

wi—1 = wg +In ||+ ln]gT(xk,l)(Ez_l + Sp)g(zK—1) + F’l\. (3.86)

Proof. In Appendix C, the proof of Theorem 3 has been demonstrated. 0

Here, (3.85) is the discrete time algebraic state dependent Riccati equation due to the dependency
of the nonlinear parameters of the state and control distributions on previous state values. Also, com-
pared to the DARE obtained in Sections 3.3.3 and 3.4.2, it has been shown that the derived DARE is a
generalised Riccati equation solution that has an additional term, D' S,Q D, due to the consideration
of the multiplicative noise in the stochastic system. The other DAREs given by (3.61) and (3.38) do
not have this additional term. Hence, the DARE in (3.85) is referred to as the Generalised SDRE.
As a result, a cautious controller is yielded by ensuring it considers the multiplicative noises effects

and an analytic control solution that is based on the evaluation of a SDRE. The control solution in
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Theorem 3 is referred to as the Generalised FP (GFP) control approach.

3.5.3 Algorithm of Proposed Method in Theorem 3

The employment of the suboptimal control law given by (3.80) requires the evaluation of the gen-
eralised state dependent Riccati equation solution specified by (3.85). Following the discussion in

Section 3.3.4, the time index of the SDRE has been changed such that,

1
S =— T (2p_1) (X2t + Sk1)g(zr_1) [T + g7 (2p-1) (St + Sk_1)g(wr—1)

x gl (xp_1) (X2t + Sp_1)h(zp_1) + BT (xp_1) (T~ 4 Sp_1)h(zr_1) + DTS,_1QD.

(3.87)

The pseudocode in Algorithm 4 summarises the approach of the FP control design as a pseudo-code.

Algorithm 4 Pseudo-code of Generalised SDRE FP control approach

1: procedure IMPLEMENTATION OF THE GENERALISED SDRE FP CONTROL DESIGN FOR NON-
LINEAR SYSTEMS WITH MULTIPLICATIVE NOISE
Initialise: x, Sy and optionally pre-train the neural network model as discussed in Algorithm
1 (optional).
3 for k=1— H do
4 Estimate 1 (1), g(x;—1) from the neural network model.
5: Approximate D for Xy, in (3.78).
6: Calculate the SS solution of S using (3.87).
7
8
9

»

Use the SS values from Step 6 in (3.82) to obtain the SS solutions of K.
Calculate u}, using Step 7 in Equation (3.81).
Update the state using uj, from Step 8.

10: Forward the control signal u;, obtained in Step 9 to the system equation (3.72).

11: Using a one step delayed of the new state value z;_; from Step 10 and the calculated
control signal uj, from Step 9 as input to the neural network model and the new state x from
Step 10 as output, retrain the neural network model and update its parameters.

12: end for

3.5.4 Simulation

To demonstrate the effectiveness of the method developed for nonlinear system that are affected by
multiplicative noises, the simulation example implemented in Section 3.4.4 is used here. However, the
model in [173], [174] is transformed into a stochastic model with multiplicative noise. The discrete

time nonlinear system is given by,

x = h(wp_1)Tp-1 + Glxr—1)ur + Drp_qvp_1, (3.88)
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where the state matrix A (z_1) and control matrix g(x;_1) are defined in Section 3.4.4. The matrix

D is randomly generated and is introduced to the system to be multiplied with the noise term vj,_1.

0.02 04 0.4 0.06
_ 0.4 0.046 0.04 0.8
D = (3.89)
—0.4 0.08 —0.24 0.026
0.8 —0.46 -—0.0028 0.04
The noise v._1 is Gaussian with zero mean and variance @@ = 0.09.
T
For the simulation, the system is initially assumed to be in state g = —0.1 02

For the GFP control design for this nonlinear system, I' = 0.5. The chosen value for the covariance
of the controller delivered good results after experimenting with different values. Nevertheless, to
minimise the fluctuations of the system state, it is beneficial to choose a small covariance matrix 3:o.

Thus, for the implementation of the GFP control design for the inverted pendulum and cart problem,

the covariance matrix X5 is chosen to be,

0.004 0 0 0
0 0.001 0 0
g = (3.90)
0 0 0.0004 0
0 0 0 0.003

The effectiveness of the designed controller in this section is compared to the conventional SDRE
(Section 3.3). Both methods require the estimation of h(xy_1), g(xx_1) and D to obtain h(xj_1),
g(xg—1), and D respectively. The comparison demonstrated that it is important to take account of
the type of noise that is affecting the behaviour of the dynamics of the system when designing
the controller. The simulation for the conventional SDRE FP control approach for a system with
multiplicative noise is implemented by simply seeing the noise as an added stochastic noise, i.e.
Dzxy_1vi_1 = €. It does not account for the multiplicative stochastic behaviour of the system. The
ideal covariance matrix used for the conventional SDRE FP control design is the same as the global
covariance of the actual system state of which the estimation process is explained in Section 3.3.2.
The control results are demonstrated in Fig. 3.16 - 3.19 which demonstrate the regulation of
the states of the system using the conventional SDRE FP control solution (Section 3.3) and the pro-
posed GFP control design method in this section. It can be seen that the states oscillate around
zero for both as expected from a regulation problem. However, compared to the conventional SDRE
solution, the states converges faster and with less oscillations using the GFP control design. The

proposed GFP control design demonstrates a faster transient response. It can therefore be concluded

A.A.Z.Zafar, PhD Thesis, Aston University 2021 75



State variable x

1
01 L L L L] L
0 ;,
J 101" Zoomed-in

-0.1 ' H

: !

| I
02h, -

I

:, 500 550 600
0.3 —— Generalised SDRE | 7

= = Conventional SDRE
_0.4 2 2 2 2 2
0 100 200 300 400 500 600

K

Figure 3.16: Comparison between the Generalised SDRE and Conventional SDRE on state 1. The
zoomed-in subplot demonstrates the states oscillating around zero.
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Figure 3.17: Comparison between the Generalised SDRE and Conventional SDRE on state x5. The
zoomed-in subplot demonstrates the states oscillating around zero.
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Figure 3.18: Comparison between the Generalised SDRE and Conventional SDRE illustrated on state
variable x3. The zoomed-in subplot demonstrates the states oscillating around zero.
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Figure 3.19: Comparison between the Generalised SDRE and Conventional SDRE illustrated on state
variable x4. The zoomed-in subplot demonstrates the states oscillating around zero.
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Figure 3.20: Comparison between the Generalised SDRE and Conventional SDRE illustrated on the
control inputs ug. The zoomed-in subplot demonstrates the convergence of the control input towards
Zero.

that the proposed design considers the dependency of the noise on the states. Furthermore, Figure
3.20 demonstrates the convergence of the control inputs for both the proposed Generalised SDRE FP

control design and the conventional SDRE FP control method.

3.6 Conclusion

This chapter discussed the development of an approximate analytic solution for the FP control de-
sign of nonlinear systems which has not been considered in the previous literature. Since the control
problem involves multiple integrations that need to be solved for the designation of a suboptimal con-
troller, it seemed to be impossible to derive an analytic solution for the controller of nonlinear systems
due to the nonlinear dynamics. The discussed approach in this chapter, however, allows the derivation
of an approximate analytic solution for control problems for nonlinear systems by a simple transfor-
mation of the nonlinear state function of the system dynamics to a nonlinear state function which is
affine in the state. The derived solution to the FP control design problem leads to a SDRE due to the
nonlinearities found in the mean of the probability distribution of the system dynamics. Furthermore,
this chapter has exploited uncertainties and noises that influence the behaviour of nonlinear systems.

Firstly, the conventional FP control design was extended to nonlinear systems, where the covariance
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matrix was estimated as a global covariance. The resulting Riccati equation solution is classified as
the State Dependent Riccati equation due to the dependency of the equation on the state variables.

The next developed solution in this chapter takes the system functional uncertainty into consid-
eration in the derivation of the suboptimal randomised controller. It also generated a SDRE and
possesses the ability to have a smaller ideal covariance matrix to reduce the fluctuations in the system
state. Incorporating these novelties into the FP control design framework resulted in an additional lin-
ear term that represents the equation of cautiousness. Also, the suboptimal control law had an extra
term which regards the aforementioned equation of cautiousness, resulting into the advancement of a
cautious controller. This method was compared with the approach discussed in Section 3.3 where the
controller does not account for functional uncertainties. The simulation demonstrated the reduction in
overshoots when considering functional uncertainty in the derived suboptimal control law. The tran-
sient response was also better than the conventional SDRE FP control design which does not consider
functional uncertainties.

Furthermore, a fully probabilistic control strategy was proposed for nonlinear systems with mul-
tiplicative noises. The derived solution was a generalised form of the Riccati equation due to the
addition of a term which was arisen from considering multiplicative noises in the derivation of the
control law. Consequently, a generalised SDRE was derived. Since the covariance matrix is also state
and control input dependent for systems with multiplicative noises, it is possible to drive the actual
covariance matrix to a smaller ideal covariance matrix for this developed approach. This method was
compared to the conventional SDRE derived in Section 3.3 and proved to be an efficient control strat-
egy since considered the dependency of the noise on the states, resulting into a quicker achievement

of the transient response.
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Chapter 4

Decentralised FP Control Design for

Complex Systems

The complexity of real world control systems increases in terms of the dimensionality and scalability
of the network for which centralised control strategies fail to deliver good results. The methods
developed in Chapter 3 operate in a centralised way and thus are inefficient in controlling large-
scale complex systems. The FP control design, however, has been further developed to ensure it
can effectively control such systems [166]. Nevertheless, the development is mostly demonstrated
on linear Gaussian systems. This chapter demonstrates the decentralised FP control approach on

nonlinear systems where the subsystems interact via probabilistic message passing.

4.1 Representation of Subsystems of Interconnected Complex Networks

The approach explained in this chapter is based on large-scale complex stochastic dynamical sys-
tems that can be decomposed into IV subsystems where the subsystems interact with one another via
probabilistic message passing (Section 4.2). Each subsystem is described by probability distributions
allowing uncertainties and noises to be considered, which enables the derived control algorithm to
be extended to real-world control problems. In this scenario, the decentralised strategy consists of
multiple local controllers that are responsible for the control of their corresponding subsystems. As
explained in Chapter 2, many methods require the network structure to be adjusted to achieve, for
example disjoint or overlapping systems, to ensure communication between subsystems is taken ac-
count of in the designation of the controllers. However, the communication strategy introduced in
this chapter implements a probabilistic message passing technique to exchange information among
the connected subsystems, while preserving the actual structure of the network [26], [27]. The incor-

poration of probabilistic message passing aids the communication among the subsystems to achieve
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the global aim of the interconnected network.

To re-emphasise, each node i, where ¢ € [1,..., N], in the interconnected complex network
is controlled locally by an individual randomised controller of which the distribution is given by
c(Up:i|zK—1:), where k € {1, ..., H} is the discrete time step, with H being the control horizon. The
set of multivariate control inputs, defined by uy.;, ensures the control aim for subsystem 7 is achieved.
The controller distribution depends on the state vector, zj.; = [a:k;i, yk;i]T of the subsystem, where
Tk;; is the multivariate internal state of subsystem 7 and where the multivariate observed external state
Yk;i 1s received from the neighbouring subsystems by means of probabilistic message passing. Note
that the external state y;..; received from neighbouring subsystems has an impact on the control input
ug;; of subsystem ¢ due to the dependency of uy; on both the internal and external states which there-
after influences the internal states of subsystem . The derived control input uy,.; for subsystem 7 does
not affect the states of neighbouring subsystems.

Therefore, the stochastic behaviour of the subsystems of the complex dynamical system is de-

scribed by

S(Thsiy Yhsis Whisi | Tl 1305 -+or TOsi» Yk T30 -vs Y0335 Wk—15i -5 U033 )

= (T Uhsir 2h—15) S (Yhsi | Yr—130) (ks 2 —130) - 4.1)

The probabilistic representation of Equation (4.1) is suitable to describe an interconnected stochastic
complex dynamical system with coupled nodes. The first distribution in (4.1) given by s(zp.i|w:i, 2k—1:)
is the conditional probability distribution of the multivariate internal states of subsystem ¢. The ran-
domised controller of subsystem i is described by the probability density function c(ug;|2x—1.;), and
the multivariate external states of the subsystem are represented by s(yp:i|yx—1.:)-

From the characteristic of the pdf of the internal states of node i, s(z;

Uksi, Zk—13i)» it can be
seen that the internal state dynamics are also influenced by the external states, y;_1.; received through
message passing from neighbouring subsystems. This means that the coupling between the node and
the neighbouring nodes are taken into consideration in the system dynamics. Conversely, the pdf
of the external state of node ¢ is given by s(yx.i|yx—1,;) which shows that the dependency is on the
previous external state only, namely yj_1,;. This is due to the legitimate assumption that holds in
this thesis that the control input uy.; does not affect the dynamics of the external state y;_1.;, and
neither does the internal state x;_1.; have an impact on the behaviour of the external state. To re-
emphasise, although it is possible to pass the control input to other subsystems via the probabilistic
message passing approach as mentioned in [164], in this thesis, only the states of the subsystems are

passed to each other. The control input uy.; of subsystem 4 does not directly influence the states of
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the neighbouring subsystems. However, the state of these neighbouring subsystems and the control
actions optimised within these neighbouring subsystems will be affected by the external states that
are passed to these subsystems. Nevertheless, if the control input uy.; of subsystem i is passed to the
neighbouring subsystems following the probabilistic message passing approach, it will then have a

direct effect on the states of the neighbouring subsystems as explained in [164].

Furthermore, the proposed decentralised control message passing approach are based on the actual
structure of the system. This means that if the control input uy.; applied to subsystem 4 affects
a neighbouring subsystem, then this control input uy.; can be passed through the message passing
approach and it will be considered in the model representing the actual system as already explained
previously [164]. Nevertheless, in this thesis, the case where the model structure consists of the

passing of the control input is not discussed.

The local controllers for the decomposed system follow a FP control method. For this approach, an
ideal probability distribution is specified which reflects the control aim of subsystem ¢ and aids to
achieve the desired steady state behaviour of the joint pdf of the closed-loop system. The ideal joint

pdf is described by

I
S (@hsis Yksis Whsi | Th—13 -5 TOsi» Yk T35 -1 Y0si> Uk—T3is - U033 )

Uk 2b—14) 8 (Ysi|[Yk—130) € (Whsi|2—14), 4.2)

= sI(x;m-

where s?(zy.;|.) and ¢! (uy;|.) represent the ideal distributions of the internal state dynamics and the
controller, respectively. The conditional pdf given by s(yk.i|yx—1.;) in (4.2) is the same as the pdf of
the external state in (4.1) due to the fact that it has been assumed that the external measurable state
cannot be influenced or changed in subsystem i. The sole contribution of the inclusion of knowledge
about the external states in the dynamics of subsystem ¢ is to inform subsystem 7 about the state of the
neighbouring nodes so that it can receive complete knowledge and information about aspects that have
an influential affect on the internal states. To clarify, the randomised local controller designed in this
chapter only affects the dynamics of the internal states, not the external. The proposed decentralised
control framework has been illustrated in Figure 4.1.

Due to the decomposition, the suboptimal randomised control solution to the FP control design
explained in Proposition 1 in Chapter 3 needs to be updated. The Kullback-Leibler Divergence be-

tween the actual joint pdf given by (4.1) and the ideal joint pdf defined by (4.2) now needs to be
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Figure 4.1: The architecture of the proposed decentralised control framework for a complex system
that has been decomposed into two subsystems, 7 and j. Subsystem ¢ controls the states 1 j, and &2 j,
and receives knowledge about the states x3 ;. and x4 ; from node j via probabilistic message passing
(pm). On the other hand, node j receives information about the states 1 and 9, via probabilistic
message passing and controls the states x3 j, and x4 . The receiving states to the nodes are registered
as external states of the subsystem.

minimised such that,

f(Zyi|Z i
—In(y(2k-15)) = min Z/f il Zi— 11)1n<f1((;kj|;k 11 Z))>de;z‘, 4.3)

{C Uk; z|zk 1; 1

where — In(y(z,—_1.;)) represents the value function, the joint pdf of the closed-loop system of sub-
system i is defined by f(Zi,il-) = [Ti (@i |wisis 2k—150)S (YsilYb—150)(Uhsil 2—151), and

Zisi = {Zksis s ZH3is ki ---, WH } 1S the observed sequence of data.

Proposition 3. The minimum cost-to-go function that derives the optimal controller c(ug;;|2x—1.i)
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can be obtained for the decomposed subsystem ¢, such that,

In(y(zx—1;)) =  min /8($k;i|uk;i> 2—15) S (Yksi | Y —151) C(Whsi | 21— 1:1)

{e(ursilzr—1:4)}

$(@psi| Ui Zh—1:6) C(Uksi| 2—153) ) }
X |In - : : : — In(v(zg d(2g4, Uk). (4.4)
[ (S](xk;z‘fuk;i,zk1;1)01(%;@'\%1;@') M (o i)
~~ Optimal cost-to-go
Partial cost

Proof. A detailed derivation of the minimum cost-to-go function shown in (4.4) can be found in

[25]. 0

4.2 Probabilistic Message Passing

The decomposition of large-scale complex systems into a number of subsystems allows local con-
trollers to be designed with the responsibility of achieving the control objective for their individual
subsystems. However, it is key to inform the subsystems of the state and objectives of the neighbour-
ing subsystems to achieve the individual as well as the global control objectives. The decentralisation
of the complex system integrated with probabilistic message passing simplifies the control problem
and circumvents the need of centrally controlling the large network to achieve the global aim.

The message passing strategy can be split into two parts: the passing and the receiving of the
probabilistic message. When subsystem ¢ passes a message to subsystem 7, subsystem j will receive
it as an external multivariate signal. This external state that subsystem j has received influences the
dynamics of the internal states of node j but the external signal itself will not get affected or changed
by the receiving subsystem j. The sole purpose is to convey a message to the receiving subsystem
7 about the conditions, states and objectives of other interacting neighbouring subsystems to aid the
control of the internal states. As aresult, more efficient and accurate local controllers are designed that
fulfil the objectives of each individual subsystem as well as the global objective of the interconnected
global network.

Once the message has been passed to the receiving subsystem, the receiving subsystem needs
to fuse the information together with the prior knowledge they already had to update its external
states. Local controllers are responsible for diffusing the message to neighbouring subsystems in
order to share the behaviour of the controlled node with each individual interacting subsystem. The
strategy of probabilistic message passing is implemented for subsystems to receive diffused messages

as external signals.
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4.3 Solution to the Decentralised FP Control Design Problem

The following proposition outlines the optimal control solution to the FP control problem in a decen-

tralised framework, subject to the actual and ideal pdfs described by (4.1) and (4.2), respectively.

Proposition 4. The optimal randomised controller that minimises the KLLD can be derived from the
cost-to-go function (4.4) for the actual joint pdf given by (4.1) and the ideal joint pdf defined in (4.2)

such that,

f (wpsil 2k—151) exp(—B(upsi, 25—1))

™ (Ugi|2p_1:4) = , 4.5)
( k‘,l| k l,l) ﬁ)/(zk 1;1')
Y(2k-1;i) / T (upgilzb—150) exp(—B(tnyi, 2k—14) ) dugss, (4.6)
S\ Lk;i | Uksis Rk—1;i -

B(Uksis Zk—1:i) /8 T [ Uksis Zh—151) {IH(SI((M?JIU;,Zkii)) — In(Y(Trsis Yr—1:1)) | dTpss,

4.7)
with

In(Y (205 Y—1:)) = /S(yk:;z'|yk—1;i)1H(7(Zk:;z'))dyk;i- (4.8)
Proof. The derivation of the optimal controller given in (4.5) can be found in [25]. O

It should be noted that the control solution given in (4.5) has no limitations regarding the choice
of pdfs, the distribution of the system state or the ideal distribution, since a general solution can
still be obtained. However, due to the involvement of multiple integrals, an analytic solution for
the randomised controller can not be derived except for linear systems with Gaussian distributions.
Nevertheless, the same transformation approach as explained in Chapter 3 is followed here to extend

the FP control approach within a decentralised framework to nonlinear systems.

4.4 Decentralised Control Approach for Nonlinear Systems with Addi-

tive Noises

This section discusses the derivation of the analytic control solution of a randomised controller for

complex nonlinear systems with additive noises in a decentralised control framework.
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4.4.1 Subsystem Representation of Nonlinear Complex Systems with Additive noises

The following representation of nonlinear discrete time stochastic subsystems is considered here.

Zksi :Fi(zk—l;i) + gi(zk—l;i)uk;i + €k:is (49)

where Fi(zk,l;i) € R™ and §;(2z,—1,i) € R™ ™ are the state and control matrices respectively, and

are both nonlinear functions of the state zj_;.;. The vector E(zk_l;i) can be written as Fi(zk—l;i) =

filzi 1)

hi(yk—1i)
nal state function is described by ;(yx_1.;)-

, Where fi(zk,l;i) is the nonlinear internal state function and where the nonlinear exter-

The noise €.; belongs to the Gaussian distribution with zero mean and covariance ();. The same
approach as explained in Chapter 3 to transform the system to a nonlinear system that is affine in the

state and control input is followed here to give,
2k =Fi(2h—1:) 2k—151 + Gi(Zh—15) Uksi + €si- (4.10)

To clarify the construction of the proposed decomposition which introduces the concept of internal
and external variables, Equation (4.10) can be explicitly written in terms of the multivariate internal

state xy.; and external state y.; such that,

Tri =f1i(2k—1:4)Th—1. + Z CijTh—135 + Gi(Zh—1:0) Uksi + €1k,
JEN;,j#4

=f1i(zk—1.0)Th—13i + f2i(Zh—1:0)Uk—1:i + Gi (Zh—1:0)Uksi + E1ksis
= fi(Zk—1:)2k—14 + Gi(Zk—1:)Uksi + €1ksis 4.11)

Yiesi =hi(Ye—1)Yk—1;i + ks (4.12)

The noises €1; and €gy.; have zero mean and covariances ()1;; and (2,;, respectively. The internal
state matrix is given by fli(zk—l;i) and the control matrix is defined as g;(2x—1.;). The matrices c;;
represent the coupling strength between the interacting subsystems. The second term of the internal

states that consists of the coupling term, namely > ji CijTk—1;; Where N; means the neighbour-

JEN;
ing nodes of subsystem 7, has been rewritten to achieve a more compact form such that the states from
the neighbouring nodes, j_1.; enter subsystem 7 as external states, y,—1,;. The elements of matrix
fgi(zk,l;i) are given by c;;, meaning fgi(zk,l;i) = [cijljen,,j-i- Moreover, the vector yj_1,; con-

sists of elements that equate to the states of the neighbouring nodes xy_1.;, in other words, y;_1,; =
T

[:r{_lsj]JTeNi’j#. Lastly, matrix f;(zj_1.;) represents fi(zx_1.) = fri(ze—1)  fai(zh—1.)
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In addition, Equation (4.11) - (4.12) can also be written in matrix-vector form such that,

Thsi frize-14)  foi(ze—14) | | k-1 Gi(Zk—1:4) €1k
= _ + Uks + . 4.13)
Yksi 0 hi(Yr—1:) | | Yk—1:i 0 €2ksi
—_— ~—— — ——
Zksi = F(zp-1y4) Zk—15i Gi(zK—1;1) €ksi

Definition 4.4.1. Suboptimal solution to the decentralised nonlinear FP control design: The FP
control approach for obtaining a suboptimal solution for decentralised nonlinear control problems

(such as Equations (4.9)) can be obtained using the following definition:

1. At each discrete time step, use transformation methods to bring the nonlinear dynamics to the
nonlinear affine dynamics. For example, for the formulation in the current section, transform

the nonlinear equation in (4.9) to the nonlinear affine dynamics in (4.10).
2. Solve the equations provided in Proposition 4 to obtain the closed form suboptimal solution at
each discrete time instant.

The internal state, external state and control matrices described by ﬁ-(zk_l;i), hi(yr_1), and
Gi(2x—1.;) respectively, are unknown and need to be estimated. An MLP neural network is imple-
mented to obtain an approximation for the conditional mean of the system dynamics for the internal

states of subsystem 7,

Tpy = mlp(2—1;),

= fi(Zh—1:4)2k—1: + Gi(Zh—1:4) Ui (4.14)

where f;(2x—_1.;) and g;(zx_1,;) are the estimations of the internal state and control matrices, respec-

tively. To re-emphasise, the internal state matrix can be written as fi(2k—1.) = | f1;(zx—14)  foi(2k—1:4)

Furthermore, an MLP is used to output an estimation for the conditional expectation of the external

state variables such that,

Uk;i = mIp(Ye—1;),

= hi(Yr—1:0) Yk—1:45 (4.15)

where h;(yx—1.;) is the estimation obtained for the external state matrix, Bi(yk,l;i). A more detailed
approach on how to obtain the MLP estimations can be found in Chapter 3.

Secondly, the global covariance ¥,.; can be estimated from the error between the actual internal
state x.; and estimated internal state ;. Similarly, the global covariance of the conditional distri-

bution of the external state, >,.; can be estimated from the error between the external state received
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by the probabilistic message passing approach and the estimated external state. The methodology of
approximating this can be found in Section 3.3.2.

It is now possible to describe the stochastic behaviour of the dynamics of subsystem ¢ which is
characterised by Gaussian probability density function since the noise affecting the system dynamics

as specified by Equation (4.13) is Gaussian. This is given by,

S(Thyi Uiy 2k—1:) ~ N (T, Do) (4.16)

S(WksilYe—1:3) ~ N (Gsir Sysi)- 4.17)

The conditional distribution s(z.;|ug.i, 2zx—1;;) describes the stochastic behaviour of the internal

states, whereas s(yj.i|yx—1.;) describes the conditional pdf of the external states of subsystem .

4.4.2 Randomised Suboptimal Controller for Nonlinear Systems

As discussed previously, it is key to specify the desired behaviour of the system state and controller
within a FP control design framework to outline the control objective. Since the aim here is to regulate
the system states from the initial value to zero, the ideal distributions of the internal and external states

are described by,

T (@i [whsis 211:4) ~ N(0, Sai), (4.18)

T (il h—1:0) ~ N (Ghsis D) (4.19)

where s/ (@i |k, 26—1;i) describes the ideal distribution of the internal states which needs to be re-
flected in the design of the probabilistic controller. However, the external states are messages received
from neighbouring nodes and thus are not supposed to be controlled or influenced by the output of
subsystem ¢. Therefore, the ideal distribution of the measurable external signal y;..; is taken to be the
same as the actual distribution of the external signal to subsystem i. To re-emphasise, the external
states are the messages passed from neighbouring subsystems, thus, they cannot be influenced by the
output of the subsystem they are passed to.

In addition, the ideal pdf of the controller is given by,
! (gl zr—155) ~ N(0, i), (4.20)

where the mean is assumed to be zero and covariance I'y.; specifies the permissible range of the
optimal control inputs for a given confidence level. Given the above conditions and constraints and

based on Definition 4.4.1, the next theorem states the form of the suboptimal randomised controller
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for subsystem ¢.

Theorem 4. Based on Definition 4.4.1, the suboptimal randomised controller for subsystem ¢ of
which the dynamics are characterised by (4.16) and (4.17) and for which the ideal distribution of the

subsystem and controller is described by (4.18), (4.19), and (4.20) is given by,

¢ (uksilzr—154) = N (whois Thii), (4.21)
where
up; = —Kpizk—1, (4.22)
_ g - —1
Iy = (Fk;i +9; (Zk—l;i)Qk;igi(zk—l;i)) ; (4.23)
_ ~ ~

Ki;i = Ukig; (2k-13) [Qk;ifli(zk—l;i) Qrsifoi(zr—15) + Mo pihi(Ye—1:4) | 5 (4.24)
Qrii = (Sg + M) (4.25)

The obtained Gaussian distribution of the suboptimal randomised controller (4.21) for subsystem ¢
has mean uzl and covariance given by f‘k;i. The control gain Ky.; is described by Equation (4.24).
Furthermore,the quadratic performance index for the present control strategy is given by,

1 1
= In(y(2k30)) = 52 Misizisi + 5 Vi (4.26)

where the matrix My.; has been partitioned as follows,

Migi Ma
My = | 050 7 (427)

T
M2,k;i M3 ;i
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and where,

My -1 = = [1i(2he10) Qi (2—1:0) Thsig] (2h—1) Qi J1i (2h—133) + 15 (Zh-130) Qi Jri (2h—1,0),
(4.28)
Mo g1 =fE (2h—1:) Quei foi (Zh—1:6) + FE (2h—1:0) Ma il (Uk—1:4)
— [ (2—1:0) Qi 9i (2k—130) Thsi 97 (2h—14) Qs f2i (2h—14)
— [ (2h10) Qi 9i (2h—1:0) Tt 9 (k- 10) Mo i i (re—1:4), (4.29)
M g1 =25 (Zh-1:0) Qnei f2i (- 1:0) + 25 (2h—1:6) Mo i i (Y—1:4) + BY (Yk—1:0) M3 i i (Y —1.4)
— 13 (21—130) Qr:i9i (2k—130) Thsi 9 (2k—1:0) Qs foi (Zh—134)

— b} (Yr—1:) Mo ;i 9i (21150 ) Dhii 07 (2h—1:4) Mo g (Y—1:4)

— 2f5i(2k—130) Qusii (2h—1) Dy (Zh150) Mo sihi(Y—150) (4.30)

Vi1 =Vigi + 080 M1 i) + (S0 Ma i) + 0 [Tis| + I [Tpd + 0 (20 10) Qe (1) .
4.31)

Proof. The proof of Theorem 5 can be found in Appendix D. O

To further elaborate the idea and understanding of the partitioning of matrix M;.y, it can be
demonstrated by rewriting the quadratic cost function defined by (4.26) such that —In(y(zy,;)) =
%[xglekzxkz + 2x£ng7k;iyk;i + yingvk;iyk;i + Vi.i]. From the form of the suboptimal con-
troller given by (4.21) - (4.25), it can be seen that to derive the suboptimal controller, only two of
the elements of the full Riccati matrix need to be computed, namely M; j.; and My j.; which are
described by Equations (4.28) and (4.29), respectively. The Riccati equation solution, M3 ;.; which
is quadratic in the external states is not required to be solved. Therefore, the full block of the Riccati
matrix (4.27) does not need to be solved which results in a reduction in computational expenses to
obtain the control law within the proposed decentralised framework as opposed to the global control
solution. The implementation of the suboptimal randomised controller is computationally efficient
as a consequence of the decomposition of the Riccati matrix which is especially beneficial when
handling large-scale complex systems. In [176], the sequential execution time is shown to scale lin-
early with the size of the system. However, when it is computed in a decentralised non sequential
mode, the time it takes for the system to converge is independent of the actual size of the system.
To clarify, if a large system is controlled centrally, the time needed to compute scales linearly, i.e.
time to control node 1 + time to control node 2 + .... Nevertheless, the decentralised approach allows
the control of all the subsystems simultaneously. Hence, parallel computers for the control of a decen-

tralised large system means that the computational time will only be bound to the size of the largest
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subsystem.

