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Charge transfer statistics and qubit dynamics at tunneling Fermi-edge singularity.
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Tunneling of spinless electrons from a single-channel emitter into an empty collector through
an interacting resonant level of the quantum dot (QD) is studied, when all Coulomb screening of
charge variations on the dot is realized by the emitter channel and the system is mapped onto
an exactly solvable model of a dissipative qubit. In this model we describe the qubit density
matrix evolution with a generalized Lindblad equation, which permit us to count the tunneling
electrons and therefore relate the qubit dynamics to the charge transfer statistics. In particular,
the coefficients of its generating function equal to the time dependent probabilities to have the
fixed number of electrons tunneled into the collector are expressed through the parameters of a
non-Hermitian Hamiltonian evolution of the qubit pure states in between the successive electron
tunnelings. From the long time asymptotics of the generating function we calculate Fano factors of
the second and third order (skewness) and establish their relation to the extra average and cumulant,
respectively, of the charge accumulated in the transient process of the empty QD evolution beyond
their linear time dependence. It explains the origin of the sub and super Poisson shot noise in this
system and shows that the super Poisson signals existence of a non-monotonous oscillating transient
current and the qubit coherent dynamics. The mechanism is illustrated with particular examples
of the generating functions, one of which coincides in the large time limit with the 1/3 fractional
Poissonian realized without the real fractional charge tunneling.

PACS numbers: 73.40.Gk, 72.10.Fk, 73.63.Kv, 03.65Yz

I. INTRODUCTION

The Fermi-edge singularity (FES) resulting [I, 2] from
the reconstruction of the Fermi sea of conduction elec-
trons under a sudden change of a local potential have
been primarily observed [3| [4] as a power-law singular-
ity in X-ray absorption spectra. A similar phenomenon
of the FES in transport of spinless electrons through a
quantum dot (QD) was predicted [5] in the perturbative
regime when a localized QD level is below the Fermi level
of the emitter in its proximity and the collector is effec-
tively empty (or in equivalent formulation through the
particle-hole symmetry) and the tunneling rate of the
emitter is sufficiently small. Then, the subsequent sepa-
rated in time electron tunnelings from the emitter vary
the localized level charge and generate sudden changes
of the scattering potential leading to the FES in the I-
V curves at the voltage threshold corresponding to the
resonance. Direct observation of these perturbative re-
sults in experiments [6HIT], however, is complicated due
to the uncontrolled effects such as of a finite life time
of the electrons (the level broadening of the QD local-
ized state), temperature smearing and variation of tun-
neling parameters due to application of the bias voltage.
Therefore, it has been suggested [I2] that the true FES
nature of a threshold peak in the I-V dependence can
be verified through observation of the oscillatory behav-
ior of a corresponding time-dependent transient current.
Indeed, in the FES theory [I, 2] appearance of such a
threshold peak signals formation of a two-level system
of the exciton electron-hole pair or qubit in the tunnel-
ing channel at the QD. The qubit undergoes dissipative
dynamics characterized [13, [14], in the absence of the

collector tunneling, by the oscillations of the levels occu-
pation. It should create an oscillating transient current
at least for a weak enough collector tunneling rate. Al-
though a direct observation of these oscillations would
give the most clear verification of the nature of the I-
V threshold peaks, it involves measurement of the time
dependent transient current averaged over its quantum
fluctuations, which is a challenging experimental task. In
the recent experiments [10} [15] [T6] the low-temperature
short noise measurements have been carried out for this
purpose. These measurements showed existence of the
sub and super Poisson statistics of the current fluctua-
tions at the FES and have raised [10, [15] a new interest
[I7] in the qubit dynamics, though their coherency man-
ifestation in the current fluctuations needs to be further
clarified. Also, for this purpose the methods of measure-
ment of the third order current cumulants [I8) [T9] could
be considered.

Therefore, in this work we study quantum fluctuations
of the charge transferred into collector and their reflec-
tion of the coherent qubit dynamics in the FES regime
in the simplified, but still realistic setup suggested earlier
[12, 20], in which all Coulomb screening of sudden charge
variations on the QD during the spinless electron tunnel-
ing is due to a single tunneling channel of the emitter. It
can be realized, in particular, if the emitter is represented
by a single edge-state in the integer quantum Hall effect.
This system is described by a non-equilibrium model of
an interacting resonant level, which can be mapped [12]
onto an exactly solvable model of a dissipative qubit.
Making use of its solution it was demonstrated earlier
that FES in the I-V dependence in this system is accom-
panied for a wide range of the model parameters by an



oscillating behavior [12] of the collector transient current,
in particular, when the QD evolves from its empty state
and that the qubit dynamics also manifest themselves
through the resonant features of the a.c. response [20].

Here we further study quantum fluctuations of the
charge transfer in this model by applying the method of
full counting statistics [21], [22]. For this purpose we de-
rive a generalized Lindblad equation, which describes the
qubit density matrix evolution and simultaneouly per-
mit us to count the tunneling electrons and therefore
relate the qubit dynamics to the charge transfer statis-
tics. From this equation it follows that the generating
function of the charge transfer in an arbitrary evolution
process can be expressed through the generating func-
tion for the process initiating from the empty QD. The
latter is found by dividing the whole process of the qubit
evolution into separate time intervals between the suc-
cessive electron tunnelings. In these intervals dynamics
of the qubit pure states are governed by a non-Hermitian
Hamiltonian. The coefficients of the generating function
equal to the time dependent probabilities to have the cor-
responding fixed number of electrons tunneled into the
collector are determined by matrix elements of the non-
Hermitian Hamiltonian evolution operator and therefore
can be used to extract from them the parameters of this
evolution (the frequencies and the damping rates).

From the linear in time part of the long time asymp-
totics of the generating function logarithm or cumu-
lant generating function (CGF) we calculate the zero-
frequency reduced current correlators commonly studied
in the full counting statistics. Normalized by the average
stationary current, the second order correlator known as
Fano factor F5 predicts existence in this system the para-
metrical regions of the sub Poisson short noise Fy < 1
around the resonance and the super Poisson noise F5 > 1
far from the resonance. Among the generalized higher
order Fano factors given by the normalized higher order
current correlators we examine the third one called skew-
ness and find a small parametric area, where it changes
its sign and becomes negative.

