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SUPPLY- VS. DEMAND-SIDE TRANSPARENCY: THE
COLLUSIVE EFFECTS UNDER IMPERFECT PUBLIC
MONITORING*
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We analyse how market transparency affects collusion under imperfect
monitoring where punishment phases occur on the equilibrium path.
We show that increased transparency causes a ‘pro-competitive’
demand-side effect and an ‘anti-competitive’ supply-side effect on the
optimal symmetric perfect public equilibrium (SPPE) profits. When
transparency increases on both sides of the market, the optimal SPPE
profits unambiguously increase at the perfect monitoring limit, because
the pro-competitive demand-side effect vanishes. This result holds
even when there is minimal structure on the competition game. The
supply-side effect also dominates away from the limit under reasonable
conditions. We draw conclusions for policy.

I. INTRODUCTION

THERE IS SOME DEBATE OVER WHEN AND HOW policymakers should intervene to
affect the transparency of market information, such as firms’ prices. The an-
swer often depends upon whether the intervention will affect the supply side
or the demand side. Greater demand-side transparency can make consumers
more responsive to prices, which can make competition more effective or may
undermine firms’ incentives to sustain collusion.! Greater supply-side trans-
parency can facilitate collusion by assisting coordination and/or by limiting
firms’ ability to implement secret price cuts.” Consequently, policies that aim
to improve market outcomes by affecting transparency can cause unintended
consequences, as was evident in the infamous Danish concrete case (see
Alb&k et al. [1997]). Thus, it is important to study the conditions under
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which the anti-competitive effects of such policies are likely to dominate the
pro-competitive effects.

The aim of this paper is to develop a theory of collusion in which a change
in transparency causes both supply- and demand-side effects. Despite its im-
portance for policy, this has not been adequately addressed by the previous
literature which has, barring a couple of papers reviewed below, focused on
either the supply or the demand side. Demand-side transparency is known
to have an ambiguous effect on the sustainability of collusion when there is
perfect monitoring of rivals’ actions on the supply side (see, e.g., Mollgaard
and Overgaard [2001, 2002, 2008]; Schultz [2005]). Imperfect monitoring on
the supply side is known to undermine the profitability of collusion when
transparency on the demand side is held constant (see, e.g., Green and Porter
[1984]; Tirole [1988]; Harrington and Skrzypacz [2007]). However, this ap-
proach means there are some important policy questions currently unan-
swered. How does increased demand-side transparency affect collusion when
price wars occur on the equilibrium path due to a lack of supply-side trans-
parency? And under what conditions will any pro-competitive demand-side
effects be dominated by anti-competitive supply-side effects?

To answer these questions, we analyse an infinitely repeated game where
firms must imperfectly monitor each other’s actions through a noisy public
signal. Similar to Green and Porter [1984], punishment phases occur on the
equilibrium path, and this allows us to capture the supply-side effects. To
model the demand-side effects, we use the costly consumer search framework
of Stahl [1989] as the underlying competition game. This follows Petrikaité
[2016] who analysed the demand-side effects under perfect monitoring and,
under certain conditions, Stahl [1989] converges to Varian [1980] which has
often appeared in the demand-side literature (see, e.g., Schultz [2005, 2017];
and Herre and Rasch [2013]). We initially focus on a general exogenous rela-
tionship between transparency on the supply and demand sides with a mon-
itoring structure that encompasses a class of imperfect monitoring models,
including Tirole [1988, p. 262-264] and Harrington and Skrzypacz [2007,
p- 323-324]. After this, we endogenise this relationship using information
available to the firms. While increased transparency has counteracting forces,
we demonstrate that many of the effects can be signed unambiguously, with
the main results also robust to other competition games.

Our primary contribution is to show the effects of increased transparency
on the optimal symmetric perfect public equilibrium (SPPE) profits.’ In our
general analysis, increasing supply-side transparency strictly increases the

3 In the main paper, we focus on a simple strategy profile, similar to Tirole [1988], where firms
revert to the static Nash equilibrium for a number of periods when they receive a bad signal.
However, in a supplemental appendix, we use the techniques of Abreu ez al. [1986, 1990] to show
that this simple strategy profile also generates the maximal SPPE profits. This analysis is closely
related to Garrod and Olczak [2017], where we find a similar result in a Bertrand-Edgeworth
oligopoly model.
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optimal SPPE profits, other things equal. This is due to less frequent and
shorter equilibrium punishment phases. In contrast, increasing demand-side
transparency strictly decreases the optimal SPPE profits, other things equal.
Despite counteracting effects, the dominant force here is that deviating is
more attractive, which makes equilibrium punishment phases longer. Thus,
when transparency increases on both sides of the market, the total effect
consists of a ‘pro-competitive’ demand-side effect and an ‘anti-competitive’
supply-side effect. Both effects are smaller as monitoring becomes less imper-
fect, yet the pro-competitive demand-side effect vanishes at the perfect mon-
itoring limit. Consequently, the anti-competitive supply-side effect dominates,
so that increased market transparency unambiguously facilitates collusion.
While this result is for the limiting case, it extends to a wider parameter space
under reasonable conditions.

Following this, we extend Harrington and Skrzypacz [2007, p. 323-324] to
endogenise monitoring. They analysed a setting where each firm’s demand is
subject to random shocks and firms monitor each other using information
on their realised sales due to potential secret price cuts. However, in contrast
to them, we assume that firms’ prices are not always observable to all con-
sumers. Thus, demand-side information about prices affects a deviant’s sales,
and this in turn affects monitoring. We consider two settings, the more com-
plicated of which has firms’ choosing the conditions that trigger a punish-
ment phase, similar to Green and Porter [1984]. We show that in both
examples the pro-competitive demand-side effect on the optimal SPPE prof-
its is always dominated by the anti-competitive supply-side effect, even away
from the perfect monitoring limit.

Our results have three main policy implications. First, interventions that
increase demand-side transparency can successfully undermine collusion
when the supply side is unaffected. This supports the view that: ‘measures
extending to consumers transparency which already exists among businesses
should generally be pro-competitive’ (OECD [2001, p. 9]). An example of
such an intervention is the Australian Competition and Consumer
Commission’s (ACCC) investigation into the petrol market in 2014. The
ACCC was concerned that retailers were using an online site to exchange in-
formation on prices, and their solution was to make the same information
available to consumers.” According to our results, such interventions should
be pro-competitive, but they would be less successful in markets where the
supply-side is more transparent.

