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Abstract
Epicyclic gearboxes are prevalent in a variety of important engineering systems such as automotive, aerospace, wind
turbines, civil equipment and industrial robots owing to the merits of compact structure and high power density. To ensure
the productivities of such important systems, condition monitoring techniques are being actively studied to resolve the
challenge of varying transmission paths and multiple modulations in vibration signals acquired from ring gear housing. This
paper proposes a new Modulation Signal Bispectrum (MSB) Enhanced Squared Envelope method to analyse the vibration
signals acquired by a special On-Rotor Sensing (ORS) transducer that is mounted on the shaft of an epicyclic gearbox. A
vibration signal model of ORS measurements from epicyclic gearboxes is presented to show the multiple modulation
inﬂuences. Moreover, inevitable noise inﬂuences are also investigated on the conventional squared envelope and the stateof-the-art spectral correlation analysis. On this base, MSB is introduced to suppress these inﬂuences for accurately
extracting equally spaced harmonics in the squared envelope and is then integrated to isolate fault signatures, allowing
effective fault detection and diagnosis of epicyclic gearboxes, which lead to novel contributions of an MSB Enhanced
Squared Envelope (MSB-ESE) approach. An experimental study of compound epicyclic gear faults was conducted to
demonstrate the superior performance of MSB-ESE along with the special ORS technique in detecting and diagnosing the
compound faults on sun and planet gears.
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Introduction
Epicyclic gearboxes are widely used in critical machines
like wind turbines and aircrafts owing to the unique merits
of large transmission ratios and strong torque bearing capacity. Epicyclical gearboxes are usually working at rough
conditions and the elements including gears and bearings
are vulnerable to various faults, for instance, pitting and
fatigue cracks. Fault detection and diagnosis of epicyclical
gearboxes at early stages are substantially desired to increase machine reliability and prevent machine failures.
Fault detection and diagnosis of epicyclic gearboxes
have attracted substantial attention.1 Compared with the
ﬁxed-axis gearboxes, it is more problematic to detect and
diagnose the incipient faults in epicyclic gearboxes because
the varying rotating centres of planet gears include the
diverging transmission path of the gear sets. Vibrationbased monitoring techniques have been advanced signiﬁcantly in the last two decades. Large quantities of research

were carried out based on the vibration signals obtained from
the gearbox housing. Inalpolat and Kahraman2 explained the
modulation mechanisms of the sidebands in vibration signals
from an epicyclic gearbox. They explained the amplitude
modulation due to the carrier rotation in the health condition;
however, the change when gear faults occur induced additional
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frequency modulation is not included in the models. With the
following investigation, Inalpolat and Kahraman3 developed a
nonlinear time-varying dynamic model to explain the sidebands due to amplitude and phase modulation in vibration
signals due to manufacturing errors.
Feng and Zuo4 proposed the on-housing vibration signal
models of the common epicyclic gearbox faults. The signal
model considers the local amplitude modulation (AM) and
phase modulation (PM) effects and the signal propagating
paths when gear fault occurs. These studies explained the
vibration signals obtained from the stationary part, typically
the housing or ring gear. Given that On-Rotor Sensing is a
novel measurement method, modulation phenomena in
vibration signals captured from the rotating parts are not
well characterised in literature, which will be analytically
explained in this paper.
Large quantities of advanced signal processing methods
are proposed to monitor the health conditions of epicyclic
gearboxes through vibration signals obtained from gearbox
housing. Blunt and Keller5 introduced two novel methods of
synchronous average analysis of the vibration signals for
diagnosing the fatigue crack in the carrier of an epicyclic
transmission system. The vibration signals of faulty epicyclic gearboxes are rich in discrete components due to both
amplitude modulation (AM) and phase modulation (PM)
induced by gear defects and the additional amplitude
modulation from the periodic varying transmission paths.
Feng et al.6 used an ensemble empirical mode decomposition (EEMD) method to decompose vibration signals into
multiple monocomponent signals for accurate amplitude
and frequency demodulation analysis. The developed approach is veriﬁed by the simulation and the experimental
studies of a wind turbine epicyclic gearbox. With further
studies, Feng et al.7 developed a joint amplitude and frequency demodulation method based on local mean decomposition (LMD) to extract the characteristic fault
frequencies of epicyclic gears. Wang et al.8 developed a
meshing resonance-based ﬁltering algorithm to detect the
ring gear faults. This method can highlight the fault information without using a baseline signal while neglecting
other undesired responses. Nonstationary working conditions are a typical case in epicyclic gearboxes and many
emerging methods are developed to characterise the nonstationary vibration signals. Vibration responses from
epicyclic gearboxes under nonstationary working conditions are time-varying in nature and the varying multicomponents and strong background noise are the critical
challenges for fault detection and diagnosis. Feng et al.9
proposed iterative generalised demodulation without the
need for tacho signals for monitoring epicyclic gearboxes
under nonstationary conditions. Compared with the order
tracking methods, the generalised demodulation based approaches can avoid the interpolation errors in the step of
angular resampling. Sawalhi, Randall and Forrester10
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proposed a tacholess order tracking method to separate the
gear and bearing fault signals for diagnosing epicyclic
gearboxes in wind turbines. Hou et al.11 improved the
generalised demodulation using dual path optimisation ridge
estimation, leading to a tacholess order tracking approach in
fault detection of wind turbine epicyclic gearboxes.
Despite the advanced demodulation and decomposition
methods, envelope analysis is still popular in fault diagnosis of epicyclic gearboxes. Due to time-varying transmission paths, the time-synchronous averaging (TSA)
method is not sufﬁciently capable to improve the signalnoise ratio (SNR) of vibrations. Guo et al.12 proposed an
envelope signal based TSA method to maximise fault
signature strength. Wang, Shao and Cao13 pointed that the
envelope analysis cannot effectively distinguish the fault
signatures from the unrelated modulation components. To
improve the diagnostic performance of envelope analysis, a
genetic algorithm based sub-band selection method was
developed to determine the optimal demodulation frequency band for sun gear crack diagnosis. Mauricio and coauthors14 implemented the cyclostationary analysis to diagnose the bearing faults in an epicyclic gearbox from a
wind turbine. The enhanced envelope spectrum is a
promising approach for monitoring wind turbines.
Dziedziech et al.15 developed Instantaneous Circular Path
Cycle Map (ICPCM)–based envelope analysis and timesynchronous averaging analysis for epicyclic gearbox fault
detection. The ICPCM method consumes substantial
computing resources. Although envelope analysis is a
relatively effective way to detect and diagnose epicyclic
gearbox faults, random noise is an unavoidable challenge
when applying it for fault detection and diagnosis. Envelope analysis is the mainstream technology in processing
the vibration signals of rotating machines. However, envelope analysis has shortages of noise inclusions16 and
complex spectrum proﬁles which make it difﬁcult to
separate fault components and achieve an accurate diagnosis, especially for the data with low SNR due to incipient
defects in planet, long vibration transmission paths, and
variable operating conditions. The vibration signal from an
epicyclic gear system in a commercial helicopter was investigated via envelope analysis by Elasha1 et al.17 and
Zhou et al.18. A comprehensive literature review was given
by Lei19 from the perspectives of modelling and analysing.
The difﬁculties of fault detection and diagnosis desire more
advanced sensing and processing methods. Fan and Li20
installed a commercial accelerometer on the planet carrier
using a slip ring to detect and diagnose planet bearing
faults. The novel implementation can avoid the complex
transmission path, but this method needs a signiﬁcant
modiﬁcation on epicyclic gearboxes. Then, cepstrum
whitening, minimum entropy deconvolution (MED),
spectral kurtosis (SK), and envelope analysis are used to
develop a logic detection and diagnosis routine.