We also study the next order finite term of the CGF
long time asymptotics, which determines the extra charge
accumulation in the transient process, in particular, of
the empty QD evolution beyond the one characterized by
the linear in time cumulants. We establish a direct rela-
tion between the Fano factor and the extra charge aver-
age and between the skewness and the extra charge cumu-
lants. This relation explains the origin of the sub and su-
per Poisson shot noise in this system and shows that the
super Poissonian means existence of a non-monotonous
oscillating transient current as a consequence of the qubit
coherent dynamics.

The mechanism is illustrated with particular examples
of the generating functions in the special regimes, one
of which coincides in the large time limit with the 1/3
fractional Poissonian realized without the real fractional
charge tunneling. This example underlines that observa-
tion of the fractional charge in the Poissonian short noise

is necessary, but not sufficient to prove its real tunneling.

The paper is organized as follows. In Sec. II we intro-
duce the model and formulate those conditions, which
make it solvable through a standard mapping onto the
dissipative two-level system or qubit. In Sec. III we ap-
ply the non-equilibrium Keldysh technique to derive the
generalized Lindbladian equation describing the dissipa-
tive evolution of the qubit density matrix and counting
the charge transferred into the collector. Its properties
are studied. In particular, we find its stationary solu-
tion and the stationary tunneling current and derive a
simple relation between the generating functions of the
charge transfer during the two processes initiating from
the empty and stationary state of the QD as a special
case of the general expression for generating function for
an arbitrary evolution process through the one for the
process initiating from the empty QD.

In Sec. IV we consider the non-Hermitian Hamilto-
nian evolution of the qubit two-level system in between
the successive electron tunneling. Both two-level energies
modified by the collector tunneling rate acquire in general
different imaginary parts. We find the evolution operator
and use its matrix elements to calculate the generating
function for the empty QD evolution. Its coefficients are
studied to relate the time dependence of probabilities to
find the corresponding fixed number of electrons tunneled
into the collector to the qubit evolution.

In Sec. V we calculate the zero-frequency reduced cur-
rent correlators (or current cumulants) defined by the
leading exponent of the generating function independent
of the QD initial state and discuss behavior of the Fano
factor and skewness. We also find the extra average and
second order cumulant of the charge accumulated in the
process of the empty QD evolution which are defined by
the prefactor of the leading exponent. It turns out that
the Fano factors and the extra charge moments are not
independent. To establish connection between them we
make use of the above relation between the two generat-
ing functions.

In Section VI two generating functions are calculated
asymptotically in the two regimes when amplitude of the
qubit two-level coupling is much smaller than the collec-
tor tunneling rate or the absolute value of the QD level
energy and in the opposite limit when the amplitude is
much larger than both of them. Accumulation of the
extra charge in these regimes is illustrated with the cor-
responding transient current behavior. We also calculate
the generating function at the special point of degener-
acy of the two qubit levels energies including their imag-
inary parts. We find that in this special case it takes
the 1/3 fractional Poissonian form, where all probabili-
ties of tunneling of the fractional charges mean tunneling
of the charges integer parts. The large time limit of this
function nontheless coincides with the true 1/3 fractional
Poisson. This example underlines that observation of the
fractional charge in the Poissonian short noise is neces-
sary, but not sufficient to prove its real tunneling. The
results of the work are summarized in the Conclusion.



II. MODEL

The system we consider below is described with Hamil-
tonian H = H,.s + Hc consisting of the one-particle
Hamiltonian of resonant tunneling of spinless electrons
and the Coulomb interaction between instant charge vari-
ations of the dot and electrons in the emitter. The reso-
nant tunneling Hamiltonian takes the following form

Hres = —€adtd+ Y Holtha] +wa(d e (0)+hec.) , (1)

a=e,c

where the first term represents the resonant level of
the dot, whose energy is —e4. Electrons in the emit-
ter (collector) are described with the chiral Fermi fields
Ya(x),a = e(c), whose dynamics is governed by the
Hamiltonian Ho[¢)] == —if dzyp™ (2)d,¢(x) (k= 1) with
the Fermi level equal to zero or drawn to —oo, respec-
tively, and w, are the correspondent tunneling ampli-
tudes. The Coulomb interaction in the Hamiltonian H is
introduced as

He = Uctd (0)¢e(0)(dFd — 1/2) . (2)

Its strength parameter Us defines the scattering phase
variation 6 for electrons in the emitter channel and there-
fore the change of the localized charge in the emitter
dn =0/ (e =1), which we assume provides the perfect
screening of the QD charge: on = —1.

After implementation of bosonization of the emitter
Fermi field v, (z) = \/gnew(f), where 7 denotes an
auxiliary Majorana fermion, D is the large Fermi energy
of the emitter, and the chiral Bose field ¢(x) satisfies
[0:0(x), d(y)] = i2w6(x — y), and further completion of
a standard rotation [23], under the above screening as-
sumption we have transformed [12] H into the Hamilto-
nian of the dissipative two-level system or qubit:

Ho = —eadtd+ Holtbe] + we(vF (0)e*Od + h.c.)
+An(d—d"), 3)

where A = 4/ %we and the time dependent correlator of

electrons in the empty collector (1.(t)F(0)) = §(¢) will
allow us to drop the bosonic exponents in the third term
on the right-hand side in .

