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Modern applications are constantly pushing the limits of current technologies, requiring

further improvements in their precision. The advances in laser development significantly

contribute to the achievements of modern technologies. One of the niches of precision

technologies is gyroscopic measurements, where laser-based gyroscopes deliver unparalleled

accuracy. Nonetheless, laser gyroscopes are subjected to the general limitation as ’lock-in’

effect, which restricts the lowest measurable angular velocity. The usage of pulsed laser

sources, such as mode-locked lasers, can mitigate this deleterious effect and benefit the laser

gyroscope development.The extensive studying of ultrafast lasers over the last few decades

significantly improved their performance, extending their applications to extremely precise

measurements such as optical clocks and telescope calibration. However, the usage of

ultrafast lasers for the detection of angular rotations is still rudimentary and requires

further studies.

In this manuscript, our goal is to contribute to the scientific achievements in the area

of ultrashort pulses interferometry and, in particular, gyroscopic applications. We aim

to deliver novel approaches for phase measurements at high data frequencies by using

the recent advances in fast electronics and ultrafast measurement techniques. Firstly,

we study bidirectional mode-locked fibre laser and its applicability for the detection of

angular movements. Indicating the main obstacles to achieve continuous reliable results,

in the following chapter we propose another interferometric setup, which provides the

measurements of the pulse-to-pulse phase drift and can be used to characterise the phase

noise of a pulse train or being exploited for interferometry. Finally, we demonstrate a

passive gyro setup based on interferometric measurements, which inherits all the benefits

of the usage of ultrashort pulses, while the phase noises of the laser source are significantly

mitigated. We conclude that ultrashort pulses can benefit many phase-based applications,

which require high resolution and high data rates, including but not limited to gyroscopic

measurements.

Keywords and phrases: Laser gyroscope, fibre laser, mode-locking, ultrashort pulses,

Dispersive Fourier Transformation.
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Chapter 1

Introduction

Measurements of angular movements, provided by gyroscopes, take a significant part of

our everyday life. No inertial navigation system could be imaging without a gyroscope,

which is an essential part in ships, submarines, aircraft, and spacecraft. As the market

of auto-navigation systems is rapidly growing (unmanned cars, quadcopters, etc.), they

impose higher requirements on data frequencies and resolution of measurements of angular

velocity. Such applications are in need of reliable and compact gyroscopes. Among other

types of gyroscopes, laser gyroscopes stand out due to their extremely high sensitivity

to angular motion. Moreover, the whole gyroscope setup could be implemented in an

optical fibre, that can be easily bent and coiled, resulting in a compact and robust setup.

However, laser gyroscopes, utilizing continuous-wave generation, are suffered from a so

called ’lock-in’ effect, which limits their performance at low angular velocities.

Mode-locked lasers inherit unique and attractive properties such as the ability to gen-

erate a robust train of pulses with duration of hundreds or even tens of femtoseconds (1 fs

= 10−15 s)1. Ultrafast lasers have been a revolutionary tool, which are now widely spread

in industry, medicine, and many fields of science. Mode-locked lasers could be efficiently

stabilised with frequency instability as low as 10−18 [6], which is required for various high-

precision applications such as optical clocks and frequency metrology to name a few. Ad-

ditionally, recent achievements in conjugate areas such as fast electronics strongly benefit

the development of mode-locked lasers, opening a new avenue for potential applications.

The motivation for this work is to synergise the recent progress in the development

of mode-locked fibre lasers and electronics to achieve accurate and high-speed gyroscopic

measurements. At the moment of writing the thesis, only several works have been ded-

icated to gyroscopes based on mode-locking generation. However, it has been already

demonstrated, both theoretically and experimentally, that such a device would inherit re-

duced ’lock-in’ effect by orders of magnitude or even completely eliminated. Additionally,

to the best of our knowledge, there are no works on the single-shot measurement of angular

rotation up to now. This gap can be filled by recently emerged time-stretching techniques,

1The term ultrafast is generally refer to a time scale of a few picoseconds and below (1 ps = 10−12 s)
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which proved their suitability for sensing applications and have a potential to substitute

traditional methods for gyroscopic measurements. All in all, the lack of ’lock-in’ effect

along with modern real-time measurement techniques constitute mode-locked fibre lasers

as a good candidate to achieve high-precision measurements of angular velocity at high

data rates.

1.1 Overview of the Thesis

This thesis is structured in the following way. In this Chapter, we introduce laser gyro-

scopes, their operational fundamentals, traditional measurement techniques, and limita-

tions. Then, we describe the mechanisms for the generation of ultrashort pulses in fibre

lasers and approaches to characterise such laser radiation. Recently emerged real-time

techniques for characterisation of ultrashort pulse generation are also discussed.

Chapter 2 is dedicated to the development of bidirectional mode-locked fibre lasers.

We begin by discussing their design features and recent progress in their applications

for gyroscopic measurements. Further, we demonstrate experimental results on complex

dynamics of counter-propagating pulses inside a laser cavity. The gyroscopic measurements

obtained in a bidirectional mode-locked laser by using various real-time techniques are also

presented.

In Chapter 3 we discuss a possibility to transit from the bidirectional to a uni-

directional setup for gyroscopic measurement, based on ultrashort pulses and real-time

measurement techniques. There, we propose a novel experimental setup, which allows

us to provide pulse-to-pulse phase measurements. We begin by investigating the phase

dynamics of the used free-running uni-directional mode-locked fibre laser. Then, we ex-

ploited the developed setup with the uni-directional laser for gyroscopic measurements.

We finish the Chapter by indicating the further applications of the proposed setup for the

pulse-to-pulse phase measurements.

Chapter 4 reports experimental results on gyroscopic measurements in a passive Sagnac

interferometer, using an external source of the ultrashort pulse train. To the best of our

knowledge, it is the first demonstration of a passive gyroscope based on ultrashort pulses.

We evidence the system to be an ideal platform for synergising the ultrashort pulses and

the real-time interferometric techniques for phase-based measurements. We also indicate

the further amendments of the passive gyroscopic configuration to achieve and, hopefully,

outperform traditional methodologies for gyroscopic measurements.

Finally, Chapter 5 concludes the thesis with a critical assessment of the application

of ultrashort pulses in various gyro configurations and approaches for gyroscopic effect

detection. The summarising table of all the presented results, using different schemes

and configurations, with comparison to the previous works, is presented. We also con-

sider a broader impact of the presented results on other phase-based applications, which

would benefit from utilising the ultrashort pulses along with the real-time measurement
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1.4 Laser gyroscopes

The term ’gyroscope’ stands for ’precision motion’, derived from the Ancient Greek lan-

guage. The first genuine gyroscope was constructed by Johann Bohnenberger in 1817

and was based on a rotating massive sphere [7]. However, the full potential of the gy-

roscopes was realised only in 1852 by Léon Foucault, who used a gyroscope to estimate

the Earth rotation [8]. Moreover, it was Foucault who introduced the device its modern

name ’gyroscope’. The next generation of gyroscopes utilised the advent of electric motors

to maintain the rotation of a spinning mass (rotating massive sphere [9] or disk [10]). A

typical mechanical gyroscope is schematically shown in Fig. 1.1. Two gimbals and the

gyroscope frame are mounted in a way to allow the gyro rotate in all axes, while the rotor
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Figure 1.1: Schematic illustration of a mechanical gyroscope.

maintains its spin axis direction regardless of the orientation of the outer frame. Nowa-

days, mechanical gyroscopes are still of interest for applications requiring long-term high

stability. However, their high cost and the presence of moving parts limit their range of

applications.

We want to separately mention a Micro-Electro-Mechanical System (MEMS) gyro-

scope technology due to their significant difference from other mechanical gyroscopes.

MEMS are motion sensors, based on Coriolis acceleration, measuring the angular motion

of the object. The main advantage of the MEMS is their robustness and miniature sizes,

ranging from 20 micrometers up to a millimeter. On the other hand, MEMS inherit high

noises compared to other gyroscopes, which substantially limit their application in high-

precision measurements. Due to their compactness, MEMS technology occupies the niche

of consumer electronics, such as smartphones, drones, gyroscouters, and segways.

The primary focus of the Thesis is the field of optical gyroscopes. Almost all op-

tical gyroscopes are based on the Sagnac effect. In 1913 George Sagnac provided his

famous experiment by splitting input light into two counter-propagating directions of a

ring interferometer (Sagnac interferometer), allowing the counter-propagating beams to

interfere on the detector [11; 12]. When the plane of the interferometer spins, the counter-

propagating beams cover different optical paths and arrive at the photodetector at differ-

ent time. This inequality also manifests as a phase shift of counter-propagating beams,

which could be observed from the interference. Thus, the effect of the time retardation

between the counter-propagating beams due to angular rotation is known as the Sagnac

Effect. Through, the original goal of the Sagnac experiment was to prove the existence

of the aether, the Sagnac effect was perfectly consistent with Einstein’s theory of special

relativity [13], which discard the existence of the aether [14].

Optical gyroscopes commonly refer as laser gyroscopes, since gyroscope performance

is strongly dependent on the coherence of the light source which makes laser radiation

a perfect candidate. Laser gyroscope was demonstrated for the first time by Macek and

Davis in 1963 [15], two years after the invention of the laser. The laser gyroscope develop-
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Figure 1.2: Schematic depiction of (a) passive Sagnac interferometer and (b) ring laser
gyroscope.

ment has undergone significant changes and many different types of laser gyroscopes have

been proposed. However, only laser gyroscopes operating with continuous-wave radiation

achieve commercial maturity, while only a few works and patents have been dedicated to

laser gyroscope with other generation regimes of the laser. Generally, laser gyroscopes are

subdivided into passive and active configurations. In active gyroscopes1, the active media

is placed inside the Sagnac interferometer. While passive gyroscope configurations exploit

a laser source with an external Sagnac interferometer. The principal schemes of passive

and active laser gyroscope configurations are depicted in Fig. 1.2(a) and (b), respectively.

Both configurations have their advantages and found a niche in commercial applications.

Active gyroscopes or Ring Laser Gyroscope (RLG) are usually constructed in a mono-

lithic design and contain an active media such as He–Ne gas. He–Ne gas is a perfect active

media to achieve single-mode operation with extremely narrow linewidth. However, as

will be discussed in Chapter 1.4.3, the gaseous active media has several drawbacks, which

motivate many research groups to substitute it with a solid-state gain medium. Moreover,

RLGs have to maintain the generation in both counter-propagating directions, which re-

strict their cavity designs. The active gyroscope can also be designed in an all-fibre design,

where the light propagates inside an optical fibre. RLGs demonstrate the most accurate

rotation measurements and can detect precise rotational motions associated with seismic

events [16], Chandler and Annual wobbles [17].

As was indicated before, the most dramatic obstacle in laser gyroscopes is the lock-in ef-

fect. This effect arises due to the back-scattering on reflecting surfaces. The back-scattered

light is further amplified in the active media and can results in frequency synchronisation

with a counter-propagating beam, so they could not be distinguished. The lock-in effect

manifests at low rotation velocities below ΩL, where the laser gyroscope cannot operate

and is called a ’dead-band’. The dead-band can be minimised, but not completely elim-

inated. The most straightforward solution is reducing the number of reflecting surfaces

1Active gyroscopes are commonly called just laser gyroscopes. Here and thereafter we will use the
term laser gyroscope to refer to an active gyroscope.
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(e.g. triangular-shaped cavity). The other approach to suppress the dead-band zone is to

increase the quality of the reflecting surfaces by coating with high-reflective dielectrics [18].

Another mechanism, called optical dithering [19], is based on the presence of mechanically

driven oscillations on the gyroscope platform. However, dithering introduces additional

noises and complicates the total setup of a laser gyroscope. In optical fibres, the back-

scattering light arises due to inherent Rayleigh scattering [20].

The field of passive gyroscopes is mostly occupied by the Fibre-Optic Gyroscope

(FOG). An undeniable advantage of using optical fibre in passive gyroscopes is that fibre

could be easily coiled multiple times, so the propagating light will pass longer distances

and, as a consequence, accumulate a more prominent Sagnac effect. By coiling and bend-

ing the fibre, the complete device could be compact and economical. Another privilege of

FOGs and all passive gyroscopes, in general, is that they do not suffer from the lock-in

effect. Though FOGs are more durable, they still underperform RLGs in precision. The

drawback of the passive gyroscopes is that light passes only once through the interferom-

eter and the accumulated Sagnac effect is only sensitive to the derivative of the angular

position (i.e. angular velocity). Nevertheless, the FOGs are the best choice for tactical

grade applications, occupying more than 50% of the market [21].

1.4.1 Sagnac Effect

As was mentioned above, optical gyroscopes operate on the basis of the Sagnac effect,

which relates the discrepancy in optical paths of counter-propagating beams ∆L to the

angular rotation of the gyro platform. When the laser gyroscope platform rotates at

an angular velocity ω rad/s in a clock-wise direction, single-roundtrip optical paths for

counter-propagating beams could be expressed:

LCW = L+R · ω · T LCCW = L−R · ω · T (1.1)

, where L = 2πR is the interferometer optical length at rest, LCW and LCCW is optical

paths for clock-wise and counter-clockwise directions, respectively. R is the radius of the

interferometer and T is a roundtrip time T = L/c, where c is the speed of light. The

additional terms in the equations refer to the effect of the angular rotation. This effect

is quantitatively the same, but of different sign. Thus, the mismatch in optical paths

between counter-propagating beams due to the angular rotation calculated as:

∆L = LCW − LCCW = 2 ·R · ω · T =
2 ·R · L

c
ω =

4A⃗

c
ω⃗ (1.2)

, where A⃗ = πR2 – is the oriented area of the laser gyroscope. The difference in the

optical paths leads to a different time for counter-propagating beams to make a roundtrip

through the interferometer:
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∆t =
∆L

c
=

4A⃗

c2
ω⃗ (1.3)

The Sagnac effect is also manifested as a phase shift between counter-propagating

beams. The expression of the phase-time relationship is:

ϕ = t · 2πc
λc

(1.4)

, where λc – is the carrier wavelength of the beam. By substituting the eq. 1.4 into the

eq. 1.3 we can estimate the Sagnac-induced phase shift as:

∆ϕ = ∆t · 2πc
λc

=
8πA⃗

λcc
ω⃗ (1.5)

The vector form is used in the above equations to indicate that the laser gyroscopes

are sensitive only to the rotation in the plane of the gyro platform. The presented Sagnac

equations 1.2-1.5 give a linear relationship between rotation velocity and parameters of the

laser beams and could be applied for arbitrary gyroscope geometry. The fraction defining

the ratio between the angular velocity and the beam parameters is known as a scale factor.

If light propagates in the medium with a refractive index n, the wave velocity in the

fixed laboratory frame is retarded by the Fizeau drag coefficient α [22]:

VCW = c/n+R · ω · α VCCW = c/n−R · ω · α (1.6)

and the temporal delay between counter-propagating beams in the medium ∆tm becomes:

∆tm = ∆t · n2 · (1− α) (1.7)

, where ∆t is the temporal domain in a vacuum. Since the Fizeau drag coefficient α = 1− 1
n2

it compensate for the effect of the refractive index n [22].

The equations above derived for linear speed of the interferometer much less than the

speed of light (Vlinear = ω ·R << c), that is always the case for real applications. However,

the Sagnac effect is perfectly explained in the context of general relativity. The complete

derivation of the Sagnac formula with special-relativistic analysis and corrections can be

found in works [23; 24].

In the case of the active gyroscope, the angular movement results in an offset of the

oscillation frequencies of counter-propagating beams. Basically, a laser cavity maintains

generation only at integer numbers of propagating wavelengths, called longitudinal modes.

The condition for longitudinal modes defined as the integer number of the wavelength

should consist a cavity perimeter L = n · λ. The corresponding oscillation frequencies

are derived as ν = c/L. Thus, according to the selection of the longitudinal modes, the

difference in the optical paths, caused by the Sagnac effect, can be manifested through

the change in the oscillation frequencies of counter-propagating beams. The associated
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beat-note frequency or ’Sagnac frequency ’ can be derived as:

∆ν

ν
=

∆L

L
∆ν =

∆L · ν
L

=
4A⃗

Lλc
ω⃗ (1.8)

This equation illustrates that the longitudinal frequency modes experience shifts during

the rotation of the platform. Another interpretation of this effect could be understood

as a Doppler shift, caused by movements of the laser platform [25]. If the linear velocity

of the interferometer is much less than the speed of light, the frequency shifts between

counter-propagated beams due to the Doppler effect estimated as:

∆ν =
∆Vlinear

c
ν0 =

2Rω

λc
=

4A⃗

Lλc
ω⃗ (1.9)

, where ∆Vlinear is the difference in linear velocity of counter-propagating directions of the

interferometer. As was expected, the effect of frequency offset derived from the Doppler

effect is perfectly matched with Eq. 1.8, based on the Sagnac effect.

The introduced equations for the Sagnac effect establish the basis for measurements of

angular velocity in optical gyroscopes. Though, several modifications have been demon-

strated to increase the response of the laser beam parameters to the Sagnac effect. For

example, in 1981, A. Kaplan and P. Meystre proposed the implementation of a non-

linearly induced non-reciprocity in the laser cavity [26]. Other approaches are based on

the concept of a ’slow light’ [27], which can be achieved by introducing a giant disper-

sion [28; 29; 30; 31; 32; 33]. A potential of 104-enhanced resolution of gyroscopic measure-

ment in a microcavity has been discussed in Ref. [34]. Matthew J. Grant and Michel J.

F. Digonnet reported about ∼2400 enhanced rotation sensing at exceptional points of a

parity–time-symmetric gyroscope [35].

1.4.2 Measurement Techniques

Measurement techniques of the Sagnac effect in optical gyroscopes could be subdivided

into 3 types, according to the Sagnac equations 1.3-1.8: temporal, phase, and spectral

measurements. Here, we would like to note, that measurements of the Sagnac effect in the

temporal domain require pulsed laser generation (e.g. mode-locked lasers), while spectral

measurements could be provided only in active laser gyroscopes.

The most obvious approach is to measure the time retardation due to the Sagnac effect.

However, the limited rise time of 15 ps in modern photodetectors severely restricts that

approach. As an example, if we consider an interferometer with area of 1 m2 (radius r

=
√

1/π ≈ 0.56 m), the Sagnac-induced time shift of 15 ps after one roundtrip will refer

to a rotation velocity of ∼ 337.5 · 103 rad/s. At first glance it seems that this resolution

is far beyond any applications, however, if we consider that laser beam can pass the

interferometer multiple times, the accumulated Sagnac temporal shift is correspondingly

enhanced by the value of the roundtrip number. If we divide the Sagnac Eq.1.3 by the
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roundtrip bypass time T = L/c and multiply by the integration time τ , the sensitivity of

this method can be calculated:

∆t =
4A

c2
· c · τ
2πR

ω =
2R · τ

c
ω (1.10)

By substituting the integration time equals to the cavity bypass time τ = L/c, that

is single-shot measurements after each roundtrip, it will result in the original Sagnac

eq. 1.3. But, for the considered gyroscope the resolution could achieve ∼ 6 · 10−3 rad/s

for integration time of 1 s. So, the resolution of temporal measurements of Sagnac effect

could be further increased multiple time at the cost of reducing data frequency. Thus,

this approach has a trade-off between the data frequency and the resolution. However, the

main advantage of the approach is that it can potentially achieve high data frequencies in

the MHz range and beyond in a simple setup.

The phase-based measurements are based on the interference between counter-propagating

beams. The interference could be easily obtained by overlapping both beams at the de-

tector. During rotation of the gyro platform, the counter-propagating beams experience

additional Sagnac-induced phases of different signs, displacing the interferometric pattern

accordingly. The Sagnac-induced phase shift can be also treated as a movement of a stand-

ing wave inside the interferometer. Thus, the positions of nodes and antinodes are fixed

if the gyroscope is at rest. When the gyroscope experience angular rotation, the photore-

ceivers measure the rotation angle by counting the interference fringes running over them.

Figure 1.3 schematically illustrates the interferometric patterns when the gyroscope is at

rest and experiences phase shift due to rotation. As an example, if the photodetector can

resolve the shift of interference by 2π/100, the gyroscope with an area of 1 m2 will resolve

the angular velocity of 0.75 rad/s. The disadvantage of the approach is that it limits the

maximum rotation velocity. If the angular velocity will shift the interferometric pattern

by more than π during one integration period, it would not be possible to unequivocally

reconstruct the angular velocity since the interferometric pattern has a period of 2π.

The described phase-based detection of the Sagnac effect is a dominant methodology

in FOGs. In passive gyroscopes the light passes the interferometer only once (open-loop),

the Sagnac-induced phase shift is not accumulated from one roundtrip to another as it

happens in active gyroscopes, where the beams can circulate for multiple roundtrips. In

other words, the recorded interferometric pattern is sensitive only to a variation of the

angular velocity, i.e. derivative of the angular rotations. Therefore, FOGs, generally,

provide lower sensitivity than RLGs.

Alternatively, the combination of two oscillation frequencies will result in a beat fre-

quency, equals to the difference between the oscillation frequencies of the incident ra-

diation. Initially, when the laser platform is at rest, the oscillation frequencies of the

counter-propagating beams are perfectly matched. During rotation of the gyro platform,

the oscillation frequencies of counter-propagating beams experience shifts according to
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Figure 1.3: The interference of the counter-propagation beams on the photodetector, when
the gyroscope at rest and experience angular rotation.

the Sagnac eq. 1.8 and the Sagnac frequency can be further accurately retrieved from the

Radio Frequency (RF) spectrum of the signal from the photodetector. The resolution of

the approach is determined by the line-width of the oscillation frequency, which is limited

by the irreducible quantum noise [36; 37]. Generally, this method provides the most ac-

curate measurements of the Sagnac effect and allows to achieve a sensitivity of 1.2 · 10−11

rad/s/
√
Hz and resolve a rotation rate of 10−12 rad/s (5·10−6 deg/h) at 1000 s integration

time [38].

Since the feature of oscillation modes is a characteristic of laser cavities, the mea-

surement of the Sagnac frequency could be observed only in the laser cavity. However,

in 1977 Ezekiel and Balsamo proposed a new architecture of a passive resonator laser

gyroscope by introducing a closed-loop optical path inside an interferometer [39]. The

inserted closed loop, e.g. the Fabry-Perot interferometer, introduces the condition for

longitudinal mode selection and, therefore, allows the frequency splitting of the resonance

optical modes due to the Sagnac effect while mitigating the lock-in effect. A similar ap-

proach was used in Ref. [40; 41], where the passive resonator was implemented as a ring

microresonator. Though passive resonator laser gyroscopes have the potential to achieve

performance comparable with active laser gyroscopes, they still underperform [42].

1.4.3 Errors in Laser Gyroscopes

Here, we will consider effects, which induce errors in the measurements of angular velocity

and limit the performance of optical gyroscopes. As was discussed earlier, the most dele-

terious effect in laser gyros is the lock-in effect and corresponding dead-band zone. Apart

from it, laser gyroscopes inherit the following errors in defining the angular rate:

• Gas degradation. He-Ne lasers generate the most desirable narrow-band radiation,

which is crucial for precision gyroscopic measurements. However, gas lasers suffer

from leaking of the gas media from the cavity enclosure, which reduces the laser

gain and, therefore, affects the scale factor of the gyroscope. Moreover, the scale

factor and the laser gain are further reduced due to contamination of the laser
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gas with hydrogen, oxygen, nitrogen, and water vapour [43; 44]. Besides, laser

gyroscopes with gaseous active media experience bias due to gas flow caused by

temperature fluctuations or ionic flow due to electric discharge [45]. These effects

of gas degradation limit the long-term performance of the gyroscope and cause a

transition to using solid-state gain mediums.

• Variation of the scale factor. Under the influence of external conditions such as

temperature and pressure, the scale factor tends to fluctuate in time, inducing un-

certainty in the determination of the angular velocity. The intracavity conditions,

including instabilities of the laser gain and losses, also affect the scale factor of

the gyroscope. In FOGs, time-dependent fluctuations of temperature and pressure

lead to variations in travel time along the same sections of optical fibre for counter-

propagating beams (known as the Shupe effect [46]), causing an additional parasitic

difference in their optical paths.

• Intracavity non-reciprocal effects. The most significant among which are Magneto-

optic effects [47; 48] and Kerr effect. The presence of a magnetic field (e.g. the mag-

netic field of the Earth) causes an additional phase difference of counter-propagating

beams and is known as a Faraday effect. This parasitic effect could be significantly

reduced by using polarisation-maintaining fibres [49]. Moreover, owing to very small

silica fibre core and long distances in fibre interferometers, even a small mismatch

in intensity between the counter-propagating beams results in an additional accu-

mulated Kerr-induced phase shift [50]. However, by using a hollow-core fibre in the

interferometer, this effect could be mitigated [51].

• Optical frequency fluctuations. All free-running lasers experience dynamic fluctua-

tions of the oscillation frequency of the laser radiation. One of the approaches to

overcome this obstacle is to apply a feedback loop with piezoelectric actuators [52].

For a long-term operation, the oscillation frequency could be efficiently stabilised

via a beat-note with an actively stabilised reference laser as a feedback reference

signal [53].

• Polarisation instability. Counter-propagating beams can experience polarisation in-

stability, leading to a variation of the optical paths caused by the birefringence of

optical components. The effect of polarisation instability could be mitigated by in-

troducing a polariser inside the interferometer. In FOGs, the accuracy of angular

rate measurements could also be enhanced by using a polarisation-maintaining fibre

or polarising single-mode fibre [54].

• Acoustic noise and vibrations. It is known, that optical fibres are sensitive to acoustic

noises, which are converted to phase noises through photo-elastic effect [55]. Vibra-

tions and input shock, which are intrinsic to many industrial applications, introduce
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an additional noise and bias offset during measurements. However, by constructing

the gyro in a rigid monolithic design the effect of the environmental perturbations

on gyro performance could be minimised.

All aforementioned parameters define the stability and performance of the laser gyro.

The gyroscope performance is usually assessed by the Allan deviation of the Sagnac fre-

quency (more information on the Allan deviation is presented in Section 1.5.2). The

stability of the gyroscopic measurements for long-term operations is usually defined as an

Angular Random Walk (ARW) and estimated as an Allan deviation at 1 s integration

time with units of rad/s/
√
Hz or deg /

√
h. In other words, the ARW characterise the

fluctuations of the beat-note frequency over time due to noises. Another way to estimate

the ARW through the various noise specifications was shown in works [56; 57] as:

ARW (τ) =
√
PSD/τ [deg /

√
h] (1.11)

In FOGs, the ARW is limited mainly by the intensity noise of the laser generation [58]

and can be reduced down to 0.008 deg /
√
h [59].

Another one of the most critical factors of a gyroscope performance is bias instability.

The bias instability is usually characterised as the lowest value of the Allan deviation

and expressed in degrees per hour. The bias instability determines the lowest angular

velocity which could be measured by the gyroscope. The integration time, at which the

bias instability occurred, corresponds to the optimal averaging time period when the white

noise could be effectively averaged out and before other noises start to dominate. This

integration time also determines the data frequency at which the highest resolution can

be achieved. Depending on the type of the gyroscope, the bias instability can range from

1000 deg/h down to 0.0001 deg/h [21].

All in all, to minimise the effect of noises on gyroscope performance, the whole device

should be constructed in a rigid monolithic design. Meanwhile, FOGs should be based

on polarisation maintaining or hollow-core fibres. Additionally, a feedback loop for active

control of the laser generation is also highly preferred.

1.5 Ultrafast Fibre Lasers

One of the most significant characteristics of a laser is its operation regime, such as

continuous-wave, Q-switched or mode-locked. The Q-switched technique allows obtaining

pulses of huge energies up to 0.8 J [60] and duration, ranging from µs to ns. However, the

term ultrafast is usually referred to sub-picosecond pulse duration, which could be achieved

by locking of longitudinal modes of a laser. This technique is called mode-locking and has

been realised for the first time in a He–Ne laser, generating 2.5 ns pulses, in 1964 [61].

Nowadays, modern ultrafast laser can achieve the generation of pulses as short as 5 fs in

bulk lasers [62] and 24 fs in ultrafast fibre laser [63] directly from the laser cavity. Due
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to short pulse duration, mode-locked laser systems deliver extremely high peak powers

with a potential to achieve 100 PW [64], enabling investigations of relativistic effects and

extremely high-field physics [65; 66; 67]. The spectral features of ultrafast pulse train,

known as a frequency comb [68], are widely used for fast spectroscopy [69; 70] and fre-

quency metrology [71; 72]. Additionally, mode-locked fibre lasers demonstrated a high

stability performance with frequency instability of 10−18-10−19 [73], that is widely utilised

in high-performance optical clocks [74; 75; 76] and for calibration of astronomical spectro-

graphs [77; 78; 79]. Ultrafast lasers also found a great niche in sensing applications [80; 81].

1.5.1 Mode-locking Mechanism

As was stated above, the mode-locking is a phase synchronisation of the longitudinal

modes of the laser. The frequency separation between longitudinal modes is governed

by the optical length of the laser cavity and calculated as c/(nL) for a ring cavity and

c/(2nL) for a linear cavity, where n is the refractive index. This value is usually rela-

tively small to be resolved by the optical spectrum analyser. A typical Gaussian emission

spectrum is shown in Fig. 1.4(a). If no selective elements are applied, laser tends to emit

quasi-continuous-wave radiation, featuring chaotic intensity fluctuations as a superposi-

tion of numerous longitudinal modes with random phases. Figure 1.4(b) demonstrate the

intensity profile in the temporal domain for a Gaussian spectrum with random phases.

However, a real free-running laser will emit only at particular longitudinal modes due to

intracavity dynamics such as mode competition and the resulting spectra will significantly

differ from the one presented in Fig. 1.4(a). Figure 1.4(c) demonstrates the laser emission

in the temporal domain when the optical modes, depicted in Fig. 1.4(A), are partially

locked. This pattern inherits a more prominent intensity spike. If the entire optical spec-
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Figure 1.4: (a) A typical optical spectral profile with corresponding temporal intensity
profiles, when the longitudinal modes are: (b) not phase-locked, (c) partially phase-locked
and (c) fully phase-locked (a transform-limited pulse with duration of 100 fs). (e) An
optical spectra with doubled spectral width, which corresponds to a (f) transfrom-limited
pulse duration of 50 fs.
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trum is phase-locked (synchronised), in the temporal domain it results in one energetic

intensity peak (pulse), circulating in the laser cavity. These figures are presented here to

schematically demonstrate the significance of the spectral phase on the resulting intensity

profile in the temporal domain.

When all longitudinal modes are synchronised, the pulse is known to be transform-

limited. The duration of the transform-limited pulse depends on the width and the shape

of the corresponding optical spectra. It is useful to introduce the Time-Bandwidth Product

(TBP) = ∆τ ·∆ν, where ∆τ is pulse temporal duration at Full Width at Half Maximum

(FWHM) and ∆ν is corresponding spectral FWHM. The TBP indicates how close a pulse

duration to the transform-limited one (e.g. TBP≈ 0.315 for a sech2-shaped pulse and

≈ 0.44 for a Gaussian-shape pulse). As an example, Figure 1.4(e) shows a broader pulse

spectra, compared to Fig. 1.4(a), which corresponds to a limited pulse duration of 50

fs, shown in Fig. 1.4(f). To generate a sech2-shaped pulse with a duration of 50 fs, the

bandwidth should exceed 6.3 THz, that is 50.8 nm for a central wavelength of 1555 nm.

Thus, active media with broader emission spectra is preferred to achieve shorter pulse

durations.

Mode-locking generation

The process of ultrashort pulse formation in mode-locked lasers with a parabolic gain

profile can be best described in the temporal domain as a function of distance by the

modified nonlinear Schrödinger equation [82; 83]:

∂A

∂z
= − i

2

(
β2 + i

g

Ω2
g

)
∂2A

∂t2
+ iγ|A|2A+

1

2
(g − l)A (1.12)

, where A is the slowly varying electric field moving at the group velocity along the

propagation distance z, β2 is the Group Velocity Dispersion (GVD), Ωg is the parabolic

bandwidth of the gain, g and l are the gain and loss coefficients correspondingly. Note, that

this model does not take into account the gain dynamics of the active medium (details on

the numerical approaches for accounting the gain dynamics could be found in Ref. [84]).

γ = 2πn2/λAeff is the nonlinear coefficient responsible for the Self-Phase Modulation,

where λ is the operational wavelength, Aeff is effective fibre mode area, and n2 is the

nonlinear refractive index of fibre (n2 = 3.2 ·10−20 m2/W for the standard silica fibre [85]).

Figure 1.5 demonstrates a typical picture of mode-locking generation in the temporal

and frequency domains. If the longitudinal modes of the laser are synchronised, the

output radiation consists of equidistant pulses, which are commonly referred as a pulse

train. In the temporal domain, the pulse train is characterised by the pulse duration, the

temporal separation between consecutive pulses, and the absolute phase. The temporal

pulse spacing TR is governed by the cavity length as TR = Ln/c and ranges from hundreds

of picoseconds to hundreds of microseconds. This pulse repetition rate is known as a

fundamental repetition frequency frep = 1/TR = c/(Ln) and equals to the inter-mode
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separation of the laser cavity, ranging from kHz to GHz.

The absolute phase is defined as the difference between the optical phase of the carrier

wave with respect to the envelope and is also called a Carrier-Envelope Phase (CEP) ϕce

(Fig. 1.5(a)). The CEP arises due to a mismatch between the group and phase velocity of

the wave packet [86]. The CEP is normally not important for pulses with duration longer

than several carrier-wave cycles. However, the absolute phase becomes relevant for pulses

of duration of a few optical cycles, affecting the pulse electric field, which is crucial for

application in extreme high-field physics [87; 88].

In the frequency domain, the pulse train presents as equidistant narrow lines, which

are longitudinal modes of the laser cavity, and usually are referred to as a frequency comb.

The frequency separation between individual lines is governed by the laser cavity and

equals the repetition frequency of the pulses ∆f = c/Ln = frep = 1/TR. The entire comb

is shifted from the zero frequency by the Carrier-Envelope Offset (CEO) frequency fCEO,

which is the pulse-to-pulse slippage of the CEP of a pulse train. The CEO frequency relates

to the CEO phase as: fceo = frep ·mod(ϕce, 2π)/2π. In other words, the CEO frequency

(or phase) emerges when the accumulated absolute phase per single cavity roundtrip is not

an integer multiple of 2π. If the carrier slips through the envelope by an integer multiple

of 2π through single roundtrip, no pulse-to-pulse phase shift occurs and the frequencies

are not shifted from the zero value (fceo = 0). For example, the pulse train depicted in

Fig. 1.5 has a CEO phase of π and correcponds to the CEO frequency of fceo = frep/2.

Thus, the entire frequency comb can be fully described by two values νn = fceo + n · frep
(has only two degrees of freedom).

The mode-locking mechanism has been intensively studied for several decades [83; 89;

90; 91]. The mode-locking can be achieved by inserting an intensity-selective element

(active or passive), which introduces additional losses for low-intensity light and, thus,

supporting propagation only of high-intensity spikes.

The first mode-locking generation was achieved by using an intensity modulator, oper-

ating at a frequency equals to the mode spacing [61]. The usage of an active element, such

as an acousto-optic or electro-optic modulator, is known as an active mode-locking. The

amplitude modulator inside the laser cavity is acting as a transmission gating at the cavity

roundtrip frequency. An intensity spike, arriving at the maximum transmission, is passed

with relatively low loss, while another radiation is significantly attenuated [92]. The main

drawback of active mode-locking is that it produces pulses with picosecond durations [91].

A passive mode-locking technique is able to produce pulses with a duration of 5 fs [62].

The passive mode-locking relies on the usage of a saturable absorber inside the laser

cavity. The saturable absorber acts as an intensity discriminator by transmitting high-

intensity spikes and suppressing low-intensity radiation. Nowadays, there is a big diversity

of saturable absorbers, which could be divided as a real and artificial.
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Figure 1.5: A typical picture of mode-locking generation in the time and frequency do-
mains. The frequency mode separation is shown for a better illustration, while the real
spectrum can contain thousands of modes and even more.