The interaction among interconnecting subsystems is important to achieve the global control objec-
tive. The algorithm developed in this chapter uses probabilistic message passing as a communication
medium between the subsystems [26], [27]. The next section explains the probabilistic message

passing approach in detail.

4.5 Probabilistic Message Passing Algorithm

The decomposition of each subsystem consists of the internal states for which the local controller
is responsible and the external state which aids the local controller to complete the information it
requires to achieve its local and aid the global control objective.

The approach that has been used to receive messages from neighbouring subsystems to update
the external state of the subsystem is probabilistic inference. The stochastic nature of the subsystems
allows the complete description of the closed-loop system of each subsystem to be given by the joint
pdf of the variables that are linked to each other namely the internal states, external states and the

control input of the subsystem under consideration such that,

S(Thsir Yhsis Whsi| 2h—153)- (4.32)

The message passing technique involves subsystem % conveying knowledge about its internal states,
Tk, to the interacting subsystems. Hence, it is required to find the marginal distribution of the states
that need to be passed from subsystem i to other neighbouring subsystems. The process and theorems
are outlined and explained using subsystem 7 and j where node 7 passes the message to the receiving
node j. This is an example implemented to describe the probabilistic message passing approach. To
clarify, the passing of messages is not restricted to be unidirectional, it can be bidirectional as well
and the same procedure can be followed.

Firstly, the following statement is key to the message passing approach.

Lemma 1. The stochastic formulation of the probabilistic message being conveyed from subsystem

1 to j is given by,
M i(Thiilzi—14) = /S(afk;i, Yksis Uksi | Zk—130) AYRsi AUz, (4.33)

which implies that the joint pdf of the variables that compose subsystem ¢ is integrated over the exter-

nal variable and control input such that the marginal distribution for the internal states of subsystem ¢
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can be found and passed onto subsystem j which receives it as an external signal.
Following the statement in (4.33) provided by Lemma 1, the consequent theorem can be obtained.

Theorem 5. Following the distribution of subsystem ¢ defined in (4.16) - (4.17), its designed optimal
controller described by (4.21), and Lemma 1, the knowledge about the internal states of subsystem ¢

to subsystem j is given by the following probabilistic message,

Mii(Trilze—1:4) = N (Bayy s Py ) (4.34)

where,
Py = filzk-15) 2611 + 9i(2k—150) g (4.35)
Bar, = 9i(zh-1,0T k397 (Zh150) + Sasi- (4.36)

Note that >J;.; in (4.36) is the covariance of the actual pdf of the internal states of subsystem ¢ as given
by (4.16). The probabilistic message in (4.34) can be described by any probability distribution and
does not necessarily have to be Gaussian. However, if the components of the subsystems and their
individual controllers are described by Gaussian distributions, then the distribution of the messages

passed (Equation (4.34)) will also result in a Gaussian distribution.

Proof. A detailed proof of this theorem can be found in Appendix E. 0

Nevertheless, Theorem 5 is solely the first stage of the probabilistic message passing approach
since the message about the internal states of the passing subsystem ¢ (4.34) still needs to be utilised
by the receiving subsystem j to update the knowledge of its external state variables. A mathematical

representation can be given by,

M i(@rilze—1:4) = N (e Pap) ~ Yrj < Thsie (4.37)

Using Bayes’ rule, prior knowledge about the external states yy.; that subsystem j possesses can be
fused with the updated knowledge received from subsystem ¢ as a probabilistic message about the
internal states of node i. The following theorem formulates the second stage of the probabilistic

message passing approach.

Theorem 6. The prior knowledge that node j has about its external states, namely s(y.;|yx—1;;) =
N (Y5, Xy:5) can be updated using the notion introduced in (4.37) by fusing it with the probabilistic
message (4.34) subsystem ¢ has passed. This is achieved by using Bayes’ rule, i.e. the posterior dis-

tribution of {J.; new s calculated using Bayes’ theorem where prior knowledge about the distribution
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Of Yk jnew as defined in Equation (4.17) is combined with the new information from the probabilis-
tic message given by (4.34). Following this, the maximum a posteriori estimation (MAP) estimates

Uk;jnew as the mode of the posterior distribution of this random variable. This gives,

S(yk;j,new) = N(Qk;j,newa Eyk.;j,new)a (438)
where,
Irsjmew = Uisj + Kiij(Has — Irij)s (4.39)
iyk;j,new = Yy;j — Kk;jzy;j’ (4.40)
with,
Kij = By (Syj + Py) (4.41)
Proof. The proof of this theorem can be found in Appendix E. O

4.6 Algorithm of the Decentralised FP Control Approach with Proba-

bilistic Message Passing

There are a number of steps required in the process of implementing the suboptimal randomised
controller in a decentralised control framework. The key steps are summarised in Algorithm 5 as
a pseudocode. As discussed previously for centralised FP control designs, it is required to find the
steady state solutions for both the DARE’s M j.; and My j.; given by (4.28) and (4.29). This is

achieved by changing the time index as explained previously.
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Algorithm 5 Pseudo-code of randomised controller for decentralised nonlinear systems with additive
noises
1: procedure IMPLEMENTATION OF FP CONTROL DESIGN FOR DECENTRALISED NONLINEAR
SYSTEMS WITH ADDITIVE NOISES
2: Inmitialise: zo., yo.i, M1,0.i, M2,0:i, hi(yr—1.;) where ¢ = {1, ..., N}, N being the number of sub-
systems and pre-train the neural network model as discussed in Algorithm 1 (optional).

3: fork =1— H do
4: for subsystem i:
5: Estimate f;(2_1.;) and g;(2x—1.;) from the neural network model.
6: (;alculate the SS solution of M7; using (4.28).
7: Qi <~ (251 + M)
~ -1
8: I = (FI;} + 9?(%—1@)@91(%-1;0)
9: Use Steps 6-8 in (4.29) to find the SS solution of Ma.;.
10: Use the SS values from Steps 6-9 in (4.24) to find the SS solution of K.
11: Compute u;.; using Step 10 in Equation (4.22).
12: Forward the control signal uy, obtained in Step 11 to the system equation (4.9).
13: Using a one step delayed of the new state value from Step /2 and the calculated control
signal ;. from Step 11 as input to the neural network model and the new state from Step 12 as
output, retrain the neural network model and update its parameters.
14 end for
15: for subsystem ¢:
16: Compute M ;(xy.;|2k—1.;) given by (4.34) using (4.35) and (4.36).
17: Update the prior pdf of the external states using (4.38) - (4.41).
18: Update the external state matrices h; (yi—1.;).
19: end for
20: end for

4.7 Simulation

The validity of the proposed decentralised FP control approach with probabilistic message passing as
a means of communication between the subsystems is demonstrated in the current section. The nu-
merical example implemented to illustrate the effectiveness of the proposed decentralised FP control
approach is taken from [177] by Wang et al. The dynamics of the discrete time stochastic system for

the simulation in this section are thus given by,

N
Thyi = [1i(Zh—130)Th—15 + Z CijTh—1:j + Uk + €1ksis (4.42)
JEN;,jFi
where the coupling strength matrix c;; is given by ¢;; = L£;;(0.1Z2x2) which links it to the jth state

variable. Furthermore, f1;(2x—1.;) = a(2k—1:) + Lii(0.1Z2x2) = a(zk—1i) + cis, Where,

1
a(zg—14) = =05 T2 k150 tanh(0.65z1 k—1;) — 0.15 443)
1) = ' |
0 L1— g—t—tanh(0.9522 1)

2,k
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In addition, £ = [L;;]nxn is the Laplacian matrix which shows the connections and interactions

between the individual subsystems and is given by,

—-0.2 0.1 0.1
L=1] 01 -02 01 |- (4.44)

01 01 -0.2

The Laplacian matrix, £ represents the decomposition of the complex nonlinear network in three
subsystems that need to be regulated to state zero. A key adjustment to the system state equation in
[177] is the addition of the noise €1y.; to obtain a stochastic system as defined in (4.42). This allows
us to demonstrate a more realistic control problem which can be found in real-world situations where

noises are inevitable. The noise has zero mean and the noise intensity is described by the covariance

Qi = 0.1Z3xo.

The local controllers designed for this numerical example are responsible for three individual sub-
systems which are referred to as node i € {a, x,2}. All nodes equally interact with each other and
thus, following the system state equation given by Equation (4.42), the dynamics of the nodes can be

described by the distributions,

$(Thi[UWhsis Zk—1:0) = N (fi(Zh—1:4) 2h—15i + i (Zh—1:) Ui, Dazsi ), (4.45)

where fi(zk—1;1) = | f1;(zk-1.) foi(zp—1.)| With f2i(2k—1;) = [cijljen; i such that,

—0.5-0.02  —t—tanh(0.65z14-1;) —0.15 001 0 0.0l 0
filzp—1:) = Rt
0 11— 1 tanh(0.95z9)1;) —0.02 0 001 0 0.0l
(4.46)
1
9i(Zk—1:4) = , (4.47)
1
and,
S(Unsilye—1) = N (hi (Yk—1:0) Yk—1:, Dy:i)» (4.48)
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where,

hi1i hiz; 0O 0
ho1; hooi 0 0
hi(Yr—1:) = : (4.49)
0 0 hszi hsay

0 0 hazi haay |

To reaffirm, the pdfs of the system state dynamics are assumed to be unknown apriori and are therefore
estimated online as explained in Sections 4.4.1 and 3.3.2. The external state matrix h;(yr—1,;) is
initialised randomly at k = 1, and is updated accordingly during the probabilistic message passing

procedure as explained in Section 4.5. The state vector zy.; for the nodes are given by:

T
1. node « is given by 2. = [Zum Zoki Flkx 22k FLEQ Z2,k;ﬂ} , where the first
two variables 21 ., and 29 .. are the internal states and the remaining four states are the

external states. The internal states are initially assumed to be 21 0. = 7.5 and 22 9. = —3.5.

T
2. node y is given by zp,, = |:Zl,k:;x Zok Alka 22ka 21k ZQ,k;Q] , Where the first
two variables z1 ., and 29 x., are the internal states and the remaining four states are the exter-

nal states. The internal states are initially assumed to be 210, = —2.7 and 229, = 5.1.

T
3. node € is given by 2.0 = [Zl,k:;(l 2010 Plka P2ka Lk Z2,k;x} , Where the first
two variables z1 1.0 and 23 ;. are the internal states and the remaining four states are the

external states. The internal states are initially assumed to be 21 9.0 = 4.2 and 22 0.0 = —2.9.

The covariance of the ideal controllers for the three subsystems is set to be I'y,; = 5 which
represents the permissible range of control inputs. The covariance of the ideal distribution of the
internal states is the same as the global covariance, >J,.; of the actual distribution of the internal states
which can be estimated as explained in Section 4.4.1. The three subsystems are identical in this case
as can be seen from the parameters and the symmetry of the Laplacian matrix.

In a further experiment, the decentralised FP control approach is compared to the centralised FP
control method. The system that is controlled following a centralised approach consists of a state

T
vector of six states, i.e. Tx = |24 Zog_1 X3k_1 Tak—1 Tsk_1 Tekr_i| - Lhe global
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state matrix A(zy_1) is given by

—-0.5 Aq1—0.15 0 0 0 0
0 1.1 — Ao 0 0 0 0
0 —0.5 A —0.15 0 0
A(xk_l) = + Lcoupledv (450)

0 0 0 1.1 — Ay 0 0

0 0 0 0 —0.5 A3z —0.15

0 0 0 0 0 1.1 — Aso

where

A = g tanh(0.6521 ;1) Aiz = ;—— tanh(0.952 1)

T2, T2, k-1

Agy = go—tanh(0.65z3 1) Agp = ;—— tanh(0.9524 1)

Ty, Tq,k—1

Az = —1 tanh(0.65x5 ;1) Az = ! tanh(0.95x6 k1)

T6,k—1 T6,k—1

and Lcoupied = L Q) Lok with ) being the Kronecker product. The global control matrix is given by

100
100
010
B = 4.51)
010
00 1
00 1

Furthermore, the covariance of the ideal controller is set to be I'gjopa1 = 5Z3x3. The covariance of the
ideal distribution of the states is the same as the global cova;iance matrix. The initial state values are
assumedtobexg = (7.5 —3.5 —2.7 5.1 4.2 —2.9| . Theresults of the system controlled by
a centralised controller can be found in Figure 4.3 and the results of the decentralised FP controller
can be found in Figure 4.2. As mentioned previously, the decentralised FP control approach allows
the control of the subsystems to take place simultaneously, while the execution time of the centralised
FP control strategy scales linearly with the size of the system [176]. From Figure (4.2), it can be
observed that the internal states of the subsystems closely oscillate around zero. Also, Figure 4.3

demonstrates that the states closely oscillate around zero.

In conclusion, it has hence been validated that the proposed approach is effective since it simplifies
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the process by decomposing the complex system into smaller sub-problems, allowing the nodes to
interact with the neighbouring subsystems via probabilistic message passing while still ensuring that

the global objective is achieved using only decentralised local knowledge.

Centralised FP Control

8
State x 1
6 - - State X,
" State X,
44 ~ — State x,
State X
2 - - State Xg
0
-2
4 . . . .
0 50 100 150 200

k

Figure 4.2: The results of the states following a centralised FP control approach are presented in this
figure.
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Decentralised FP Control With PMP

— State x 1:
el
6 - = State xz;a
State x,
T
4 . — State x,,
iX
, State x1; a
- = State Xz;s'z

_4 L L L J
0 50 100 150 200
k

Figure 4.3: The results of the internal states of the nodes following a decentralised FP control ap-
proach are presented in this figure.

4.8 Decentralised Control Approach for Nonlinear Systems with Mul-

tiplicative Noises

The previously discussed design does not take account of multiplicative noises that affect complex
nonlinear systems. Therefore, this sections discusses the design process of FP local controllers for

nonlinear subsystems with multiplicative noises.

4.8.1 Subsystem Representation of Nonlinear Complex System with Multiplicative

Noises

The FP control design within a decentralised framework has also been further developed for nonlinear
systems with multiplicative noises. This allows the randomised controller to be implemented for

nonlinear systems affected by a variety of noises.

Following the decentralised framework discussed in Section 4.1 and the transformation of a nonlinear
system to a nonlinear system that is affine in the state and control input (Chapter 3), the dynamics of

stochastic subsystem ¢ with multiplicative noise is described by,

2kt =Fi(2h—1:0) 2h—151 + Gi(Zh—15)Unsi + Dizi—1: - Vi—14, (4.52)
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where Fj(z;—_1.;) and §(2x_1.;) are the nonlinear state and control matrices, respectively. The system
matrix D; is multiplied by the state vector 2—1;; Which is thereafter multiplied by the noise vector
Vi—1; that has zero mean and covariance ();, using the Hadamard product.

The matrix-vector form of (4.52) is given by,

T J1i(zh—14)  Sfai(zp—13) | |Th—13 Gi(Zk—1:) Dy; O Th—1; Lnx1Vp—1
= B + U+ B .
Yksi 0 hi(Yr—1:) | | Yr—1:i 0 0 Dol |Yk—1 Limx10k—1;
0 —
ks Fi(zk,l;i) Rk—1;i g}i(zk_l;i) D,L Zk—1;i Vi—1;4
(4.53)

where 1,1 is an (n x 1) unit vector which corresponds to the state dimension of the internal variables
Tk and 1,1 is an (m x 1) unit vector which corresponds to the state dimension of the external
variables yy.;. Also, it is assumed that the multiplicative noises of the internal and external states are
uncorrelated.

As can be read from (4.53), the dynamics of the multivariate internal state xy; is represented by the

following equation,
Ty = fi(Zh—14)2k—1: + Gi(Zk—1.0)Uksi + D1:i%k—1.V6—14, (4.54)

where ﬁ(Zk—l;i) = fli(zk—l.i) fQi(Zk—l-z‘) and the scalar noise vj_1.; has zero mean and vari-

ance (1,;. In addition, the system state equation of the multivariate external state is given by,
Ui = Pi(Yk—1.0)Uk—1: + D2iYk—1.0k—14, (4.55)

where the scalar noise ¥3,_1.; has zero mean and variance Q2;.

As discussed in Sections 3.5.1 and 4.4.1, the state matrices f;(2—1;) and h;(yk—1.;), and the con-
trol matrix g;(z,—1;;) are estimated using mlp neural networks to obtain f;(zx_1.i), hi(yx—1.i) and
gi(2k—1.;) respectively. Previously in Section 3.5.1, the process of estimating the system matrix D
has been outlined for nonlinear systems where the concept of internal and external states does not ex-
ist. Nevertheless, the same approach to estimate D); is followed for systems within the decentralised
framework. To clarify, the estimation of D1.; of the internal states depends on the internal and external
states such that Dy; = ez, (z:k_l;ivk_l;i)t where €z, . = Z;; — 1;;. On the other hand, the estima-
tion of Dy.; of the external states depends on the external states only, i.e. Do, = €y (yk,l;if}k,l;i)ﬂ
where ey, = Yk, — Dhezi-

The Gaussian probability density functions of the internal and external states of node ¢ can then
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be obtained,

3($k;i Uiy zk:—l;i) ~ N(jjk;ia Rx;i)a (456)

8(Yrsi|Yk—130) ~ N (Gnsis Zysi), (4.57)
where s(j:i|wki, 2x—1i) is the pdf of the internal states with the mean expressed by,
Tryi = fi(2h—15) 2h—15 + 9i(Zh—1;0) Uksis (4.58)
and covariance,

Rui =E[(2h — #pi) (T — 10) 7,
=E[(D1i%p—1:0%—1:) (D1 1.405—14) " ],
=E[D 13k —150k—15i0h 147} 14 D7),

=Dy p—1Quih 1., D1 (4.59)

Furthermore, the probabilistic description of the behaviour of the external states of subsystem 4 is

given by $(yg.i|yk—1.;) with the mean defined by,
Ui = P (Yk—1:6) Yh—1:4 (4.60)
and covariance matrix expressed by,
Yy = D2;iyk71;iQ2;iylzll;iD%;i- 4.61)

In addition, the ideal distributions of the conditional distributions of the internal and external states

of subsystem ¢ are given by,

st (Tpi iy 28-1.4) ~ N(0, ), (4.62)

st (Wriilun—1:) ~ N (Grsi, Syt (4.63)

where the mean of the ideal distribution of the internal variables of subsystem ¢ is zero due to the
regulation objective of the control problem, and covariance is ;.;. Unlike the approach discussed
previously in Section 4.4.1, the covariance matrix R,.; of the actual distribution of the internal states

is different than the covariance matrix X,.; of the ideal pdf of the internal states of subsystem 7. This

A.A.Z.Zafar, PhD Thesis, Aston University 2021 101



is due to the state dependency of covariance matrix R,.; on the states which are expected to converge
to zero, as can be seen from (4.59). This allows us to set a smaller ideal covariance matrix, X,.; than
the actual covariance R,.;.

Since the objective of the control problem is still the same as the previously discussed decen-

tralised FP approach, the ideal distribution of the controller remains the same, namely,

CI(uk;i|Zk,1;i) ~ N(O, Fkﬂ)? (4.64)

which is a Gaussian distribution with zero mean and covariance I';.; to specify the range of permissi-

ble control inputs.

4.8.2 Randomised Suboptimal Controller for Nonlinear Systems with Multiplicative

Noises

This section presents Theorem 7 to outline the form of the distribution of the randomised controller

designed for nonlinear subsystems that are affected by multiplicative stochastic noises.

Theorem 7. Using Proposition 4 and Definition 4.4.1, the suboptimal approximation of the opti-
mal control law for node 7 that considers multiplicative noises, subject to the dynamics of subsys-
tem ¢ characterised by (4.56) and (4.57), the ideal distribution of the system states given by (4.62)

and (4.63), and the ideal pdf of the controller stated in (4.64), can be obtained such that,

c* (upsil2n—1:1) = N (i Thia), (4.65)
where
up; = —Kpizr 1, (4.66)
_ o - -1
L = (Fk;i + g; (Zk—l;i)Qk;igi(zk—l;i)> : (4.67)
Kiyi = Tiiigl (26-10) [Qk;ifli(zk—l;i) Qi foi(2h—1.4) + Mo pihi(yr—1.4) | - (4.68)
Qi = (E;} + My ). (4.69)

The suboptimal controller for node ¢ presented by (4.65) has mean u};; ; and covariance r k;i- The
control gain Kj.; is given by Equation (4.68). Furthermore, the quadratic performance index for the

control strategy is given by,

1 1
—In(y(2x;)) = izl{;iMk;iZk;i + in;i, (4.70)
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where matrix M..; has been partitioned as follows,

Ml,k;' MQ,k;'
My, = ’ ‘1, (4.71)
ngjk;i M3 ki

and where,

My g1 = — i (2h-1:0) Qnii0i (2h—1:) Criig? (25—1:0) Qi f1i (2h—1:4) + F (2h—14) Qi fri (214
+ DY My i Q1 D1y, (4.72)
Mo -1 =115 (2r—1:0) Qusi fi (2r—130) + 15 (2h—130) Mo esi i (Ye—155)
— (1) Qi 9i (2 1:0) T i 07 (2h—1:6) Qi foi (2h—1:4)
— [ (2h—1:0) Qi 96 (2h—1.0) T ki 07 (Zh—1:0) Mo gihi (Yr—120), (4.73)
M g1 =15 (2b-1.0) Qroi foi (2h—1:0) + 205 (2h14) Mo i (yk—1:6) + hT (yr—1:6) M gihi (Yg—1.4)
— 132k 1:0) Qr:i9i (2k—1:0) Chsi 98 (2h—14) Qi foi (2k—134)
— b} (Yk—1:) M2 ki (2510 T ki 97 (2k—1:4) M esi i (Yk—1:4)

— 23 (2-150) Qusi9i (21— 1:0) T 0] (2h—1:0) Mo sibi (Ye—134) + Dy M s Q25 Do,

(4.74)
Vie1:i =Visi + 0 Dril + I [T + 6f (2r-1:0) Qriigi(@r 1) (4.75)
Proof. The proof of Theorem 7 can be found in Appendix F. O

If one observes the suboptimal controller designed in Section 4.4 given by Equations (4.21) -
(4.25) and compares it to the derived suboptimal controller that considers multiplicative stochastic
disturbances described by (4.65) - (4.69), it can be seen that both controllers have the same for-
mulation of the Gaussian distribution including the optimal gains, means and covariance matrices.
However, when considering the Riccati equation solution M ;.;, one can notice an additional term,
DlTZ M 1.iQ1,iD1.; which arose from the consideration of multiplicative noises. Although, there is an
additional term in the Riccati element M3 .;, namely DglM 3,k;i(02;: D2, there is no requirement to
solve M3 1.; due to the fact that it is not part of the optimal control law. This reduces the computational
expenses since solving the full block of Mj,.; is not required.

The communications between the subsystems follows the probabilistic message passing approach

explained in Section 4.2.
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4.8.3 Algorithm of the Decentralised FP Control Approach for Nonlinear Subsystems

with Multiplicative Noises

The algorithm of the FP control design that considers multiplicative noises in nonlinear subsystems
is summarised in Algorithm 6 as a pseudocode of the key steps. The time index is required to be

changed to find the steady state solutions of the DARE’s M j.; and My j..; given by (4.72) and (4.73).

Algorithm 6 Pseudo-code of randomised controller for decentralised nonlinear systems with multi-
plicative noises

1: procedure IMPLEMENTATION OF FP CONTROL DESIGN FOR DECENTRALISED NONLINEAR
SYSTEMS WITH MULTIPLICATIVE NOISES

2: Initialise: T0:i Y04, Ml,O;i7 M270;Z', hi(yk—l;i) where ¢ = {1, e N}, N being the number of sub-
systems and pre-train the neural network model as discussed in Algorithm 1 (optional).

3: for k=1— H do

4: for subsystem i:

5: Estimate f;(2,_1.i), 9i(2k—1::), D1.i, and Dy.; from the neural network model.
6: Calculate the SS solution of Mj;; using (4.72).

7: Q; +— (Z;j + Ml;i)

8: L+ (F;ZI + giT(qu;i)Qigz'(Zkﬂ;i))

9: Use Steps 6-8 in (4.73) to find the SS solution of Ma.;.

10: Use the SS values from Steps 6-9 in (4.68) to obtain the SS solution of Kj.

11: Compute u,";l using Step 10 in Equation (4.66).

12: Forward the control signal u}, obtained in Step 11 to the system equation (4.52).

13: Using a one step delayed of the new state value from Step /2 and the calculated control
signal v, from Step 11 as input to the neural network model and the new state from Step 12 as
output, retrain the neural network model and update its parameters.

14: end for

15: for subsystem i:

16: Compute M ;(2.i|2x—1.;) given by (4.34) using (4.35) and (4.36).

17: Update the prior pdf of the external states using (4.38) - (4.41).

18: Update the external state matrices h; (Yx—1.i)-

19: end for

20: end for

4.9 Simulation

The proposed method discussed in Section 4.8 is illustrated here using the same simulation [177] as
Section 4.7. The parameters of the pdfs of the system dynamics stay the same for the three individual
subsystems and are also expected to be estimated since there is no apriori knowledge about them.
However, instead of additive noises, the simulated example is affected by multiplicative noises, which
is the key difference here. The localised controllers are designed in such a way that they consider the

multiplicative stochasticity of the subsystems. The matrix D1;; that is multiplied by the noise vj_1.;
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with zero mean and variance () = 1 is given by,

0.73 0.25
Dy = , (4.76)

0.4 0.75
To re-emphasise, matrix D1;; is unknown and hence is required to be estimated. For the nodes «, x
and (), the ideal covariance matrix is chosen to be X,; = 10~ 2diag([2.1;1.1]). For the proposed
method, it is possible to have a smaller ideal covariance X;;; than the actual covariance R,; due to
the state dependency of the actual covariance matrix. Furthermore, the range of allowable control
inputs is described by I'y.; = 5.

In addition, in a further experiment, a centralised controller is implemented to control the system.
The global state matrix and the global control matrix is taken to be the same as described in Section
4.7 by Equations (4.50) and (4.51), respectively. The ideal covariance matrix is the same as the global
covariance matrix and the covariance of the ideal controller is given by I gjopq1 = 5Z3x3. The assumed
initial state values remain the same for both the decentralised FP controller and the centralised FP
controller as described by Section 4.7.

The results plotted in Figure 4.5 show that the internal states of the subsystems have converged
to values extremely close to zero as expected from a regulation problem following a decentralised
control strategy. It becomes clear that the addition of the external states to the state vector zj; is to
ensure that node ¢ is aware of the state of the interacting subsystems. The global objective has been
achieved by using decentralised controllers that only have access to local information. The approach
of probabilistic message passing allowed the three subsystems to communicate with one another.
The results of the converged states that are regulated by a controller that follows a decentralised
approach are plotted in Figure 4.4. Although both controllers regulate the states, the implementation
of decentralised controllers allows the regulation of the states to happen simultaneously resulting in
computational efficiency. Controlling the system centrally has meant that the execution time scales

linearly with the size of the system [176].

4.10 Conclusion

Many approaches have been introduced for the control of large-scale complex systems in the control
literature. However, some methods require full knowledge of the system since a centralised controller
was implemented, whereas others developed decentralised controllers that were based on incomplete
knowledge of the system. In addition, many technical difficulties can arise and as a result may sever

the connection between interacting nodes leading to poorer results since local controllers may fail to
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Figure 4.4: The results of the states controlled by a centralised controller are presented in this figure.
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consider important information.

The proposed method in this chapter has addressed these gaps for nonlinear systems with additive
and multiplicative noises in order to circumvent these issues. The large-scale complex network is
decomposed into a number of subsystems for which individual local controllers have been developed.
These controllers are responsible for the control of the subsystems they are assigned to. Nevertheless,
since it is key to consider the communication between the nodes to ensure the global objective of the
system is achieved, probabilistic message passing has been introduced to achieve this. Furthermore,
the problem of reliability of control systems in the presence of component failure has also been
addressed since the state vector of each independent subsystem consists of internal and external state
variables. The knowledge received from other neighbouring subsystems via probabilistic message
passing is preserved by including it in the state matrix as the dynamics of the external state variables,
which are constantly updated. This way, the node always has access to some dynamical information
of its neighbouring nodes.

In addition, it has been shown that the proposed method is computationally efficient as the full
block of the Riccati matrix is not expected to be computed to obtain the suboptimal controller. In-
stead, only two elements of the Riccati matrix are required to be solved, resulting in a reduction
in computational expenses. The simulations results for the developed decentralised FP control ap-
proaches for nonlinear systems (additive and multiplicative) demonstrated the validity and efficiency

of the proposed method as it nicely regulated the states to zero.
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Chapter 5

Decentralised FP Control Design for
Tracking and Multi-Agent Formation

Control

5.1 Introduction

The developed FP control strategies introduced in Chapters 3 and 4 (centralised and decentralised)
have primarily focused on the control of nonlinear stochastic systems which are required to be regu-
lated to state zero. Nevertheless, many control objectives for real-world dynamical systems involve
the tracking of a predefined desired value. This means the output of the system is expected to follow
a predetermined desired state value which is achieved by focusing on the tracking error rather than
the actual output of the system.