III. LINDBLAD EQUATION FOR THE QUBIT
EVOLUTION AND COUNT OF TUNNELING
CHARGE

We use this Hamiltonian to describe the dissipative
evolution of the qubit density matrix p, (t), where a,b =
0,1 denote the empty and filled levels, respectively. In
the absence of the tunneling into the collector at w, = 0,
Ho in Eq. transforms through the substitutions of
n(d—d*) =0y and dtd = (1 — 03)/2 ( 01,3 are the cor-
responding Pauli matrices) into the Hamiltonian Hg of

a spin 1/2 rotating in the magnetic field h = (2A,0, ¢4)”
with the frequency wy = \/4A2 + €4 . Then the evolution
equation follows from

Ohp(t) = ilp(t), Hs] - (4)

To incorporate in it the dissipation effect due to tun-
neling into the empty collector we apply the diagram-
matic perturbative expansion of the S-matrix defined by
the Hamiltonian in the tunneling amplitudes we,
in the Keldysh technique [24]. This permits us to in-
tegrate out the collector Fermi field in the following
way. At an arbitrary time ¢ each diagram ascribes in-
dexes a(ty) and b(t_) of the qubit states to the up-
per and lower branches of the time-loop Keldysh con-
tour. This corresponds to the qubit state characterized
by the pq(t) element of the density matrix. The expan-
sion in w, produces two-leg vertices in each line, which
change the line index into the opposite one. Their ef-
fect on the density matrix evolution has been already
included in Eq. (4). In addition, each line with in-
dex 1 acquires two-leg diagonal vertices produced by the
electronic correlators (v.(to )Yt (t))), o = . They re-
sult in the additional contributions to the density ma-
trix variation: Adpi0(t) = —Tp1o(t), Adipo1(t) =
—Fp()l(t), Aﬁtpu(t) = —2Fp11(t), I = w§/2 Next, to
count the electron tunnelings into the collector we ascribe
[21] the opposite phases to the collector tunneling ampli-
tude w, exp{=£ix/2} along the upper and lower Keldysh
contour branch, correspondingly. These phases do not
affect the above contributions, which do not mix the am-
plitudes of the the different branches. Then there are also
vertical fermion lines from the upper branch to the lower
one due to the non-vanishing correlator (1. (t— )yt (t,)),
which lead to the variation affected by the phase differ-
ence as follows Ad,poo(t) = 2T'wp11(t), w = exp{ix}. In-
corporating these additional terms into Eq. we come
to the Lindblad quantum master equation

diplt,w) = ilp, Hs] — T11){1]p — Do 1) (1]
+20T(0) (L]p]1)/(0). (5)

for the qubit density matrix evolution and counting the
charge transfer. Here the vectors [0) = (1,0)7 and
|1) = (0.1)T describe the empty and filled QD, respec-
tively. It is exact in our model with the Hamiltonian
that takes into account many-body interaction of the QD
with the emitter Fermi sea. In our special case § = —,
the Lindbladian evolution defined by the ordinary differ-
ential equation does not have quantum memory. The
physical reason for this behavior originates from combi-
nation of the two factors: first, the instant tunneling of
electrons into the empty collector and second the perfect
screening by the emitter of the QD charge variations,
which leave no traces in the Fermi sea after each electron
jump. Evolution of the system obeys the Born-Markov
description [27], this type of equations is well known from
the theory of open quantum systems. The first three
terms on the right-hand side of generate the deter-
ministic or no-jump part of the evolution that can be



described with a modified von Neumann equation after
inclusion of the non-Hermitian complements into Hg .
The last term called recycling or jump operator counts
the real electron tunneling into the collector.

Solving Eq. with some initial p(0) independent of w
at t = 0, we find the generating function P(w,t) by tak-
ing trace of the density matrix: P(w,t) = Trlp(w,t)] =
Yoo o Pu(t)w™ and P(w,0) = 1.

A. Stationary density matrix

Making use of the representation py = [14+, a;09]/2,
where 7], I = 1+ 3 are Pauli matrices, and demanding
that the right-hand side of Eq. at w = 1 vanishes
after substitution of pg; in it, we find the stationary Bloch
vector a,, with components a; as follows

[2eqA, —2AT, (€2 + I'%)|T

Ao T T (@ T2 4 2A7) ©)

In general, an instant tunneling current I(¢) into the
empty collector directly measures the diagonal matrix
element of the qubit density matrix [25] through their
relation

I(t) = 2Tp1a (8, 1) = T'[1 — az(t)] (7)

It gives us the stationary tunneling current as Iy =
2I'A?/(2A% + T2 + €2). Since in our model €4 is equal
to the bias voltage applied to the emitter, the current
Io(eq) specifies a symmetric threshold peak in the I — V
dependence smeared by the finite tunneling rates and ex-
hibiting the power decrease as 6;2 far from the threshold.
At T' > A this expression coincides with the perturba-
tive results of [5], 1] and shows the considerable growth
of the maximum current I(0) = w?(D/7T) due to the
Coulomb interaction.

B. Connection to the empty QD evolution

Since the right-hand side of Eq. is the linear trans-
formation of the density matrix we can write it in terms
of the superoperator acting on the Hilbert space of ma-
trices as

dhp = L{w)p = L(O)p + 20T Lp, (8)

where the superoperator £(w) linear dependence on the
counting parameter w is accounted for explicitly with the
jump superoperator:

Lip = 10)(Alp[1){0] - 9)

The evolution operator for the Lindblat equation takes
the following form

t
L) — () |9y 1)F/ dret=TEw) £ T
0
(10)

Hr

- ir

\ €2 +4 12 "

FIG. 1: Two level system with the coupling parameter A
under the bias €¢4. The arrow with <I' illustrates tunneling
from the second well.

Then the Lindbladian evolution of an arbitrary initial
QD state p(0) = po

Do (10,1) = pa(1,1) + (w — 1) / Ar (1t = 7)) popin w0, 7)

(11)
is connected to the evolution of the empty QD state

pi(t,w) = e"0){0]. (12)

via the average transient current (I(¢)),,. Taking trace
of both sides of we find relation between their gen-
erating functions

By (w,t) = 1+ (w— 1) / dr(I1(t = 7)), Pw,7) . (13)

Both relations in Eq. (L1lJ13)) simplify [26] if the initial
QD state is stationary. The first one becomes

pst(w,t) = pst(0) + (w — 1)]0/0 drpg(w,T) (14)

and the second after differentiating it with respect to the
time can be written as

0Pt (t,w) = (w — 1) P(t, w)0(t) , (15)

where the Heavyside step function 6(t) starts count-
ing the charge transfer at t = 0. It is straightfor-
ward to see from Eq. that in the steady process
(Ist = 0,0, P*!(t,1) = Iy and similarly one can obtain
higher order moments of steady charge transfer from this
relation. Therefore, it suffices below to focus our study
on the generating function P(¢,w) for the process start-
ing from the empty QD.