Real saturable absorbers

Real saturable absorber is a material, which inhibits highly-nonlinear behaviour. A perfect

saturable absorber can be understood as a material with two-level energy states: the inci-

dent low-intensity light excites electrons to the upper energy states, and, as a consequence,

is strongly attenuated, while high-energy spikes are able to excite all electrons to the upper

states and be transmitted with much less attenuation. Numerically, the attenuation of a

saturable absorber can be simulated:

q(t) =
q0

1 + Pin
Psat

+ qns (1.13)

, where q0 is the modulation depth, qns is the non-saturable loss, Pin is the input peak

power, and Psat is the saturation peak power at which the absorption coefficient is half

of the non-saturable value. The modulation depth, non-saturable losses, and saturation

power define the quality of the saturable absorber. Figure 1.6 shows the effect of a sat-

urable absorber on the input radiation taken from Fig. 1.4(b-d). It can be seen, that the

lower-intensity spikes are strongly attenuated, while the single energetic pulse passes the

saturable absorber with an attenuation close to the non-saturable coefficient. Moreover,

the saturable absorber tends to shorten the pulse duration, since the intensity wings of

the pulse experience stronger attenuation than the peak.

Equation 1.13 presents a simplified model of a saturable absorber when the excited
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Figure 1.6: (a - c) Transmitted intensity after the action of a saturable absorber on the
input intensity, corresponding to the Fig. 1.4(b-d). The saturable absorber parameters
are: modulation depth q0 = 0.9, non-saturable absorption qns = 0.1 and the saturation
power Psat = 0.1 a.u.

electrons are instantly decaying to the ground state. A real saturable absorber has a

relaxation time, which ranges from sub-picosecond to tens of picoseconds [93]. Nonetheless,

real saturable absorbers allow to generate pulses with a duration much shorter than the

inherited relaxation time.

Active media, such as dyes, were the first known materials exhibiting saturable ab-

sorption properties [94; 95]. However, dyes require elaborated design and their op-

tical properties experience degradation over time. A breakthrough design consisted of

multiple-quantum-well absorber and Bragg mirror, have been introduced in 1992 by U.

Keller [93; 96]. This design, Semiconductor Saturable Absorber Mirror (SESAM), allows

to carefully manipulate the optical parameters of the saturable absorber. The limitations

of the SESAMs are their relatively long relaxation time (from a few to tens of picosec-

onds) [97] and limited modulation depth (∼20% [98]) with narrow optical bandwidth and

degradation under strong incident radiation.

Another material, inheriting strong saturable absorption, is Single-Walled Carbon Nan-

otubes (SWNTs). SWNTs were first applied as a saturable absorber in an Erbium-doped

fibre laser in 2003 [99]. Carbon nanotubes have broad operational bandwidth, fast relax-

ation time (∼200 fs [100]) and the modulation depth can reach the value of 64% [101].

However, carbon nanotubes inherit low uniformity and repeatability of optical properties,

which limit their commercial production.

The development of a cost-effective material with high non-linearity and ultrafast re-

laxation time is of interest of many research groups world-wide. For the last decade,

numerous new materials have emerged: graphene [102; 103], topological insulators [104],

transition metal dichalcogenides [105; 106], metallic MXene[107; 108], and black phospho-

rous [109; 110]. Recently, Wang et al. have demonstrated that plasmonic metasurfaces

also exhibit saturable properties [111].

Artificial saturable absorbers

Artificial saturable absorbers are based on non-linearity of the refractive index due to the

Kerr effect. The non-linear refractive index in glass has the response time of the order of
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Figure 1.7: Typical implementation of: (a) figure-of-8 laser with a Non-linear Optical
Loop Mirror and (b) figure-of-9 laser with a Non-linear Amplifying Loop Mirror.

a few femtoseconds [112], thus, artificial saturable absorbers are usually referred to as a

fast saturable absorber. Among the most prominent techniques utilizing non-linear prop-

erties of the refractive index are Non-linear Polarisation Rotation (NPR) [113], Non-linear

Optical Loop Mirror (NOLM) [114], Non-linear Amplifying Loop Mirror (NALM) [115] in

optical fibre and Kerr-lens mode-locking [116] in bulk lasers.

The operational principle of the NOLM is based on destructive interference of the

low-intensity beam and constructive interference for high-intensity radiation. The NOLM

consists of a Sagnac loop mirror, where the incoming beams from a gain media are divided

into two counter-propagating beams in the input optical coupler. Since both counter-

propagating pulses pass the same optical paths, they accumulate equal phase shifts. To

achieve a non-identical phase shift, the input coupler is set to transmit beams of dif-

ferent intensities in counter-propagating directions. Thus, counter-propagating beams

will acquire different phase shifts associated with the Kerr non-linearity. Onwards, the

loop transmittance will vary depending on the accumulated phase difference between the

counter-propagating beams. By choosing the coupler division ratio and controlling the

polarisation states of the counter-propagating beams, it becomes possible to achieve in-

tensity selection as required for a saturable absorber. An example of the laser cavity

with the NOLM is presented in Fig. 1.7(a) and called a figure-of-8 laser. The polarisation

controller is used inside the loop mirror to produce an additional phase shift between

counter-propagating pulses. A modification of this approach includes an active gain me-

dia inside the Sagnac loop mirror to increase the difference in the accumulated non-linear

phase shifts of counter-propagating pulses [117]. This technique is known as a NALM and

its implementation in a figure-of-8 laser is shown in Fig. 1.7(b).

The mechanism of the NPR is shown in Fig. 1.8 and can be explained as follows.

Firstly, an input pulse is linearly polarised after passing the first polariser. The first

waveplate adjusts the polarisation state to an elliptical one. The elliptically polarised

pulse propagates through a non-linear Kerr media, where the different parts of the pulse

(wings and the peak) experience different phase shifts due to the Self-Phase Modulation
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Figure 1.8: Mechanism of the Non-linear Polarisation Rotation.

(SPM) and Cross-Phase Modulation (XPM). Thus, after propagating in the Kerr media,

the pulse has a non-uniform state of polarisation across the pulse envelope in the time

domain. The second waveplate adjusts the polarisation state of the peak of the pulse to

linear, so it matches the following polariser and the pulse peak will be transmitted with a

high coefficient, while the wings of the pulse, featuring different states of the polarisation,

are suppressed.

Severe disadvantages of the NPR are that the polarisation settings drift with tempera-

ture and that it is troublesome to experimentally find and reproduce the appropriate state

of the polarisation. Moreover, this technique requires higher intensities, which make it

difficult to obtain a stable self-starting generation. The mode-locking generation obtained

via the NPR also inherit higher instabilities and noises. However, artificial saturable ab-

sorbers demonstrate better timing jitter than fibre laser mode-locked by a real saturable

absorber [118].

To overcome obstacles of each real and artificial saturable absorbers a hybrid mode-

locking was proposed [119]. While the slow saturable absorber is responsible for a reliable

self-starting generation, the fast saturable absorber shortens the pulse duration. Addi-

tionally, hybrid mode-locking generation results in a better noise performance [120].

Generation regimes in mode-locked fibre lasers

Mode-locked laser experience a big variety of generated pulses, depending on intracavity

parameters such as gain, losses, and net intracavity dispersion map. Figure 1.9 demon-

strates some of the most established generation regimes defined by the intracavity Group

Delay Dispersion (GDD).

One of the best-studied and the first observed operation regime in mode-locked fibre

lasers is the generation of conventional solitons1 [122; 123]. Solitons are formed as a result

1The definitions we use here are widespread in the fibre laser community, while slightly different
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of t h e b al a n c e b et w e e n a n o m al o u s di s p er si o n a n d n o nli n e ar-i n d u c e d p h a s e, d u e t o t h e

S P M. N ot e, t h at t hi s m e c h a ni s m of s olit o n f or m ati o n i s pr e d o mi n a nt o nl y If t h e g ai n

s p e ctr u m i s m u c h l ar g er t h a n t h e p ul s e s p e ctr u m. S olit o n s o b e y t h e s olit o n ar e a t h e or e m

E = 2 |β 2 |/ (τ · γ ), w h er e E i s t h e s olit o n e n er g y, β 2 i s t h e G V D, τ i s t h e s olit o n d ur ati o n,

a n d γ i s t h e n o n-li n e ar p ar a m et er of t h e fi br e. T h u s, f or a gi v e n fi br e wit h fi x e d di s p er si o n

a n d n o n-li n e ar p ar a m et er s, t h e d ur ati o n of t h e p ul s e i s i n v er s el y pr o p orti o n al t o t h e p ul s e

e n er g y. H o w e v er, d u e t o p eri o di c all y o c c urri n g di st ur b a n c e s i n t h e l a s er c a vit y, s u c h a s

l o c al g ai n a n d l o s s e s, t h e s olit o n t e n d s t o e mit c o- pr o p a g ati n g di s p er si v e w a v e s. D u e t o

a r e s o n a nt c o u pli n g b et w e e n t h e s olit o n a n d t h e e mitt e d di s p er si o n w a v e s, t h e s olit o n

s p e ctr a i n h er e nt p ar a siti c p e a k s at c ert ai n w a v el e n gt h s k n o w n a s K ell y si d e b a n d s [ 1 2 4].

T h e t e m p or al s h a p e of t h e s olit o n i s e x pr e s s e d a s s e c h 2 (t / τ ), a n d it i s pr e s er v e d d u e t o t h e

m ut u al a n ni hil ati o n of t h e K err n o n-li n e arit y a n d a n o m al o u s di s p er si o n. T h e g e n er ati o n of

s olit o n s i s v er y st a bl e a g ai n st p ert ur b ati o n s a n d r el ati v el y e a s y t o a c hi e v e si n c e t h e p ul s e

stri v e s t o t h e s olit o ni c s h a p e i n fi br e wit h a n o m al o u s di s p er si o n. B ut, w h e n t h e s olit o n

a c c u m ul at e s a criti c al n o n-li n e ar p h a s e it m a y e x p eri e n c e i n st a bilit y d y n a mi c s wit h w a v e-

br e a ki n g [ 1 2 5] or s plit a p art a n d tr a n sit i nt o m ulti- p ul s e r e gi m e.

B y cr e ati n g a di s p er si o n m a p i n t h e l a s er c a vit y, c o n si st e d of s e cti o n s wit h n or m al

a n d a n o m al o u s di s p er si o n, t h e g e n e r ati o n of s o c all e d di s p er si o n- m a n a g e d s olit o n s c a n b e

a c hi e v e d if t h e r e s ulti n g n et c a vit y di s p er si o n h a s cl o s e-t o- z er o v al u e [ 1 2 6]. T h e s e cti o n s

wit h alt e r n ati n g di s p er si o n c a u s e t h e p ul s e d ur ati o n t o t e m p or all y str et c h a n d c o m pr e s s

b y or d er s of m a g nit u d e o v e r e a c h r o u n dtri p. T hi s br e at hi n g d y n a mi c s si g ni fi c a ntl y r e d u c e

t h e r o u n dtri p n o n-li n e ar p h a s e a n d all o w t o a c hi e v e p ul s e e n er g y 1 0 0-f ol d hi g h e r t h a n t h e

e n er g y of c o n v e nti o n al s olit o n s. N ot a bl y, o wi n g t o a cl o s e-t o- z er o n et c a vit y di s p er si o n,

d e fi ni ti o n s of v a ri o u s t y p e s of s oli t o n s c a n b e al s o u s e d (f o r e x a m pl e a s p r e s e nt e d i n R ef. [ 1 2 1] )
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stretched-pulse fibre lasers demonstrate the lowest level of timing jitter, intensity and

frequency noises [127; 128]. Mover, the dispersion-managed solitons do not inherit spectral

Kelly sidebands.

Generation of self-similar pulses (or similaritons) can be achieved by introducing high

positive dispersion in the laser cavity [129]. Similaritons have a parabolic pulse shape with

a linear chirp and experience remarkable breathing dynamics and do not reach transform-

limited duration inside the cavity. The transform-limited pulse duration can be achieved

by extra-cavity de-chirping. Self-similar pulsed generation pulses do not undergo wave-

breaking and provide even higher pulse energies [130].

Theoretically, the pulse energy of similaritons rapidly scales up with normal net cavity

Group Delay Dispersion [131]. This leads to the advent of the all-normal dispersion cavity

with a generation of dissipative solitons [132]. Lasers, generating the dissipative soliton,

are able to deliver higher pulse energies than any other types of ultrashort pulses [121].

A particularly different generation regime is a generation of dark solitons [133], which,

contrary to the bright pulses, manifest as a train of intensity dips at the fundamental

repetition rate in a continuous-wave radiation [134]. Dark solitons can be formed under

appropriate laser operation conditions such as the normal net-cavity dispersion and, some-

times, the anti-saturable absorber effect (negative cavity feedback) [135]. The fundamental

dark solitons have a tanh2 shape, reaching a zero intensity at the centre of the pulse with a

phase shift of π. Numerical works have demonstrated that dark solitons are less sensitive

to the noise [136], fibre losses [137], and dark soliton interactions [138]. However, a stable

generation of dark solitons is more sophisticated and harder to achieve compared to the

generation of bright solitons.

1.5.2 Characterisation of Mode-locking Generation

Any laser source can be characterised by a number of parameters. The following equations

provide the full energy description of a pulsed laser generation:

Pav. = lim
t→∞

∫ +∞
−∞ A2dt

t
≈
∫ TR

0 A2dt

TR
=

Epulse

TR
[Watt] (1.14)

Epulse = Pav. · TR =
Pav.

frep.
[Joule] (1.15)

Ppeak = η
Epulse

τFWHM

[Watt] (1.16)

where, Pav. is the average power of the laser generation, A is the pulse amplitude, Epulse

is the pulse energy, Ppeak is the peak power (the pulse energy over the pulse duration),

τFWHM is the FWHM pulse duration, TR is the time interval between consecutive pulses

(roundtrip time), and frep. = 1/TR is the repetition rate. η is the conversion constant,

that depends on the temporal shape of the pulse and equals 0.88 for the sech2-shape and
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0.94 for Gaussian-shaped pulses.

One of the trickiest parts of pulse characterisation is to measure its temporal duration.

Unfortunately, even the fastest modern photodetectors cannot provide direct measure-

ments of the duration of ultrashort pulses due to the limited rise time of 15 ps. One of

the most established methods to characterise the ultrashort pulse duration is based on the

autocorrelation of the pulses, i.e. the strobing of a pulse with itself [139]. This device,

called an autocorrelator, provides an autocorrelation of the pulse, from which the tem-

poral duration of the pulse could be extracted, while other parameters such as the pulse

chirp (time variation of the instantaneous frequency νinst = ∂ϕ/∂t) or the CEP remain

unknown. Note, that the autocorrelator cannot unequivocally reconstruct the temporal

profile of the pulse and the temporal duration is estimated for the presumptive pulse

shape. The pulse chirp could be also understood as a non-flat spectral phase and is accu-

mulated due to dispersion and self-phase modulation [140], affecting the pulse shape and

duration. Thus, an unchirped pulse corresponds to the transform-limited shape. To en-

hance the discrimination between the pulse and background noise, autocorrelators employ

nonlinear effects, such as second-harmonic generation (most common), third-harmonic

generation, and dual-photon absorption [141]. In general, autocorrelators provide the best

time resolution of a few femtoseconds. Nowadays, various commercially available devices,

based on the self-strobing of the pulse, provide a full-field characterisation of a ultra-

short pulse, which includes the pulse temporal, spectral, and phase profiles (FROG [142],

GRENOUILLE [143], SPIDER [144]).

To provide any precision measurements it is important to provide a characterisation

of the noise performance of the mode-locking generation. The pulse train in the presence

of noise can be numerically described as [145]:

A(t) = [A0 +∆A(t)]

∞∑
n=−∞

a(t− nTR +∆TR(t))exp{i[2πνct+ nϕce +∆Φ(t)]} (1.17)

where A0 is the electric field amplitude, and ∆A(t) is the amplitude fluctuations, which is

responsible for intensity noise (fluctuations in average power). a(t) is the pulse envelope in

time, TR is the temporal spacing between pulses, and ∆TR(t) is the time deviation of the

pulse envelope position in the time domain from its perfectly periodic position (the timing

jitter). νc is the oscillation frequency, ϕce is the CEP, and ∆Φ(t) is the phase fluctuations

of the field.

Timing jitter

Characterisation of the timing jitter is of particular importance for gyroscopic measure-

ments as the uncertainty in pulse position directly converts to uncertainty in the angular

velocity. In the frequency domain, the PSD of the timing jitter can be treated as the phase
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Figure 1.10: Examples of the experimental results on noise measurements of a free-running
mode-locking generation. (a) RF spectra at the fundamental frequency and (b) the Power
Spectral Density of the Relative Intensity Noise.

noise PSD of the repetition frequency frep. One of the methods to estimate the timing

jitter of the pulse train is the evaluation of the shape and width of the repetition frequency

frep by analysing the RF spectrum of the signal from photodetector [146]. Numerically,

the timing jitter can be estimated as:

∆TR

TR
=

1

2πn
· ( ∆f

∆P · fres
)1/2 (1.18)

here ∆TR is the timing jitter, TR is the temporal spacing between the pulses, n is the

order of the frequency component, fres is the frequency resolution of the RF spectrum,

∆P is the Signal-to-Noise Ratio (SNR), and ∆f is the width of the frequency peak. For a

given fundamental repetition frequency (n = 1) of a used mode-locked fibre laser, depicted

in Fig. 1.10(a), with the SNR of 80 dB, ∆f = 31 Hz and the resolution of 1 Hz, the

estimated timing jitter is ≈ 0.0089% or 5.9 ps for the TR = 66.67 ns. By estimating

the higher orders of the frequency peaks (n > 1), it is possible to evaluate the timing

jitter at higher frequencies. Unfortunately, this method does not characterise the timing

jitter at low frequencies due to the non-repetitive dynamics of mode-locked lasers [147].

Other methods, based on optical heterodyne techniques [148] or balanced optical cross-

correlation [149], demonstrated the measurements of the timing jitter with attosecond

precision.

Intensity noise

Firstly, it is important to evaluate the Signal-to-Noise Ratio of the mode-locking gener-

ation. The SNR can be evaluated from the RF spectra of the signal at the fundamen-

tal repetition frequency. An example of an RF spectrum at the fundamental repetition

frequency of the used mode-locked laser generation is shown in Fig. 1.10(a). The Signal-

to-Noise Ratio (SNR) at the fundamental repetition frequency is ∼80 dB, limited by the

formation of the parasitic sidebands, which correspond to intensity instabilities.
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Similar to the continuous-wave lasers, the intensity noise of the pulse train can be

characterised as the Relative Intensity Noise (RIN). The RIN is a ratio of the average

mean-square fluctuations of the optical power ⟨δP (t)2⟩ to the square of the average optical

power ⟨P (t)⟩2 over different time span T [146; 150; 151]:

RIN =
⟨δP (t)2⟩T
⟨P (t)⟩2T

(1.19)

In the Fourier frequency domain, the Power Spectral Density (PSD) of the RIN can

be represented as:

SRIN (f) =
2

P 2

∫ +∞

−∞
⟨δP (t)δP (t+ τ)⟩exp(i2πfτ )dτ [Hz−1] (1.20)

here P is the average optical power. The RIN PSD can be easily obtained from the Radio

Frequency (RF) spectrum of the signal from the detector. A root mean square value of

the intensity noise can be derived by integrating over a frequency interval:

δP (t)

P
|rms =

√∫ f2

f1

S(f)df (1.21)

In Ref. [152] Authors studied the influence of the intensity noise on the timing jitter and

indicated the following coupling mechanisms: slow saturable absorber, Kramers–Krönig-

related phase change, Kerr non-linearity and Raman self-frequency shift. The RIN is

limited by the shot noise, which can be exressed as:

S =
2hν

P
(1.22)

where h is Planck’s constant and ν is the oscillation frequency of the wave. The RIN,

limited by the shot noise, is frequency independent, owing to the nature of the shot noise.

As an example, a laser generation at the central wavelength of 1550 nm with average

power of 1 mW have shot noise limit of the RIN of 2.46 · 10−16Hz−1 or -156 dBc/Hz.

Figure 1.10(b) presents the RIN PSDs for the mode-locked generation in a free-running

laser and the noise floor of the used photodetector. As can be seen, the intensity noise

in the provided experiment were lower or comparable to the intensity noise of the used

photodetector.

Frequency noise

The frequency noises are fluctuations of the comb lines, which could be fully characterised

by two values fceo and frep. The stability of an oscillation frequency is usually assessed as

an Allan deviation [153]. The Allan deviation is a square root of the Allan variance and

can be estimated as follows:

σ2
y(τ) =

1

2
< (yn+1 − yn)

2 >=
1

2τ2
< (yn+2 − 2yn+1 + yn)

2 > (1.23)
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where σy(τ) is the Allan deviation with units 1/
√
Hz, y is the averaged value over the

integration time τ . The Allan deviation characterises the average difference between two

averaged consecutive measurements, which makes it distinctive from the standard devia-

tion, which estimates the deviation from the mean value. In mode-locked lasers, the Allan

deviation is usually assessed for the repetition frequency frep. Generally, the Allan devia-

tion numerically estimates the ability of the measured frequency to remain unchanged at

different integration times. The Allan deviation at integration time below ∼0.4 s is mostly

governed by the laser system stability. While, at the integration time above ∼0.4 s the

Allan deviation starts to diverge due to environmental fluctuations [154; 155]. Nowadays,

modern mode-locked laser systems are able to achieve the uncertainty of the frequency at

the level of 10−15 at the integration time of 1 s [154; 156]. In the case of laser gyroscopes,

the Allan deviation is measured for the Sagnac frequency and defines the performance of

the gyroscope.

The carrier-envelope offset frequency characterises the phase stability of the pulse train

and has a significant impact on the overall performance of the generated frequency comb.

The first attempt to measure the carrier-envelope phase was demonstrated in 1996 by Xu

et al. [157]. This approach was based on the cross-correlation of consequtive pulses and

provided only relative changes. For the absolute measurements of the CEO frequency a

f − 2f interferometer have been proposed [74; 158]. In the f − 2f interferometer, an

octave-spanning supercontinuum is generated in a highly non-linear fiber to achieve two

oscillation frequencies νn = fceo + n · frep and ν2n = fceo + 2 · n · frep. Then, the nth comb

line is frequency-doubled in a highly nonlinear fibre to achieve the oscillation frequency of

2 · νn = 2 · fceo +2 ·n · frep. Thus, the beat note between 2 · νn and ν2n corresponds to the

fceo. Figure 1.11 demonstrate this technique in the frequency domain and an experimental

setup with an in-line all-fibre f − 2f interferometer.

Another method to measure the absolute value of the CEO frequency is based on

the ionization of an isotropic medium [159; 160]. However, both approaches require a

complex setup, high peak power, and short pulse duration of less than ≈200 fs. In bidi-

rectional mode-locked lasers with matched repetition rates between counter-propagating

pulse trains, the relative difference between CEO frequencies can be easily estimated from

the RF spectrum [161].

The CEO frequency is very sensitive to the intensity noises of the pump source [162]

and environmental perturbations [163]. Moreover, the stability of the CEO frequency

depends on the net cavity dispersion and, as a consequence, on the operation regime of

ultrashort pulses [120]. Thus, the fluctuations of the CEO frequency can be minimised by

designing the laser cavity with a close-to-zero net cavity dispersion [164]. The stability of

the CEO frequency is fundamentally limited by the amplified spontaneous emission of the

used laser [165].

The great advantage of the frequency comb is that it can be fully described by two

values frep and fceo. Since both these frequencies lay in the microwave range, they can
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Figure 1.11: (a) Detection of the fceo in a f − 2f interferometer. (b) Schematic demon-
stration of an all-fibre f−2f interferometer with common path. HNLF – highly non-linear
fiber; DCF – dispersion compensating fiber; PPLN – periodically poled lithium niobate
LiNbO3; BPF – band-pass filter.

be efficiently stabilised through beating with a frequency standard based on atomic tran-

sitions [86; 166].

1.6 Real-time Measurement Techniques

The previously described methods are used to measure time-averaged parameters of a pulse

train, which is useful to characterise the long-term performance. However, mode-locked

fibre lasers inherit non-linear instability dynamics at the time scale of the cavity roundtrip,

which is far beyond the bandwidth of the traditional techniques. Single-shot observation of

these fast non-repetitive dynamics is crucial for the investigation of the ultrafast nonlinear

processes in lasers and provides a broad avenue for application with increased data rates.

Here we will discuss the latest achievements in the real-time measurement techniques and

their potential applications.1

1.6.1 Spatio-temporal measurements

The intensity dynamics of the pulse train in a time domain at each subsequent roundtrip is

known as the spatio-temporal measurements [167]. Modern oscilloscopes allow providing

real-time observations of laser dynamics over the time scales of tens and even hundreds

1Here, by the real-time measurements, we mean single-shot measurements. And while the data analysis
is performed after the recording, these measurements have the potential to be processed in real-time.
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of thousands of round trips. The continuous picture of the time domain can be further

segmented over a time window of the roundtrip time and stacked into a two-dimensional

matrix, forming a spatio-temporal representation of the laser dynamics for every subse-

quent roundtrip [167]. Such a 2D map helps to investigate the evolution of the laser

generation with a complex temporal profile such as in Raman lasers [168] and partially

mode-locked lasers [167]. Figure 1.12 demonstrates the principle of spatio-temporal col-

liding dynamics of two periodic pulses in a mode-locked fibre laser cavity.

The challenge to capture the pulse dynamics in the intensity domain is the limited

response time of used oscilloscopes and photodetectors, which is much longer compared

to the duration of an ultrashort pulse. The temporal resolution of the spatio-temporal

measurement can be estimated by the following expression [169]:

tFWHM =
√
tFWHM

2
PD + tFWHM

2
DSO (1.24)
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Figure 1.12: Principle of the spatio-temporal measurements. The 1D trace of a train of
coupled solitons is converted to a 2D evolution map with window of the round trip time.

45I. Kudelin, PhD Thesis, Aston University, 2021



1.6 Real-time Measurement Techniques

where tFWHM PD and tFWHM DSO are the impulse response time of the photodetector

and the digital storage oscilloscope correspondingly. The response time relates to the rise

time tR as tFWHM = 0.915·tR. Currently, modern combinations of commercially available

fast photodetectors and digital-storage oscilloscopes are limited by the time resolution of

a few tens of picoseconds.

The spatio-temporal technique has demonstrated its efficiency observing the laminar-

turbulent transitions [170], interaction of quasi-stationary localized structures [167] and

rogue wave events [171]. More recently, the method was used in the investigation of the

onset dynamics of laser generation in mode-locked lasers [172; 173]. This method is a linear

approach to capture single-shot fast-evolving dynamics, resulting in a simple measurement

configuration.

The limited temporal resolution of the above method can be efficiently surpassed by

applying a quadratic phase shift across the temporal envelope of the pulse [174]. By further

propagation of the chirped pulse in a dispersive media it will be temporally magnified,

preserving its original temporal shape. This mechanism is equivalent to the action of a

thin lens on a laser beam in space and is known as a time-lens. The quadratic phase

can be efficiently applied by using a phase modulator or by exploiting non-linear effects,

such as the Self-Phase Modulation and four-wave mixing. In Ref [175] Authors used a

commercial available PicoLuz Ultrafast Temporal Magnifier (Thorlabs) with a temporal

magnification of 76.4 and the resulting temporal resolution of 400 fs for investigation of

spontaneous breathers and rogue wave events. A new heterodyne time-lens based on the

a temporal-holography have been demonstrated in 2018 for the full-field characterisation

of the complex ultrashort signals with a temporal resolution of ∼80 fs [176]. With this

setup Authors recently investigated the modulation instability and Akhmediev breather-

like patterns [177]. All in all, the spatio-temporal technique along with time-lens can be

effectively enhance the resolution of the Sagnac effect measurements in the time domain.

1.6.2 Dispersive Fourier Transformation

Another technique, based on the time-stretching, is the Dispersive Fourier Transform

(DFT) [178; 179]. The DFT technique allows single-shot recording of an optical spectrum

of the pulse directly from the oscilloscope trace. Dissimilar to the traditional tools for

measuring optical spectra such as optical spectra analysers, which require long integration

time scales providing the maximum data acquisition speeds in the order of a few Hz,

the DFT technique provides single-shot measurements achieving data rates of tens and

hundreds MHz. Like the time-lens, the DFT exploits the space-time duality and is an

analogue of the paraxial diffraction.

Figure 1.13 schematically demonstrates the operational principle of the DFT. Here, a

pulse is sent through a dispersive element, allowing it to acquire a linear chirp and disperse

in the temporal domain. Thus, the different spectral element delayed by different amount
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of time due to the Group Velocity Dispersion (GVD), forming a spectral profile in the

temporal domain (Fig 1.14(a)). Onwards a 2D map of optical spectra dynamics can be

obtained analogously to the spatio-temporal map (Fig 1.14(c)). In the case of a income

pulse with a complex temporal profile, the DFT technique is able to efficiently capture

the interference pattern.

The dispersive element could be implemented as an arrayed waveguide grating [180],

optical diffraction gratings, and through chromo-modal excitation in a multimode waveg-

uide [179; 181]. However, the use of an optical fibre is preferable and the most widespread

approach due to its simplicity and the capability to provide giant GDD. The acquiring

temporal delay ∆t due to the dispersion can be estimated as:

∆t = Dz∆λ+
1

2

dD

dλ
z(∆λ)2 (1.25)

here D and z is the dispersion and the length of optical fibre, correspondingly. λ and ∆λ is

the central wavelength and the wavelength shift from the central wavelength respectively.

The second term of the equation refers to the higher-order dispersion, which is not linearly

dependent on the wavelengths and, thus, is deleterious. The other maleficent effect which

induces uncertainty in the DFT spectra is the non-linearity of the fibre, which distorts

the optical spectra of the pulse, propagating in the non-linear media. Thus, the perfect

dispersion element should possess a giant GDD and lack the higher-order dispersion and

non-linearities.

Similar to the spatio-temporal analysis, the resolution of the DFT measurements is

determined by the temporal resolution of the used oscilloscope and photodetector. Thus,

by using equations 1.24 and 1.25 we can estimate the spectral resolution, limited by the

measurement equipment as:

δλ =
tFWHM

Dz
=

√
tFWHM

2
PD + tFWHM

2
DSO

Dz
(1.26)

Dispersive element

Input pulse
DFT spectra

Time Frequency

Figure 1.13: Principle of the Dispersive Fourier Transformation technique.
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Here, we have neglected the higher order dispersion. Since the DFT technique is the

temporal analogue of the far-field diffraction, where the minimal beam radius is limited

by the width of the slit and a viewing distance, the spectral resolution of the DFT is also

limited by the total accumulated GDD as [178]:

δλGDD = λc

√
2(c|D|z)−1 (1.27)

where λc is the central wavelength and c is the speed of light in vacuum. It seems reasonable

to increase the accumulated GDD, however, to avoid the overlapping between spectra of

consecutive pulses, the following relation should be satisfied: Dz∆λ < TR. More discussion

on the DFT resolution in the presence of noises is presented in Appendix A.

The mathematical properties of the Fourier transform can be further exploited to

obtain a pulse-resolved field Autocorrelation function (ACF), known as the first-order ACF

or the temporal coherence function. The Wiener-Khinchin theorem states that the single-

shot first-order ACF could be obtained by applying the Fourier transform of the individual

single-shot power spectrum. However, since the DFT technique does not provide the

spectral phase information, the numerically obtained ACF is chirp-free (i.e. assuming that

the spectral phase is constant over the wavelengths). Thus, the numerically obtained ACF

can be interpreted as a chirpless analogue of the real first-order ACF. In other words, the

interpretation of the numerical ACF needs the assumption that the measured ultrashort

pulses have a negligible chirp. Nevertheless, the obtained first-order ACF contains the

information on the temporal separations between pulses independent of their chirp.

The single-shot ACF attains particular interest for investigating complex dynamics

of coherent structures such as multiple coupled solitons. Numerically, the ACF of two

identical bound solitons can be expressed as [182]:

R(τ ′) = 2

∫
I0(ω)e

iωτ ′dω + e−iϕ

∫
I0(ω)e

iω(τ+τ ′)dω + eiϕ
∫

I0(ω)e
iω(τ−τ ′)dω (1.28)

where I0(ω) is the optical spectrum of a single pulse, τ is the time separation between

pulses, and ϕ is the relative phase. Thus, data on the relative pulse separation and phase,

retrieved from the interferometric pattern, could be further exploited in many applications

as will be discussed later. An example of a numerically-obtained single-shot ACF of two

closely-separated pulses is shown in Fig.1.14(b) and its 2D map in Fig.1.14(d). This

technique is very accurate for bandwidth-limited pulses, however, it also is able to provide

the data of energy distributions for highly-chirped pulses. In order to spectrally resolve

the two-pulse interference, the spacing between the pulses τ should lie in the following

range:

2/∆νFWHM < τ < 1/2νres (1.29)
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Figure 1.14: A single-shot (a) DFT spectra and (b) a corresponding first-order autocorre-
lation function. 2D maps of (c) spectral evolution and (d) corresponding autocorrelation
function of two solitons.

where ∆νFWHM is the FWHM bandwidth of the pulse spectra and νres is the frequency

resolution of the DFT measurements. The left-hand side of the equation denotes that

at least two modulation periods should be fitted in the FWHM interferogram. While

one modulation period should be enough to recognize the interference, practically, the

interferometric pattern could not be uniquely distinguished since the modulation occurred

mainly at the wings of the interferometric spectra, which could be distorted due to the

presence of noises. The right-hand side restricts the maximum pulse spacing due to the

spectral resolution of the DFT measurements.

Due to the Fourier Transform properties, the resolution of the numerically obtained

ACF δτ is inversely proportional to the covered wavelength span:

δτ =
λ2
cDz

c · TR
(1.30)

where c is the speed of light in vacuum and λc is the central wavelength. This equa-
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tion provide a trade-off between the resolution of the DFT and the ACF due to limited

roundtrip time TR. However, the resolution of the ACF can be numerically increased by

using a zero-padding method. On the other hand, the maximum delay time of the ACF

is inversely proportional to the resolution of the DFT:

∆τ =
λ2
cDz

c · tFWHM
(1.31)

The Dispersive Fourier Transform technique opened a great avenue for investigation of

many high-speed and non-repetitive processes such as build-up dynamics of conventional

solitons in Ti:Sapphire lasers [172], fibre lasers [173], and dissipative solitons [183], Q-

switched instabilities [184], and bound solitons [185]. This real-time measurements also

revealed many ultrashort dynamics which are invisible for the traditional measurement

techniques, including soliton pulsations [186; 187] and soliton-similariton dynamics [188].

By extracting the relative phase and temporal spacing between the coherent structures

from the interferometric pattern, internal dynamics of soliton molecules and optical soliton

molecular complexes have been experimentally revealed [182; 189]. By combining both

the time-lens and the DFT it is possible to characterise the full-field of the pulses by using

the iterative Gerchberg Saxton algorithm [190]. Other techniques have been also reported

to reconstruct the full-field of the ultrashort pulses based on the DFT measurements [191;

192]. Moreover, since the DFT measurements provide a continuous set of useful data, it

becomes possible to control and predict the mode-locked generation via emerging data

processing techniques such as Machine Learning [193; 194; 195].

Apart from the fundamental interest in non-linear fibre optics, many sensing capabil-

ities of the DFT technique with high acquisition rates have been demonstrated, e.g. dis-

placement sensing and barcode reading [196], cellular imaging [197], imaging of ultrafast

laser ablation [198], and microfluidic flow imaging [199]. Recently, a spectrally scanning

LiDAR system with line rate in MHz range has been presented [200]. All these make the

Dispersive Fourier Transform technique a very powerful tool both for fundamental science

and real-world applications.