Second, interventions to promote demand-side transparency can cause
anti-competitive effects when they also improve monitoring. This is consistent

* An interesting feature of this example is that it is optimal for firms to ensure that the chance
of entering the punishment phase is at the lowest possible level.
ACCC v Informed Sources, Federal Court of Australia, 2014. See https://www.accc.gov.aul
media-releaselpetrol-price-information-sharing-proceedings-resolved
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with the intervention by the Danish Competition Council (DCC) into the
ready-mixed concrete industry in 1993 (see Albak et al. [1997]). The DCC
intended to enhance competition by publishing past transaction prices to
make consumers more responsive to prices; instead, it facilitated collusion by
limiting producers’ ability to implement secret price cuts. Our general results
imply that, conditional on firms’ being able to coordinate their behaviour,
such unintended consequences are more likely in markets where monitoring
is almost perfect, because the pro-competitive demand-side effects will be
small.

Third, the prohibition of facilitating practices that enhance supply-side
transparency can undermine collusion, even when it has a negative impact on
demand-side transparency. This is consistent with the approach taken by the
U.K.’s Competition and Markets Authority (CMA) following a market in-
vestigation into the cement market in 201 6. The CMA concluded that coor-
dination between the major firms had raised prices, and it implemented
remedies designed to limit supply-side transparency, including prohibiting
price announcements and restricting the publication of sales data. The
CMA recognised that these practices might have previously had some pro-
competitive demand-side effects but argued that their overriding effect was to
facilitate collusion. Our general results suggest that such an intervention will
be pro-competitive in markets where monitoring is close to perfect, because
any demand-side effect will be small.

Finally, as mentioned above, a few papers have attempted to analyse both
the supply- and demand-side effects in the same framework. In particular,
in an extension of their demand-side analysis under perfect monitoring,
Mollgaard and Overgaard [2001, 2008] also model supply-side transparency
by allowing for imperfect monitoring off the equilibrium path (i.e., only de-
viations are detected imperfectly). However, this approach rules out equi-
librium price wars that would occur if there were also imperfect monitoring
on the equilibrium path. Furthermore, following a similar approach but in
a more structured oligopoly model, Schultz [2017] argues that any collusive
equilibrium with price wars will be less profitable and hence inferior to the
collusive equilibria without price wars in his main analysis. However, he does
not characterise any collusive equilibria with punishments on the equilibrium
path, and his result relies on the assumption that there are histories in which
firms’ actions are observed by their rivals. In contrast, we analyse the optimal
SPPE profits in a standard imperfect public monitoring framework, where
each player’s actions always remain unobservable to their rivals. Thus, the
equilibria in the main analysis of Schultz [2017] do not exist in our standard
imperfect monitoring framework.

% See ‘Aggregates, Cement and Ready-Mix Concrete Market Investigation,” Competition and
Markets Authority decision of 13th April, 2016.
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The paper is organised as follows. In Section II, we present the assump-
tions of the model and then solve the game in Section III. In Section IV, we
analyse the effects of market transparency on the optimal profits given a
general exogenous relationship between supply- and demand-side transpar-
ency. We isolate the supply- and demand-side effects, before comparing their
aggregate effect. In Section V, we analyse the effects when there is an endog-
enous relationship between supply- and demand-side transparency. In
Section VI, we show that our main results are robust to the competition game
employed. Section VII concludes. All proofs are relegated to the Appendix.
Finally, in another supplemental appendix, we extend our analysis in two
ways. First, we use the techniques of Abreu et al. [1986, 1990] to show that
the simple strategy profile used in Section III generates the maximal equilib-
rium profits. Second, we analyse the effects of transparency on the critical
discount factor under trigger strategies.’

II. THE MODEL

11(i). Basic Assumptions

Consider a market where there are two firms, denoted 1 and 2, that compete
in prices to sell a homogeneous good in an infinitely repeated game. In pe-
r10d t, p,, is the price of firmi € {1, 2}, Py is the price of its rival, j # 7, and

{ J2 p2,} is the vector of both prices. There are b > 1 discrete buyers, each
of whom will purchase Z units in each period if the price does not exceed
their valuation of the product, v. Thus, the expected market demand is m for
any price less than or equal to v. Firms’ costs are normalised to zero and they
have a common discount factor 6 € (0,1).

I1(i1). Information and Monitoring

Regarding information on the demand side, we assume that in each period
t a random process determines whether each buyer is a ‘shopper’ or a ‘non-
shopper’. Shoppers are fully informed of prices. They will purchase from
the lowest-priced firm or select at random with iid decisions when prices are
equal. Non-shoppers initially do not know any prices. However, they observe
one firm’s price freely and incur a search cost s > 0 to observe the second
firm’s price. They will purchase from the lowest-priced firm they know and
select the firm they search first at random, again with iid decisions. We post-
pone assumptions relating to the random processes that determine the buy-
ers’ types until Section V. At this stage, we need only assume that firms expect
when they set prices that market demand will consist of a fraction A € (0,1) of

7 The supplemental appendix may be found in the online version of this article at /rtp://wiley
onlinelibrary.comljournalljoie
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shoppers and 1—4 of non-shoppers. Given more consumers are expected to
observe both prices costlessly when 4 is closer to 1, we say there is increased
demand-side transparency when 4 is higher.

On the supply side, we assume that firm i never observes rival ;s price p,
forall z € {0, ..., t}. This implies that firms must monitor a collusive scheme
through some means other than prices. At this stage, we assume firms ob-

serve a noisy binary public signal of p,, denoted V: € ZJ , where:

— a€(0,1] ifp,, =

Pr (yt=zlpmpzt) =1=Pr (y,=VIp1,,p2) = { ﬁeioz 1} Otflle’rwize’_’
Without loss of generality, we henceforth refer to y and y as a positive and
negative signal, respectively. Consequently, the above says « is the probability
of a negative signal conditional on firms setting the same price, and £ is the
probability of a negative signal conditional on one firm undercutting. Thus,
for any symmetric strategy profile, a represents the (conditional) probability
of a ‘false negative’ and f represents the (conditional) probability of a ‘true
negative.” Given monitoring is closer to perfect when « is closer to 0 and when
pis closer to 1, we say that there is increased supply-side transparency when
a is lower and/or f is higher.