IV. GENERATING FUNCTION AND
LINDBLAD EQUATION

It is elucidative to derive the generating function
P(w,t) directly from the Lindblad equation . We pro-
ceed with this here by solving Eq. perturbatively in



the last term proportional w, which counts the number of
electron real tunneling into the collector. In the absence
of this term the evolution of qubit pure states is defined
by the evolution operator So(t) = exp{—iHrt} with the
non-Hermitian Hamiltonian:

Hr = Aoy + (eq +il)o3/2 —iT'/2 . (16)
The non-Hermicity leads to decrease of the amplitudes of
the pure state in the process of its evolution which is due
to the electron tunneling processes. Then the probability
of observing “no tunneling” equal to the zero term Py(t)
of the generating function expansion reads as follows

Pot)y= 3" Bt =3 [alSo(t)[0)]? .

a=0,1 a=0,1

(17)

Then the generating function comes up as a perturbative
series in w:

P(w,t) = Py(t) + > _(2wl)"

n>1

(18)

t t
x / dtl.../ dtn Po(t — t,) P (b — t_1)- P (1) .
0 tn—1

Applying the Laplace transformation to both sides of Eq.
(I18) one sums up the series and finds the generation func-
tion as follows

Pl - [ et Pt
’ c 2m 1—2wI‘P(§1)(z) 7

(19)

where Péa)(z) stands for the Laplace transformation of
Py (1).

A. Qubit pure state evolution

The operator Sy(t) specifying the qubit pure state evo-
lution between the electron tunnelings into the collector
and defined by Hr in Eq, takes the following explicit

form

1 ,
So(t) = 3 Z e~ (PEpFiwe)t/2 [1 o
+

2Ao01 + (€D + iF)O’g
We + 10

)

(20)
where the parameters w,. and p are the real and imaginary
parts of \/4A2 + (ep +iI')2 equal to

we = \/ Q4 + 41262 + Q2/V2 (21)

u = sgneD\/\/Q‘1 +4T2¢2 — Q2 /V2 (22)

where Q2 = 4A% 4 ¢% -T2, (23)
Note, that

il = /(4402 —T2)2 1 aT22 (24)

The two qubit states corresponding to the energies +w. /2
possess in general different decay rates (I'F 1) /2, respec-
tively. The square root in Egs. has its cut along
the negative real axis. Hence the oscillation frequency
we stays always positive away from the resonance and
sgnu = sgney defines the relative stability of the two
modes in accordance with their relative contribution by
the QD level. Say, if ¢4 > 0 and the level contribution
to the negative energy mode is bigger, the latter decays
quicker than the positive energy mode whose state lo-
cates mostly in the emitter.

The probability Pél)(t) = [(1]So(t)|0)|? of finding the
dot filled without tunneling of electrons during time ¢
follows from Eq. as

_ 2A26—Ft

Pél) (t) = (cosh put — cos wet) . (25)

w2 + p?
In general, it is the combination of the four decaying
modes of the rates I' £ p and I" + iw, due to interfer-
ence in the qubit states evolution, except for at the res-
onance, where either 4 = 0 or w, = 0 and the number
of the modes reduces to three (see below). Its Laplace
transformation is

2A2%x
@+ w2)(@ — 1)

5(1
() = : (26)
where x = 2z +1T.

Similarly  the total probability — Py(¢) =
>, a|So(t)]0)|* of finding no tunneling of electrons
during time t is

RO = sl T (1 ) et
+(pu? —T?) ; (1 + “;) eFiwet] (27)
and its Laplace transformation is
Ao = Gy =
where gg(x) stands for:
g5 (7) = 2% + T2 + (4A% + )z + T'ej . (29)

Note the oscillation frequency w, in Eq. is always
real and positive if €5 # 0. Hence the probabilities Py(t)

and Pél)(t) are oscillating in time outside of the reso-
nance.

Meanwhile at the resonance ¢; = 0 the evolution op-
erator Sop = exp{—iHrt} takes a more simple form and
the transition amplitude becomes equal to

2A
(1]So()|0) = —iﬁe—“” sin(Qt/2) (30)
where Q is a real positive w, = V4A2 — T2, if 2A > T,

and it is pure imaginary = iy, otherwise. Therefore



the transition amplitude and the probability Py(t) are
oscillating everywhere except for on the line A € [0,T"/2]
at €d = 0.

At the degeneracy point 2A = T', when py = w, = 0,
the transition probabilities take the following forms

1 T2 2
Pé )(t) = the_rt, Py(t) = (1 +Tt+ 2t2> e Tt (31)

and eventually result in an integer charge transfer statis-
tics emitating the fractional charge Poisson as we show
below.

In the special limit ' 4+ 63 > 4AZ? corresponding to
the perturbative calculations in [Bl [T1] one finds that the
probabilities time decay of one mode in Egs.
becomes much slower than the others since:

2 2 2 2
e T +O(F2), 2 + T +O(F2), (32)

where we use 2I'A? /(I'? + €2) = [, < 2T, and the prob-
abilities converge to their single slowest mode contribu-
tions:
_ 2 2, 2
B AZ2e—20A% /(D +el) () = 6—2FA2t/(F2+eﬁ)

1)
PO (t)_ F2+€?l ) P

(33)
at the long enough time ¢I" > 1. The generating function
in Eq. for this probability approximations reduces
to the pure Poissonian P(w,t) = exp{(w — 1)Ipt}.

In the opposite limit T'? 4 €2 < 4A? the expressions in
Eqgs. are approximated as

2712
_ %
4A2

wl=4A*+ & -T2, 12 <TI?. (34)
This probability modes behavior demonstrate that in
spite of the large energy split both qubit states have the
very close decay rates and both are characterized by the
approximately equal 1/2 probabilities of the QD occupa-~
tion.

B. Generating function

_ Substitution of the Laplace transformations P}(z) and
P} (z) from Eqgs. (28l26)) into brings us the genera-
tion function as follows

dze®t P 2 2Y(2 _ 2
P(t,w) :/ e Pl fwe )@ —p)
o 2w (2?2 +w?2)(x? — p?) — AT A2wz
(35)
where the denominator under the integral can be re-
written as

ot (A% + 2 —T?)2? —4A Twr —T2€% = py(z, w) (36)

and the nominator is equal to gg(z +I') from Eq. (29).
First, we use this expression to calculate the non-zero
n coefficients of the expansion of the generating function

P(w,t) = P,(t)w", which specify the time dependence
of the probabilities of finding exactly n electrons tunneled
in the collector during time t.

dze®

Pn(t) = ethL o Qn(x) ) (37)

where Q. (x) are

(4A2Tz)" (3(T 4 z) + z (4A% + 22 + T'x))

(€2 (22 — T2) 4 22 (~T2 4 4A2 4 22))"H!