1.7 Summary

This Chapter has outlined the major historical developments in the areas of laser gyro-

scopes and ultrafast fibre lasers. We discussed operation basics for detection of angular

velocity via laser beams and provided the main measurements techniques, indicating their

advantages and limitations. We also reviewed the source of noises in laser gyroscopes.

The underlying mechanisms of mode-locking generation and various saturable absorbers

are also provided. We also included a broad discussion on the characterisation of mode-

locking generation in terms of stability, such as intensity and frequency noises. We in-

troduced recently emerged real-time measurement techniques, describing their operation
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principles, and outlined their perspectives in further applications. In the following chap-

ters, we intend to demonstrate that the real-time techniques alongside with mode-locked

fibre lasers can be powerful tools in gyroscopic and other phase-based applications.
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Chapter 2

Bidirectional Mode-locked Fibre

Lasers for Gyroscopic

Measurements

Ultrafast fibre lasers offer a big variety of cavity designs. One of the most peculiar designs

is the bidirectional laser cavity, which allows a generation of two counter-propagating

pulse trains. The bidirectional mode-locked lasers provide the best solution when two

pulse trains are required for such applications as dual-comb spectroscopy and gyroscopic

measurements. However, the bidirectional generation inherits unique pulse dynamics and

imposes several restrictions on the laser cavity. In Section 2.1 we review the bidirectional

cavity designs, their advantages, and the possibility to observe the Sagnac effect.

Counter-propagating solitons, generated in a bidirectional laser, undergo complex dy-

namics due to their continuous interactions in the laser cavity. In Section 2.2 we provide

an experimental results on the pulse onset dynamics in bidirectional laser cavity recorded

via the Dispersive Fourier Transform (DFT) technique. We demonstrate that counter-

propagating beams experience complex energy interchange between counter-propagating

channels, which strongly affects the laser generation regime at the steady state operation.

Section 2.3 focus on gyroscopic capabilities of bidirectional mode-locked fibre lasers.

We discuss the up-to-date results on measurements of angular velocity by using bidi-

rectional mode-locked lasers. Then, we demonstrate experimental results on gyro mea-

surements by using the spatio-temporal technique to observe the temporal Sagnac effect,

and the DFT technique for investigation of the relative phase dynamics between counter-

propagating pulses.

2.1 Design of Bidirectional Mode-Locked Fibre Lasers

The realisation of a bidirectional mode-locking generation in a ring cavity imposes sev-

eral fundamental restrictions due to continuous interactions between counter-propagating
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beams. The presence of a real saturable absorber in the bidirectional laser cavity initi-

ates a mechanism of colliding mode-locking. This mechanism was firstly introduced in a

bulk laser in 1981 [201] and refers to the interaction of two oppositely directed pulses in

the saturable absorber. Since both counter-propagating beams saturate the absorber by

crossing the absorber at the same time, the colliding mode-locking substantially reduces

the threshold of the laser generation. This mechanism also enforces counter-propagating

pulses to collide in the saturable absorber, synchronising the repetition rates of counter-

propagating pulses. Moreover, Authors in Ref. [201] indicated that pulses formed owing to

the colliding mode-locking, inherit shorter durations and better stability. This mechanism

is crucial in bidirectional mode-locked lasers in which both counter-propagating pulses

excite the same saturable absorber. However, colliding mode-locking can be avoided by

designing the laser cavity in a way to violate cavity symmetry in opposite directions and

introducing an additional saturable absorber.

Firstly, we consider the NOLM/NALM cavity configuration. This design attracts the

interest since it has a linear cavity design and does not support a truly bidirectional

laser generation. However, it contains a Sagnac loop mirror with two counter-propagating

beams inside, allowing to provide gyroscopic measurements. The cavity designs of the

NOLM/NALM are shown in Fig. 1.7. The advantage of this setup is that it does not

require any further modifications. Moreover, NALM-based fiber lasers, implemented with

a polarisation maintaining fiber, demonstrated outstanding timing jitter and noise perfor-

mances [202; 203].

The simplest cavity design, able to maintain a bidirectional mode-locked generation,

is a common ring cavity configuration with the use of a single saturable absorber. In

2008 this cavity setup was firstly used to demonstrate the bidirectional mode-locked fibre

laser in Ref. [1] and is schematically shown in Fig. 2.1(a). In this work Authors used

SWNTs as a saturable absorber and achieved pulses with duration of 640 fs and 597 fs

in the clock-wise (CW) and counter-clockwise (CCW) directions. In other work [204]

Authors used a similar cavity setup to produced ultrashort pulses with durations of 2.6

ps and 2 ps in the clock-wise (CW) and counter-clockwise (CCW) directions, respectively.

The Authors demonstrated that by adjusting the intracavity birefringence it is possible

to control the parameters of the output pulses and, particularly, perfectly match the

central wavelengths and the repetition rates of the counter-propagating pulses. Other

saturable absorbers operating in a transmission regime can be also used for achieving the

bidirectional mode-locking generation in a similar cavity design. Recently, B. Li et al.

reported on the bidirectional mode-locking generation achieved by solely exploiting the

Non-linear Polarisation Rotation (NPR) technique in a fibre laser [205].

Abdukerim et al. demonstrated another all-fibre cavity design for bidirectional mode-

locked generation, shown in Fig. 2.1(b) [2]. The mode-locking generation was achieved

by the co-action of the NPR effect and a single SESAM. Authors presented a generation

of ultrashort pulses with durations of 2.4 ps and 3.2 ps in the CW and CCW directions,
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Figure 2.1: Bidirectional mode-locked fibre laser designs: a) Simple ring cavity with a sat-
urable absorber [1], b) Ring cavity with two optical circulators, isolators and a SESAM [2],
c) Cavity setup with four-port circulator and two SESAMs [3], d) Ring cavity with a
hybrid mode-locking, basen on real saturable absorber and the Non-linear Polarisation
Rotation [4; 5]

correspondingly. However, this approach demonstrated relatively low SNR of ∼40 dB.

Moreover, this laser cavity inherits higher losses due to the presence of two optical couplers

inside the laser cavity. Due to different optical paths for counter-propagating beams, a

difference in the repetition rates can be achieved, while the central wavelength of the

counter-propagating pulses could be independently controlled by adjusting the polarisation

controllers. An important feature of this cavity setup is that the different paths of counter-

propagating pulses allow to independently adjust the generation in opposite directions and

to provide an active feedback for pulse stabilisation.

Another design of a bidirectional mode-locked laser cavity with a four-port circulator

has been reported by Ouyang et al. [3] (Fig. 2.1(c)). By introducing a four-port circulator

in the laser cavity, the pulses had different optical paths and do not share the saturable

absorber. Thus, this cavity configuration does not inherit the mechanism of the colliding

mode-locking. Moreover, the total cavity setup is less cost-efficient due to the use of an
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additional SESAM. Authors reported generation of conventional solitons with duration

of 138 fs and 318 fs in the CW and CCW directions, correspondingly. The SNRs at the

fundamental repetition rate in both directions were greater than 80 dB, which indicates

about high stability of the laser generation.

Figure 2.1(d) presents another cavity configuration for bidirectional mode-locking gen-

eration. This setup is similar to the traditional uni-directional ring-cavity setups with the

hybrid mode-locking, except for the absence of an optical isolator. Such a cavity configu-

ration has been used to achieve bidirectional mode-locking in Ref. [4; 5]. Both mentioned

works exploited hybrid mode-locking with the use of the SWNTs and the NPR effect. To

achieve the NPR effect in the opposite directions in an all-fibre cavity, Authors used a

highly-bent polirising fibre, which induces a polarisation-dependent losses [206]. Authors

of Ref. [4] investigated various generation regimes in such a laser cavity. For a conven-

tional soliton generation, they reported on pulse duration of 502 fs and 524 fs for the CW

and the CCW directions with the corresponding SNR exceeding 60 dB in both directions.

Moreover, Authors demonstrated that this duration was lower than the pulse duration in

the same laser, operated in the unidirectional regime, which highlights the significance of

the colliding mode-locking.

A general drawback of laser cavities, where counter-propagating beams pass exactly

the same optical paths, is that it complicates the implementation of an active stabilisation

of the laser generation in counter-propagating directions. Only a few works have been

reported on the stabilisation of the bidirectional mode-locking generation [207; 208] and

more investigations are required for efficient stabilisation of counter-propagating beams

for gyroscopic measurements. Additionally, the stability of the bidirectional mode-locking

generation can be improved owing to the colliding mode-locking. On the other hand, the

colliding mode-locking induces a complex synchronisation dynamics forcing the pulses to

always collide in the saturable absorber, which may obstruct the gyroscopic measurements

since the Sagnac effect manifests as a temporal shift. Additionally, a shared active media

also induces a complex energy exchange between counter-propagating waves. Owing to this

energy exchange dynamics, one of the directions may become dominant with an extinction

ratio of up to 10 dB, leading to a quasi-unidirectional generation [209; 210], Q-switched

instability, or multi-soliton generation [211]. Thus, it is crucial to investigate the pulse

dynamics in bidirectional mode-locked lasers.

2.2 Dynamics of Counter-propagating Waveforms in Bidi-

rectional Mode-locked Laser

In this Section we present experimental results on complex dynamics of counter-propagating

waves inside the ring all-fibre mode-locked laser. Previously demonstrated works had

a sharp focus on conventional mode-locked Ti:sapphire or unidirectional fiber lasers,
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and studied pulse interactions such as repulsion and attraction or phase change in co-

propagating soliton complexes, e.g., soliton molecules [182; 212]. Still, the lack of experi-

mental and theoretical studies of underlying soliton dynamics in bidirectional mode-locked

lasers presents a significant restriction toward the advancement of bidirectional ultra-

fast laser generation for their further applications. Moreover, bidirectional fibre lasers

present unique systems allowing directionally uninhibited generation, resulting in com-

plex dynamics and interactions between counter-propagating beams. The interactions

of counter-propagating waves are a result of two mechanisms: direct soliton-soliton in-

teractions through collision owing to the Cross-Phase Modulation (XPM); and indirect

interaction owing to intracavity components with parameters varying in time such as

the saturable absorber and the gain media. As an example, the collision of both pulses

in a saturable absorber leads to the formation of the transient grating in the saturable

absorber and is responsible for colliding mode-locking [201]. In turn, the colliding mode-

locking may result in a synchronisation dynamics of counter-propagating pulses. Another

type of indirect interactions of the pulses arises owing to the dynamics of the gain media.

The pulse arriving first in the active media may experience stronger gain, depleting the

population inversion and reducing the gain for the counter-propagating wave. These in-

teractions may lead to instability dynamics of the laser generation and affect the usage of

the bidirectional mode-locked lasers. These interactions and underlying physical processes

significantly stand out from interactions of co-propagating pulses [213] or, for example,

within bound soliton states [189]. Optical effects in bidirectional mode-locked cavities

were scantily studied experimentally [214; 215; 215], while considered theoretically only

outside laser cavities [216; 217]. However, the bidirectional mode-locked lasers are still

lacked theoretical investigations due to computational complexity and more experimental

works are required.

Here, we present the mutual switch-on dynamics of counter-propagating solitons with

synchronised and unsynchronised repetition rates in a bidirectional hybrid mode-locked

Erbium-doped ring fibre laser using the spatio-temporal and the DFT measurements. We

demonstrate the formation of counter-propagated pulses from the modulation instability

and the Q-switched Mode-Locked (QML) pulses through beating dynamics. Moreover, we

indicate the role of the QML in further pulse evolution, including the formation of multi-

soliton structures. Coherent complexes of two and three solitons are obtained, involving

complex dynamics such as collisions with the emission of the dispersive waves. For a

better understanding, we present the pulse-to-pulse energy variations and define a new

localisation parameter to track shot-to-shot energy redistribution for each of the counter-

propagating pulses. We demonstrate that redistribution of energy between the counter-

propagating channels takes a key role in the formation of persistent bidirectional mode-

locked generation. These results shed light on the further understanding of nonlinear

dynamics in bidirectional soliton systems and other non-linear systems with colliding and

interacting ultrashort pulses.
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2.2.1 Experimental setup

The laser used for the investigation of the pulse dynamics is schematically shown in Fig. 2.2

and is presented in details in Ref. [5]. A 2-m erbium-doped fibre (Liekki Er30-4/125),

pumped via a laser diode at 980 nm trough 980/1550 wavelength division multiplexor,

was used inside the cavity as an active media. A hybrid mode-locking was realised via a

co-action of Single-Walled Carbon Nanotubess and the Non-linear Polarisation Rotation

effect. A 6-m of polarising fibre with the bow-tie geometry, bent in a ring with a radius

of 5 cm, was used as a reciprocal polarisation-selective element with an extinction ratio of

30 dB to perform the NPR effect in opposite directions. Two polarisation controllers were

used for accurate adjustment of the operation regime. The total cavity length was 13.4

m with anomalous dispersion, which allowed the bidirectional generation of conventional

solitons at the repetition frequency of ∼15 MHz. This cavity configuration allowed two

types of generation: when the repetition rates of counter-propagating pulses are synchro-

nised; and when the counter-propagated pulses have slightly different repetition rates in

the range of 20-100 Hz, which could be managed via the polarisation controllers. The

pump power was set at 97 mW, which was the threshold of the colliding mode-locked

generation. The bidirectional mode-locked fibre laser in the steady-state generates near

transform-limited 570 fs and 790 fs soliton pulses at 1555 nm central wavelength with syn-

chronised repetition rate of 14.78 MHz in both directions. The phenomenon of identical

central wavelengths of counter-propagating solitons refers to the colliding mode-locking

and the equal optical paths in opposite directions [1; 218]. The output power was 1 mW

in a clockwise direction, and 0.4 mW in a counter-clockwise direction. However, the direc-

tion with the highest energy was governed by the adjustment of the PCs, that highlights

the influence of NPR effect on the pulse formation [5]. However, one direction always

dominated, and no generation with equal pulse energies was obtained during our experi-

ments. The RF spectrum of the fundamental repetition rate with SNR of 80 dB is shown
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in Fig. 1.10(a). The timing jitter, evaluated from the RF spectrum, assessed to a value

less than ∼0.87 ps. Figure 1.10(b) shows the RIN of the laser generation, which indicates

low intensity noises.

The experimental setup for simultaneous observations of the spectral and the temporal

evolution is shown in Fig. 2.2. A 2X2 3-dB coupler is used as an output coupler for

observation of both counter-propagating waves. To avoid spurious back-reflections into the

laser cavity, both output beams pass polarisation-insensitive isolators. For simultaneous

recordings of the bidirectional generation in the spectral and the temporal domains we

used the following strategy: both output beams are combined in another 3 dB coupler with

a temporal spacing close to the half of the pulse period in order to avoid overlapping; one

arm of the latter 3-dB coupler directly connected to a photodetector for recording of the

spatio-temporal measurements; while the other output passes the DFT line before being

made incident on another photodetector. The measurement equipment consisted of 33 GHz

Digital-storage oscilloscope (Agilent DSOX93204A) and two 50 GHz photodetectors. The

DFT line was realised as a 11 km of dispersion compensating fibre with GDD of -1200

ps/nm. Using the expressions 1.26 and 1.24, the calculated resolution estimated as 0.021

nm and 25 ps for the DFT and the spatio-temporal measurements, respectively. This

spectral resolution of the substantially exceeds the typical spectral resolution in previous

works of 0.1 nm [172; 188; 190], which allows us to observe the spectral dynamics in more

details. Moreover, high spectral resolution provides a high maximum temporal delay of the

numerically obtained ACF of 330 ps. More discussion on the DFT resolution is presented

in Appendix A.

2.2.2 Build-up dynamics of unsynchronised pulses in bidirectional mode-

locked fibre laser

Figure 2.3 demonstrates the experimental results on typical formation dynamics of both

clock-wise and counter-clockwise pulses, recorded over the complete build-up process using

the DFT technique. To register the build-up dynamics we followed the following proce-

dure: firstly we adjusted the Polarisation Controllers (PC) to generate unsynchronised

ultrashort pulses in opposite directions and set the oscilloscope trigger to the level of the

stable pulse generation; then, we slightly detuned the PC to transit back to the generation

of the continuous wave; finally, by adjusting the PC to the state when we observed the

bidirectional generation, the newly-generated pulses trigger the oscilloscope to capture

single measurements, allowing us to register the pulse formation dynamics. The elec-

tronic PC we used could be controlled from the computer with high precision, allowing

adjustment to the exact state when the bidirectional generation was observed. Note, that

this dynamics was observed by changing the intracavity polarisation states rather than

changing the pump power.

The complete build-up dynamics in both directions, measured via the DFT, is shown
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Figure 2.3: Experimental results of the spectral build-up of bidirectional solitons: (a)
clockwise (CW) and (b) counter-clockwise (CCW). The spectra crops from the DFT mea-
surements at (c) 150th, (d) 200th, (e) 500th, and (f) 1000th roundtrip. (g) Dynamics of the
energy of counter-propagating pulses and the energy of background radiation (continuous-
wave).

in Fig. 2.3(a-f). The formation dynamics features four transition stages, starting from

modulation instability, sequentially undergoing through beating dynamics, and further

formation of final steady bidirectional mode-locking generation through multi-peak struc-

tures.

Alongside with the spectral information, it is important to investigate the energy distri-

bution between the opposite-circulating beams. To calculate the pulse energy we integrate

its spectral profile over wavelengths, which according to Parseval’s theorem corresponds to

pulse energy and is demonstrated in Fig. 2.3(g). To calculate the background radiation or

the energy preserved as the continuous-wave radiation, we integrated the noise background

floor. The energy units were normalised to the energy of the pulse in the CW direction

during the stable bidirectional mode-locking generation.

By exploiting the Wiener–Khinchin theorem as was described in Section 1.6.2, we

obtain the single-shot first-order Autocorrelation function (ACF). Since the generated

solitonic pulses are close to their bandwidth-limited durations, we can assume that both

pulses inherit only a negligible chirp. This fact allows us to interpret the numerically

obtained ACF to investigate the pulse dynamics. Figure 2.4 shows the evolution of the

numerically obtained ACFs, corresponding to the spectra, displayed in Fig. 2.3. From the

ACF it is possible to distinguish all stages of the pulse formation.

We are staring our discussion with modulation instability, since it plays a crucial role

in the pulse formation from intensity background noise. Modulation instability is a feature

of non-linear systems with periodic perturbations, leading to a rapid growth of localised

59I. Kudelin, PhD Thesis, Aston University, 2021



2.2 Dynamics of Counter-propagating Waveforms in Bidirectional
Mode-locked Laser

Clockwise

rt = 150 rt = 200 rt = 500 rt = 1000

(a) (b) Counter -clockwise

(c) (d) (e) (f)

Figure 2.4: The first-order autocorrelation function of the build-up of bidirectional solitons:
(a) clockwise (CW) and (b) counter-clockwise (CCW). The crops from the autocorrelation
function at (c) 150th, (d) 200th, (e) 500th, and (f) 1000th roundtrip.

intensity structures from an initial wave with nearly constant amplitude [219; 220; 221].

The modulation instability is a general concept and have been observed in various physical

systems such as hydrodynamics [222], plasma waves [223], Bose-Einstein condensates [224]

and optics [219]. In our observations, the narrow-band modulation instabilities (Fig. 2.3(c)

and 2.4(c)) were originated in both directions from an intensity noise floor with an expo-

nential growth of their energy until the energy reaches the level of the soliton energy in the

steady state at ∼200 roundtrip (Fig. 2.3(g)). Due to higher peak intensity of modulation

instabilities compared to the continuous-wave radiation, they experience lower intracavity

losses due to the saturation of the saturable absorbers, which induce substantial growth

of the energy of modulation instabilities in both directions. Hence, the energy of the

background continuous-wave radiation started to decrease (Fig. 2.3(g)) due to the limited

energy stored in the gain media. The narrow temporal duration of the modulation insta-

bilities correspond to time-bandwidth-limited durations at the FWHM of 10 ps and 15

ps in the CW and CCW directions respectively with the peak intensity ∼3-times lower

compared to the stable soliton.

The spectral dynamics of the generation of the modulation instability in the CW

direction is shown in Fig. 2.5(a). As can be seen, the modulation instability inherit strong

spectral wings. The spectral offset of the spectral wings at maximum gain from the seeding

intensity peak can be calculated as [225]:

Ωmax =
√

2γP0/|β2| =
√
2/(|β2|LNL) (2.1)

where γ is the nonlinear parameter of the medium (2.2 mrad/W for optical fibre at 1550

nm), P0 is the optical power, |β2| is the Group Velocity Dispersion, and LNL = (γP0)
−1 is

the nonlinear length. According to this equation by using the bandwidth-limited duration

of the intensity peak of 10 ps and average power of 1 mW, the spectral separation Ωmax ≈
36 GHz (0.3 nm). This numerical value is well matched with the experimental results
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as shown by the arrow in Fig. 2.5(a). Note, that this frequency offset of the maximum

gain is obtained for the average power of 1 mW, which is the average power during the

stable soliton generation. As can be seen from Fig. 2.3(g), during the build-up dynamics,

the energy of the modulation instability varies from noise floor to ∼1.2 mW. For the

energies below 1 mW, the frequency offset of the gain is less than the spectral width of the

modulation instability and exhibited as a spectral broadening of the modulation instability

(red line in Fig. 2.5(a)).

Starting from the ∼160th roundtrip, the energy of the modulation instabilities reach

the level to excite non-linear effects and the modulation instabilities started to spectrally

broaden due to the Self-Phase Modulation (SPM) (Fig. 2.3(d)). During the broadening dy-

namics, both counter-propagating pulses undergo breathing dynamics in the spectral and

temporal domains. The breathing dynamics was preserved for ∼30 and ∼150 roundtrips

in the CW and CCW directions respectively and shown in Fig. 2.5. This breathing dy-

namics is attributed to the beating between the seeded modulation instability and the

newly-formed pulse, which is similar to the one in bulk Kerr-lens mode-locked lasers [172].

Notable, that both counter-propagation pulses experienced similar dynamics during these

roundtrips with the temporal spacing between the seeded modulation instability and the

nascent pulse of less than the duration of the pulses (Fig. 2.4(d)). It is worth noting, that

the peak intensity of the seeding modulation instability was decreased by ∼85% after the

formation of the ultrashort pulses, meaning that almost all energy was transformed to the

broadband pulse from the modulation instability. The broadband ultrashort pulse inherits

further reduction of the intracavity losses compared to the modulation instability since its

duration is less or comparable to the relaxation time of the SWNTs.

During the beating dynamics and the pulse spectral broadening, the counter-propagating

pulses experienced a shift in their central wavelengths. The total differences in the central

wavelength between the seeding modulation instability and the broadband pulses was es-

timated from their interference from the DFT spectra, shown in Fig. 2.3(e), to be ∼1.84

nm and -0.25 nm in the CW and the CCW directions respectively. The following shift

of the central wavelength of the pulses occurred mainly due to the intracavity conditions

for the stable bidirectional mode-locking generation. Furthermore, the intracavity GDD

affects the temporal dynamics of the pulses with different central wavelengths. Thus,

due to the difference in the central wavelength and the intracavity dispersion, the seeded

modulation instability and the generated ultrashort pulse diverge from each other. The

divergence rate in the CW direction, estimated from the ACF, was ∼ 405 fs per roundtrip.

Consider the difference in the central wavelength of 1.84 nm and the cavity length of 13.3

m, the divergence rate corresponds to the average intracavity dispersion parameter of 16.6

fs/nm/m, which is in good agreement with the experimental setup. In the CCW direc-

tion, the divergence rate was much smaller due to the smaller difference in the central

wavelength between the modulation instability and the formed broadband pulse.

With the spectral broadening of both counter-propagated pulses, pronounced Kelly
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Figure 2.5: (a) The single-shot DFT spectra of the generation of the modulation instability
in the CW direction at different roundtrips. The arrow indicates the spectral width of 0.6
nm.The subsequent beating dynamics: (b - c) the DFT spectra and (d - e) first-order
autocorrelation function of the clockwise and counter-clockwise pulses correspondingly.

sidebands also rapidly originated, which confirm the generation of the conventional solitons

(Fig. 2.3(f)). Moreover, the Kelly sidebands demonstrated a strong variation of the central

wavelength, following the central wavelength of the main solitons. The emitted dispersive

waves follow the dynamics of the central wavelength of the soliton in order to maintain

the phase-matching conditions for efficient radiation of synchronised resonant dispersive

waves [226].

The residual long pulses after the pulse splitting were preserved for ∼450 roundtrips

and were annihilated almost simultaneously in both counter-propagating directions. The

simultaneous annihilation of the residual sub-pulses in both directions highlights the im-

portance of the saturable absorber on the pulse dynamics. The residual pulses, as well

as the seeded modulation instability, have synchronised repetition rates in both directions

with a collision point in the saturable absorber, and the extinction of one pulse results in

higher losses in the saturable absorber for the counter-propagated pulse and its subsequent

annihilation consequently.

The presence of the residual broad pulse in bidirectional mode-locked lasers for sev-

eral hundred roundtrips is a noticeable difference from unidirectional mode-locked lasers,

where the seeded pulse can totally evolve into an ultrashort pulse [173] or may be rapidly

attenuated by the saturable absorber [172]. However, in unidirectional fibre lasers, mode-

locked via a real saturable absorber, the beating dynamics can be also extended if the

central wavelength of the seeded pulse is close to the formed ultrashort pulse [227]. The

proximity of their central wavelengths induces a low divergent rate and together with a

relatively long relaxation time of the real saturable absorber allows the seeded pulse to

’tail’ the stronger pulse, which saturates the absorber, for several hundred roundtrips. In

contrast, in the bidirectional mode-locked laser, the counter-propagated seeded pulses are
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synchronised with the collision point in the saturable absorber, which significantly reduces

the threshold and, thus, extends their presence for several hundreds of roundtrips.

Finally, after the annihilation of the residual pulses, a stable bidirectional generation of

conventional solitons was achieved (Fig. 2.3(c) and 2.4(c)). The formation process lasted

for the same amount of time in both opposite directions and took around 1000 roundtrips

(66.7 µs) from the first intensity spike to the stable ultrashort pulse. Nearly the same

amount of roundtrips are required for the generation of dissipative solitons in a unidi-

rectional fibre laser [173], while in bulk lasers the pulse formation from the modulation

instability takes less time, but the bulk laser can emit intensity fluctuations for a substan-

tial amount of time before the formation of the seeding modulation instability [172]. The

achieved generation regime was stable and lasted for at least several hours.

By analysing the arrival time of the counter-propagating pulses on the photodetector

from the intensity dynamics (Fig. 2.6) and mapping the events to the laser setup geometry,

we confirmed that both pulses originated with one of the collision point in the SWNTs

saturable absorber, as predicted in other investigations [214; 215]. The second collision

point located symmetrically opposite, slightly shifted from the output coupler. Both colli-

sion points inside the laser cavity were static during the modulation instability. However,

after the formation of the broadband pulses in both directions, their relative trajectories

started to diverge, indicating that the colliding points start moving through the laser cav-

ity by the value of ∆f/frep · L, where ∆f is the difference of repetition rates between

counter-propagating pulses and L is the optical length of the laser cavity. We refer this

mismatch to the intensity discriminated transmission of the NPR effect and the birefrin-

gence of the optical fibre. The settings of the PCs in the laser cavity create a difference in

the polarisation states of the counter-propagating pulse and, therefore, distinct effective

refractive indices due to birefringence and, in the end, a difference of the optical paths in

opposite directions. In Ref. [5] Authors demonstrated that for the bidirectional generation

with matched repetition rates, generation in both directions has almost coinciding state

of polarisation. However they do not present measurement of the state of polarisation

for the bidirectional generation with unsynchronised repetition rates, which could expe-

rience different polarisation. This conclusion is supported by the fact, that we could not

obtain an apprehensible interference of the counter-propagated pulses at the output from

the laser via the DFT measurements, which can take place if both counter-propagating

pulses inherit different polarisation states. Additionally, counter-propagating pulses with

different polarisation states do not form a periodic grating in the saturable absorber and

are less subject to interact inside the laser cavity since the Cross-Phase Modulation is 3

times less effective for cross-polarised beams [225].

The comprehensive understanding of the soliton formations and their interactions in-

side a bidirectional laser cavity lacks efficient and adequate numerical models. Few discrete

studies discussed the nature of collision of counter-propagating ultrashort pulses inside a

media [216; 228]. These theoretical works demonstrated that interactions of counter-
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Figure 2.6: The spatio-temporal dynamics during the pulse build-up in clockwise and
counter-clockwise directions.

propagating pulses are non-integrable and, therefore, do not produce a soliton solution.

The final result of the pulse collision is strongly dependent on the initial conditions of each

counter-propagating pulse, such as the pulse duration and the peak intensity or group ve-

locity, as well as their relative polarisation. Thus, Afanas’ev et al. have determined the

result of ultrashort pulse collision in a resonant two-level medium in regards to their peak

powers, demonstrating that low-intensity components got annihilated, while collision of

relatively high-peak-power pulses leads to a portion of their energy to transfer to low-

intensity secondary diverging pulses, as an oscillating ’tails’ of the primary pulse [216].

This numerical work confirms our experimental observation of the pulse evolution, where

the secondary weak pulse ’tailed’ the main soliton. In Ref. [228] the Authors considered

the dependence of the colliding dynamics at different polarisation states of the counter-

propagating solitons. They numerically predicted a formation of secondary solitary waves

for colliding pulses with orthogonal polarisation states and a formation of population grat-

ing in the interaction region if the colliding pulses have parallel states of polarisation. Our

experimental studies verify this theoretical observation by the demonstration of differ-

ent build-up dynamics of counter-propagating pulses, depending on the initial conditions

(compared to Ref. [211]). We assert that the collision of counter-propagating pulses and

the crossing point in the laser cavity plays a pivotal role in the formation of multi-soliton

structures and their further annihilation during the build-up process of a steady-state

mode-locking in a bidirectional fiber laser. Therefore, counter-propagating pulses with

evolving intensities and polarisation states experience different formation dynamics in the

cavity.

Summary

In summary, here we demonstrated the real-time formation dynamics of counter-propagating

solitons with different repetition rates in the bidirectional mode-locked erbium-doped fiber

laser. By using the DFT and the spatio-temporal techniques, we have analysed the fast

transient dynamics during soliton build-up toward the stable bidirectional mode-locking

regime. Although counter-propagating pulses experience a similar evolution pattern, they

undergo through each evolution stage over different time periods. The difference in the

evolution matches the difference in intensities: domination of the clock-wise bean and

suppression of counter-clockwise pulses. Therefore, we can conclude that the pulse for-
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mation at the early stage in each direction is strongly relying on the counter-propagating

beam owing to the colliding mode-locking. Once the pulse with broad spectra was formed,

it propagates with less dependency on the counter-propagating pulse, leading to the un-

synchronisation of counter-propagated pulses. Additionally, though counter-propagating

pulses were seeded by the modulation instability at different central wavelengths, both of

the pulses subsequently evolve to have broad spectrum located at almost matched central

wavelengths. The mismatch of the repetition rates is related to the mismatch of intensities

of counter-propagating pulses and the birefringence of the optical fibre.

We experimentally observed that the primary pulse in each direction is formed from

modulation instability transitions through beating dynamics into conventional stable soli-

tons similar to the unidirectional mode-locked fibre lasers [172; 173]. Contrary, in compar-

ison to earlier demonstrated results on unidirectional pulse formation [172; 173], soliton

molecules structures were not observed in either of the directions. In contrast, residual

satellite intensity peaks are present in the formation dynamics for several hundreds of

roundtrips. When the intensity of such pulses reaches the threshold, they simultaneously

annihilate in both directions, leaving the main pulses propagating in the cavity.

Our findings also demonstrate that the net cavity dispersion is an important factor

in the formation dynamics. Thus, the earlier work of Yu et al. discussed the build-up

process in the net-normal dispersion bidirectional lasers and demonstrated the similarities

between dynamics of counter-propagated beams during their build-up [215]. Additionally,

Authors indicated the crucial role of the real saturable absorber on the synchronisation

of counter-propagating pulses. These studies provide the basis for further investigation

of pulse formation and evolution in non-linear bidirectional laser systems. Moreover, this

observations contribute to the development of bidirectional systems for their further usage

for dual-comb spectroscopy or gyroscopic measurements.

2.2.3 Pulse onset dynamics of synchronised pulses in bidirectional mode-

locked fibre laser

In this section, we consider another build-up dynamics intrinsic to the generation of

counter-propagating pulses with synchronised repetition rates in the bidirectional mode-

locked fibre laser. The synchronised repetition rates underline the importance of the

colliding mode-locking on the pulsed generation. In the time domain, that means that

the counter-propagating pulses are directly interacting always in the same two locations

inside the laser cavity, and, as we discuss later in this Section, one of these crossing points

is in the real saturable absorber (SWNTs). In the frequency domain, the synchronised

repetition rates denote that the inter-modal frequency separation of the generated combs

is also matched. Another distinctive feature from the results presented in the previous

Section is that these dynamics have been recorded directly by switching on the pump

laser. At first, we adjusted the PCs for the stable synchronised mode-locking generation
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Figure 2.7: Spectral switch-on dynamics in bidirectional mode-locked laser: (a) clockwise
(CW) and (b) counter-clockwise (CCW) directions. Averaged over 100 roundtrips DFT
spectra with sech2-function approximation (black dashed line), and spectra from optical
spectrum analyser (OSA) are depicted for (c) clockwise and (d) counter-clockwise direc-
tions. (e) Dynamics of the round trip pulse energies.

and set the oscilloscope trigger. After that, we switched the pump power off and then,

the recorded dynamics was recorded by switching on the pump laser. Thus, we observed a

non-trivial dynamics through Q-switched instabilities with many accompanying ultrafast

phenomena. All these make the results presented here distinguished from the previous

dynamics.

Figures 2.7(a-b) demonstrate the complete picture of the build-up dynamics of the

clock-wise (CW) and counter-clockwise (CCW) pulses in the bidirectional mode-locked

fibre laser, recorded via the DFT technique. Figures 2.7 (c-d) show the optical spectra,

recorded with an optical spectrum analyser (Yokogawa) and the DFT measurements with

averaging over 10 roundtrips with a sech2-function approximation. Both measurements

and their approximation indicates a good correlation with each other. Figure 2.7 (e) shows

the evolution of the pulse energies over the round trips. Pulse establishment in both di-

rections took approximately 70 thousand round trips (4.8 ms), where the following events

could be distinguished: formation of an unstable mode-locked pulse with a following spec-

tra blue-shift, soliton breakup with a transition into Q-switched instabilities generation,

the formation of soliton complexes and soliton collision, and the final evolution to the

stable mode-locked generation from a Q-switched pulse. Similar to unidirectional mode-

locked lasers and the previous results, the pulse formation was always initialised through

the modulation instability. To justify our conclusion, we have recorded several dozens of

switch-on dynamics, which demonstrate similar features, but there has been no preferred
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sequence of events or a single pathway to the stable mode-locking generation. Since no

preferred sequence of events has been observed, we divide the entire dynamics into stages

which we will discuss separately, indicating their relation to other observed events. Al-

though we presented only one build-up dynamics here that is the most representative, the

following analysis and inferences are applicable to observed build-up dynamics in general.

More data on the pulse build-up dynamics is presented in Appendix B.

Figure 2.8 shows the spatio-temporal trajectories of the counter-propagating pulses.

It should be noted that the repetition rates are slightly different during the Q-switched

instabilities compared to the mode-locked generation owing to the effect of the nonlinear

refractive index and a slight offset of the central wavelength of the Q-switched instabilities.

The repetition rates of the counter-propagating pulses have been synchronised except for

the stage when the CCW soliton experienced a spectra blue-shift and its spatio-temporal

trajectory experienced a strong deviation at 0-10 and 45-50 thousand roundtrips. The

time deviation constituted 7.9 and 5.7 ns. The time deviations correspond to the shift of

pulse collision point inside the laser cavity by 1.57 and 1.14 meters respectively.

