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Our paper focuses on a robustness analysis of efficiency scores in the context of Data Envelopment Anal-
ysis (DEA) assuming interval scale data, as defined in A. Dehnokhalaji, P. J. Korhonen, M. Koksalan, N.
Nasrabadi and J. Wallenius, “Efficiency Analysis to incorporate interval scale data”, European Journal of
Operational Research 207 (2), 2010, pp. 1116-1121. We first show that the definition of the efficiency

Keywords: score used in our paper is a well-defined measure according to Aparicio and Pastor (J. Aparicio and J. T.
Robustness and sensitivity analysis Pastor, “A well-defined efficiency measure for dealing with closest targets in DEA”, Applied Mathematics
Stability and Computation 219 (17), 2013, pp. 9142-9154.). Next, we characterize how robust the efficiency scores
DEA are with respect to improvements and deteriorations of inputs and outputs. We illustrate our analysis
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with two examples: a simple numerical example and a more complex example using real-world data.
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1. Introduction

The concept of robustness (stability) or sensitivity has been
widely studied in Data Envelopment Analysis literature. It consid-
ers a variety of changes in the data set, such as adding or omit-
ting a Decision Making Unit (DMU), adding or withdrawing some
input/output measures, or changing input/output values. It investi-
gates whether the efficiency scores obtained from DEA models are
sensitive or robust (stable) against such changes in data.

Charnes, Cooper, Lewin, Moray, & Rousseau (1984) did some
early work on sensitivity analysis in DEA. They assumed occur-
rence of perturbations for a single output for an arbitrary unit and
found ranges of variation to preserve the efficiency status of that
unit.

Charnes, Haag, Jaska, & Semple (1992); Charnes, Rousseau, &
Semple (1996) developed some metrics, such as "distance” or
"length” of a vector in order to measure "radii of stability” which
are the thresholds within which data modifications will not change
the efficiency/inefficiency status of units. Their work was con-
tinued by Seiford and Zhu (Seiford & Zhu, 1998, 1999a, 1999b).
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Thompson, Dharmapala, & Thrall (1994) considered the case where
changes happen in data of all DMUs simultaneously and they de-
veloped sensitivity analysis for efficiency measures. They applied
their idea to Kansas farming and Illinois coal mining.

Furthermore, the sensitivity analysis framework is not only re-
stricted to deterministic methodological approaches. Several stud-
ies have been conducted to treat data changes by statistical meth-
ods. For instance, the DEA estimators of the best practice pro-
duction functions have been proposed for the case of multiple
inputs-one output, when the one-sided deviations from that kind
of production function are considered as stochastic variations in
technical inefficiency. On the other hand, bootstrap methods were
proposed to deal with multiple inputs-multiple outputs, where
the sensitivity of the efficiency score can be tested by repeatedly
sampling from the original samples. See Banker (1993), Banker &
Natarasan (2004), Korostolev, Simar, & Tsybakov (1995a,b), Simar
(1996) and Simar & Wilson (1998, 2004) for more details.

Zhu (1996) proposed a method for sensitivity analysis in DEA by
solving linear programming problems whose optimal values yield
particular regions of stability. They provided necessary and suffi-
cient conditions for upward variations of inputs and for downward
variations of outputs of an (extremely) efficient DMU, which keeps
its efficiency score unchanged.
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Dehnokhalaji, Korhonen, Koksalan, Nasrabadi, & Wallenius
(2010) proposed an efficiency analysis for interval scale data. In-
terval scales are numeric scales, in which not only the order of
values, but also the differences between the values are known.
Common examples are the Celsius-scale and time measured in
hours and seconds. We formulated a mixed integer programming
model based on the idea of finding a hyperplane which separates
better units from non-better ones. We defined the efficiency score
as the ratio with the numerator equal to the number of non-better
units and denominator equal to the number of all units. Two ques-
tions arise. Is the defined efficiency measure a well-defined effi-
ciency measure? Moreover, how stable is this efficiency measure
to data alteration?

In our current study we prove that the defined interval scale
efficiency measure is a well-defined efficiency measure based on
the criteria provided by Aparicio & Pastor (2013). Moreover, we de-
velop a stability analysis approach to investigate how robust the
obtained efficiency scores are regarding data changes. We formu-
late two multi-objective mixed integer programming models sep-
arately to measure the robustness of improvements and deteriora-
tions and then provide an interval for each input and output value,
resulting in an unchanged efficiency score for all efficient and inef-
ficient DMUs. We show that the modelling can be done via linear
programming formulations in case that changes occur just for one
input or output, and the stability region reduces to an interval for
each individual input and output.

This paper unfolds as follows. Section 2 provides some prelimi-
nary DEA considerations followed by our DEA-based model for in-
corporating interval scale data. In Section 3 we conduct a stabil-
ity analysis for the interval scale data setting. Section 4 gives a
simple numerical example, which illustrates the proposed stabil-
ity analysis model. A real application is provided in Section 5 and
Section 6 concludes the paper.

2. Preliminary considerations
2.1. Basic concepts of DEA

Consider a production technology with n Decision Making Units
consuming m inputs to produce p outputs. Let Xxe R and y € ]Rﬂ
denote the input and output vectors for a unit, respectively, where
]R’i is the non-negative orthant in R¥-space. The empirical Produc-
tion Possibility Set (PPS) is defined as

P ={(y,X)|y can be produced from X} C R} P, (1)

which consists of all feasible inputs and outputs. We assume less
is better for inputs and more for outputs, as usual. The concept of
efficiency is defined as follows.