Having explained the information on each side of the market, we now discuss
how they will interact. There are a number of ways in which the relationship be-
tween supply- and demand-side transparency could be modelled endogenously.
For example, our monitoring structure is general enough to encompass as special
cases both Tirole [1988, p. 262-264] and Harrington and Skrzypacz [2007, p. 323-
324], so we could follow either of these approaches to place more structure on a
and . Nevertheless, to present the results as generally as possible, our initial ap-
proach in Section IV is to analyse the effects for a general exogenous relationship.
This amounts to assuming there is a parameter that increases transparency on the
supply side (via a and f) and on the demand side (via 1) at the same time. The
results of this approach will then apply to any model of imperfect monitoring
that has an endogenous relationship with the same properties. Following this, in
Section V we construct such a model that endogenises the probabilities @ and f in
terms of A by drawing on Harrington and Skrzypacz [2007]. This extends their
work because it relaxes the assumption that firms’ prices are always observable to
consumers, despite never being observable to firms.®

In providing more detail of how we will later endogenise these probabilities,
let us first briefly summarise the model of Harrington and Skrzypacz [2007,
p- 323-324]. They analyse a setting where for a known market demand, m,
all buyers are fully informed of prices (i.e., 4 = 1) and they randomly choose
between the firms with iid decisions when prices are equal. This implies that

8 We show how our monitoring structure relates to Tirole [1988] in the supplemental
appendix.
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each firm’s realised sales may not be evenly distributed when they have set
the same price. Thus, colluding firms will face a non-trivial signal extraction
problem when monitoring the scheme through their sales. Specifically, when
all buyers purchase from one firm, its rival will be unsure whether its zero
sales has resulted from chance or a deviation by its rival. Consequently, « and
p are respectively given by the probabilities that all buyers purchase from one
firm when they set the same price (a false negative) and when one undercuts
(a true negative). In Section V, we follow this approach but with 4 < 1. In this
case, a higher fraction of shoppers who will observe a deviant’s lower price,
4, will increase the probability that the non-deviant will receive low sales, and
this in turn will increase the probability of a true negative, . Hence, raising
demand-side transparency will endogenously raise supply-side transparency.
The specific nature of this endogenous relationship will depend upon the
random processes that determine the buyers’ types, and we return to this in
Section V.

Before moving on, we should take a moment to defend our assumptions.
While the monitoring structure allows us to encompass other papers in the
literature, a limitation is that it forces us to restrict attention to symmetric
strategies. The reason is that firms will only receive a positive signal if they set
the same price. This is potentially problematic because asymmetric strategies
may allow firms to monitor each other better than symmetric play, even in
markets that have symmetric environments like ours, and this may allow
them to earn higher profits for some discount factors.” However, symmetric
strategies seem most appropriate for our application in our opinion. The rea-
son is that asymmetric strategies often involve mechanisms, such as adjust-
ments in market shares or side payments, that would be very difficult to
implement or coordinate on without illegal express communication. In con-
trast, policies relating to market transparency are usually targeted at tacitly
colluding firms, because there are more effective policy tools for dealing with
illegal cartels that involve explicit communication. Thus, our analysis primar-
ily applies to markets in which tacitly colluding firms are unable to coordi-
nate on complex asymmetric strategies.

I1(ii1). Static Nash Equilibrium Profits

The competition game is equivalent to the unit-demand version of Stahl[1989]
as first analysed by Janssen et al. [2005]. Thus, the static Nash equilibrium is

? For example, in Harrington and Skrzypacz [2007], the signals firms observe about each oth-
er’s actions carry relevant information about which firm may have deviated. This enables the
cartel to adjust their profits so that firms who sell too much compensate those firms who sell too
little. Furthermore, Amelio and Biancini [2010] show, in a setting similar to Tirole [1988], that
colluding firms can sometimes do better than symmetric play by sharing the market as monop-
olists in alternating periods.
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in mixed strategies, where firms choose their prices from an interval [ p.pN ]

according to a distribution function G(p) with density g(p). An important
part of the analysis is the upper bound p" = min {v, p* }, where p*is the price
that equates a non-shopper’s expected marginal benefit and marginal cost of
searching to discover a second firm’s price,

-
ey J @*—p)gp)dp=>s.
P

Lemma 1 states the characteristics of the static Nash equilibrium and we
sketch the proof below.'’

Lemma I.  Forany A € (0,1) and s > 0, there exists a symmetric mixed strategy

Nash equilibrium where each firm’s profits are 7%V = pV T(-2e (0, vy

where pY = min{v,p*}. The equilibrium pricing distribution is
_ 1 _@-pa-» N s
G(p) =1-— — on[p P ]wherep p ( ) <pVand p* = = )

Intuitively, when firm i sets p € [ p,pN ] it will receive expected profits of:

T =p <,1m(1 —G(p))+w>.

This says that firm i expects to supply all shoppers if it is the lowest-priced
firm, which occurs with a probability 1-G(p), and also expects to supply
an equal share of the non-shoppers, even when it is the highest-priced firm.
Non-shoppers are always divided equally because no firm charges more than
p*in equilibrium. Thus, the marginal benefit of searching to discover a sec-
ond firm’s price is always less than the marginal cost, so non-shoppers never
undertake costly search in equilibrium. Consequently, by charging p, = A
firm i can obtain profits of 7" with certainty, because the firm will only sup-
ply its share of the non-shoppers, m(12 4) Furthermore the equilibrium pric-
ing distribution is derived from settmg m = = 7", and this shows that firm i will

" j) in an attempt to be the lowest-priced

firm. The equ111br1um pricing distribution can be used with (1) to find the
upper bound p".

Let us end this section by discussing how the competition game relates to
Schultz [2005] and Petrikaité’ [2016]. With this aim, first note that for any
s < v there exists a unique level of A, denoted 1 € (0, 1), where the upper

never set a price below p = N

10 For more details, see Janssen et al. [2005].
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bound price is pV = p* <v if and only if 2 > A.!' Thus, if A > 1, then
pY = p* < vand the competition game is the same as Petrikaité [2016] where
Visan increasing function of the search cost, s. Yet, if 1 <1, then pN =yand
the profits are equivalent to the homogeneous goods analysis of Schultz
[2005] where " is independent of s. Consequently, our analysis extends both
of theirs to the case of imperfect monitoring, where a > 0 and < 1.

III. OPTIMAL SYMMETRIC EQUILIBRIUM PROFITS

We now solve the repeated game restricting attention to sequential equilibria
in public strategies where firms condition their play on the public history (see
Fudenberg and Tirole [1994, p. 187-191]). Such equilibria are known as per-
fect public equilibria (PPE). In the main text, we restrict attention to a par-
ticular class of PPE in which, similar to Green and Porter [1984] and Tirole
[1988], firms punish each other by reverting to the static Nash equilibrium for
a fixed number of periods upon observing a negative signal. The strategy
profile for this approach is formally described below and we refer to it as trig-
ger strategies. In the supplemental appendix, we use the techniques of Abreu
et al. [1986, 1990] to solve for the set of (strongly) symmetric PPE.!? This
shows that trigger strategies are optimal equilibrium strategies in the sense
that they support the maximal symmetric PPE (SPPE) payofts.