Stage A. Central wavelength drift

We are starting the discussion on the pulse build-up dynamics with the phenomena of the

central wavelength drift. We have observed this phenomenon multiple times during the

single build-up process. The most sustainable shifts have appeared after the first pulse

formation from the intensity spike (3 - 10 thousand roundtrips) and secondly at 45-50

thousand roundtrips. Figure 2.9 shows the second central wavelength shift as it was more
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prominent, though the dynamics remains the same. The shift of the central wavelength

was occurring only at the early stages of the pulse formation, after the broadening of the

seeded instability. Moreover, this dynamics manifested only in the less energetic direction.

The measurement technique of the central wavelength, recorded via the DFT is discussed

in Appendix A and B.1. As can be seen from Fig. 2.9(b) the central wavelength was

linearly shifting at a velocity of 0.04 nm per roundtrip. After the pulse was shifted by

∼7.5 nm after the 47 thousand round trip, the velocity of the central wavelength shift

slowed down. The total wavelength blue-shift was almost 9 nm, which is significantly

higher than was previously demonstrated [172; 229].

Initially, before the occurrence of the soliton blue-shift, the repetition rates in both

directions were the same. Therefore, the counter-propagating pulses always collided at

the same two points inside the laser cavity. These interaction points can be derived

from the knowledge of the time delay between the counter-propagating pulses. By taking

these parameters into account, we can conclude that the counter-propagating pulses have

interacted in the saturable absorber. The central wavelength drift induces a difference

in the repetition rate of the counter-clockwise pulse and, thus, their de-synchronisation

(Fig. 2.8). Consequently, the points of soliton collision inside the laser cavity started to

move along the laser cavity. From the spatio-temporal dynamics shown in Fig. 2.8, we

calculated a total shift of 1.57 m (7.9 ns) and 1.14 m (5.7 ns) from the original interaction

point in the saturable absorber before the counter-clockwise pulse disappeared during the

first and the second appearance of this effect. When the counter-propagating pulses are not

crossing in the real saturable absorber, the colliding mode-locking does not occur and the

pulses experience additional losses. Onward, the less energetic pulse is further decreased
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in energy and vanished. The following generation in the less energetic direction, obtained

after the soliton blue-shift, is occurred at wavelengths close to 1555 nm with synchronised

repetition rates and has the collision point in the saturable absorber. This dynamics

indicates that colliding mode-locking is a dominant factor over the pulse formation and

governs the synchronised regime through the steady-state bidirectional generation.

The lack of simulation models of bidirectional mode-locked lasers does not allow an

explicit investigation of the underlying phenomenon of the observed spectral blue-shift of

the less energetic pulse. It is known, that interaction of co-propagating solitons or soliton

with a co-propagating continuous-wave radiation can lead to the soliton deceleration or ac-

celeration [213; 230; 231]. A similar dynamics could be observed in a counter-propagating

collision, however, its manifestation is less pronounced due to smaller interaction length.

Our experiments demonstrate that the counter-clockwise soliton experiences acceleration

(decrease in cavity round-trip time) during blue-shift in net-anomalous dispersion cavity

(dn/dω < 0), which can be induced by interacting with the counter-propagating soliton

and the emitted Dispersive Waves (DWs).

Additionally, the 9-nm-shift in the central wavelength can be caused by the gain sat-

uration [232], and gain competition effects in the Erbium-doped fibre [233]. The effect of

the central wavelength shift was accompanied by a loss of the pulse energy, while in the

counter-propagating direction the surplus energy accumulated due to the law of total en-

ergy conservation (Fig 2.7e). This phenomenon highlights a complex interrelation between

energies of the counter-propagating beams that is mediated by the gain saturation and

gain dynamics. Additionally, the fact that the soliton shift was always observed only in

the less energetic direction indicates that the less energetic direction is more sensitive to

soliton perturbation, including central wavelength changes. The central wavelength shift

may also result in an inability to maintain the conditions for the NPR effect. All these,

accompanied with a higher loss in the saturable absorber due to suppression of the col-

liding mode-locking, eventually lead to a decrease in the pulse energy and its dissipation

and disappearance. The breakup of the pulse after the central wavelength shift induces

an excess energy in the counter-propagating direction that was observed to lead to two

different scenarios: Stage B – break-up of the more energetic pulse and transition to the

generation of Q-switched instabilities or Stage C – formation of multiple solitons.

Stage B. Q-switched instabilities

Stage B featuring Q-switched instabilities, observed after the first breakup of the mode-

locking generation at around the 12 thousandth roundtrip. The Q-switched instabilities

occurred in both directions and lasted for approximately 40 thousand round trips (2.7 ms)

in total. The Q-switch repetition rate was 25 kHz (which corresponds to the repeti-

tion period of 40 µs) with a FWHM duration of 4 µs, i.e. approximately equivalent to

60 roundtrips of the steady-state mode-locked regime. Here, the laser is operating in

69I. Kudelin, PhD Thesis, Aston University, 2021



2.2 Dynamics of Counter-propagating Waveforms in Bidirectional
Mode-locked Laser

1545 1550 1555 1560 1565
Wavelength, nm

1545 1550 1555 1560 1565
Wavelength, nm

1545 1550 1555 1560 1565
Wavelength, nm

-100 -50 0 50 100
Time, ps

-100 -50 0 50 100
Time, ps

-100 -50 0 50 100
Time, ps

Including
Kelly sidebands:

Excluding

d

b

e f

Roundtrip 42500
Q-switched instability

Roundtrip 43900
Multiple solitons

Roundtrip 45700
Single soliton

ca

0

0.2

0.4

0.6

0.8

1

In
te

ns
ity

, a
.u

.

0

0.2

0.4

0.6

0.8

1
In

te
ns

ity
, a

.u
.

Figure 2.10: Single-shot DFT spectra of typical events during build-up dynamics in the
clockwise direction: (a) Q-switched instability, (b) two solitons and (c) single soliton;
and (d-f) corresponding first-order autocorrelation functions, numerically obtained from
the DFT spectra via application of the Wiener-Khinchin theorem. Shaded part in (c)
presents the zone which we zero-padded to exclude the Kelly sidebands.

the Q-switched mode-locking regime, i.e. the radiation have an intensity envelope of a

Q-switched pulse with high peak intensity (5-6 times more intensive than the soliton max-

imum intensity) and filled with ultrashort pulses [234; 235]. Part of the energy during

the Q-switched instabilities was concentrating in a quasi-continuous-wave radiation (usual

Q-switched pulse with a duration much longer than the round-trip time) that preceded

the localised ultrashort structures (Appendix B.2). A typical spectrum of an ultrashort

pulse during the Q-switched instability is shown in Fig. 2.10(a). In general, Q-switched

instabilities are caused by relaxation oscillations of the gain media and due to the long

upper-state lifetime of Er3+ ions in silica fibre [235]. Another mechanism of Q-switched

instabilities is referred to the polarisation instability due to desynchronisation of the po-

larisation states [236; 237]. The occurrence of such instabilities indicates that the laser

was operating close to the lasing threshold [238]. Unlike the other work [229], where the

transition from Q-switch to mode-locking was achieved by increasing the pump power,

the transition dynamics observed here occurred naturally without any further changes in

pump power or adjustments of the polarisation controllers. Q-switched instabilities are

not a necessary step for obtaining the bidirectional mode-locking operation, but it appears

after strong modulation of the background radiation (quasi-continuous-wave radiation) or

after the breakup of a quasi-stable mode-locking generation.

Figure 2.11 demonstrates the distribution of the energies of the Q-switched insta-

bilities versus the time interval between pulses. This Figure indicates that Q-switched
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Figure 2.11: Distribution of the energies of Q-switched instabilities versus time interval
between them. The errors in the roundtrip energy could arise due to photodiode noises
that were much smaller compared to the Q-switched pulse energy and so the errors are
too small to be visible on the graph.

pulses with less temporal intervals have less energy due to the limited energy, stored in

the active media. The substantial discrepancy between both data at the right-hand side

of the figure indicates that the pulses with a longer temporal interval emit more energy

as a quasi-continuous-wave radiation. In other words, Q-switched pulses at lower repeti-

tion rates tend to emit more energy as a common relatively long Q-switched pulse with

less localised ultrafast structures. Moreover, the shift into lower time intervals of the

Q-switched instabilities with higher energies in a quasi-continuous-wave radiation shows

that the quasi-continuous-wave radiation preceded the localised ultrafast structures (Q-

switched instability), as shown in Appendix B.2. Hence, the localised structures started

to form when the long Q-switched pulse reached the threshold of quasi-mode-locking gen-

eration.

However, we have not found a relation between the parameters of the Q-switched insta-

bilities prior to the stable pulse formation. In some scenarios, the Q-switched instabilities

completely evolve into the quasi-continuous wave operation (usual Q-switched operation

without any localized structures at the time scales shorter than the roundtrip time). This

generation regime experienced a decline in maximum energy with the growth of the energy

contained in the continuous-wave radiation.
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Stage C. Formation of soliton complexes

Stage C corresponding to the formation of soliton complexes, observed between 42 and

45 thousand round trips and displayed in Fig. 2.12. A prerequisite for the multi-soliton

formation is a presence of an excessive energy in the dominant direction after a Q-switched

burst or intensity spike. In contrast, the counter-propagating pulse lacks enough energy

for pulse formation, and it disappears shortly after the central wavelength shift. The ob-

served dynamics of soliton complexes is resemble the observations, made in unidirectional

lasers [173], but the underlying principles are different.

For a closer look at the pulse characteristics, we exploit the Wiener-Khinchin theo-

rem and calculated the round-trip-resolved field autocorrelation function from the inverse

Fourier transform of the single-shot spectra measured by the DFT technique [188; 190;

227]. Figures 2.10(a-c) and (d-f) present the real-time spectra of Q-switched instability,

bound solitons, single soliton and corresponding ACFs, respectively. Although the real-

time field autocorrelation is not sensitive to the spectral phase, it presents the overall

dynamics of energy distribution and relative phases. This technique can be used with

a high degree of accuracy for almost bandwidth-limited pulses (Time-Bandwidth Prod-

uct: 0.37 for CW, 0.335 for counter-clockwise [5], and 0.315 for fundamental solitons).

Note, that the FWHM of the field ACF is 2.5 times broader than the actual pulse dura-

tion for soliton-shape pulses, which provides appropriate accuracy in order to investigate

pulse-to-pulse dynamics. The ACFs for the multi-soliton case (Fig. 2.10b, e) are seen to

be significantly different from the single-soliton case, exemplify that the single-shot spec-

tra can provide information about the internal pulse temporal structure and the relative

phase of the pulse complexes that remains unresolved in the intensity domain measure-

ments [182]. Figures 2.12(a, b) show the spectral evolution and the round-trip resolved

ACF between 42-45 thousand round trips, respectively. These dynamics clearly show a

formation of multi-soliton structures at different stages. Figure 2.12 presents the analy-

sis only of the clockwise pulse, as the counter-clockwise pulse was highly attenuated at

these round-trips (Fig. 2.7(a, e)). The observed high-contrast spectral modulation further

confirms a good pulse coherence of the multi-soliton complexes (Fig. 2.10b).

Localisation parameter. From Parseval’s theorem by integrating the single-shot spec-

tra from the DFT measurements, one can obtain the data on the pulse energy variation

per roundtrip. To confirm the formation of stable solitons and the establishment of the

steady-state mode-locking, it is important to analyse how this energy is distributed across

the round-trip span and how much of it is contained in the main pulse. To this end, we

define a localisation parameter L as:

L =
ACF (τ = 0) · tres
τmax∫

−τmax

ACF (τ)dτ

(2.2)
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Figure 2.12: Formation and internal dynamics of soliton complexes in the clockwise di-
rection. (a) Dispersion Fourier Transform spectra and (b) the corresponding first-order
autocorrelation function. (c) Shot-to-shot variation of the pulse energy normalised to the
singe-soliton energy in the steady-state, and (d) evolution of the localisation parameter.
The grey lines show the pulse energy and the localisation parameter for mode-locking
operation in the steady-state.

where

ACF (τ) =

T/2∫
−T/2

E(t) · E(t+ τ)dt (2.3)

and as follows from Fubini’s theorem:

τmax∫
−τmax

ACF (τ)dτ =

T/2∫
−T/2

E(t)dt ·
T/2∫

−T/2

E(t)dt = (

T/2∫
−T/2

E(t)dt)2 (2.4)

here, E is the pulse electric field, t is the time, τ is the ACF time delay and T is the round

trip time, tres and τmax is the ACF temporal resolution and the maximum time delay,

correspondingly. By the definition, the ACF at τ = 0 (the overlap of the pulse intensity

profiles) is calculated as ACF (τ = 0) =
∫ T/2
−T/2 |E(t)|2dt and represents the energy per

round trip (see Fig. 2.12c). Thus, the localisation parameter is less or equal to 1.

The calculated localisation parameter for each round trip is depicted in Fig. 2.12(d).

L equals unity only when all the energy per round trip is concentrated in the temporal

duration, shorter than the temporal resolution of the ACF, and approaches zero if all

the energy is equally distributed over time during a roundtrip. In other words, such a

parameter shows the extent to which the energy is accumulated at one specific point in

time. This parameter is normalised and does not depend on the pulse intensity but its

duration or shape. Thus, the theoretical value of the localisation parameter L for a sech2-
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shaped pulses for a given ACF resolution and the pulse duration is 0.4. This parameter

helps for further analyse of the pulse dynamics and the energy distribution during complex

multi-structured pulses.

Additionally, in the formation of bound states of multiple solitons a dispersive wave

radiation plays a crucial role [239] by providing attractive or repulsive forces between

neighbouring solitons [240; 241; 242]. In mode-locked lasers, these waves manifest in the

form of the Kelly spectral sidebands [124]. Here, we use the real-time DFT spectra and the

ACF to investigate the role of the Kelly sidebands in the formation of soliton complexes.

We calculated the round-trip resolved pulse energies and the localisation parameter L for

two cases – when we include the Kelly sidebands in the calculation and when we excluded

them. To exclude the Kelly sidebands from the calculation without influence on the ACF

time span or the resolution, we zero-padded them in the DFT data (Fig. 2.10(c)). In

the spatial domain, Kelly sidebands appear as quasi-continuous-waves beside the main

pulses (Fig. 2.10(f)). So, the energy variation of Kelly sidebands could be retrieved by the

difference of graphs in Fig. 2.12(c). Appendix B.3 presents the calculated first-order ACF

for the case when we excluded Kelly sidebands from our calculations.

Firstly, we calculated the localisation parameter and the pulse energy corresponding

to the mode-locking operation in the steady-state, which are shown by the grey lines in

Fig. 2.12(c, d). When the contribution of the Kelly sidebands was removed, the observed

localisation parameter L for the stable mode-locked pulses was close to the theoretical

value of 0.4. Generally, the value of the localisation parameter drops significantly if we

include Kelly sidebands into the calculations due to the non-localised nature of the disper-

sive waves. Certain roundtrips demonstrate the agreement of the values of the localisation

factor L when they have been estimated with or without consideration of the Kelly side-

bands. Such dynamics was observed in two cases: when the localisation of the pulse itself

is low and matches the L value of the sidebands or when the energy of Kelly sidebands is

negligible compared to the pulse energy and does not significantly affect the L value.

The ACF in Fig. 2.12(b) shows a tendency to form a multi-pulse structure in the

clockwise direction. Unidirectional generation of multiple pulses arises due to uneven dis-

tribution of energies between opposite directions, i.e. when the majority of the intracavity

energy is concentrated in one direction. Such a presence of the excess energy, after the

Q-switched instability or intensity spike, tends to operate in the multi-soliton regime due

to the soliton energy quantisation effect [243; 244]. The soliton energy quantisation effect

dictates that the multiple solitons could be formed when the intracavity energy exceeds

the energy of the fundamental soliton, which is limited by the soliton area theorem. Ap-

pendix B.4 shows that a stable bidirectional mode-locked operation can be achieved after

the multi-soliton stage if the energy is more evenly reallocated between both directions.

Another dynamics we have observed during the generation of multiple solitons is the

emission of the dispersion waves with increased energy. Ref. [245] theoretically demon-

strated that collisions of co-propagating solitons can induce a generation of extremely

74I. Kudelin, PhD Thesis, Aston University, 2021



2.2 Dynamics of Counter-propagating Waveforms in Bidirectional
Mode-locked Laser

energetic DWs, similar to what we have observed experimentally here in the real-time

time scale. Each time prior to the formation of the multi-soliton complexes, the total

energy and energy in Kelly sidebands had substantially increased. At roundtrip numbers

near 43.5 thousand, we observed a two-soliton complex, with a decreasing inter-soliton

separation over the propagation due to the unbalanced attraction forces caused by the

dispersive waves, until they collide. After the pulse collision, the energy localised in the

Kelly sidebands increased more than 6 times and almost reached the level of the single

soliton pulse energy. At the same time, the soliton energy at these round-trips was in-

creased by 15% with a corresponding compression of the pulse duration by ∼8%. The

reduction in pulse duration has been also confirmed by the higher localisation values and

is in agreement with the soliton area theorem. In other words, the collision of two co-

propagating solitons results in the production of one more energetic soliton of a shorter

duration with an extra emission of the dispersive waves. A similar dynamics recorded via

the DFT technique have been also demonstrated in Ref. [242].

During these round-trips, we had also noticed a higher background radiation which

confirms the increased energy of the dispersive waves. After that, starting from 44.4 thou-

sand round trip, the energy of the main pulse continued to rise, while the localisation

started decreasing due to the formation of satellite sub-peaks. After 400 round-trips,

when the total energy significantly increased, intensity spikes evolved into a pulse with

further splitting into a 1+2 soliton complex, similar to the one if Ref. [182]. These dy-

namics emerge due to the presence of excess energy and soliton energy quantisation effect,

theoretically described in Ref. [243; 244]. The amplitude ratio of solitons in the complex

is 4:4:1 with a time separation of 52 ps and 42 ps. The soliton complex experiences a

reduction in the energy and decays at the 45200 roundtrip. Right after that, we observe

quasi-stable single-soliton generation with an intrinsic sharp increase of the localisation

parameter.

Soliton breakup and transition from mode-locking to Q-switched instabilities

Alongside with the interest to the soliton formation, the conception of circumstances when

the mode-locking generation experiences perturbations and evolves into instability opera-

tion also gains much interest. In Ref [246] Authors have been shown that the instability

during soliton propagation can be induced by the continuous-wave radiation. Here we

show the experimental result of soliton breakup and transition dynamics into Q-switched

instabilities in the presence of an energetic dispersive waves. This transition has been

observed two times (8 - 11 and 49 - 52 thousand roundtrips) after the soliton central

wavelength shift and decaying of the CCW pulse in both cases. Here we will describe only

the second occurrence due to the more pronounced dynamics.

Figures 2.13(a, b) demonstrate the DFT and the corresponding ACF traces during

the pulse break-up. Figures 2.13(c, d) provide the dynamics of the pulse energy and the
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direction. (a) Real-time DFT measurements, (b) the corresponding field ACF, (c) the
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localisation parameter for two cases: when we take into account Kelly sidebands and when

we exclude the Kelly sidebands from the calculations. The pulse instability appeared in a

periodic modulation of the energy of dispersive waves after the CCW pulse disappeared,

which induced a perturbation of energy in the CW direction. The first fluctuations arise at

roundtrips between 49500 and 50000 when the energy of the Kelly sidebands increases two

times and consistently dropped almost to zero. These fluctuations affect the pulse energy,

which also experienced a decrease in energy by 10%. The localisation parameter drops

after the first energy fluctuation, indicating an increase in the pulse duration. After 500

more roundtrips, the sideband energy rose again with a downward trend of the localisation

value with modulation of 5 roundtrips which was caused by beating dynamics between the

main pulse and newly-formed sub-peaks. The low value of the localisation parameter

and the modulated spectrum clearly evidence about the multi-soliton formation, which

is resolved in the ACF, where a born of a new pulse from the intensity spikes is shown.

After the 51.5 thousandth roundtrip, the pulse emitted additional dispersive waves and

eventually evolves into a multi-structured Q-switched mode-locked pulse. Note, when the

pulse energy after modulation instability reaches the single soliton energy level, further

recession in the pulse energy below this level will undoubtedly result in a translation into
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Q-switched instability.

By analysing the real-time soliton dynamics, we can confirm that the energy of the

surrounding quasi-continuous waves emitted by the soliton as the dispersive waves can

induce instabilities into the soliton propagation. Since the Kelly sidebands are related to

the gain and the losses, experienced by the soliton during one roundtrip across the laser

cavity, the increase of their energy relates to a violation of the gain-loss equilibrium of

the soliton. The gain-loss conditions could be caused by the annihilation of the counter-

propagated pulse, which provides more energy and the higher gain in the CW direction,

however, due to the soliton are theorem, this additional energy could not be accumulated

by the single soliton, inducing multi-pulse generation. Moreover, the annihilation of the

CCW pulse induced more losses in the CW direction, caused by the threshold of the

saturable absorber according to the colliding mode-locking. The modulation frequency

of the amplification of the dispersive waves is closed to the repetition frequency of the

Q-switched instability (25 kHz), indicating the influence of the relaxation dynamics of

the active media on the generated pulse. This dynamics highlight the significance of the

colliding mode-locking on the pulse dynamics, the dependence of the CW pulse on the

counter-propagating pulse, and that the pulse break-up dynamics, similar to the pulse

formation, can also experience the multi-soliton stage and excess emission of dispersive

waves.

Stage D. Final formation and propagation dynamics of the stable bidirectional

soliton generation.

Now we consider the final formation of the counter-propagating mode-locked pulses from

the Q-switched generation and its further propagation. Since at this stage both pulses have

experienced dynamics with common features, we show the single-shot spectra (Fig 2.14(a))

and ACF (Fig 2.14(b)) evolution only for the clockwise pulse (see Appendix B.5 for the

counter-clockwise pulse). At first, the localisation parameter slightly increased during the

preceding QML pulse with intense continuous-wave radiation and was maintained at the

same level due to the presence of a low-intensity broad residual pulse. A picosecond pulse

originated from the Q-switched instability and continued to propagate further, seeding the

mode-locking generation. Pulses in both directions originated from the residual picosecond

pulses after the following increase of the energy due to the relaxation oscillations of the

active media. The pulses further evolved through the modulation instability with further

spectral broadening and a sharp increase of the localisation. Similar build-up dynamics

were observed in Ref. [247], where the soliton was formed from subnanosecond intensity

spikes on the usual Q-switched envelope via the spectral broadening and beating dynamics.

Onward, both pulses experienced a strong beating pattern due to the interference between

the main pulse and the moving aside subordinate intensity spikes (Fig 2.14(b)), which were

induced by the nonlinear refractive index and the intracavity dispersion [247], similar to
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Figure 2.14: Final formation and propagation of the steady mode-locked pulse in the
clockwise direction. (a) Dispersion Fourier transform spectra and (b) the corresponding
first-order autocorrelation function during the transition from Q-switched instability into
the mode-locked generation. Insets: (a) formation of synchronised and unsynchronised
dispersive waves, b the pulse energy and the localisation parameter, superimposed on
the evolution of autocorrelation function over round trips. (c) spectra pulsation during
stable pulse generation with corresponding energy oscillation in (d). (e) Spectra of pulses
corresponding to the maximum and the minimum energies.

the previously shown results. The beating dynamics inherit a different time period in

opposite directions. Strong oscillations near the main pulse at the ACF are related to the

co-propagating dispersive waves. Similar to other results on pulse build-up dynamics [173;

227; 248] and our previous results, we also observed the generation of satellite pulse with

more than 10 times lower intensity.

Dissimilar to all previous works, here, at the early stage of the formation of the ultra-

short pulses we experimentally observed synchronised and unsynchronised resonant DWs

(see insets in Fig. 2.14(a)) [226]. The synchronised and unsynchronised resonant DWs

were only recently theoretically predicted and could not be experimentally observed by

using traditional spectral measurements. Thus, by using the DFT technique we detected

the synchronised and unsynchronised resonant DWs for the first time to the best of our

knowledge. As we discuss earlier, solitons emit dispersive waves due to periodic gain and

losses inside the laser cavity [124]. Due to the wavelength oscillations during the pulse

formation, synchronised dispersive waves repeat the behaviour of the soliton spectra to

maintain the phase-matching conditions with the soliton. At the same time, the dynamics

of the unsynchronised dispersive waves differ from the oscillation of the central wavelength

of the pulse, which prevents the phase-matching conditions [226]. Insets in Fig. 2.14(a)

clearly show the synchronisation between the pulse spectra oscillations and the emitted

dispersive waves at longer wavelengths, while at shorter wavelengths the dispersive waves
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exhibit complex dynamics different from the spectra oscillation. Such dynamics confirm

the generation of the predicted unsynchronised dispersive waves. During the pulse forma-

tion and further stable propagation, we have observed the central wavelength oscillations.

At the same time, the Kelly sidebands continued to propagate undisturbed, and only a

minor amount of energy is traveling between multiple-structured Kelly sidebands. The

generation of unsynchronised resonant dispersive waves was observed on both edges of

the short-wavelength Kelly sideband with a separation of 60 GHz (0.5 nm). As seen in

Fig. 2.14(a), unsynchronised dispersive waves have been formed during strong spectra os-

cillation at the early stage of the soliton formation and continue to propagate further. The

energy dissipation from the main pulse, related to the generation of strong unsynchronised

dispersive waves, can be seen in the ACF.

This behaviour of unsynchronised dispersive waves agrees with theoretical predic-

tions, described in Ref. [226]. In this work, the unsynchronised dispersive waves were

observed only at the short-wavelength side. At the same time, the Kelly sidebands at

the longer wavelength had a lower intensity, which may refer to the gain spectrum of the

Erbium-doped fibre and the third-order dispersion. The complex multiple-spike structure

of the dispersive waves was also detected by an optical spectrum analyser, as depicted

in Fig. 2.7(f). In this laser setup, unsynchronised resonant dispersive waves were only

observed when the build-up dynamics experienced strong instabilities at the certain align-

ment of the polarisation controllers, and when the energy of Kelly sidebands was extremely

high. When pulses undergo through simpler build-up dynamics, discussed in Section 2.2.2,

no unsynchronised resonant dispersive waves were observed. The results presented here

indicate that unsynchronised resonant dispersive waves are dependent on the initial con-

ditions of the pulse formation. Additionally, since the emitted unsynchronised dispersive

waves propagate separately from the pulse, they do not satisfy phase-matched conditions,

and, thus, requiring higher energy and gain compared to the synchronised dispersive waves.

Figure 2.14(c) shows the DFT spectra obtained when the laser operates in the stable

state. The measured DFT spectra demonstrate weak spectral pulsations in the clockwise

direction. Concisely, the pulse dynamics in the more energetic clockwise direction during

the stable propagation is as follows: the energetic pulse is getting spectrally more narrow

while moving to the shorter wavelengths by 0.5 nm with a 10%-decrease in energy, next the

process reverses and repeats periodically within 11 round trips (Fig. 2.14(e, d)). According

to the soliton area theorem, this leads to the pulse duration oscillations, which are well

observed in the ACF and the localisation evolution (Fig. 2.14(b)). The oscillation range of

the central wavelength has matched the spectral separation between multiple-structured

Kelly sidebands so that the soliton is able to maintain the phase-matched condition with

complex sidebands.

Soliton pulsations have been theoretically observed for many operation regimes [249;

250] and have been recently experimentally revealed with the help of the DFT tech-

nique [251; 252]. These soliton pulsations are related to the period-doubling bifurcations
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at specific values of the system [253]. They indicate that the soliton has a strange attractor

and cannot be reproduced by one cavity bypass [254]. Importantly, no pulsations were

observed for a bidirectional generation with different pulse repetitions rates in counter-

propagating directions [255]. The fact that switching between generation regimes with

equal and different pulse repetitions rates is achieved by adjusting the polarisation con-

trollers suggests that the bifurcation points arise at a particular intracavity polarisation

state. So, the soliton pulsations could arise to maintain the synchronisation of the counter-

propagating pulses. The synchronisation of the repetition rates of counter-propagating

solitons was also observed in other non-linear systems such as microresonators [256].

By analysing dozens of build-up dynamics, we have concluded that the energy alloca-

tion between opposite directions is the key factor rather than the localisation parameter

for the formation of a stable bidirectional mode-locking generation. If the energy in the

dominating direction does not drop by more than 10% after the Q-switched pulse or in-

tensity spike, it will lead to the multi-soliton formation in the dominating direction and

the annihilation of the pulse in the less energetic direction (Appendix B.4). This means

that the stable bidirectional mode-locking is more reliant on the energy distribution be-

tween counter-propagating channels rather than on the initial pulse shape. Moreover,

counter-propagating pulses eventually evolve into almost identical stable states, even if

the preceding dynamics is particularly different.

Cross-correlation of counter-propagating solitons

To reveal the differences in the build-up dynamics between the counter-propagating beams,

we provide a cross-correlation analysis of the counter-propagating pulse spectra during

the final pulse formation. Clearly, a better understanding can be obtained with more

robust numerical solutions. However, the cross-correlation analysis can help to indicate

the dependency between counter-propagating pulses and periodic patterns, governed by

the intracavity dynamics.

To estimate the degree of the similarity we calculated the cross-correlation of their

spectra and show it in Fig. 2.15. The cross-correlation has been calculated only for 59.7

- 61 thousand roundtrips since at the earlier roundtrips the cross-correlation does not

provide a substantial information due to the very narrow spectra and uniqueness of the

Q-switched pulses. The cross-correlation was calculated as:

CC(TCW , TCCW ) =
[
∫
ICW (λ, TCW ) · ICCW (λ, TCCW )dλ]2∫

[ICW (λ, TCW )]2dλ ·
∫
[ICCW (λ, TCCW )]2dλ

(2.5)

where CC is the cross-correlation value, TCW and TCCW is the roundtrip number of the

CW and the CCW pulse respectively, and λ is the wavelength. We want to note that the

cross-correlation value is normalised, thus it does not depend on the spectra amplitude

but on its shape and the central wavelength.

After 400 roundtrips, when both counter-propagated pulses spectrally broadened, the
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Figure 2.15: The spectral cross-correlation of the counter-propagating pulses.

cross-correlation increased to 98% and shown a high degree of similarity between the

pulse spectra. A yellow frame located at the south and the west refers to the correla-

tion between the pulse at the early stage of formation (modulation instability) and the

counter-propagated pulse spectra at different stages of the pulse formation, from modu-

lation instability to the stable soliton propagation. This part contains a relatively low

correlation value due to the narrow spectra of the relatively long seed pulse. In the same

segment of the cross-correlation map, we observed a periodicity of 11 roundtrips. This

behavior evidences the pulse spectral pulsation and the beating dynamics [190]. During

the pulse broadening (59.9 thousand round trip) we also observed a modulation of a few

roundtrips. After 200 roundtrips the pulsation in CCW direction have disappeared and no

pulsations were observed in this direction in the steady state. The spectral pulsation ap-

peared in the CCW direction even in the steady state of the mode-locked operation with

a period of 11 roundtrips. This dynamics reveals the behavior of the pulse periodicity

before coming to the stable bidirectional mode-locking generation.

Another short-term periodicity of 5-7 roundtrips was revealed at the early stage of the

pulse formation dynamics right after the pulse spectral broadening at 59.9 thousandth

roundtrip. The highest correlation of 0.96 was observed for a roundtrip difference of ±
50. The modulation depth of such periodic pattern was 6.3%. Notably, that the periodic

pattern has a slope α of 57.3 degrees. Slopes that differ to 45 degrees mean that spectrum of

the CW pulse at the roundtrip of TCW does not have the highest correlation with counter-

propagating spectra at the same roundtrip, but correlates with the counter-propagated
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pulse at a shifted roundtrip. This pattern indicates that both counter-propagated pulses

have experienced similar periodical dynamics with different periods. This is a particular

case during the beating and breathing dynamics, which was observed at these roundtrips.

This periodicity lasted for 400 roundtrips with a further increase of the cross-correlation

to the higher values.

The longest time period we observed from the cross-correlation analysis is 28 roundtrips

or 1.9 µs (grey inset in Fig. 2.15). Such a relatively long time can refer to the active fibre

dynamics such as the pump level decay time (10 µs [257]) or the laser diode instabilities.

Interestingly, that the maximum of the cross-correlation is shifted and achieved when TCW

is not equal to TCCW with a slope of 45 degrees.

In general, the correlation pattern is not symmetric over the line TCW = TCCW which

emphasizes the different build-up processes of the counter-propagated pulses in the bidi-

rectional mode-locked laser.

Summary

Here we have demonstrated the complex switch-on dynamics experienced by unsynchro-

nised counter-propagating ultrashort pulses during formation in the fibre cavity. Gener-

ally, the counter-propagating pulses experienced different build-up dynamics, while their

mutual interactions in the fibre laser allowed the formation of eventually almost iden-

tical solitons. After 70 thousand round trips from the first intensity spike observed, a

stable bidirectional mode-locked generation, evolving from Q-switched instabilities, has

been achieved. The obtained bidirectional mode-locked generation was stable and inherit

exactly matched repetition rates in opposite directions for several hours.

The demonstrated formation dynamics is rich with phenomena and nonlinear pro-

cesses, which make it stand out when compared to the earlier demonstrated evolution in

uni- and bidirectional mode-locked lasers. The demonstrated dynamics highlight the inter-

connection between both directions. Owing to the colliding mode-locking, the pulses have

always originated with the collision point in the saturable absorber that allows saturation

at lower intensities. In this work, we have also indicated the interrelation and underlying

dynamics between different stages. We have revealed that the complex interchange of the

intracavity energy between counter-propagating beams, mediated by the active media,

plays a vital role in the formation of the stable bidirectional mode-locked generation. This

is similar to the results presented in Ref. [229] where Authors indicated the role of the

energy distribution after the Q-switched pulse on the generation regime in a unidirectional

laser. While our results revealed that the deflections in the energy allocation lead to dif-

ferent discussed stages such as quasi-stable pulse formation with a following shift in the

central wavelength or unidirectional multi-soliton formation in the dominated direction.

Additional dynamics, presented in Appendix B, feature similar stages and confirm the re-

peatability of the observations, albeit their sequence and duration may substantially vary
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each time we switched on the pump power. Such behaviour indicates that the complex

dynamics arise due to the sophisticated operation regime that depends on a variety of

underlying conditions.

To analyse the similarities between the spectra of the counter-propagating pulses we

provided the cross-correlation analysis. The cross-correlation analysis reveals complex

periodic processes at different stages of the pulse formation between both pulses, ranging

from a few to 30 roundtrips, emphasizing varying dynamics at different stages. In addition,

this analysis helped to understand the formation of spectral pulsation of the solitons.

We also introduced a new evaluation parameter for numerical estimation of the energy

localisation for roundtrip-resolved measurements. The localisation parameter provides the

basis for comprehensive analysis of the role of dispersive waves on pulse break-up and the

multi-soliton complexes formation and their interactions. We provided a method for the

absolute pulse-to-pulse measurements of the deviation in the central wavelength and have

shown a pronounced blue-shift of the central wavelength. Moreover, these results exper-

imentally reveal the existence of synchronised and unsynchronised dispersion waves and

show their origination from complex pulse spectra behaviour. While numerical simulations

of bidirectional mode-locked lasers are complicated, we believe that such simulations can

be supported by experimental observations obtained via the presented real-time measure-

ments. Together numerical and experimental studies can help to reveal the true nature

of the underlying mechanisms giving rise to the observed phenomena like the wavelength

drifts, or even pulse formation from Q-switched instabilities. Compared to the previous

studies of bidirectional generations in fibre cavities, we have investigated conventional

solitons in the all-fibre anomalous-net dispersion cavity in details, featuring more complex

dynamics. These observations open up a great avenue towards versatile manipulation of

the nonlinear soliton dynamics. We believe the obtained results would constitute a ba-

sis for the further investigations of the counter-propagating soliton dynamics and their

interactions in complex systems and the role of the emitted dispersive waves and the Q-

switched instabilities on mode-locking generation. At last but not least, these results are

significant for further practical applications of fibre lasers with colliding mode-locking such

as dual-comb spectroscopy and gyroscopic measurements.