Definition 1. A point (y*,x*) € P is said to be efficient in set P iff
(if and only if) there does not exist (y, X) € P such that y > y* and
X <x* and (y, X) # (y*, xX*).

The concept of efficiency can also be defined equivalently in
the context of vector optimization. To do so, consider the following
vector maximization problem defined on set P as:

“max” (e, B)
st (y'+B.x—a)eP (2)
(o, B) > (0,0).

Clearly the point (y*,x*) € P is efficient in set P if and only if
(a*, B*) = (0,0) is the only Pareto optimal solution of problem (2).

Suppose that X is an m x n matrix and Y is a p x n matrix with
input and output vectors as their columns, respectively. Also, let
Xj = (X1}, X2j, .- -» Xmj) and yj = V15, Y2j» - - - Ypj) denote the input
and output vectors of DMU;, respectively, for j=1,2,...,n.
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In DEA, the production possibility set is constructed as (Cooper,
Seiford, & Tone (2000)):

P={(y,x)|x> XA, y<YA Ae A}, 3)

where the definition of A depends on the technology assumptions.
Specifically, for a variable returns to scale technology, we have A =
{x e R? | 11 = 1}, and the corresponding set P is denoted by P'FS.
Similarly, for a constant returns to scale technology we have A =
R and the set P is denoted by PRS, correspondingly.

To simplify our notation, we denote u; = ( y)i ) and call it an
A

input-output vector. Also, let U = . We call the set of all pos-

-X
sible input-output vectors T, i.e. we have:

T={ulu= <YX>, (y,x) e P} ={ulu<UlA e A}. (4)

Especially, the corresponding set T for variable and constant re-
turns to scale technologies is denoted by TVRS and TRS, respec-
tively.

We denote u, = <_y§ as the unit under consideration. Here-

0

after, we use the notations u, and DMU, interchangeably. The ba-
sic additive model for evaluating u, within PY®S, i.e. under the as-
sumption of variable returns to scale, is formulated in both envel-
opment and multiplier forms as below:

Envelopment Form (a) Multiplier Form (b)

max 17s

B min —pTu, +7
st U —s=u, s.t. —pTU+n1>0,
11 =1, p>1 (5)
420, n ;re:e.
s>0.

It is well-known that u, is efficient if and only if the optimal value
of the basic additive model (5) is equal to zero. While the basic
additive model with variable returns to scale (5) is translation in-
variant w.r.t both inputs and outputs, its main drawback is that it
does not provide a measure of (in-)efficiency.

Now, consider an arbitrary input-output vector it € R™*S, If it
does not belong to TVES, then there exists a hyperplane in RP+™-
space that separates @ and the convex set TVES. In other words,
there exists p e RP™ and scalar 7 € R such that —p"U+7n1>0
and —pTa+ 1 < 0. This explains the idea of the following lemma
which provides a necessary and sufficient condition for an input-
output vector to belong to TVES,

Lemma 1. Assume that @ € RE™™. Then @ e TVRS iff there does not
exist any vector p € ]RT'11 and scalar n € R such that —pTU+n1 >
0and —pTa+n<0.

Proof. By the definition of TVRS, we know that @1 € TVRS iff the fol-
lowing system has a solution:

u<Uux,
1L =1, (6)
A>0.

Now, by Farkas’s lemma, the above system has a solution iff the
following system has no solution:

—pTU+n1>0,
—pla+n <0, (7
p >0, n free,

~—

and the proof is complete. O
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Assume that J ={1,...,n} and B ] is a subset of all observed
units with the property that there exists (o, ) € RPt™+1 with p >
0, such that

—p'uj+n=0
-pTuj+n <0

jeB
j¢B.
Then the production possibility set corresponding to set B and the
associated input-output set T are denoted by P(B) and T(B), re-
spectively. It is clear that for each j €] such that j ¢ B, we have
u; ¢ T(B), or equivalently (y;,x;) ¢ P(B). With this notation, the
original production possibility set P defined in (3) is denoted by
P(J) and the corresponding set T defined in (4) is denoted by T(J).

(8)

2.2. A DEA-Based model for interval scale data

As mentioned before, one of the main assumptions of the basic
DEA model is that all the variables are measured on a ratio scale.
Dehnokhalaji et al. (2010) proposed an efficiency analysis approach
that would work both for interval scale and ratio scale data. The
idea of their model is to find a hyperplane passing through a unit
under evaluation, u,, to classify the observed units into two dif-
ferent categories: non-better and better units than the unit under
assessment. They adopted the idea from Koksalan, Buyukbasaran,
Ozpeynirci, & Wallenius (2010), where they assigned weights to in-
put and output entries to maximize the number of units each DMU
being evaluated could outrank. In other words, they formulated a
model which finds the maximal subset of the observed units in
which u, is efficient.

The main difference between the traditional DEA models and
the ones in Dehnokhalaji et al. (2010) approach is that in the lat-
ter paper the authors did not measure the distance of u, from the
efficient frontier. Instead, they obtained the minimum number of
units to omit from the entire set of DMUs to make u, efficient. If
u, is not efficient, some of the inequalities pTU+ 51 > 0, are not
satisfied. They used the big M method to minimize the number of
violated inequalities where violating an inequality constraint im-
plies the corresponding unit is not required to be omitted to make
u, efficient. To this end, they solved the following mixed integer
programming model:

Yo = min YitzoZi
s.t. —pTu,+n =0
—pTuj+n+Mz; >0, j=1,....,n, j#o0
plu, =1 9)
p > €1 (where € > 0 is Non-Archimedean),
N free,
zj € {0,1}, j=1,....,n, j#o,

where M is assumed to be a sufficiently large positive number.
The aim of the model (9) is to find the minimum number of
units that should be omitted from the set of observations J =
{1,...,n} in order to make u, efficient. To illustrate, note that if
u, is efficient then none of the units need to be omitted from
J and therefore the optimal value of model (9) is equal to zero.
On the other hand, if u, is inefficient then for each hyperplane
H={u| —pTu+7n=0,p >0}, passing thorough u,, some of the
inequalities —pTuj +1n>0,je] are not satisfied. Therefore, the
model uses the big-M method to minimize the number of vio-
lated inequalities. Actually, by adding an additional term Mz;, to
each inequality f,oTuj +1n >0, where M is a sufficiently large pos-
itive number and z; € {0, 1}, one can be sure that all constraints
—pTuj + 1+ Mz; > 0 are satisfied for suitable values of z;. In fact,
if u; needs to be omitted, we have z; = 1, and if u; is not required
to be omitted we have z; = 0. In this regard, the objective function
Y7_1.j402; suitably reflects our aim which is to find the minimum
number of units that should be omitted.
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Generally, assuming that (p*, n*,z*) is an optimal solution for
model (9) the set Ry = {j ] | zj = 1} determines the minimal sub-
set of units which are to be omitted in order to make u, efficient
and therefore J, = {j eJ |z}f = 0} gives the maximal subset of units
such that u, is efficient within J, U {0} (Dehnokhalaji et al., 2010).
Note that |Jo| = n — ¥, — 1. In other words, R, can be interpreted as
the units which are better than u, and y, = Z?:] z;f gives the min-
imum number of units which have to be omitted from the set of
observations J in order to make u, efficient.

Based on model (9) the efficiency score of u, is defined as
eo=1-%= % where |J,| denotes cardinality of J,. Moreover,
it has been proved that this efficiency score is translation invariant
(Dehnokhalaji et al., 2010).

Note that model (9) can be considered as a modification of
the original multiplier BCC model in DEA (Banker, Charnes, &
Cooper, 1984)! We may present the basic idea of Dehnokhalaji
et al. (2010) based on the basic additive model (5). Therefore, we
formulate the following model for evaluating u,:

Yo = min YictzeZ)
s.t. —pTu,+n=0
—-pTuj+n+Mz; >0, j=1,....n, j£0 (10)
p>1, 1n free
zj € {0,1}, j=1,...,n, j#o.

where M is assumed to be a sufficiently large positive number, as
before. The main difference between models (9) and (10) is in their
normalizing constraint. Model (9) is formulated based on the basic
BCC model, which is intrinsically radial-oriented, whereas model
(10) can be considered as a modification of the non-radial addi-
tive model (5). Both models provide the same efficiency score for
a unit under assessment. Hereafter, we apply model (10) for ef-
ficiency analysis and robustness. This model is more helpful and
straightforward when investigating the concept of robustness in
this paper. The sets J, and R, and the efficiency score e, are de-
fined in model (10) similar to the ones we have in model (9).

2.3. Main properties of the efficiency score

Aparicio & Pastor (2013) listed four main properties that a well-
defined efficiency measure should meet.

Definition 2. Assume that a performance evaluation model defines
an efficiency score eff, for DMU,. The score eff, is a well-defined
efficiency measure iff it satisfies the following properties:

1. (P1) 0 <effo<1foreachoe{l,..., n},
2. (P2) eff, =1 iff DMU, is efficient,

3. (P3) eff, is unit and translation invariant,
4, (P4) eff, is strongly monotonic.

The following theorem verifies the validity of the efficiency
measure obtained from model (10).

Theorem 1. Assume that e, is the efficiency score of DMU, obtained
from model (10). Then:

1.0<e < 1.

2. e, = 1 iff DMU, is efficient in set P.

3. e, is unit and translation invariant.

4. If DMU, dominates DMUj, then eq > e,.

Proof. See Appendix. O

1 Since the data are measured on an interval scale, the default assumption about
the returns to scale is VRS.
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Table 1

Data set for Example 1 .
DMU A B C D E F G H I ]
Output 1 1 2 2 3 5 55 7 65 8 5
Output 2 3 1 4 6 35 2 55 1 25 575
Input 1 1 1 1 1 1 1 1 1 1
Efficiency score 05 02 07 1 07 07 1 08 1 1

Fig. 1. Decision Making Units in the output space.

As it can be observed, parts 1, 2 and 3 in Theorem 1 clarify
the fact that e, satisfies properties (P1), (P2) and (P3) of a well-
defined efficiency measure. Moreover, part 4 means that the ef-
ficiency measure e, is strictly increasing w.r.t. the partial order
"domination” in the set J = {1,...,n}, i.e. (P4) holds for each two
distinct observed units. However, it is worthwhile to note that the
efficiency score of u, may still remain unchanged even if its inputs
and outputs are improved/deteriorated. The main reason is that e,
does not depend on the distance of u, from the efficiency fron-
tier and a hyperplane passing through u, which classifies the set
J into two subsets J, and Ry, in such a way that the cardinality of
R, is minimal, determines its efficiency score. In this regard, the
efficiency score of u, may not be affected by small perturbations
in its input/output vector. To investigate this issue, we consider the
following example.

Example 1. Consider a set of 10 units, each producing two outputs
y1 and y, using the same amount of a single input x = 1. The data
set is given in Table 1 and the production possibility set in out-
put space is described in Fig. 1. Solving model (10) for each unit,
the corresponding efficiency scores are presented in the last row
of Table 1.