The implementation of this control problem is different than the previously discussed approaches.
The regulation problem involves the minimisation of the Kulback-Leibler divergence of the actual
and ideal joint pdf of the system state and controller. However, this development required an alter-
native strategy where the KLD now considers the distance between the actual and ideal joint pdf of
the tracking error and the controller. Based on this key modification, a new set of algorithms arise
which results into an optimal randomised controller that aims to track a predefined desired value or
trajectory. In [178], [179], a tracking error-based FP control design has been studied by Herzallah et
al. to design a randomised optimal controller that influences the pdf of the tracking error of the system
to be controlled, instead of the pdf of the dynamics of the system. However, the optimal controller
proposed by Herzallah is centralised and has only been demonstrated for linear stochastic systems.
Therefore, the study discussed in this chapter demonstrates the process of obtaining local randomised

controllers within a FP design approach for decentralised nonlinear stochastic systems, thus, allowing
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it to be implemented for more complex systems which may be found in the real world of control.

The problem of finding a control solution within a fully probabilistic framework that enables
the output of the system to track a predefined desired state value is demonstrated in the first part
of this chapter. It is important to emphasise that a reference model could be either deterministic
or stochastic. The first part of this chapter focuses on solving a tracking control problem where the
system output tracks a predefined desired state which is specified by a stochastic model. Additionally,
the stochastic system is affected by multiplicative noises which are considered in the development
of the tracking control solution. The validity and efficiency of this method is demonstrated with a
simulation example.

The FP control design based on the tracking error in a decentralised framework allows control
problems with different objectives to be implemented such as the management and control of multi-
agent systems. The increasing popularity of the control of multi-agent systems is due to its practicality
in a number of applications and the theoretical challenges that are encountered in order to coordinate
and control them. These difficulties mostly exist as researchers aim to design decentralised controllers
for multi-agent systems that possess incomplete knowledge of the systems or aim to have complete
information but require a centralised controller to achieve this. The control of multi-agent systems
that has actively been studied is called formation control which aims to coordinate a group of agents to
achieve and sustain a formation described by a certain shape. To achieve the control objective, it can
be realised that communication between the agents is crucial in order to be aware of the neighbouring
interacting nodes. The incorporation of probabilistic message passing in the FP control design plays
an important part in formation control. The randomised local controllers developed with the aim of
achieving a formation are affected by additive noises. As far as the literature is concerned, formation
control within a fully probabilistic framework has not been considered for either linear or nonlinear
stochastic systems and is discussed in Section 5.4. Therefore, the formation of a certain shape using
the developed method is illustrated by two simulations, one for systems governed by linearities, and

the other for nonlinear stochastic systems.

5.2 Fully Probabilistic Control Design for a Tracking Control Problem

in a Decentralised Framework

The objective of the FP control design in its original form was to drive the joint pdf of the system
state dynamics and the controller to its ideal joint pdf. The behaviour of the closed-loop system
of the system to be controlled is completely characterised by the joint probability density function

of the dynamical system state and the controller. This description of the closed-loop behaviour,
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however, may be slightly inconvenient and more complicated if implemented for control problems
that require the tracking of a predefined desired state value or trajectory. Therefore, the optimal
controller designed for this purpose is reformulated such that it reshapes the joint pdf of the controller
and the tracking error rather than the joint pdf of the controller and system state dynamics [178], [179].
The aim of the randomised controller is to ensure the pdf of the tracking error slightly fluctuates
around mean zero which enables the system to track the desired state value. Once the pdf of the
tracking error has been reshaped to a distribution that fluctuates around zero, the desired state value
or trajectory has been achieved. Having small variations around zero means that the tracked trajectory
is affected by a low level of uncertainty.

The tracking control solution discussed in [178], [179] is demonstrated for systems that require a
central controller. However, the control solution would fail for large-scale complex networks which
consist of various nodes interacting with each other. From Chapter 4, it is recognised that the state of
the nodes are composed of internal states and external states within the FP control framework. To re-
emphasise, the external signals are treated as an external disturbance to the system which is considered
for the sole purpose of having knowledge of interacting neighbouring nodes in order to design an
optimal local controller. As such, it can be easily deduced that the external states of the system
state dynamics of the nodes cannot be controlled or changed by the corresponding local suboptimal
controllers. To re-emphasise, the external states are only passed as messages from the neighbouring
subsystems and thus, they cannot be influenced by the output of the subsystem they are passed to. The
same notion applies to the tracking error control problem where the tracking error is only considered
for the internal states of the nodes since the external states are not intended to be controlled.

To be more precise, the state dynamics of node ¢ can be represented by the distribution,

S(Zhsi | Whsis Zk—1:0) = S(Thsi[Whsis Thom 1305 Yk—131) S (Yhsi | Yk—1:4), (5.D

where 2zj.; = [T, yk;i]T is the state vector of subsystem i, x.; is the multivariate internal state of sub-
system ¢ and yy..; is the external multivariate state that node 7 receives from neighbouring subsystems
via probabilistic message passing (Chapter 4). Although, state xy.; is observable, the distributions
that characterises its dynamics, namely s(2.i|wg:i, 2k—1;i) and s(yg.i|yx—1.;) need to be estimated.
The estimation process of the dynamics of the subsystems has already been discussed in Chapter 4.
The tracking control problem requires the internal state of subsystem ¢ to track the reference

model z,. .; from which the system tracking error e;.; can be obtained,

Ckyi = Thyi — Lrksi- (5.2)
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It is known that the dynamics of the system state can only be represented by a probability distribution
as given by (5.1) due to the stochasticity of the system dynamics. Hence, for the purpose of tracking a
predefined trajectory, the designed controller is concerned with the reshaping of the distribution of the
tracking error. Consequently, knowledge of the pdf of the tracking error is required which is obtained
by using the estimated state value xy.;. The pdf of the tracking error can be achieved by exploiting
the probability distribution of the internal system state s(xy.;|tug:i, Tk—1.i, Yx—1,;) and the definition

in (5.2) such that,

Se; (xk;u -rr,k;i) = S(ek’;i + $r,k;i|uk;iy €k—1:i + Trk—15is ykz—l;i)' (5.3)

To re-emphasise, for a tracking control problem, the dynamics of the subsystems are described by
the pdfs of the tracking error ey.; and the external states y;.; instead of the pdfs of the internal, xy.;
and external, yy.; state variables. Therefore, the states of node ¢ are now represented by ny,; =
(ks yk;i]T. This means that the behaviour of subsystem ¢ described by (5.1) now conforms to the

pdf s(n.i|uk,i, ng—1.;) for a tracking control problem,

S(Ngsi [Uhsi, M 153) = (ki | Whsis h—1:3) S (Yhsi | Yk —153) 5 (54

where s(ep.;|tk;i, ng—1;:) and s(Yk.i|yx—1.;) are the conditional distributions of the tracking error and
external states of node ¢, respectively.

Following the discussion above, and the attention being shifted to the pdfs of the tracking error
ek and external states yy.; of node ¢, the optimal randomised controller can be derived by revisiting
and updating the definition of the Kullback-Leibler divergence accordingly. This adjustment is made
with the purpose of minimising the divergence between the joint pdf of the tracking error and the
controller and a predetermined ideal joint pdf. The redefined KL.D that the designed optimal controller

minimises is given by,

o(f 1 )= [ 5@ ( f}f?,;))) D, 5:5)

where,

H
FD) =TT s(eniltwnsi no—1:) s (Wi 1) (s Ir—1;3),
k

Il
—

st (ersil iy M—1.4)8" (Y [Y—1:0) € (ki [Pe—1:4),

—-

(D)

k=1

with D = (ng., ..., RHy, Wk, -, Wh) With H being the control horizon. To re-emphasise, for the

A.A.Z.Zafar, PhD Thesis, Aston University 2021 111



special case of a regulation problem, the distribution of the system state vector z; of subsystem 4
was composed of the internal xy,; and external states yj.; as shown in (5.1). However, the control
solution of a tracking error problem considers the pdf of subsystem ¢ that is now constructed of the
tracking error ey.; and external states yy.;.

The randomised controller ¢(uy;;|ng—1.;) that minimises the KLD in (5.5) with respect to the

control sequence uy; is given by [162],

—In(y(ng—1;)) = min /S(Hk;i\uk;u To—133) C(Uksi | —150)
{C(uk;ilnk—l;i)}

S(Mgyi [ Whosis M—133) (Wi | e—1:3) ) ]
X |In e : : : — In(vy(ng. ANy Wi ) -
[ <31(nk;i\uk;i,nk—l;i)cl(uk;imk—l;i) M (s, i)

Optimal cost-to-go
Partial cost

(5.6)

Although the formulation of the minimum cost-to-go function is the same as the conventional ap-
proach for decentralised systems discussed in Proposition 3 (Chapter 4), the difference lies in the
joint pdf that is considered for the current proposed method, namely the joint pdf of the tracking error
term and the external states.

From the minimisation of the recursion equation defined in (5.6), the optimal randomised con-

troller can be obtained as will be outlined in the following proposition.

Proposition 5. The optimal randomised controller that minimises the redefined KLD (5.5) can be

derived from the cost-to-go function (5.6) for the tracking error control problem such that,
! (upsilni—135) exp(— 1 (ki nie—1,0) — B (Uksis ni—1,))

C*(uk;i|nk—1;i) = ’Y(nk; 1 ) ) (57)
—15

Y(nk—14) = /CI(Uk;i\nk—u) exp(—F1(Uksis i—1:3) — B2 (Uksi, nk—1:i) ) A, (5.8)

B (Uksiy e—134) = /3(€k;i\uk;i,nk1;i) [111( S(ek;”uhi’nk_l;i)))] dey, (5.9)

st (epsilug;i, nk—1;0

B2 (Uksiy Me—133) = /S(ek;i|uk;i7nk—1;z‘)1n(?(€k;i,yk—1;z‘))d€k;i (5.10)
with,
In(Y(ersis Yr—1:4)) = /S(yk;i\yk1;¢)1H(’Y(nk;i))dyk;i- (5.11)

Proof. The derivation of the formulation of the optimal controller given by (5.7) - (5.11) can be

obtained by following the proof in [25]. 0
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From the above proposition, the tracking control problem where the state is required to follow
a stochastic reference model is discussed in Section 5.3. The proposed method is novel since the
fully probabilistic approach has not been demonstrated for the tracking control problem for nonlinear
systems in a decentralised framework. The added originality emerges from the consideration of a
stochastic reference model that the system state is instructed to track. Also, multiplicative noises are
considered for the design of the proposed optimal controller.

In addition, the general solution for the randomised controller outlined in Proposition 5 is derived
for a formation control problem in Section 5.4. In the control literature, the FP control design has not
been implemented with the purpose of the controlled agents forming a certain shape, i.e. formation
control. The developed probabilistic control approach is demonstrated for both linear and nonlinear
stochastic systems with additive noises.

While there are no restrictions on the required pdfs, it is a key requirement for the pdfs to be
Gaussian in order to derive a closed form control solution for the FP controller using Proposition 5.
Hence, in both sections (Sections 5.3, 5.4), the pdfs are specified by the Gaussian distribution though
the parameters of the distribution are not restricted to be governed by linear functions. This gener-
alises the solution obtained from the Fully Probabilistic control method and allows its implementation
to a broad range of real-world control systems. Otherwise, if the system was treated to be nonlinear
in the state and control input, the solution needs to be obtained following a numerical approach where

multiple integrations over multiple time steps would have been needed to be evaluated numerically.

5.3 Tracking Error Control with Stochastic Reference

This section discusses the approach of obtaining a randomised controller where the nonlinear system

with multiplicative noises is required to track a stochastic reference model.

5.3.1 Problem Formulation

The concept and general solution of the controller explained in Section 5.2 is applied here to nonlinear
stochastic systems affected by multiplicative noises. An important aspect that is regarded is the
random behaviour of the reference model that the output of the controlled system tracks.

The discrete time stochastic model of subsystem 7 with multiplicative noises within a decen-
tralised framework has already been considered for a regulation problem in Section 4.8.1 and is now
studied for a tracking control problem. To remind the reader, the stochastic dynamics of the multi-

variate internal state xj.; and external state y.; of subsystem ¢ with multiplicative noises are repeated
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below.

T =fi(2k—1:0) 2k—1: + Gi(Zk—1:0)Uksi + D1 Th—1,Vk—1:45 (5.12)

Yk =hi(Ye—1:4)Yk—1: + D2:iVk—1:i0k—1:4 (5.13)

where the state matrices of the internal and external states are given by fi(zx—1.) and h;(yx—1:i).
respectively. The control matrix is represented by g(zx_1,;) and the system matrices are given by
Dl;i and Dg;i. Furthermore, the internal noise vj,_1.; has zero mean and variance ()1.; and the external

noise U;_1;; has zero mean and variance Q2.

Definition 5.3.1. Suboptimal solution to the decentralised nonlinear FP control design: The FP
control approach for obtaining a suboptimal solution for decentralised nonlinear control problems

can be obtained using the following definition:

1. At each discrete time step, use transformation methods to bring the nonlinear dynamics to the

nonlinear affine dynamics (as demonstrated by Equations (5.12) - (5.13)).

2. Solve the equations provided in Proposition 5 derived from (5.6) to obtain the closed form

suboptimal solution at each discrete time instant.

The parameters of the pdfs of the dynamics of the internal and external states of node ¢ are
estimated online using mlp neural networks to obtain the Gaussian distributions, (Section 4.8.1) as

follows,

S(xk:;i Uk Zk—l;i) ~ N(fk;zﬁ R:E;i): (514)

S(yk;i|yk—1;i) ~ N(Z)k};ia Ey;i)a (515)
where the means of the multivariate internal x; and external yy.; state variables are given by,

Thyi =f1i(Zh—15)Th—1: + f2i(Zh—1:)Yb—1: + Gi(Zh—1:0) Uksis (5.16)

Ursi =hi(Yr—1)Yk—153- (5.17)

The covariances of the internal and external states for subsystems affected by multiplicative noises
are given by,

Ry = ${71;iDiin;iD1;i$k—l;ia (5.18)

and,

Yy = ?Jiz—hiDg;in;z‘DQ;iykfl;m (5.19)
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respectively. The same approach as outlined in Section 4.8.1 is followed to obtain the estimations for
D1 and Do,;.

To obtain the tracking error as defined by (5.2), the reference model needs to be discussed. In this
section, the internal output of subsystem ¢ needs to track a reference model which is stochastic and
therefore given by,

Ty i = M (Tr k—130) Tr k—155 + Dir b—1:iVr k1305 (5.20)

where 1m;(, ;—1.;) is the state matrix which is nonlinear in the reference signal x, j_1,;. The Gaus-
sian noise v, ;—1.; has zero mean and variance (), and is multiplied by the matrix f)i. There are no
restrictions imposed on the nature of the model of the reference state and hence, it can be either deter-
ministic or stochastic [180]. Stochastic reference models are relevant to applications where the exact
state of the system is not critical or potentially cannot be physically achieved. Therefore, this section
will consider the case of stochastic reference model that is affected by multiplicative noise. The case
of deterministic reference model will be considered later in Section 5.4. The equation in (5.20) can
be expressed as a distribution where the mean &, j..; is given by 2, k.; = M (%y y—1;;) Ty k-1, and the
covariance is described by X, j..; = tTij_MDiTQerr,kfl;i-

It is now possible to calculate the tracking error ey.; by subtracting the reference x, .; from the

multivariate internal state x.; such that the description of the dynamics of the tracking error is given

by,
€kii = Thyi — Lrkyis
= fri(Ze—1;0)Th—15 + f2i(Zh—1:)Uk—1: + Gi(Zh—1:0)Uksi + D1:iTh—1:01 k—1: — Tr ks
= fri(zr—1:)en—1: + f2i(Zh—1:)Yh—15 + 9i(Zh—1;0)Ukyi + CTrp—1;
+ Dyiegp—1;iv1 k—15 + D1,iTr k101 k=15 — DiTr k—1;i0r k=1, (5.21)
where the substitution C' = [f1;(2k—1,;) — Mi(zyk—1,1)] is introduced for notational convenience.

Following equations (5.3) and (5.21), the conditional Gaussian distribution of the tracking error with

mean ég,; and covariance X, ; can be determined such that,

S(Gk;i Uiy nk—l;i) ~ N(ék;i7 Eek;i)v (522)
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where,

i =Jf1i(Zh—151)en—15 + foi(Zh—1;)Un—1: + Gi(Zh—1;0)Ukyi + CTp—14, (5.23)
Sens =El(eni — éxi)" (e — érsi),
=E[(D1sier—1:0—1: + D1i%r k15015 — Dirk—1,0rk—1:1) "
X (D1i€k—1:Vk—1: + D1 k—1:0%—14 — Dir - 1.:0rk—1:1)],
=Bl 1 D10k 1061 Drien—15i + 2513 D10k 1061 Driirr -1
- 26%—1;iD1T;z‘UI{—1;i”r,k—1;iDif’3r,k—1;i + va,k—l;iD%:ivl{—l;iUk—l;iDlﬂmr,k—l;i
- szjk—1;iD{ivg—l;ivﬁk—l;iﬁixﬁk_1;i + ﬂfrT,k—l;iDz‘TUrT,k—1;¢”r,k—1;z‘Diﬂfnk—1;i]»
:eg_l;iDzin;iDl;iek—l;i + 26{_1;iD£iQ1;iD1;ixr,k—1;i + ij]g_hiDiin;iDl;ixr,k—l;z'

+ 2l 1D QriiDir k1. (5.24)

The above result for Y., ; is derived with the assumption that the noise of the internal state, vj_1,;

€k;i

and the noise of the reference model, v, ;_1,; are not correlated.

As can be seen from (5.4), the complete description of subsystem ¢ for the purpose of tracking control
requires the involvement of the pdf of the external states yy.; as well. Since the pdf of the external
states remains unchanged due to the absence of a reference signal, the pdf is still the same as described

by (5.15).

5.3.2 Randomised Controller

The derivation of the suboptimal randomised controller for nonlinear subsystems with multiplica-
tive noises defined by the conditional distributions (5.14) - (5.15) considered for a tracking control
problem with a stochastic reference model is discussed in this section. The fully probabilistic con-
troller aims to track the desired state trajectory specified by (5.20) by minimising the divergence
between the distribution of the tracking error s(ej.;|uk.i, ni—1,;) and the pdf of its ideal distribution
st (€ksi|Uk;i, nk—1;i). Since the purpose of the control solution is to bring the tracking error to zero,

the predefined distribution is assigned to be,
' (ersilttasi ni—15i) ~ N (0, Do), (5.25)

where the mean is zero and the covariance given by Yo ;.; determines the permissible variations of

the tracking error around the mean value. The ideal distribution of the controller c(u.;|nk—1.) is
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Gaussian and is given by,

Cl(uk§i|nk’_1;i) ~ N(ak;ia Fk’;i)v (526)

where I';..; is the covariance of the ideal distribution of the controller and the mean is given by ;. To
achieve the control objective of the tracking control problem, and regulate the tracking error around

zero, the mean of the ideal distribution of the controller is evaluated as follows,

lim [E{ep;}] = lim [E{fii(2k—1:)ex—1:} FE{foi(Zh—1:)Yr—1:} + E{gi(2r—1;)unsi}
k—o0 k—o00 ~
%/_/ —

+ E{Cx 15} + E{Drjiep 1,06 —1;i} + E{D1;i%p k—1;iV%—1: }

=0 =0
- E{Dixr,k—l;ivr,k—l;i}]a
-0
Jim [(E{ug}] = = gf (zeoria) fai(on10) E{gi-1} + CE{@ 1))
Ui = — 95 (2h—1:0) | Foi(Zh—1:0) Dk -1 + CZrp—1:4| - (5.27)

The distribution of the randomised controller can now be obtained and is shown in the following

theorem.

Theorem 8. Following Definition 5.3.1, the pdf of the tracking error given by (5.22), the ideal dis-
tribution of the tracking error provided by (5.25) and the pdf of the ideal controller in (5.26), the
suboptimal randomised controller for subsystem ¢ that ensures the internal states of subsystem ¢ fol-

lows a predefined desired trajectory and minimises the KLD in (5.5) is given by,

" (urgln—14) = N (bsis Tisa) (5.28)
where,

By = — Kk;ink—l;i - Tk;i7 (5.29)

_ ~ —1
Diyi = (Fl;l + gz‘T(Zk—l;i)Sk;igi(zk—l;i)) : (5.30)

_ 3 .
Kiyi =Ukig; (2k-14) |:Sk;if1i(2k—1;i) Skifoi(2h—1:) + Mo gihi(Ye—1:4) | 5 (5.31)

_p (T 5 T T 1

T =Thii(9i (2r-150) Srsi O k156 + 0.5 (2h—130) P g — U i) (5.32)
Skii =(Zg s + Migi). (5.33)

The mean of the derived optimal randomised controller is represented by fi.; in (5.29) and the co-
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variance Fk;i is given by (5.30). The control feedback gain is given by Kj.;, and Tj; is the linear shift
that originated from considering the purpose of the controller, namely tracking control problem.
In addition, the performance index for nonlinear systems with multiplicative stochastic distur-

bances for a tracking control problem is expressed by the following equation,

1

In(y(nki)) = 5”{;@'Mk;ink;i + Priingi + Visis (5.34)
where
Migi Moy
My = | 08 7R (5.35)
M;:k,l M37k17/
Pri =Py Poil s (5.36)
with,

Mig—1i=— [1(2-10)Skigi (2h10) T ki 07 (2h—14)Skei f1i(Zh—1:0) + f (Zh—1:6) Skt fri (2r—124)
+ DY My i Q1. D1y, (5.37)
Mog 1 = fli(zr14)Skii i (Zh—1:) + FE (2—1:0) Mo gihi (Uk—1:6)
— [ (2h—1:0) ki (2h—10) Tk 07 (2—130) S foi (2h—134)
— [ (210 Skii9i (2 1:) Thiigd (2k—1:0) Mo geihi (Y —1.4), (5.38)
Mg 1= [3(2k—1:4)Skifoi(Zh—1:) + 2fa (2h—1:0) Mo i i (Yr—1:4) + Bd (Yk—1:0) M3 i i (Yr—1.4)
— (1.0 Sk 9 (2h1.0)Thi 9] (21—1.4) Skei fai (2h—1.4)
— B (Yk—1:) Mo i 9i (2510 T ki 07 (2k—14) Mo i hi (Yg—1.4)

— 2% (2k-134) Sksi 9 (2h—1:0) Thii 0t (Zh—150) Mo esibi (Yr—153) + D3i M3 ;i Q2 Do,

(5.39)
Py = 2$ij71;iCT'§k;ifli(zkfl;z) + Py i fri(2k—15) + Q%T,kq;iniMl,k;iQ1;iD1;z‘
- 2x17”:k71;iCT‘§’k;igi(Zk—l;i)f‘k;ig;(zk—l;i)gk;ifli(zk:—l;i)
— 2(0.59] (2k—130) Pl gy — Up k) Tiagd (2h10) Shei fri (2k—10), (5.40)
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Pyj1i = 22} 4 1.C" S fai(zh-14) + 22} j_1.:C" Mo sihi(Yr—130) + Prgsi f2i (zh-150)
+ Py giihi(ye-15) — 227 o 1:C" Skiigi(2e-130)Thsig) (2h-150) Sy fi (2r—157)
— 2(0.59] (2k—14) Pl js — F];,l‘ak;z‘)Tfk;igiT(Zk—l;z‘)gk;z’f%(zk—l;i)
— 22] 1. CT Syigi (2h—1:0)Thiig) (21—1;0) Mo gsihi(Yk—1,2)
—2(0.5; (2k—1,1) Pl gs — F];zlak;i)Tf‘k;igiT<zkfl;i>M2,k;ihi(yk71;i)a (5.41)
Vieti = Visi + 2 15C7 SiiC g1 + P Crgo—15i + @1 DL M i Qi D1si -1
+ @)y 1 Df My i Qri Dir 1 + azzrlziukz — 2} 107 Skigi (2h—1,0)Thii
X g7 (2k-1.1) Sk CTr k1.4
— 227 11,07 Skiigi (210 Thia (0.59] (2 —1:0) Pl gy — Ui ki)
— (0.59] (zk—1:0) P{ gy — Tt i) Tria (0.5 (21 —1:0) P gy — Ui i)

+ In |Tk;| + 1In |F;;11- + 98 (wh—1:4) Sk gi (Tr—1)] (5.42)

where M 1.; is the Riccati equation solution of the error ey.;, Ma y.; considers the mixed Riccati
equation solution of the error ey.; and external variables yy.;, M3 .; is the Riccati equation solution of
the external states yx.;, P k. is the linear term in the error eg;, I j.; is the linear term in the external

states y.; and V.; is a constant term.
Proof. Appendix G demonstrates the proof of Theorem 8 O

A comparison between the above developed theorem for a tracking control problem and the the-
orem proposed for a regulation problem (Theorem 7) within the decentralised framework for the FP
control design shows that there are many similarities between the two methods. The derived Riccati
matrix Mjp.; in (5.35) and its elements are exactly the same as the Riccati matrix in (4.71) in Theorem
7. However, the difference between the two methods manifests from the additional terms in the solu-
tion of the optimal controller in the theorem above. For the tracking control problem, one can realise
that the suboptimal control signal consists of a linear shift 7Tj,; which includes the term P ;. Hence,
to obtain the solution of the probabilistic controller, the Riccati equation solutions M .;, Mo j.; and
the term P j.; needs to be solved. The linear term P j.; considers the effect of the reference input
Zrk—1; and the mean of the controller 4y.; which is vital to achieve the control objective. Again,
this method is computationally effective since the computation of the full matrix block Mj.; is not

required (only My j.; and My ;.;) and only the element Py ;.; of the vector Py.; needs to be solved.

It is important to note that the subsystems composing the complex network are required to communi-

cate with their neighbouring subsystems. This is achieved by implementing the probabilistic message
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passing approach which has been explained in Section 4.5. The messages that are passed to subsys-

tem ¢ are about the internal states of subsystem j, i.e. xj_1,; which node 7 receives as its external

states Yr—1:;-

5.3.3 Algorithm of the FP Control Solution for a Tracking Control Problem with

Stochastic Reference Models

The algorithm of the FP control design that considers multiplicative noises in nonlinear subsystems

is summarised in Algorithm 7 as a pseudocode of the key steps.

Algorithm 7 Pseudo-code of randomised controller for tracking problem

1:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

procedure IMPLEMENTATION OF RANDOMISED FP CONTROL DESIGN FOR A TRACKING CON-

TROL PROBLEM WITH MULTIPLICATIVE NOISES

. Initialise: xo.;, yo.i, M1,0:i, M2,0:i, P1 ksis hi(yg—1,:) where @ = {1,..., N}, N being the number

of subsystems.

:fork=1— H do

for subsystem i:
Estimate f;(2r_1.i), 9i(2k—1.i), D1.i, and Do.
Compute z, ;.
Evaluate C' = f1;(z5_1.) — mi(2y g—1,;) and G in (5.27).
Calculate the SS solution of Mj.; using (5.37).
§i (S5t + Myy)
Dy (F;Zi + gg(zkfl;i)gigi(zkfl;iw_1’
Use Steps 7-10 in (5.38) and (5.40) to find the SS solution of Ms.; and P.;.
Use Step 7 and the SS values from Steps 8-11 in (5.31) - (5.32) to find the SS solutions
of K; and T;.
Compute the error value e;_1.;.
Calculate i5,; using Steps 12-13 and external states y;_1.; in (5.29).
Update the internal states of the subsystems using jix.; from Step 14 .
end for
for subsystem i:
Compute M . ;(xy.|2x—1.;) given by (4.34) using (4.35) and (4.36).
Update the prior pdf of the external states using (4.38) - (4.41).
Update the external state matrices h; (yx—1.i).
end for

end for
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5.3.4 Simulation

This section demonstrates the validity and efficiency of the method proposed for a tracking control
problem with a simulation example implemented from [181]. The numerical example consists of a
stochastic complex dynamical network which consists of ten identical interacting subsystems. The
interaction between the subsystems is represented by the Laplacian matrix, £ which is given in (5.50)
below.

In this simulation, the system state equations of the internal and external states are presented

according to Equations (5.12) - (5.13) which are repeated here,

Thyi =f1i(Zh—130)Th—150 + f2i(Zh—1;0)Yh—150 + Gi(Zh—1;)Ukzi + D1;iTh—1,Vk—134;

Yk =P (Yk—1:0)Yk—15 + D2siYk—1:i0k— 14, (5.43)

where the internal stochastic noise v_1,; and external noise U_1,; have mean zero and variances
Q1; = 1 and Q2; = 1, respectively.