(38)
Note, that Qo(z) = Py(z) at z = x + I'. Closing the
contour C of the integral in Eq. in the left half-
plane and counting the residues of its four degenerate
poles we find for arbitrary n

Qn(z) =

2

P, (t) =e 1! Z res[e’™ Q. (x)]; x = £, Fiw, (39)
I=—1

where res[e!® Q,,(z;)] are residues of the e'*Q,,(z) at x =
2;. Behavior of the first five P, (¢) is depicted in Fig.
It shows their visible w, frequency oscillations and the
exponential decay rate. Therefore, observation of the
fixed number electron tunneling permits us to extract
a direct information of the qubit evolution ruled by Hr
including the energy split w, of the qubit states and their
decay rates I' & p.

In order to evaluate P,(t) in Eq. at large t or
large n one can use the saddle point approximation [30].

1

SO Y -
2S" (x)

et Qn(zs) , (40)

where S(z) = tx+1In[Q,(x)] and the saddle points x5 are

defined by the condition S’(z) = 0. It reads as
e? — 22 (T + 2x5)

(T + z5) (€2 + 22) + 4A%z4

(n+1)2 (T2 + «2)

Tt =

1 41
nl (22 = T2) (€2 + 22) + 4A222 (41)
and at large n yields the equation
1 2 (T2 + a7 t
(Peg + 27) - (42)

7 @ -T2 (@1 a2) 1 4A%2] il

The largest real root of this equation xsy > u corresponds
to the major saddle point, which is the left green cross
shown in Fig. (2)). It is convenient to use zs as pa-
rameter and draw parametric plot with ¢ defined by Eq.
and P,(t) by Eq. (40). The results are shown in
Fig. as the thin curves of the same color for each n.
This approximation works well at large ¢ for any n and
at large n for arbitrary t, however it does not show the
probability oscillations. The contribution to the integral
that generates oscillations comes from the two com-
plex conjugate roots 1,2 of Eq. with positive real



part. In Fig. they are shown as the green crosses near
the poles +iw.. Bending the integration contour along
the steepest descent paths we get two additional contri-
butions similar to to the integral from these
saddle points. The amplitude of the oscillations is

APty =€ (43)

1 xs1t
m|€ Qn(xsl)| :

Near its maximum the expression allows further sim-
plification and reduces to the Generalized inverse Gaus-
sian distribution of variable n at a fixed moment of time

[31]

1 1 (n —tlp)?
PG ) = — — 44
" ( ) Iy /2o exp[ ZTLUIg ], ( )

with the mean value ng = tIy and the variance var =
802 + 2to /Iy, where

I —2I2A2 + 2 (12 + 3A?) €3 + €5 + 4A*
7 ATZAT (45)

The asymptotic expression is a Gaussian function
of time that satisfies, in fact, the general relation

| Pty = Qury = 1 (46)

which follows from Eq. ( as a direct consequence of
pa(x, w) being linear in w and p4(I",1) = 0. The integral
in gives us a visibility time frame for observation of
the fixed number tunnelings.

V. CURRENT CUMULANTS AND TRANSIENT
EXTRA CHARGE

Next, we avail of the generating function ( in
the standard way to obtain the average moments of the
charge distribution and its cumulants. The latter grow-
ing linearly with time are particular convenient to char-
acterize the long time behavior of the charge distribu-
tion, while the formers describe the transient behavior of
the charge distribution and, in particular, the oscillatory
transient current [12].

The suitable P(w,t) expression follows from calcula-
tion of the integral in Eq. by closing the contour
C in the left half-plane and counting the residues of the
four integrand poles defined by the roots z;, | = —1 +2
of py(z) in Eq. . which results in

2

P(t,w) = Y q(w)exp[(zi(w) =T)t]. (47

I=—1
Here the coefficients

T+ ey +Taf + 40 + o
2y (€2 — T2 4+ 4A2%) + 4} — AT A2w

q(w)
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FIG. 2: Contour plot of Re[S(z)] as a function of complex
variable x forn = 5,¢t =4.5,T =1, ¢43 and A = 2. The green
crosses show roots of Eq. [f2]and the points in the blue circles
are poles of the function @Q,(z). The thick dashed curve is
the integration countour C. The red curves with arrows show
the steepest descent path for the contour transformation.

do not depend on time and should meet the following
conditions:

2 2
oy, Z q(w)=0=0, Z q(w)zy(w)|y=1, n>1.
I=—1 1=—1

(49)
The first of these restrictions stems from the normal-
ization P(w,0) = 1, while the second equation reflects
that the process starts from the empty state of QD,
since the moments of the transferred charge are given
by (N"(t)) = (wdy)"P(t,w) at w = 1. It also means
that the sum on the right-hand side is a constant around
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FIG. 3: Plot of the probabilities P, in Eq. @ as a function
of ¢t for ¢4/T = 3 and A/T = 2. The red, brown, green, blue,
purple and grey lines correspond to the parameter n = 0, 1,
2, 3, 4, and 5. The thin curves of the same colors illustrate
Eq. for the same parameters n, €4/I" and A/T.

w = 1.