Model (10) is coded in C++ and solved using the callable library
of IBM ILOG CPLEX 12.6. The second constraint set in model (10) is
formulated using indicator constraints feature of CPLEXZ.

This formulation provides more numerically robust and accu-
rate solutions than big-M type constraints:

zj=0=—p'u;+n=0 (11)

2 https://www.ibm.com/support/knowledgecenter/SSSA5P_12.9.0/ilog.odms.cplex.
help/CPLEX/UsrMan/topics/discr_optim/indicator_constr/02_indicators_defn.html.

The indicator constraint states that if z; is equal to 0, then —,oTuj +
n must be greater than or equal to 0.

Notice that the interval scale efficiency scores classify units into
efficient and inefficient units and the concept of weak efficiency
does not apply in our context.

Now, to examine the stability of the obtained efficiency scores,
we solve model (10) when we have some perturbations in the data
set. For example, let E be the unit under evaluation and assume
that its first output increases by 0.5. It can be seen that with this
new data set, the efficiency score of E is still equal to 0.7, i.e. it
remains unchanged after this perturbation. A similar story exists
for a decrease of 0.2 in the second output. This fact is illustrated in
Fig. 2. The main reason is that both of the hyperplanes Hr; and Hg»
passing through E’ and E”, respectively, exclude the same number
of units as Hg, passing through E, does.

In the above example measure e, obtained from model (10) is
relatively stable w.r.t. small perturbations in u,. In what follows,
we find the stability region for maintaining the efficiency score of
u,. It is worthwhile to note that the efficiency score of u, may
also be affected by small perturbations in the input-output vector
of (some of) the other units. However, this issue is not going to
be investigated here. Actually, we just investigate stability of the
efficiency score of u, when perturbations occur in its own input-
output vector u,.

3. Robustness of efficiency scores with interval scale data

The aim of this section is to find maximal admissible perturba-
tions in input-output vector u, for DMU, in order to keep the effi-
ciency score e, unchanged. The perturbations may occur in inputs,
outputs, or both. Moreover, from this point of view, two types of
perturbations will be considered for u,: improvement and deteri-
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Yao

Fig. 2. Some perturbations in unit E in the output space.

oration. In this regard, if u, is under evaluation, the improved and
the deteriorated virtual units are denoted by u, + A and u, — A
y
i" is a non-negative (m+s)- vector
standing for perturbations. To ensure feasibility, we assume that
A* <X, A¥#£Xo and AY <y,, AV £Y,.
With the above notations, we can formulate the following pro-
gram to find maximal admissible perturbations:

respectively, where A =

“max” A
s.t. e(up = A) =e(uy) (12)
A >0,

where u,+ A stands for the (improved/deteriorated) perturbed
unit and e(u,) = e,. As mentioned before, in this study we assume
that u, is replaced with a virtual perturbed unit u,+ A. By do-
ing so, the number of all units is still equal to n, and therefore we
can perform our sensitivity analysis on the optimal value of model
(10), i.e. on y,, since we know that e, = 1 — 2. Therefore, problem
(12) finds the maximum admissible changes in some parameters of
model (10) such that its optimal value remains unchanged. In the
following, we solve model (12) based on the structure and the in-
terpretation of the corresponding model (10). Also, we investigate
improvements and deteriorations, separately.’

3.1. Stability region for improvements

In this section, we obtain the maximal admissible improve-
ments in input-output vector u, such that its efficiency score re-
mains unchanged. We know that J, is a maximal subset of | — {o}
with the property that u, is efficient within J, U {o}. This means
that for each J/ € J — {o} such that |J'| > [Jo|, u, is not efficient in
T(J’). Moreover, as soon as u, + A reaches the frontier of T(J"),
for some J' € J—{o} with |[J'| = |Jo| +1, its efficiency score is in-
creased by ; (Recall that the efficiency score of u, is defined
as ep=1-— % = W where |J,| denotes cardinality of J,. When

=

3 1t should be mentioned that the terms max and “max” are different and max
is used to maximize a real-valued function while “max” is used for a vector-valued
function.

the numerator increases by 1, the efficiency score increases by %).
Therefore, a sufficient condition for y (u, + A) = y, is that up + A
does not exceed the frontier of some T(J') for J/ <] - {o} and
Ul = ol +1 =n— y,. In other words, so long as u, + A falls into
the intersection of all sets T(J’) with the above property one can
conclude that its efficiency score remains stable. Accordingly, we
can formulate the following vector optimization problem to cal-
culate the maximal admissible improvements which keep the effi-
ciency score of u, unchanged:

“

max” A
S.t. (uo + A) € nu’|:Uo|+1J’E]*{O} T(]/),

where y, is the optimal value of model (10).

To illustrate the constraints of model (13), consider unit E in
Example 1, with |Jg| = 6. It can be easily verified that there ex-
ist three sets J/ with the property that J/ € {A,B, ..., I ={E}L V| =
Uel+1=7and T(J") n (J —J') = ¥ where there exists a hyperplane
strongly separating T(J’) and the remaining units J —J'.

Ji={A,B,C,F,G,H, I},

(13)

J, ={A,B,C,D,F,H,1I},

J;=1{A,B,C,D.F,H.J},

The corresponding production possibility sets T(J{), T(J5) and T(J5)
are depicted in Figure (3). Moreover, the intersection of these sets,
i.e. the dashed region gives the feasible region of model (13). Ac-
cordingly, the black region is the stability region for improvements
for unit E.

The following theorem clarifies the validity of model (13) in de-
termining the maximal admissible improvements for u,.