2.3 Gyroscopic Measurements

2.3.1 Historical perspective

The interest in using the mode-locked laser for measurements of angular velocity originated

from the work in 1989 by Chesnoy, who numerically demonstrated that the lock-in effect

could be mitigated by using ultrashort pulses [258]. Indeed, ultrashort pulses feature small

spatial length (∼0.3µm per fs in vacuum) and interact apace only in two points inside the

closed-loop. Moreover, in mode-locked lasers, the low-intensity back-scattered light would
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be further attenuated in the intensity-selective element such as a saturable absorber. Thus,

the implementation of the gyroscopic measurements in mode-locked lasers is less subjected

to the lock-in synchronisation.

The first gyro-type response in a bidirectional mode-locked dye laser was demonstrated

in 1990 [259]. Two years later in 1992, Gnass et. al. presented the first genuine mea-

surements of the Sagnac effect in a bidirectional laser [260]. Both works indicated a

significantly reduced lock-in effect, which provided a new avenue for gyroscopic measure-

ments. Although the focus of the thesis is concentrated on the gyroscopic measurements

in mode-locked fibre lasers, we would like to note that modern bidirectional mode-locked

bulk lasers have the potential to provide the gyroscopic resolution of 10−5deg/s [25].

In a mode-locked fibre laser, the first experimental results on gyroscopic measurements

have been presented in the NOLM-cavity configuration in 1993 [261]. The laser cavity

comprised Neodymium-doped double-clad fibre, pumped with a diode array. The Sagnac

loop mirror had a length of 600 m, coiled in a spool with a radius of 8 cm. To achieve mode-

locking generation Authors used an active technique, based on the phase modulator. By

measuring the temporal separation between the output pulses, the Sagnac effect has been

evaluated. In addition, the Authors demonstrated that the Sagnac effect could be further

enhanced by controlling the amplitude of the phase modulator. Later, the same group

has reported an advanced noise performance, decreasing the ARW down to 0.06 deg/
√
h

by inserting an intracavity polariser and exploiting polarisation-maintaining fibre [262].

Importantly, in Ref. [263] Authors demonstrated gyroscopic measurements of dynamic

rotation input. Moreover, they improve the long-term stability of the bias instability

down to 20 deg/h by implementing a lock-in amplifier in the laser system. Here, we

would like to note that although the gyroscopic measurements were provided inside the

laser cavity, the Sagnac effect was not accumulated through consecutive roundtrips, which

makes this approach similar to the passive gyroscope and significantly limits the overall

gyroscope capabilities.

Later, Braga et al. presented beat-note measurements in a bidirectional mode-locked

fibre laser [208]. Although the response of the beat-note was not associated with the

Sagnac effect, the phase shift similar to the one experienced by laser beams under rotation

exposure on the laser platform was induced by the intracavity phase modulator. In this

work, the mode-locked mechanism was based on the NPR effect, combined with two ampli-

tude modulators. The intracavity modulators were acting as temporal gates and allowed

to control the repetition rates and the crossing point of the counter-propagating beams

inside the laser cavity, which is essential for mitigation of the synchronisation between

them. Moreover, both modulators provided an efficient feedback for stabilisation of the

repetition rate and, as a consequence, reduce the bias instability.

As was mentioned before, while the gyroscope is at rest, the beat-note frequency be-

tween the counter-propagating pulses refers to the difference of the corresponding Carrier-

Envelope Offset (CEO) frequencies [161]. This ‘rest’ beat-note (at zero rotation) can
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be finely tuned by managing polarisation controllers and varying the pump power. This

feature allows to completely eliminate the lock-in effect by setting the rest beat-note suf-

ficiently apart.

The first genuine measurements of the Sagnac frequency via ultrafast fibre laser were

reported by Krylov et al. in 2017 [214]. The laser gyroscope setup was built in a ring

configuration shown in Fig. 2.1(d). The laser gyroscope presented as a single fibre coil

with a diameter of ∼1 m and a total area of 0.79 m2. An external delay line with a fine

tuning has been used to overlap the pulses in the temporal domain. The ‘rest’ beat-note

frequency was set to 1.61 MHz with the SNR of ∼30 dB. The Sagnac frequency response

demonstrated a linear relation to the applied rotation velocity with a scale factor of 7

kHz/(deg/s), which was in good agreement with the Sagnac equation 1.8. The resolution

was estimated based on the bias frequency drift and constituted 0.01 deg/s. This work

has demonstrated that traditional technique for measurements of the Sagnac effect could

be efficiently applied in mode-locked fibre lasers. However, the Authors noted a high

sensitivity of the Sagnac frequency to the relative CEO frequency, which has a deleterious

effect on the bias instability, since the CEO frequency tends to rapidly fluctuate. The CEO

frequency could be independently measured by the f−2f interferometer and be efficiently

stabilised. Moreover, as was discussed in Chapter 1.5.2, the stability of the CEO frequency

could be increased by constructing the laser cavity with close-to-zero net cavity dispersion

with the generation of the dispersion-managed solitons [120]. Nonetheless, an efficient

and simultaneous stabilisation of the counter-propagating pulses in such a cavity setup for

gyroscopic measurements could be very sophisticated.

In 2019 Zhang et al. proposed to use another ultrafast generation regime known as

’dark’ solitons for measurements of the angular rotation based on the beat-note method-

ology [264]. The dark solitons are contrary to ’bright’ pulses and manifest as a train of

ultrashort dips in a continuous-wave radiation [134]. The interest of the usage of the dark

solitons in precision measurements is owing to the numerical investigations, which have

shown that dark solitons are less sensitive to noise [136], fibre losses [137] and interactions

between neighbouring dark solitons [138], compared to the bright counterparts. Moreover,

the generation of dark soliton also inherits the advantages of both conventional solitons

and continuous-wave radiation and, therefore, there is no need in an additional external

delay line for overlapping of counter-propagating dark solitons. In Ref [264] the Authors

have used two rare-earth-doped optical fibres inside the laser cavity: an Erbium-doped

fibre, pumped by a diode laser, served as a gain media, while a 0.8 mm of Thulium-doped

fibre with strong absorption at 1550 nm acted as a saturable absorber. Similar to the con-

ventional solitons, the dark solitons also inherit the ’rest’ beat-note corresponding to the

CEO frequency at zero angular rotation. The beat-note frequency peak had a linewidth

of 169 Hz and the SNR of ∼7.5 dB. The laser gyroscope was coiled up to 18 turns in a

ring shape with a radius of 0.3 m. The total length and enclosed area were 69.5 m and

5.22 m2, respectively. The gyroscope scale factor was numerically estimated to be 3.35
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kHz/(deg/s), which was confirmed by experimental results of 3.31±0.09 kHz/(deg/s). The

corresponding resolution of the gyroscopic measurement was 0.05 deg/s. The bias drift was

estimated by 10 hours measurements of the zero frequency and constitute 143 Hz. These

results demonstrate that gyroscopic measurements are not limited to conventional solitons,

while other generation regimes of ultrashort pulses could be more beneficial for gyroscopic

applications. For example, other work demonstrated increased stability of multi-bound

soliton generation in a free-running fibre laser [265], which could benefit the performance

of the overall gyroscopic performance.

As we discussed in Section 1.6.2, the real-time measurements provided new insights on

many applications, including gyroscopic measurements [266]. In Ref. [266], the laser cavity

was similar to the one used in Ref. [214] and is schematically shown in Fig. 2.1(d) with the

brief discussion in Section 2.2.1. The laser features are discussed in more detail in Ref. [5].

A distinctive feature of this laser is that it is able to generate pulses with synchronised

and unsynchronised repetition rates by adjusting the intracavity polarisation state. The

optical Sagnac effect in this cavity setup was evaluated using two real-time techniques for

both operation regimes: spatio-temporal and the DFT measurements.

For investigation of the Sagnac effect in the temporal domain, the Authors used the gen-

eration regime with unsynchronised repetition frequencies of counter-propagating waves.

A 33 GHz oscilloscope and a 50 GHz photodiode with a rise time of 12.5 ps have been

used, which results in the temporal resolution of 25 ps according to the Eq. 1.24. The

difference in the repetition rates ∆f of counter-propagating pulses can be also understood

as a moving crossing point along the laser cavity. The temporal shift per each roundtrips

can be estimated as ∆l = ∆f
frep

L. In that case, the gyroscopic effect can be estimated

through the change in the angle between pulse spatio-temporal trajectories. The Sagnac

effect was evaluated by comparing the temporal spacing between the counter-propagated

solitons at 104 roundtrip after the crossing point in regards to the pulse separation when

the platform is at rest. The experimentally obtained scale factor was 0.885 deg/s/ns,

corresponding to the gyroscopic resolution of 0.022 deg/s at a data frequency of 1.5 kHz.

However, the resolution could be further increased by acquisition over a larger window of

roundtrip at the cost of reduced data frequency. The upper limit of the roundtrip window

and the resolution were dedicated by the limited temporal response of the photodetector

and the memory of the used oscilloscope.

The approach based on the Dispersive Fourier Transform measurements requires syn-

chronised repetition rates in both directions in order to record the pulse-to-pulse dynamics

of the interferometric pattern. The lengths of the output arms were adjusted to achieve

the temporal separation in the range, governed by the Eq. 1.31. The DFT line was re-

alised using an 11 km of dispersion-compensating fibre with the Group Delay Dispersion

of -1200 ps/nm. Similar to the ’zero’ beat-note frequency, when the gyroscopes is at rest

the relative phase between counter-propagating pulses was rapidly changing accordingly

to the relative carrier-envelope phase. The Sagnac effect appeared as an additional phase
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shift, changing the tilt of the interferometric pattern. The angle was extracted by apply-

ing the fast Fourier transformation across the roundtrip window. The window was set

to 5000 roundtrips which corresponds to the data frequency of 3 kHz. The experimental

resolution of the gyroscopic measurements limited by the using equipment and the mea-

surement technique reached 7.2 mdeg/s with the scale factor of 17.2 mdeg/s/kHz. Similar

to other real-time methods, the resolution could be further increased at the cost of the

acquisition rate by setting a larger window. Moreover, this phase-based technique could

also be further extended for other applications, not limiting to the gyroscopic.

Overall, the real-time measurement techniques surpass the current acquisition rates

of the state-of-the-art gyroscopes by several orders of magnitude, demonstrating great

potential for further investigations.

On the other hand, as we have demonstrated in Section 2.2, bidirectional ring-cavity

mode-locked lasers feature complex nonlinear dynamics of counter-propagating waves,

involving interactions in gain media and continuous collisions in the saturable absorber.

Another approach for fiber laser cavity design has been suggested in Ref. [161], based on

parametric generation, eliminating the complex energy dynamics in a gain medium. The

seed signal from a mode-locked laser is split in a 3-dB coupler and used for bidirectional

parametric generation in a Sagnac loop, based on the four-wave mixing in polarisation-

maintaining dispersion compensation fibre. Onwards, a beat-note measurement technique

was applied for observation of the Sagnac frequency. However, the demonstrated settings

inherit strong frequency oscillations by tens of kHz due to the high sensitivity of the

parametric oscillations to the environmental perturbations and instabilities of the pump

laser. Despite that the Authors did not provide gyroscopic measurements, the presented

gyroscope concept has further potential in measurements of angular velocity.

Another potential way to avoid the synchronisation dynamics between counter-propagating

pulses is to measure the Sagnac effect in a passive interferometer with an external source

of the ultrashort pulse train. However, no works have been reported on passive gyroscopic

measurement via ultrafast lasers. The main reason for that is, as we have shown, most

works have been focused on the measurement of the beat-note frequency, which could not

be obtained in passive interferometers. Since the dominating technique in passive gyro-

scopes is based on the phase measurements, the DFT technique could serve as an excellent

tool to fill this gap.

All in all, this Section comprehensively overviewed the up-to-date development of laser

gyroscopes based on ultrashort pulse generation. The experimental results confirmed the

strong mitigation of the lock-in effect in such laser gyroscopes. However, the discussed

works have not achieved results comparable to the traditional laser gyroscopes. The main

observed limitation to achieve higher resolution was related to the strong oscillations of the

CEO phase. Moreover, most of the described work exploit traditional techniques adopted

from the laser gyroscopes based on generation of continuous wave, which do not allow to

extract the full potential of the ultrashort pulses such as high data rates. Among other
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techniques, the real-time measurements such as the DFT demonstrated a potential to

achieve both high resolution and the data rates. But, further research is required due to

the lack of comprehensive studies of the ultrashort pulse response to the angular rotations.

2.3.2 Experimental results

In this section, we present experimental results on gyroscopic measurements in a bidirec-

tional mode-locked fibre laser. The laser we used was described in Chapter 2.2.1. The

laser was placed on the rotation platform with a radius of 0.305 m, which results in a total

enclosed area of 1.24 m2. The rotation platform was connected to a stepper motor, which

was used as a source of discrete angular movements. Since the data rate of the proposed

methods significantly exceeds the data rates of the traditional gyroscopes we were able

to detect the irregularities in the angular rotations of the DC motors. Thus, we use the

stepper motor which allows us to apply angular rotations with an apriori known angular

step size.

Stepper motors are brushless electric motors that provide an angular rotation in dis-

crete steps. Stepper motors have multiple electromagnets arranged as a stator around a

central rotor. A simplified setup of a bipolar stepper motor with two winding is shown in

Fig. A.1. The electromagnets are activated by an external circuit through two windings.

By applying a current through A-A’, the electromagnets are activated and attract the

gear’s poles, rotating the motor shaft accordingly (Fig. A.1(a)). Then, the applying volt-

age over the winding B activates the other pair of electromagnets, which attracts the rotor,

producing the next step (Fig. A.1(b)). Onwards, the electromagnets A are consecutively

energised and the process is repeated. The main advantage of the stepper motor is that it

can be precisely controlled with a known step size with high repeatability. Moreover, the

step angle could be further reduced by using the microstepping technique.

In our measurements, we used an RS PRO Hybrid Stepper Stepper Motor with a

four-wire bipolar winding. Hybrid stepper motors usually have teeth that are offset on

two different cups around the outside of the magnet rotor, providing better precision and

higher torque. The used motor has a step angle of 0.9 degrees (400 full steps per single
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Figure 2.16: Schematic representation of the working principles of a stepper motor. The
winding are energised in the following order: (a) from A to A’, (b) from B to B’, (a) from
A’ to A.
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Figure 2.17: Schematic illustration of the experimental scheme to control the stepper
motor.

revolution) and a shaft diameter of 5 mm. The step angle accuracy at full step with

no load is in the range of ±5%. The holding torque is 0.44 N·m. The stepper motor

was controlled via an Arduino UNO using the A4988 driver and the Stepper Library. The

whole scheme is schematically demonstrated in Fig. 2.17. The used driver allows to simply

implement the microstepping with the step angle of a half-step, quarter-step, eighth-step,

and sixteenth-step. By setting through Arduino the required steps per seconds and the

step size we were able to manage the average angular velocity of the motor.

The transmission ratio between the laser platform and the stepper motor is calculated

as a ratio between their radiuses and results in M = 8.2 · 10−3. Hence, the single full-size

step of the motor rotates the laser platform by 7.4 mdeg (128.8 µrad) and can be further

reduced by microstepping method down to 46.1 µdeg (8 µrad), which is 1/16 of the full

step-size. In order to resolve at least one step in time, the minimum motor speed was

80 steps per second and limited by the oscilloscope memory, which allows recording a

temporal window of 26 ms.

Moreover, the stepper motor produces a dynamic angular velocity (from zero angular

velocity to twice the average angular velocity), that allows to simultaneously investigate

an effect of a broad range of the applied angular velocities on the ultrashort pulses. The

detection of dynamic Sagnac effect have been demonstrated previously by using a mode-

locked laser [267], however these measurements were associated with a phase modulation

which are, in principle, similar to the angular rotations. The sinusoidal angular rotation

have been also applied to investigate the Sagnac effect in microresonators [40]. For the

out-of-lab applications it is important that the gyroscope is able to capture fast angular

oscillations, which do not affect the mode-locking operation.

Since the Sagnac frequency response to the applied angular velocity in mode-locked

lasers has been demonstrated before [25; 208; 214; 264; 268], here we focus on measure-

ments of the Sagnac effect by exploiting real-time measurement techniques such as the

DFT and spatio-temporal dynamics. Firstly, these techniques allow us to particularly
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investigate the dynamics of the generation regimes and their peculiarities. Additionally,

these techniques provide both high resolution of the phase measurements and high data

rates, limited by the repetition rate of the laser source of 15 MHz. Dissimilar to the previ-

ous work [266], here we are using a more advanced method for phase extraction from the

interferometric pattern, allowing single-shot measurements. Moreover, here we provide

gyroscopic measurements of dynamics angular rotations that are more significant for real

applications and for investigation of the pulse response to varying angular velocities.

Spatio-temporal measurements

Figure 2.18(a) shows the measurement setup for evaluation of the Sagnac temporal shift

by using the spatio-temporal technique. Radiation from both counter-propagating outputs

of the laser gyro was recorded by two 50 GHz photodetectors, which were connected to

the 33 GHz oscilloscope. For these measurements, we achieved the generation regime with

different repetition rates of the counter-propagating pulses. The spatio-temporal dynamics

of the counter-propagating pulses when the laser platform was at rest are presented in

Fig 2.18(b). To estimate the Sagnac effect by using the spatio-temporal measurements we

calculated a temporal shift between the trajectories of the counter-propagating pulses. The

inset in Fig 2.18(b) demonstrates the calculated temporal spacing between the pulses at

rest. According to the Sagnac effect, the temporal separation between counter-propagating

pulses should change when the angular velocity is applied.

Unlike the measurement setup in the Ref. [266], we used two different channels for

each direction in order to avoid the pulse overlapping on the photodetector. The temporal

overlapping of the counter-propagating pulses induces an uncertainty in the evaluation of

the temporal position of each pulse. Moreover, the pulse overlapping at the output from
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Figure 2.18: (a) The measurement setup for gyroscopic measurements by using the spatio-
temporal technique. (b) The spatio-temporal dynamics of the counter-propagating pulses
at zero angular rotation. Inset: the temporal spacing between the counter-propagating
pulses.
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the laser cavity can result in additional perturbations of the solitons due to the interaction

of co-propagating pulses [242; 269; 270].

To evaluate the Sagnac temporal shift we, firstly, provided reference measurements by

recording the temporal dynamics of the counter-propagating pulses when the gyroscope

platform was at rest. The reference measurements provide the data on the pulse divergence

rate, which is the difference in the repetition rate. Then, we recorded the spatio-temporal

dynamics of the counter-propagating pulses with a rotating gyroscope platform by the

stepper motor. The Sagnac effect in such configuration manifests as an additional timing

shift of the pulse spatio-temporal position to the reference measurements. Thus, the

resulting data on the Sagnac induced temporal shift is evaluated as the difference between

both measurements.

Figure 2.19(a) demonstrates the experimental results on the pulse temporal spacing

during the rotation exposure, after we subtracted the reference measurements. The stepper

motor was set to produce 100 steps per second at the full-step size (blue line) and half-

step size (orange line). As can be seen, the temporal shift due to the Sagnac effect

was accumulated through consecutive roundtrips, which is characteristic of the active

gyroscopes. In order to estimate the Sagnac effect in real-time (pulse-to-pulse variations),

we should differentiate the temporal shift in time. The corresponding differentiation of

the gyroscopic measurements for both step-sizes with a moving averaging window of 1000

roundtrips is shown in Fig. 2.19(b). The averaging of the results is necessary to increase

the resolution of the pulse spatio-temporal position due to the limited temporal response

of the used measurement equipment. The results demonstrate a good temporal agreement

with the set step duration of the motor of 10 ms. Additionally, if the gyroscope will rotate

in the opposite direction, the relative time separation between the pulses will start to

decrease, allowing to uniquely determine the rotation direction.

The resulting scale factor of the laser gyroscope, evaluated from the experimental

data, is shown in Fig. 2.20(a). This scale factor was estimated for a difference in the

repetition frequencies of the counter-propagating pulses of 22.5 Hz, which corresponds

to the divergence rate of ∼100 fs per roundtrip. The experimental relation between the

relative pulse separation per roundtrip and the applied angular velocity is in relatively

good agreement with the linear approximation. The residual deviations from the perfect

linear approximation refer to the limited resolution of the setup and the slippage between

the rotation platform and the motor. The experimental scale factor was estimated to a

value of 8.42 fs/(deg/s). We would like to note that we did not observe any synchronisation

dynamics even at the lowest measured angular velocity of 0.037 deg/s (0.64 µrad/s). The

lack of synchronization is explained by the fact that even at the zero rotation velocity, the

counter-propagating pulses are far from synchronisation, so the lock-in effect is completely

eliminated.

On the other hand, at high angular velocities or at a low divergence rate between the

counter-propagating pulses, the effect of the Sagnac-induced temporal shift can be com-

91I. Kudelin, PhD Thesis, Aston University, 2021



2.3 Gyroscopic Measurements

0.5 1 1.5 2 2.5 3

Roundtrip

Time, ms

3.3 6.7 10 13.3 16.67 20

Time, ms

3.3 6.7 10 13.3 16.67 20

(a) (b)

105

0

500

1000

1500

2000

A
cc

um
u

la
te

d 
te

m
po

ra
l s

hi
ft,

 p
s Full-step

Half-step

0.5 1 1.5 2 2.5 3

Roundtrip 105

0

2

4

6

8

10

12

T
em

po
ra

l s
hi

ft,
 fs

Full-step
Half-step

Figure 2.19: (a) The accumulated Sagnac-induced temporal shift between counter-
propagating pulse when the stepper motor was set to produce 100 steps per second (10
ms 150000 roundtrips per step) with full-step (blue line) and half-step size (orange line).
(b) The corresponding differentiation of the accumulated temporal shift with averaging
window of 1000 roundtrips.

pared to the divergence rate and may lead to their synchronisation. That is confirmed by

our experimental observations where we observed a relation between the scale factor of the

gyroscope and the initial divergence rate between counter-propagating pulses. The depen-

dence of the scale factor on the difference in the repetition rate is shown in Fig. 2.20(b).

The approximation of the experimental results we adopted from the traditional lock-in

effect [271]:

S = S0

√
( ∆ν
∆ν0

)2 − 1

∆ν
∆ν0

(2.6)

where S is the resulting scale factor, S0 is the asymptotic scale factor. ∆ν = ∆νCW −
∆νCCW is the difference in the repetition rates of the counter-propagated pulses (diver-

gence rate), ∆ν0 is the minimum difference in the repetition rates at which the Sagnac

effect can be observed. The approximated values of the asymptotic scale factor and the

minimum divergence rate is S0 = 10.85fs/(deg/s) and ∆ν0 = 14.19 Hz, correspondingly.

The approximation is shown in the Fig. 2.20(b) as a dotted black line. However, this

approximation does not provide the best fit for the experimental data mainly due to the

reason that the mechanism of synchronisation between the counter-propagating pulses in

mode-locked lasers is different from the traditional lock-in effect. Hence, we use a different

approximation with saturation properties as:

S =
S0

1 + ∆νsat−∆ν0
∆ν−∆ν0

(2.7)

here ∆νsat is the saturation frequency, at which the maximum Scale factor S0 decreased

by two times. The approximation values are: S0 = 11.63fs/(deg/s), ∆ν0 = 9.54 Hz,
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Figure 2.20: (a) The relation between the average pulse temporal shift per roundtrip and
the applied angular velocity (blue dots) with linear approximation (orange line). (b) The
relation between the experimental scale factor and the difference in the repetition rate
between counter-propagating pulses (blue dots) with approximations (orange and black
lines).

and ∆νsat = 14.83 Hz. As demonstrated in the Fig. 2.20(b), this approximation provides

a better agreement with the experimental data. Though both approximations provide

only slightly different results, they both revealed an important conclusion, that while no

traditional lock-in has been observed at low angular velocities, the repetition rates of the

counter-propagated pulse could be synchronised, limiting the gyroscopic measurements.

This agrees with our experimental investigations, that no bidirectional mode-locked gener-

ation with unsynchronised repetition rates was observed with a difference in the repetition

rates less than ∼18 Hz. The explanation of the reduced scale factor can be understood as

the counter-propagating pulses with close repetition rates start to synchronise and which

reduces the effect of the Sagnac-induced temporal shift. Moreover, a temporal shift per

roundtrip at a low divergence rate is comparable to the Sagnac-induced temporal shift. As

an example, a divergence rate of 10 Hz corresponds to the temporal shift of fewer than 50

fs, which is less than 5 times more than the Sagnac temporal shift at an angular velocity

of 1 deg/s. Thus, it is desirable to achieve a high divergence rate for reliable gyroscopic

measurements. Moreover, as we will discuss later, only a negligible temporal shift, induced

by the angular rotations, was observed during the generation regime with synchronised

repetition rates of counter-propagating pulses.

Since eq. 2.7 provides a better fitting to the experimental results we will use the

asymptotic scale factor of 11.63 fs/(deg/s) in our further discussion. This experimen-

tally obtained asymptotic scale factor substantially exceeds the theoretical scale factor

of Stheor = 0.0014fs/(deg/s), based on the classical Sagnac Eq. 1.3. However, previ-

ous works have demonstrated a potential to substantially increase the response of the

gyroscopic measurements by introducing an anomalous dispersion [28; 29; 30; 32; 272].

The enhancement factor of such light dragging in a dispersive medium, according to the
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Lorentz’s prediction, can reach up to ∼ 104 [34]. While our results demonstrate the en-

hancement of ∼ 7825 times. This enhancement factor indicates that the response of the

wave pockets, such as ultrashort pulses, to the applied angular velocity, is higher than

predicted by the classical Sagnac equation and so they have a significant potential for

gyroscopic applications. However, further work is required in order to comprehensively

understand this phenomenon.

On the other hand, this experimental scale factor is smaller than the one observed in

Ref. [266] in a similar experimental setup. However, here we used a different approach to

estimate the scale factor. Firstly, we based our results on almost 390 thousand consecutive

roundtrips, compared to 10 thousand in Ref. [266], which allows us to obtain a higher

resolution. Moreover, the pulse dynamics in each direction was measured in two separate

channels to exclude pulse interaction outside the laser cavity. And lastly, in Ref. [266]

Authors measure the pulse separation after overlapping of counter-propagating pulses on

the photodetector. This approach may induce additional uncertainty, due to the relatively

low resolution of the measurement equipment compared to the pulse duration, so that the

counter-propagating pulse could not be distinguished for several hundreds of roundtrips.

Thus, our measurements are more sensitive and can establish the scale factor with better

precision.

The minimum detectable angular velocity in a single-shot measurement of the proposed

technique is 1074.8 deg/s (18.76 rad/s), based on the asymptotic scale factor of 11.63

fs/(deg/s). However, as we discussed in Section1.4.2 the minimum angular velocity could

be efficiently decreased as 1/n by estimating the accumulated Sagnac-induced temporal

shift over n roundtrips. Thus, the resolution of the setup is limited by the memory of the

oscilloscope, which allows to record n =∼ 392000 consecutive roundtrips, providing the

total resolution of 2.74 mdeg/s (47.9 µrad/s). However, the increased resolution comes at

the cost of the decreased data frequency by n time and is estimated to a value of ∼ 38 Hz.

To characterise the gyroscope performance we calculate the Signal-to-Noise Ratio

(SNR) as a squared ratio of the mean value µ and the standard deviation σ :

SNR = 10log[(
µ

σ
)2] = 20log(

µ

σ
) (2.8)

In order to estimate the gyroscopic performance of the proposed setup, we calculate the

SNR for an angular speed of 1 deg/s in a single-shot regime (without applying averaging

techniques). Thus, the mean value µ is the temporal shift per roundtrip at the angular

velocity of 1 deg/s, while the standard deviation is the pulse-to-pulse variation of the pulse

temporal position of the reference measurements and equals 7.15 ps. The resulting SNR

is -55.8 dB. Such a low value was expected due to the low resolution of the measurements

equipment compared to the Sagnac effect. However, the accumulation of the Sagnac

effect will add an additional term 10log(n2) into the eq. 2.8, where n is the number

of accumulated roundtrips. For the presented measurements with averaging over 1000
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Figure 2.21: Allan deviation of the pulse-to-pulse temporal change between consecutive
pulses during the reference measurements. Dashed line represents the 1/t trend.

roundtrips, the SNR is 4.2 dB which is enough to distinguish the signal from noises.

To estimate the main parameters of the gyroscope we calculated the Allan deviation.

As we introduced earlier, the Allan deviation is usually calculated for the beat-note fre-

quency at a constant angular velocity to estimate the limiting perfomance of the gyro. The

constant angular velocity is necessary in order to obtain the beat-note frequency. Since our

measurement technique is completely different, we calculated the Allan deviation of the

pulse-to-pulse variation on the temporal separation between counter-propagating pulses,

converted into angular velocity by using the experimental scale factor, for the reference

measurements. The applied constant angular velocity will induce an additional temporal

shift, which is the same per each roundtrip in the ideal case. This additional term will be

cancelled as can be seen in the eq. 1.23. Thus, the approach we used is equivalent to the

traditional methods to estimate the Allan deviation.

Figure 2.21 demonstrates the calculated Allan deviation. The maximum integration

time was limited by the memory of the oscilloscope to 8.7 ms. The Allan deviation has

a strong 1/t downward trend for longer integration time, where t is the integration time.

This dynamics is expected since the pulse dynamics occur at much smaller time scales than

the resolution of the measurement equipment, and a wide averaging window is necessary

for the increased resolution. On the other hand, the rapid temporal fluctuations of the

pulses, such as timing jitter, are averaging out at long integration times and only long-

term fluctuations could be observed (e.g. environmental perturbations). The resulting

bias instability is 32.2 deg/h at an integration time of 8.7 ms. The high integration time

indicates that this approach is preferred to operate at low data frequencies in order to

achieve the highest angular resolution. Unfortunately, we are not able to measure the

Angular Random Walk (ARW), which is the Allan deviation at the integration time of 1

s, due to the limited memory of the oscilloscope. Nevertheless, we estimate the ARW from
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the Allan deviation at the maximum integration time and multiply by
√
1s/8.7ms = 10.68,

considering
√
t upward trend of the Allan deviation. Hence, the upper limit of the ARW

is estimated to 343.8 deg/
√
h.

In conclusion, we want to highlight that the proposed approach is linear and easy

to implement and provides the real-time gyroscopic measurements. This technique is

also capable to measure dynamics angular rotations implemented by a stepper motor.

However, due to the relatively low response time of the photodetector, this approach is

more suitable for measuring slow-variable angular rotations which are accumulated over

many roundtrips. Unfortunately, this approach has a relatively low performance compared

to the traditional optical gyroscopes, however the increased temporal shift due to the

Sagnac effect makes the ultrashort pulses attractive for further investigation of gyroscopic

measurements.

Interferometric measurements

Generally, the interferometric techniques are based on the measurements of the Sagnac-

induced phase shift. By combining both counter-propagating beams at the output from

the laser cavity an interferometric pattern can be achieved, from which a relative phase

and its variations could be extracted. This approach demonstrates higher sensitivity com-

pared to the temporal measurements, which can be understood from the phase-time rela-

tion 1.4. In other words, a temporal shift, equivalent to one wavelength temporal period

(t = λ/c), translocates the interferometric pattern by the phase of 2π. This interfero-

metric technique have been used to experimentally investigate the internal dynamics of

solitons molecules [182; 189]. In this Section we evaluate the phase shift between counter-

propagating pulses in the bidirectional mode-locked fibre laser by using the Dispersive

Fourier Transform. To extract the relative phase information we followed the technique,

discussed in Section 1.6.2.

Figure 2.22(a) demonstrates the experimental setup for the interferometric measure-

ments of the Sagnac effect. The output radiation from both counter-propagating direc-

tions is combined in the optical coupler. To obtain an interferometric pattern of counter-

propagating pulses, their temporal space should be adjusted in the range, given by the

eq. 1.29. Then, both pulses temporally broaden in the DFT line and are registered by a 50

GHz photodiode, connected to a 33 GHz digital storage oscilloscope. The DFT line con-

sists of 11 km of dispersion compensating fibre and has a GDD of -1200 ps/nm/km. The

spectral resolution of the DFT measurements, based on the used measuring equipment, is

0.02 nm. The resolution of the phase retrieval, limited by the measuring equipment and

the SNR, was 1 µrad. More discussion on the resolution of the phase extraction in the

presence of noises is presented in Appendix A.

In these measurements, we adjusted the polarisation controllers in the laser cavity

to generate mode-locked pulses in opposite directions with identical repetition rates. In
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Figure 2.22: (a) The experimental setup of the interferometric measurements of the
Sagnac phase shift. OC - optical coupler. (b) The spatio-temporal dynamics of counter-
propagating pulses with matched repetition rates at rest.

the time domain, the matched repetition rates of counter-propagating pulses mean that

the temporal spacing between the pulses is constant over time, which is necessary for

the continuous detection of their interference. Thus, the generation regime with unsyn-

chronised repetition rates could not be applied for the phase measurements via the DFT

technique. Figure 2.22(b) presents an example of the spatio-temporal dynamics of the

counter-propagating pulses with matched repetition rates at rest. For this generation

regime we revealed two different dynamics of the relative phase between the counter-

propagated pulses: when the counter-propagating pulses inherit a continuously changing

relative phase; another dynamics we observed is when the counter-propagating pulse are

fully locked with a fixed relative phase. Both regimes experienced different responses to

the applied angular velocity which we are going to discuss below.

Generation of counter-propagating ultrashort pulses with frequency offset

In this section, we investigate the gyroscopic response of the relative phase of the counter-

propagating pulses in the bidirectional mode-locked laser to the rotation exposure. In

analogue with spatio-temporal measurements, we firstly provided reference measurements

when the gyroscope platform was at rest. Figure 2.23(a) demonstrate the dynamics of

the interferometric pattern of counter-propagating pulses recorded via the DFT. The

remarkable characteristic of this generation regime is that the relative phase was con-

stantly changing during the reference measurements. The change of the relative phase

is presented as a tilt of the modulation of the interference over the roundtrips and cor-

responds to the beating between the CEO frequencies of counter-propagating pulses as

∆f = fCW
CEO−fCW

CEO = ∆ϕ
2π frep. Note, that the relative temporal spacing remained constant

from pulse-to-pulse. Thus, in the frequency domain, both counter-propagating frequency

combs have an equal separation between each lines but have an offset relative to each

other.
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Figure 2.23: (a) The spectral dynamics of the interference of counter-propagating pulses
recorded with the DFT. The incline of the spectral modulation corresponds to the changing
relative phase of the counter-propagating beams. (b) The dynamics of the relative phase,
evaluated from the DFT measurements. (c) The pulse-to-pulse change of the relative
phase with average phase slippage of 0.42 rad and standard deviation of 11.5 mrad with
(d) corresponding probability density function. (e) The dynamics of the relative phase
after we subtracted the average phase slippage of 0.42 rad.

Figure 2.23(b) presents the relative phase dynamics, obtained from the corresponding

single-shot DFT spectra. The pulse-to-pulse variation of the relative phase, which is the

differentiation of the relative phase over roundtrips, is shown in Fig. 2.23(c) with the

corresponding Probability Density Function (PDF) in Fig. 2.23(d). The average phase

slip ϕslip we observed is 0.42 rad with a standard deviation of 11.5 mrad. The standard

deviation of the phase measurement limits the minimum relative phase, which we can

distinguish from the laser phase noise, and, hence, provide a resolution of the further

gyroscopic measurements. In the frequency domain, the phase slippage of the relative

phase corresponds to the frequency offset between counter-propagating combs of ∆f = 1

MHz. Additionally, the standard deviation can be represented as a width of the ∆f

frequency and was estimated to be 27.5 kHz. The two-peak structure indicates a strange

attractor for the synchronisation of counter-propagating pulses.