The details of the dynamics of the internal state xy.; as well as the dynamics of the external states
Yk;; of node 7 are discussed here by formulating (5.43) as Gaussian pdfs. Each subsystem i where
i € {1,...,10} is described by the nonlinear and Gaussian pdfs given by (5.14) and (5.15) with the

parameters,

Thy =f1i(Zh—13)Th—1: + f2i(Zh—1:0)Yh—150 + Gi(Zh—150) Uksi
Ursi =i (Yr—1;0) Yr—1:45
Ray =} 1,D1,Q1ii D1sii—14,

Syi =Yh—1.:D%.Q2:i Da:iyi—13i, (5.44)

where f1;(2k—1:i) = a(zr—1;) + Liilax2 with,

—-0.5 0.25 + - ) tanh(0.05x1,k_1;i)
a(zr-1) = 2kl , (5.45)
0 0.85 — tanh(0.0le,k_l;i + 0-05$2,k—1;i)

X2 k—1;i

and I being the identity matrix. Also, fo;(2k—1:i)Yk—1. = ZjeN%#i cijTr—1;; Where c;; is the
inner-coupling matrix and is given by ¢;; = L;jIox2 as explained in Chapter 4. To re-emphasise,
the elements of matrix fo;(2;—1,;) are given by ¢;;, meaning fo;(2x—1.;) = [cij]jen,,ji- The vector

Yk—1;; consists of elements that equate to the states of the neighbouring nodes xj_1.;, in other words,

T T
Yk—1;i = [xk—1;j]jeNi,j¢i‘
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Furthermore, the control matrix g;(zx—1,;) is given by,

10
9i(Zk—14) = . (5.46)
0 1

For this simulation, the matrices D1,; and Ds.; are chosen to be 0.312x2. Moreover, the initial state

values for the simulation example are taken to be,

5 —24 6.5 -7 11.7 -3.8 104 -2.5 16.1 4.5

7 -5 26 4 —-1.8 —-252 34 —-224 145 -19.6 2
The parameters of the distributions given by (5.44) and the matrices D1,; and Do,; are unknown
and are therefore required to be estimated. This process has been outlined in Section 3.5.1. The
external matrix h;(yg—1.;) is initialised randomly at the start and then updated accordingly using
the approach outlined in Section 4.5. Since ten subsystems are required to be controlled such that
they follow the corresponding desired state trajectories, ten randomised local controllers need to be

designed. The dynamics of the reference model are given by,

Tkt = Mi(Tr oo 1:0)Tr k12 + Ditr j 1405 k144, (5.48)
where,
1
—0.5 0.25 + — tanh(0.05xlr7k_1;i)
~ €T I
i (T j—1;) = T . (5.49)
0 0.8 — —— tanh(0.05x1’k_1;i + O.O5x2r’k_1;2‘)
Lo k—1;i

The initial value of the desired state is given by x;.0.; = [2 _2] . The noise intensity of v, ;_1.; 18
described by variance @,.; = 1 where DZ- is chosen to be 0.25Z5 2. More importantly, the dynamics

of the reference model given in (5.48) characterises the desired states for all ten subsystems. Finally,
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the Laplacian that describes the connection between the subsystems is given by,

0.7 0.2 0.3 0 0 0 0 0 0.2 0

0 —-06 0 0.25 0.25 0.05 0.05 0 0 0
0 01 -035 O 0 0.1 0 0.1 0 0.05
0 0.1 -0.2 0 0 0 0 0.1 0

0 -025 01 0 0 01 0
(5.50)

0 0.05 —-01 O 0.05 0 0

-0.2 0 0.5 0

0.15 0.05 0 =035 0 0.15

0 0 0.05 0.05

0
0
0

0 0.1 0 0.5 0
0
0 0 0 —0.2 0
0

o o o o O

0.06 0.1

0 0.1

0 0 0 —025

To re-emphasise, the local controllers are derived by shifting the focus on the dynamics of the track-
ing error which is achieved from the difference between the internal states of node 7, j.; and the
reference model z,. .;. As discussed before, the parameters of the conditional distribution of the error
terms ey.; are obtained by using the knowledge that is available about the internal dynamics xy.; and
the reference model z,.1.;. It is then possible to obtain the conditional distribution of the tracking

errors ey.; for each subsystem 7 according to the equations given by (5.22) - (5.24). The ideal covari-

ance matrix of the error is taken to be ¥ 1.; = 0.01 x ' for all ten subsystems.
0 1.1

The ideal covariance g 1.; is allowed to be smaller than the actual covariance Eek;i due to the de-
pendency of the actual covariance on the error values which are expected to converge to zero. In
addition, the covariance of the controller I'y.; for all nodes is chosen to be 10Z32. Since com-
munication between the nodes is of paramount importance due to the connections between them,
probabilistic message passing is implemented to achieve this (Section 4.5). Given all the information,
the randomised controllers were computed using (5.28) for which the results are displayed in Figures

5.1-52.

A.A.Z.Zafar, PhD Thesis, Aston University 2021 123



Errors e”(;i

«10° Zoomed-in subplot

_10 1 1 'l 1 ']
0 20 40 60 80 100

k

Figure 5.1: The tracking error ey j.; for all subsystems. The errors closely oscillates around zero.

Errors ez,k;i
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Figure 5.2: The tracking error eg j.; for all subsystems. The errors closely oscillate around zero.

The plots in Fig 5.1 - 5.2 demonstrate the suboptimal controller influencing the pdf of the error
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distribution s(e;; |tr;i, ng—1;) to bring it closer to its ideal pdf and hence reducing the Kullback-
Leibler divergence between them. As can be seen, the tracking error has successfully converged to
and is oscillating around zero which is the mean value of the ideal pdf of the tracking error. As a
result, the internal states of all subsystems have followed and achieved the predefined desired state
value, i.e. Ty — Ty gy = €k = 0 — T4, = X, k. Therefore, the results have verified that the
FP control design can be successfully implemented for large-scale complex nonlinear systems that
require to follow a predefined state reference stochastic model. Its efficiency can be witnessed from

the fast convergence of the tracking errors ey; to zero.

5.4 Formation Control

There are numerous objectives of the implementation of control methods of which one is formation
control. Many controllers are required to control multi-agent systems in such a way that they form
a certain shape with their states. The control objective of formation has not been considered for the
FP control approach for neither linear nor nonlinear systems. This section introduces the concept of
formation within the fully probabilistic framework. It is self-evident that formation control involves
the control of a number of subsystems that interact with each other. Hence, the approach considered
involves decentralised control systems. It is important, however, to highlight that formation control

problems consists of multi-agent systems where the coupling between the subsystems does not exist.

5.4.1 Problem Formulation

Following the discussion in Sections 5.2 and 5.3, it is known that the pdf of the system state dynam-
ics need to be considered when the control objective consists of a tracking problem. However, for
formation control, the dynamics of subsystem ¢ are not affected by the dynamics of its neighbouring
subsystems. In other words, the coupling between the agents does not exist. The multi-agent sys-
tems are decomposed using the decentralised framework discussed in Chapter 4 which consists of the
concept of internal and external states. The system state equation of stochastic subsystem i is given

by,

2k =Fi(2h—1:0) 2h—151 + Gi(Zh—150)Uksi + €iss (5.51)

where the state matrix of state zy; is given by F’i(zk,l;i), the control matrix is described by g;(zx—1.;)

and the noise is given by ¢;.;, which has mean zero and covariance ();. The difference between
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equation (5.51) and equation (4.10) can be realised once (5.51) is written in matrix-vector form,

Tl fri(zr—1,) 0 Th—1: Gi(Tk—1:4) €1k
1 _ T 1 ) 3 + A 3 Uk,z —"_ 1 ) (5.52)
Yksi 0 hi(Yr—1:) | | Ye—1si 0 €9ksi
—_— ~—  — —_——
Zk;i = F(zp—_1.4) Zk—1;i 9i(Zk—11) €ksi

The state matrix fli(xk,l;i) of the internal state xy.; is not anymore a nonlinear function of the
previous internal and external states but is now only dependent on the previous internal states xj_1.;.
Following equation (5.52), the nonlinear dynamics of the internal, x;; and external, y;.; states for
subsystem ¢ with additive noises, where no coupling exists between the subsystems, can be written

explicitly as follows,

Thyi =f1i(Th—15)Th—150 + i (Th—15)Ukyi + €1k30, (5.53)

Yo =hi(Yk—1:1)Yk—1:i + €2hsi- (5.54)

The noises €1.; and €oy,; have zero mean and covariances (01;; and Q2;;, respectively. In addition,
comparing the description of the dynamics of the internal states xy,.; of subsystem ¢ with the dynamics
of the internal states discussed in Section 4.4.1, one can notice that the matrix fy;(.) is equal to zero
in (5.53) in the case of formation control. This emphasises the fact that there is no coupling between
the agents, meaning neighbouring subsystems of node ¢ do not influence the dynamics of the internal
states. However, communication with the neighbouring subsystems is of great significance in order to
form the desired formation. Hence, the probabilistic message passing approach is implemented such

that node ¢ is able to obtain knowledge about the states of the neighbouring subsystems.

Since the dynamics of internal and external states are unknown, the parameters of subsystem ¢ are
estimated online using mlp neural networks following the approach outlined in Section 3.3.2. It is

then possible to specify the conditional Gaussian distribution s(zj; |ug.i, zx—1;i) as follows,

S(Zhsi|Uksis Zk—1:3) ~ (T [Uksis Th—11) S (Yhsi | Yk—1:4), (5.55)

where (2|, Tk—1.i) and s(Yx.i|yk—1,;) are the Gaussian pdfs of the internal zj.; and external
states yj.;. The internal state of node ¢ has mean Z,; = fi;(Xp—1.)Th—1:4 + gi(Tp—1;)uk;; and
covariance matrix ¥,,;. The external state has mean value yi.; = h;(yr—1.i)yYx—1,; and covariance
Dysie

However, formation control requires the subsystems to form a shape which is achieved by fol-

lowing instructions set by the reference model. Note that each agent may track a different reference
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model since the reference will be determined by the states of its neighbouring subsystems, and thus
the control objective would be specific to each individual node. Consequently, the reference signal

subsystem ¢ is described as follows,

Ty ki = M (Thyj, Thii) (5.56)

where the function 7; (2. ;, r.;) emphasises that the desired reference signal of subsystem ¢ is deter-
mined by the states of the neighbouring agents xy,; and an external signal, r; that can be specified
by each individual agent 7 according to the control objective it wants to achieve. The states xy.; of
the neighbouring agents of agent ¢ enter subsystem ¢ through the defined reference signal in equa-
tion (5.56) and are consequently registered as the external states y.; of node 7.

To re-emphasise, for the tracking of a reference state signal, the main focus is on the tracking
error between the internal states and the reference signal. Therefore, it is key to determine the pdf
of the tracking error. From the reference signal, the tracking error of the system can be obtained as

defined by Equation (5.2) such that,

ki =f1i(Th—1:)Th—1: + Gi(Th—15)Uksi + €1kzi — Tr ks

=f1i(Th—1:)er—1: + Gi(Th—1:6)Uksi + Tp ki + €1ksis (5.57)

where the definition Z, i.; = (f1i(k—1:4)Tr k—1;i — Mi(Thsj, Tk;i)) has been presented.
The pdf of the tracking error between the internal state of node ¢ and the reference state value
can now be determined. The conditional distribution is Gaussian with é;.; and X, , as the mean and

covariance respectively such that,

S(ek;i Uk;i s ek—l;i) ~ N(ék;i7 Zek;i)v (558)

where,
ey = fri(Tr—1:i)en—1; + 9i(Th—1:0) Ui + Tp i) (5.59)

and the covariance matrix Y., , is the same as the global covariance matrix X.;.

5.4.2 Fully Probabilistic Design for Formation Control

This section discusses the control solution of the formation control problem within a decentralised
fully probabilistic framework. The controller is required to reshape the pdf of the tracking error

between the internal state of subsystem ¢ and its corresponding reference signal. The aim is to shape
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it such that the tracking error converges to zero, meaning the internal state of node ¢ converges to
its corresponding reference state trajectory. Hence, the ideal pdf of subsystem ¢ composed of the

tracking error ey.; and the external states y.; need to be determined which gives,
1 I I N
8" (M |[Uksi, M—16) ~ 8" (Cksi[Uksir €r—130) 8" (Wnsi[Yr—15) ~ N (0, By )N (Yksis Bysi). - (5.60)

The ideal distribution of the external state yy.; is exactly the same as the actual distribution as we have
no intention of controlling it.

Moreover, another requirement is the specification of the ideal controller,
T ~
¢ (ursiler—15) ~ N (Ui, Tsi), (5.61)

where the permissible range of control inputs is given by the covariance I'y.; and the mean value 4y,

is described by,

Uk = = 9] (h-1,0) B s (5.62)
The formulation of the randomised suboptimal controller for a formation control problem is given

in the following theorem.

Theorem 9. From Definition 5.3.1, the pdfs of the tracking error and external states given by (5.58)
and (5.55), their ideal distribution defined by (5.60) and the pdf of the ideal controller in (5.61), the
suboptimal randomised controller for subsystem ¢ that minimises the KLD in (5.5) with the objective

of formation control is given by,

¢ (ursiler—1:4) = N (i, Trsa) (5.63)
where,
Mk = — Kping—1; — Ty, (5.64)
_ _ —1
Diyi = (FE + giT(xkfl;i)Sk;z’gi(xkfl;z')> 7 (5.65)
Kk;i :f\k;igiT(Ckal;i) |:5’k;if1i($k1;i) M2,k;ihi<yk1;i)] y (5.66)
T, (T NG A T NpT 15

Tkz;z _Fk;l(gi (xkfl;l)sk;zxr,k;z + 0.591‘ (wkfl;z)Pl,k;i - Fk;i uk;z)7 (567)
Skii =(Sep, + M si)- (5.68)

The designed randomised controller with the formation control objective is represented by fix.; in (5.64)
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and the covariance fk;i is given by (5.65). The elements Kj.; is the control feedback gain and T},
is the linear shift that ensures the tracking of the reference signal is achieved by the internal state of
node %.

Furthermore, the performance index for complex nonlinear subsystems that require the tracking

control of a predefined state trajectory is defined by,

1
where,
Mg =| 70 7 (5.70)
Mg:k’,l M37k17'
Pri = | Py Pogl o (5.71)
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with,

P14

Pj_1,=

— [ (@r—14) Sk (T —1.0)Thei0? (2h—1:0) Skei fri (Th—14)

+ i (2r—1:4) S fri (Tr—1), (5.72)
— £ @r-130) ks 9 (Th—150) Dhsi 98 (@—130) Mo g hi (Yo—157)

+ [ (@rm13) Mo i hi (ye—1,2), (5.73)
— Y (Yr—1.0) Mo i gi (k1.0 Dheigd (21—1.4) Mo geihi(Yr—1.4)

+ e (Yk—14) M3 esi i (Yie—14), (5.74)

27] 1Sk fri(@r—130) — 28] 1 Shsigi (@n—1) Thsi 0] (@r—14) S fri(Tr—135)

—2(0.5g] (wk—130) Pl gi — Tr i) " Thiag] (wr—1) Sk fri (wr—157)

+ Py i fri(@p—1:), (5.75)
28] i Mo sihi(Ye—154) + Pogsihi(Ye—1.0)
— 28] S0 (@ 1) Thsigi (@n— 1) Mo gesihi (Y- 1;7)
—2(0.5g] (2 —1:) Pl s — Tra @hsi) " Thiig] (wr—10) Mo gsihi (Y1),
Vi1 = Vi + jzjk;igk;i«%r,k;i + P iy i + ﬁnggiukz + (M ;e ;)
+ (M 1 Sysi) — &) pei s 05 (@130 Trsig) (Th-14) ShiiFr s
- szk;igk;igi(xk—l;i)fk;i(o-@?(:Bk—l;i)PlT,k;i - F];Zlak;i)
— (0597 (@h16) Plss — Ty bausi) " (0597 (24-1) Pls — Dy Vi)
+ 10 [Dgi| + I [Ty + 07 (@r-130) Skiigi (wr-1,0) (5.76)

where My ;.; is the Riccati equation solution of the error ey.;, Ms k.; is the mixed Riccati equation

solution of the error e;.; and external variables yy.;, M3 .; is the Riccati equation solution of the

external states yy.;, P1 x.; i the linear term in the error ey.;, P k.; 1s the linear term in the external

states y.; and Vj.; is a constant term.

The implementation of the suboptimal controller in (5.63) requires the solutions of My z.;, M k..

and P j.; described by (5.72), (5.73), and (5.75), respectively. Hence, the full block matrix Mj.; and

Py,.; are not required to be computed resulting in a reduction in computational expenses.

5.4.3 Algorithm of the FP Control Solution for a Formation Control Problem

The algorithm of the FP control design for a formation control problem for nonlinear subsystems with

additive noises is summarised in Algorithm 8.
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Algorithm 8 Pseudo-code of randomised controller for formation control problem

1: procedure IMPLEMENTATION OF RANDOMISED FP CONTROL DESIGN FOR A TRACKING CON-
TROL PROBLEM WITH MULTIPLICATIVE NOISES

2: Imitialise: zo., yo.i, M1,0.i, M2,0:i, P ki, hi(Yk—1,i) where i = {1, ..., N}, N being the number
of subsystems.

3: fork=1— H do
4: for subsystem i:
5: Estimate fi(xk,l;i), gi(ack,l;i).
6: Compute z, ;.
7: Evaluate 7, .; and the mean of the ideal controller, 7y; using (5.62).
8: Calculate the SS solution of Mj; using (5.72).
9: g@ — (Z;}J + Ml;z')
10: Thi ¢ (T;ﬁ + QiT(Jfk—m)Sigi(xk—l;i)) 7
11: Use Steps 7-10 in (5.73) and (5.75) to find the SS solution of Ms.; and P.;.
12: Use Step 7 and the SS values from Steps 8-11 in (5.66) - (5.67) to find the SS solutions
of K; and T;.
13: Compute the error value e;_1.;.
14: Calculate i;..; using Steps 12-13 and external states yj_1.; in (5.64).
15: Update the internal states of the subsystems using jix,; from Step 14 .
16: end for
17: for subsystem i:
18: Compute M . ;(xy.|2x—1.;) given by (4.34) using (4.35) and (4.36)
19: Update the prior pdf of the external states using (4.38) - (4.41).
20: Update the external state matrices h; (Yx—1.:)-
21: end for
22: end for

5.4.4 Simulation One: Formation Control for Linear Systems

This section aims to demonstrate the designed FP control solution for a formation control problem
on a kinematic problem which consists of N robots that are moving in a plane with the position
of each robot given by zy,; = [21 ki .’Egyk;i]T, where 1 1.; and w9 k.; are the positions in the x-
and y-axis, respectively, with ¢ € {1,...,5}. This simulation example is taken from [182] of which
the dynamics are linear. Although, the derivation of the optimal randomised controller in Section
5.4 has been demonstrated for nonlinear systems, this can be implemented for linear systems too.
To achieve this, the following substitutions can be made to emphasise that the matrices, defined
in (5.77) below, are constant with no dependency on the states x_1.; and yi—1.;: A11;i = fri(Th—1.4),
B; = gi(xg—1,) and Ag; = hi(yk—1.i). Also, in [182], the model is deterministic which is not
realistic since stochastic disturbances exist in real-world control problems. Hence, an additive noise

has been added to the model given in equation (5.77) for a more realistic picture.

Thus, the kinematic model of each agent is characterised by,

Ty = A11;iTh—1 + Bigi + €1 s (5.77)
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1 0 10
where Aqq,; = ,B; =0.1 ,and ug;; = (U1 ks ug ki]T. The noise €1,k:; has zero

0 1 01
mean and covariance ()1;; = 0.001Z5x>. The equation given in (5.77) describes the internal states

of the robots. The dynamics are identical for all five agents/robots. As mentioned previously, it can
be observed that the internal dynamics are solely dependent on its internal states for the formation
control problem. This is emphasised by having no coupling between the robots. However, the robots
are still required to interact with one another as their desired position depends on the position of other
neighbouring robots. Denote the neighbouring agents of robot ¢ as N; and the desired distance of
robot ¢ from robot j in a specific formation is described by rj; = [r1 T’QJ‘Z‘]T where j € N;. Hence,
the reference model for this formation control problem which describes the desired position of each
robot 7 is specified by,
1

Trki = - jel%#(:ck;j +75),s (5.78)
where n; is the cardinality of N;, meaning the number of neighbours of agent . The control objective
that robot ¢ wants to achieve is specified by the distance that robot ¢ is expected to be from robot j,
where j € N;. The explanation in Section 5.4.1 can now be understood better by considering (5.78)
in this simulation example which shows that the states xy.; of the neighbouring robots of robot ¢
enter subsystem ¢ through the defined reference signal in equation (5.78) and are then registered as

the external states y.; of node 7. Figure 5.3 shows the desired formation of the five robots and the

interactions amongst them.

Fobot 3

Figure 5.3: This diagram represent the connections between the robots and the desired formation that
the controller needs to achieve. The distances from robot ¢ to its neighbouring robots are given by r;;.
It is expected for robot 5 to be surrounded by the other robots.
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The vectors of the desired distances from agent ¢ is given by,

ru=10 =57, rg=1[-5 =57, rp=[-5 57, ra=1[ 57,
rs1=10 57,  rso=[-5 0|7, wrs3=[0 =57, rsa=1[5 0],
15 = —T15, ro5 = —T'52, 35 = —T'53, T45 = —T54.

From Figure 5.3, it is apparent which robots interact with one another, which is again specified

below for clarification,

Zk;1 :[xkgl Yk;2 yk;S]Ta
Zk;2 :[xk;Q Yk;3 yk;5]Ta

9

Zk;3 :[xk;?) Yk;4 yk’;5]T

Zk;4 :[ﬂjk;4 Yk;1 yk;5]Ta

25 =|This Ukl Yki2 Yk:3 yk;4]T- (5.79)

In Equation (5.77), only the dynamics of the internal states of the robots have been described. Since

the concept of internal and external states exist in the discussed method, it is also important to take

account of the dynamics of the external states which are given by yx.; = A22.;yx.i, Where the external

state matrix Ago.; is initially randomly generated and then updated according to the probabilistic

message passing approach explained in Section 4.5. The initial positions of the robots are given by,
zoq =6 =17, woo=1[4 47, zo3=1[0 37, zou=1[0 0", z05=1[0 6]

The developed fully probabilistic control method for a formation control problem focuses on the
ek;; which is obtained from ey; = Tp.; — Ty ;-

To compliment the stochasticity of the error variable, its conditional distribution needs to be
determined as described by (5.58). Furthermore, the actual and ideal covariance matrices are the
same where the actual global covariance matrix, X, , can be estimated as discussed previously. In
addition, the ideal covariance of the controller is I'y..; = 1012xo.

The validity and efficiency of the proposed method for formation control problems is illustrated in
the plots given by figures 5.4 - 5.6. The figures 5.4 and 5.5 show the error plots of the tracking errors
ex;; between the state values xy.; and the reference models ;. ;..; of the five robots. It can be seen that
the error plots converge to and oscillate around zero very quickly which means that the desired state
values are achieved at a very early stage as shown in Figure 5.6. The initial positions of the robots are
given by the crosses and the final positioning of the robots are given by the circles. As expected, the

final formation demonstrates that the randomised local controllers managed to influence the positions
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of the robots and obtain a formation where robot 5 is surrounded by the other four robots.

Errors e 1k
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Figure 5.4: The tracking error eq x,; for all subsystems. The zoomed-in plot demonstrates that the
tracking errors oscillate around zero due to the presence of noise.

Errors t=32’k;E
5 -
(] RSSO SRS pT U ST O——
v
-oF «107% Zoomed-in subplot
Robot 1 2 " C—

2 .
= = Robot 2 A % ofR
——Robot3| o} FNTTNA S R/

-1 Robot 4 % ’ | g
-------- Robot 5 D) . "
30 35 40 45 50
-15 I Il Il I ']
0 10 20 30 40 50

Figure 5.5: The tracking error e j.; for all subsystems. The zoomed-in plot demonstrates that the
tracking errors oscillate around zero due to the presence of noise.
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Formation Graph
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Figure 5.6: The internal states x1 .; of all subsystems where the dashed black line is the desired
trajectory that the states of the nodes need to follow.

5.4.5 Simulation Two: Formation Control for Nonlinear Systems

The fully probabilistic control design derived in Section 5.4 is also demonstrated on a numerical

formation control problem for nonlinear stochastic systems. The model is motivated from [183] to

which additive noise has been added such that the control problem resembles real-world systems

where noises exist. In this example, the pfd of a nonlinear stochastic system is influenced such that

the final positions of the agents involved forms a triangle. There are a total of three agents involved

for which the parameters of the internal and external conditional distributions, N (Zksi, Xazi) and

N (g)kﬂ-, Ey;i) respectively, as shown in (5.55), are identical and their mean values are described by,

where,

and,

Try = fri(@r—1;)Th—1; + Gi(Tr—15) Ui, (5.80)
0 1 0
fri(@p—14) = 0 1 o 9i(Z—1) = , (5.81)
P 1
L+at, o,
Ursi = hi(Yr—1:0)Yr—134 (5.82)
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where h;(yi—1.;) is initialised at the beginning and updated according to the probabilistic message
passing approach as discussed in Section 4.5. It can be seen that the computation of the internal
states x.; only depend on the previous internal state value x;_1.; and not the external states y_1.;,
since fo;(2x—1,;) = 0. However, each node ¢ still requires communication with its neighbouring
subsystems since the desired reference models need to have access to the knowledge of the positions

of the neighbouring subsystems. The desired formation and the interaction is illustrated in Figure 5.7.

| Agent 2

I

Agent 1 Agent 3

32

Figure 5.7: This figure represent the desired formation and connections between the agents. The
distances from agent 1 to its neighbouring robots are given by r;. It is expected to form an equilateral
triangle with agent 2 at the top.

The set of neighbouring agents of node ¢ is denoted as N; and the reference model specifies the
desired distance r;; = [rlm- T, ji}T between robot ¢ to robot j where j € N;. The reference model

for this formation is then given by,

1
Trsi = 7 E (Th5 + 150, (5.83)
T . . .
JENi#]

where n; is the cardinality of N;. The desired distances rj; are given by,

12 = [0.5 05T, 30 =[<0.5 0.5]T, 701 = —r19 o5 = —r3a.

The system state dynamics of the agents are described as follows,

Zk;1 :[l‘k;l yk;;2]T,
Zk;2 :[9%2 Yk;1 yk;Q]Ta

213 =[Th3 Yral® - (5.84)

The positions of the agents are initialised as follows,

zoa =1 1T, zo2=[-1 =17, x03=[-3 —3|T.
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The proposed method considers the distribution of the tracking error for which the ideal covariance
matrix is the same as the actual covariance which is the estimated global covariance %, ;. The ideal
covariance of the controller is determined to be I';.; = 10 for this simulation example.

The plots demonstrate that the randomised controllers successfully managed to reshape the pdfs
of the tracking errors of the subsystems such that the tracking errors oscillates closely around zero.
Consequently, the internal states of each subsystems converge to the desired state value. The conver-
gence of the errors to and their oscillation around zero can be seen in plots 5.8 - 5.9. The error plots
display a fast convergence rate which emphasises the efficiency of the proposed method. The initial
and final positions of the agents are illustrated in Figure 5.10 where the hexagrams are the initial
positions of the agents and the circles represent the final positions of the agents. The final formation

is the desired formation demonstrated in Fig 5.7 which is an equilateral triangle with agent 2 at the

top.
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Figure 5.8: The tracking error ey ;.; for all subsystems.
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Figure 5.9: The tracking error e ;.; for all subsystems.
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Figure 5.10: The initial positions of the agents are represented by the hexagrams and the final posi-
tions are the circles. The desired formation of forming an equilateral triangle has been achieved by
the final positions of the agents.
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5.5 Convergence Analysis

In this section, the convergence of the developed randomised control strategy in (5.63) for nonlinear
systems with additive noises is analysed.

The dynamics of node 7 considered for the convergence analysis is given by,
N = Fi(Zhe 1) 12 + G0 (Zh— 1) Ui + W po 16 + €hsiy (5.85)

Cksi L Jri(®r—1;) 0
where ny.; = ‘| and the state matrix is given by fi(zx—1,) = Z ' and

Yksi 0 hi(Yr—1:i)
where f1;(zr—1,;) and h;(yi—1.;) are the state matrices for the dynamics of the internal and external

. L 9i(Tp-1:1) .
variables. Furthermore, the control matrix is given by g;(2x—1,i) = , where g;(zy_1,;) is

0

the control matrix for the internal variables and O for the external variables as the aim is not to control
them. In this analysis, the reference signal is taken to be ;. j.; = M(Zg.j, ki) + €r k:i» Where €, . is
fri(@p—1,) — m(zy;)

0

some Gaussian noise with zero mean and variance (). Therefore, W =

. . . €lky T €r ki . Qi
In addition, the Gaussian noise, €x,; = , has mean zero and variance ; = .

€2k;i Q2
The convergence of the developed controller in (5.63) is analysed and presented by the following

theorem.

Theorem 10. The expected value of the error, e, is expected to converge to zero, which will make
the internal state x.; converge to the reference signal x, 1.;, if there exist a positive definite symmetric

matrix M; which holds the following inequality,

Di1 2(fi(zh-1:) — gi(zk—1.0) Ki)) T My(W — gi(2-1.4)W;) Dis
D= * 2(W — gi(zh_1.0)Wi) T My(W — gi(25_1.4)W5) Dy3 | <0, (5.86)

% * D33

where D is a symmetric matrix with the elements defined as follows,

D11 =2(fi(2zk—1:4) — 9i(2e—1.0) Ki) T My(fizr1.) — gi(zr—i) K;) — 2M;
Dig =2(fi(2k-1:) — gi(zb—1.0)K:i) T M(I — gi(zk—l;i)ZiGL;i) + (fi(2h—13) — gi(zk—l;i)Ki)TMihiGL;i
- Mihzf};;iv

Doz =2(W — gi(z—1.)Wi) T M;(I — gz'(qu;i)ZiELi) + (W — gi(qu;i)Wz‘)TMz'hiéLi,
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Dss =2(I — gi(2n—131) Ziel; )" Mi(I — gi(zn—r;0) ZieL,)- (5.87)

Proof. The proof of Theorem 10 is given in Appendix I. O

5.6 Conclusion

This chapter discussed the FP control design with regards to control problems that are required to
follow a certain predefined desired state trajectory. Although, plenty of work has been conducted
on the tracking control problem for the FP control design, the literature has not addressed large-
scale complex systems which have been decomposed into smaller subsystems. Hence, randomised
local controllers that aim the tracking of a reference signal have been designed in order to expand
the horizon of the range of real-world control systems that the FP control design can be applied to.
Nonetheless, the development in this chapter also considers tracking control problems for systems
that are governed by nonlinearities within a FP control design, which is a novel concept in the fully
probabilistic framework. The validity of the proposed method has been verified by the results in the
simulation section.

In addition, the tracking error problem can be implemented for various control objectives of which
one is formation control. Therefore, the probabilistic approach has been studied further with the ob-
jective of controlling multi-agent systems to create a certain formation. The developed control strat-
egy was demonstrated on linear and nonlinear simulation examples where both successfully achieved
the desired formation. Moreover, the convergence analysis of the developed controller for a formation

problem has been implemented in this chapter.
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Chapter 6

Conclusion and Direction for Future

Work

This chapter concludes the thesis and explains potential future work that can be implemented for the

FP control design which can prove to be promising in the field of control.