Xu et al.
In this paper, aiming to minimise the effect of varying
transmission paths, On-Rotor Sensing (ORS) is employed to
capture rotor vibrations. The modulation mechanism in
ORS vibrations is analytically characterised to show the
differences with conventional on-housing vibrations. The
noise inﬂuence in envelope analysis is given in this paper.
The noise and rich components in the squared envelope
prevent effective fault diagnosis of epicyclic gearboxes. To
further enhance equally spaced modulation harmonics in the
squared envelope, Modulation Signal Bispectrum is employed to extract the equally spaced harmonics for effective
fault diagnosis of compound faults of epicyclic gearboxes in
the experimental study. The theoretical background including characteristic frequencies of epicyclic gearboxes,
noise envelope properties and MSB method, is described in
the Theoretical Background section. The experimental
studies of data sensing and signal processing are given in the
Gear Fault Diagnostics in an Epicyclic Gearbox section.
Finally, the conclusions are drawn in the Final section.

Theoretical background
Epicyclic gearbox vibration characteristics with faults
A typical epicyclic gear set has a ring gear, several planet
gears and a sun gear. If the ring gear is standstill, the planet
gears rotate around the unﬁxed centres and mesh with the
ring gear and sun gear simultaneously. The planet gears not
only rotate around the moving centres but also revolve
around the sun gear. The meshing stiffness varies signiﬁcantly along with the number of meshing teeth during the
gear train rotation and consequently, gear meshing vibrations are rich in periodic components. Several planet gears
are meshing simultaneously with the sun gear and the ring
gear, and a large number of similarly periodic components
could exist in the vibration of epicyclic gearboxes. These
same periodic vibrations with different meshing phases are
coupled with each other.5 In addition, the vibration responses are transmitted to on-housing accelerometers
through multiple and time-varying transmission paths.
These complex transmission paths attenuate the desired
fault information,19 and additionally, large quantities of
background noise are added into the vibration signals,
which is the most challenging problem in the fault diagnosis
of epicyclic gearboxes.
Fault characteristic frequencies of epicyclic gearboxes. To introduce the characteristic frequencies of the epicyclic
gearbox, the corresponding nomenclature is deﬁned here. In
this paper, ZR, ZP and ZS are the tooth number of the ring
gear, planet gear and sun gear.
K denotes the number of planet gears. frc, frp and frs are
the rotating frequency of the carrier, the planet gear and the
sun gear, respectively.
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The meshing between the planet gear, the sun gear and
the ring gear determines that the passing tooth number in
rotation is the same, and thereafter, the meshing frequency
of the planet gear and the ring gear is the same as that of the
sun gear and the planet gear. fM is the meshing frequency of
the epicyclic gearbox. The rotation frequency of the shaft
connected with the sun gear is known as frs, and the meshing
frequency can be calculated as
fM ¼

ZR ZS
frs ¼ ZR frc
ZR þ ZS

(1)

A localised tooth defect on the gears results in periodic
impulses, which are modulated by the meshing frequencies
and natural frequencies of the gearbox. If the localised fault
occurs on the sun gear, the vibration responses become
pronounced when the fault meshes with a planet gear and
then go back to a normal condition when the fault runs out
the meshing area. With the rotating of the sun gear, the fault
meets K planet gears consecutively. Assume that the impacts between the fault on the sun gear and the planet gears
are identical. The characteristic fault frequency of the sun
gear is
fsf ¼ K

fM
ZR
¼K
frs
Zs
ZR þ ZS

(2)