Figure 2.23(e) demonstrates the dynamics of the relative phase after subtraction of the

average phase slippage ϕslip for each roundtrip, representing a phase bias from the average

phase slippage. A strong frequency oscillation was observed with an amplitude of ∼0.5 rad

with a periodicity of ∼30 thousand roundtrips (2 ms). Small oscillations of the relative

phase in a range of 0.06 rad with a time period of 15 roundtrips are shown in the inset at

Fig. 2.23(e). These phase oscillations have similar temporal periods to the presented in the

previous Section on pulse build-up dynamics. Note, that this dynamics is accumulated
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Figure 2.24: (a) The accumulated Sagnac-induced phase shift between the counter-
propagating pulses when the stepper motor was set to produce 100 steps per second (10
ms or 150000 roundtrips per step) with full-step (blue line) and half-step size (orange line).
(b) The corresponding differentiation of the accumulated phase shift with averaging win-
dow of 100 roundtrips. (c) The relation between the average shift of the relative phase per
roundtrip and the applied angular velocity (blue dots) with linear approximation (orange
line). Inset: The relation between the experimental scale factor and the average phase
slippage ϕslip.

through roundtrip. In other words, if 0.5 phase is accumulated through 15 thousand

roundtrips it corresponds only to the deviation of 33.3 µrad per roundtrip (80 Hz). The

deviation of the relative phase may arise due to noises inherited from the mode-locked

generation such as intensity noises and fluctuations of the surrounding conditions.

According to the Sagnac effect, the angular movements induce an additional phase

shift between the counter-propagating pulse, and in other words, change the angle of the

tilt of the interferometric trace. Analogically to the spatio temporal measurements, to

estimate the Sagnac induced phase shift we subtracted the average pulse-to-pulse average

phase shift, obtained from the reference measurements, from the obtained results on the

gyroscopic measurements. Figure 2.24(a) presents the dynamics of the relative phase

when the gyroscope experienced rotation movements from the stepper motor at speed

of 100 steps per second (10 ms per step). As expected, similar to the spatio-temporal

measurement, the relative phase was accumulated over roundtrips due to the Sagnac effect

(eq. 1.5). To resolve the profile of the rotation movements, we differentiate the accumulated

phase with an averaging window of 100 roundtrips, which is shown in Fig. 2.24(b). The

two-peak profile of the step is a feature of stepper motors and arise due to the relatively long

time between charging consecutive coils, which force the motor to rotate. This profile is

resolved due to the higher resolution of the phase measurements and more narrow average

window, compared to the spatio-temporal measurements of the Sagnac effect. Notably,

that the relative pulse separation did not change during the angular rotation of the laser

platform, as it is expected similar to the spatio-temporal measurements since the Sagnac

effect manifests as a temporal delay between opposite directed pulses. That also lead to the

conclusion that the counter-propagating pulses always collided in the saturable absorber

even when the angular velocity was applied to the platform. We refer these observations

to the synchronisation dynamics between counter-propagating pulses and the effect of the
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colliding mode-locking.

The experimentally obtained relation between the average phase shift per roundtrip

and the applied angular velocity is shown in Fig. 2.24(c). The scale factor is linearly

approximated to a value of 0.0361 rad/(deg/s). Taking into account the standard deviation

of the relative phase dynamics, the resolution of the gyroscopic measurement is 318.6

mdeg/s (5.56 µrad/s). The SNR of the single-shot measurements is 9.9 dB. Unlike the

spatio-temporal approach, the scale factor did not depend on the pulse parameters such

as the phase slippage. The Inset in Fig. 2.24(c) demonstrates the obtained scale factor

at different values of the reference pulse-to-pulse phase slippage. Moreover, due to the

periodicity of the interferometric pattern, the phase shift per roundtrip of π and higher

could not be undoubtedly estimated. This limits the maximum measured angular velocity

to a value of 87 deg/s (1.5 rad/s).

The experimentally obtained scale factor diverges from a theoretically evaluated value

of 1.1 mrad/(deg/s) using the Sagnac eq. 1.5. Similar to the spatio-temporal approach, this

discrepancy from the classic Sagnac equations can be caused by the intracavity anomalous

dispersion and the unique properties of the ultrashort pulses. However, the enhancement

factor of 32 is much smaller compared to the one obtained via the spatio-temporal measure-

ments. The reduction in the enhancement factor is due to the synchronisation dynamics

between counter-propagating pulses and the effect of the colliding mode-locking. More-

over, we also observed that during the angular rotations the accumulated phase difference

tended to return back to the initial condition, restricting the continuous measurements

of the angular velocity. This can be understood as follows: the applied angular rotations

induce perturbation to the synchronisation dynamics between counter-propagating pulses

and the colliding mode-locking, which in turn compel the counter-propagating pulses to

return back into initial conditions in order to maintain the conditions, imposed by the

colliding mode-locking.

At the same time, the presented scale factor is slightly smaller but comparable to the

one demonstrated in Ref. [266]. The disagreement with previous results is mostly due to

the different types of used motors and the slippage between the motor and the gyroscopic

platform. Moreover, here we evaluate the relative phase with a more advanced technique,

which allows us to evaluate the relative phase in a single-shot regime with higher precision.

Figure 2.25 presents the calculated Allan deviation of the pulse-to-pulse phase change

of the pulse train. Similar to the spatio-temporal measurements, the Allan deviation was

estimated for the reference measurements, which represent the lowest phase noises of the

generation regime and limit the overall gyroscopic performance of the used setup. A small

peak of the Allan deviation at low integration time corresponds to the oscillation noises [56]

due to the phase oscillations shown in Fig. 2.23(e). The minimum Allan deviation of

24.2 deg/h, which is the bias instability by the definition, is observed at the integration

time of 0.14 ms, indicating the optimised data rate of around 7.1 kHz. After that minimum

point, the Allan deviation starts to slowly increase due to the pulse dynamics in the
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Figure 2.25: Allan deviation of the pulse-to-pulse phase change between consecutive pulses
during the reference measurements.

laser cavity. No strong trends have been observed from the Allan deviation due to the

complex phase dynamics of counter-propagating pulses. Using the same approach as in

the spatio-temporal measurements, from the Allan deviation the ARW is estimated to be

353.5 deg/
√
h.

As expected, the phase measurements inherit much better gyroscopic performance

at higher data rates, compared to the spatio-temporal technique. By using the whole

memory of the oscilloscope, the resolution can potentially reach 0.8 µdeg/s. However,

the drawback of this approach is that the relative phase experiences strong fluctuations

during the angular rotation of the platform and had a strong tendency to return to the

original phase slippage due to the colliding mode-locking, strongly limits the application

of the proposed method for robust and continuous detection of dynamics angular velocity.

Additionally, the synchronisation between counter-propagating pulses significantly reduces

the enhancement factor compared to the one we observed during the spatio-temporal

measurements by directly estimating the Sagnac-induced temporal shift. Moreover, the

phase measurements are sensitive to the fluctuations of the CEO frequency and are more

sensitive to the environmental perturbations, requiring stabilisation of the laser cavity. On

the other hand, we demonstrated that the DFT interferometry is a more accurate tool for

sensing applications.

Generation of counter-propagating ultrashort pulses with fixed relative phase

This generation regime features fully-locked frequency combs in opposite directions. Fig-

ure 2.26(a) shows the spectral dynamics recorded via the DFT techniques when the laser

gyro is at rest. Dissimilar to the previous generation regime, no tilt in the spectral modu-

lation has been observed. The absence of the phase slippage indicates that the frequency

combs in opposite directions are fully locked (i.e. the counter-propagating frequency combs
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Figure 2.26: (a) The spectral dynamics of the interference of counter-propagating pulses
recorded with the DFT. (b) The dynamics of the relative phase, evaluated from the DFT
measurements with (c) corresponding probability density function.

are matching since the repetition frequency is the same and the relative CEO frequency

equals zero). The corresponding relative phase, extracted from the DFT data, is demon-

strated in Fig. 2.26(b) with the corresponding PDF shown in Fig. 2.26(c). This generation

regime produces much more stable ultrashort pulses with a standard deviation of the rel-

ative phase of 16.9 mrad. The increased stability of the pulses may origin from the mech-

anism of full-locking of counter-propagating pulse, which forces the counter-propagating

pulses to maintain their characteristics for the laser generation. Additionally, since the

relative CEO frequency is zero, the counter-propagating pulses always collide in the cavity

with the same relative phase.

We also observed that this generation regime can exhibit more complex dynamics

of the phase synchronisation between counter-propagating pulses with strong time-phase

oscillations, which is demonstrated in Appendix C. These time-phase oscillations can be

mitigating by carefully adjusting the intracavity PCs.

To evaluate the gyroscopic measurements, we firstly measured the reference measure-

ments to determine the initial relative phase between the counter-propagating pulses,

which corresponds to the zero velocity. Figure 2.27(a) demonstrates the dynamics of the
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Figure 2.27: (a) The Sagnac-induced phase shift between the counter-propagating pulses
with full-step (blue line) and half-step size (orange line). (b) The dynamics of the relative
phase and the relative temporal spacing between the counter-propagating pulses with
averaging window of 1000 roundtrips. For both measurements the stepper motor was set
to produce 100 steps per second (10 ms or 150000 roundtrips per step) (c) The relation
between the average shift of the relative phase per roundtrip and the applied angular
velocity (blue dots) with linear approximation (orange line).

relative phase under exposure of dynamic angular rotation on the laser platform. Dis-

similar to the previous operation regime, the angular movements were not accumulated

through roundtrips. Hence, after each step of the motor, the laser pulses returned to the

initial synchronised state. Hence, this generation regime does not require differentiation

of the relative dynamics in order to estimate the real-time angular velocity. Moreover, the

phase response to the applied angular velocity is significantly increased compared to the

previous measurements. As we observe in the previous phase measurements, the few-peak

structure of the motor step is also preserved.

As we discussed before, it is possible to extract the relative temporal separation be-

tween the pulses from the interferometric pattern. The resolution of the extracted temporal

spacing with the zero-pudding method can achieve values of 7.7 fs and 0.24 fs for a single-

shot regime and for an averaging over 1000 roundtrips. The data on the relative pulse

spacing with a moving averaging window of 1000 roundtrips is plotted in Fig. 2.27(b).

Strong oscillations in the temporal spacing mostly refer to the complex synchronisation

dynamics, similar to the one shown in Appendix C. The average temporal shift per step is

11.5 fs, which is close to the one observed by using the spatio-temporal approach. This re-

sults demonstrate that the counter-propagating pulses were shifted relative to each other,

similar to the observation via the spatio-temporal technique.

On top of the temporal separation in Fig. 2.27(b) we include the relative phase data.

According to the phase-time eq. 1.4, the average temporal shift induces a shift of the rela-

tive phase by 13.5 rad, while the observed experimental result is 3.29 rad. This divergence

arises due to the synchronisation dynamics of the counter-propagating pulses similar to

the lock-in effect, which constrains the Sagnac-induced variations in the parameters of

the counter-propagating pulses for gyroscopic measurements. Additionally, similar to the

reference measurements, presented in Appendix C, the divergence between the phase and

temporal domains is the feature of this unique generation regime for its self-sustaining.
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Figure 2.28: Allan deviation of the relative phase dynamics between consecutive pulses
during the reference measurements.

Moreover, we observed that under rotation exposure on the laser platform, the counter-

propagating frequency combs can transit into the previously described generation regime

with the relative CEO frequency offset.

Figure 2.27(c) demonstrates the relation between the average phase shift and the

applied angular velocity. The experimental scale factor, obtained from the linear ap-

proximation, is 4.62 rad/(deg/s). Similar to the previous measurements, this scale factor

substantially exceeds the theoretical value. According to the standard deviation of the rel-

ative phase of 16.9 mrad, the minimum resolvable angular velocity in a single-shot regime

is 3.66 mdeg/s (63.9 µrad/s). However, since the phase is not accumulated from each

roundtrip, the resolution can be increasing by 1/
√
n, where n is a number of roundtrips

of the averaging window.

The Allan deviation of the relative phase dynamics is shown in Fig. 2.28. A strong peak

of the Allan deviation at a small integration time relates to the sinusoidal noises due to the

strong phase oscillation at high frequencies, demonstrated in C. The bias instability is 2.3

deg/h, derived from the lowest value of the Allan deviation at the integration time of 34.1

µs (29.3 kHz). After the minimum point, the Allan deviation starts to increase at a pace

of
√
t. This trend is known as a rate random walk, which is the exponentially correlated

noise with long correlation time [56]. The Allan deviation at the highest integration time

is 22.4 deg/h, which corresponds to the ARW of 239.6 deg/
√
h. The bias instability is

by an order of magnitude lower than the previously presented measurements, indicating a

better performance of the gyroscope. This is achieved due to higher enhancement factor.

Moreover, the lower integration time of the bias instability confirms that this generation

regime is more eligible for the detection of dynamic angular rotations.

Similar to the previous phase measurements, the phase shift per step cannot exceed

π. However, during these measurements, the pulse-to-pulse phase change is related to the
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angular acceleration. Thus, the maximum angular acceleration can be defined as:

Ωmax = π/(S · Trep) (2.9)

, where S is the scale factor and Trep is the time period of the pulse train. Taking into

account the obtained scale factor and the time period of 66.67 ns, the maximum angular

acceleration is restricted by a value of 10.2 Mdeg/s2. Note that the maximum acceleration

is inversely proportional to the scale factor. So, the maximum angular acceleration can

be further increased by decreasing the length of the laser cavity, which will affect both

components of the denominator in the equation. However, this will also lead to the lower

sensitivity of the gyroscopic measurements.

From the physical point of view, the maximum recognisable angular velocity is not

limited in the setup. However, at a high angular velocity, the Sagnac-induced temporal

shift may increase the inter-pulse separation so the interferometric pattern could not be

resolved. The range of the temporal spacing between the pulses can be obtained by using

the eq. 1.29 and for the given pulse is ≈170 ps. For the obtained scale factor the maximum

angular velocity is limited by the value of 43.4·103 deg/s, which substantially exceeds the

required range of applied angular velocities.

To conclude we would like to note that this regime is more sensitive in a single-shot

detection of the gyroscopic effect due to the higher scale factor, compared to the previously

shown generation regime with varying relative phase. On the other side, the Sagnac

effect is not accumulated through roundtrips for this generation regime. By considering

the resolution of both measurements and their dependence on the number of averaging

roundtrips, we can infer that the generation regime in this Section is preferred when the

required data frequency of the gyroscopic measurements surpasses 2 kHz. In addition,

we also would like to note that the relative phase dynamics for this generation regime

is more robust, yet still fluctuating due to the synchronisation dynamics between the

counter-propagating pulses.

2.4 Summary

This Chapter has been dedicated to the development of the bidirectional mode-locked

fibre lasers and their applications for gyroscopic measurements. We started by discussing

the up-to-date cavity setups to achieve bidirectional mode-locking generation, empha-

sizing their advantages and limitations. Then, we presented the formation dynamics of

counter-propagating pulses in the ring bidirectional mode-locked fibre laser. The presented

experimental results demonstrate numerous complex non-linear dynamics, which affect the

resulting generation regime. The existence of numerous phenomena and events indicates

the potential of bidirectional ultrafast laser platforms to serve as an efficient test-bed for

the investigation of complex dynamics in non-linear systems in general. This complex
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dynamics can lead to a partial or full synchronisation of counter-propagating pulses in

the bidirectional mode-locked laser. The understanding of underlying processes during

pulse formation and stable mode-locking generation is essential for practical applications,

transforming bidirectional ultrafast lasers into robust and versatile tools for gyroscopy and

spectroscopy and a range of emerging applications.

In this Chapter we included a historical development and comprehensive analysis of

the gyroscopic measurements in bidirectional mode-locked lasers. We also presented our

results on measuring the dynamic angular velocities, provided by the stepper motor,

with the use of the real-time measurement techniques. The spatio-temporal technique

demonstrates the lowest resolution of the gyroscopic measurements due to the relatively

long response time of the used photodetectors compared to the Sagnac-induced temporal

shift. However, the experimentally obtained scale factor of 11.63 fs/(deg/s) is significantly

enhanced compared to the classical Sagnac equations, which is an essential feature of

the ultrashort pulses. We also demonstrated that no lock-in effect was observed for the

counter-propagating pulses with different repetition rates. However, due to the colliding

mode-locking, the scale factor of the gyroscopic measurements is strongly affected by the

initial divergence rate between the counter-propagating pulses, while at a low divergence

rate the pulses can be synchronised and transit into the generation regime with matched

repetition rates.

Another approach for measuring the Sagnac effect, we demonstrated here, is based

on the evaluation of the relative phase between the counter-propagating pulses. As ex-

pected, this interferometric method has a better resolution compared to the measurements

in the time domain. We revealed that the pulses experience various phase responses to

the angular movements, depending on the degree of synchronisation between the counter-

propagating pulses. While the regime with synchronised repetition rates and varying rela-

tive phase has a lower scale factor and the angular resolution as a consequence, compared

to the regime with constant relative phase, the Sagnac-induced phase shift is accumulated

through roundtrips. Thus, the first regime is more suitable for sensitive detection at long

time scales (data rates below 2 kHz) due to the accumulated effect, the other regime

is preferred for measurements of dynamically varying angular velocity at data frequency

above 2 kHz. The general drawback of both generations with matched repetition rates is

that the colliding mode-locking hampers the temporal shift induced by the angular move-

ments, limiting its overall performance for robust and continuous detection of angular

velocity. Moreover, the phase measurements are sensitive to the fluctuation of the CEO

phase between the counter-propagating pulses.

It is worth noting, that the experimentally obtained scale factor significantly exceeds

the theoretical values, indicating a great potential of ultrashort pulses for gyroscopic mea-

surements. Though the phase measurements of the Sagnac effect are more sensitive, this

approach can be applied only for the bidirectional pulsed generation with the matched

repetition rates, which inherits complex synchronisation dynamics and strictly constrain
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to achieve a high enhancement factor. On the other hand, the spatio-temporal measure-

ments demonstrated a higher enhancement factor by using the unsynchronised generation

of ultrashort pulse, but this approach does not have a sufficient resolution. An eligible

approach to achieve more reliable gyroscopic measurements with higher resolution is to

measure the relative phase, given by the temporal shift as achieved by using the spatio-

temporal technique, while the synchronisation dynamics of the counter-propagating pulses

is strongly mitigated or, even, completely avoided. Thereby, we discuss other approaches

to overcome these obstacles in the following Chapters.
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Chapter 3

Gyroscopic Measurements in a

Uni-directional Mode-locked Fibre

Laser

In the previous Chapter we introduced experimental results on the Sagnac effect in a

bidirectional mode-locked fibre laser by using the Dispersive Fourier Transform (DFT)

technique. As found, ultrashort pulses experience a significantly increased response to

the applied angular rotations, compared to the theoretical values based on the classic

Sagnac equations, while the usage of the DFT allowed single-shot measurements with high

precision. However, the colliding mode-locking and synchronisation dynamics of counter-

propagating pulses in bidirectional mode-locked lasers strictly limit continuous gyroscopic

measurements since the relative phase tends to return to its initial state. Considering this

obstacle it is desirable to avoid this complex dynamics by exploiting other approaches.

In this Chapter we propose a novel approach to estimate the pulse-to-pulse phase shift

of a pulse train, generated by a uni-directional mode-locked laser, using an external Mach-

Zehnder Interferometer (MZI). The external MZI with unequal arms allows recording

interference of consecutive pulses of the pulse train via the DFT, the relative phase of

which corresponds to pulse-to-pulse phase changes. These pulse-to-pulse phase changes

are further extracted from the interferometric pattern by using the method, proposed in

the previous Chapters. This data on the pulse-to-pulse phase changes can be further used

to characterise the phase stability of a mode-locked laser or, if the angular rotations are

applied, to evaluate the Sagnac-induced phase shift. The description of the operational

principle and the experimental setup is discussed in the Section 3.1. This technique allows

achieving much higher data rates in the MHz region compared to the traditional methods

for characterisation of the pulse phase, which are limited by 100 kHz [273; 274; 275] and

also involve nonlinear conversion steps, limiting applicable peak power and pulse duration.

In the previous Chapter, we and other works on gyroscopic measurements in ultrafast

lasers indicated that the performance of ultrafast gyroscopes is mostly limited by the
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stability of the Carrier-Envelope Offset (CEO) phase. Thus, in Section 3.2 we firstly

applied the proposed method to evaluate the phase dynamics of the pulse train from an

Erbium-doped mode-locked fibre laser. We were able to detect phase oscillations of the

output pulses, governed by fluctuations in the pulse intensity due to the Kerr-induced self-

phase modulation. Measurements of the phase dynamics of an ultrashort pulse train are

crucial for many applications, which require precision characterisation of the pulses such

as frequency comb generation, metrology, high-field physics, and sensing applications. A

comprehensive discussion on the advantages and limitations of the proposed technique is

also presented.

In the case of applying angular velocity to the laser cavity, the pulse-to-pulse phase

shift will acquire an additional phase shift related to the Sagnac effect. Thus, the proposed

method is also can be used as a gyroscopic platform. In Section 3.3 we present the

experimental results on the gyroscopic measurements, proving that this setup can serve

for precise measurements of dynamics angular velocities. Moreover, we confirm that this

approach is able to achieve better performance and lacks the disadvantages inherent in

bidirectional laser cavity setups.

3.1 Experimental methodology and setup

In the Introduction we discussed how the CEO phase of a pulse train manifests in the

temporal and frequency domains. We also indicated the significance of the CEO phase for

high-field physics, attosecond science, and for precision measurements such as frequency

metrology, optical clocks, and laser gyroscopes. Thus, it is crucial to detect and investigate

the CEO phase dynamics of a pulse train.

The first attempt to evaluate the Carrier-Envelope Offset (CEO) phase was realised

in work [157] by L. Xu in 1996. The phase slippage was obtained from the second-

order cross-correlation of the consecutive pulses. However, cross-correlation is a time-

consuming technique and cannot achieve single-shot measurements to characterise the

phase evolution, providing only averaging phase slippage over a long period of time. Similar

approaches to retrieve the phase change have been also described in other works [86; 276].

As we discussed in Section 1.5.2 the absolute value of the pulse-to-pulse phase slippage

can be measured by the f − 2f interferometer, which also provide averaged value at data

rates up to 100 kHz [274]. On the other hand, the above-threshold ionization technique is

able to provide single-shot measurements, but the maximum achieved up-to-date data rate

constituted 100 kHz [273]. Moreover, these traditional methods for absolute measurements

of the CEO phase involve non-linear conversion steps, limiting applicable peak power and

pulse duration. In Ref. [277] Authors have demonstrated that by retrieving the relative

phase between consecutive pulses from the interferogram, it is possible to reconstruct

the carrier-envelope phase. However, their spectral measurements did not allow them to

achieve an evaluation of the relative phase with high resolution and data rates. To enable
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single-shot detection of absolute phase difference at high data rates, here we propose to

apply the DFT technique to retrieve the phase changes from the interference of consecutive

pulses. The main advantage of using the DFT technique is that it allows observing the

single-shot spectra of each consecutive interference of a pulse train with a repetition rate

of up to hundreds of MHz. Knowing the pulse slippage between each consecutive pulse, it

is possible to reconstruct the total phase evolution.

Figure 3.1 demonstrates the operational basis for the evaluation of the phase dynamics

of the pulse train from the interferogram. Figure 3.1(a) schematically shows train of

three pulses, whose phases are 0, 0, and π. Figures 3.1(b) and (c) demonstrate spectral

interference of N and N + 1, and N + 1 and N + 2 pulse pairs, correspondingly. As seen in

Fig. 3.1(b) and (c), such sequential spectral interferograms contain the information on the

phase slippage between the consecutive pulses, which is the CEO phase by the definition.

Thus, by recording the single-shot interferogram between consecutive pulses we are able

to reconstruct the complete pulse-to-pulse phase evolution of the pulse train.

The Erbium-doped fibre laser we used is the same we described in Section 2.2.1 and

is shown in Figures 3.1(d). By adjusting the Polarisation Controllers (PC) we achieved a

unidirectional generation in the CW direction with the average output power of 1 mW. The

all-fibre MZI was realised via two 3-dB fibre couplers with an additional section of SMF-28

fibre in a delay arm. The length of the delay arm of the interferometer was 13.3 m which

equals the cavity length. Therefore, the pulse train was delayed in one interferometer

arm by one round-trip time. This allowed continuous recording of the interference of two

consecutive pulses, similar to Fig. 3.1(a-c). The influence of the surrounding temperature

fluctuations was negligible over the measured time scales.
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3.2 Phase dynamics of a pulse train

As we discussed, it is important firstly to evaluate the CEO phase dynamics of a pulse

train. These measurements serve as phase noise of the laser, defining the performance of

the gyroscope based on the setup. In the experiments, we have recorded 26.2 ms of con-

secutive interferograms, which correspond to around 390 000 round trips. Figure 3.2(a)

demonstrates recorded single-shot spectral evolution of the interference over 1000 consecu-

tive round trips. A typical cross-section of the DFT spectra is shown in Fig.3.2(b). Strong

spectral modulation, depicted in more details in the inset in Fig. 3.2(b), indicates per-

sistent interference between consecutive pulses. Figure 3.2(c) presents the corresponding

1000 round trips of the numerically obtained field Autocorrelation function (ACF). Figure

3.2(d) shows the autocorrelation function cross-section that reveals the presence of two

pulses, separated by 36.5 ps.

By applying the fast Fourier Transform to the single-shot DFT spectra and exploiting

the methodology for the relative phase evaluation described in Section 1.6.2, we retrieved

an overall picture of the relative phase evolution, shown in Fig. 3.3. Since the pulse

accumulates an additional phase shift due to the dispersion in the delay line of the MZI

(0.239 ps/nm for 13 meters of SMF-28 fibre), the reference level could not be uniquely

determined. Therefore, we assumed the value at the beginning of the recording as a

zero reference level. As in the previous phase measurements, the resolution of the phase

retrieval from the DFT spectra is estimated to a value of 1 mrad. More discussion on the

resolution of the DFT measurements and the phase retrieval is presented in Appendix A.

Numerically, the recorded relative phase between the N and N + 1 pulses can be

described as:

∆ϕ = ϕN+1 − ϕN − δϕdelay (3.1)

where δϕdelay is the additional phase accumulated by the delayed pulse in the delay arm

of the interferometer. This additional phase is constant in time but is susceptible to

environmental perturbations. To further minimise the temperature fluctuations on the
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δϕdelay we covered the delayed line into a foam box. Thereby, the absolute value of

the pulse-to-pulse phase slippage remains unknown, the method is able to provide the

variation (i.e. stability) of the phase slippage in time. In principle, the dispersion in the

fibre interferometer can be compensated by implementing a dispersion-less delay line such

as vacuum chamber [86; 157] and the absolute value of the CEO phase could be measured.

Figure 3.3(a) provides information on the changes of the pulse-to-pulse phase and

characterises the short-term stability of the laser. As shown, the CEO phase tends to

strongly fluctuate over time, which is expected for a free-running laser. The standard

deviation of the relative phase change was observed to be 126 mrad. In the frequency

domain, the standard deviation is transformed to the fluctuation of the CEO frequency of

∼300 kHz. In the temporal domain, this would correspond to the timing jitter of the pulse

train of 132.6 as. Figure 3.3(b) shows the differentiation of the relative phase, representing

the change of the phase slip for consecutive pulses. The standard deviation of the phase slip

was 15.6 mrad, which corresponds to the timing jitter of 16.5 as at the central wavelength

of 1555 nm. For the results with a moving averaging window of n = 15 roundtrips, the

standard deviation and timing jitter reduced down to 3.8 mrad and 4 as, respectively.

The corresponding histogram and the Probability Density Function (PDF), depicted in

Fig. 3.3(c), obey the normal distribution law. The standard deviation decreases by
√
n

obeying the normal distribution, confirming the noise nature of the fluctuations in CEO

phase.
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The inset in Fig. 3.3(a) illustrates the phase oscillation dynamics of the output pulses

zoomed over the first 15 000 round trips. The phase oscillates in the range of 50 mrad. The

observed frequency of the phase oscillations corresponds to a peak at 4.6 kHz with 3-dB

width of 570 Hz and 23 dB signal-to-noise ratio, as shown in the Power Spectral Density

(PSD) in Fig. 3.3(d). The minimum frequency of the PSD is inversely proportional to

the temporal span of the oscilloscope and corresponds to ∼39 Hz, limited by the storage

memory of the oscilloscope. Figure 3.3(e) shows the PSD of the pulse intensity derived

from the interference pattern. Frequency spikes at around 4.6 kHz observed in both

PSDs support our assumption that the phase oscillations were caused by the pulse energy

variations due to the Kerr-induced self-phase modulation [120; 152]. Pulses of different

intensities experience different optical paths, and an additional phase shift, owing to the

non-linear refractive index. The acquired non-linear phase could be obtained as [225]:

ϕNL = n2kL|E2| (3.2)

where n2 is the non-linear refractive index, L is the optical paths, E is the electric field,

and k = 2π/λ is the wavenumber with λ is the central wavelength. Owing to the pulse

characteristics and using the above equation, the phase fluctuations of 50 mrad corresponds

to the fluctuations of the pulse peak power of 1.2%. This result is in good agreement with

experimental observations, which indicate about fluctuation of the pulse peak power of

1.6%. These oscillations were mediated by pump power instabilities and gain medium

dynamics [278]. Note, a substantial suppression of noises at the frequency range higher

than 100 kHz for the averaged values, which allows further increase of the phase resolution

of the setup at a price of a reduced data frequency.

Additionally, the interferogram also provides information on the temporal separation

between the pulses. Firstly, these fluctuations of the temporal spacing between consecutive

pulses provide information on the timing jitter of the pulse train. Secondly, the data on

the pulse separation could be used in addition to the phase measurements, for example,

to evaluate the Sagnac effect in the temporal domain. However, the resolution of the

temporal measurements is significantly lower compared to the phase measurements. The

experimental results of the temporal pulse spacing are presented in Appendix D. We would

like to note that the temporal spacing may vary each time we switch on the laser due to

small differences in the central wavelength of the laser generation.

This novel approach possesses a simple setup, which is able to characterise the pulse-

to-pulse stability of the CEO phase with the data frequency up to the MHz range. This

method allowed observations of weak oscillations at 4 kHz of the output pulse phase that

refers to the fluctuations in the pulse energy. The provided measurements are crucial for

further application of the ultrafast laser for gyroscopic phase measurements, setting the

uncertainty level and the resolution consequently.

This method, based on the recording of single-shot spectra using the DFT technique,

113I. Kudelin, PhD Thesis, Aston University, 2021



3.3 Gyroscopic Measurements

provides ∼40 times more accurate measurements than a similar approach, based on the

spectrally and spatially resolved interferometry [277]. Moreover, this technique inherits

several advantages compared to the most established methods for the absolute character-

isation of the CEO frequency, including much higher data rates, a simpler linear setup

with no limitations to input peak power or pulse duration. Besides, this method could

be successfully expanded for other types of ultrashort pulses (e.g. dissipative solitons,

similaritons, soliton molecules, and etc.), since the underlying physics and the numerical

approach remain the same.

This technique could be supplemented by combination with other traditional methods

of the CEO measurements, such as f − 2f interferometer or above-threshold ionization

method. While the traditional technique can unambiguously determine the reference level

and provide measurements at a longer time scale, the DFT-based technique can charac-

terise pulse-to-pulse dynamics of the CEO phase at MHz data frequency. Increased data

rates and single-shot measurements are crucial for the investigation of field-driven dynam-

ics in atoms [279], ion-ion coincidence imaging [280; 281], time-resolved photo-electron

spectroscopy [282]. Additionally, the presented method allows a simple realisation of the

cross-interference between two pulse trains, where the first laser is stabilised and serves as

a reference level for the second laser or when the second laser is under investigation.

Importantly, as we discuss in Appendix A, the resolution of the method can be further

increased by increasing the spectral resolution of the DFT or by increasing the Signal-

to-Noise Ratio (SNR) via amplified-DFT [283]. An additional increase of the sensitivity

can be achieved by suppressing the noises by averaging over longer round trip windrows.

However, such improvement in sensitivity would come at a price of reduced data acquisition

frequency. In addition, the increased resolution and the increased SNR will provide better

resolution on the temporal separation between the pulses. Maintaining the all-fibre setup,

a temperature-insensitive fibre interferometer can be used to eliminate the temperature

fluctuations for the long-term operation [284]. We believe that the proposed method has

a great potential to pave a novel avenue for phase-based applications at high data rates,

including but not limited to high-field physics, imaging, optical coherence tomography,

and sensing applications.

3.3 Gyroscopic Measurements

By using the same experimental setup and placing the laser on the rotational platform

we provided gyroscopic measurements. Due to the angular rotation, in eq. 3.1 the N +

1 pulse will have an additional phase shift associated with the Sagnac effect compared to

the previous N pulse, delayed in the interferometer. Since this technique registers pulse-

to-pulse variations of the pulse phase (differential phase shift), the Sagnac-induced phase

shift can not be accumulated through roundtrips. For example, in the case of a constant

angular velocity, the relative phase will be shifted by a constant value from the reference
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Figure 3.4: (a) Relative phase dynamics under rotational exposure by a stepper motor
with full-step (blue line) and half-step size (orange line) at 100 steps per second (150 000
roundtrips or 10 ms per step). (b) Relative phase dynamics under rotational exposure by
a stepper motor set to produce 100 steps per second (blue line) and 150 steps per second
(100 000 roundtrips or 15 ms per step; orange line) at half-step size.

measurements, which is related to the Sagnac effect. Hence, the setup is operating similar

to the one discussed in Chapter 2.3.2, resembling passive optical gyroscopes. Moreover,

the setup should work in the same way if the rotational platform would rotate the delay

arm of the MZI, inducing the Sagnac phase shift to the N pulse. Since only one pulse

experiences angular rotations and accumulates the Sagnac phase, the total sensitivity is

reduced by a factor of two compared to the classic Sagnac equation 1.5.

Similar to previous results, firstly we provided the reference measurements to determine

the relative phase corresponding to the zero angular velocity. Figure 3.4(a) demonstrates

the relative phase dynamics under the rotational exposure, applied by the stepper motor

with full step and half-step sizes at 100 steps per second (150 000 roundtrips or 10 ms

per step). This corresponds to the average angular velocity of the platform of 0.74 deg/s

and 0.37 deg/s accordingly. The average phase shift per step is 4.27 rad and 2.11 rad,

which corresponds to the angular shifts of 7.38 mdeg and 3.69 mdeg, respectively. The

step profile is similar to the discussed in the previous Chapters. More information on the

operational principles of the stepper motor is presented in Chapter 2.3.2.

The phase dynamics with different value of steps per second is shown in Fig. 3.4(b).

The motor was set to produce 100 steps per second (150 000 roundtrips or 10 ms per

step) and 150 steps per second (100 000 roundtrips or 6.67 ms per step). The observations

provide a good temporal agreement between the set temporal duration of the step and

the observed duration of the motor step cycle. These results confirm that by using this

technique it is possible to observe continuously changing angular rotations. In addition,

we did not observe any influence of the applied angular rotations on the pulse behaviour

inside the laser cavity, as was observed in bidirectional mode-locked lasers and discussed

in the previous Chapter.

We would like to note that the differentiation of the relative phase over time will provide

information on the angular acceleration of the rotating platform. However, due to strong
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Figure 3.5: (a) Comparison of the data of the relative phase and the relative temporal sep-
aration between the pulses with a moving averaging window of 5 000 roundtrips extracted
from the interferometric pattern. Phase data was converted to the temporal domain by
using the phase-time relation. The motor was set to produce 100 steps per second at
full-step size (150 000 roundtrips or 10 ms per step). (b) Experimentally obtained scale
factor of 11.57 rad/(deg/s).

fluctuations of the CEO phase of the free-running laser, the acceleration information has a

significant noises and should be highly averaged. The corresponding results on the angular

acceleration of the platform, rotated by the stepper motor, are presented in Appendix D.2.