6.1 Thesis Conclusion

In today’s world, the increasing complexity of real-world control systems is accompanied with chal-
lenges such as high level of uncertainties and noises, nonlinearities, high dimensionality and coupling
between the systems. The importance of developing control strategies that consider these challenges
and as a result facilitate the control of such systems has been emphasised in the control literature.
Therefore, the aim of this thesis involved the analysis of these complexities and the develop-
ment of appropriate control approaches that handle the aforementioned challenges effectively. Con-
sequently, due to its suitability and efficiency regarding control systems that are affected by noises,
the Fully Probabilistic control design has been researched thoroughly and developed further. The
stochasticity is taken into account by the control design which results in the derivation of an optimal
randomised controller. However, this approach has not been considered and demonstrated on non-
linear systems in the previous literature. The multiple integrations that are required to be evaluated
for this control design made it seem impractical to derive an analytic control solution for nonlinear
systems due to the nonlinear dynamics. The solution to this problem has been presented in Chapter
3 where a transformation method has been introduced for the transformation of the nonlinear state
function of the system dynamics to a nonlinear state function which is affine in the state. There-
fore, the first advancement in Chapter 3 is referred to as the conventional SDRE FP control design

since it extended the conventional FP control design to nonlinear systems where the covariance ma-
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trix was estimated as a global covariance. The involvement of the nonlinearities in the FP control
solution resulted in the generation of a SDRE. The efficiency of the proposed randomised controller
was demonstrated on a nonlinear inverted pendulum simulation example and compared to the NQR
SDRE as well as the FP control design that uses the true functions h(z;_1) and g(xy_1). The latter
experiment demonstrated that the proposed control design handles the effects of the MLP network
approximation effectively. A number of experiments were conducted which showed the benefits of
the proposed randomised controller with the main benefit being that the parameters of the control
algorithm can be estimated while the NQR SDRE requires the process of trial and error when tuning
the NQR parameters until good convergence is obtained.

In addition, the variety of noises and uncertainties that have an impact on the dynamics of non-
linear systems was also discussed in Chapter 3. The second development consisted of an optimal
randomised controller that takes functional uncertainties into account when regulating nonlinear sys-
tems. This is of paramount importance since realistically, the dynamics of engineered control systems
are unknown, and are thus required to be estimated. It is possible to have a smaller ideal covariance
matrix to reduce the variations in the system state for the FP control design that considers functional
uncertainties. These key considerations led to the generation of a SDRE and an additional linear
term which represents the equation of cautiousness. Furthermore, the suboptimal randomised con-
troller can be classified as being cautious, meaning it takes functional uncertainties into consideration,
since it includes an additional term which considers the equation of cautiousness. A simulation was
presented to demonstrate the performance of the proposed randomised controller against the conven-
tional SDRE FP control design. As expected from a cautious controller, the simulation showed a
reduction in overshoots and better transient response than the conventional SDRE FP controller due
to the consideration of functional uncertainties in the designed controller.

Thirdly, the fully probabilistic control approach was further studied for nonlinear systems with
multiplicative stochastic noises. Although, a SDRE was generated, the solution to this control prob-
lem consisted of a generalised form of the Riccati equation because of the inclusion of an extra term
which exists due to the controller taking multiplicative noises into account. The covariance matrix for
such systems is state and control input dependent which means that it can be driven to a smaller ideal
covariance matrix with the support of the derived controller. For nonlinear systems with multiplicative
noises, the generalised SDRE FP control design has been derived which considers the dependency of
the noise on the states while the conventional SDRE FP controller assume that the variance of the

noise is constant.

Chapter 3 explored the FP control design for systems that can be controlled with a centralised con-
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troller. However, many real-world systems are too complex and large to be controlled by a single
controller. To handle this complexity, the decentralised approach which consists of the decomposi-
tion of the network into smaller subsystems, can be followed for which local optimal randomised
controllers are derived. Therefore, in Chapter 4, the fully probabilistic control framework is extended
to decentralised controllers such that it can be applicable to large-scale complex systems that are
governed by nonlinearities and affected by both, additive and multiplicative noises. Moreover, the
developed control design addressed the challenges that current state-of-the-art methods faced. Since
the smaller subsystems are required to communicate with each other to achieve the global objective,
the concept of probabilistic message passing has been integrated in the design of the control strategy.
In this thesis, only the marginal distributions of the external states are passed to neighbouring sub-
systems. However, if the model representing the actual system involves the passing of control inputs
to other neighbouring subsystems, this can also be achieved by following the probabilistic message
passing approach as explained in [164]. The knowledge that enters the receiving subsystems through
probabilistic message passing is preserved by including it in the state matrix as the dynamics of the
external variables. This means that the subsystem always has some knowledge about neighbouring
subsystems, even if the link between the subsystems may be severed for some time. A core strength
of the FP control design within a decentralised framework is the computational efficiency which can
be recognised from the fact that the full block of the Riccati matrix is not required to be solved. Since
only two elements of the Riccati matrix need to be computed, a reasonable reduction in computational
expenses can be achieved. The effectiveness of the decentralised FP control strategies for nonlinear
systems with both, additive and multiplicative noises, has been verified by simulating two numerical
examples. The results for both control strategies showed a quick and nice convergence of the states
to zero, which confirms their validities.

Finally, there are many control objectives that are implemented for real-world systems. The first
aim of the controller that has been discussed in Chapter 5 is the requirement of the system state to
track a predefined state trajectory. Although, the FP control design has already been considered for a
tracking problem, it has not considered the derivation of an analytic solution for nonlinear systems.
Furthermore, the fully probabilistic framework has also been extended to large-scale complex systems
that have been decomposed into smaller subsystems, where each subsystem is required to track its
corresponding reference model. This is also a novel concept within the fully probabilistic framework.
Consequently, local randomised controllers have been designed to achieve this control objective. A
simulation example has been provided in Chapter 5 to verify the validity of the proposed control
design.

Another control objective is formation control which requires multi-agent systems to create a

A.A.Z.Zafar, PhD Thesis, Aston University 2021 143



certain formation. Previous literature on the fully probabilistic control design has not dealt with for-
mation control and is therefore introduced for the first time in Chapter 5. The proposed method proved
to be successful since the simulation results showed two examples, linear and nonlinear, achieving

the desired formation.

6.2 Future Direction of the FP Control Design

The content of this thesis has demonstrated that the fully probabilistic control design is a promising
method which can be further developed to consider various aspects of real-world control systems. In
Chapter 3, nonlinear systems with additive, multiplicative and functional uncertainties were taken into
account when designing the optimal randomised controllers. As such, different variations of noises
can be exploited in future work. Among these stochastic disturbances, systems are affected by noises
that are described as a multiplication between a nonlinear function of the states and some Gaussian
noise. The FP control design can be further developed such that it considers such systems.

Furthermore, the effects of external disturbances on the dynamics of nonlinear systems have not
been acknowledged in the design process of the FP controller. A disturbance-observer-based fully
probabilistic control approach has been developed and demonstrated on linear systems [184]. This
control strategy can be further developed such that it extends to nonlinear stochastic systems.

Chapters 4 and 5 discussed the FP control strategy within a decentralised framework, for a reg-
ulation, tracking control, and formation control problem. Although the dynamics were assumed to
be unknown and therefore required to be estimated online, the uncertainty from the approximated
parameters of the distributions were not regarded. Therefore, it is beneficial to study and design local
randomised controllers that consider functional uncertainties.

Moreover, complex systems in the world of control consist of a complicated structure and are
therefore more prone to faults in the systems. It is important to consider system performance vari-
ations or degradation because of faults, in the design of controllers to ensure control efficiency and
reliability. Many fault detection and fault-tolerant control approaches have been developed in the
literature [185], [186], [187]. However, the FP control design has yet to see the inclusion of fault
detection in its design process and could be a potential route for the extension of the probabilistic
framework to a wider range of real-world control systems.

In addition, hybrid or switched systems have seen an increasing popularity due to its practical-
ity and can be found in applications such as robotics, manufacturing, power electronics, air traffic
management systems, to name a few [188], [189], [190] [191], [192]. The dynamics of these can be

described by an interplay between continuous and discrete dynamics. Furthermore, hybrid control
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depends on the switching between different models and controllers. The inclusion of these features

in the developed framework can provide a more robust control methodology.
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Appendix A

Derivation of the FP Control Solution for

Nonlinear Systems

This section demonstrates the derivation of the conventional SDRE FP control solution for nonlinear
systems. The optimal randomised controller is obtained by evaluating Proposition 1 in Chapter 3.
The initial step consists of the evaluation of the performance index given by (3.10) for which (3.8)

and (3.9) need to be computed.

The form of the optimal performance index in (3.37) is justified by backward induction. This means
that for the proof, the optimal performance index specified by (3.37) is assumed to be true, and
thereafter used in 52 (uy, xx—1) which is given by equation (3.9). As aresult, the derivation of y(z_1)

as stated in equation (3.10) can be obtained.

Firstly, the term (31 (ug, xx—1) in (3.8) is evaluated by substituting the actual and ideal distributions of

the states given by (3.30) and (3.31) respectively, such that,

B (uk, Th—1) 2/8($k|uk7$k—1)<ln S(x“uk’xk_l)))dwk,

sty |ug, Tr—1

= /N(jck, k) <ln M)clxk,

N(0, %)
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1 1
= /N(i“k, k) < [—2(3% — &) S e — ) + 2$£Eklxkbdfﬁk,

1
= /N(C@k, Ek) < |:2 <2$£2klik — i{zklfk>:| > dxy,,

1
A re-1s
=3 k2 T

1

T
=3 <h($k—1)$k—1 + 9($k-1)uk> I (h(xk—l)ﬂfk—1 + g(xk—l)uk>, (A.1)

where equation (3.26) has been used. Similarly, S2(ug,zr—1) as given by equation (3.9) can be
evaluated by making the substitution of the assumed form of — In(vy(zy)) as specified by (3.37)

which gives,

Balunsans) = [ s(o o, w11 (2 (m)do,
= / N (&, B2)(0.521 Mz, 4+ 0.5wy,)day,,

=0.5 /./\/(.’fk, Zk)(xfkerxk)dxk +0.5 /N(i’k, Ek)wkdxk .

o) )

Integral (D is evaluated as follows,

1 - T

O =5 [ M@, Ti) (@) Myey)de,
1 . . A
=5 /N(ﬂﬁk, Si) { (we — &) My (zp — £1) } day,
1 . AT “Tar A

+§ N(l’k,zk) {kakak—l’kkak}dl’k,

1 AT A~
From the second integral, the following is obtained, @) = %wk.

Hence, combining (D and ), and substituting Zx = h(zx_1)xp_1 + g(zr_1)ug which has been

obtained from equation (3.26) gives,

1 A ~
Ba(ur, 1) =3 {w(MyXg) + 2 Mydy + wy}
1 T
:2{ (h(fck—l)xk—1 + 9(%-1)%) My, (h(xk_l)xk_l + g(zk_l)uk)

+ tI‘(MkEk) + wy, } (A.2)

Now, the term y(x_1) defined by (3.10) can be derived using the evaluated forms of 5 (ug, zx—1)
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in (A.1) and Ba(ug, xx—1) in (A.2), and the ideal state distribution (3.31) to give,

Y(Tp—1) Z/CI(Uklxk—l) exp[—B1 (g, Th—1) — B2 (g, p—1)]dug,
— /N(O, I) exp{—0.5 {(h(mk_l)xk_l + g(mk_l)uk)TElzl(h(a:k_l)xk_l

+ g(zp—1)ug) + (W(@p—1)zK-1 + g(z—1)ur) " My (h(p—1)TK-1 + g(TI—1)U8)

+ tr(MpXg) + wk] }duk,

— /N(O,F) exp{—0.5 (h(l’k_l)l'k_l + g(xk_l)uk)T(Elzl + Mk)(h(xk:—l)l‘k:—l

+ g(xp—1)ug) + tr(MpXg) + wk:| }duk,

= /N(O,F) exp{—0.5 af_ W (op—1) (S0 + M) h(zg—1)wg—1 + 201 _ A (zg-1)

x (S 4 Mi)g(wp—1)ug + ui g7 (w—1)(S, " + My)g(zr—1)uk + tr(MyZy)

+ wk:| }duk,

:exp{—0.5 [:c;‘g_lhT(azk_l)(Ekl + My)h(zp_1)xp—1 + tr(MpXg) + wk:| }
X /N(O, I) exp{—0.5 [u{gT(xkl)(Egl + My)g(xg—1)ur + ZxZ_lhT(xk,l)
x (St + Mk)g(xk—l)uk} }duk,
—(2n[T|) "2 exp{o.5 [x{_lhT(xk_l)(zkl + My )h(xg—1) -1 + tr(M}Ey)
+w _ T T/y—1 -1
k| ¢ % [ expq =0.5 |y [glzn—1)" (B + Mi)g(ar—1) + T~ uy,
+ 2m£’,1hT(xk,1)(E;1 + Mk)g(:rkl)uk] }duk, (A.3)
The integral in (A.3) can be solved by completing the square with respect to uy.

The process of completing the square for matrices in general is outlined by Property 1 and is given

below.

7

Property I:

An expression given by z7 Az 4+ z7b + ¢, can be expressed as,

(x —d)TA(x — d) + s,

where,

1 1
d=—=A""p, s=c—=blA™1b.
2 4
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Therefore, (A.3) can be rewritten to obtain,

v(@E-1) :(27T|F|)_§exp{—0.5[x{_lhT(:pk_l)(Ekl 4 M) (e )ep + tr(MSy) +wk]}
o oo 03] (1 + e 5+ Mo+
(S + Mk)h(l‘k—l)xk—1>T[gT(:vk—l)(Ek1 + Mp)g(zp—1) +T7']
g (Wk + g7 (e (57 + Mi)g(an-1) + T " (a1 (5 + Mi)
T

X h(xk_l)xk_l)] }duk X exp{—0.5 [— (gT(mk_l)(Zkl + Mk)h(:zk_l)xk_1>

x [g7 (xp_1) (271 + My)g(zp_q) + T (gT(xk_l)(Elzl + Mk)h(a:k_l)xk_1>] }

(A4)

The following property is used for the simplification of the integral in (A.4),

/exp (—;xTVx> dx = ]2%\%\V]_%.

Hence, Equation (A.4) is simplified to obtain,

Property 2:

1 _ 11 _1
Y(ag-1) =[27|2|g" (@p-1)(Zp " + My)g(wp—1) +T 7172 (27 [T)) "2

X exp{—0.5 [x%_lhT(xk_l)(Ekl + My)h(zp_1)z)p_1 + tr(MpXg) + wy

T -1
- (f(:ck_l)(z,;l n Mk>h<:ck_1>xk_1) [g%k_l)(z,;l T Myg(an) + r-l]

X <9T(33k—1)(2k1 + Mk)h(ivk—l)u’ﬂkqﬂ },

:exp{—o.m{_lhT(wkl) [(2,;1 + M) — (S + M) g(p—) [T + g7 (2-1)

X (St + Mi)g(ze-1)] 9" (1) (S + Mk)} h(zg—1)rp—1 — 0.5 [tf(MkEk)

+wp + [T+ [T+ g7 (2 0) (2 + Mk)g(mk_n@ } (A5)
From the above, the SDRE equation M}, in (3.38) and the constant term wy, in (3.39) can be found.

The derivation of randomised optimal controller requires the evaluation of the optimal control law

defined in (3.7) in Proposition 1,

cf (up—1|mp—1) exp—B1 (ug, Tp—1) — Bo(ug, Tp—1)] +— ®.

c*(uglrg—1) = Y(xp—1) +— @
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First of all, the numerator is solved to obtain,

@ =c’ (up|zr—1) exp[—B1 (up, Tp—1) — B2 (s, Tp—1)],

:(27r|1“|)_% exp{—0.5 [ufl"_luk + (Mzp—1) i1 + g(zp_1)ur)”
X (Bt A+ My) (h(ag—1)zr-1 + g(zr-1)ug) + (M) + wk] }

=(2r|T)) "2 exp{—o.5{x{1hT(xk1)(z,;1 + M) h(zp—_1)xp_1 + tr(MpXs) + wy,
+up [F_l + 9" (1) (S 4+ Mi)g(zn—1) |ug + 2uf g7 (2-1) (S 1+ My)

X h(ﬁk—l)xk—l}}- (A.6)

Equation (A.6) can be further solved by completing the square over u; which gives,

O =(2x|T|) "2 exp{—o.as{x{lhT(:ck_l)(z;l + M) h(2p—1)mp_1 + tr(MySg) + wk}}
X exp{—0.5{ (uk + 0 4 g () (S0 + Mi)g(ar—1)] 7 (g7 (o) (S + My)
xh(xk_lm_l))T T g ) (5 Mg
(e 704 g ) (54 Mo ) (554 MO (air)oon)
(o st + Mk>h<xk_1>mk_1)T[r—1 + g7 (@) (S + Moglap-)]

X <9T($k—1)(2k1 + M/c)h(xk—l)flfk—1> }} (A7)

The denominator (2) has already been obtained in (A.5).
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exp(a)
exp(b)

Since = exp(a — b), we can subtract @) from (D) which results in,

c(ug | vx—1)

= @2m) 20 4 g (2 1) (S0 + Mi)g(zp1)|2
x exp{—o.f){x{_lhT(x ST M) )a— + (M S wy

T
n (uk O T () (S5 Mgl )] (o7 (o) (S5 + Mk>h<xk_1>xk_1>>

X [Fl + gT(CL‘kfl)(E;;l + Mk)g(l’kl)}

9 <uk+ Tty m_l)(z;l+Mk>g<mk_1>r1<gT<xk_1><z,;1+Mk>h<xk_1>xk_1>)

From (A.8), the following remains,

¢ (uplzi-1) =2m) 720 + glar_1)T (55 + Mi)g(w-)|2
x {exp{—0.5 Kuk + [0 + g (@) (5 + My)g(ap—1)]
< (g7 (@) (S5 + Mwh@sk_l)mk_l))T T g ) (5 M
<atone)] (1 7+ gl 5+ Mog(an)]
x (g7 (vp-1) (1 + Mk)h(wk_l)xk_1)>] }} (A.9)

This is the form of the derived optimal randomised controller given by (3.33) for nonlinear systems

with additive noise as shown in Theorem 1 in Section 3.3.
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Appendix B

Derivation of the FP Control Solution for
Nonlinear Systems with Functional

Uncertainty

The derivation of the FP analytic control solution is discussed here in detail to verify the results in
Theorem 2 in Chapter 3. Again, Proposition 1 which is stated in Chapter 3 forms the foundation to
the process of deriving the optimal randomised controller.

Firstly, the form of the performance index which is given by —In(vy(zx)) = 0.52) Mz +
0.5Tyxy + 0.5wy, is justified. The terms 31 (u ;1) in (3.8) and B2(u x;—1) in (3.9) are required to

be solved for which we obtain,

B (g, xp—1) Z/S(ﬂﬁﬂuk,wk—l)(ln 8($k’uk7xkl>>>d$k,

Sf(lfk |Uk7$k71

:/N(@k, ¥i) In <W) dxy,

:/N(:z:k, zk){o.5{—1n\zk\ — (o — &) TS (@ — &) + In | Do

+ ngQ_ka} }dxk.

:/N(ik, zk){o.5{—1n<||§’;||> +af (5t — Ekl)xk}}dmk

+ /N(:i‘k, 2@{0.5{—@{2,;%@ - zxfzglg}k}}d%

D)
=0.58, 5 Ly + /N(@k, %) £ 0.5¢ —1In (||Ek\|> +af (85 =2 Yy p ¢ day..
2
)

O]
(B.1)
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by
@O — To solve In <‘\Ek\‘ }, a very useful identity from [193], namely,
2

log(det(H)) = tr(log(H)),

can be used, given the condition that matrix H is positive definite. As the covariance matrices are

positive definite, this rule can be applied to give,

log(|Zx| |Z2]™") =log(|ZkS2 7)),

=tr(log(Z; X2 1)). (B.2)

An important observation is that for the regulation problem considered in the evaluation of the FP
control design, the actual covariance of the dynamics of the system is expected to get closer to the

covariance of the ideal distribution, i.e. ||Xx X5 1| ~ 1.

Considering the Maclaurin series expansion for logarithms, it is known that,

. _ j 2 N3
10g(H)=;(—1)’+1U{jI)J=(H—I)— 1P, E-IP

Exploiting the previous observation namely, ||X;X5 || ~ I and the property, given in [194], which

states that if ||H — I|| < 1, then the higher order terms in the Maclaurin series expansion for
log(H) will become significantly small, and can hence be ignored, leads to the following deduction

of tr(log(X, X2 1)) in (B.2).

tr(log(ZpXe 1)) =tr(2 821 — 1),

=tr(Xp X 1) — m, (B.3)

where n is the dimension of the state xj,.

(@ — This part can be computed by rewriting 27 (35! —E,;l):ck as (z,—21) 7 (25" —S ) (z—3)
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which gives,

05 [ N 20 [oF(55" - 5 )] o,

:0.5/N(gek, i) [(xk — ) T(S5 = S (g — @) —2F (55 = 2 Dy

-~ -~

©) ®
+ 2z (55 — Zgl)@k} day, (B.4)
©
where,
@ =0.5tr(Z (3,1 — = 1),
=0.5tr(Sx 25t — 1),
=0.5tr(2 25 1) — 0.5, (B.5)
and,
® = —0.521 (35" — ), (B.6)
and finally,
© =31 (53" — =Dy (B.7)

Thereafter, (B.3), (B.5), (B.6), and (B.7) can be substituted back into (B.1), which along with the

substitution of T = h(xg_1)zk—1 + g(zk—1)uy from equation (3.48) gives,

1 1 1 11 1
Br(wp, xp_1) ==2E 2 3 + =21 (25 = S D2 4+ —tr(Te25 ) 4+ =n — —tr(Zp25 1) — =,
9 k “k 2 k 2 k 9 2 2 9 2 2

2 (S =2t + 5,

(h(@p—1)Tp—1 + g(xr—1)ur) " 5" (A(zp—1)xp—1 + g(Tp1)Uk)- (B.8)

N~ N -
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Furthermore, (2 (uy, x—1) needs to be evaluated which results in,

Ba(ug, rp—1) = — /s(:rk lug, Tp—1 ) In(y(zk))dz,

1
://\/’(ik,zk) <2 [m%kak + Trxp +wk]>dazk,

1 . . . . . .
:5 /N(%k, Zk) |:($k — xk)TMk(a:k — :Ck) + 21{Mk$k — .Z'{Mkl'k
1
+ Tkﬂﬁk] dzy + 5%Wks

1 1 1 1
:Qtr(EkMk) + §i£Mk§3k + §Tk$k + SWks

1 1
:§(h($k71)37k71 + glap_1)up)t My (h(vp—1)wp—1 + g(vp_1)ug) + §tr(2kMk)
1 1
+ §Tk (h(xk,1)$k71 + g(:ck,l)uk) + §wk. (B.9)

Using (3.50), the term tr(3; M}) in (B.9) can be written as tr(Xx M) = tr([Dag—_1 + Gui|My) =

tr(DMy)xg_1 + tr(G My )uy. Hence, Equation (B.9) now becomes,

1

B (g, Tp—1) =§(h($k—1)xk—1 + g(zr—1)uk)" My (R(wg—1)zK-1 + g(Th—1) )
1 1 1 1
+5 T (hap-1)ze—1 + g(zh—1)ur) + Swi + Se(DMp)zp—1 + Ste(GMy)up.

(B.10)

The evaluated terms [ (ug, xx—1) and B2(uk, rx—1) can now be substituted in y(xx_1) which is
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given by (3.10) in Proposition 1 such that,

Y(Tp—1) :/cI(Uklxk—ﬂeXp[—51(Uk,xk_1) — Bo(ug, zp—1)]duy,
:/N(O,F) eXP{—; [(h($k—1)$k—1 + g(vp—1)ur) TS5 H(h(wp—1) T2

+ g(zr—1)ug) + (M@p—1)m—1 + g(xr—1)up)” My (h(zg—1)26-1 + g(TK—1)UK)

+ T, (h($k—1)$k71 + g(mk,l)uk) + wi + tl’(DMk)xk,l + tl‘(GMk)uk] }duk,

1
= X /exp{—O.S [u;‘CF_luk +at_ h (wp_1) (351 + My)h(zp_1)Tr_1
(2 |T])=

+ 221 AT (k1) (S5 + Mi)g(zr—1)ug +uf g7 (wp—1) (351 + My)g(ar—1)up,

+ wg + tr(DMy)xg—1 + tr(GMy)ug + Tiph(xgp—1)rr—1 + Tkg(xkl)uk} }duk,

1
= X {exp{—().5 [${1hT(mk_1)(Z;1 + Mp)h(xp—1)TK—1 + Wi
ESHOE

+ tr(DMy)xp—1 + Tkh(xkl):ckl} }}
X /GXP{—; {uf[F‘l + 9" (1) (S5 4+ M) g(zp—1)]us,
+ 2uf [g" (zp-1) (55" + Mi)h(zp—1)ze—1 + %(QT(ﬂ?k—l)TJfT + tf(GMk))]] }duk-

(B.11)

The integral in (B.11) can be further simplified by completing the square. This process has been

explained in Appendix A by Property 1 which when applied to (B.11) gives,
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Equation (B.12)

Y (@hy) = (QW)lm % {exp{—; [x;‘g_lhT(xk_l)(Ekl b M) h(zp1)T_1 +
¢ (DM + Tkhml)x“] }}

exp = |- (00a)(Z5 "+ M (r)oncn + 56 )T + (G
% [0+ g7 (@) (S5 + Mig(@r-0) (97 (0e-1) (57" + Mi)h(ae1)ons

+ 56" n)TE + o)}

 fexnd =3 | (e + 0704 o7 )57 + Mgt 6 o)

< (37" + Mh(ai)ens + 5(6" (@) T + tr(GMkm)T[rl + g7 (@)

x (851 + My)g(zk—1)] (Uk + T 4 g  (@r-1) (35 + M) g(wp—1)] ™!

X (gT(l'k_l)(E;l + Mk)h($k_1)l‘k_1 + %(gT(ZEk_l)TE + tr(GM;Q)))] }duk. (B.12)

The integral in B.12 can be solved using Property 2 in Appendix A which results in,

N

v(wp_1) =0 2|01 + 9" (1) (51 + Mi)g(zr—1)|~

1 _
X exp{—2 |:x£_1hT(aZk1)(Ek 1 -+ Mk)h(xk,l)xkq + wi + tl‘(DMk)a}k,1

+ Tkh(iﬁk—l)ﬂﬁk—l] } X eXP{—; |:_[9T($k—l)(22_1 + My)h(xp—1)xK—1

1 _ _ -
+ Q(QT(%—I)T;@T +u(GM)] T + g7 (23-1) (B3 + My)g(ap—1)] ™
T —1 L r T
X [g (ack_l)(EQ + Mk)h(xk_l)xk_l + 5(9 (CUk_l)Tk + tr(GMk))}} } (B.13)
Equation (B.13) can be further expanded to obtain the desired form of the optimal performance index

as stated in (3.60) from which the Riccati equation solution My, the linear term T} and the constant

term wy, can be obtained as specified by (3.61), (3.62) and (3.63), respectively.
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an) ={oxp{ =3 o (AT )5 + MRG0 ~ W ()55 + Mu)g(an)

I g ) (554 Mg )] ) (55 M) )
(D8R + Tih(oor) = (07 ()T + (GBI 4 (1)
(554 Mgl )]0 (1) (S5 M)

+ (r = 0307 ()T + (@M + g7 @) (557 + 040
g0 05097 (o) T + e(GMO]) + In [T + I T + g7 (1)

x (S5 + Mk)gml)lﬂ } (B.14)

The final equation y(z_1) in (B.14) has justified the form of the performance index as given by (3.84).

In addition, the optimal randomised controller is derived by computing the optimal control law de-

fined in (3.7) in Proposition 1 in Chapter 3 such that,

cf (up—1|mp—1) exp[—B1 (u, Tp—1) — Bo(ug, vp—1)] «— O
Y(xp—1) — @ '

M (ug|rp—1) =

Instead of computing the numerator and denominator separately and then making the division between
them (as was shown in Appendix A), it is possible to simplify the process resulting in a reduction in

computational time.

From careful observation, the following can be deduced. The optimal control law is given by,

¢ (ug|tp_1) = cl(ukfl‘xkfl) exp[—& (uk, a;k,l) — B (uk’ xkfl)]

= B.15
T (arlnr) expl—Br (ot 751) — ol ze)ldug — A(@ny)’ O

from which it can be seen that the numerator and denominator are the same apart from the fact that
the denominator is integrated over uy.

Since the denominator has already been obtained in (B.14), let us focus on the numerator. The nu-
merator is derived by making the following substitutions: ¢! (ug|zx_1) = N(0,T), and B1 (up, Tx_1)

given by (B.8) and [ (uy, xx—1) specified by (B.10), and thereafter, completing the square over uy
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which results in,

1
(27T

¢

1 _
X {exp{—z [l‘;‘flhT(ﬂfk—l)(Ek U Mi)h(zp—1)zp1 + wi, + te(DMy) g1

exp(f) = +Tkh(xk_1)ff’f—1] }}

/

XeXp{—; [—[QT(xk—l)(Ezl + My)h(zp—1)xp—1 + %(QT(l‘k—l)TkT + ur(GMy))]"

exp(s) =4 x [0+ g7 (k1) (55" + Mi)g(@r-1)] " g7 (@ro1) (S5 "+ Mi)h(zp_1)ax
1

+§(9T(l’k71)TkT +tr(GMk)>]}}

cop =g | (1 074 67 )55+ Mgl )]0 ()
T
(554 M)+ (67 )T+ (@) ) [0+ g7 (1)

exp(Y) =
x (S5 + Mi)g(zp-1)] <Uk + T+ 9T (wr-1) (35 + Mi)g(wr—1)] " (g7 (2r—1)

\ X(EQ_I + Mk)h(xk—l)xkfl + %(gT(xk,l)TkT + tI‘(GMk)))>:| },

where the substitutions exp(f), exp(s) and exp(Y’) are made such that,

1
) —m exp(f) exp(s) exp(Y). (B.16)

The factors exp(Y') and exp(s) arose from computing the square over u and exp(Y’) is the exponen-
tial that depends on wuy.