Theorem 2. Suppose that A is a weakly Pareto optimal solution for
model (13) and y (uo + A) is the optimal value of model (10) evalu-
ating u, + A. Then,

(i). for each A’ >0 such that A’ <A and A’ # A, we have
14 (Llo +A) =y -
(ii). if A is a Pareto optimal solution, we have y (uo + A) = yo — 1.
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Fig. 3. Stability region for improvements for the data set of Example 1.

Proof. See Appendix. O

Part (i) of Theorem 2 provides a region in which u, + A can
be located and still has the same efficiency score as u,. As it was
explained before, the efficiency score increases by 1/n as soon as
u, + A reaches the frontier of T(J"), for some J' C J — {o} with |J'| =
ol + 1 which is proved in part (ii) of Theorem 2.

Assume that changes are only admissible for the t-th output.
Then we have A =§ e;, where e; is the t-th unit vector in R™*S.
Therefore, Model (13) can be written as:

max )

st (w8 e My o0 .
or equivalently, as:

min 1)

st (o +3 &) ¢ My 41y-10) TUD: (19)
and this is equivalent to the model below:

min )

st (o +8 €) e AlUyipyoryes o TGN, 16

where cl(A) denotes the closure of A and A€ is the complement of
A. According to previous section, one can establish the following
equivalent form consequently:
min 1)
s.t. zj=0= —pTu;+n>0,
Z?:L#olj =Yo—1,
—pT(u,+8 e)+1n <0,
p =0, niree, |[|p|l=1
Zj e {O, 1},

j=1in j#o

j=1,...,n, j#o.
(17)

Model (17) is not a mixed-integer linear one because of the
constraint —pT (u, + 8 ;) + 1 < 0, which includes multiplication of
two variables. But it is easy to prove that this constraint is bind-
ing at optimality. Also, the normalization constraint ||p|| =1 can

be written as pr = 1. Hence model (17) can be written as the fol-
lowing mixed-integer linear program:

min —pTu, +1

s.t. z;=0= —pTuj+n =0, j=1,....n, j#o
Z?:],j#.ozj =% -1
o =1,
p >0 1 free, Zje{O,l}, j=1,...,n, j#o.

3.2. Stability region for deteriorations

In order to find the maximal deteriorations for u, which keep
its efficiency score unchanged, we adopt our previous idea for im-
provements. We know that J, is a maximal subset of J — {0} such
that u, is efficient w.r.t. J, U {o}. Then, so long as u, — A does not
belong to T(J”), for some J” < J — {o} with |J”| < |Jo|, one can con-
clude that e(u, — A) =e(u,). Based on this, to find the maximal
admissible deteriorations we formulate the following vector opti-
mization problem:

“

min” A

s.t. (uo — A) S ﬂ]”gf{O}YU”I=UaI T(]//)
To illustrate the above model, again consider unit E in
Example 1 with |Jg| =6. It can be easily seen that there exist
just two sets J” with the property that J” < J={A,B,....J} — {E},
V| =6, and T(J”) N (J —J") = ¢ which are

J{ ={A,B,C,F,H,1I},

(19)

" = {A.B.C,D,F,H}.

The corresponding production possibility sets T(J{) and T(J;) are
depicted in Fig. 4. As discussed, the intersection of the above sets,
i.e. the dashed region, is the feasible region of model (19) and the
black region is the stability region for deteriorations.
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Fig. 4. Stability region for deteriorations for the data set of Example 1.

The following theorem clarifies the validity of problem (19).

Theorem 3. Suppose that A > 0 is a weakly Pareto optimal solution
for model (19). Then,

(i). For each A” such that A” <A , we have y(u,— A") =
v (Uo), and

(ii). If A > 0 is Pareto optimal, then for each A” such that A" > A
and A" # A, we have y (U, — A") > y (u,).

Proof. See Appendix O

Again, let A =4§ e;, where e; is the t-th unit vector in R™*S,
Therefore, Model (19) can be written as:

min 8
20
S.t. (ua — 8 et) € mU’|:Uo‘+1J’E]*{0} T(]/), ( )
or equivalently, as:
max 8 21)
s.t. (Wo— 3 €) & Nyj=pls1sg-10) TU:
and this is equivalent to the model below:
max ) (22)
s.t. (w,-de)e A Uyi=po+1sg-10) (TUDO,

where cl(A) denotes the closure of A and A° is the complement of
A. According to previous section, one can establish the following
equivalent form:

max 1)

st. zj=0= —pTu;+n =0,
Y iotjz0Zi = Yo
—pT(u,— 8 e)+n=<0,
p =0, nitree, |[[pll=1
Zje {0,1},

j=1,...,n, j#o

j=1,...,n, j#o.
(23)

Model (23) is not a mixed-integer linear one because of the
constraint —pT (u, — 8 e;) +n < 0 which includes multiplication of
two variables. This constraint is binding at optimality. Also, the
normalization constraint ||p|| = 1 can be written as p; = 1. Hence

model (17) can be written as the following mixed-integer linear
program:

max pTu, — 1

s.t. zj=0= —pTuj+n=>0, j=1,...,n, j#o
Z7=1~j#vzf = Yo,
o =1,
p=0 nifree, z;€{0,1}, j=1,....,n j#o.

(24)

In what follows we provide a numerical example and inves-
tigate the robustness of efficiency scores by obtaining the stabil-
ity interval of each individual input/output, by solving the mixed-
integer linear programming optimization problems (18) and (24),
separately.

4. Numerical example

Consider the data set presented in Table 1 for Example 1. We
find the maximum admissible perturbation for each individual out-
put for each unit under evaluation, which keeps the efficiency
score unchanged. Based on the theory provided above, we consider
improvements and deteriorations separately.