Nonetheless, this experimental setup has the potency to simultaneously operate as an

accelerometer.

Figure 3.5(a) presents the data on the relative phase and the relative temporal separa-

tion between the pulses extracted from the same interferometric pattern when the stepper

motor was set to produce 100 steps per second at the full-step size. The phase data was

transformed into the temporal domain by using the phase-time relation 1.4. Due to the

low resolution of the temporal measurements of 7.7 fs, we used a moving averaging window

with size of 5 000 roundtrips. Both measurements follow the step profile of the motor.

However, some disagreement between both measurements and the strong oscillations of

the temporal data are referred to the low temporal resolution of the measurements and

significant timing jitter of the pulse train, shown in Appendix D.1.

The experimental relation between the applied average velocity and the average phase

shift we observed during the experiment is shown in Fig. 3.5(b). The angular rotations

were applied in the range from 69.1 mdeg/s (150 steps per second with 1/16 step size)

up to 0.74 deg/s (100 full steps per second). The scale factor was estimated to be 5.81

rad/(deg/s) by using a linear approximation. This provides the resolution of the gyroscopic

measurements of 21.7 mdeg/s (378.7 µrad/s). In the temporal domain, the scale factor is

approximated to a value of 4.9 fs/(deg/s), based on the phase-time relation 1.4. This value

is close to the observed in previous Sections 2.3.2 in the bidirectional fibre laser (11.63

fs/(deg/s) and 11.5 fs/(deg/s) for the spatio-temporal measurements and for phase-based

measurements correspondingly), noting that the Sagnac response is two times smaller due

to the unidirectional operation of the laser during these measurements.
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Figure 3.6: Allan deviation of the relative phase dynamics between consecutive pulses
during the reference measurements.

The results of the Sagnac phase measurements are strongly affected by the fluctuations

of the CEO phase, which we presented in the previous Section 3.2. To estimate the

contribution of these fluctuations we calculated the Signal-to-Noise Ratio (SNR) using the

eq. 2.8. For the angular velocity at 1 deg/s and the standard deviation of the phase noise

of 126 mrad, the SNR is 33.3 dB and significantly exceeds the SNR of the bidirectional

setups.

Further on, the gyroscope performance was assessed by calculating the Allan deviation

of the CEO phase dynamics. The calculated Allan deviation of the phase dynamics is

plotted in Fig. 3.6. Allan deviation has a downward trend proportional to 1/
√
t due to

the averaging of the noises up to the integration time of 4.27 µs. This integration time

corresponds to the bias instability of 1.06 deg/h at the data frequency of 234.2 kHz, when

the gyroscopic setup can achieve the highest angular resolution before the fluctuations of

the CEO phase start to dominate at longer time scales. This bias instability is two-fold

better than the best results we achieved in a bidirectional setup. The same upward trend of
√
t of Allan deviations as shown in previous Chapter is observed here, after the extremum

point. Following the upward trend of Allan deviation, the Angular Random Walk (ARW)

is estimated to a value of 661 deg/
√
h. Such a high value of the ARW is attributed to the

significant fluctuations of the CEO phase in free-running mode-locked fibre lasers.

The calculated Allan deviation has only two strong trends, which are attributes of

the noises during the measurements. These observations confirm that this setup is less

susceptible to the complex pulse dynamics inside the unidirectional mode-locked fibre laser

under rotation exposure, compared to the bidirectional counterparts.

Similar to the previous results, the maximum angular velocity which could be measured

is limited by the maximum pulse spacing at which the interferometric pattern could be

observed (eq. 1.29). For the range of the pulse spacing of 170 ps and the experimental
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scale factor of 4.9 fs/(deg/s), the maximum applied angular velocity should not exceed

34.7103 deg/s.

At the same time, the maximum pulse-to-pulse phase change should be smaller than π

to avoid uncertainties in our measurements. This limits the maximum angular acceleration

of the laser platform and can be calculated by using the eq. 2.9, giving a value of 8.11

Mdeg/s2. As in the active gyroscopes based on bidirectional mode-locked lasers, the

maximum angular acceleration could be increased by using the laser with a lower timing

period of the pulse train, which comes at the cost of the lower sensitivity of angular velocity

measurements.

The Sagnac response of the setup could be further two-fold improved by placing the

delay arm of the MZI on the rotation platform in opposite direction to the pulse, circulating

in the laser cavity. While the N pulse will accumulate the positive Sagnac shift, the N +

1 pulse acquires the Sagnac shift of different signs such that their relative phase will have

a doubled Sagnac phase shift, also improving the SNR by 6 dB.

The disadvantage of the proposed gyroscope configurations is that it requires an ad-

ditional passive interferometer in supplement to the mode-locked laser. The limitation

to achieve higher angular sensitivity is strongly dependent on the stability of the CEO

phase of the used ultrafast laser. On the other hand, the transition from bidirectional to

unidirectional operation regime is a substantial step since the bidirectional mode-locked

lasers have much more sophisticated cavity designs and still require further investigations

for reliable application in precision measurements.

3.4 Summary

This Chapter was dedicated to overpassing the main obstacle of bidirectional mode-locked

fibre laser such as the complex synchronisation dynamics of counter-propagating pulses

under applied angular rotations. To realise this goal we proposed to use a unidirectional

mode-locked fibre laser with an additional external unbalanced Mach-Zehnder Interferom-

eter for continuous recording of the interferometric patterns between consecutive pulses.

The external MZI allowed us to observe pulse-to-pulse variations of the pulse phase, which

in the case of angular rotations will accumulate additional phase shifts associated with

the Sagnac effect.

First of all, we would like to note that such an experimental setup turns out to be a

powerful tool to investigate pulse-to-pulse variations of the pulse phase, which can find

many applications beyond gyroscopic measurements. Compared to the traditional tech-

niques for phase characterisation, this technique is able to operate at much higher data

rates up to hundreds of MHz. So, we characterised the phase stability of the pulse train,

generated by the free-running mode-locked laser, used for further gyroscopic applications.

We were able to detect subtle phase oscillations related to the Kerr non-linearity due to

the instabilities of the pump laser. As the main disadvantage, the demonstrated technique
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is not able to detect the absolute values of the CEO phase due to the dispersion in the

delay arm of the MZI. However, this obstacle could be eliminated by using a dispersion-

less optical path in the interferometer. A similar technique have been used to observe

the temporal dynamics of the pulse during the self-starting process [285]. Though we

presented a novel way to register phase dynamics of the pulse train and demonstrated

proof-of-principle, such an approach requires further investigation and direct comparison

with traditional techniques.

After characterising the phase stability of the pulse train of the used ultrafast fibre

laser, we investigated the performance of the proposed setup for gyroscopic measurements.

As expected, the proposed setup is able to detect the Sagnac phase shift. The proposed

gyroscope design resembles a passive optical gyroscope, where the variation of the Sagnac

phase shift through consecutive roundtrips is estimated. The scale factor is nearly twice

as small as in bidirectional setup, which provides a good agreement since only one pulse

accumulated the Sagnac phase shift. The estimated SNR is 33.3 dB with the angular reso-

lution of 21.7 mdeg/s (0.38 µrad/s). The lower bias instability at the higher data frequency

compared to the results achieved by using the bidirectional mode-locked fibre lasers, in-

dicate that this setup has a higher potential for gyroscopic measurements. Moreover,

unidirectional mode-locked lasers completely lack of the lock-in effect or synchronisation

dynamics and their usage significantly simplifies the total setup owing to a much simpler

cavity design compared to the bidirectional mode-locked lasers.

A similar setup could be obtained for gyroscopic measurements if the delay line of the

MZI is placed on the rotational platform (passive gyroscope configuration). Moreover,

by placing the delay arm on the rotation platform in opposite direction to the pulse,

circulating in the laser cavity, it is possible to increase the Sagnac response of the setup

by two times. However, the phase fluctuations will still preserve. We also would like to

note, that the delay arm of the MZI also introduces additional noises inherent to optical

gyroscopes such as the Kerr-induced phase noise, temperature fluctuations, and vibrations.

However, its noises could be efficiently reduced in an active feedback loop [276].

The limiting factor for the long-term gyroscopic measurements is the high value of

the ARW due to the strong fluctuations of the CEO phase. While the techniques for

stabilisation of the CEO phase in unidirectional mode-locked lasers are well studied, it is

not obvious if they could be effectively combined with mode-locked laser under rotation

exposure. Hence, other techniques for mitigation of the CEO phase fluctuations should

be implemented. In the following Chapter we consider another approach where we signif-

icantly reduce the problem of the phase fluctuations.
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Chapter 4

Passive Gyroscope based on

Ultrashort Pulses

In the previous Chapters, as well as in Ref. [214; 266], key findings indicated that the

gyroscopic measurements are mostly limited by the fluctuations of the Carrier-Envelope

Offset (CEO) phase of a pulse train. One of the straightforward conclusions is to actively

and passively stabilise the frequency comb by the well-known methods [286; 287]. While

passive stabilisation can decrease the effect of environmental fluctuations for a long time

operation, precise active stabilisation of mode-locked generation is not so obvious, since

the Sagnac-induced frequency offset hinders the applicability of the traditional active

stabilisation techniques based on a feedback loop. So, other more sophisticated methods

for stabilisation of the mode-locked generation should be proposed. In any case, to increase

the sensitivity and performance of gyroscopes based on ultrafast lasers it is desirable to

provide measurements that would be free from CEO phase fluctuations.

The generation of ultrashort pulses which would not suffer from the CEO frequency

fluctuations is not a trivial task. One of the approaches is the difference frequency gener-

ation, which results in ’offset-free’ pulses due to subtraction of the offset frequency during

the non-linear process [288]. However, the whole process is cumbersome with resulting

pulses at the central wavelength in the mid-infrared region which is not the best choice

for gyroscopic measurements. In this Chapter, to cancel the fluctuation of the CEO phase

we propose to use an external Mach-Zehnder Interferometer (MZI), placed on the rotation

platform, representing a passive gyroscope. It is the first time, to for the best of our

knowledge, the passive gyroscope operates on the basis of ultrashort pulse train. Here, we

experimentally demonstrate that this approach is free from fluctuation of the CEO phase

and lacks any synchronisation dynamics or lock-in effect while inheriting all the advan-

tages of the ultrashort pulses for gyroscopic measurements, shown in previous Chapters.

Moreover, the most prevailing technique for evaluation of the Sagnac effect in traditional

Fibre-Optic Gyroscope (FOG) is the phase measurements, which allow us to assume that

the combination of the ultrashort pulse train with the DFT interferometry would be the
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most beneficial to be exploited in the passive gyroscope configuration.

4.1 Experimental setup

Figure 4.1 presents an experimental design of the passive gyroscope. The used Erbium-

doped mode-locked fibre is the same as was presented in Section 2.2.1. The laser was

operating in a unidirectional regime and produced almost bandwidth-limited ultrashort

pulses with the duration of ∼570 fs at the repetition rate of 15 MHz and average output

power of ∼1 mW. The output pulses were divided into two arms of the MZI, placed on

the rotation platform. An additional polarisation controller was placed in one arm of the

MZI to match the state of polarisation of both pulse replicas for achieving high modula-

tion depths of the interferometric pattern. Both arms of the interferometer have almost

equal lengths with a difference of a few millimeters in order to observe the interferometric

pattern as given by the Eq. 1.29. To achieve higher Sagnac phase shift between both chan-

nels, we placed both interferometer’s arms on the rotational platform in opposite direction,

which increased the gyroscopic response by a factor of two. Moreover, this also decreases

the influence of the temperature fluctuations on the measurements, since both arms were

located at the same place. To further decrease the environmental fluctuations we covered

the fibre coils of the interferometer with a foam box. Then, both arms are combined in

the following coupler and the pulses were propagated through the dispersive line. The

dispersive line is the 11 km of dispersive compensated fibre with total accumulated disper-

sion of -1200 ps/nm. Then the interferogram was recorded via 50 GHz photodiode and 33

GHz digital storage oscilloscope. The spectral resolution of the DFT is 0.02 nm and the

resolution of the phase retrieval was estimated to a value of ∼1 mrad. More discussion on

the DFT resolution in the presence of noises is presented in Appendix A.
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Figure 4.1: Experimental setup of the passive gyroscope based on ultrashort pulses. The
passive gyroscope is realised as a Mach-Zehnder interferometer with equal arm lengths,
placed on the rotational platform. SWNT - single-walled carbon nanotubes, ISO - optical
isolator, OC - optical coupler.

121I. Kudelin, PhD Thesis, Aston University, 2021



4.1 Experimental setup

Linterferometer = t0×c < TR×c TR

N×TR (N+1)×TR (N+2)×TR (N+3)×TR

N×TR (N+1)×TR (N+2)×TR (N+3)×TR

N×TR (N+1)×TR (N+2)×TR (N+3)×TR
Time

Time

Time

Linterferometer = t0×c = TR×c

Linterferometer = t0×c = 2×TR×c

t0

t0

t0

(a)

(b)

(c)

Figure 4.2: Schematic illustration of the pulse train. The shaded areas represent the time
when the pulses accumulate the Sagnac effect while propagating in the interferometer.
The data presented for the three cases: (a) length of the interferometer arms is smaller
than the length of the laser cavity, (b) length of the interferometer arms is equal to the
length of the laser cavity, (c) length of the interferometer arms is twice the length of the
laser cavity. c is the speed of light.

The total length of each arm of the interferometer is 12.7 m. The length of the MZI

was chosen to be close to the length of the laser cavity so that only one pulse is circulating

inside the interferometer. If the length of the interferometer arms is shorter than the laser

cavity, then it induces periodic time intervals when the gyroscopic effect is not measured.

This is schematically illustrated in Fig. 4.2(a), where the unshaded area corresponds to

the time intervals when the gyroscopic effect is not accumulated by the pulses. Thus, such

configuration should be avoided. The case when the length of the interferometer arms is

equal to the length of the laser cavity is shown in Fig. 4.2(b) and it can be seen that each

pulse provides unique data on the Sagnac effect inside the interferometer. If the length of

the interferometer is longer than the laser cavity (e.g. twice as long as the laser cavity as

shown in Fig. 4.2(c)), then several pulses will circulate inside the interferometer and they

would not provide unique data, but increase the data rate of the measurements.

Here we would like to note, that there is a conceptual limit between the data rate

and the resolution of the gyroscopic measurement. Due to the physical limitations of the

speed of light, the pulses cannot propagate through the interferometer at a higher speed

than declared by the speed of light. Hence, for a certain amount of time, e.g. the time

period between consecutive pulses in our case, the pulses can propagate through a limited

optical path. Since the Sagnac effect is directly dependent on the total area covered by the

optical pulses, its value is limited by the time period when the pulses propagate through

the interferometer. This leads to a trade-off between the accuracy and the data rate of
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the gyroscopic measurements. Thus, the interferometer with longer arms will not affect

the single-shot resolution of the gyroscopic but will increase the gyroscope performance at

a longer integration time.

At the same time, the length of both arms of the interferometer should be close in order

to observe the interferometric pattern as given by the Eq. 1.29. The rotation platform

has a circular shape with a radius of 0.315 m. The resulting area of the gyroscope is 2

m2, which is slightly higher than for active gyroscope, discussed above, due to the slightly

higher radius of the platform and the fact that all fibre was efficiently coiled on the platform

in the circular shape.

The main advantage of this passive gyro setup is that it is free from the phase fluc-

tuations of the incoming pulses. Owing to the fact that the pulse interferes with itself,

the fluctuations of the input pulse phase are canceled out and do not affect the rela-

tive phase, extracted from the interferogram. Numerically, the phase of the pulse in

each direction is ϕ1 = δϕ + ϕdelay1 + ϕSagnac and ϕ2 = δϕ + ϕdelay2 − ϕSagnac, where

δϕ is the phase of the pulse at the input of the MZI, ϕdelay1 and ϕdelay2 is the accu-

mulated phase in the different arms of the MZI and ϕSagnac is the phase shift asso-

ciated with the Sagnac effect (the sign depends on the direction of the angular rota-

tion). The resulting relative phase is the difference between the phase of each pulse

∆ϕ = ϕ1−ϕ2 = ϕdelay1−ϕdelay2+2ϕSagnac = ∆ϕdelay+2ϕSagnac. Note, in case if only one

arm of the interferometer is placed on the rotation platform, the Sagnac phase response

will not be multiplied by a factor of two. The phase component ∆ϕdelay is responsible for

the difference between the lengths of both arms of the interferometers and, ideally, remains

constant over time. But, since the optical path can fluctuate over time, this phase term is

the main source of fluctuations of the measurements. Additionally, the delay phase also

depends on the carrier wavelength of the beam. However, the effect of the fluctuations of

the central wavelength on the measurements is significantly reduced due to the small mis-

match between the arms of the MZI. The fluctuation of the central wavelength can induce

additional fluctuations to the obtained relative phase as we discussed in the Appendix A.

Another source of fluctuations is related to the classical non-reciprocal effects such as

the Kerr effect. If the coupling ratio changes in time, the pulses will acquire different

non-linear shifts and result in varying ∆delay in time. The non-reciprocal fluctuations are

arisen due to fluctuations of the division ratio of the optical coupler, which fluctuates with

temperature. In addition, the division ratio of the optical fibre coupler is dependent on

wavelength, which imposes restrictions on the stability of the central wavelength of the

laser source.

Thus, the variations of the relative phase in such a measurement setup are mostly

related to the acquired Sagnac phase shift, while the influence of noises are significantly

compared to the previously shown setup. Therefore, we anticipate that this setup should

operate in a similar manner as demonstrated in a previous Chapter with elimination of

the problem of CEO phase fluctuations.
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4.2 Gyroscopic measurements

The reference DFT measurements when the rotational platform is at rest are shown in

Fig. 4.3(a). The interference with high modulation depths evidences the presence of two

pulses. Figure 4.3(b) demonstrates the calculated relative phase dynamics with the cor-

responding Probability Density Function (PDF). To extract the information from the

interferometric pattern we used the same procedure as described in Section 1.6.2. The

standard deviation was 7.3 mrad that is equivalent to 8.7 as timing jitter at the central

wavelength of 1555 nm. The standard deviation defines the smallest relative phase changes

distinguished from the noises and represents the resolution of the proposed passive gyro-

scope. The lower value of the standard deviation, compared to the measurements in the

active gyroscope with an external MZI, confirms that the oscillations of the CEO phase

were efficiently suppressed, indicating a better potential for precise measurements. The

residual fluctuations of the relative phase are related to the noises mentioned above.

We would like to note that the standard deviation in this setup is comparable to the

numerically obtained value at the given Signal-to-Noise Ratio (SNR) of the measured

DFT spectra, as discussed in the Appendix A. Moreover, at this limit, the fluctuations of

the carrier wavelength are also converted into phase fluctuations due to the uncertainty

in the determination of the central frequency (Appendix A). Nonetheless, the standard

deviation, and the minimum resolution as a consecutive, could be further enhanced by
√
n

by averaging over n roundtrips, obeying the normal distribution for noises.

Figure 4.3 demonstrates the relative timing separation between the pulses from the MZI

with a moving averaging window of 100 round trips, providing the temporal resolution of

0.7 fs. The average temporal separation is 4.35 ps with a standard deviation of 0.94 fs.

The much lower value of standard deviation compared to the data from a uni-directional

gyroscope, shown in Appendix D.1, evidences that this setup does not suffer from the

timing jitter of the laser source. This result is expected since the timing jitter is converted

into a temporal fluctuation of the arriving time of the pulse to the interferometer input,

which does not significantly affect the measurements of the relative phase. However,

due to the time-frequency duality of the DFT measurements, the timing jitter can induce

uncertainties to the determination of the central wavelength of the interferometric pattern,

converting to the fluctuations of the relative phase (Appendix A). However, that effect is

not significant.

The timing jitter of the laser source can also affect the measurements of the platform

acceleration, but its effect is sufficiently weak since the timing jitter is neglecting compared

to the round trip time period. The uncertainty of the angular acceleration measurements

due to timing jitter of the laser source can be estimated as Ωjitter = τjitter/Trep, where

Ωjitter is the uncertainty in the measurements of the angular acceleration due to the timing

jitter, τjitter is the timing jitter and Trep is the pulse timing period. So, the induced

uncertainty in the measurements of 1% is caused by the timing jitter of 666.7 ps, which
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is by several orders of magnitude lower than the timing jitter of free-running mode-locked

fibre lasers.

To compare the influence of the external perturbations on the laser source in the

passive gyroscope and the active gyroscope (Chapter 3), we recorded the relative phase

dynamics in both configurations under vibration exposure, shown in Fig. 4.4(a). The

vibrations were implemented as a soft mechanical shock in the plane perpendicular to the

platform. Both setups experienced increased fluctuations of the relative phase compared to

the reference measurements. The corresponding standard deviations are 364.6 mrad and

132.8 mrad for the active and passive gyroscope, respectively. It can be clearly seen, that

120000
Roundt rip

Time, ms

Time, ms

(a)

(b)

σ = 7.3 mrad

Time, ms(c)

σ =0.94 fs

0 30000

2 4 6 8

2 4 6 80

2 4 6 80

60000 90000

1565

1560

1555

1550

1545

W
a

v
e

le
n

g
th

0.0

0.2

0.4

0.6

0.8

1.0

Figure 4.3: (a) The DFT measured spectra from balanced Mach-Zehnder-interferometer
at rest. (b) The single-shot extracted relative phase with corresponding probability den-
sity function. The standard deviation of the relative phase is 7.3 mrad. (c) Temporal
separation between the pulses with moving averaging window of 100 roundtrips.
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the fluctuations are more pronounced in the active gyro setup. This is expected since in

the active gyroscope the mechanical perturbations are directly converted into movements

of the platform. The fluctuations of the relative phase in the passive configuration are

mostly referred to the fluctuations of the central wavelength of the incoming pulses (the

relation between the fluctuations of the central wavelength and the extracted relative

phase we present in Appendix A). The corresponding Power Spectral Density (PSD) is

shown in Fig. 4.4(b). A strong peak of the phase oscillations in the active gyroscope at

frequencies in the kHz range is clearly visible, which is completely eliminated in the passive

gyro. These oscillations refer to the fast fluctuations of the CEO phase. Moreover, the

PSD of the passive gyroscope configuration is lower than the PSD of the active gyroscope

throughout the entire frequency range presented. These results confirm that the proposed

gyroscope design in this Chapter is less sensitive to the perturbation of the laser source,

compared to the setup discussed in the Chapter 3. Thus, the proposed passive gyroscope

is not highly affected by the perturbations and the stability, as a consequence, of the laser

source.

The dynamics of the relative phase of the output pulses from the MZI during rotation

exposure are shown in Fig. 4.5(a). The stepper motor was set to produce 300 steps

per second (50 000 roundtrips or 3.33 ms per step) at the full-step size and half-step

size. The average phase shift per step is 47.22 rad and 23.08 rad, which corresponds

to the average angular velocity of the motor of 2.14 deg/s (7.14 mdeg per step) and

1.07 deg/s (3.57 mdeg per step), respectively. The step profile does not inherit complex

profile due to higher angular velocity, which enforces the coils of the stepper motor to

switch faster. Figure 4.5(b) present the phase measurements at different speeds of the

stepper motor. The motor was set to produce 300 steps per second 200 steps per second

(75 000 roundtrips or 5 ms per step). The obtained average shift at 200 full steps per

(a) (a)

σ = 364.6 mrad

σ = 132.8 mrad

Figure 4.4: (a) Relative phase dynamics of the pulses in the active (blue line) and passive
(red line) gyroscope configuration under vibration exposure with standard deviation of
364.6 mrad and 132.8 mrad, respectively. (b) The corresponding power spectral density
of the phase evolution during vibration exposure.
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(a) (b)

Figure 4.5: (a) Relative phase dynamics under rotational exposure by a stepper motor
with full-step (blue line) and half-step size (red line) at 300 steps per second (50 000
roundtrips or 3.33 ms per step). (b) Relative phase dynamics under rotational exposure
by a stepper motor, set to produce 300 steps per second (blue line) and 200 steps per
second (75 000 roundtrips or 5 ms per step; red line) at full-step size.

second is 32.73 rad. The observations provide a good temporal agreement between the

set temporal duration of the step and the observed duration of the motor step cycle. The

motor step at the setting of 200 steps per second starts to experience a complex two-

peak angular profile, but as we will demonstrate later, this can be resolved due to higher

resolution of this setup compared to the previous results. As expected, the presented

passive gyroscope configuration does not have any synchronisation dynamics or lock-in

effect. These observations confirm that ultrashort pulses could be effectively used for

gyroscopic measurement in a passive configuration.

Comparison of the data on the relative phase and the relative temporal position be-

tween the pulses at the output of the MZI, extracted from the same interferometric pattern,

is shown in Fig. 4.6(a). To plot the relative phase in the time domain we transformed

the phase data by using the phase-time relation 1.4. While the single-shot resolution of

the temporal measurements of 7.7 fs is the same as in the previous Chapters, due to the

mitigation of the timing jitter of the laser source both data demonstrate a good agree-

ment even without averaging. The average temporal shift is 39.82 fs, corresponding to

a disagreement with the phase data of only 4%. Such a good agreement between both

measurements supports our results on gyroscopic measurements. Furthermore, both data

of relative phase data and temporal measurements can be simultaneously used to increase

the total resolution of the setup.

The scale factor of the passive gyroscope configuration was estimated from a linear

approximation between the applied average angular velocity and the observed average

shift of the relative phase depicted in Fig. 4.6(b). The applied angular rotation was

ranging from 89.3 mdeg/s (200 steps per second at 1/16 step size) up to 2.14 deg/s (300

full steps per second). The resulting scale factor is 21.98 rad/(deg/s) or 18.02 fs/(deg/s)

using the phase-time relation 1.4, which is closed to the observed scale factors in previous
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(a) (b)

S = 21.98 rad/(deg/s)

Figure 4.6: (a) Dynamics of the relative phase (red line) and the relative temporal sep-
aration (blue line) between the pulses from the interferometer extracted from the same
interferometric pattern. The phase data was converted to the temporal domain by using
the phase-time relation. The motor was set to produce 300 steps per second at full-step
size (50 000 roundtrips or 3.33 ms per step). (b) The experimentally obtained relation
between applied average angular velocity and the observed average shift in relative phase
with linear approximation. The resulting scale factor is 21.98 rad/(deg/s).

Chapter, considering the slightly higher total area of the passive gyroscope.

As was discussed before, the maximum detectable angular velocity is limited by the

range of inter-pulse temporal separation when the interferometric pattern is preserved.

This temporal range can be estimated to be ≈170 ps by using eq. 1.29. For the ex-

perimentally obtained scale factor of 18.02 fs/(deg/s), the maximum velocity is limited

by 9.04103 deg/s. The maximum observable angular velocity could be further increased

proportionally to the spectral resolution of the DFT.

Additionally, restrictions are applied for the maximum angular acceleration of the plat-

form. The acceleration of the platform could be calculated by differentiation of the data

on angular velocity over roundtrips and presented in Fig. 4.7. The single-shot resolution

of the acceleration is defined by the eq. D.1 to 4.98 kdeg/s2. The resolution is increased

by an order of magnitude compared to the previous results due to the higher scale factor

and lower standard deviation of the phase measurements. However, this resolution is not

enough to measure the acceleration of the stepper motor and we used a moving averaging

window over 10 000 roundtrips which provide the resolution of ∼5 deg/s2. The theoreti-

cal average acceleration during the first half of the step cycle is 2571.4 deg/s2 while the

experimentally obtained value is 2253.5 deg/s2. The error between these two results is

mostly due to the step profile of the stepper motor. This can be seen from Fig. 4.7, that

the step cycle has the acceleration with a positive sign of longer time duration than the

half of the cycle and longer than a further deceleration of the platform. The resulting

average acceleration per step is -12.7013 deg/s2, which is close to zero with a residual

mistake of around 0.56% related to the mean value of acceleration. The measurements of

angular acceleration are significant as they provide more information about the dynamics
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Figure 4.7: Angular acceleration (blue line) and angular velocity (red line) of the laser
platform during rotation exposure by the stepper motor. The motor was set to produce
300 full steps per second (50 000 roundtrips or 3.33 ms per step). The acceleration was
obtained by differentiating the velocity over a window of 10 000 roundtrips to increase the
resolution.

of the platform.

Similar to previous results, the maximum applied angular acceleration is restricted

to the value of 2.14 Mdeg/s2 using the eq. 2.9. As in active gyroscopes, the maximum

angular acceleration could be increased by using the laser with a higher repetition rate,

but dissimilar to active gyroscopes, this approach will not affect the resolution of the

angular velocity measurements in a passive gyroscope configuration. Moreover, the higher

repetition rate of the ultrafast laser source will also result in a higher data frequency

of the gyroscopic measurements. Thus, for more precise measurements of the angular

acceleration, laser sources with a lower timing period between pulses are preferred.

Finally, we estimate the performance of the proposed passive gyroscope for measure-

ments of angular velocities. The angular velocity resolution in single-shot measurements

is estimated to be 0.33 mdeg/s (5.8 µrad/s), based on the scale factor of 21.98 rad/(deg/s)

and the standard deviation of the reference measurements of 7.3 mrad. Due to the strong

mitigation of the CEO phase noise, the resolution is increased by two orders of magni-

tudes compared to the results of unidirectional gyroscopic measurements. The calculated

Signal-to-Noise Ratio (SNR) from eq. 2.8 is also significantly improved from 33.3 dB up

to 69.6 dB.

For the full description of the gyroscope performance, we calculated Allan deviation

and demonstrate it in Fig. 4.8. Calculated Allan deviation shows two strong trends,

which are related to the noises of the system. The minimum Allan deviation of 0.06

deg/h, which is the bias instability, is observed at the integration time of 17.07 µs. So,

the maximum resolution could be achieved at the data rate of 58.6 kHz. The lower

bias instability confirms that the proposed passive gyroscope is able to provide almost

50 times more accurate resolution of the angular rotation than the best results achieved in

the previous measurements. The higher integration time is explained by the fact that the
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Figure 4.8: Allan deviation of the relative phase dynamics in a passive gyroscope during
the reference measurements.

noises of the measurement equipment could be averaged more efficiently over a longer time

period before the noises with long correlation time start to dominate [56]. However, Allan

deviation of these measurements at the integration time of 4.27 µs, where the minimum

of Allan deviation was observed in the unidirectional gyroscope presented in Chapter 3, is

0.09 deg/h which is also by an order of magnitude more accurate. The estimated Angular

Random Walk (ARW) is 13.38 deg/
√
h. The significantly decreased value of the ARW is

achieved due to the mitigation of the long-term fluctuations of the CEO phase.

Such a low value of the bias instability is close to meet the requirements for laser

gyros used for navigation purposes [37; 208]. Additionally, the presented here passive

gyro is able to provide the measurements at data rate by orders of magnitude higher than

even the fastest commercially available gyroscopes. We would like to note that this is

the first realisation of a passive gyroscope based on ultrashort pulses for demonstration of

the possibilities of the proposed setup, while many improvements can be implemented for

further enhancement of the gyroscope performance. For example, the gyro performance

can be further increased by providing active and passive stabilisation of both the laser

source and the arms of the interferometer. Through stabilising technique, we estimate

that Allan deviation will follow the downward trend as 1/
√
t until the integration time of

around 1 s with estimated bias instability of ∼ 0.27 mdeg/h. At integration time longer

than 1 s residual noises, which could not be eliminated by the feedback loop, start to

dominate. Moreover, the stabilisation will also significantly reduce the value of the ARW.

For a comprehensive analysis of the proposed gyro configuration for further improve-

ment, we should consider the interferometer with longer optical paths. The longer arms of

the MZI will increase the scale factor and benefit the angular velocity resolution without

affecting the data rate. Considering the Sagnac eq. 1.5 for the phase shift, the scale factor
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increases proportionally to the total area of the fibre coil, which increases as L2. However,

if we consider the same form factor of the interferometer, the scale factor will increase pro-

portionally to the first order of the length. Moreover, to account for the additional noise

induced by higher gyro length, we provided an estimation for the case if the scale factor

will increase proportionally to the
√
L. Thus, a typical length of fibre optic gyroscope of

500 m will provide the bias instability of less than 5 · 10−5 deg/h for a passive gyroscope

with the same form factor.

At the same time, if the arms of the interferometer are longer than the laser cavity,

several pulses will circulate inside the MZI as we discussed above and schematically shown

in Fig. 4.2(c). Several circulating pulses in the interferometer arms will not contain com-

pletely unique data and, as a sequence, will not affect the total gyroscopic resolution, but

will provide higher data rates and more obtained data. More data points could be aver-

aged to increase the resolution and lower the integration time at which the bias instability

occurs. Additionally, the higher data rate will also benefit the resolution of the angu-

lar acceleration measurements. Thus, mode-locked lasers with high repetition rates (e.g.

harmonic mode-locking [241; 289; 290] or microcavities [291; 292]) are very attractive for

further applications as a laser source. Such lasers inherit worse stability performance com-

pared to more traditional mode-locked fibre lasers, but as we demonstrated, the passive

gyroscope configuration is less dependent on the input pulse parameters. However, the

upper limit of the applicable data rate is set by the DFT measurements, which is limited

by ∼40 MHz in our measurements.

The performance of the proposed gyroscope can be also increased by using polarisation-

maintaining fibre, which is commonly used in passive optics gyroscopes. Moreover, a

temperature-insensitive interferometer, shown in Ref. [284], can substantially decrease the

ARW and provide better performance over the long time scales.

The disadvantage of passive gyroscope configurations is that they require an additional

passive interferometer in supplement to the laser source. On the other hand, such config-

uration does not suffer from the main source of noises discussed in the previous Chapters

while inherent all the advantages of using the ultrashort pulses. Moreover, this approach

requires a unidirectional mode-locked laser, which is well studied to perform accurate

measurements in many applications.

4.3 Summary

In this Chapter, we implemented a passive optic gyroscope, operating on the basis of ul-

trashort pulses. The passive gyroscope is realised in a simple all-fibre design, consisted

of the balanced MZI and a uni-directional free-running mode-locked fibre laser. We con-

firmed that the passive gyro configuration lacks the main limitation of active gyroscopes

such as fluctuations of the CEO phase and timing jitter. Thus, we experimentally con-

firm our conjecture that the passive gyro configuration is less dependent on the stability
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performance of the used laser source.

This Chapter also contains the gyroscopic measurements in the proposed setup. The

results demonstrated good agreement with the previous Chapters. Moreover, the relative

phase data has an excellent agreement with the data on temporal separation, extracted

from the same interferometric pattern. The experimentally obtained scale factor is 21.98

rad/(deg/s) is higher than the one we observe in uni-directional gyroscope considering the

higher total area of the passive gyroscope. The agreement between the results in pas-

sive and active gyroscope configurations using different real-time measurement techniques

(spatio-temporal and the DFT) provides a conclusion that the increased response of the

ultrashort pulses to the angular movements is a general phenomenon and should be further

investigated.

The suppression of the CEO phase allows us to increase the single-shot resolution of

the passive gyroscope down to 0.33 mdeg/s (5.8 µrad/s) and achieve the SNR of 69.6

dB. The bias instability of 0.06 deg/h is achieved at the integration time of 17.07 µs,

which corresponds to the optimal data frequency of 58.6 kHz. The ARW constituted

13.38 deg/
√
h. These results on significantly improved gyroscope performance help us

to conclude that our goal of the Chapter to eliminate the problem of the CEO phase

fluctuations have been successfully achieved. At the same time, the passive gyro preserves

all the advantages, indicated in previous Chapters. Moreover, this setup can operate at

higher data rates without affecting the angular resolution. If a better resolution of the

angular acceleration or a higher data rate is required, the laser sources with repetition rates

from hundreds of MHz up to tens of GHz could be used. However, this would require a

further optimisation of the DFT measurements.