Although the final form of the denominator has already been derived in (B.14), it is worth going
a few steps back to Equation (B.12) (highlighted), where the integration over wu has not been carried
out yet. It is possible then to rewrite Equation (B.12) in terms of exp(f), exp(s) and exp(Y’) such

that,

1

Q@ =7(zg-1) = W

exp(f) exp(s) /exp(Y)duk. (B.17)

Finally, from the derived results in (B.16) and (B.17), the optimal randomised controller is sim-
plified to,

canlop) ~© 2P coptfTesptTexp(Y) B.15)

QAP exp(fTexp(sT [ exp(Y)duy
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and can now be represented by Definition 1 as follows,

Definition 1: Updated optimal control law ¢*(ug|zg_1).

exp(Y)

c* (uglrr—1) :m’

where,

K“’f F 07 g () (55 + Mgl )] (g7 (o 1) (S5 + M)

N

exp(Y) :exp{—
T
X h(wp—1)zp-1 + %(QT(xk—l)Tg + tr(GMk)))) T+ g7 (1) (35 + My)
x g(wk—1)] (“k + 07+ g (@) (85 4 My)g(ae—1)] 7 (g7 (wr1) (551 + My)

X B ) Tet + %(gT(:pH)T,{ + tr(GMk)»)] } (B.19)

and [ exp(Y)duy, is solved using Property 2 such that,

/ exp(Y)duy, =[27|2|T1 + g7 (2_1) (S5 " + Mi)g(ae_1)| 2. (B.20)

Hence, for nonlinear systems with functional uncertainties, the optimal controller is given by,

N

¢ (uplr_1) =27 72071 + g7 (23m1) (53 + Mi)g(ars)|
cexpf = | (e 0704 g7 )55+ Mgl )]0 ()
< (57" 4 Ml ) + 5 (6" ()T + tr(GMkm)T
I g ) (554 Mgl ] (s [0+ 67 o) (554 M)
< gl (0 () (57 + Mh(ao )i + (6" (e TE
+ tr(GMQ)))] } (B.21)

From (B.21), the mean and variance of the Gaussian distribution of the optimal randomised controller

can be obtained as specified by (3.55) in Theorem 2 in Section 3.4.
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Appendix C

Derivation of the FP Control Solution for
Nonlinear Systems with Multiplicative

Noise

The designation of an optimal controller for nonlinear systems with multiplicative stochastic distur-
bances is demonstrated in this appendix. The first step towards achieving the optimal control solution
to the FP design consists of the evaluation of the optimal performance index given by (3.10) in Propo-
sition 1 in Chapter 3.

The term 7y (zj_1 ) is based on the terms 31 (ug, xx—1) and B2 (ug, xx—1). Hence, the term Sy (ug, zx—1)

is computed first using equations (3.79) and (3.53) such that,

B1(uk, T—1) Z/S($k|uk>$k—1)<ln S(xk’uk7$k1>>>d$k,

Sj(xk ’uk7 Tr—1

:/N(gzk, ¥i) In <m> dxy,
|k

=0.5 {:@fZD;li’k - /N(:&k, k) {— In <|22|> + i (Bt — zgl)xk} d:ck},
=0.521 X 13 + 0.5tr(2 S5 1) + 0.5n — 0.5tr(Z X5 1) — 0.5n

+0.58F (51 — 2 D,
= 0.5 (851 — St + S0 Y,

where (3.75) is substituted in Zj, to give,

=0.5(h(wp—1)zb-1 + g(Tp—1)ur) S5 (h(zp—1) -1 + g(Th—1)u). (C.1)

If the reader wants a more detailed derivation of the above, please refer to the derivation of 31 (ug, x—1)

in Appendix B.
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Similary, S (ug, zx—1) can be evaluated using equation (3.84) as follows,

Ba(ug, Tp_1) = — /s(xk|uk,:nk_1)ln(v(fck))dwk,
= /N(@k, Sk) [0.5 (2f Sk, + wi)] dag,
=0.5 / {N(fck, ) [(xk. — ) Sy (g — ax) + 2oL Spdy, — @1 Skj:k} da;k}
+ 0.5wg,
=0.5tr(25,S%) + 0.52% Spp, 4 0.5wy,

=0.5(h(wp—1)7k-1 + g(wp—1)ur) Sk (M@p—1)TK—1 + g(TH—1)UL)

+ 0.5tr(2k5k) + 0.5wy. (C.2)
Using (3.78), the term tr(X;Sy) can be further evaluated to give,

tr(Z‘kSk) :tr(Skak_leZ_lDT),

:xg_lDTSkQDmk_l.
Hence,
Bo (g, 2p—1) =0.5(h(xp_1)zp—1 + g(@p_1)ur)T Sk (M(@p_1)Tp—1 + g(xp_1)up) + 0.505. (C.3)
The @y, in (C.3) equates to,
o =zt DT SLQDxp_1 + wy. (C.4)

Now that 51 (ug, xx—1) and [2(ug, xx—1) have been computed, v(z_1) which is given by (3.10) in
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Proposition 1 can be evaluated,

Y(Tp—1) :/CI(Uk|~'Ek—1)eXP[_Bl(Ulcaxk—l) — Ba(ug, vp—1)]duy,
= /N(O, F) exXp |:—0.5(h(:17k_1)(17k_1 + g(atk_l)uk)Tﬂgl(h(xk_l)a:k_l + g(a:k_l)uk)

_0-5(h(-73k—1)1'k—1 + g(mk,l)uk)TSk (h(mk,l)xk,1 + g(l‘kfl)uk) — 0.5(2)k:| duy,

1
:m X /exp{—0.5 [U;{F_luk + x;{—lhT(xk—l)(Ez_l + Sk)h(Tr—1)Tr—1
s

+2x£—1hT($k—1)(Ez_l + Sk)g(xk—l)uk + U{QT(wk_ﬂ(EQ_l + Sk)g(a:k_l)uk + @k:| }duk,
1 ~
=77 X {GXP{—0-5 [l‘fﬁT(ﬂCk—l)(EEl + Sk)h(h—1)TR-1 + Wk] }}
(2m)* |13
X /exp{—O.S [UZ[F_I + g (ep_1) (25 4 Sk)g(zr_1)]uk
+2ui g" (wp1) (S5 + Sk)h($k—1)xk—1] }duk- (C.5)

The integral in (C.5) can be evaluated by completing the square over w; as shown by Property 1 in

Appendix A which gives,

Table A:

Y(xh—1) =

= =

X exp{—0.5 [m;‘flhT(ﬂck_l)(Elzl + Sg)h(Tk—1)TK—1

N|=

(2m)2|D|
+ wk] }
T
X eXP{0-5 (gT(ﬂ%—l)(EE1 + Sk)h(mk—l)wk—l> L + g7 (zk-1)
X (Zpt + Sk)g(zp-1)] (gT(l‘k—l)(EEl + Sk)h(l‘k—l)l‘k—l) }

x/ exp{—0.5{ (uk =t gT(xk_1T)(22_1 + Sk)g(xr—1)]

x(g" (@n-1) (2" + Swh(xk_l)xk_l)) 0! 4 g (@1)(Z5 " + Sk)

fentr) - !

% g (1)) (uk T 4 ¢ () (S5 + Si)g(en)]

X(gT(ZEk_l)(Elzl T Sk)h(ib'k_l)mk_l)) }duk

The integral [ exp (V") in Table A can be solved using Property 2 in Appendix A which simplifies

it to,

/ exp(Y)dug = 2|2 |01 + g7 (2-1) (S5 " + S)g(zp_1)| 2. (C.6)
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Hence, v(zx—_1) is simplified to,

Y(Tk—1) =|F|_%|F_1 + g (w1 (St + Sk)g(ffk—l)r%

g eXp{0'5<9T<wk_1><zkl + S(an-)ae-1) 07+ g7 (1) (57 + S)
xg(25-1)) " g (@) (S5t + Sh(xr—1)zp—1) — 0527 _1hT (2p-1) (St + Sk)
Xh(ﬂfk—l)xk—l — 0.5(2%},

-1
= exp{o.m{_lhT(x“)(z,;l + Sp)g(zr_1) <r1 + g5 (xp-1) (S + Sk)g(xk1)>

XQT(xkfl)(ZZI + Sk)h(xp—1)TK—1 — 0-5-%{71}&:’1(1']@71)(2];1 + Sk)h(xp—1)TK—1

—0.50; — 0.5In |7 — 0.5 [T + g7 (zp—1) (2! + Sk)g(xk_l)]}.
By making the substitution of Wy = xf_lDTSkQka,l + wy , the following can be obtained,

V(@k-1) = eXp{_O'E"T%—l{—hT(xk—l)(Ez_l + S g(ze-1) T + g7 (@p-1)(Z5" + Si)
x glar1)] g (@) (D5 + S0 h(ar-) + BT (21)(S5 " + Si)h(wr-1)

— DTSkQD}xkl — 0.5{wk + In(|T|) + In \F_l + gT(xkfl)(Eg_l + 5;)
% 9(“"6—1”}}- (C.7)
From the above, the generalised SDRE in (3.85) and the constant term in (3.86) can be obtained. It is

now possible to derive the optimal control law which is defined in (3.7) in Proposition 1 and repeated

below,

f (up—1|mp—1) exp[—B1 (ug, Tp—1) — Bo(ug, Tp—1)] +— ®.

c*(uglrg—1) = Y(xp—1) +— @

However, using the result in Definition 1 in Appendix B, the process of finding the optimal controller

has been tremendously simplified since now ¢*(ug|zr—_1) = fe%%

has already been found 7able A and its integral over uy, has been solved in (C.6). Therefore, the final

. The exponential exp(Y)

control solution of the FP control design for nonlinear systems with functional uncertainties is given
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by,
¢ (uplar—1) =[27 72T + g7 (@4-1) (S5 + Si)g(ar—1)|2
x exp{—o.5{ <uk O g () (55 + S g (o7 ()
T
x (250 + Sk))h(xk—l)xk—1)> T+ g" (@) (25" + Sk)g(p—1)]

. <“’“ 0 4 g7 () (55 + S)g(n-)] (g7 (@1 (S5 " + Sp)

X h(xk_l)mk_1)> }}, (C.8)

which concludes the proof for Theorem 3.
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Appendix D

Derivation of the Decentralised FP

Control Design for Nonlinear Systems

The derivation of the decentralised FP control solution given by (4.21) for nonlinear stochastic sub-
systems with additive noises is discussed in this appendix. Theorem 4 is proven using Proposition 4
in Chapter 4 for nonlinear systems within a decentralised framework. This is achieved in two parts.
The first part contributes to the justification of the form of —In(y(zy;)) in (4.26) and the Riccati
equations in Theorem 4. The second half of the proof focuses on the proof of the randomised optimal

controller ¢*(ug;|z,—1;;) given by equation (4.21).

D.1 Optimal Performance Index, — In(y(2x;))

The first part is proven by using proof by induction, meaning the form of the optimal performance

index defined in equation (4.26) is assumed to be true and then substituted in 3(uy;, 2k—1:i)-

In Proposition 4, the optimal performance index is given by y(2x—_1;;) in (4.6) for which the term
B(Uksi, 2k—1:i) in (4.7) needs to be solved.

However, the term is evaluated by splitting it into two parts as follows,

8 (ki Usis 28-1,1) _
» 1) = » 1 1 ) ) ) _l » 1 d
Blukiy 2k—1;i) /S(wk,z\uk,z,zk LL)|:n(51($k;i|uk;iazk—l;i)> 0(Y( Tk, Yk—1:)) | ATk

S\ Tk |Uksiy Rk—15i
—/8($k;i\uk;i,zk1;i)1n< (il Z)>dxk;i

Sl(xk;i‘uk;iv Zkfl;z’)

)
- / 8(Thsi [ ki, 2h—1:6) (Y (@i, Yr—150) ) ATy - (D.1)

©)

First of all, the first integral (D is solved for which the actual and ideal distributions of the internal
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states given by (4.16) and (4.18) respectively, need to be substituted. This gives,

Lhesi | Ukyiy k—1;
@ / xk’z|ukuzk 1z)ln<8( 1’ i ’L) )dl‘k;i,

I(xk;z ’uk;la Zkfl;z)

N _1 1 N - N _1
= /N(xk;i, Yai) |:111(27T’Za:;i|) z — 5(%;@ — xk;i)TEI; (Th;i — Bhyi) — In(2m[ Xz ,]) 2
L7 g1 -1
+ 5%;@'293;1‘%;@' i,
L1,

/N Ty, I’L) <$k12 i Thyi — B z;izx;%xkﬂ)dxk;iv

1

2$k zEa: zxk“
=(fi(zh-130) 2150 + 9i (zh—10) k) T S (Fi(2h 1) 2010+ 962130 Usi) (D.2)

where we used equation (4.14). Secondly, Q) is evaluated for which In(5(z.i, Yx—1.i)) given by (4.8)

needs to be computed first.

To achieve this, the actual distribution of the external states defined

in (4.17) and the assumed form of the performance index in (4.26) are substituted. However, the per-

formance index is written explicitly rather than in matrix format such that — In(y(zy;;)) = 3275, M2+

1
2

7Vk;i =

1/, T T T :
§($k;iM1,k:;z’$k;i + 225 Mo kiiYisi + Y M3 kiYsi + Vi.i). Hence, we obtain,

- ln(:Y(xk;ia yk—l;i))

_ / i1 Iy (z1)) g,

/N ykw yz{ [xklekzxkz+2xkzM2kzykz+ykzM3kzykz+sz:| }dyk;i7

T2

X (yk;i - gk,z) + 2@]2;1'M3,k;7jyk:;i - gljg:iM?),k;i?:/kz;i] dyk;ia

1

-/E%leklxkz"i_wk@MZkzykz"i' sz /N yk'u yz) |:<ykz ykz) MS,k;i

N 1 . .
= §$£¢M1,k;ixk;i + ﬂf;‘giMz,k;z‘yk;i t3 <tr(M3,k;z'2y;i) + ykT;¢M3,k;z‘yk;z + Vk;i> : (D.3)
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Substituting (D.3) into ) gives,

1 R 1
Q= / (Tl Uhsis 2—1:4) [2IE;‘Q¢M1,19;¢1»‘1¢;¢ + l{;iMZk;iyk;i t3 (tr(Mg,k;iEy;i) + Vi
AT A
+ yk;z‘MB,k;z’yk;i> ] Ay,

1 R R 1
=3 /N(xk;h i) [m{;iMl,k;il"k;i + 2$;;F;iM2,k;iyk;i] dxy; + 3 (tr(MS,k;iEy;i)

T A
+ yk;iM?),k;iyk;i + Vk,z) ’
1
R T . T T R
=3 /N(xk;z‘, i) [(ﬂfk;i = Bpi)” M gi (T — Ti) + 2250 M i Thsi — By Mt ki ks

. 1 . .
+ 2${;¢Mz,k;iyk;i] dxy;; + 5 (tr(M?;,k;izy;i) + i Ms i i + Vk;i) ;

I R R R R X
:2< R M ki + 287 Mo g + G M ik + 1My goyi i) + (M i Sys) + Vk;i>7

1

=5 ((fi(zk—l;i)zk—l;i + 9i (1) ki) T My i (Fi(Zh—1:0) 2b— 156 + Gi(Zh—1)Upsi)

+ 2(filzho14)2h—1:0 + Gi(Zhe1:0) ki) T Mo gihi (Yk—1:0) Yr— 1.

+ U1 (k—1:0) M il (Y- 10)Uk— 150+ (M i Si) + t1( Mg i Spi) + Vk;z‘) , (D4)

where we used (4.14) and (4.15). Now that (D) and 2) have been evaluated in (D.2) and (D.4), respec-

tively, the term [3(ug;i, 2k—1,;) can be obtained as follows,

1
B(Usis 2k—151) =5 ((fi(zkl;i)zkl;i + 9i (- 1)) Qi (fi(Zh—1:0) 2120 + 93 (Zh—1:0) Uki)

+2(fi(2h-1.)Zk—1:1 + 9i(Zh—10) ki) T Mo geiPi (Yo—1:4) Y10
i 1.ihd (k1) M3 i (Ye—10) k-1 + 1M1 oyi Ssa) + (M 1 Syps) + Vk;i) ;

D.5)

where Q;“ = (M i + E;i)
Following the evaluation of B(ug.;, zx—1,;) in (D.5), and using ¢! (ug;;|2k—1.) = N(0, k), the
term 7(z;—1;) in (4.6) can be solved. Also, f;(zk—_1i)2k—1; is written in terms of the internal and

external states to separate the elements for the Riccati equation solutions in the upcoming derivations
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such that, fi(zr—1:)2k—1; = f1i(2k—1:)Tk—1;i + f2i(2k—1;i)Yk—1.;- Therefore, we obtain,

V(zk-1:) =/CI(Uk;iIZk:—u)exp(—B(Uk;i,zk—l;i))dm;ia
= /N(O, Li) exp(—B(Uksiy Zk—131) ) A
= \QFFk;iF% /GXP{ - % [ufﬁ;ium + (fri(zr—1:0)Tk—14 + foi(Zh—15)Y—1i
+ gi(Zk—l;i>uk;i)TQk;i(fli(zk—l;i)xk:—l;i + foi(Zh—1;0)Uk—1: + 9i(Zh—1:0)Uks)
+ 2(fri(zh—130)Tr—15i + foi(2h—130)Ub—15i + Gi(Zh—130)Whsi) " Mo pihi (Yb—1:0) Y150
+ yg_l;ih?(yk—l;i)M3,k;ihi(yk—l;z’)yk—l;i F (M gy X)) + tr(Mz piXy:)
+ Vk;i:| }duk;z‘,
= ‘QWFk;i’_% exp{—; [(fli(zkl;i)xkl;i + f2i(zkfl;i)ykfl;»TQk;i(fli(zkfl;»xkfl;i
+ foi(zk-1:0)Yk—1:) + 2(Fri(Zr—1:0)Th—150 + Foi(Zh1:)Yk—1:4)" Mo kihi (Yk—1:0) Yk—1:i
+ yh1hd We—1) M esiPi (Ye—153) Yr—153 + 0( M1 yiSii) + (M3 i Sys) + Vk;z‘] }
X /exp{—; [ufz [F,;} + 07 (2h-1.0) Qrei i (2h—1:4) i + 2u£i[gz’T(zk—1;i)
X Qi (f1i(2h—1.)Th—1: + foi(Zh—1.)Yk—1.) + Q;‘F(Zk1;i)M2,k;ihz‘(3/k1;i)yk1;z’]] }

(D.6)

The integral in (D.6) can be further evaluated by completing the square over uy,; which has been

explained in Appendix A, Property 1.

A.A.Z.Zafar, PhD Thesis, Aston University 2021 185



Let us define f‘k;i = [F,;i + giT(zk_l;i)Qk;igi(zk_l;i)]_l. This gives the following,

Table B:

_1 1 -
Y(2zk—1;) = |27k;| "2 exp{—§ [(fu(zk—l;i)xk—m + foi(zr—1:0)Yk—14)" Qi

% ({Uinalzm i )i 48 Tolam )i ia) 98 20 alan g
T T T
+ f2i(2h—1;)Yk—1:)" Mo gsiPi(Yk—1;0)Yk—1: + Yp—1,P (Wk—15) M3 ki

X R (Yr—15)Yk—1:5 + tr( M7 ;i 2z:) + (M3 i Ey:5) + Vk;i:| }

X exp{7 [— (g;‘—r(zkl;i)Qk;i(fli(Zkl;i)xkl;i + fai(zk—1;i)

T
X Yk—15i) +giT(Zk—l;i)Mz,k;ihi(yk—1;i)yk—1;z’) L. (giT(Zk—l;i)Qk;i

X (fri(zr1:4)Th—14 + f2i(Zh—1:0)Yk—1:0) + 97 (Z—1:6) Mo pi

X h; (yk—l;i)yk—l;z’> ] }

(
X/GXP{—% [(Um + Triilg? (2h—1:4) Qi (F16 (2k—1) Th— 13

T
+ foi (Zk—1:4)Yk—15i) + g;r(zk—l;i)MQ,k;ihi(yk—l;i)yk—l;i]) F;}

[ exp( ) =

X (ukz + Trilgr (zr—1:0) Qresi (fri(Zh—1:0)Th—1:0 + F2i(Zk—1:0)Yk—1:4)

+91T(Zk—1;i)M2,k;ihi(yk—l;i)yk—l;i])] }duk;i-
\

The integral [ exp(Y")duy,; can be evaluated using Property 2 in Appendix A such that,

/ exp(Y)dug; = |27|2|Tsil 2. (D.7)
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Hence, we have,

1= 1 1 -

Y(2k—14) =Tkl 2 [Tryl2 eXP{—2 [(fli(zk—l;i)xkz—l;i + foilZh—1:0)Uk—1:4) " Qrsi (Fri(Zh—1.4)
X Th-1: + f2i(Zh-10)Yk—1:) + 2(F1i(Ze—1:0)Th—1: + foi(Zh—1:0) k1) Mo s
X hi(Yr—1;0)Yk—15i + ylz—l;ihzr(yk—l;i)MS,k;ihz‘(yk—l;i)yk—l;z‘ + tr(My i)

+ tl‘(Mng;iEy;i) + Vk;z’:| }
[ ( )
xexpy =5~ 9 (2h=1:0) Qi (fri(ze—1:) Th—1: + f2i (Zh—1:0) Y—1:4)
T— ~
+91T(Zk1;i)M2,k;ihi(yk1;z')yk1;i> Dry <91'T(2k1;i)Qk;i(f1i(Zk1;i)$k1;i
+ f2i(zk—1;i)yk—1;i) + gg(zk—l;i)MQ,k;ihi(yk—l;i)yk—l;i>:| },
1 ~ _ N
= GXP{—2 [l‘%—m <—f17;(21c—1;z‘)Qk;igi(Zk—m‘)Fk;igiT(Zk—l;i)Qk;ifu(Zk—m)
T NO, . fs . ) ) T T NO, e )
+ fli(zkl;z)Qk;zflz(zkl;z)> Tk—1; + ka—l;i <f1z‘(2k1;z)Qk;zf21(Zk1;2)
+ flil;(zkfl;i)MZk;ihi(?/k—l;i) - fﬂ'(zszl;i)()k;igi(Zkf1;i)fk;igg(zkfl;i)(?k;ifm(Zkfm)
- fljg(zk—l;i)Qk;igi(Zk—l;i)rk;igzr(Zk—l;i)MQ,k;ihi(yk—l;i)>)yk—l;i
T T ~ T T
+ Y1y <f2z‘(Zk—l;i)Qk;if%(zk—l;i) + 25 (zk—1) M2 k:ihi(Yk—14) + hi (Yr—1.1)
X M sihi(Yk—1:0) — foi(2h—150) Qusi i (2h—10) T 07 (21—136) Qi foi (2—1:4)
- h?(ykfl;i)MZk;igi(zkflgi)fk;igzr(zkfl;i)MQ,k;ihi(ykfl;i)
- 2f21;'(zk1;¢>Qk;igi(zk1;i)rk;ig;—r(zk1;1’)M2,k;ihi(yk1;i)>yk1;i
+ (Vkﬂ« + tr(E:r;iMl,k;i) + tI'(Ey;Z'Mng;i) + In |Fk,z| +In |Fl;,1 + giT(xk—l;i)
X Qk;igi(ﬂﬁk—m)\)] }, (D.8)

which justifies the form of the performance index (4.26) and the Riccati equation solutions and con-

stant term given by (4.28) - (4.31).

D.2 Optimal Randomised Controller, ¢*(uj.|2;—1.i)

The optimal randomised controller is obtained by evaluating the optimal control law in (4.5) given by
Proposition 4 in Chapter 4.
. . . . . . .. exp(Y)
Using the same logic as was explained in Appendix B in Definition 1, only Texo (Y )durs needs

to be computed to find ¢*(ug;i|2x—1;;). The exponential exp(Y') is obtained from Table B and
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f exp(Y')duy,; is solved in (D.7). Thus, the optimal randomised controller is given by

% _1 = _1 1 — -
c(upyi|2zk—1;) =(2m) "2 |Dy| 2 /eXp{_2[(Uk;i+Fk;i[gz‘T(Zk—l;i)Qk;i(fli(zk—l;i)xk:—l;i
T7
+ foi(2k—1;)Yk—15i) + giT(Zk1;i)M2,k;¢hi(yk1;i)yk1;i]> Ui
X <ukz + Thalod (21-1:4) Qri (fri (Zr—1:0)Th1 + foi(Zh—1:0)Yb—1:4)

+ QiT(Zk—lgz‘)M2,k;z‘hz‘(yk—1;i)yk—1;i]>] }duk;i, (D.9)

which is the desired form as given by (4.21) in Theorem 4 in Chapter 4.
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Appendix E

Derivation of the Probabilistic Message

Passing Approach

This chapter explains the derivation of the probabilistic message passing approach as outlined in
Theorem 5 and Theorem 6. The evaluation of the two theorems require the implementation of two
identities, namely the Woodbury Identity [195] and the Push-through Identity [196].

The Woodbury Identity is defined as follows,

Property 3:

(A+0CV) ' = A1 - A-10(C 1+ VAIU)'VA-L

The push-through identity is given by,

Property 4:

(r-'+B7="'B)B” =IB” (X + BrB”)"'x.

E.1 Proof of Theorem 5

Theorem 5 is proven by evaluating the integral given by (4.33) in Lemma 1. The integral can be

further evaluated by applying the chain rule for probabilities [163] to the joint pdf to obtain,

M i(@hilzp—13) = /S(HJk;i!Zk1;¢,Uk;i)8(yk;i\yk1;¢)C(Uk;¢2k1;¢)dyk;iduk;i- (E.1)
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The factor s(yx.i|yx—1.:) in (E.1) can be integrated over yy.; which gives a normalisation constant. As

a consequence, we have,

M i(Th

Zh—15) = / S(Thi| Zh—130> Uhss ) (ks | 2h— 12 ) Ay - (E.2)
This can be evaluated by substituting (4.16), (4.14) and (4.21) into (E.2) to obtain,

M i(Thgil2r—14)
1 T
= /GXP{—2 [(901“ — (filZh—15)2k—1: + gi(zkl;i)uk;i)> Yo
T
X (l’m — (fi(Zh—1:) k-1 + gi(zklgi)uk;i)> + <ukz - UL) f;i <Ukz = UZZ)] }duk;i~

(E.3)
The terms that have no dependency on wuy; can be taken out of the integral such that,
Mi@rsil 2h-10)
= GXP{—; [(xk;i — fi(%q;i)qu;i)TE;i(xk;i — filzp—1;) 2k—12) + uszgiuzz} }
X /GXP{—; [U;‘gi(giT(Zk—l;i)Ex;%gi(Zk—m) + f‘,;})wg;i — Uy (gg‘r(zk—m)zml
X (Try — fi(Zh—1:0)20—1:1) + F;;}UZZ)] }duk;i. (E.4)

The integral can be further evaluated by completing the square over uy; in (E.4), as shown by Property

I in Appendix A, gives,

M i@kl 2k—1:i)

1 _ —_
= exp{—2 |:(xk;i - fi(zkfl;i)zkfl;i)Tza:;i 1($k;i - fi(zkfl;i>zk71;i> + UZ;sz;UZ;i
— (9] (ho1:0) T (i — fi(zrm1)zh-130) + Drguid) " (97 (2e-1:) S0 01 (20 14)

+ f;;nl)_l(Q?(zk—m)zﬁ(l‘k;i — filzk—10)26—1:) + F,ﬁ%uz;i)] }

1 ~ i _
X /eXP{—QK ki + (97 (2100090 (ze-10) + D) 7o) (1)

T
X (@i — fi(2h—13)2h-12)" + T;ﬁ“}i;ﬂ) (97 (zh-1:) %01 9i(z6—1:0) + D) <ukz + (9] (21-14)

X Da0i(zr—10) + D) 7 (0] () Sd (o — fizni)2n—1) " + f,;i}uz;i))] }duk;i. (E.5)
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The integral can be solved using Property 2 in Appendix A which results in a normalisation constant

which is disregarded in this proof for the purpose of simplification. Hence, we have,

M i(@hiil2k—1:i)

1 _ -
= eXp{—2 [(ﬂﬁk;i — filzr1a)2h10) S (Whss — fi(2ro1a) k1) + b D Ui

— (9] (120020 (i — fi(zr—1)z6-1:0) + Drdui) " (9] (2r10) 2t 91 (20 10)

+ f‘l;zl')_l(giT(Zk—l;i)E;;(xk;i — filzk—15)2k-14) + Fk;}uz;i)] } (E.6)

Using the Woodbury Identity [195] defined in Property 3, and the push-through Identity [196] stated

in Property 4, Equation (E.6) can be further evaluated to obtain the following,

M i(@gi|2k—1:)
~1

1 . O\7 _
= eXP{—2 Kﬂ%z — (filzh—15) k150 + gi(zk—l;i)uk;i)> |:gz'(zk:—l;i)rk;igzr(zk—l;i) + gy

X (%z — (fi(Zh—1:4)2h—1:i + gi(Zk—u)uZ;i))] }, (E.7

which concludes the proof.

E.2 Proof of Theorem 6

Fusing the message that has been passed from node 7 given by (4.34) with the prior knowledge
that subsystem j already possesses about its external states, s(yr;j|yr—1,j) = N (k> Xy;5), can
be achieved by using the Bayes’ rule. This is obtained from the Bayes’ theorem by using the MAP

estimate. This gives,

S(yk;j;new) :Mj%i(xk;i‘zkfl;i) X S(yk;i|yk71;i)
1 _ 1 . _ N
:eXp{_z(yk;j - ka;i)Tm:ckl;,- (yk’;j - ,Ua:k;i) - i(yk’;j - yk;j)sz;}(yk;j - yk;j)}
1 _ _ _ 1. 1 _

L op 1.
_ 2ygjzy;;yk;j}. (E.8)
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Completing the square allows Equation (E.8) to be further evaluated to obtain,

1 R N
S(yk’;j;new) = exp{_Q(yk;j - yk;j,new)szk;j,new(yk;j - yk;j,new)

+ (Bos o + ki) Sy mew B s + Sy his)

1 7 1 L7 w1
- §M$k11$mk,luﬁk,z - §yk,j2y,jyk,] ’

where

Dhgnew =Bap, + Sy) " (B by + XDk

—1 —1\—1
Eyk;j:new :(m$k,z + Ey;j) .