The identical impacts induced by faults are a hypothesis,
and due to the manufacture and installation errors, the localised defect induced impacts are varying especially under
nonstationary working conditions. Therefore, the noninteger ði=K Ï N þÞ harmonics are also visible in the vibration spectrum.
Similarly, when the planet gear has a localised defect, the
collisions induced by the defect would happen twice with
the sun gear and the ring gear in one revolution. Hence,
the characteristic fault frequency of the planet gear is expressed as
fpf ¼ 2

fM
ZR ZS
frs
¼2
Zp
Zp ðZR þ ZS Þ

(3)

Vibration signal model of faulty gear meshing. The faults on
planet and sun gears result in an AM/PM effect to the gear
meshing vibration.4 The main difference is that two faults
generate different characteristic frequencies. If the transmission path is not inclusive, the modulation signals of gear
meshing can be simulated as an AM/PM signal. The
meshing frequency of gear pairs is the carrier and the fault
characteristic frequency is the modulating signal. Therefore,
the modulation signal of the vibration can be expressed as
sðtÞ ¼

I
X
i¼1

½Ci þ aðtÞcos½2πifmesh t þ bðtÞ þ φi 

(4)
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8
>
M
X
>


>
>
>
aðtÞ ¼
Am cos 2πmffault t þ αm
>
>
<
m¼1
N
X


>
Bn sin 2πnffault t þ βn
bðtÞ ¼
>
>
>
>
n¼1
>
>
:ci ðtÞ ¼ Ci cosð2πifmesh þ φi Þ

(5)

in which aðtÞ and bðtÞ represent the AM and PM effects due
to the localised gear fault on either planet gear or sun gear.
Am and αm are the amplitude and phase of the amplitude
modulating signals. Bn is the amplitude of the phase
modulating signals, of which the phase is denoted by βn.
Ci ðtÞ is the ith order meshing signal. Ci and φi denote the
amplitude and phase of ith order meshing signal. Without
losing generality, it is simpliﬁed that only the fundamental
characteristic frequency of the damaged gear and the gear
meshing frequency is considered in the following contents.
Consequently, the vibration signal model of a faulty gear
pair yields


 
sðtÞ ¼ Ci þ A cos 2πffault t þ α cos 2πfmesh t



(6)
þ B sin 2πffault t þ β þ φ
The model can be expanded using the Jacobi–Anger
expansion, which can be expressed as



sðtÞ ¼ Ci þ A cos 2πffault t þ α
∞
X
 

 (7)
Jk ðBÞcos 2π fmesh þ kffault t þ kβ þ φ
K¼∞

where Jk ðBÞ is the Bessel function of the ﬁrst kind at the
integer order k with the argument B. Equation (7) can be
further simpliﬁed using trigonometric functions and it is
shown as follows
sðtÞ ¼ C1

∞
X

 


Jk ðBÞcos 2π fmesh þ kffault t þ kβ þ φ

K¼∞
∞
 


A X
þ
Jk ðBÞcos 2π fmesh þ ðk þ 1Þffault t þ kβ þ φ þ α
2 K¼∞
∞
 


A X
þ
Jk ðBÞcos 2π fmesh þ ðk  1Þffault t þ kβ þ φ  α
2 K¼∞

(8)
It can be seen from equation (8) that the vibration signal
from a faulty gear pair has numerous sidebands around the
meshing frequency fmesh. Furthermore, the sidebands are
equally spaced with the gap of the characteristic fault frequency ffault. However, this signal model is not inclusive of
the transmission path effects. In most circumstances, ring
gears of epicyclic gearboxes are stationary, which is also the
considered case in this paper. Usually, the conventional
accelerometer is installed on the gearbox. housing to acquire

Figure 1. ORS sensor on an epicyclic gear set.

the vibration responses from the gear meshing. If the
manufacture errors and installation errors are omitted, the
transmission paths of the sun-planet gear meshing and the
planet-ring gear meshing are varying due to the rotation of
the sun gear and the planet gear. Furthermore, the rotation of
the planet gear is around unﬁxed centres. These complicated
transmission paths can deteriorate the quality of the vibration signal from the faulty gears due to dissipation and
interference.19 The conventional method is difﬁcult to extract the weak features due to the contamination of the noise
and the impacts from nearby machines or components. The
conventional on-shell accelerometer is challenging to isolate the desired information. To overcome this bottleneck
problem, the On-Rotor Sensing (ORS) technique21 is developed to directly obtain the rotor vibration signals.
Figure 1 shows a schematic diagram of the ORS sensor
installed on an epicyclic gear set. The ORS accelerometer is
directly attached to the carrier rotor and rotates with the
carrier simultaneously.
Imaging that the gears and bearings are isotropic, the planet
gear fault induced AM/PM vibration signals can be directly
captured by the tri-axis ORS accelerometer. The localised fault
on the planet gear has a ﬁxed angle with the three axes of the
ORS accelerometer when meshing with the sun gear or ring
gear. Owing to the ﬁxed transmission path, no additional
modulation is involved and consequently, the planet gear fault
induced AM/PM vibration of ORS measurements can be
expressed by equation (6), which then can be expanded into a
sum of multiple components by equation (8).
To be different, the relative speed between the sun gear
and planet gear inevitably results in additional modulation.
The relative movement results in a varying angle between
the impacts and the sensor axis. The projection of the vibration onto the sensor axis introduces the additional
modulation effect, which can be modelled using a Hanning
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window.2,3 The ORS vibration of the sun gear fault can be
expressed by



sðtÞ ¼ ½1  cosð2πðfrs  frc ÞtÞ C þ A cos 2πffault t þ α
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Additional AM




cos 2πfmesh t þ B sin 2πffault t þ β þ φ

and additional discrete components, making the fault detection and diagnosis more challenging and in addition,
strong background noise increases the difﬁculty further. To
restrain the random phase variation, the squared envelope
analysis is used to characterise second order cyclostationary
ORS vibrations.