Further works should consider passive and active stabilisation of the laser source and

the passive interferometer. The scale factor and the gyroscope performance could be also

increased by using longer arms in the MZI. We estimated that these amendments can

reduce the bias instability below 5 · 10−5 deg/h. Furthermore, the usage of polarisation-

maintaining fibre or temperature-insensitive fibre will also benefit the bias instability and

the ARW. The gyro performance with the proposed measuring technique could also benefit

from the simultaneous extraction of the relative phase and the relative temporal spacing

between the pulses.
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Chapter 5

Overall discussion and conclusion

Laser development has a significant impact on the modern world we live in today. Mod-

ern lasers deliver versatile optical parameters and play a crucial role in various inter-

disciplinary fields, ranging from material processing to communications and optical clocks.

Of particular interest are the mode-locked lasers, which generate a particularly stable train

of ultrashort pulses. Nowadays, mode-locked lasers have proven their unparalleled perfor-

mance and reached their maturity to benefit society by impacting science, medicine, and in-

dustry, by substituting the lasers with continuous-wave generation. Despite this progress,

the growing demands of modern technologies require further improvements, pushing the

investigation of mode-locked lasers into new applications. In the thesis, we have explored

the niche of gyroscopic measurements and interferometry in general, by combining recent

development in conjugate areas such as fast electronics and ultrafast lasers. The combi-

nation of both these areas allows achieving new insights on gyroscopic measurements and

other applications based on phase measurements in general.

We started the thesis by providing a historical perspective of gyroscopes and up-to-date

setups, which use ultrashort pulses. While different works on ultrafast gyroscopic mea-

surements exploit different types of ultrashort pulses and measuring techniques, they all

are based on bidirectional mode-locked lasers. Thus, we firstly investigated bidirectional

mode-locked fibre laser and the inter-cavity behaviour of counter-propagating pulses by

using the single-shot spectral and intensity measurement techniques. The experimental

results revealed the complex dynamics of counter-propagating pulses, which highlight the

significance of colliding mode-locking and the sophistication of bidirectional lasers. The

experimental observations are particularly important due to the lack of efficient numerical

models. These experimental results on the spectral evolution of pulses deepen the knowl-

edge of soliton collisions in non-linear systems. From a practical point of view, the results

provide a better understanding of pulse interactions inside the cavity, benefiting the fur-

ther design of bidirectional mode-locked fibre lasers and their optimisation for intracavity

measurements.

We observed three different generation regimes in the bidirectional mode-locked fibre

laser. With the use of the Dispersive Fourier Transform (DFT) technique, we were able
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to particularly investigate two generation regimes with the matched repetition rates: with

partially-locked frequency combs with different Carrier-Envelope Offset (CEO) frequency;

and fully-locked counter-propagating frequency combs with matched CEO frequencies.

Each of the generation regimes inherits unique complex synchronisation dynamics between

counter-propagating pulses. Moreover, we observed that the generation of fully-locked

counter-propagating frequency combs experiences much lower phase fluctuations than the

same laser operating in the uni-directional regime (Chapter 3). This can be understood

as a self-stabilisation of the frequency combs due to the colliding mode-locking. However,

some residual oscillations in the CEO phase may preserve due to the synchronisation

dynamics.

Further on, in Chapter 2 we investigated each of the generation regimes for the gyro-

scopic measurements by rotating the bidirectional fibre laser. We demonstrated that the

response of ultrashort pulses to the angular rotations is significantly enhanced compared

to the classic Sagnac equations and affected by the generation regime. Interestingly, for

the generation regime with the unsynchronised repetition rates of the counter-propagating

pulses, we observed that the scale factor is dependant on the difference between repetition

rates. While this phenomenon resembles the lock-in effect, it does not limit the minimum

detectable angular velocity. Unfortunately, due to the mismatch in the repetition rates of

counter-propagating pulses of this generation regime, we were not able to provide the DFT

measurements, both for investigating the generation regime and to provide phase-based

gyroscopic measurements with better resolution than the spatio-temporal technique.

Although all the observed generation regimes are sensitive to the applied angular rota-

tions, the synchronisation dynamics strictly limit their applicability to provide continuous

and reliable detection of the Sagnac effect. This principal problem could be solved by

mitigating the influence of the colliding mode-locking on the pulse synchronisation dy-

namics while designing the cavity setup. However, at the same time in order to achieve

the continuous interference of the counter-propagating pulses via the DFT, both pulses

should have exactly matched repetition rates, restricting the design of the laser cavity.

To achieve more reliable detection of the Sagnac effect in Chapter 3 we decided to

transit from a bidirectional to a uni-directional cavity setup. The move away from the

traditional bidirectional setups for gyroscopic measurements is a conceptual step and al-

lows to significantly simplify the overall gyro setup. We proposed a novel technique to

measure single-shot pulse-to-pulse phase slippage. The proposed setup conjoins the prin-

ciples of the first attempts to detect the CEO phase and the DFT interferometry. In terms

of gyroscopic application, such a setup exhibits the two-fold lower bias instability at the

lower integration time compared to the results achieved in the bidirectional ultrafast gy-

roscope, while lacking the synchronisation dynamics or lock-in effect. The main limitation

for the precision phase measurements was imposed by the fluctuations of the CEO phase

of the free-running mode-locked laser. An evident solution is the phase stabilisation of

the output pulses down to sub milliradian level. However, the active feedback loop will
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interfere with changes in the output pulses imposed by the Sagnac effect in the presence

of angular movements. This is a conceptual limitation and requires further investigation

to achieve high stability in the presence of angular rotations. Aside from the gyroscopic

capabilities, this setup for the single-shot phase measurements is a powerful tool to inves-

tigate the pulse-to-pulse phase evolution and the stability of the pulse train and can be

potentially spread for many phase-based applications. While this setup was demonstrated

to confirm the proof of principle, with further amendments it would be able to detect the

absolute measurements of the CEO phase and to potentially substitute the traditional

techniques.

Since the stabilisation of an active bidirectional ultrafast gyroscope is a non-trivial task,

we decided to explore the passive gyro configuration. While it seems a straightforward

solution, it was the first demonstration of a passive gyroscope operating on the ultra-

short pulses. The lack of works on passive ultrafast gyroscopes is due to the reason that

the previous works have been mostly focused on the beat-note measurement technique,

which cannot be applied in passive gyro configuration. Our suggestion to investigate the

passive gyroscope was supported by the fact that the phase measurement of the Sagnac

effect is the dominating technique in passive gyroscopes. Hence, the ultrashort pulse in-

terferometry via the DFT interferometry is the perfect tool for gyroscopic measurements

in the passive gyro configuration. Indeed, we experimentally confirmed that the passive

gyroscope inherits all the previously obtained benefits of using the ultrashort pulses such

as increased response to the Sagnac effect and high data rates. And what is even more

important, the main advantage of the ultrafast passive gyroscope is that it is not sensitive

to the fluctuations of the CEO phase of the input pulse train. Thus, we conclude that

passive ultrafast gyroscope based on the DFT interferometry is the best choice for exploit-

ing the ultrashort pulses in order to achieve the best performance at the highest available

data frequencies. The drawbacks of this setup are typical for passive gyroscopes. First,

the passive configuration requires both the laser source and the passive interferometer.

However, this implementation and its stabilisation still are much easier compared to the

bidirectional mode-locked lasers. The second drawback is that the Sagnac-induced phase

shift is not accumulated through roundtrips in passive gyro configurations. This limita-

tion can be compensating by constructing the passive interferometer with long arms, the

length of which can reach several kilometers in traditional fibre optic gyroscopes.

The summary of the achieved performances by using the various gyro setups during

the project and comparison to other works is shown in Table 5.1. As shown, the achieved

performance during this project significantly surpasses the previously demonstrated re-

sults on gyroscopic measurements based on ultrafast fibre lasers. The previous works on

gyroscopic measurements based on ultrashort pulses mostly used traditional techniques

for the detection of the Sagnac effect. Such approaches do not allow to extract the en-

tire potential of ultrashort pulses. Compared to the previous works based on real-time

measurement techniques, we achieved a better resolution at higher data frequency by im-
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proving the method for phase extraction and investigated the gyro performance in different

gyro configurations.

In the Table 5.1 we also included the comparison to the best-achieved results on gyro

performance in bulk bidirectional mode-locked laser. While bulk ultrafast gyroscope has a

slightly better performance than our first demonstration of the passive ultrafast gyro, the

methods we used allow obtaining data rates by orders of magnitudes higher, while further

optimisation of the passive gyro setup has a strong potential to overcome the performance

of the bulk competitors.

The presented summary Table 5.1 allows us to conclude that passive fibre gyroscope,

based on ultrashort pulses with phase measurements via the DFT interferometry, is the

best candidate to provide high angular resolution at high data rates. But, is the per-

formance of the ultrafast fibre gyroscope, demonstrated in this project, sufficient enough

to compete with traditional laser gyroscopes based on the continuous-wave generation?

Unfortunately, not at the presented stage of development. And further investigations is

required in order to maximise and optimise the performance of ultrafast gyroscopes to

compete with traditional optical gyroscopes. However, even at the presented stage of

development, ultrafast gyroscopes significantly surpass by orders of magnitude the data

frequencies of their competitors. This feature can be used in applications that require

high data frequencies alongside with high accuracy. Additionally, this feature allows to

simultaneously record the data on the angular acceleration of the platform. The proposed

phase measurement techniques could be also widely expanded to such applications as mea-

surements of refractive index, air flow, acoustic noises, displacement measurements, and

scatterometry [25]. Additionally, the proposed methodology could be also used as a laser

vibrometer to investigate vibration frequencies in the MHz range.

Below we provide our assumptions and suggestions for further investigations which

should be considered in order to improve the performance of the DFT interferometry

and the demonstrated ultrafast gyroscopes. In general, a lot of further amendments and

studies should take place in order to extract the full potential of the proposed system.

The first and the most important is to further investigate the response of optical wave

packets such as ultrashort pulses to the applied angular rotations. In this project, we

have indicated that ultrashort pulses have a significantly increased response to the applied

angular movements compared to the expected values obtained from the classic Sagnac

equations. These observations have been confirmed by using the spatio-temporal and

the DFT measurements in both passive and active gyroscope configurations. Only a few

works have investigated the propagation of wave packets in moving media with anomalous

dispersion and these works have indicated that ultrashort wave packets may experience

an additional phase shift in supplement to the classic Sagnac equations. This provides

a further enhancement of the scale factor in the gyroscope with the same form factor

and highlights the potential of the ultrashort pulses for gyroscopic measurements. The

following works are necessary to comprehensively study this enhancement factor for various
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types of ultrashort pulses with different parameters, propagating in a dispersive media in

the presence of the non-linear effects.

From the engineering point of view, optimisation of the laser source and passive inter-

ferometer will significantly benefit the overall performance. First of all, a passive inter-

ferometer with longer arm lengths should be considered since the Sagnac effect is linearly

proportional to the optical length of propagation (if the same form factor is considered).

In traditional Fibre-Optic Gyroscope (FOG) the length of interferometer typically ranges

from 0.5 km up to 2 km, which is 40-150 times longer than the interferometer presented

in the Chapter 4. This approach will significantly benefit the gyroscope performance at

longer time scales. However, the peculiarities of soliton propagation in optical fibres should

be taken into account. Additionally, the DFT line can be implemented inside the passive

interferometer and serve as the interferometer’s arms.

Another significant aspect of the ultrafast passive gyroscope is a proper choice of a

source of ultrashort pulses. As we stated before, laser sources with higher repetition rates

will result in a higher data rate of the gyroscopic measurements, which could be converted

into lower integration time or improvement of the bias instability. Additionally, this will

increase the accuracy of measurements of angular acceleration. From this perspective,

lasers with high repetition rates such as semiconductor lasers, electro-optic lasers, har-

monic lasers, and lasers based on microcavities could be a perfect choice. Nevertheless,

regarding the gyroscope resolution, the central wavelength of the laser source should be

stabilised, which is well studied for uni-directional mode-locked laser and could be effi-

ciently implemented.

As was previously mentioned, the division ratio of the optical couplers and the length

of the passive interferometer should be stabilised to achieve higher performance at longer

time scales. In addition, some established techniques from traditional FOG, summarized

in Ref.[21], could be successfully adopted for ultrafast gyroscopes. Last but not least,

a more advanced optical fibre should be also used in order to suppress polarisation and

intensity instabilities, and temperature fluctuations.

Another essential element is the optimisation of the DFT measurements. As we dis-

cussed in Appendix A, an improvement in the accuracy of the phase retrieval could be

achieved by increasing the SNR of the DFT signal. The resulting SNR of the provided

measurements is mostly limited by three constituents: SNR of the laser used, losses in the

interferometer and in the DFT line, and noises of the measuring equipment. The SNR

of the laser source depends on the intracavity losses and the generation regime and has

been discussed in Chapter 1.5.2. The losses of the interferometer arise due to two couplers

and several fibre splices and could not be mitigated. However, in our experiments, we

used only one output from the interferometer, while the simultaneous use of both outputs

can benefit the overall performance of the phase retrieval accuracy. Additional losses are

preserved during the pulse propagation in the dispersive media and could be minimised by

using an optimised setup with optimised dispersion for achieving the desirable resolution
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(e.g. the length of the DFT fibre coil). At the first glance, the SNR could be improved by

increasing the input power. Unfortunately, the input power should be limited in order to

avoid fibre non-linearities and preserve the original pulse spectrum. The solution is to use

an amplifier, based on the stimulated Raman scattering, which does not induce spectral

changes to the pulse under investigation [196]. Our simulation also demonstrated that it

would be possible to achieve continuous phase measurements with adequate resolution at

GHz data rates by optimising the measuring setup. Moreover, other techniques for phase

retrieval should be investigated. For example, if the temporal pulse separation is relatively

small, their relative phase will directly affect the total spectral energy recorded via the

DFT, which can be used to ease the process of the phase retrieval in a presence of noises.

We also would like to note, that the data, contained in the interferometric pattern such

as the pulse separation, the relative phase, and the amplitude ratio, could be simultane-

ously retrieved and used to increase the efficacy of the approach. The usage of this entire

data on the pulses along with more advanced data processing techniques such as machine

learning will allow to further increase the accuracy of the phase retrieval.

Thus, we provided a general investigation on the usage of ultrashort pulses with the

DFT technique for phase measurements and gyroscopic measurements particularly. This

thesis has significantly developed the ultrafast fibre gyroscopes and the DFT interfer-

ometry by demonstrating a range of setups for evaluation of the Sagnac effect and by

significantly advancing the current state-of-the-art performance. All the gyroscopic se-

tups demonstrated an increased response of the ultrashort pulses to the applied angular

movements. We indicated the pros and cons of the proposed technique and provided rec-

ommendations for further investigations and potential applications. Meeting all indicated

improvements with further research will allow ultrafast gyroscopes to contend with the

established optical gyroscopes and even to surpass their performances. We hope that

the work detailed in the thesis will contribute to the development of ultrafast lasers and

gyroscopes. We also anticipate that this project highlighted the potency of the DFT in-

terferometry and its application will expand to other phase-based measurements, where

high accuracy and data rates are required.

139I. Kudelin, PhD Thesis, Aston University, 2021



References

[1] K. Kieu and M. Mansuripur, “All-fiber bidirectional passively mode-locked ring

laser,” Optics Letters, vol. 33, no. 1, pp. 64–66, 2008. 7, 53, 54, 57

[2] N. Abdukerim, M. I. Kayes, A. Rekik, and M. Rochette, “Bidirectional mode-locked

thulium-doped fiber laser,” Applied Optics, vol. 57, no. 25, pp. 7198–7202, 2018. 7,

53, 54

[3] C. Ouyang, P. Shum, K. Wu, J. H. Wong, H. Q. Lam, and S. Aditya, “Bidirectional

passively mode-locked soliton fiber laser with a four-port circulator,” Optics Letters,

vol. 36, no. 11, pp. 2089–2091, 2011. 7, 54

[4] A. A. Krylov, D. S. Chernykh, N. R. Arutyunyan, V. V. Grebenyukov, A. S.

Pozharov, and E. D. Obraztsova, “Generation regimes of bidirectional hybridly

mode-locked ultrashort pulse erbium-doped all-fiber ring laser with a distributed

polarizer,” Applied Optics, vol. 55, no. 15, pp. 4201–4209, 2016. 7, 54, 55

[5] M. Chernysheva, M. Al Araimi, H. Kbashi, R. Arif, S. V. Sergeyev, and A. Rozhin,

“Isolator-free switchable uni-and bidirectional hybrid mode-locked erbium-doped

fiber laser,” Optics Express, vol. 24, no. 14, pp. 15721–15729, 2016. 7, 54, 55,

57, 63, 72, 86

[6] Y. Ma, B. Xu, H. Ishii, F. Meng, Y. Nakajima, I. Matsushima, T. R. Schibli,

Z. Zhang, and K. Minoshima, “Low-noise 750 mhz spaced ytterbium fiber frequency

combs,” Optics letters, vol. 43, no. 17, pp. 4136–4139, 2018. 17

[7] J. F. Wagner and A. Trierenberg, “The machine of bohnenberger,” in The History of

Theoretical, Material and Computational Mechanics-Mathematics Meets Mechanics

and Engineering, pp. 81–100, Springer, 2014. 21
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[275] M. Kurucz, S. Tóth, R. Flender, L. Haizer, B. Kiss, B. Persielle, and E. Cormier,

“Single-shot cep drift measurement at arbitrary repetition rate based on dispersive

fourier transform,” Opt. Express, vol. 27, pp. 13387–13399, Apr 2019. 108

[276] X. Zhang, G. Wu, M. Hu, and S. Xiong, “Stabilizing carrier-envelope offset frequency

of a femtosecond laser using heterodyne interferometry,” Optics letters, vol. 41,

no. 18, pp. 4277–4280, 2016. 109, 119

[277] K. Osvay, M. Görbe, C. Grebing, and G. Steinmeyer, “Bandwidth-independent linear

method for detection of the carrier-envelope offset phase,” Optics Letters, vol. 32,

pp. 3095–3097, Nov 2007. 109, 114

[278] K. Wu, P. P. Shum, S. Aditya, C. Ouyang, J. H. Wong, H. Q. Lam, and K. E. K.

Lee, “Noise conversion from pump to the passively mode-locked fiber lasers at 1.5

µm,” Opt. Lett., vol. 37, pp. 1901–1903, Jun 2012. 113
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Appendix A

Dispersive Fourier Transform
Measurements

A.1 Spectral resolution

As was discussed in the Section 1.6.2, the spectral resolution of the Dispersive Fourier

Transform (DFT) measurements is limited by two factors if the higher order dispersion

is neglected. The first limitation is related to the bandwidth of the used photodiode

and the oscilloscope. In our experiments, the temporal resolution of the used equipment

is tFWHM = 25 ps, which results in the spectral resolution of the Dispersive Fourier

Transform (DFT) of 0.0208 nm by using the eq. 1.26.

Another limitation factor of the spectral resolution is related to the Group Delay Dis-

persion (GDD) in analogy to the far-field spectral resolution in the spatial diffraction. This

corresponds to the resolution of 0.1 nm, based on the eq. 1.27. In the temporal equivalent,

this corresponds to the case when the first minimum of one diffracted wavelength coincides

with the first minimum of the other wavelength. This is twice the Rayleigh criterion, which

states that the two diffracted beams are resolvable when the separation between them is

more than the first minimum of one of the diffracted beams. If the temporal separation

between two diffracted wavelengths is lower than the Rayleigh criterion the diffracted light

from each wavelength will overlap, decreasing the resulting modulation depth. The main

conclusion from this discussion is that the obtained DFT measurements can provide the

measurements with a resolution better than 0.1 nm at the cost of the lower modulation

depth. This can be important for interferometric measurements with far-separated pulses.

Another limitation, which should be taken into account, is the uncertainty of the

acquired Group Velocity Dispersion (GVD) ∆D. In the presence of the uncertainty in the

GVD, the total resolution can be expressed as:

δλGDD =
tFWHM

Dz
+

∆Dz

Dz
∆λ = δλ+ δD∆λ (A.1)

where δλGDD is the spectral resolution in the presence of the GVD uncertainty, tFWHM

is the temporal resolution, D is the GVD, z is the length of the dispersive line, ∆λ is the

wavelength offset from the central wavelength, and δD is the relative error of the GVD.
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A.2 Determination of the central wavelength

As can be seen, the DFT resolution degrades at the spectral wings of the pulse. Thus,

the uncertainty in the GVD will compress or stretch the original optical depending on the

sign of the uncertainty. We would like to note, that the initial chirp of the input pulse can

be treated in the same way as the uncertainty of the GVD due to their similar effect on

the pulse spectrum. Additionally, the resolution at the pulse spectral wings, recorded via

the DFT, is also reduced by the higher-order dispersion as indicated in the eq. 1.25.

This GVD uncertainty can be experimentally evaluated by comparing the spectra,

recorded by the DFT technique and optical spectrum analyser. In the absence of the

GVD uncertainty and the higher-order dispersion, it would be possible to estimate the

initial pulse chirp by comparing both spectra. Contrariwise, if the pulse is known to have

a zero chirp, the comparison between both spectra will provide the data on the uncertainty

of the GVD.

A.2 Determination of the central wavelength

The DFT technique provides measurements of only relative wavelengths, while the ab-

solute central wavelength should be uniquely identified. In the steady state, the central

wavelength can be easily identified by comparing the measured pulse spectrum from the

DFT and the optical spectrum analyser.

Another way is to evaluate the time delay between the spatio-temporal and the DFT

measurements. The time delay τ can be estimated as:

τ = n(λ0) · z/c (A.2)

where n(λ0) is the frequency-dependent refractive index of the fibre at the central wave-

length of λ0, z is the length of the dispersive line, and c is the speed of light in vacuum.

This approach is appropriate to be used for a single-shot evaluation of the central wave-

length. Moreover, this approach takes into account the time-frequency duality of the DFT

technique: if the input pulse is delayed, the central wavelength of the DFT spectra will be

shifted accordingly and could be misunderstood as a shift in the central frequency. Thus,

the arriving time of a pulse is important in order to avoid this uncertainty. The drawback

of this method is that the refractive index profile should be estimated with high accuracy

since the fibre lengths, used in the DFT measurements, usually are several kilometers

long. This technique allows to estimate the fluctuation of the central wavelength in the

single-shot scale but this would require the data on the pulse spatio-temporal position.

Another method is the combination of both methods mentioned above. While the

central wavelength at the steady state can be unambiguously defined by comparing with

the spectrum obtained from the optical spectrum analyser, the measurements of the single-

shot fluctuations of the central wavelength should take into the arriving time of the pulse.
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A.3 Resolution of the phase extraction

A.3 Resolution of the phase extraction

In this Appendix, we also consider the resolution of the phase retrieval from the inter-

ferometric pattern depending on different parameters. To achieve that, we numerically

simulated two-pulse interference with varying main parameters of ultrashort pulses and

the DFT setup. The resolution or the mistake of the phase retrieval we estimated as

a standard deviation from the true value, based on 10 000 samples for each simulation.

Figure A.1(a) presented an exponential dependence of the phase resolution on the SNR

with parameters similar to the one we used in our experiments. At the SNR of 60 dB, the

standard deviation is slightly less than a mrad. Hence, it is crucial to provide the DFT

measurements with high SNR for accurate phase retrieval.

Figure A.1(b) demonstrates the mistake of the phase retrieval depending on the ampli-

tude ratio between two interfering beams. The amplitude ratio manifests as a modulation

depth of the interferometric pattern and is sensitive to the noises. When the modulation

depth reaches the level of noises, the noises can blur the interferometric pattern, impeding

the phase extraction. While in our measures the amplitude ratio is close to 1, this may be

significant for heterodyne detection when the local oscillator has significantly higher am-

plitudes. Moreover, as was stated before, the modulation depth tends to decrease when

the modulation period of the interferometric pattern reaches the spectral resolution of

the DFT measurements given by the eq. 1.27 (Rayleigh criterion). However, as shown

in Fig. A.1(c), at high SNR the modulation depth does not play a crucial role and high

accuracy is achievable.

The phase retrieval accuracy at various SNR and the spectral resolution of the DFT

is shown in Fig. A.1(d). Since only the relation between the spectral resolution and the

modulation period is relevant, we provided simulations as a number of data points (pixels)

per modulation period. The crop, shown in Fig. A.1(e), demonstrates that high accuracy

of the phase extraction could be achieved even with a low spectral resolution if the SNR

remains high. This result is particularly important since it confirms that the phase could be

extracted with high precision even by using a relatively slow oscilloscope and photodiode.

We also numerically simulated the influence of such parameters as the spectral width

of the input pulses. The broader spectrum creates more data points for recording, but,

our simulations did not show that this parameter has a significant impact on the phase

retrieval procedure. However, at least two modulation periods should fit at the FWHM

of the pulse spectra. Additionally, our simulations did not demonstrate a dependence

of the phase retrieval resolution on the pulse separation, while the criteria given by the

inequality 1.29 is fulfilled.

In the numerical results demonstrated above, we did not take into account the fluctu-

ations of the central wavelength. However, strong fluctuations of the central wavelength

can significantly degrade the results of the phase measurements. This can be numerically
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A.3 Resolution of the phase extraction

expressed as:

∆ϕ = 2π
∆λ

λmodulation
= 2π∆λ

cτ

λ2
0

(A.3)

where ∆ϕ is the resulting phase error, ∆λ is the fluctuation of the central wavelength, and

λmodulation is the modulation period of the interferometric pattern, c is the speed of light,

τ is the temporal spacing between the pulses, and λ0 is the central wavelength. This is a
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Figure A.1: Numerical estimation of the uncertainty of phase retrieval. (a) Standard
deviation of the mistake of phase retrieval at different SNR. (b) Standard deviation of the
mistake of phase retrieval at different SNR for various values of amplitude ratios between
the two interfering beams with (c) corresponding crop at SNR of 60 dB. (d) Standard
deviation of the mistake of phase retrieval at different SNR depending on the number of
pixels per modulation period with (e) corresponding crop at SNR of 60 dB.
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A.3 Resolution of the phase extraction

significant limitation especially if the interfering pulses have a high temporal separation.

On the other hand, this effect can be reduced by providing a lower separation between the

pulses. Additionally, due to the time-frequency duality, the temporal fluctuation of the

arriving pulse will be converted into fluctuations in the central wavelength and results in

the fluctuation of the extracted relative phase. Hence, to provide the highest resolution of

the phase measurement, these fluctuations should be taken into account and numerically

compensating by determining the central wavelength of the pulse spectrum and the spatio-

temporal position of the pulse at each roundtrip.

All in all, the provided numerical simulations demonstrated that the high degree of

accuracy even in a system with a low spectral resolution could be achieved by increasing

the SNR, which is the main parameter for achieving high resolution of phase extraction.

The resulting accuracy of the phase retrieval may also slightly vary depending on the input

pulse characteristics such as chirp, spectral profile, and etc. These results are particularly

important for further optimisation of the DFT setup for continuous measurement or the

phase dynamics at high data rate and resolution. For example, by adjusting the separation

between the pulses and using a spectral filter to crop the dispensable wings of the pulse

spectra it would be possible to achieve phase retrieval at data rates in the GHz range. Due

to the limited memory of the oscilloscope, the ease of the requirement to the temporal

resolution (which is converted into spectral resolution during the DFT measurements) will

allow the continuous observations of the phase evolution.
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Appendix B

Pulse build-up dynamics in a
bidirectional mode-locked laser
with synchronised repetition rates

B.1 Evaluation of the central wavelength dynamics

In the Appendix A we introduced the importance of the determination of the pulse central

wavelength for the DFT measurements. As a reference, we have used the spectra obtained

by an optical spectrum analyser for the steady-state mode-locking generation. However,

to estimate the central wavelength shift, one should compare the dynamics in the spatial

domain and the DFT profiles. To identify the dynamics of the central wavelength we

neglected the non-linear Kerr effect, which is significantly smaller than the effect of the

dispersion, due to low pulse intensities during our experiments. Since both the cavity

optical length and the DFT line are dispersive, it takes different time for different wave-

lengths to propagate through. The central wavelength drift results in a variation of the

cavity roundtrip time owing to the intracavity GVD and lead to a temporal shift of the

income pulse at the DFT line, which should be taken into account. Hence, to estimate the

central wavelength drift from the DFT measurements, we need to exclude the contribution

of the varying cavity round trip time, which can be obtained from the spatio-temporal

dynamics. Once this contribution is removed, the wavelength drift can be estimated by

using the known value of the dispersion of the DFT fibre span. In our experiments, the

DFT line introduces the time delay of tDFT = 53.651 µs at 1555 nm wavelength band.

The mapping of the position of 1555 nm spectral component back to the recorded DFT is

shown as a white line in the Fig 2.9(a). Therefore, the time mismatch between the DFT

spectra and the corresponding delayed spatio-temporal intensity evolution trace, converted

into wavelength domain by using the Eq. 1.25, demonstrates the deviation of the central

wavelength drift in real-time (Fig. 2.9(b)).
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Figure B.1: The DFT spectra of the dynamics of the Q-switched instability in a the CW
and the b CCW direction. c The energy dynamics during the Q-switched instability.

B.2 Q-switched instabilities dynamics

Figure B.1 demonstrate the Q-switched instability dynamics formed after the quasi-stable

mode-locked generation. Dissimilar to other dynamics, more energy has been emitted

in the CCW direction, while the CW pulse underwent a central wavelength shift and

was annihilated shortly after. As was described in Section 2.2.3, after the break-up of

the less energetic pulse, more energy was emitted in the counter-propagating direction

and induce the instability dynamics. At the 10 thousandth roundtrip, the generation

regime fully evolved into the traditional Q-switched operation regime without localised

structures. The Q-switched generation experience decrease in the peak energy, while its

duration started to increase.

B.3 The numerical autocorrelation function of multi-soliton
complex in the clockwise direction excluding Kelly side-
bands

Figure B.2 presents the numerical autocorrelation function of the clockwise direction dur-

ing formation of multiple-solitons with excluded Kelly sidebands from our calculations.

By comparing both graphs with included and excluded Kelly sidebands we can estimate

their effect on the pulse dynamics and vice versa. It is worth noting the absence of strong

surrounding quasi-continuous-waves at roundtrips close to 43.2 - 43.7, 44.2 - 44.7 and 45.2

- 45.7 thousand round trips are referred to the emitted dispersive waves.
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B.4 Build-up dynamics through multi-pulse formation

As shown in Fig. B.3, the multi-soliton was generated in a more energetic direction from

a modulation of the quasi-continuous wave radiation (Q-switched generation). Notably,

that the CCW direction had more energy than the CW direction due to particular ad-

justment of the polarisation controllers. A prerequisite for the multi-soliton generation is

the presence of a residual excess energy after the intensity spike or the Q-switched insta-

bility, while the counter-propagating pulse lacks enough energy and it disappears shortly

after the central wavelength shift. This dynamics clearly shows that stable bidirectional

mode-locking generation have appeared only at the fifth time when the energy was more

evenly distributed between both directions. Otherwise, the soliton undergoes the central

wavelength shift and disappeared shortly after. Moreover, an additional burst of energy,

similar to Q-switched instability, have been appeared each time before the formation of

the pulse in the counter-propagating direction. Such bursts of energy and Q-switched

instability served as redistributors of energy between opposite directions.
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Figure B.3: a and b the DFT traces of the pulse formation in the CW and the CCW
direction from a multi-soliton structures, respectively. c the pulse energy, and d the
localisation parameter.

B.5 Final formation of the pulse in the counter-clockwise
direction

Figure B.4 provides the measured DFT spectra and the corresponding ACF of the counter-

clockwise pulse during the final formation of the stable bidirectional mode-locking gen-

eration. Note, that the pulse is originated from a residual pulse after the Q-switched

instability with strong continuous-wave radiation. The theoretically calculated localisa-

tion value of 0.278 is close to the experimentally obtained value of 0.252. The drop in

the localisation parameter near the 59.9 thousandth roundtrip is related to the formation

of the side spikes. We also note a non-periodical fluctuation in localisation due to weak

fluctuations of the pulse energy and spectra, but no spectral pulsations have been obtained

in the CCW direction. The overall dynamics of the pulse formation in the CCW direction

is similar to the CW direction.

172I. Kudelin, PhD Thesis, Aston University, 2021



B.5 Final formation of the pulse in the counter-clockwise direction

1545

1555

1565

W
av

el
en

gt
h,

 n
m

0

0.25

0.5

0.75

1

59.4 60.4 61.4

Roundtrip x103

-45

0

45

D
el

ay
, p

s

0

0.1

0.2

0.3

0.25

Localisation

Figure B.4: Final formation of the counter-clockwise direction from a Q-switched-mode-
locked instability: the measured DFT spectra and the corresponding ACF traces. In white
the localisation parameter is shown.

173I. Kudelin, PhD Thesis, Aston University, 2021



Appendix C

Phase dynamics of fully-locked
counter-propagated pulses

C.1 Phase-time oscillations

In this Section we present an oscillation dynamics of fully-locked counter-propagating

pulses in the bidirectional mode-locked fibre laser. The spectral oscillations could be

clearly seen from the inset in Fig. C.1(a). Figure C.1(b) demonstrate the extracted data

on the temporal pulse separation and the relative phase. The period of both oscillations

was 45 roundtrips, which is 3 µs. However, both oscillations were out of phase with a

phase difference close to π. We plot the single period of the evolutionary trajectory of the

phase-temporal dynamics in Fig. C.1(c-d). The deviation of the phase-time diagram from

a perfect circular shape means that the phase and time components are not fully agreed

through phase-time relation 1.4. As can be seen, the relative temporal spacing is varying

in the range of 300 fs, while the phase has a range only of 0.4 rad. Thus, such oscillations

indicate complex synchronisation dynamics of counter-propagated pulses.

Similar phase-time oscillations have been observed in soliton molecules in unidirectional

lasers [182; 189]. These oscillations may arise as a self-adjusting of the unique bidirectional

generation regime. Additionally, phase oscillation may be caused by the dynamics of the

coupling strength between oscillator frequencies [236].
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Appendix D

Interferometric measurements of
pulse dynamics

D.1 Dynamics of temporal spacing between the consecutive
pulses

Figure D.1 demonstrate the evolution of the temporal separation between consecutive

pulses from the Mach-Zehnder Interferometer, which is directly related to the timing

jitter of the used mode-locked free-running laser. This data correspond to the results,

demonstrated in Section 3.2. The average time separation was 36.6 ps with a standard

deviation of 19 fs. The resolution of the measurements was 7.7 fs, limited by the spectral

window of the DFT measurements with the zero-padding. The temporal spacing has a

slowly decreasing trend due to the temperature fluctuations.

Figure D.1: Evolution of the temporal spacing between consecutive pulses with the corre-
sponding probability density function.

D.2 Measurements of angular acceleration of the stepper
motor

Figure D.2 provides the data on the angular velocity and the angular acceleration of the

laser platform during the rotation exposure by the stepper motor. The motor was set to
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D.2 Measurements of angular acceleration of the stepper motor

produce 150 steps per second (100 000 roundtrips or 6.67 ms per step) at half-step size.

The acceleration was obtained by differentiating the velocity over a window of 10 000

roundtrips to increase the resolution. The single shot resolution can be obtained by using

the following equation:

Ωmin = σ/(S · Trep) (D.1)

where σ is the standard deviation, S is the scale factor and Trep is the pulse repetition

period. The calculated resolution is estimated to be 40.3 kdeg/s2, while for the accumu-

lated data over 10 000 roundtrips the resolution reduces down to 4 deg/s2. The calculated

average acceleration during the first half of the step cycle is 340.6 deg/s2 which is close

to the theoretically calculated of 332 deg/s2. Theoretically, the mean acceleration during

one step should be equals to zero which is confirmed by the experimental observations

which result in an average acceleration over the step to -3.58 deg/s2 or just 1.05% of the

mean value.
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Figure D.2: Measurements of the angular acceleration (black line) and angular velocity
(orange line) of the laser platform during rotation exposure by the stepper motor. The
motor was set to produce 150 steps per second (100 000 roundtrips or 6.67 ms per step) at
half-step size. The acceleration was obtained by differentiating the velocity over a window
of 10 000 roundtrips to increase the resolution.
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