The long time behavior of the moments is determined
by the term in Eq. with the main root xg(w) expo-
nent, where

2o(l) =T and ¢o(1)=1. (50)

The other exponents in Eq. contribute to the tran-
sient behavior of the transferred charge moments and
specify, in particular, the transient current time depen-
dence (I(t)). From calculation of the transient current in
[12] we conclude that ¢;(1) =0, if [ # 0, and

(1) = z(1) + > q/(1)(a(1) = T) exp[(ai(1) - T)1]
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(51)
Although the prefactor go(w) at the main exponent in
Eq. does not contribute to the transient current it
contains information of the total charge accumulation.
Indeed, integrating the right-hand side of Eq. over
time and using the relation one finds the transient
extra in the long time asymptotics of the average charge
as follows

G(N(t)) = (N(t)) —tlo < qp(1) ,t > 00 (52)

Direct differentiation of Eq. gives us the explicit
expression for the average extra charge:

A2(e2 — 372)

!
qo(1) = ;
o) = @ T oAz

(53)

which is negative near the resonance and becomes pos-
itive if 63 exceeds 3I'2. As the integral of the function
(I(t)) — Iy the average extra charge can be positive only
if the transient current (I(t)) varies from (I(0)) = 0 to
(I(0)) = Iy non-monotonically and grows bigger than
Iy at some times. This occurs in our system because of
the oscillating behavior of the transient current as will

be illustrated later on examples in Special regimes. Sim-
ilarly can be found higher cumulants of the extra charge
fluctuations, which we discuss below.

A. Zero frequency current cumulants

The leading asymptotics of In P(w,t) at large ¢ and
w = 1 is specified by the largest root of p, as

In P(t,w) < t[zo(w) — '] + Ingo(w). (54)

Then zo(w) serves as the CGF and the reduced zero-
frequency current correlator or cumulant of the nth order
is ((I")) = (WO )" xo(w) at w = 1.

Since the explicit analytic expression for the root is
too cumbersome, we will calculate the cumulants ((I™))
through the root Taylor expansion around w = 1 in the
following form:

zo(eX) =T+ Y ((I")) (ix)"/n!. (55)

Normalizing the results F,, = ((I")) /Iy we find the Fano
factor equal to:

2A2(e2 — 3I?)

=1
R P Y )

(56)

and its behavior is shown in Fig. (4).

This expression shows the clear border €% = 3I'? be-
tween the sub-Poissonian current fluctuations near the
resonance at €4 = 0 and the super-Poissonian ones far
from it. From comparison of Egs. and we con-
clude that

Fy =1+ 25 (N(c0)). (57)

The reason for this seemingly accidental relation between
the Fano factor and the average extra charge will be clar-
ified below. The Fano factor F5 reaches its minimum
F, =0.25at ¢g = 0 and A = T'/+/2 and it asymptotically
approaches its maximum Fy — 1.25 as €5 = v2A — oo.

The third order normalized commulant called skewness
is equal to

48 (AT A% + A2 A0 + A8)

(2 + €2 +2A2)4
6A? (eh — 3T* — 22I2A% — 2 (T? — A?%) €3 — 4A%)
(T2 4+ 2 + 2A2)3

Fy=1+ (58)

and depicted in Figs. . Among the special fea-
tures of its behavior we observe a small parametric area,
where the skewness is negative, and also appearance of
a plateau in its parameter dependence at the degener-
acy point 2A =T, ¢4 = 0 characterized by the transition

probabilities in Eq. .



- - - - >
0.5 1.0 1.5 2.0

FIG. 4: Plot of the Fano factor F in Eq. [56] as a function
of A/T. The red, yellow, green, light blue and blue lines
correspond to the parameter ¢4/T" = 0, 0.5, 1, 1.5, and 2.
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FIG. 5: Plot of the skewness F3 in Eq. as a function
of A/T. The red, yellow, green, light blue and blue lines
correspond to the parameter ¢4/T" = 0, 0.5, 1, 1.5, and 2.
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FIG. 6: Plot of the area where the skewness F3 in Eq. is
negative as a function of A/I" and eq/I". The black pentagon
with white point indicates its absolute minimum.

B. Transient extra charge fluctuations and Fano
factors

As follows from Eq. the long time asymptotics of
the cumulants of the transferred charge statistics:

(N"(1))) =< tloFry + (w0)" In go(w) =1 (59)

contains besides the terms growing linearly in time and
defined by the Fano factors F,,, the additional non-
universal contributions due to the transient extra charge
accumulation depending on the initial state of QD. The
extra charge cumulants are defined by their CGF In go(w)
and could be formally considered as a result of an inde-
pendent additional charge transfer process. This process,
however, does not make a clear physical sense as the extra
charge second order cumulant

oy dw(dnfge])  Io* (e —30%) (I +¢€7)°
o <<N >> - dw? - 16F4A6
Io* (250" — 54T%€2 + €f)  Io* (712 + 3€2)
1604 A4 B 4T4A2 (60)

is not always non-negative.

The expression for the long time asymptotics of the
transferred charge cumulants analogous to Eq. (|59 can
also be written for the steady evolution process starting
in the stationary QD state. However, in this case there is
no additional average charge accumulation (N (t)), = Iot
and hence q;, o(1) = 0. Making use of the general relation
between the generating functions for both processes we
substitute their asymptotics into Eq. ( and find
that

zo(w) =T = (w — 1) Logo(w)/gst,0(w). (61)

Taking the second derivative of this equation with re-
spect to ix at w = exp(iy) = 1 we come to the relation
Fy =14 2q}(1) derived earlier in between the Fano
factor and the extra transient average charge J (N (c0))
as defined in Eq. . This relation explains, in particu-
lar, that the super Poissonian current fluctuations in this
system occurs due to an excess of the average transient
charge accumulated in the tunneling process initiated in
the empty state of QD, contrary to the more common sub
Poissonian current shot noise, which happens if there is
a deficit of this average charge. Moreover, since the ex-
cessive average charge needs a non-monotonous time de-
pendence of the transient current, the emergence of the
super Poissonian noise is a finger-print of the qubit coher-
ent dynamics in the system and an oscillating behavior
of the transient current.

Taking the third derivative of Eq. ( we can write
the third order Fano factor in the following form

3

Fy =1+ J[FF —1]+3[0 (V) =6 (N?)),] . (62)
which relates the skewness to the difference in the tran-
sient extra charge fluctuations in the two processes. Al-
though the second term on the right-hand side in



is negative for the sub-Poissonian noise, the whole skew-
ness also becomes negative only when the second order
cumulant defined by § ((N?) . = ((N?(t))),, — loFat
at large t and characterizing the extra fluctuations of
the charge accumulated in the steady evolution pro-
cess is much bigger than the corresponding cumulant
§ ((N?)) = ((N2(t))) — Io Fat at large t of the extra charge
fluctuations in the case of the evolution process starting
from the empty QD. The area where F3 < 0 is shown on

Figle]

C. Special regimes

From the p4(z) expression in the integrand denomina-~
tor in Eq. we find the linear in w dependence of the
roots as xg 2 = £u+x,(0)w and 241 (w) = Hiwe—x5(0)w,
where

, 2A%
xO(O) - wg +/J'2 (63)
is well defined except for at the degeneracy point.