Trigger strategies are formally defined as follows. There are ‘collusive pe-
riods’ and “punishment phases’. In any collusive period 7 > 0, which includes
period 0, firm i should set p,, = vVi. Then, if ¥: =Y, such that the public signal
is positive, period 7+1 is a collusive period. Alternatively, if y, = y, such that
the public signal is negative, then firms enter a punishment phase in period
t+1. In a punishment phase, firm i should play the static Nash equilibrium
for T periods, and then period t+7+1 is a collusive period. The sequence
repeats.

To begin the analysis, let us describe the firms’ per-period profits under
three scenarios. First, in each period of a punishment phase, a firm expects
to receive 7V = pV @, from Lemma 1. Second, in a collusive period, each
firm’s expected profits are 7 = vZ, because the shoppers and non-shoppers
randomly select between the firms. This is due to shoppers being indiffer-
ent when prices are the same and non-shoppers only searching one firm,
because the marginal benefit of searching the second firm is zero but the
marginal cost is s > 0. Third, if a firm undercuts its rival in a collusive period
it will not attract any additional non-shoppers, because its deviation will not
be observed by them as they do not search a second firm in a symmetric

! This follows from limpopN =y, limble =min{s, v }, and % <0.

12 Such strategies are strongly symmetric in the sense that firms are required by the strategy
profile to play the same actions as one another in future periods, even if they have not played the
same actions in the past.

© 2021 The Authors. The Journal of Industrial Economics published by Editorial Board and John Wiley & Sons Ltd.



546 LUKE GARROD AND MATTHEW OLCZAK

equilibrium. Thus, firm #’s optimal deviation in a collusive period is to under-
cut v marginally to supply the shoppers that would have otherwise purchased
from its rival j. This amounts to an extra /l% units, so the resultant expected
deviation profits are z¢ = v@.

Turning attention to the firms’ incentives, let ¥ and J” denote each firm’s
expected (normalised) profits in a collusive period and at the start of a pun-
ishment phase, respectively, such that:

Ve=(1-8)z+68[al”+(1-a) V]
T-1

2
@ ”=(1-6) ) &xV+s"V°
£=0
Solving simultaneously yields:
(1-9)
Ve(a,A,5,T) = =¥ + ¢ =V
@) ( g 1—5+a6(1—5T)( )
_ T
VP (a, A5, T) = ™ + d-94 (ﬂc—ﬂ'N),

1-6+as(1-5")

where 7° > V¥(a, A, 5, T) > V?(a, 4, s, T) for all T> 0 and V(a, 4, s, T) > 7"
for all 7' < oo,

The profile of trigger strategies is a PPE if, for each period # and any public
history A’ = (Vo> ¥i» -+ » ¥,—1)» the strategies yield a Nash equilibrium from
period ¢ onwards. By definition each period of a punishment phase is a Nash
equilibrium, so consider deviations in a collusive period, where each firm’s
incentive compatibility constraint (ICC) is:

o
1-6

mAa

(Vc(aa/LS’T)— VP(“,A,S, D) ZVT

“4) (f—a)

This says that a firm will not deviate in any collusive period if the short-term
gain from deviating, 77 — z¢ = vZ4 5 0, does not exceed the long-term loss
from the punishment. The long-term loss is determined by the change in the
probability of entering the punishment phase following a deviation (f—a) mul-
tiplied by the severity of the punishment when imposed 2 V() =12 )).

Substituting V?(a, A, s, T) and V(a, 4, s, T) into (4), then1 fésarranging yields:

(1-96) (nd - 7z")

ﬂ(ﬂ”—ﬂN)—a(ﬂd—ﬁN)— 5

)
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Let a denote the critical probability of a fNalse negative that sets the right
hand-side of (5) to zero, where a* = ( === ) € (0, p). Furthermore, let 5"

7d— N
denote the critical discount factor that sets the left hand-side to zero, where
5* = ! , 50 that as T—eo, the ICC (5) holds for all 525"

- (-0 +@-a 5= )

7 ac

Proposition I. Foranys>0,0<i<land0<p<l,iff0<a<a and§245,
then the optimal PPE profits under trigger strategies are:

* m al
(6) V =vy (l—ﬁ_a>e(7rN,7tc).

Proposition 1 shows that, despite firms earning z° = vZ in every collusive
period, the optimal PPE profits under trigger strategies are below this level,
V" < 2 for all a > 0. The reason is that punishment phases occur in equilib-
rium, because firms can only imperfectly monitor each other’s actions. The
optimal punishment phase duration that generates the optimal profits, de-
noted T* (a, B, 4,5), ensures that the ICC (5) is binding with no slack."
Furthermore, note that while the optimal profits are a function of transpar-
ency on the supply side (via @ and f) and the demand side (via 1), they are
independent of the search costs, s. We delay discussion of this until Section
VI and focus on the other parameters until then.

While in the main text our focus is on trigger strategies, in the supple-
mental appendix we use the techniques of Abreu et al. [1986, 1990] to show
that trigger strategies generate the maximal SPPE profits for any § > 5", This
implies that there is no (strongly) symmetric strategy profile that generate
higher profits than trigger strategies. Thus, henceforth we refer to such profits
as the optimal SPPE profits. Nevertheless, as we show in the supplemental
appendix, there may be alternative strategy profiles that support the maximal
SPPE profits at some § < 8 . This occurs when the minimal SPPE profits are
lower than 7", so firms are able to implement a harsher punishment than
under trigger strategies. This is not important for our objectives though, as
we are primarily interested in the effects on the optimal SPPE profits, v,
due to the presence of equilibrium punishment phases. Furthermore, focus-
sing on trigger strategies allows us to describe the intuitions of the effects of
transparency in the most intuitive strategy profile for our application.

IV. SUPPLY- VS. DEMAND-SIDE TRANSPARENCY

We now investigate how an increase in transparency affects the optimal SPPE
profits, V. We proceed by first analysing the supply-side effects in isolation,

13 Although T* (a, B, 4,5) may not be an integer, the expected punishment phase duration
could still equal this if firms can vary the length of punishment phases using a publicly observ-
able randomisation device.
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to show that our model has the usual ‘anti-competitive’ effects from improved
monitoring.'* Then we analyse the demand-side effects in isolation and show
that these are ‘pro-competitive’. Finally, we discuss the effects of market
transparency when both sides of the market are affected at the same time.
Throughout this section we impose 0 < ¢ < a* < f<land é 2 5 so V' is as
given in (6). The effects can often be represented in terms of how elastic a
parameter is to transparency, so it is helpful to denote ¢, , = %g as the elas-
ticity of some parameter g with respect to another /.