(9)

Noise and multiple components in envelope analysis
For the sun gear fault, the characteristic sun fault frequency is ffault ¼ frs  frc . Therefore, the sun gear fault
induced AM/PM vibration of ORS measurements yields





sðtÞ ¼ 1  cos 2πffault t C þ A cos 2πffault t þ α




cos 2πfmesh t þ B sin 2πffault t þ β þ φ
(10)
It can be seen that the additional modulation is also related to
the characteristic fault frequency of the sun gear. The additional
modulation can be avoided if installing another ORS sensor on
the shaft connected to the sun gear. To make the condition
monitoring cost-effective, only one ORS sensor is installed on
the carrier shaft. The modulation signal of ORS measurements
for the sun gear fault case can be expanded into a sum of
multiple components, which is expressed as follows
sðtÞ ¼ C

∞
X



 
Jk ðBÞcos 2π fmesh þ kffault t þ kβ þ φ

Squared envelope. The envelope of a random signal was
deﬁned by Rice in reference 22, which is described as
follows. Assume that the signal is
sðtÞ ¼

∞
X

Ak cosðωk t þ fk Þ

(12)

k¼0

where Ak is the amplitude and fk are the mutually independent phases. The amplitude Ak yields to
Z
∞
X
Ak ¼ sðωÞdω
(13)
k¼0

where sðωÞ is the power spectrum of the signal sðtÞ. Let ω be
the mid-band frequency in this power spectrum, the signal
can be rewritten as


sðtÞ ¼ ℜ AðtÞeiωt
(14)

K¼∞
∞
 


A X
þ
Jk ðBÞcos 2π fmesh þ ðk þ 1Þffault t þ kβ þ φ þ α
2 K¼∞
∞
 


A X
þ
Jk ðBÞcos 2π fmesh þ ðk  1Þffault t þ kβ þ φ  α
2 K¼∞
∞


 
C X

Jk ðBÞcos 2π fmesh þ ðk  1Þffault t þ kβ þ φ
2 K¼∞
∞


 
C X

Jk ðBÞcos 2π fmesh þ ðk þ 1Þffault t þ kβ þ φ
2 K¼∞
∞


 
A X

Jk ðBÞcos 2π fmesh þ ffault t þ kβ þ φ þ α
4 K¼∞
∞
 


A X

Jk ðBÞcos 2π fmesh þ ðk þ 2Þffault t þ kβ þ φ þ α
4 K¼∞
∞


 
A X

Jk ðBÞcos 2π fmesh þ ðk  2Þffault t þ kβ þ φ  α
4 K¼∞
∞
 


A X

Jk ðBÞcos 2π fmesh þ ffault t þ kβ þ φ  α
4 K¼∞

in which
AðtÞ ¼

∞
X

h

i
Ak exp i ωk  ω t þ fk ¼ se ðtÞeiΦðtÞ (15)

k¼0

Here, ðtÞ is the real envelope22 and it can be easily
obtained by
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
)2 (
)2
u( ∞
∞
u X
X
se ðtÞ ¼ t
Ak cosðωk t þ fk Þ þ
Ak sinðωk t þ fk Þ
k¼0

k¼0

(16)
The envelope of the signal can be obtained easily based on
the Hilbert transform, which alters the phase of every component by π=2. The analytic signal ðtÞ can be expressed as
sa ðtÞ ¼ sðtÞ þ iHðsðtÞÞ

(17)

(11)
It can be observed from both faulty cases of planet and
sun gears by equations (8) and (11) that the ORS measurements from malfunction epicyclic gearboxes are rich in
multiple components around the meshing frequencies.
These equations are an ideal condition for perfect epicyclic
gearboxes under stable working conditions. However, the
manufacture and installation errors, as well as transiently
unstable working conditions, lead to random phase variation

in which H( ) denotes the Hilbert transform of the time
domain signal. Both the real and imaginary parts yield to a
normal distribution if the signal sðtÞ is normally distributed,
centred at zero, and independent. The absolute values of the
analytic signals are the envelope or named as the instantaneous amplitude.
Envelope analysis is prevalent in fault detection and diagnosis of rolling element bearings and it has been demonstrated that envelope analysis is powerful to characterise
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cyclostationary signals. The effectiveness of the envelope
analysis is owing to that the envelope detects the energy
oscillation of the signals. The envelope yields spurious highorder harmonics in the spectrum due to the inevitable aliasing
problem, whilst the squared envelope can prevent producing
sharp to avoid the possible aliasing.23 The squared envelope
has more merits because it has a strong connection with
another effective approach, spectral correlation, for analysing
the cyclostationary signals.23 The relationship between
squared envelope and spectral correlation is described in the
following contents. The spectral correlation is deﬁned as
ZZ h 
τ 
τ i i2παt i2πf τ
Sðα,f Þ ¼
E x t þ x∗ t 
e
dtdτ
e
2
2
(18)
The spectral correlation results have the cyclic frequency
and normal frequency axis and the integral of the spectral
correlation along the normal frequency axis leads to a
discrete spectrum of the cyclic frequency axis,24 yielding
Z