Let E be the unit under evaluation with y; =5,y, =3.5,x1 =1
and y¢ = 3. In order to find the maximal admissible improvements
for output t (t =1, 2), we write model (18) for this unit as follows:

min =51 =35+ 1v+n
s.t. Zj=0= —u1y1j — U2Yy2j + VX +1 >0,
2 =2
e =1,
m1, w2, v =0, n free,
z;e{0,1}, A;=0,

J#E

J#E.
(25)
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Table 2

Stability intervals for individual outputs .
DMUs &, i 5 Sk 8, Vs 5, Sh
A 1 1 4 [0,5) 0.5 3 0.5 [2.5,3.5)
B 1 2 0 [1.2) 1 1 1 [0,2)
C 2 2 3.553 [0,5.553) 0.5 4 1.5 [3.5,5.5)
D 3 3 0o [0,00) 0.25 6 00 [5.75,00)
E 1 5 0.711 [4,5.711) 0.357 3.5 1.1 [3.143,4.6)
F 0.5 5.5 0.684 [5,6.184) 2 2 2.167 [0,4.167)
G 1.769 7 00 [5.231,00) 1917 55 00 [3.583,00)
H 1 65 05 [5.5,7) 1 1 3.125  [0,4.125)
I 1 8 00 [7,00) 2.5 2.5 00 [0,00)
] 0 5 00 [5,00) 0 575 oo [5.75,00)

Similarly, model (24) is written for unit E to find the maximal
admissible deteriorations for output t (t = 1, 2), as follows:

max 5u1+35u, —1v—n
s.t. zj =0= —p1y1j — May2j + vXj+1 >0, J#E
>z =3
me=1,
m1, w2, v >0, 1 free,
z;e{0,1}, A;>0, Jj#E.
(26)

Both models (25) and (26) are solved for t =1 and t = 2 to find
the maximum admissible improvement and deterioration for the
first output and the second output of unit E, respectively.

The optimal solutions of models (25) and (26) for t =1 are
respectively obtained as §; = 0.711 and &1 = 1. Therefore, SI; =
[5—-1, 5+0.711) = [4, 5.711) is the stability interval for output 1
of unit E. Similarly, we solve models (25) and (26) for t = 2 and we
obtain §, = 1.1 and §, = 0.357 for the second output and hence
SL =[3.5-0.357, 3.5+ 1.1) =[3.143, 4.6) is the stability interval
for the second output of unit E.

Finally, the admissible perturbations for all units are presented
as intervals in Table (2). The terms §;, §; denote the values of
admissible improvements and deteriorations for output i, respec-

tively, i =1, 2. Also, SI; stands for the stability interval of output
i

As can be seen from Table 2, for efficient units D, G, I and
J, the admissible improvements corresponding to outputs are un-
bounded, i.e. §; =, = oo. The reason is that all these units are
efficient and therefore any increment in each output keeps them
efficient provided that that they are feasible.

5. Application

Consider the problem of evaluating the quality of research
in different departments of University of Eastern Finland (former
University of Joensuu), Finland, which has been investigated in
Dehnokhalaji et al. (2010). The data set consists of 26 departments
assessed on seven criteria by using a scale where 1 represents
“Poor” and 7 represents “Excellent”. These criteria were used as
outputs in our approach. Identical inputs of 1 were assumed for
all units. The original data set and interval scale efficiency scores
obtained by model (10) are reported in Table (3).

Running models (18) and (24) for each individual output, we
can obtain the maximum admissible improvements and deteriora-
tions for each output, separately. The results are presented in Ta-
ble (4). Here we provide the stability interval for each individual
output for all units. Note that for each unit these values are ob-
tained under the assumption that the data for all other units re-
mains unchanged. The terms §;, §; denote the values of admissible
improvements and deteriorations for output i, respectively. To il-

Table 3
Research assessment exercise data set at the University of Eastern Finland and the efficiency scores .
Department 01 02 03 04 05 06 07 e,
1 Geography 5 6 5 4 6 5 6 0.769
2 History 5 6 4 4 5 5 4 0.538
3 Sociology 5 6 6 0 4 3 3 0.846
4 Social Policy 4 5 3 0 3 4 3 0.308
5 The Karelian Institute 6 6 5 4 5 6 6 0.885
6 Economics and Business 3.5 4.5 3 2 3 4 3 0.308
7 Law 5 6 5 55 5 6 5 0.885
8 Biosciences 5 6 5 5 6 6 7 0.962
9 Chemistry 7 7 6 7 6 7 6 0.962
10  Computer Sciences and Statistics 6 5 5 4 4 3 4 0.846
11 Mathematics 5 6 6 5 6 5 6 0.885
12 Physics 7 7 65 7 6 7 6 1.000
13 Humanities 5 6 5 5 5 5 4 0.731
14  Translation Studies 5 6 5 6 5 5 4 0.923
15 Finnish Language 5 6 5 5 4 6 4 0.808
16  Cultural Research 5 6 5 4 6 6 5 0.808
17 Theology 4 6 5 5 6 6 6 0.846
18 Orthodox Theology 4 4 4 3 4 4 3 0.385
19  Special Education 4 4 2 3 3 5 3 0.385
20  Adult Education 4 5 1 2 1 3 1 0.308
21 Applied Education 4 4 1 2 2 4 3 0.269
22 Teacher Education 4 3 1 4 2 3 2 0.308
23 Psychology 4 6 5 4 2 5 2 0.462
24 Forest Engineering 5 5 5 4 5 5 4 0.538
25 Forest Planning 5 6 5 4 6 6 6 0.846
26 Management of Forests 6 7 7 5 7 7 7 1.000
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Table 4
Robustness of efficiency scores for each output perturbation .