Proposition 2. Increasing supply- side transparency strictly increases the
optimal SPPE profits, 2= < 0 and > 0. The magnitude of the effects

are smaller when the supply side is more transparent, 0 - <0, 66;;2 < 0and
a2
dadp :

Intuitively, increasing the probability of a true negative, 3, raises the like-
lihood that a deviation will be detected. This implies that there is a larger
change in the probability of punishment following a deviation, M > 0,

which introduces slack into the ICC. Consequently, punishment phases are

shorter than before, ‘";} < 0. This indirectly increases the optimal SPPE

W ITT 5 (), because there are expected to be more collusive peri-
ods in equilibrium. Similarly, decreasing the probability of a false negative,
a, reduces the likelihood that firms will enter a punishment phase on-the-
equilibrium path. This has two effects on the optimal SPPE profits. First, it
directly increases the profits because, other th1ngs equal, there are expected
to be fewer punishment phases in equ111br1um 2% <0. Second, it also in-
troduces slack into the ICC, which results from 1) a greater change in the
probability of punishment following a deviation, a(ﬂ ) <0, and ii) a rise in

the severity of the punishment when imposed a(V ") <0. Thus, punish-
ment phases are shorter than before, Z— > 0, and th1s indirectly increases

the profits further, ‘W aT <0.

Proposition 3. Increasing demand-side transparency strictly decreases the
optimal SPPE proﬁts — < 0. The magmtude of the effect is smaller when

the supply side is more transparent <0and 22 FYE 13 > 0.

An increase in demand-side transparency reduces the statldc Nash equilib-
rium profits and raises the deviation profits, 2 7 <0and & - > 0. This has
three separate effects on the optimal SPPE profits. First, future equilibrium

4 While we say ‘usual’, we note that a recent paper by Sugaya and Wolitzky [2018] shows that
better information about rivals’ prices can hinder collusion when firms agree to supply only their
home market. The reason is that a deviant is better able to tailor its deviation price to the specific
conditions of their rivals’ markets when it has better information on its rival’s prices.
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punishment phases are expected to yleld less profit than before, other things

equal, so the profits decrease, Z_VNW < 0. Second, there is an increase in the

serevity of the punishment when imposed, 2= \,Vp) AN 0, which introduces

slack into the ICC other things equal. This redugsrsatlleadurdtlon of the pun-
T

ishment phases > 0, so the profits zncrease,ﬁa—NW > 0. Third, there

is a greater short term gain from deviating, (”0 ~) > 0, and this tightens the
ICC, other things equal. As a result, the duration of the punishment phases

lengthens, ‘;L*l > 0, so the profits decrease, IV IT oxt . Despite these

zd
counteracting forces, it is possible to sign the toatglaeffeaét unambiguously be-
cause the first and second effects perfectly offset each other. Consequently,
the total effect of increasing demand-side transparency on the optimal SPPE
is strictly negative and amounts to the indirect effect caused by a greater
short-term gain from deviating.

We are now in a position to analyse the case of market transparency, where
the demand and supply sides are affected at the same time. Formally, we
index market transparency by 8 € (0, §), where lim 0m0® = a and lim,_za=0.
Thus, when 6 = 0, the market is so untransparent that collusion under im-
perfect monitoring is not sustainable for any & < 1. In contrast, when 6 = 6,
the market is so transparent that firms can perfectly monitor each other
on-the-equilibrium path so that punishment phases do not occur in equilib-
rium. We refer to 6—0 as the perfect monitoring limit. Furthermore, we also
assume:

. Y oA =
Assumption la. % <0,= % 2 0,= ik 0,voe(0,0)

Assumption 1. f’a"’ = 0, then 2 =5 > 0,andif = ‘)ﬁ =0, then ;<0
Assumption la implies that increasing market transparency, 6, raises the level
of transparency on the demand side (by strictly increasing 1) and can also
affect the supply side. Together Assumptions la and 1b ensure that there is a
strict effect on the supply side that can work through improved monitoring
on-the-equilibrium path only (via a) or off-the-equilibrium path only (via j),
or both.

Given these assumptions, it is then clear from Proposition 2 and 3 that
increasing market transparency can have counteracting pro- and anti-
competitive effects. We now consider which effect dominates at the perfect
monitoring limit.

Proposition 4. Increasing market transparency at the perfect monitoring
limit increases the optimal SPPE profits, lim,_z—~ >0, where the sign is

strict if lim,_5z— 30 2 <0. a0
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Proposition 4 shows that the supply-side effects (weakly) dominate the
demand-side at the perfect monitoring limit. The intuition is that the effect of
demand-side transparency is infinitesimally small at the limit, lim(,_ygaa—/1 =0,

so increasing market transparency can only cause anti-competitive supply-side
effects. In fact, the supply-side effect that works through improved monitoring

off-the-equilibrium path (via /) is also infinitesimally small, lime—»éa_ =0.
Thus, the result is only driven by the supply-side effect that works through
o

improved monitoring on-the-equilibrium path (via a), limg_@ﬁ <0. The
reason is that at the perfect monitoring limit the collusive profits in (3) are
independent of the duration of the punishment phase, lim(,_@% =0,
because the probability of a false negative approaches zero, lim,_za=0.

Consequently, all indirect effects are infinitesimally small. However, the

supply-side effect that works through improved monitoring on-the-equilibrium
path (via ) is comprised of a direct and an indirect effect, and the direct effect

does not vanish if lime_)g—a <0. Therefore, this direct effect ensures that the

anti-competitive supply-side effects dominate at the perfect monitoring limit.

The supply-side effects can dominate away from the perfect monitoring
limit under reasonable conditions, as we demonstrate in Section V. As a pre-
cursor to that analysis, note that a sufficient condition for the supplyz-side ef-
fects to always dominate is ¥~ being concave in market transparency, d d:; <0.
The reason is that an increase in market transparency has an even greater
positive effect on 7 as @ moves away from the limit 8, such that ddL* > 0 for
all 6 € (0, 9). Furthermore, in the opposite case where Vs strictfy convex
in market transparency, % > 0, the supply-side effects will still dominate
when @ is sufficiently close to 6. More specifically, there will be a threshold
0 < 0 for which ddLg > 0 for all @ € (6, 6). This lower threshold will be given

by 8 = max {0,0" } where 0" uniquely defines the point at which V'isata

.. dv*
minimum, 7~ =

V. ENDOGENOUS MONITORING

Having analysed the model with a general exogenous relationship between
supply and demand-side transparency, we now endogenise a and f so they
are determined by information available to firms. Following Harrington
and Skrzypacz [2007, p. 323-324], we assume that firms monitor each other
through their sales and model the way in which sales are subject to idiosyn-
cratic shocks over time. To do so, we must explicitly model the random pro-
cesses that determines whether buyers are shoppers or non-shoppers.