(E.9)

(E.10)

(E.11)

Equations (E.10) and (E.11) can be further evaluated using the Woodbury identity, and the substitution

of Kij = Xy, (Sy + ‘Bmkﬂ.)_l allows the claimed form given by (4.38) - (4.41) to be achieved.
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Appendix F

Derivation of the Decentralised FP
Control Design for Nonlinear Systems

with Multiplicative Noises

Theorem 7 states the decentralised optimal controller for nonlinear systems with multiplicative noises
within a decentralised framework. To prove this, Proposition 4 in Chapter 4 for nonlinear systems
within a decentralised framework is considered.

The proof is split into two parts. The first part contributes to the justification of the form of
—In(y(#k;i)) and the Riccati equation solutions in Theorem 7. The second half proves the form of

the randomised optimal controller ¢*(uy.;|2x—1.;) given in equation (4.65).

F.1 Optimal Performance Index, — In(y(2x;))

Using proof by induction with the assumption that the form of the quadratic performance index
in (4.70) is true, the forms of the Riccati equation solutions (4.72) - (4.74) and the quadratic cost

functions (4.70) are justified.

In Proposition 4 in Chapter 4, the term 3(uy;;, 2,—1,;) defined in equation (4.7) needs to be solved in
order to derive the optimal performance index given by ~y(zx—1.;) as stated in equation (4.6).

Similar to Appendix D, the term ((ug.i, 2k—1;;) is evaluated by splitting it into two parts as fol-
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lows,

ﬁ(uk‘;iazk—l;i) :/8($k;i|uk;iazk’—1;i) |:hl< T

(T ki | Uksis Zk—151)

—In ﬁ/ Lhsiy Yk—1;1 dl‘k.’v
§ (xk;i’uk;iazkl;i)> (3 i ’)) 5

S\ Lk;i | Uksis Rk—1;i
Z/S(wk;i\uk;i72k—1;i)ln< (i, Z)>dxk;i

st (xk;i |uk;i7 Zk—l;i)

O]

- / $(Thsiluksis 2—14) (Y (Thsis Yr—150) ) Ak - (F.1)

)

First of all, the first integral (D is solved for which the actual and ideal distributions of the internal

states given by (4.56) and (4.62) need to be substituted. This gives,

S\ Tk | Wkesiy Rh—151
@ :/s(wk;”uk;iyzk—l;i) 1n< ( z‘ ) z) >dxk:;ia

31<$k-i‘uk~ia Zkfl;i)

1 1
/N Theis R [ —In(27|Ryy|) — (1:;“ fck;i)TRJf;Zl-(:ck;i — i) + iln@ﬂzx;i’)

z
l<‘|R“|‘>—xsz :ckz+xk12“xm+2:va Thosi
€Tl

1n<| x’l|> —i—:E%;Z-(E;%—R 1)xkz+2xk1R i Thesi

1 Racz A - -
/N xkzy 50 {2|: ln<||2 7||> + (wk;i _xk;i)T(Ex;% _Rx;zl'>

X (T — Bra) + 200 (Spd — Rk — By (S R;i)@k;i] }dmk;i,

1
2

=(f1i(zr—1:0)Tk—15 + foi(Zh—15)Yu—15 + gi(zkfl;i)uk;i)sz;i

7xk zEz zxk 2

{ﬁr@R;ifck;i — (R S) + 1+ (R[S — Ryjl) + 2(S0 —

{M (R ) 0+ W Ba¥ag ) — a0 dp S B —

T3l

-1

X (fri(zr—1:)Tr—1: + f2i(Zh—150) Yk—15 + 9i (Zh—15) Uk:i)» (F2)

where equation (4.58) has been used.

Secondly, @ is evaluated for which In(%(z.;, yx—1.;)) defined in (4.8) needs to be solved first.

The actual distribution of the external states defined in (4.57) and the assumed form of the perfor-

mance index — In(y(zg;)) =

5 (@f My i 20 Mo keiyhi+y i Ms ek Vi) given by (4.70)
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are substituted to solve In(¥(xx;, yx—1.;)) Which gives,

—In(Y(2ry, Yr—1:0)) = — /5(3/k;i|yk—1;i)ln('Y(Zk;i))dyk;ia
R 1
= /N(yk,27 Ey,l){2 [x%:iMl,k;ixk;i + 21U£iM2,k;iyk;i + ylcT;iM?;,k;iyk;i

+ Vk;z’] }dyk;ia

1 . 1 1 . N
:ixz;iMl,k;ixk;i + -rg;iMZ,k;iyk;i + §Vk,z + 5 /N(yk‘;ia Ey;i) |:(yk?,l - yk:;i)T

X M3 i (Ui — Ghsi) + 2002 M ksiVksi — le;:iM3,k;i3)k;i:| dYkis

1 . 1 . R
:ix;‘g;z‘MLk;iSL‘k;i + T Mo g + 3 <tr(M3,k;iEy;i) + i Ms i i + Vk;z‘> :

(F.3)

Substituting (F.3) into Q) gives,

1 . 1
Q= / $(ThsilUsis 2k—1:1) |:2x£;¢Ml,k;ixk;i + @ Mo g + 3 <tr(M3,k;iZy;i)
+ gljc:iM3,k;i?jk;i + Vk;i>] dxy,
1 - T T N 1
:i N(xk;iv Xasi) xk;z‘Ml,k;i5Uk;i + 2$k;iM2,k;z‘yk;i dxy,; + B tr( M3 . 2y:0)
T N
+ Ujei M3 ki Ui + V/m') :
1 . . \T N T AT .
25 N(l’k;i, Exﬂ) (xk;i - xk;i) Ml,k;i(mkz;i - J;k;i) + ka;iMl,k;iwk;i — xk;iMl,k‘;ixk;i
. 1 R R
+ Qxf;iMQ,k;iyk;i] oy + 5 <tf(M3,k;i2y;i) + G Ms i i + Vk;i) ,

(fg;iMl,k;ii“k;i o+ 28 Mo il + U M il + (M ey Sasi) + (M g Syi) + Vk;i> :

N — N~

<(f1i(2k—1;i)96k—1;i + foilZh—1:0)Yk—1:0 + Gi(Zh—1:0)Ukii) T Mg (Fri(Zh—1.)Th—124
+ foi(Zh—1:0)Yr—15 + Gi(Zh—1:) ki) + 2(fr6(Zh—130)Th—15 + f2i (Zh—1:0) Yh—134
+ gi(Zh—130)ksi) " Mo psihi (Yh—153)Yn—1i + yg—l;ihiT(yk—Li)M&k;ihi(yk—1;i)yk—1;z‘

+tr( My i 25:) + tr(Ms i Xy) + Vk;i)a (F.4)

where the equations (4.58) and (4.60) have been used. Using equations (4.59) and (4.61), the traces

tr(My j;i32:) and tr(Ms j.;3,.;) can be further evaluated to obtain,

T T
(M g;i2a) =21, D1, M1 ki Q13 D1sitr—134,

tr(Ms ;i Xy.i) :ylz—l;iDQT;iM3,k;iQ2;z’D2;iyk—1;i- (E.5)
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Therefore, substituting the evaluated terms (D, ) and (E.5) into (F.1), the term /3(u.;, 2x—1.;) can be

obtained as follows,

1 -
B(Uksis Zk—1:i) =3 ((fu(zkl;i)a?kl;i + foi(zhe1:0)Yk—1: + Gi(Zh—1:0) ki) T Qrei (fri(Zh—1:0) Th—14

+ foi(Zh—130)Yk—15 + Gi(Zr—130)Uksi) + 2(fri(Zh—150)Th—150 + f2i(Zh—1;)Yh—13i
+ 9i(zh—1.4) ki) T Mo il (Y1) Y- 1.4

+ ylz;—l;ihzT(yk—l;i)MS,k;ihi(yk—l;i)yk—l;i + ffdkz) ) (F.6)
where Q;“ = (M ;i + Z‘;}) and,
Wiy = 1{71;Z'Dg;iMl,k;in;iDl;ixkflgi + ygfl;iD;iMS,k;iQZ;iDZiykfl;i + Vi (F.7)

Following the evaluation of 3(uy.;, zx—1.;), and using cl(ukﬂ-\zk,l;i) = N(0,T.;) from (4.64),

the term y(2z—_1.;) in (4.6) can be solved as follows,

Y(2k—1;) = / ! (ki) 2b—1:1) exp(— B (Wi, 25—153) ) s,

= [ ML) exp(= Bl 21o10))

:’277Fk;i‘7% /eXp { - % [U;‘LFEUM + (fri(Zh—1:)Tk—1: + f2i(Zh—1:)Yk—1:i
+ gi(zk—l;i)uk;i)TQk;i(fu(Zk—l;i)wk—m + f2i(zk—1;i)yk:—1;i + gi(zk—l;i)uk;i)
+ 2(f1i (2h—1:0)Th—1:1 + foi (Zh—1:0)Yk—15 + G5 (Zh—1:0) Ui )T Mo esihoi (Yi—1:0) Yh—1:4
+ yh1hd We—1) M3 esihi (Ye—150) Ye—156 + CDIH] }duk;i»

ZIQWFk;ir% exp{—; |:(f1i(zk1;z')l’k1;i + foi(zr—130)Yh—150) " Qrsi (fri(2r—13)
X Tk + foi(Ze—130)Uk—1:1) + 2(f1i (Zh—1:0)Tr—156 + Foi (Zhe10)Yk—150) " Mo ki
X i (Yk—10)Yh—15i + Ya1:7 Un—130) M3 i (Y- 1) k-1 + @m} }
X /GXP{—; [U;‘gl[Fk} + 97 (2h-1.0) Qri i (2— 1) s
+ 2“{;i[97;T(Zk—l;i)Qk;i(fli(zk—lgi)$k—1;i + foi(Zh—1:0)Yk—1:) + 97 (2h—1.4) Mo s

X hi(ykl;i)ykl;i]] } (F.8)

The integral in (F.8) can be further evaluated by completing the square over uy.; which has been
explained by Property 1 in Appendix A. Let us define Ty,; = [Trt + 97 (26-1.0)Qr.i9i (2—1.)] .

This gives the following,
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_1 1
Y(2zk—15) = |27 ;|2 eXP{—§ [(fu(zk—1;i)$k—1;i + foizk—1:0)Yk—1:4)" Qi
X (Uil i 1r Faal @ i) 3 20 alFnnpy =1y
) ) NT - ) ) T T ; _
+ fQZ(Zk:—l;z)yk—l;z) M2,k;zhz(yk—1;z)yk—1;z + yk—l;ihi (yk—l;z)ME’;,k;z
X i (Yk—1:)Yr—15 + sz} }
[ (o .
x expy =5 | = | % (Zk—1;1) Qrzi (fri(2r—15)Th—1 + foi(2r—1;i)

T
X Yk—1:i) +ng(Zk—l;i)MQ,k;ihi(yk—l;i)yk—l;i) i (giT(Zk—l;i)Qk;i

X (fli(zk—l;i)wk—m + f2i(zk—1;i>yk—1;i) + giT(zk—l;i)MQ,k;i

X h; (yk—l;i)yk—l;z’> ] }

)
X/GXP{—% [(ulm + Triilg? (2h—15) Qi (f16 (2b—1:4) Tro—154

T
+f2i(2k—15) Yk—1i) +g;-‘r(zk—l;i)Mzk;ihi(yk—l;z‘)yk—l;i]> I
fowrin -

X <Ulm + Trilg? (2-1.) Qi (f1: (2h—1:0)Th—14 + foi(Zh—1:4)Yk—1)

+ng(zk—1;i)M2,k;ihi(yk—l;i)yk—l;i]):| }duk;i-
\

J

The integral [ exp(Y)dug,; in Table C can be evaluated using Property 2 in Appendix A such
that,

/ exp(Y)dugs; = 2|2 | Tyl 2. (F9)

After expanding the brackets and making the substitution of wy;; as given by (F.7), the final term
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v (2k—1;) is obtained,

1= 1 1 -
Y(2k—131) =|Thsl ™ 2| Tryi] 2 eXP{—2 [(fli(zk—l;i)xk—l;i + foi (1) Y—150) " Qs
X (fri(Zh—1:0)Th—1: + foi(Zh—1:0)Un—15) + 2(fri(2h—15)Th—1: + foi(2—1:)
X Y1) Mo gsihi(Uk—10)Ye—156 + Y100 (Uk—1) M gesihi (Y- 1) V-1

T T T T
+ @)1, D1, M ki Q1: D1ite—15 + Y1, D2 M3 ;i Q2,i D2:iYk—1, + Vk;i] }

1 5
X exp{—2 [— <giT(zk—1;i)Qk:;i(fli(zk—l;i)l'k—l;i + foi(Zk—1;)Yk—1;i)

T
+9iT(Zk1;i)M2,k;ihi(yk1;¢)yk1;i) L. (giT(Zkl;i)Qk;i(fli(zk1;i)xk1;z’
=+ f2i(zk:—1;i)yk—1;i) + giT(Zk—l;i)Mzk;ihi(yk—1;i)yk—1;i>] },
1 ~ _ N
= eXP{—Q [5'3;{—1;2‘ (_fljf;(zk—l;i)Qk;igi(Zk—l;i)rk;igz'T(zk—l;i)Qk;ifli(Zlc—l;i)
T ~ T A T T ~
+ f1i (1) Qusi fri (Ze—1:6) + D1;iM1,k;iQ1;zD1;z> Tp_13 + 275 14 <f1¢(2'k1;i)@k;i
X foi(2k—1.4) + 15 (2h—1.0) Mo geihi (Yr—1:4) — Fi (2h—14) Qi 9 (2h—1:4) T
X g7 (25—1:0) Qrei f2i (2h—14) — [ (2h-1:0) Qri0i (2h—1:0) Thsi 97 (2h—1.0) Moo e
T T ~ T
X hi(?/k:—l;i)) Yk—15i + Yk—1.i <f2z’(Zk—l;i)Qk;ifQi(Zk—l;i) + 25 (2k—1;1) M2 ki
X i (Yr—130) + 1 Wr—130) M3 i Wr—130) — 21 (2h—150) Qi (2h—1:0) Thii i (2133
X Qi f2i(2k—1:0) — PF (Yk—1:) Mo 1:i9i (25—10) T ki 07 (2k—14) Mo i hi (Yg—1.4)
— 213 (21 1.0) Qrii0i (2 1:6) Thigl (2 1:6) Ma i hi (Y124

+ DQT;z'Ms,k;in;iDm) Yr—15i + <Vk;i 10 [Tyl + I [Ty + g7 (24-1,0)
X Qk;igi(xk—l;z‘ﬂﬂ }, (F.10)

which justifies the form of the performance index (4.70) and the Riccati equation solutions and con-

stant term given by equations (4.72) - (4.75).

F.2 Optimal Randomised Controller, ¢*(uj.|2;—1.)

The optimal randomised controller is obtained by evaluating the optimal control law in (4.5) given by

Proposition 4 in Chapter 4.

Using the same strategy as was explained in Appendix B in Definition 1, only Te expV) _ peeds

xp(Y)duk;i

to be computed to find ¢*(uy;|2k—1.i). The exponential exp(Y’) is obtained from Table C and
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f exp(Y')duy,; is solved in (F.9). Thus, the optimal randomised controller is given by,

* _1 = _1 1 — -
c(ungilzp—1) =272 |Dy| 2 eXP{—2 |:<Ukz + Thilgf (25-1:4) Qi (f1i (2h—1.0) Th—140
T7
+ foi(2h—150)Yr—1:4) + giT(zlcl;i)MZ,k;ihi(ykl;i>yk1;i]) T
X (um + Thalo? (2h14) Qri (fri(Zh—1:) k-1 + Foi(Zhe1:0) Uh—1:4)

+ giT(Zk—m)Mz,k;ihi(yk—1;i)yk—1;z’]>] }, (F.11)

which is the desired form as given by (4.65) in Theorem 7, in Chapter 4.
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Appendix G

Derivation of the Randomised Controller
for Tracking Control of Nonlinear

Systems with Multiplicative Noises

The derivation of the FP control design for a tracking control objective is obtained following Propo-
sition 5 in Chapter 5. Theorem 8 describes the local optimal randomised controller for nonlinear
systems with multiplicative noises for subsystem .

The proof is split into two parts. The first part contributes to the justification of the form of
— In(y(nk;)) as defined in equation (5.34) and the Riccati equation solutions in Theorem 8. The

second half verifies the form of the randomised optimal controller ¢*(u.;|nk—1.;) given by (5.28).

G.1 Optimal Performance Index, — In(~y(n.))

For this proof, the form of the quadratic performance index in (5.34) is assumed to be true, for which
the terms (1 (Ui, Mk—1;i) and B2 (ug.;, ng—1,;) are evaluated. These terms are then substituted in (5.8)
given by Proposition 5 in Chapter 5 to obtain y(nj_1,;) with the expectation to justify the Riccati

equations (5.37) - (5.39), the linear terms (5.40) - (5.41) and the quadratic cost function (5.34).

Hence, the first step consists of computing 31 (ux.;, ng—1;;) defined in (5.9) by substituting the actual
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and ideal distributions of the tracking error eg; given by (5.22) - (5.25), respectively. This gives,

S\ Chesi | Uk;iy Te—154
ﬁl(’LLk;iank—l;i) :/S(Bk‘;i|uk:;i7nk—1;i) ln< ( ’L‘ 2 l) >d€]€;i,

Sl(ek;i|uk;ia nkfl;i)

R 1 1 . _ R
= /N(ek;z’= Lewss) [—2 (21 Xe]) — 5 (ewi = eri) Doyl (ersi — ersi)

1 1
1n(27r]22 ki) + 2(2{@22 ki € 1] dey;,

’22161’
—1 T v—1
/N ekl’ €k;i { [1 <|E ;izek;iekﬂ+€k;i22,k;iek’?i

ek;7,|

+ 2ep,. ZEE; ki eszekl ] }dek i
A~ 1 |Zek;i| — —1 T —1 -
= ./\/’(e;m-, Eek;i) —5 In |E2 kl| + €. Z(Z — E2,k;i)ekii — 2%;@'26,@;,1616;1‘
+e,”Eek1 ] }de;“,

1 5 I |E 1| ~
2ek zEekl €k;i + /N(ek;ia Eek;i){_ |:1 < o ) + (Ek;i — Ek;i)T

X (T = Sp i) (€hi — 8r) + 208, (20) — D548k

€k

- egz(ze E2_]1g z)ek z:| }dek;i7

€k €k;i

1 s — —
o e s~ (20, B3 ) - (S 125, - S L)

1 .p o
=2{M = (B ) o=+ (B )

AT s—1 4 T
+ ek;z‘EQ,k;iek;i ~ Chyu ek;iek;i}7

1
1 A
iek 7,22 ki Cksis

=(fri(zh—15)er—1: + foi(Zh—1:)Yr—1: + Gi(Zh—1:6)Unzi + er,k—l;i)TE;7]1€~i

)

X (fri(zr—1:)er—15 + foi(Zh—1:0)Yn—150 + 9i(Zo—15)Uks + Cpp—15),  (G.1)

where equation (5.23) has been used.

Thereafter, B2 (., ng—1;;) defined in (5.10) is evaluated for which In(J(eg.i, yr—1.)) defined
in (5.11) needs to be solved first. The actual distribution of the external states defined in (5.15) and the
assumed form of the performance index, namely — In(7(n.;)) = %(egﬂMLk;iek;i + 2(3{;1-]\/[2,1@;@‘%;1‘ +

ykT;ng,k;iyk;i + P ji€kii+ Po kiYki + Visi) given by (5.34) are substituted to solve In(y(ex.i, Yk—1:i))
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as follows,

—In(Y(2py, Yr—1:)) = — /S(Z/k;i|yk—1;i) In(y(ng;:)) dYnsis
. 1
= /N(yk,’u Ey,l){Q |:6£;Z‘M1,k;iek;i + 26%:1‘M2,k;iyk;i + ylz:iM&k;iyk;i

+ P ki€ + Po gk + Vk;i] }dyk;i,

1 . 1 .
=5 <€£iMl,k;i€k;i + Py jgiersi + 2€h Mo giifig + Vk;i) t3 //\/’(yk;n i)

X [(yk;i — ksi) " M ki (Yhsi — Disi) + 200 M3 esiksi — Tes M3 ksi D

+ P2,k;iyk;i:| Ay,

1 N
=3 <€£¢M1,k;i€k;i + P griekyi + 2e£1M2,k;iyk;i + Vi + tr(M3 1, 2 y0)

+ Qljc:iM3,k;iZ)k;i + PQ,k;i:Qk;i) . (G.2)
Substituting (G.2) into B2 (Ui, nk—1.i) gives,

1 N
Bo(Uksis Nk—13i) = / S(€hsi|Uksis M—1:1) [2 (e;ép;iMl,k;iek;i + P jieri + 2€£iM2,k;iyk;i
+ Vii + (M3 i Syia) + G M jesinsi + Pz,k;il)k;z')] deg;i,
1 . T T "
25 N(ek;ia Zek,;i) ek;iMl,k;iek;i + Pl,k;iek;i + 26k;iM2,k;iyk;i dek;i

1 . R N
t3 (tr(M:s,k;iEy;i) + i M3 i + Pl + Vk;i);

1 R R R R
=3 /N(ek;ia Yerii) [(ek;i — i) My gi(eryi — €ryi) + 284 My piiens
R o . 1
— Ehei M1 i + Pl ier + 26;;F;iM2,k;z‘y1c;z] deg;; + 5 (tr(MS,k;iEy;i)

+ i M3 i + Pl + Vk;i) ;

1
T 5 T " . T N N
=3 ki M1 ki€ + 265, Mo ki + PoksiCri + Ui M3 kiGki + Po kiU

+ tr(Ml,k;izek;i) + tr(M3,k;i2y;i) + Vk;i) )
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1
B2 (Uksi, Ni—151) =5

<(f1i(zkz—1;i)ek:—1;i + foilZh—130)Yh—15i + Gi(Zh—130) i + Crp—1;0)”

X M7 i (fri(Ze—1:)€k—15 + foi(Zh—1:)Uk—1: + 9i(Zh—1;) ks + CTp p—1.4)
+ 2(fri(zk—130) k-1 + foi(Zh—1:0)Yb—1:i + 9i(Zh—150)Uksi + CTpp—1.)"

X Mo gl (Yk—1:0)Yk—1: + Prsi(fri(ze—13)€r—1: + foi(Zh—1:6) Yh—1:

+ 9i(Zh—1;0) Uk + Oy p—1i) + y;{q;ihiT(yk—l;i)MS,k;ihi(yk—1;i)yk—1;i

+ P27k;ihi(yk’—l;i)yk—1;i + tr(Ml,k:;iZz;i) + tr(MS,k’;iZy;i) + Vk,z) ) (G3)

where we used equations (5.23) and (5.17). In addition, using equations (5.24) and (5.19), the traces

tr(M i 2e,.;) and tr(Ms x.;3,.;) can be further evaluated to obtain,

T T T T
tr( My i Xzy) =tr <M1,k;i (6k_1;iD1;iQ1;iD1;i€k—l;i +2ep_1,D1,,Q1:D1;i%r k-1,
T T T ST A F
+ -1 D1 Qi D1t —151 + Ty 153D Qr;inCr,k—1n‘> > ;

T AT T T
=1, D1 M1 ;i Qi Dusier—15i + 2€5_1,, D1, M ;i Q15 D1iwr k-1

T T T nT 2
+ Ty 101 M ki Q1 D1ir k-1 + Ty g1, Di M i Qrii Dir -1, (G4)

and,

tr(M?»,k;iZy;i) :tr(M3,k§i(ylz—lgiDg;iQZ;iDz;iyk—l;i))a

:yl{fl;iDg;iM3,k;iQ2;iD2;z’yk71;i- (G.5)

Therefore, the final term 52 (u;;, ng—1;) is found to be,

1
ﬁ?(uk;ia nk—l;i) 25

<(f1i(2k—1;i)ek—1;i + foi(Zh—1:0)Yk—1: + 9i(Zh—1:0)Uksi + Cpg—1.4)T

X M i (fri(Ze—150)ek—1: + f2i(Zh—150)Yk—1: + i (Zh—1:6)Ukzi + CTrp—1:4)
+ 2(fri(zk—130)er—1 + foi(Zh—1:0)Yb—15i + 9i(Zh—150)Uksi + CTpp—1.)"

X Mo geeihi (Yk—1:0)Yk—1: + Proki (fri(ze—15) en—15 + foi(2h—1:)Yr—1:i

+ 9i(Zo—130) i + Cpgo—13) + Y 1:5ha Wr—14) M3 pesiPi (Yr—150) Y133

+ Py il (Yk—15) Ye—15 + wk;i), (G.6)
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where,

~ T T T T
Wi =€—1,i D1, M1 ki QuiiDriek—15i + 2€p_1,, D1, M1 ki Q15 D1y k-1
T T T N1 2
+ Tr 15 D1 M ki Qi D1 fo—151 + @ 15D M i Qi Dier k136

+ yh_1iD3.Ms i Q2 Doit—15i + Vigi- (G.7)

Following the evaluation of 31 (u.i, ng—1;) in (G.1) and B2 (up;, ng—1;) in (G.6), and using cl (upsi|ng—1.4) =

N (G, Txi) from (5.26), the term y(ng_1.;) defined in (5.8) can be solved as follows,

Y(Mk—1:i) —/CI(Uk;i\nkl;z’) exp(—PB1 (Wkyi, No—151) — B2 (Wksi, Ni—154) ) s,

:|277Fk;i|_% /eXp { - % <(f1i(zk—1;i)€k—1;i + foi(2h—1:0)Uk—1: + Gi(Zh—1:0) Ui
+ Oy p—14) " Ski (Fri(Zh—1:0) k150 + Foi(Zh-1:0)Yh—1 + i (Zh—1:0) ki
+ Cxy 1) + 2(f1i(2h—1:)ek—1: + f2i(Zh—1:)Yr—1: + i (Zh—1:6)Uksi
+ Crge14) T Mo gesihi(Yr—1:0) k14 + Prei (Fri(Zr—1:0)en—1: + foi(Zh—1:0) k14
+ 9i(Zh—1:i) ki + Cpp—1) + ygfl;ih;r(yk—l;i)Mi%,k;ihi(yk—l;i)yk—l;i + Py ki
X hi(Yk—1;0)Yk—15i + ki + ﬁ{ﬁ;i% - QU;}FZF;%@kz + u}le“,;}um> }duk;i,

_1 1 -
=|27 ;|2 eXP{—2 [(fli(zk—l;i)ek—l;i + foi(Zh—1:0)Yk—1:4 + O k—1.4)" Sk

X (fri(ze—1:)er—1: + f2i(Zh—1:)Yr—15 + Corp—1) + 2(f1i(2p—1:) €13
+ foi(2h-1:0)Yk—1: + CTr1.0)T Mo geihi(Yr—1.0)Yk— 126 + Prgesi (Fri(zr—1:0) ex—1.
+ foi(Zh—1:) k-1 + Crp136) + Vi1l Yk—1:) M3 psihi (Yr—1) Yk—133

+ P i hi(Yr—15) Yk—15i + Whyi + U;‘gzrkium] }

1 B -
X /GXP{—2 [uii[rk;% + gz‘T(Zk:—l;i)Sk;igi(Zk—l;i)]uk;i

+ 2U£i[giT(Zkflgi)gk;i(fli(Zkfl;i)ekfl;i + f2i(2k—1:0) k-1 + Crp—1.)