ZZ

Z
h 
τ 
τ i i2παt
e
E x t þ x∗ t 
ei2πf τ df dtdτ
2
2

ZZ

h 
τ 
τ i
δðτÞei2παt dtdτ
E x t þ x∗ t 
2
2

Sðα,f Þdf ¼
¼
Z
¼
Z
¼

E½xðtÞx∗ ðtÞ ei2παt dt


E x2 ðtÞ ei2παt dt

(19)
The integral of the spectral correlation over normal
frequency is equivalent to the spectrum of the squared
signal. However, the squared operation of real signals inevitably brings additional components due to the aliasing
effects.23 In contrast, the squared operation can be achieved
by the analytic signal multiplying with its complex conjugate, which is also called squared envelope. The squared
envelope can be expressed as
sse ðtÞ ¼ sa ðtÞs∗a ðtÞ

(20)

The squared envelope does not involve the additional
components but the desired diagnostic information only.
Therefore, the squared envelope often serves as an effective
method to characterise the cyclostationary signals. However,
vibration signals acquired from a running machine is always
subjected to random noise interference. The calculation of
squared envelope by such methods inevitably includes noise
inﬂuences, resulting in inaccurate demodulation results.
Noise in envelope analysis. The linear property of the Hilbert
transform allows a linear representation of the analytic
signal. Assume that the original nðtÞ is an uncorrelated
normally distributed noise with a standard deviation σ and

zero mean. Envelope neðtÞ of the noise nðtÞ obeys the
Rayleigh distribution25 as
f ðx; σÞ ¼

x x22
e 2σ , x ≥ 0
σ2

(21)

The example of the noise signal and its envelope is
shown in Figure 2(a) and the probability density functions
(PDFs) of the noise signal and the envelope signal are
depicted in Figure 2(b). The noise is the noise itself obeys
the normal distribution and the envelope obeys the Rayleigh
distribution.
The statistical characteristics25,26 of the squared envelope n2e ðtÞ can be summarised as follows


(22)
E n2e ðtÞ ¼ 2Cn ð0Þ


2
D n2e ðtÞ ¼ 4Cn ð0Þ
Z
Sn2e ðωÞ ¼ 8

∞

Sn ðσÞSn ðσ þ ωÞdσ

(23)
(24)

0

E( ) and D( ) denote the mean value and the variance;
Cn ðτÞ is the autocovariance of nðtÞ; Sn ðωÞ is the power
spectrum of the nðtÞ; Cne ðτÞ is the autocovariance of the
ne ðtÞ and Sne ðωÞ is the power spectrum of the ne ðtÞ.
Moreover, the envelope neðtÞ is a bit complicated than
the squared envelope. The mean value and variance of the
envelope are expressed by equations (25) and (26). The
power spectrum of the envelope can be estimated by
equation (27). The ﬁrst item dominates the spectra contents
of the envelope spectra and it tells that the white noise in the
envelope does not obey the normal distribution. The energy
of the whole envelope signal is more concentrated in the
low-frequency range. The negative and positive frequencies
of the envelope in the frequency domain are shifted towards
each other. The noise in the envelope is no longer white and
the negative effects of the noise are not suppressed, which
inﬂuences the robustness and accuracy of the fault diagnosis
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
π
Eðne ðtÞÞ ¼
Cn ð0Þ ¼ 1:253 Cn ð0Þ
2

π
Dðne ðtÞÞ ¼ 2  Cn ð0Þ ¼ 0:429Cn ð0Þ
2
Z ∞
π
Sn2e ðωÞ ¼
Sn ðσÞSn ðσ þ ωÞdσ
4Cn ð0Þ 0
Z ∞
1
4
þ
ρðτÞ cosðωτÞdτ
3
64Cn ð0Þ 0
Z ∞
1
6
þ
ρðτÞ cosðωτÞdτ þ /
5
256Cn ð0Þ 0

(25)
(26)

(27)
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Figure 2. PDFs of the random noise and its envelope.

where

ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R∞
R∞
2
2
ρðτÞ ¼ ½ 0 Sn ðωÞcosðωτÞdω þ ½ 0 Sn ðωÞsinðωτÞdω .
It can be seen that the noise still presents in the envelope
signal but the normal distribution change to the Rayleigh
distribution. The noise deteriorates the desired fault signatures, and therefore, noise reduction is required to extract
accurate fault features.
Multiple harmonics in the envelope. It can be seen from
equations (8) and (11) that there are numerous sidebands
around meshing frequency in gear vibrations. The squared
envelope can obtain the envelope signal that contains
plentiful harmonics of the fault frequency. However, the
demodulation process inevitably involves other components
that are not related to the gear faults. The epicyclic gear
faults can induce numerous harmonics in the squared envelope signal which can be expressed as
sse ðtÞ ¼

∞
X



ℜ Ai e2πiffault tþfi þ nse ðtÞ

(28)

i¼1

where nse ðtÞ represents the noise and the other irregular
discrete components. The equally spaced harmonics can be
extracted to enhance the fault signatures. To reduce background noise and extract sparse harmonics, the Modulation
Signal Bispectrum (MSB) method is employed to enhance
the squared envelope results. The properties of the squared
envelope denote that the noise in the original signals cannot
be suppressed effectively, which leads to the ineffectiveness
of the squared envelope in the early fault detection and
diagnosis of epicyclic gearboxes. MSB has been investigated in references 27–31 to extract the modulating components in the vibration, acoustic and motor current signals
for detecting and diagnosing faults in a wide range of
mechanical and electrical machines. It has been veriﬁed that
the MSB is highly effective in extracting incipient fault
signatures from monitored data.32 The deﬁnition of MSB is