We analyse two examples. The first is the simplest possible example where
the random processes that determine the buyers types are perfectly correlated
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across buyers. Thus, in each period, all buyers will be either shoppers or
non-shoppers. This example is the simplest because, similar to Harrington
and Skrzypacz [2007, p. 323-324], it ensures that firms will only ever receive
a negative signal when one firm makes zero sales. The second is more com-
plicated in that there are independently and identically distributed random
processes that determine each buyer’s type, so types can vary across buyers in
the same period. This allows firms to choose the level of sales that constitute
a negative signal, similar to Green and Porter [1984].

In both examples there is no supply-side effect that works through im-
proved monitoring on-the-equilibrium path (via «), because g—j = 0 such
that 3—; = %% _ Consequently, there are only two effects of increased
market transparency on V': the pro-competitive demand-side effect, via
% > 0, and the anti-competitive supply-side effect that improves monitoring
off-the-equilibrium path, via 22 = 222 5 0 Thus, from Proposition 4, these
two effects are both infinitesimally small at the perfect monitoring limit, such
that lim,_5—— =0. In what follows we show that the supply-side effects con-

tinue to (weakly) dominate the pro-competitive demand-side effects away
from the limit, despite the fact that we have removed one of the avenues in
which profits can be impacted by the anti-competitive supply-side effects.

V(). Example 1: Perfectly Correlated Random Processes

Suppose that there is a random process that determines whether each buyer
is a shopper or non-shopper, where draws are perfectly correlated across buy-
ers. Thus, in any given period, A represents the probability that all buyers are
shoppers and 1—4 is the probability all buyers are non-shoppers. Clearly, this
ensures that the expected fractions of shoppers and non-shoppers are 4 and
(1-2), respectively, as previously assumed.

If p, # p,, then all buyers will purchase from the lowest-priced firm when they
are shoppers, but they will each select at random the first and only firm they
will search when they are non-shoppers. If p, = p,, then each buyer will choose
between the firms randomly, regardless of whether the buyers are shoppers or
non-shoppers. This implies that firm 7’s realised sales will be subject to idio-
syncratic shocks on-the equilibrium path. Furthermore, if all buyers purchase
from one firm, then the other firm that makes zero sales will be uncertain as to
whether this resulted from chance or a deviation. Thus, firms receive a negative
public signal, y, = y, when all buyers purchase from one firm; otherwise, the
public signal is positive, : =V, because it is clear that the sales distribution is
determined by chance when both firms make positive sales.

Consistent with Harrington and Skrzbypacz [2007, p. 323-324], the prob-

ability of a false negative is @ = 2 (% . The reason is that, given all buy-
ers choose randomly when p, = p,, the probability that all 5 buyers purchase
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b
from firm i is % and this event could occur for bothbﬁrrns In contrast, the
probability of a true negativeis f = A+ (1 —1)2 ( 2) The reason is that if

P #P,, then all buyers will purchase from the lower-priced deviant when buyers
are shoppers, but all buyers will randomly purchase from the same firm with

a probability 2 ) when they are non-shoppers. Thus, 1ncreas1ng market

transparency makes the demand side more transparent (Vra = > () and this

in turn endogenously raises supply-side transparency (via £ = g; % > 0).
Proposmon 5. For any / b€ (2,)and s> 0, if 1is sufficiently close to 1, such
thata <a’,and if 6> 6 then 1ncreasrng market transparency has no effect

on the optlmal SPPE proﬁts — = 0.

Proposition 5 shows that the optimal SPPE profits, V', are independent of
market transparency The intuition is that the pro-competitive demand-side
effect (via —) and the anti-competitive supply-side effect that improves mon-

1tor1ng off the equilibrium path (via —) perfectly offset each other. Thus,

given E = 0, it follows that the result of Proposition 4 extends beyond the
perfect monitoring limit in this setting.

V(). Example 2: iid Random Processes

Suppose the random processes that determine buyers’ types have iid draws,
so A now represents the probability that an individual buyer is a shopper and
1—21s the probability the buyer is a non- shopper As before, the expected frac-
tions of shoppers and non-shoppers are - Z b k(b) WA =1F =2
and 1—4, respectively.

In this setting, if p, # p,, shoppers will purchase from the lowest-priced
firm and non- shoppers will select at random the first and only firm they

search. Thus, 1=2 is the probability that an individual buyer will unfortu-
nately purchase from the highest-priced firm when they are a non-shopper,
and 4+ (%) = 1” is the probability that the buyer purchases from the

lowest-priced firm. The latter can arise because the buyer is a shopper or
because they fortunately purchase from the lowest-priced firm when they are
a non-shopper. In contrast, if p, = p,, all buyers choose between the firms
randomly, so the probability that an individual buyer will purchase from a
given firm is %

The probability that firm 7 will sell % units each to k € {0,..., b} buyers is
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(1) () (5 e
I O I R [ [ N C R
<IZZ) (1_7/1)]((“7/1)17% if pi > py,

where 5, denotes firm #’s realised sales. Taking the case of p,<p s the above says

-

L

k
that k buyers will purchase from firm i with a probability (”T'l> and b—k

b—k
buyers will purchase from firm j with a probability ( 1%) , where there are

z > = k'(lf—ik)' ways of distributing the k purchases among the b buyers. The

other rows of (7) can be interpreted similarly.

In this example, the firms will always be unsure as to whether the sales
distribution has resulted from pure chance or a deviation. So, to resolve this
non-trivial signal extraction problem, firms can use a ‘tail test’ where a pun-
ishment phase is triggered whenever a sufficiently unlikely event occurs.'®
Consider a tail test, where the public signal is negative, y, = y, if at least K
buyers purchase from one firm, % 41 < K < b; otherwise, the public signal is
positive, Y: =Y. Then, denoting tl%-e set of sales that generate a negative signal
as Q, where for tail tests Q={K, K+1, ..., b—1, b}, the probabilities of a false
negative and a true negative are, respectively:

oo 320 () (1)
po 2 [(559) (154) (1) (15

Thus, a(K) and p(K) are determined by the tails of binomial distributions.
Notice that a(K) < f(K) < 1 for all A > 0 and that the public signal is less likely
to be negative when the ‘trigger level’ K is closer to b, a(K) < a(K—1) and
P(K) < p(K-1) for allg + 1 < K< b. There is also an endogenous relationship
where increased market transparency raises demand-side transparency (via
% > 0) and this raiges transparency on the supply side (via % =298 5 ()
In this setting, V' represents the optimal SPPE profits for a given trigger
level K. Hence, we denote it as V'(K) and refer to it as the optimal SPPE
under tail tests. We do likewise for 5 (K) and a (K) that are now also func-
tions of K. Proposition 6 solves for the trigger level that maximises V' (K)
and shows how such profits change with market transparency. As we discuss

b—k

b—k

15 Applied work has often focussed on such tests in settings like ours. For example, the prime
example of a tail test is in Green and Porter [1984], where quantity-setting firms enter the pun-
ishment phase if the market price falls below a given trigger level.
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below, such profits will be the maximal SPPE profits when there is no other
(non-tail) test that increases profits further.