Units 8, o1 & 8, 02 4 8, 03 & 8, 04 &, 85 05 &5 s 06 & 8, 07 &
1 1 5 0 6 6 0 5 5 0 4 4 0 0.5 6 0 5 5 0 1 6 0
2 0.5 5 0 1 6 0 4 4 1 4 4 0 1 5 0 5 5 0 4 4 0
3 5 5 0 6 6 0 1 6 0 0 0 5 4 4 2 3 3 2 3 3 3
4 4 4 0 1 5 0 3 3 1 0 0 1.5 3 3 0333 4 4 0 3 3 0
5 1 6 0 6 6 1 5 5 1 4 4 1 5 5 1 6 6 1 6 6 0
6 35 35 05 0.167 4.5 0.167 3 3 1 0.5 2 0.25 3 3 0.5 4 4 0 3 3 0
7 5 5 0.5 6 6 0.5 5 5 1 0.5 55 0 5 5 1 6 6 0 5 5 0.5
8 5 5 1 6 6 1 5 5 2 5 5 0 6 6 1 6 6 1 1 7 0
9 7 7 0 7 7 0 6 6 0.5 7 7 0 6 6 0 7 7 0 6 6 0
10 1 6 0 5 5 1 5 5 0 4 4 0 4 4 1 3 3 3 4 4 2
11 5 5 1 6 6 1 1 6 0 5 5 0333 6 6 0 5 5 2 6 6 0
12 7 7 ) 7 7 o0 05 65 o 7 7 0 6 6 0 7 7 © 6 6 0
13 0.5 5 0 6 6 0 5 5 0 0333 5 0 1 5 0333 5 5 05 4 4 1.333
14 5 5 2 6 6 1 5 5 1.5 0.5 6 1 5 5 1 5 5 2 4 4 2.5
15 1 5 0 6 6 0 5 5 0 0.5 5 0 4 4 1333 0333 6 0 4 4 1.5
16 1 5 0 6 6 0 5 5 0 4 4 0 0.5 6 0 1 6 0 5 5 1
17 4 4 1 6 6 0 5 5 0 1 5 0 6 6 0 1 6 0 6 6 0
18 4 4 1 4 4 1.5 4 4 0917 3 3 1 0615 4 0 1 4 1 3 3 1
19 4 4 0.667 4 4 1.5 2 2 2.5 3 3 1 3 3 1 1 5 0 3 3 1
20 4 4 0 0333 5 0 1 1 4 0.5 2 2 1 1 2.75 3 3 08 1 1 1.875
21 0.5 4 0 4 4 0333 1 1 2333 2 2 1 2 2 1 4 4 0 3 3 0
22 4 4 0 3 3 2 1 1 3 1 4 0 2 2 0 3 3 0 2 2 0
23 4 4 0333 1 6 0 1 5 0 4 4 0 2 2 2167 5 5 0 2 2 2
24 0.167 5 0 5 5 1 1 5 0 4 4 0 0333 5 0 0.5 5 0 4 4 0
25 1 5 0 6 6 0 5 5 0 4 4 1 0.5 6 0 1 6 0 1 6 0
26 6 6 00 7 7 9] 7 7 9] 5 5 9] 7 7 9] 7 7 9] 7 7 00

lustrate the results, consider unit 4. As the table shows, if output
1, output 2, output 3, output 5, output 6 or output 7 of unit 4 is
decreased by 4, 1, 3, 3, 4, and 3 units, respectively, the efficiency
score of this unit remains unchanged. However, any deterioration
in output 4 will change the efficiency score of unit 4. By a similar
argument, we observe that any improvement in output 1, output
2, output 6, or output 7 of unit 4 will change the efficiency of this
unit and if output 3, output 4, or output 5 of unit 4 is increased by
1, 1.5, and 0.333 respectively, the efficiency score of unit 4 remains
unchanged. Units 12 and 26 are efficient and as expected, the ad-
missible improvements corresponding to all outputs for both units
are unbounded.

The optimal objective function obtained by models (10), (18),
and (24) are sensitive to the selection of M for some DMUs with
the lowest efficiency scores, and so we solved the three models
using the indicator constraints in CPLEX callable library instead of
using the Big-M constraints in order to obtain more accurate re-
sults. For instance, for DMU 21, the efficiency scores obtained by
model (9) in Dehnokhalaji et al. (2010) was reported to be equal
to 0.231, while the indicator constraints resulted in the efficiency
score of 0.269 as you can see from Table (3).

Also, as can be seen from Table 4, the interval scale efficiency
scores are more sensitive to improvements than to deterioration of
output variables for most units. However we cannot conclude that
this happens for all data sets, since our defined efficiency score is
dependent on the location of the units in the production possibility
set.

6. Conclusion

In this paper we performed a robustness analysis on the in-
terval scale efficiency measure proposed by Dehnokhalaji et al.
(2010). We first showed that our interval scale efficiency mea-
sure is well-defined. Then we investigated the robustness of this
efficiency measure and formulated a multi-objective mixed inte-
ger program, which finds the admissible region for perturbations.
In the simple case, where perturbations are considered for an

individual input/output, we solve two single-objective programs,
which result in an allowable interval for the corresponding in-
put/output. We ran the model on a simple numerical example and
also on a real-world data set consisting of 26 Decision Making
Units.

Recall that our proposed efficiency measure depends on the
number of units being evaluated. As the number of units in-
creases, the obtained scores for all units are more diverse and
can better differentiate among Decision Making Units. In gen-
eral, the stability intervals get shorter when the number of units
increases.
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Appendix A.