The linear root approximations can be extended up to
w =1 if 23(0) < |p],we. This limits their applicability
to I'? 4+ €2 > 4A?, where z{(0) = 2A%T'/(I'? + €2) ~ I.
Making use of these root approximations in calculation
of the Laplace transformation in Eq. we find

A2(w— 1) (¢ — 3T2)
@+ a)?

P(t,w)= |14

‘| etlo(w—l) (64)

T2A2 (w — 1)6*(Iow+r)t Z [1 N iid} eFitea(1+1o/T)
(T2 +€2)2 r
AQ(w o 1)et(Io(w+1)72F)

B 2 12
2+ & +O(15/T7).

+

The main exponent in Eq.( coincides with the Pois-
sonian defined by the single long living mode of the prob-
ability Py(t) in (33). The prefacot at the main exponent
shows that due to the charge accumulated in the tran-
sient regime of I't < 1 this Poissonian eventually acquires
an excessive charge of one binomial attempt in the long
time limit for €2 > 30 and the lack of it, otherwise. The
first regime is the super-Poissonian in agreement with
Eq. and the other is the sub-Poissonian. To clarify
the physical mechanism of transition between these two
regimes we exploit the generating function asymptotics
(64] ) to calculate the deviation of the transient current
from its long-time stationary limit

(6I(t)) = Io[e 2" — 2cos(eqt)e M + O(Io/T)] , (65)

which shows how increase of the frequency of the current
oscillations in comparison to the decay rate diminishes
contribution of the oscillating term on the right-hand side
of ) into the extra charge accumulation and makes the
average extra charge excessive.
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In the opposite regime of large A, where ['*+¢5 < 4A?%
the roots dependence on wh starting from their ini-
tial values in Eq. can be found with increase of
w in py(x) in the following way. z4(w) due to their
large imaginary parts undergo just the linear shift as
z+(w) = fiwe — T'w/2. Meanwhile the x( 2 dependences
are essentially non-linear and at w = 1 are given by

Ie? Tw

_ 2 2 2\ 2
—4A2w, xo—m(4A —€d+(1—w )F )—.132.

(66)
Making use of Eq. with these roots approximation
under condition €2 > I'? we find the asymptotics of the

generating function in this super Poissonian regime as

Xro =

2
T+ %00t

e2(w — 1e
P(t,w) = — al 4102 A + (67)
I (R AW (o [ I CE O
4A22

-T 242w 1
4FA2(w—1)sin (t €3+4A2>e (F3+4A2+ )t
(€2 +4A2)3/2

The long-time behavior of the generating function spec-
ified by the leading exponent in ) presents the to-
tal tunneling process as a combination of the two inde-
pendent processes. Those are the main Poissonian of
electrons tunneling characterized by the tunneling rate
I'[1—€2/(4A?)] and its weak counterpart Poissonian of
holes tunneling with the small rate T'e2/(4A?), which de-
velops as the level position deviates from the resonance.
This makes the total process super Poissonian since the
total average current comes as difference of the tunneling
rates, while the total noise is their sum.

The deviation of the transient current from its long-
time stationary limit follows from as

62 P 52
Fe?ie*”(Hﬁ) 4FA267Ft(%78Ad?)

We

cos(wet) .

(68)
Its integration over time shows that high frequency oscil-
lations of the second term make the first term contribu-

tion into the average extra charge prevail with the result:
(0N (00)) = (€7 — 3I'%)/(4A2).

At the resonance we find from Eq. (36] ) that
pa(x, w) = xps(x), where
p3(x) = 2% + (4A% —T?)z — 4A°Tw (69)

and besides the root x5 = 0 the three other roots read
[28] as follows

1
3

T = I‘Zei¥ (2A%w + \/4A%w2 + [(4AZ — 1)/3]3)
+

(70)
where Ar = A/T. The cumulant generating function is
4T2AZ + T + 3

In P(t,w) < t(xg —T) +1
n Pt w) = tao = L) 4 I g Ar Ty a2

(71)




In both limits Ar < 1 and Ar > 1 it takes the Pois-
sonian form In P(t,w)/t =< Iplw — 1] with the average
current Iy = 2A2/T and Iy = T, respectively.

At the degeneracy point of the qubit modes when 2A =
I, eq = 0, the four roots of ps(z,w) follow from Eq.
as x; = e /3Tw!/3 xy = 0. With gp(z) defined in Eq.
the generating function comes up after taking the
Laplace transformation integral in the form:

1 2wy 1 amg 2 i2r L
(w =+ et Flys + elewg)eFt(e 3 w3 —1)
P(t,w)= E .

3w
I=—1

(72)
For w in the sector around the real positive axis this
function converges at large time to the Poissonian of the
fractional charge 1/3 modified by an independent tun-
neling of one and two fractional holes, which leads to the
1/3 deficit of the average Poissonian charge. Since all
zero-frequency current cumulants are defined by the gen-
erating function asymptotics at w = 1 and large t (see
below) they all coincides with the Poissonian cumulants
equal I'/3™ in the nth order as if we observe the fractional
charge tunneling process.

However there is no fractional charge tunneling in the
complete generating function in Eq. because the 27
periodicity with respect to the w phase guaranies that
P(t,w) remains the integer function of w. Calculating
its coeflicients as

(Ft)?m (Ft)SnJrl

N N (Ft)3n+2
3n! (3n+1)!

(3n +2)!

P, (t)= ( >e“ (73)

we find the explicit expansion of the complete generating
function in the following form:

e Tt)™
P(t,w)=e T Z %w[m/g] ) (74)

m=0
where [z] denotes the integer part of = or its antie func-
tion. It is a reduced Poissonian distribution due to un-
successful tunneling attempts by the fractional charges.