Proposition 6. For any b € (2, ) and s > 0, if 1 is sufficiently close to 1,
such that a(b) < a*(b), and if 6 > 6" (b) € (0, 1), then the optimal trigger level
is K = b and the optimal SPPE profits under tail tests are V'* (b) € (xV, ¢).
Increasing market transparency strictly increases the optimal SPPE profits

under tail tests, dV;e(b) > 0.

Proposition 6 shows that if firms are sufficiently patient, then they will
optimally set the trigger level to K = b. Intuitively, a stricter tail test with
K-1 < Kwill i) reduce the collusive profits due a higher probability of a false
negative, a(K—1) > a(K), and ii) raise the collusive profits due to a higher
probability of a true negative, f(K—1) > B(K). However, the former effect
always dominates, implying that the optimal SPPE profits under tail tests are
V'(b). Such profits are strictly increasing in market transparency, b .
This contrasts with Example 1, where the optimal profits are independent
of market transparency. The reason for the difference is that, while the pro-
competitive demand-side effects (via ?) and the anti-competitive supply-side
effects (via 3—5) are larger than compared with Example 1, the anti-competitive
supply-side effects now strictly dominate the pro-competitive demand-side
effects.

Let us end by discussing when tail tests generate the maximal SPPE prof-
its. This is the case when firms can do no better under a non-tail test, where
there is some n € {K+1, ..., b—1, b} that does not generate a negative signal,
n & Q. We next establish that a tail test with K = b generates the maximal
SPPE profits when 4 is close to 1. To understand the intuition, consider when
demand-side transparency is almost perfect, 1—1. Any test in equilibrium
must then have b € Q, so that the public signal is negative when all b buyers
purchase from one firm. The reason is that if b € Q, then lim,_,;f =1 be-
cause all buyers will observe a deviation and purchase from the deviant; yet if
b ¢ Q, then lim,_,;f = 0. Of course, a tail test with K = b satisfies this crite-
rion. Now consider making the test harsher by including any k < b, so that
k € Q. This has no positive effect on f, since lim,_,;f =1 when b € Q, and
hence it also has no positive effect on V*. Moreover, this harsher test also
strictly increases a, which strictly lowers V", Thus, when the demand side is
sufficiently transparent, such that 4 is close to 1, firms cannot increase profits
by making the test harsher using a non-tail test.

VI. ROBUSTNESS

Up to this point, we have modelled the competitive environment using Stahl
[1989]. This raises the question whether our results are robust to other com-
petition games. Consequently, the aim of this section is to show that the main
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results will extend to different environments. We proceed by rewriting
Proposition 1 in terms of the underlying per-period profits, z", z° and 7, so
the competition game has the structure of a noisy prisoners’ dilemma. By
using (5) and following the steps in the Proof of Proposition 1, we derive the
following corollary, where the profits in (9) are the same as in (6), except that
in the latter z¢ = v% and 79 = (1 + A) v%.lé
Corollary] Forany 7'> 7> 7">0and 0<p<l,ifO<a < (”
1
(1 D+ (-0 =)

_’;N>and

then the optimal PPE profits under trigger strategies

©) v =at— 2 (24~ z) € (a",2°).

Corollary I implies that 9 5 0and Z = 0 suffice for the collusive rofits
T p

to decrease as demand-side transparency rises, "; == ﬂ” S a — < 0. These
a

effects were assumed by Mellgaard and Overgaard [2002] in their general
analysis of demand-side transparency, so the results of Proposition 3 will
apply to other competitive environments. The sign of ‘Z”—N is unimportant be-
cause, as noted in Section IV, the direct effect of a change in 7" '3 ﬂ ,1s perfectly

offset by the change in the optimal punishment duration, % (;LN In relation
to market transparency, all indirect effects remain infintesimally small at
the perfect monitoring limit, because (3) is independent of the duration of
the punishment phase, hma_,o T = = 0. Thus, consistent with Proposition 4,
only the direct effect through « can be positive, so that the anti-competitive
supply-side eft;ects w111 dominate at the perfect monitoring limit regardless of
the signs of ‘;—/1 and a;’

We can now address why search costs have a different effect compared
to the fraction of shoppers in our model. The reason is that only the static
Nash equlhbrlum proﬁt is affected by search costs in Stahl [1989], so that

=0, =0 and ;” > 0. Thus, the optimal SPPE profits are 1ndependent
of search’ costs, because the two counteracting effects from i 1ncreas1ng 7 per-
fectly offset each other and there is no effect that works through z?. However,
this result is specific to Stahl [1989] and arises due to non-shoppers not un-
dertaking costly search in equilibrium. In an alternative search framework
developed by Wolinsky [1986], which is also analysed by Petrikaité [2016],
consumers sequentially search to discover their match values for differenti-
ated products. In this framework, buyers do undertake costly search in equi-
librium dand so a deviation attracts more consumers when search costs are
lower, aaiv < 0; but search costs do not affect per-period collusive profits when

16 The profits in (9) are also the maximal SPPE profits in the noisy prisoners’ dilemma (see,

e.g., Abreu et al. 1991).
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search costs are low, ”—’ZC = 0. Thus, if our monitoring structure was applied to
this alternative framework, then it would follow from above that increasing

demand-side transparency, by reducing search costs, would be pro-competi-
. a onf
tive, 7= = (B—a) 0s

VII. CONCLUDING REMARKS

In this paper, we have analysed both the supply- and demand-side effects
of transparency in a model of collusion under imperfect monitoring, where
punishment phases occur on-the-equilibrium path. We showed that in gen-
eral the total effect of increasing market transparency on the optimal SPPE
profits consists of a ‘pro-competitive’ demand-side effect and an ‘anti-com-
petitive’ supply-side effect. Both effects are smaller as monitoring becomes
less imperfect, but the pro-competitive demand-side effect vanishes at the
perfect monitoring limit. Consequently, the anti-competitive supply-side ef-
fects dominate at the limit, implying that an increase in market transparency
raises collusive profits. After endogenising monitoring, we also showed that
the anti-competitive supply-side effects on the optimal SPPE profits domi-
nate away from the limit.