BMS ðf1 , f2 Þ ¼ E½X ðf1 þ f2 ÞX ðf1  f2 ÞX ∗ ðf1 ÞX ∗ ðf1 Þ (29)
R þ∞
where X ðf Þ  ∞ xðtÞei2πft denotes the Fourier
transform of a temporal signal xðtÞ; f1 and f2 are two
frequency components in the frequency domain signal;
X ∗ ðf1 Þ is the complex conjugate of X ðf1 Þ and E [ ] denotes
the expectation operator. For a perfect periodically
modulated signal, the phase of the MSB can be calculated
as
fðf1 , f2 Þ ¼ fðf1 þ f2 Þ þ fðf1  f2 Þ  fðf1 Þ  fðf1 Þ (30)
with
8
>
>
>
<

fðf1 þ (
f2 Þ ¼ fðf1 Þ þ fðf2 Þ
fðf1 Þ  fðf2 Þ, AM
fðf1  f2 Þ ¼
>
>
fðf
>
1 Þ  fðf2 Þ þ π, PM
:

(31)

The phase of X ðf1 þ f2 ÞX ðf1  f2 ÞX ∗ ðf1 ÞX ∗ ðf1 Þ of the
coupled components is constant. This means that MSB of
different signal segments can be averaged to enhance
modulation characteristics. At the same time, this averaging operation suppresses background noise and nonmodulation components due to their random phases. The
MSB method can generate an optimal result for stationary signals with discrete frequency components,
which is ﬁctitious in machine vibration signals. Cyclostationary signals are practical in vibration-based machine condition monitoring. Therefore, the squared
envelope is employed to extract the cyclic variation and
then the ﬁrst order cyclic features are further enhanced by
the MSB method with regards to noise reduction and
sparse representation. Any three harmonics with equal
intervals are equivalent to a modulation signal and can be
extracted by MSB as a sparse representation. There are
any three components with equal interval mffault , which is
expressed as

8
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Figure 3. Schematic diagram and photograph of the epicyclic gearbox test rig.



fault tþfnm
sse ðtÞ ¼ ℜ
e2πðnmÞf
 Anm

þℜ An e2πnffault tþfn


þℜ Anþm e2πðnþmÞffault tþfnþm þ nse ðtÞ

(32)

The phase of X ðf1 þ f2 ÞX ðf1  f2 ÞX ∗ ðf1 ÞX ∗ ðf1 Þ is
fnm þ fnþm  2fn and hence a peak at ðnffault , mfault Þ
shows on the bispectrum plane. Therefore, MSB Enhanced
Squared Envelope can enhance the equally spaced harmonics
associated with epicyclic gear faults. The three-dimensional
MSB results require a certain degree of expertise, a more
succinct illustration, MSB enhanced envelope spectrum, is
used to make the high-order spectrum more interpretable and
comparable. The MSB Enhanced Squared Envelope spectrum
(MSB-ESE) can be concentrated via the integral of the
complex MSB magnitudes along the carrier frequency direction, which can be expressed as
Z fhigh
Fe ðf2 Þ ¼
BMS ðf1 ,f2 Þdf1
33
flow

in which flow and fhigh are the frequency range of f1 in the
MSB calculation. The integral of the MSB magnitudes along
the carrier frequency axis can focus on the modulation
components and suppress the other uncorrelated components.

Gear fault diagnostics in an
epicyclic gearbox
ORS measurements from an epicyclic gearbox
test rig
The experimental studies were conducted to demonstrate
the effectiveness of the MSB Enhanced Squared Envelope
approach. The schematic diagram and photograph of the
epicyclic gearbox test rig are shown in Figure 3. Two backto-back 10 kW epicyclic gearboxes are connected by the

ﬂexible couplings as the speed reducer and increaser, respectively in the transmission line. The power source of the
test rig comes from an induction motor and is consumed by
the DC generator.
The conﬁguration of these two epicyclic gearboxes has
slight differences for the purpose of minimising mutual
interference of the vibration signals from each epicyclic
gearbox. The key speciﬁcations of the test rig are shown in
Table 1.
One of the epicyclic gearboxes is healthy and it is
considered as the baseline in the experimental studies and
the other one has compound defects on the sun gear and
planet gear, respectively. The photographs of the gear faults
are shown in Figure 4. Figure 4(a) shows that the fault on the
sun gear is simulated by removing around 60% of the gear
tooth face along the width and Figure 4(b) depicts the planet
gear defect is seeded by milling about 60% of the tooth face.
The developed ORS sensors are installed on the output
and input rotating shaft of the health and faulty epicyclic
gearbox, respectively. The ORS sensors are rotating along
with the carrier and consequently the ORS sensor has a ﬁxed
angle to the defect planet gear and therefore, the impacts
induced by the localised defects have an identical transmission path, which is an advantage compared to the
conventional on-housing vibration. The key speciﬁcations
of the used ORS sensors are listed in Table 1. During the
epicyclic gearbox tests, two ORS sensors were conﬁgured
to operate within a dynamic range of ±16 g at a sampling
frequency of 1600 Hz. The test rig was operated at 40% and
60% of the full motor speed and three different load conditions (50%, 75% and 90% of the full load). The ORS
vibration signals were logged for 60 s at each working
condition. The acquired signals were saved into a local
storage card as comma-separated value (CSV) ﬁles, and
then to be read and processed after tests. Two on-housing
accelerometers were installed on each epicyclic gearbox and
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Table 1. Key speciﬁcations of the epicyclic gearbox test rig.
Test rig components