Proof of Theorem 1.

Part 1 is straightforward based on the definition of e, =1 — %
since 0 <y, <n-—1. For part 2, note that e, =1 iff y, =0. This
means that any optimal solution of model (10) is feasible for the
additive model (5) evaluating u, with the optimal value of zero,
or equivalently u, is efficient within the set P. For part 3, see
Theorem 2 in Dehnokhalaji et al. (2010). Finally, for part 4, if we
assume that (p*, n*) is an optimal solution of (10) evaluating u,,
then it can be shown that (p*, n* + §) is feasible for (10) evaluat-
ing ug, where § = p*ug — n* > 0. This implies that y; < y,, which
completes the proof.

Proof of Theorem 2.

(i). First, we claim that u, € T(J"), for all J/ < J — {0} when |J'| =
n — y,. Because if u, ¢ T(J') for some J', it is concluded that
u, is efficient w.r.t. J/ U {0} and this contradicts the fact that
Jo is a maximal subset of | — {0} such that u, is efficient in
T(Jo U {0}), because |J'| > |Jo|. Hence A =0 is a feasible so-
lution for model (13). Now to evaluate the improved unit
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(i).

u,:=u,+ A’, we solve the following mixed integer pro-
gramming problem:

I mi n .
Vo = min > i1, jz0Zj

s.t. pT(u,+AY+1=0

pTuj+7]+MZj207 j:],...,n,j;éo

p>1, n free

zj€{0,1}, j=1,...,nj#o.
(27)

Let (p*,n*,z*) be an optimal solution for model (10) and
Jo=1{j | z; = 0}. It can be easily verified that (o* n*+
p*A’ z*) is feasible for model (27) implying that y, < y.
We claim that y; = y,.

Assume by contradiction that y; < y,. Therefore, there ex-
ists an optimal solution (o', n’,2’) for model (27) such that
Jo c Ji, where Jj = {j | z;. = 0}. Hence, there exists some k € J,
such that k ¢ J,. This means that J, c Jo U {k} € J/. By setting
J1 =Jo U {k}, we have

Vil=lol +1=m-yo-D+1=n-y,, J1<]-{o}
Now, u) is efficient w.r.t. J, U {0’}, where ¢ is the index cor-

responding to ug. Therefore uj, ¢ T(J;). On the other hand, by
feasibility of A for (13), we have (u, + A) € T(J;). In other
words

W+A=u+A+(A-A)=u+(A-A)eT().

where A—A’>0 and A — A’ #0. This means that u) e
T(J;). But this is a contradiction, since J; C J}. Thus the proof
is complete.

To prove that y(u,+ A) =y (u,) — 1, it suffices to show
that there exists an optimal solution (o, 77, Z) for (27) evalu-
ating u, + A such that |J,| = n — y,, where J,={j | zZ; =0},
and u, + A is efficient w.r.t. J, U {0}, where 0 is the index
corresponding to U, = u, + A.

Assume by contradiction that for each J/, with J' < J — {o}
and || =n— y,, the virtual unit u, is not efficient w.r.t.
J'u{o}. Hence, 4, is not efficient w.r.t. J/, either. Therefore,
if we consider the following problem:

“

max” A

W+ A) € Nylen—yosrci—to) TUD

and assume that A, is a Pareto-optimal solution of (28),
we have A, >0, A, # 0. Now, feasibility of Ag for (28) im-
plies that A + Ag is feasible for (13) and this is a contra-
diction since A+ Ag> A and A+ Ag # A, whereas A is
a Pareto-optimal solution for model (13). Thus the proof is

complete.

(28)
s.t.

Proof of Theorem 3.

(i).

We solve the following mixed integer programming problem
to evaluate u) :=u, — A" :

7 mi n .
Y, = min 2 i=1.jz0Zi

s.t. pT(u+A"Y+n=0

,OTllj+77+MZj20’ j:],_..,n,j;éo

p>1, n free

zj€{0,1}, j=1,...,n,j#o.
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(29)

Assuming that (p”,7n”,z") is an optimal solution for model
(29), it can be shown that (p”,n” + p”A”,Z") is feasible
for (10). This implies that y;” > y,. To prove that y;’ = yo,
it suffices to show that there exists some J” < J — {0} with
J’| =n — yo — 1 such that u} is efficient in T(J” U {0"}).
Assume on the contrary that for each J” < J— {o} where
U'|=n-y,—1, u) is not efficient in T(J”uU{0”}). This
means that u is not efficient in T(J”) either. Hence, if we
consider the following vector optimization problem:

A

“

max”
(30)

st. (W +A)eT(").

then for each Pareto optimal solution Ay, of (30), we have
Ay >0 and Apr # 0. Then, by setting

A1 =min{Ap | Apis a Pareto-optimal solution of (30)},

it is clear that A; > 0 and A7 # 0. Now, u) + A; is feasible
for (19). Meanwhile, we have u + Ay = (U — A”) + Ay =
u,— (A" —Aq),and A” — Ay < A” <A, A” — A; # A. This
contradicts the assumption of Pareto optimality of A for
model (19), and the proof is complete.

By feasibility of A for (19), it is clear that for each J” such
that J” cJ—{o} and |J’| =n—y,—1, we have (u,— A) €
T(J”). On the other hand, u, — A” is dominated by u, — A.
Hence, for each J” < J — {0} such that |J/|=n—-y,—1, up —
A" is not efficient w.r.t. J” U {0”}. This proves that ¥, > y,.

(ii).
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