Our results have three main policy implications. First, while it is generally
presumed that policy interventions that increase demand-side transparency
will hinder collusion when the supply side is unaffected, our model suggests
that the pro-competitive demand-side effects will be smaller in markets where
monitoring is easier. Second, our model reinforces the view that interventions
that increase demand-side transparency should be avoided when they are also
likely to facilitate collusion through increased supply-side transparency. The
supply-side effects tend to dominate the demand-side effects and this result
holds quite generally when monitoring is close to perfect. Finally, prohibiting
facilitating practices that firms use to enhance supply-side transparency can
undermine collusion even when this reduces transparency on the demand side.

APPENDIX

Proof of Proposition 1. The left-hand side of (5) is strictly less than the expression in
square brackets on the right-hand side for all § < 1, so (5) can only hold if both sides
are non-negative, since 67 € (0, 1] for all T € [0,). Thus, a PPE in trigger strategies
with V¥(a, 4, s, T) > 7~ must satisfy three conditions: 1) asa’, so that the right-hand
side of (5) is non-negative; ii) 6 2 5", so that the left-hand side of (5) is non-negative,
where 6* € l, 1)if a<a’; )T >T" (a, B, A, 5), where T (a, B, A, s) denotes the level
of T that ensures’(5) holds with equality. To solve for the optimal PPE profits under
trigger strategies, note that % < 0 such that V* = V* (a, A, s, T* (a, B, 4, 5)). Thus, it
follows from (5) that:
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(1-9) (JL’d—ﬂ'c)
5B (z¢—xV) —a’(ﬂ'd—ﬂN)].

(10) 1 =T @pis) —

Substituting (10) into (3) shows that V" is as claimed, where V* € (zV,7°) VO <a <a*
u

Proof of PlOpOSlllOl’l 2. Differentiating V" with respect to a and f yields

s _ /MVZ 6V _ a/lvE

(ﬂ_a)z and — = 5oy > 0, respectively. The second-order derivatives

PO A Zﬁiv'z’ (3 V* _ 2aav% Pyt a+pivi

are 5o = =~ Gy <05 = — gy <0and 55 = 5 > 0. ]

Proof of Proposition 3. Differentiating V" with respect to 4 gives ﬁ = - ;Vfu <0.
H ; A N A ﬂV% 2V av%

The second-order derivatives are == = 0, 5= = G < 0and 22 = o

Proof of Proposition 4. The total effect of increased market transparency on
v
2

Vs L S 9w VT | 0PIV 4 03OV oy Proposition 2 and 3, L

40 90 oa 00 aﬂ 9 o1 o T G-

vt tlﬂ.v E _ av
7 = goapand T = - , such that:

v A3 T oa B 9 9p

_— —9_ + d <
an do e(ﬁ—a)[ 00 p—a  “\p-aog A0
Thus, it follows from lim, ;a=0, 1im9q§£ <0, and g > 0 that
. dv* . oa AV% . T oa
hmg*g_de = _hm‘)*?a_e_/; >0, where the sign is strict if 11m9%§% <0. u

h-1 b-1
Proof of Proposition 5. Substitutingina = (%) andf=A+(1-24) <%) yields

b-2

1—(41 * * .

Ve =vZ (;>b—l where 2= = 0 such that £ ’W =% _ (. Next recall a<a’ im-
2\ (5) a 00 04

plies 7¥< V", Thus glven i) lim x—»l” =0<V" forall b> 2, ii) lim,_z" = v; > V*for

all h<eo, and 111) W < 0 and "; =0, it follows that there exists a unique A* € (0, 1)

that sets @ = a for any b € (2,»), where a<a it 1> 1" u

Proof of Proposition 6. First, we establish V(K) > V(K1) for all y1<K<h
From Proposition 1, V* (K) = v— (1 X “(K)’l )where V' (K) > 4 (K-1)if:

K)—

B(K-1)—B(K)
(2 0> ot [ FGR
Note from (8) that:
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a(K-1)—a(K)
f] ((1+4)

ﬁ(K_l)_ﬁ(K)z [ K-1 (I—A)b_K-H +(1+/1)b—[(+l (l—i)K_l) )

Substituting into (12) then yields:

pK) > L2 [(1+/1)K‘ A= e 1+ -5,

where if 2 = 0, the expression in square brackets equals 2 and (K) = a(K). Then from
this and (8) it suffices to show that, foralle € {0, ... ,h—K} and all K € { % +1,..., b}:

(13)

A+ A= +A+2°A =D > A+ DA =K+ @+ 1K+ = pE-!

Rearranging (13) yields:

(1+/1)0'(1_A)0' [(1+/l)b—K+l—0'_(1_A)b—K+l—a] [(l+ﬂ)K_1_O-—(1 _/I)K—l—o] > 0,

for all1>0,Ke {- +1,....b%and o € {0, ..., b—K}. Thus, V'(K) > V'(K-1) for all
E + 1<K<band1>0, such that V'(K) is at its highest value when K = b.

We next establish that 22 > 0 for any 0<A<1. Given % =5 = 0. it follows from (11)
that a necessary and sufficient condition for ‘W;% > 0is

0 9
ﬂ — 200 €).0- 8(”[1_,,(-) A

Under Example 2, £ () ; = 1and /& = =E,p- < , such that % > 0if

b1
/1? > f — a. Substituting in for a, ,b’and > 153 [(T’l - (%) ] > 0 shows
that/laﬂ > f—aif:

(14) bA(A+D"" =1 =) > A+ D"+ -1 =2

To prove (14) holds for all 2 > 0, first note that if 2 = 0, then the left-hand side
(LHS) equals the right-hand side (RHS). Then note % > % for all 1 > 0, from:

JLHS h-2 b2 ) h-2 =
a—_b((1+/1) —(1-1) )+b /1((1+/1) +(1— 1) )
ORHS b=2 _ 1 _ \b=2 b-2 _ b2
T_b((l+/1) (-2 >+b/1((1+/1) +(1-1) )

Consequently, it follows from the above that —ag—g > €0 €(zi—ze).i SUCh that

% > 0 for all 0<A<1.

Finally, given a<a’ implies 7'< V", then from i) lim,Hl;rN = 0<V forall b > 2, ii)
lim,_,z" = v% > V* for all b<eo, and iii) % <0and % > 0, it follows that there
exists* a unique 4* (b) € (0, 1) for any b € (2,) that sets a = a*(b), where a<a*(b) if
A> A (D). "
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