Key speciﬁcations

Induction motor
DC generator

11 kW, full speed 1500 r/min
85 kW, full speed 1850 r/min
13 teeth
24 teeth, 4 gears
62 teeth
10 teeth
26 teeth, 3 gears
62 teeth
ADXL345, 1600 Hz, 16g
nRF52840, Cortex-M4F, BLE5.0

Sun gear
Planet gear
Ring gear
Sun gear
Planet gear
Ring gear
Accelerometer
Processor

Baseline epicyclic gearbox

Faulty epicyclic gearbox
ORS sensor

Figure 4. Photographs of gear faults (a) sun gear fault (b) planet gear fault.
Table 2. Fault characteristic frequencies of the faulty sun and planet gears.
Rotating speed

f rc

f rp

f rs

fM

f sf

f pf

40%
60%

1.80 Hz
2.69 Hz

2.49 Hz
3.73 Hz

12.94 Hz
19.38 Hz

111.41 Hz
166.92 Hz

33.42 Hz
50.07 Hz

8.57 Hz
12.84 Hz

on-housing vibration signals are collected for 30 s at a
sampling rate of 25 kHz at each test condition. The rotating
frequencies and characteristic fault frequencies of the planet
and sun gears in the faulty epicyclic gearbox are listed in
Table 2.

Conventional squared envelope analysis
As introduced in the description of the experiments, ORS
signals represent the vibration of the rotors. The MEMS
accelerometers are collecting the absolute accelerations and
consequently, the main component of the ORS vibrations is
the alternation of gravity along with the rotation of the shaft.
The results of envelope and MSB-ESE used the ORS vibrations at speed 60% and load 90% as an example to
explain. The MSB-ESE results at other working conditions
are provided in the Appendix 1. Figures 5(a) and (c) display
the temporal ORS vibrations from the faulty and baseline
epicyclic gearboxes, respectively, and the most pronounced

cycle in the time domain signal is the carrier shaft rotating
frequency. The ORS vibrations from the faulty gearbox
have a higher amplitude. As shown in Figure 5(b) and (d),
the spectra of the time domain signals are obtained by the
Fourier transform. The most pronounced component in the
amplitude spectra is the rotating frequency of the carrier. In
addition, the spectrum of the faulty gearbox contains more
discrete components and these components are higher than
that in the baseline spectrum.
Based on the outline of the spectrum, two frequency bands
are selected to extract the fault information. The frequency
band from 100 Hz to 500 Hz is selected as the low-frequency
band because most of the obvious elements are included in
this range. The high-frequency band is selected from 500 Hz
to 700H, which does not have pronounced elements but is
potentially rich in fault information owing to the signiﬁcant
modulation phenomenon. Then, two bandpass ﬁlters were
designed to obtain the low-frequency band signal and high
band frequency signal. The squared envelopes of the low and
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Figure 5. ORS vibrations from two epicyclic gearboxes: (a) temporal signals from the faulty gearbox; (b) spectrum of (a); (c) temporal
signals from the baseline gearbox and (d) spectrum of (c).

Figure 6. Envelope spectrums of ORS vibrations for faulty case: (a) in the low-frequency band and (b) in the high-frequency band.

high-frequency bands can be obtained by the construction of
analytic signals from two orthogonal ORS outputs. Figure 6
and Figure 7 display the squared envelope spectra of the ORS
vibrations from the faulty and baseline epicyclic gearboxes,

respectively. Figure 6(a) and (b) show the squared envelope
spectra of the low and high-frequency band signals of the
faulty case, respectively. The envelope spectrum is an ensemble average of the amplitude spectra from the segmented
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Figure 7. Envelope spectrums of ORS vibrations for baseline case: (a) in the low-frequency band and (b) in the high-frequency band.

squared envelope signals. The ensemble average increases
the reliability and accuracy of the envelope analysis. The
segment length in the calculation is selected as 16,384, which
gives a frequency resolution of 0.1 Hz. The ﬁne frequency
resolution allows distinguishing the characteristic frequencies. The overlap ratio between segments is set as 0.7, which
increases the average times for a better representation of the
ﬁnal result. These parameters allow 20 times average for the
displayed envelope spectra. It is obvious that the compound
faults can be detected in these two envelope spectra, which
demonstrates the effectiveness of the ORS technique. As the
faulty gearbox has three planet gears, the sub-harmonics of
the characteristic sun gear fault frequency are also manifest in
Figure 6(a). The characteristic frequency of the sun gear fault
is dominating in the low-frequency band envelope spectrum.
The envelope spectrum of the high-frequency band signal in
Figure 6(b) shows that the multiple harmonics and subharmonics of the characteristic planet gear fault frequency
are pronounced. The envelope spectra of the baseline case in
Figure 7 show that the characteristic fault frequencies are
nearly invisible.

MSB Enhanced Squared Envelope analysis
Through the envelope analysis, the sun gear faults can be
diagnosed. However, the signature of the planet gear faults is
not pronounced and the results are mixed with some other
irrelevant components. To give a more convinced and reliable
representation, the MSB enhanced envelope method is used
to highlight the sun and planet gear fault features. In the MSB
analysis, the segment length and the overlap ratio are set the
same as that in the envelope analysis, leading to equal