1 —1a
+ g7 (2k—133) Ma goihi (Yk—14) Y156 + igg(zkfl;i)Pfk;i - Fk;zl»uk;i@ }, (G.8)
where S’kz = (Mg + 25 ,fm) The integral in (G.8) can be further evaluated by completing the
square over uy,; which has been explained in Appendix A, Property 1. The definition r ki = [F,;i +

gl (zk,l;i)gk;i i(2k—1.1)] ! is introduced for notational convenience. This results into the following,
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_1 1
Y(Zh—15) = |27 ;| ™2 eXp{-g [(fu(zk—l;i)ek—l;i + foi(Zh—1;)Yk—1;i
+ Oy to—133) T Shi (frs (2h—150) €153 + f2i(2h—1:4)Yk—15i + CTp p—1:4)
+ 2(f1i(2k—130)€h—1:i + foi(2k—1:0)Yb—1:i + CFpjo1,4)" Mo joi
X hi(Yk—1;)Yk—151 + Pr ki (Fra(zr—1;0) ex—1; + f2i(26-1;)Yp—14
+ Crgo—13) + Y1307 (Yk—10) M sihi (Yk—14)Yk—156 + Poksi
“ AT 1 ~
X hi(yk—l;i)yk—l;i + Wk + uk;irkn’uk;i] }

1 _
X eXP{—§ [— (gz‘T(Zk—l;i)Sk;i(fli(zk—l;i)ek—l;z‘ + foi(Ze—1;)Yk—150

1
+ Crg—1:) + 97 (2h—1.0) Mo i i (Yr—1) Yk—1 + 59?(Zk—1;i)P1T,k;i
T_ ~
- F[Ziﬂkz) I (giT(Zk—l;i)Sk;i(fli(zk—l;i)ek—l;i + foi(2k—1;i)
X Y15 + Crp—151) + 97 (Zh—15) Mo osiPi (Y15 Y155
1 1.
+ 59?(21@—1;2‘)13&;1- - Fk;%uk;i)] }
1 _ . -
x | expy =5 | | ki + Ll (2—1,6)Skii(fri(Zr—15)€r—1;6
+ foi(2k—14)Yk—1: + CTr—1:) + g7 (2k—14) Mo esihi (Yk—1:4) Yk—1.4
1

T
/CXP(Y)d“k;i = +§Q?(zk—1;i)PEk;i — F;;}%;d) T;i (ukz + Trsilgd (2h—1;i) Sksi

X (fli(zk—l;i)ek—l;i + f2i(zk—1;i>yk—1;i 4 Cl‘r,k—l;i) + g;(zk—l;i)

1 1.
X Mo g (Yr—1:6) Yr—15 + ng(zk—l;i)Pfk;i — Fk;zl‘uk;i]>] }duk;i-
\

(G.9)

. J

The integral [ exp(Y')duy,; in Table D can be evaluated using Property 2 in Appendix A such

that,
1 = 1
/exp(Y)duk;i = 27| 2|Tg)2. (G.10)

After expanding the brackets and making the substitution of wy; as given by (G.7), the final term
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v(ngk—1;) is obtained as follows,

_1l= 1 1
Y(k—1:) =Tkl ™ 2 [Thyi| eXP{—2 [(fu(zk—m)ek—l;i + foi(Zh—1:0)Yk—1: + O2pp—1.4)"

X Shei (fri(zh—1:0)en—1: + foi(Zh14)Yh—14 + CTpp—1.4)
+ 2(f1i(2h-1:)er—1: + f2i(Zh—1:0)Yk—1:0 + Cop1.4)" Mo gihi (Yb—1:6) Y- 1.
+ P i (fri(Zr—15)en—1: + fi(2h—1:)Yk—150 + C2pp—1;0)

i N Ma v hos . P , AT Pla
+ Yr—1,ilY (yk—l;z) 3,k;i z(yk—l;z)yk—l;z + 9 ki z(yk—l;z)yk—l;z + U ki Wksi
+ e 1 DLiMy i Quii Dysier—1 + 2¢f_ 1 D1 My i Qi Dysiy -1
+ ijk_1;iD%—;iMl,k;in;iDl;ix'r,k—l;i + ij/g—1;1‘E1TM1,k;iQr;iDix'r,k—l;i

T T
+ Yp—1.:D2,i M3 k;iQ2;i D2;iyk—1;i + Vk;z’:| }

1 _
X exp{—2 [— (ng(Zkl;i)Sk;i(fli(zk1;i)ek1;i + foi(2zh—1:)Yk—15 + CTrp—12)

T
1 1.
+ 9] (2 10) Mo pihi(r—1:0)yh—1 + igiT(Zk—l;i)Pfk;i - Fk;zl’ukﬂ')
X Dk (QZT(Zk1;¢)5k;i(f1i(2k1;i)€k1;i + foi(Zh—1;)Yk—150 + CTrp—15)

1 1.
+ 97 (zh—1.4) Mo i (Yr—1.0) Y —1: + 59?(%—1;1')}’5;@;1' - Fkﬂl-uk;z‘ﬂ },

which can be further evaluated to obtain,
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1 ~ _ B
= eXP{ ) [ef_l;i <_fﬂ(zk—l;i)sk;igi(Zk—l;i)Fk;igz‘T(Zk—l;i)Sk:;ifli(Zkz—l;i)
+ f1i(zh-14) Skii fri (Zr—130) + DlT;iMl,k;z‘Ql;iDl;i) Ck—1i
T T o . T .
+ 251, (fu(Zkl;i)Sk;ifzz(Zk1;z‘) + fri(Ze—1;) Ma ;i hi (Yr—151)
— 11 (=130) Sksi9i (2h—130) Dhsi 9 (2—130) S foi (2h—1:4)
- f17;'(Zk—l;i)gk;z‘gi(Zk—l;i)rk;z‘giT(Zk—l;i)Mz,k;ihi(yk—l;i)> Yk—15i

+ Yh 1 (fzj;'(Zk—l;i)gk;z’fzi(zk—l;z‘) + 25 (2k—13) Ma kihi (Yr—151)

+ B (Yh—1:0) M i (Yr—1:0) — £33 (210) Skii9i (2100 Thiigd (2-1:1)

X Skiifoi(zk-1:) — h (Uk—1:) Mo ki 0i (- 1) Thii98 (26— 1.0) Mo il (Y124

— 21 F (- 1.0) ki (2h—1:0) Thi 07 (2h—1:4) Mo gesihi (y— 1) + D%:iM3,k;iQ2;iD2;i> Yk—1;i
+ <2xZ:k_1;iCT§k;if1i(Zk—l;z‘) + Prgi fri(zr—14) + 227 1 D1 My i Q1 D

- 2ijk—1;iCTSk;igi(Zk—l;i)fk;igiT(Zk—l;i)gk;z’fli(Zk—l;z')

—2(0.5¢7 (2-154) Pl g — F];%ak;i)Tfk;igiT(zkl;i)gk;ifli(zk1;@')>€k1;z‘

+ <2$Zk1;iCTSk;if2i(zkl;i) + 2231, CT Mo gihi(yk—14) + Prsi foi(2h-14)

+ Py piihi(ye-15) — 227 5 1:C" Skiigi(2e-130)Thsig) (zh-150) Sy fi (2r—15)

— 2(0.59] (2k—1:0) Pl gy — Upd @st) " Tiagd (2k—14) Sk fi (2 1:0)

- 2$rT,k;iCT5k;igz‘(Zk—1;i)fk;i9¢T(Zk—1;i)M2,k;ihz‘(yk—1;i)

—2(0.59] (2k—1:0) Pl s — F;iﬁk;i)Tfk;igf(Zk1;1’)M2,k;z‘hz‘(yk1;i)> Yk—15i

+ <Vk;i + 2l 10T SkiCmr 1 + PriiCpp—tsi + 21 DL My i Quii D1y -1
+ a1 DI My i Qi Diy g1 + ﬂ;‘ngﬁukz — 2l 10" Skigi (210 Thii i (2h—13)
X Sp:iCTr 144 — QxZ:k_1;iCT5’k;igi(Zk—l;z‘)l:‘k;z’(0-59?(2k—1;i)P17jk;i - T,;Zlﬂk;i)

— (0.59] (2k—10) Pi gy — Dpd k) i (0597 (2r14) Py — Tt k)

+In |Tgi| + In [Ty + giT(xkl;i)gk;igi(xkl;i)’>:| } (G.11)

which justifies the form of the performance index given by (5.34) and the Riccati equation solu-

tions (5.37) - (5.39), the linear terms (5.40) - (5.41) .
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G.2 Optimal Randomised Controller, c*(uy.i|ni_1.)

The optimal randomised controller is obtained by evaluating the optimal control law in (5.7) given by
Proposition 5 in Chapter 5.
. . . . . .. exp(Y)
Using the same approach as was explained in Appendix B in Definition 1, only Tox(V)duns
needs to be computed to find the local randomised controller ¢*(u;;|ng—1.;) for node 7. The expo-

nential exp(Y’) is obtained from Tuble D and [ exp(Y")duy; is solved in (G.10). Thus, the optimal

randomised controller is given by,

* _1 = _1 1 — ~
e Cunslen1a) =2l 40l bexp] 5 | (ks + Pualo? (o) SeaCenraden

+ foi(zk—1:0)Yk—1: + C%p—14) + 97 (2h—1.0) Ma kil (Yk—1:0 ) Y—13i

1 N\ _ s
+ 59?(%71;1')13&;@' - Fk;}“k;i]) Dt (Ulm + Cailg! (2h-1:0) Sk
X (f1i(Zh—1:)€r—14 + foi(Zh—1:0)Yk—1: + CTr—1:0) + 97 (2k—1:0) Mo s
1 1.
X hi(Yr—15)Yk—15 + 59?(2k—1;z‘)P1T,k;i - Fk;}uk;i]ﬂ }, (G.12)

which is the desired form as given by (5.28) in Theorem 8.
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Appendix H

Derivation of the Randomised Controller
for Formation Control of Nonlinear

Systems with Additive Noises

For the derivation of local randomised controllers with the objective of formation control, Proposi-
tion 5 in Chapter 5 is considered. Theorem 9 in Chapter 5 describes the local optimal randomised
controller in (5.63) for nonlinear systems with additive noises for subsystem ¢ where the objective is
formation control.

The first part in this section verifies the form of — In(y(n;;)) in (5.69) and the Riccati equation so-
lutions in Theorem 9. The second half proves the stated randomised optimal controller ¢* (wy;|nk—1:i)

given by (5.63) in Theorem 9.

H.1 Optimal Performance Index, — In(v(n;))

It is assumed that the form of the quadratic cost function in (5.69) is true, depending on which the
terms (1 (ki nk—1;i) and Sa(ug.,, ng—1,;) are evaluated. These terms are then substituted in (5.8)

given by Proposition 5 in Chapter 5 to justify Theorem 9.

Firstly, 31 (ug;, ng—1;) given by (5.9) is evaluated by substituting the actual and ideal distributions
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of the tracking error ey.; given by (5.58) - (5.60), respectively such that,

S(Ck;i|Uk;iys €k—154
B1(Uksi, —151) :/S(Gk;i|uk;ia€k—1;i)ln( (i ) )dek;i,

SI (ek;i |uk;i7 ekfl;i)

R 1 1 . _ A
= /N(ek;ia Yeri) [_2 In(27|Xe,,,[) — i(ek;i - ek;i)Tzekl;i(ek;i — Chyi)
1 L7
+ 5 1n<27r‘23k;i‘) + §ek;izekﬂ-ek§i dekﬂ"
1, 1 A
— ieaizeljiek;i,

= (fri(Tr—r)er—1i + 9i(Th— 1)k + Triea) Sy,

X (fri(Tr—1:)er—15 + 9i(Th—1:0)Ukyi + Tp ki) (H.1)

where equation (5.59) has been used.

Furthermore, 32 (U, ng—1,;) defined in (5.10) is evaluated which requires the computation of
In(y(ex:i, yx—1.;)) defined in (5.11). The actual distribution of the external states defined in (5.55)
and the assumed form of the performance index, namely,

—In(y(nk)) = 5(ef M gsieri + 26 Mo kitksi + Ui M3 kit + Prrsi€hs + Pogsiths + Vi)

which is given by (5.69) are substituted to solve In(y(ex.;, yx—1.:)) as follows,

—In(Y(Tris Yr—1:1)) = — /S(yk;i|yk1;i)ln(7(nk;i))dyk;i7
. 1
= /N(yk;h Zy;i){Q |:€£;iMl,k;i€k;i + 2ei Mo siisi + Ui M3 esiYisi

+ P i€k + Po ik + Vk;i] }dyk;i>

1 R R
=3 <€£iM1,k;i€k;i + Py iersi + 2eh Mo pifis + Vk;i) + /N(yk;m Yyii)

1 . . . . .
X {2 [(yk;i — i) M ki (Ykss — Disi) + 200 M3 esiksi — T M ksi D

+ PQ,k;iyk:;i:| }dyk;ia

1 A
=5 <€£iMLk;i€k;i + Py gier; + QGZiMQ,k;z’yk;z‘ + Vii + tr(M3 i 2y:4)

+ ?QkT;iMz,k;i?Qk;i + P2,k;i?3k;i> . (H.2)
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Substituting (H.2) into B2 (i, nk—1.i) gives,

1 T T ~
Bo(Upsis Mk—133) = / 5(€hsi|Unsiy €k—1:) [2 (ek;iMl,k;iek;z‘ + P i€k + 265, M2 iUk
T N A
+ Vii + (M ki Ey50) + Gposi M ki i + P2,k;iyk;i>:| dep,

1
N T T A
=5 N (Ersir Ley) | €M ksiehsi + Prgsiehii + 2€5; Mo kil | degs

1 . . N
+ 5 (tr(MZ%,k;iEy;i) + ylZ;iMS,k;iyk;i + PZk;iyk:;i + Vk;i>7

1 . A N\T . AT
=3 /N(ek;u Yers) [(ek;z‘ — ki)' M gyi(er — €xi) + 265, M i€
AT N T ~ ].
— €. M psirii + P gsiChi + 2€4 Mo iUk | dery + 3 tr( M3 ;i y:0)

+ i M3 i + Pl + Vk;i)a

1
AT ~ AT ~ ~ ~T ~
=—| é.. M1 p.i€ri + 2€5.. Mo p.iUk-i + P1 ki€l + Ui M3 piUpeei
(2 sy ) vy ) vy 3 vy 3
2< ks 1,k;i€k;1 kit 2.k:1Yk;i 1,k;iCk;t yk;;@ 3.kiYk;i

+ (M ;i 8ey,;) + (M3 giXy0) + Po kil + Vk;i)7

1

=3 <(f1i($k1;i)ekl;i + gi(Tp—1;) Uk + jr,k;i)TMl,k;i(fli(mkfl;i)ekfl;i

+ G (Th—1:0) ki + Trpei) + 201 (Tho10) k14 + Gi(Th—1:0)Uki + Fr i) T
X Mo i (Yk—1:0)Yk—15 + P (fri(@p—1:)ex—1: + 9i(Tp—15)Uksi + Tr ksi)
+ P il (Yk—15) Yk —1:6 + y]{_l;ihzr(yk—l;i)M&k;ihi(yk—l;i)yk—l;i

+ tr(Ml’k;iEm;i) + tr(M3,k;,;Ey;i) + V]m) , (H.3)

where we used equations (5.59) and (5.55). Since (i (ki ng—1;) in (H.1) and Bo(up;i, nk—1:i)
in (H.3) have been derived, and since we know that cl(uk;i|zk_1;i) = N (G, T'k;) from (5.61),

the term y(nj;_1,;) given in (5.8) can be evaluated such that,
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(i) = / ! (sl 14) €xD(—Br (s M —128) — Bttty M 1) bt

1 1 -
=[2nTy.| "2 /GXP { —3 ((fli(ﬂfk—l;z’)ek—l;i + Gi (T 120 Uksi + i) T

X Skt (Fri(Tr—1:0)er—1: + Gi(Tho1) Ui + Trpsi)

+ 2(f1i(@h—1.)er—1 + Gi(Th—10)Uki + Trki)” Mo gihi(Yk—1:0) Yk—1:i

+ P i (fri(®r—1:)er—1: + 9i(Th—1:0)Ukyi + Tp ksi) + Po s hi(Yr—15) Yr—13i

F yh1ihd We—15) M gosiPi (Yr—130) Y156 + (M1 i Serii)

+ tr(MS,k;iZy;i) + Vk‘;i + a{zrlzjak,z - 2U£Z‘F;;%@k;i + uzzl_‘,mluk,z> }duk;iv
:\QWPk;ir% eXp{—; [(fli(xkl;i)ekm + Fp i) S

X (f1i(@h—1:4)er—14 + Trpi) + 2010 (Th—1:) k-1 + Trpi) "

X Mo i i (Yk—1:0) Yk —15i + Prei (fri(@p—15)€x—15 + Tr i)

+ yg—l;ih?(yk—l;i)M&k;ihi(yk—l;z‘)yk;—l;i + Py eihi (Yr—15) Yk—1:

(M) i Si) + (M g Zyi) + Vi + @, T Um} }
1 _ ~
X /eXp{—2 [U;‘Qi[Fk;i + 97 (@h-1:0) Sksi9i (Th—1:0) Ui
T T & ~ T
+ 2ulg5 (Th—130) Skii (fri(Th—1;0)Th—156 + Tr i) + G5 (Th—130)

1 EEIN
X Mo g (Yk—1:6)Yh—1:4 + 59?(90k—1;z‘)P1T,k;i — Fk;}uk;i]] }, (H4)

where S'k;i = (M ;i + E;jﬂ_).
The integral in (H.4) can be further evaluated by completing the square over wy.; which has been
explained in Appendix A, Property 1. The definition I'y,; = [I‘Izi + g?(xk_l;i)gk;igi(mk_l;i)]_l is

introduced for notational convenience. This results in the following,
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_1 1 _ -
Y(@p—1;) = |27 "2 eXp{—§ [(fu(l‘k—l;i)ek—l;i + Fp i) T Sk
X (fri(Th—1:0)ek—14 + Trgei) + 2(F1i(Tr—1:0)€b—1:6 + Trpi)
X Mo il (Yk—1:0)Yk—15i + Prjesi (fri(@p—15i)€k—15 + Tr ki)
+ Ui 1.hs Wh—14) M3 jesiPi (Ye—150) Yr—153 + PajesiPi Yr—150) Y153
aF tI'(Ml,k;iEm;i) aF tr(Mg,k;iEy;i) aF Vk;i aF ﬁ{zrgiﬂk,l] }
17 [ 7 - )
x expy —5 [—| g (@h—151) Sk (fri (Th—1,6)Th—1; + Tr ksi)
| T
+ 97 (@r—1;) Mo ki hi(Yk—10) Yh—14 + 59?(xk—1;i)Pfk;i = F}Ziﬁkz>
x Dgy (QiT(xk—l;i)gk;i(fli(xk—l;i)xk—l;i + Frpi) + 97 (Th-14)
L 7 T RN
X Mo b (Yk—1:) Yk—15 + 9 (@h—150) Pp i — Ty Ui
( 1 . :
X/GXP{—§ Kum + Trilgl (Tr—1.0) Sk (fri(@p—1.)Th—14
N 1
+Er i) + 97 (Tr—150) Mo yihi (Yr—1:0)Yh—16 + 59?(33k—1;i)PEk;i
T
/eXP(Y)d“k;i = —F;}ﬂk;i]) F,;% (uk;i + Teilgd (@h—1:0) Ssi (fri (Tho—1.0) Th— 10

i 1
ki) + 97 (Th1) Mo i (r—1:0)Us—1i + 507 (@r-130) Pl

_ngalm]) ] }duk;i~
k b

(H.5)

The integral [ exp(Y)duy; in Table E can be evaluated using Property 2 in Appendix A such

that,

/exp(Y)duk;i = |27T|%|f‘k;i|%. (H.6)
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After expanding the brackets, the final term ~(n4_1,;) is obtained,

_1= |1 1 B ~
Y(nk—1;) =Thul ™2 [Tyl 2 exp{—2 [(fli(xk—l;i)ek—l;i + Zp i) Sk
X (fri(Th—1:0)er—14 + Trgei) + 2(F1i(Th—1:)€b—12 + Trpi) Mo g
X i (Yr—1:) Yk—1:6 + Pk (f1i (Te—1:6)er—13 + Trisi)
b vahd We—13) M gesibi (Yr—150)Yk—150 + Paesii (Yr—150) Y15
+ &f,zl“,;ﬂkﬂ + tr(Ml,k;iZz;i) + tI‘(M&k;iEy;i) + Vk;i:| }
1 / - _
xexpy =5 |~ (% (@h—153) ki (fri(Th—1:0)Th—15 + Tr ki)
1 ) T
+ g7 (T 1:0) Mo geihi (Y14 Yk — 16 + 59;[(%71;1')13&;1‘ - F;;iﬁk;i>
X Dk (giT(xk—l;i)gk;i(fli(l"k—l;z‘)iﬂk—l;i + Ty ki)
1 1.
+ 97 (@h-130) Mo gsihi (Yr—1) Yr—1i + igiT(l’k—u)Pfk;i — Fknl‘uk;z'>:| }7
1 ~ _ -
= eXp{—2 [6;‘51;1- (_ff’;'(xk1;1’)Sk;igi($k1;1’)Fk;igiT(xk1;i>Sk;if1i(xk1;i)

T & T T
+ fu(fﬂk—l;z‘)Sk;ifu(xk—l;i)> ek—1; + 26515 (fu(fﬂk—l;i)Mz,k;ihi(yk—l;i)
- f1Ti($k—1;i)§k;igi(fﬂk—l;z‘)fk;igiT($k—1;z‘)Mz,k;ihz’(yk—u),>yk—1;z‘

T T A T . 2
+ Y1 (hi (Y—130) M3 kiPi (Y —150) — Py (Uk—1:) M2 ;i 9i (T—1:0) Uk
X giT(xk—l;i)MZk;ihi(yk—l;i)>yk—l;i
+ <%Zk;i§k;z‘f1i($k—1;i) + P fri(@h-13) — 23 i Skiii(Tr—150) Thsi
X g} (x-10) ki f1i(zr-14) — 2(0.59] (@h—136) Py — Dt insi) T
X giT(xkl;i)Sk;ifli(xkl;i)> ek—1si
+ <2jZ:k;iM2,k’;ihi(yk—l;i) + Py ihi(Yi—15)
— 28] 1Sk 0 (Th—1) Dhsi 9] (Th—1) Mo sihi (Yre—1,7)

—2(0.5g] (wp—15) Pl s — F]ml'ak;i)Tfk;igiT(ﬂfk—l;i)MQ,k;ihi(yk:—l;i)>yk—l;i
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T & = ~ T =1,
+ <an' T Ty ki ki Tr i+ Pk @i & U Ui Unsi

— &} 1Sk 9 (r— 1) Chsi0] (@h—156) Shiidiri — 28 15 Sksi i (T —130) D
x (0.5g] (1 -1:0) Plyi — T i) — (0.5] (wr—10) P — Tt i) T
x (0.59] (wr—14) Pl1i = Dpd hs) + (M i i) + tr(Ms i D)

+1n [Tyl +In [Ty + giT(l“k1;2’)51«;1‘92'(%1;@')\)] }7 (H.7)

which verifies the form of the performance index given by (5.69) and the Riccati equation solu-

tions (5.72) - (5.74), and the linear terms (5.75) - (5.76).

H.2 Proof: Optimal Randomised Controller c*(ug.;|n;—1.)

The local optimal randomised controller for node ¢ for formation control is obtained by evaluating the
optimal control law in (5.7) given by Proposition 5 in Chapter 5.

Using the same approach as was explained in Appendix B in Definition 1, only fex%% needs
to be computed to find the local randomised controller ¢*(uy;;|ng—1.;) for node i. The exponential

exp(Y') is obtained from Tuble E and [ exp(Y)du; is solved in (H.6). Thus, the optimal randomised

controller for a formation control problem is given by,

* 1= _1 1 — ~
c*(Uksil2h—1;0) =127 72 [ Dgy| 2 eXP{—2 Kulm + Thilof (2r—1.0) Shei (fri(Th—1:0) ex—1.

_ 1
+ Frp) + 97 (Tr130) Mo i (Y- 10) Yk 150 + 5931(%71#)1’&;2-

T
— F;;}%;J) T;;;l (uk;i 4 Theilgd (2h—1:0) ki (Fri(@p—1:6) €126 + T psi)

1 1A
+ g7 (@h—1:) Mo i i (Yr—1:0)Yk—156 + 2931($k71;i)P1:,:k;i - Fkﬂluk;i]):l }, (H.8)

which is the Gaussian distribution of the controller as described by (5.63) in Theorem 9.
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Appendix I

Convergence Analysis of a Decentralised

Nonlinear System with Additive Noises

This appendix provides the proof of Theorem 10. The equation in (5.85) can be explicitly written as,

ek =f1i(Tp—1;)er + 9i(Th—1:) Uk + (f1i — M(Thyj))Trk—15 + €185 + €rksiy

=fri(zr—1.)er + Gi(Th—1:)Ukyi + Wy p_14 + €1k + € i

Ykii =N (Yk—1:0)Yk—150 + €2hsi-

(L1)

1.2)

A two-dimensional example is presented to examine the dimensionality of the matrices and vec-

tors and ensuring they align with each other. We have,

el k frii(@r—1;)  frip(@p—1z) 0 0 e k—1si
ek friz(@e—13) fria(@r—1,) 0 0 €2 k—1;i
’[’Lk, = =
Yk 0 0 hit1(Yk—1:i) Pi2(Yk—1:) Yl k—15
| Y2k | I 0 0 hi3(Wk—15)  hia(yk-15) | | Y2e-150 |
91i(Th-1;1) (fri1(@h—1;) — M1(2ryy))  (fri2(Tr—1) — Ma(wr))
92i(TK—1.) (f1i3(@r—1:) — M3(xhyj))  (fria(@r—1;) — Ma(xpyj))
0 0 0
0 0 0
Tp1,k—1: €11,k + €r1 ks
Tp2,k—1:i €12,k T €r2.ksi
x (13)
0 €21 k:i
i 0 1L €22 ki |
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For the convergence analysis, the dynamics given in equation (5.85) are considered. Using the derived
controller (5.63) and assuming that the steady state solution of the optimal controller gain has been

reached, the following can be states,

Mryi = — King_1,; — Wiz 1,5 — 25, (L4)
where,
K; :fk;igiT(xk—l;i) gz‘fli(xk:—l;i) Maihi(yr—1;) | » (L5)
W; =Tig] (wr-15)SiW (L6)
Zi =T (0.5g] (wr—14) Py — Tyt i), (1.7)

and where the definitions of M.;, Ms;, and P;.; can be found in (5.72), (5.73), and (5.75), respec-
tively.

Let us define a Lyapunov function V., which is positive definite, as follows,

Vi1 =1 + hi) T M (ng— 1. + hi) + n£_1;¢Mmk—1;i7

=2nj_1.;Ming_1;; + 2h] Myny,_1; + hi Mih;, (1.8)

where h; is some constant term and since it is assumed that steady state solution has been reached for

M; and constant h;, there is no time dependency.
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The derivative of a Lyapunov function (I.8) is expected to be negative definite, and given by,

AV 1 = Vii — Vi 14,
=(nky + hi) T M (g + hy) + nzszm — (Mk—15i + ha) T Mi(ng—1i + hi) — n;‘g_l;iMmk—l;i,
=(fi(zr—10)h—1: + Gi(Zho10)Uki + € + Wap g1 + hi) T M;
X (fi(zh—13) k-1 + Gi(Zh—13) Ui + €hi + Wy p—14 + hi)
F(fi(zr—10)00—15 + Gi(Zh—1;0) Ui + €pyi + W.%'nk—l;i)TMi
X (fi(zh—1:) k-1 + Gi(Zh—1:0) Uk + €k + Wy p1.4)
*2”%’_1;¢Mmk—1;i — 2nf_1n-Mihi — hl M;h;,

using the fact that up,; = pg; = —King_1,; — Wiy g1 — Zi,
=[fi(ze—10)m% -1 — Gi(2e—1) Kink—1: — 9i(2k—1,) Wi k—1: — 9i(2k—1:0) Zi + €ksi
AWy 1 + hi) T Mi[fi(zh—v0) -1 — 9i(2k—14) Kink—1: — 9i(2—1,0) Wi o133
—9i(2k-14)Zi + €k + Wp 1, + hyl
Hfi(zp—vi)mr—1: — gi(Zr—1:) Kink—1 — 9i(Zh—1.) Wi k15 — 9i(2h—1:) Zi + €hsi

+ Wy p1a] " Myl fi (1) -1 — 9i(Zh—1:0) Kink— 1.6 — Gi(2h— 1) Wi k1.4
—9i(2h-150) Zi + €ryi + Wapgo13] — 2nf_y Ming_15 — 2nf_1.;Mih; — hi Mih;,
= :(fi(zk—l;i) — gi(zh—1:0) Ki)ng—1 + (W = i (2e—10)Wi) Tr o1 — Gi(2—1.) Zi + €pi + hi:|T M;
X :(fz'(qu;i) — (1) Ki) 10 + W = G5 (2h1:0) W) T 15 — 9i(25—1:0) Zi + €1 + hi:|

- R T
+ | (filzh—130) — 9i(Zh—1:0) Ki)nk—1: + (W — 9i(2e—10) Wi) @p 15 — gi(2k—1:4) Zi + €k;z} M;

X | (fi(zh-1:) — gi(zh—1:0) Ki)ng—14 + (W — gi(zk1.0)Wi)Tp g1 — 9i(2k—1.4)Zi + Ek;z}

—2n£_1;iMmk_1;i — 2n£_1;iMihi — hZTMZhZ,
T
=2 |:(fi(zkr—1;i) = 9i(ze—1:) Ki)ng—1;i + (W — gi(zh—1;0)Wi) Tp 15 — gi(zk—l;i)ZiGLiek;i + Ek;z} M;
X [(fi(zk—l;i) — gi(zh10) Ki)ng—1.: + (W — gi(2h—1.0)Wi)Zr k1. — gi(zk—l;z’)ZﬁLiEk;z’ + Ek;z’:|
) T
+ [(fi(zk—l;i) = 9i(ze—1:) Ki)ng—1;i + (W — gi(zr— 1) Wi) Tp 15 — gi(zk—l;i)Zielt;iEk;i + Ek;i:| M;h;
+hZTMZhZ - 2“%1—1;1'Mink—1;i - 2n£_1;iMih7; — h?Mlhl,
T
=2 |:(fi(zk—1;i) — gi(zp—1;0) Ki)np—1;i + W — gi(zh—1.) Wi)xr k-1 + [ — gi(zk—l;i)zif;i;i]ek;i] M;
X [(fi(zk—l;i) — gi(zh10) K)ng—1.: + (W — gi(2e—1.)Wi) T 12 + [I — Qi(Zk—l;i)ZiEL;i]ek;i]
i T
¥ [(fxzk_l;i) — i) K s+ (O = ga(o 1) Wi)in i1 + [T — gi<zk_1;i>zz-ezﬂ]em] Miliel e

T T
=20y Ming—1;i — 2nk—1;iMihi€1T€;i€k;ia
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where €k is the pseudoinverse of ¢;.; and is defined by € = (Ek;iEk;i)_lﬁ;‘gi- The vector my_1;; is

defined as,

Nk—1;i
ME—1; = Ly k—1si )

€k;i

and matrix D is defined by (5.86) - (5.87).

1.10)

As the derivative of the defined Lyapunov function (1.9) is negative definite, it can be said that

D <.

To satisfy this, let us define a small positive number o, such that 0 < o < A4, (M;). The existence

of this number ¢ allows the following inequality to hold,

D < —ol,

where Aqq (M) is the maximum eigenvalue of matrix M.

I.11)

The expectation, denoted as E|.], of the derivative of the Lyapunov function can be described by the

following inequality,
E[AVi-1i] < —oBll[mi—1|"] < o E[l|ex—14]°].

Based on the definition of the Lyapunov function (I.8), the following can be said,

Amin(Mi) Elllek—1il1%] < EVi—1i] < Anas (M) Ell[ex—1,il|°]

When we combine inequalities (I.12) and (I.13), we obtain,

~ N o ~
‘/ = ‘/ I I — ‘/ .
E[ k,z] E[ kfl,z} >~ )\max(Mz)E[ k*l,z]7

which yields,
E[Vii] < 0E[Vi-;i],

where 0 = 1 — m From (I.15), we can easily obtain,

E[Vi_14] < 0 1E[V],

1.12)

1.13)

1.14)

(1.15)

1.16)
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which concludes that limy_, o E [Vk—l;i] =0.
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