average times. 20 times of average of MSB is not much in a
noisy vibration signal analysis. A promising result of MSB
relies on more average if the signal contains more random
noise. Figure 8 and Figure 9 show the MSB magnitudes of
the envelope from the faulty and baseline ORS measurements. As the aforementioned envelope analysis, squared
envelope signals in the low-frequency band and highfrequency bands were obtained using Hilbert transform
based on the manually selected two frequency bands. Two
envelope signals are used as the input of the MSB method.
Then the MSB results are presented in Figure 8(a) and (b),
respectively. As can be observed, the fault signatures of the
sun gear and planet gear can be further highlighted. The
low noise carpet and strong fault features denote that the
noise in the ORS vibrations is not too much because these
results are obtained using only 20 times of average. For the
baseline case in Figure 9, the MSB extracts some modulation components but these coupled components are not
from the gear faults.
Figure 10 and Figure 11 depict the MSB-ESE of the faulty
and baseline cases, respectively. As shown in Figure 10(a), the
sub-harmonics of the characteristic sun gear fault frequency
are pronounced, and the dominating component is the sun
gear fault frequency. Figure 10(b) gives a much better diagnosis result than that of the envelope analysis. The subharmonics and harmonics of the characteristic planet gear
fault frequency are highlighted in the MSB-ESE whilst the
other uncorrelated components are signiﬁcantly suppressed.
To verify the diagnostic results, the MSB-ESE of the ORS
vibrations from the baseline case is shown in Figure 11. The
baseline epicyclic gearbox works in a smooth and good
condition, and consequently, the characteristic fault
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Figure 8. MSB-ESE of ORS vibrations for faulty case: (a) in the low-frequency band and (b) in the high-frequency band.

Figure 9. MSB-ESE of ORS vibrations for baseline case at 60% speed and 90% load: (a) in the low-frequency band and (b) in the highfrequency band.

frequencies are about 10 thousand smaller than the faulty one
in the MSB-ESE (refer to the Appendix 1 for more results at
the other ﬁve working conditions).
To show the effectiveness of the proposed MSB-ESE, the
spectra using on-housing vibrations are also calculated, which

is shown in Figure 12. It can be seen that the proposed method
is also effective to obtain the sun gear and planet gear fault
features. However, due to the intricate modulation, the sidebands frc around the sun gear fault frequency fsf are also
obvious. This result shows the effectiveness of the proposed
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Figure 10. MSB-ESE of ORS vibrations for the faulty case at 60% speed and 90% load: (a) in the low-frequency band and (b) in the highfrequency band.

Figure 11. MSB-ESE of ORS vibrations for baseline case at 60% speed and 90% load: (a) in the low-frequency band and (b) in the highfrequency band.

MSB-ESE method and it also shows that ORS vibrations are
much less inﬂuenced by transmission path.

Spectral Correlation Enhanced Envelope Spectrum
To further highlight the proposed method, the Spectral
Correlation Enhanced Envelope Spectrum is also explored

because it can better enhance the non-zero cyclic components.33 The Spectral Correlation Enhanced Envelope
Spectrum is deﬁned based on the Spectral Coherence which
yields
Sðα, f Þ
γðα,f Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Sð0, f ÞSð0, f  αÞ

(34)
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Figure 12. MSB-ESE of housing vibrations for faulty case: (a) in the low-frequency band and (b) in the high-frequency band.

Figure 13. Spectral Correlation Enhanced Envelope Spectrum of ORS vibrations for the faulty case at 60% speed and 90% load: (a) in the
low-frequency band and (b) in the high-frequency band.

Sðα, f Þ is the Spectral Correlation that is deﬁned in
equation (18). The Spectral Coherence is a normalised
version of the Spectral Correlation. The Spectral Correlation
Enhanced Envelope Spectrum is obtained via the integral of
the Spectral Coherence in a given frequency band ½f1 , f2 ,
yielding

Z
S EES ðαÞ ¼

f2

jγðα, f Þjdf

(35)

f1

Figure 13 shows the Spectral Correlation Enhanced
Envelope Spectrum for the faulty case and it can be seen that
the results are similar to the conventional squared envelope

Xu et al.
spectrum as presented in Figure 6. The sun gear fault can be
identiﬁed clearly. However, the planet gear fault can be
observed but mixed with other irrelevant components because of its noise inclusion and other interference. The fault
frequencies and harmonics cannot be isolated from multiple
discrete components and produce less reliable diagnostics.
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4.

5.

Conclusions
To avoid the deﬁciency of conventional on-housing vibration measurements and analysis, this paper proposed a
Modulation Signal Bispectrum Enhanced Squared Envelope method to extract the multiple fault harmonics in
squared envelope analysis of vibration signals from a
special ORS sensor on the carrier shaft of an epicyclic
gearbox. The time-varying paths can be avoided by the ORS
measurements and the MSB-ESE method can enhance the
numerous fault harmonics induced by localised faults and
suppress inevitable background noise in the squared envelope. The experimental studies demonstrate that the novel
MSB-ESE can achieve a reliable diagnosis of compound
planet and sun gear faults. In addition, this systematic
sensing and analysis method can be used widely in condition monitoring of other rotating machines.
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Appendix 1

Figure A1. MSB-ESE of ORS vibrations at speed 60% and load 75% for the faulty case: (a) in the low-frequency band and (b) in the highfrequency band.

Figure A2. MSB-ESE of ORS vibrations at speed 60% and load 50% for the faulty case: (a) in the low-frequency band and (b) in the highfrequency band.
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Figure A3. MSB-ESE of ORS vibrations at speed 40% and load 90% for the faulty case: (a) in the low-frequency band and (b) in the highfrequency band.

Figure A4. MSB-ESE of ORS vibrations at speed 40% and load 75% for the faulty case: (a) in the low-frequency band and (b) in the highfrequency band.
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Figure A5. MSB-ESE of ORS vibrations at speed 40% and load 50% for the faulty case: (a) in the low-frequency band and (b) in the highfrequency band.