VI. CONCLUSION

Tunneling of spinless electrons through an interacting
resonant level of a QD into an empty collector has been
studied in the especially simple, but realistic system, in
which all sudden variations in charge of the QD are effec-
tively screened by a single tunneling channel of the emit-
ter. This system has been described [12] with an exactly
solvable model of a dissipative two-level system called
qubit. Its matrix element A of the coupling between the
two-level states is equal to the bare emitter tunneling rate
T'. renormalized by the large factor /D/(wT'.), whereas
the damping parameter I' coincides with the tunneling
rate into the collector.

The exact solution to this model was earlier used to
demonstrate that the coherent qubit dynamics expected
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in the FES regime should manifest themselves in an oscil-
lating behavior [12] of the average collector transient cur-
rent in the wide range of the model parameters and also
through the resonant features of the a.c. response [20],
though the experimental observation of these manifesta-
tions could be a difficult experimental task. Therefore, in
this work we have studied more relevant electron trans-
port characteristics to the modern experiments including
Fano factor of the second [I0] and third (skewness) or-
ders [18, [19]. In particular, we have clarified a possible
mechanism leading to appearance of the sub-Poisson and
super Poisson shot noise of the tunneling current as it
has been observed in the recent experiments [I5] [16] in
the FES regime.

In this work we have used the method of full count-
ing statistics to calculate the generating function of the
distribution of charge transferred in process of the empty
QD evolution, which is governed by the generalized Lind-
blat equation. This equation describes the whole pro-
cess as a succession of time periods of the non-Hermitian
Hamiltonian qubit evolution randomly interrupted by
the electron tunneling jumps from the occupied QD into
the empty collector. The qubit density matrix evolu-
tion during each of these periods has been described as a
four mode process, two modes of which are oscillating
with opposite frequencies and the same damping rate
I'" about everywhere except for at the exact resonance
€g = 0and I' > 2A . As a result the time dependent
probabilities P, (t) to have a certain number n of elec-
trons tunneled into the collector, which are determined
by the matrix element of the density matrix undergoing
the non-Hermitian Hamiltonian evolution, are also oscil-
lating except for the same infinitely narrow parametric
area. These oscillations are better visible at small time
and therefore for P, (t) with small number n, since the
slowest damping mode is not oscillating. Note, however,
that the frequency of these oscillations is different from
the one of the transient current: Both are the transforma-
tions of the two-level energy split of the isolated qubit by
the dissipation, though the first one accounts for expec-
tation for the electron tunneling into the collector, but
without its real occurrence, meanwhile the second one is
due to both effects.

The four modes of the Hamiltonian evolution of the
qubit density matrix lead to a general representation of
the generating function as a sum of the four exponents
with linear in time arguments, which are multiplied by
the exponent prefactors. The long time behavior of this
function with the counting parameter w ~ 1 is deter-
mined by the leading exponent term. Its logarithm gives
us the long time asymptotics of the CGF consisting of the
two parts, which describe two independent contributions
into the transferred charge fluctuations. The part lin-
early growing in time defines the zero-frequency current
cumulants and has been used to calculate the Fano factor
and the skewness. It does not depend on the initial state
of the QD and hence on the transient evolution behavior.
Contrary, the other part given by the prefactor logarithm



depends on the QD initial state and has been used as the
CGPF of the transient extra charge fluctuations.

Our calculation of the Fano factor has shown emer-
gence of the sub Poissonian behavior of the current fluc-
tuations near the resonance which changes into the super
Poissonian as the level energy moves out of the resonance
and €2 > 3I'2. On the other hand, from our considera-
tion of the extra charge CGFs we have found the simple
linear relation between the Fano factor and the average
transient extra charge accumulated during the empty QD
evolution. It explains that the sub and super Poissonian
steady current statistics correspond to the transient ac-
cumulation of the negative and positive average extra
charge, respectively. Moreover, the positive average ex-
tra charge can be accumulated only if the transient cur-
rent is non-monotonous in time. Therefore, emergence of
the super Poissonian steady current fluctuations signals
an oscillating behavior of the transient current and the
qubit coherent dynamics according to this model of the
FES.

We have also calculated the skewness and found that it
changes its sign and becomes negative in the small area
near the resonance, where |e;| < I' and 0.6 S A/T" < 1.8.
We have understood this behavior through comparison
of the extra charge CGFs for the QD evolutions start-
ing from its empty and stationary states, which has re-
lated the skewness to the difference between the two ex-
tra charge cumulants of the second order characterizing
difference between the total charge noise in these two
processes. This relation has shown that the skewness be-
comes negative in the sub Poissonian regime, if the total
charge noise developed in the stationary state evolution
is much bigger than the one in the evolution of the empty
state.

These relations between the steady current fluctua-
tions and the extra charge accumulation have been illus-
trated with particular examples of the generating func-
tions in the special regimes. The two generating func-
tions have been calculated asymptotically in the regimes
when amplitude of the qubit two-level coupling is much
smaller than the collector tunneling rate or the absolute
value of the QD level energy and in the opposite limit
when the amplitude is much larger than both of them.
Accumulation of the extra charge in these regimes is illus-
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trated with the corresponding transient current behavior.

We have also calculated the generating function at the
special point I' = 2A at the resonance, when the two
qubit levels energies including their imaginary parts are
equal. We find that in this special case it takes the 1/3
fractional Poissonian form, where all probabilities of tun-
neling of the fractional charges mean tunneling of the
charges integer parts. The large time limit of this func-
tion, nontheless, coincides with the true 1/3 fractional
Poisson. This example underlines that observation of the
fractional charge in the Poissonian shot noise is necessary,
but not sufficient to prove its real tunneling.

We have performed our calculations in dimensionless
units with 7 = 1 and e = 1. In order to return to the
SI units the current Iy should also include the dimen-
sional factor e2/h =~ 2.43 - 1074S, if I', A, and ¢4 are
measured in volts. In the experiments [11], [29] the collec-
tor tunneling rate is I' = 0.1meV and the coupling pa-
rameter A =~ 0.016meV. To observe the special regime
of Egs. one can increase the collector barrier
width to obtain a heterostructure with A = 0.016meV
and I' = 2A =~ 0.032meV. Its stationary current at the
resonance is Iy = 2.6 nA and the zero frequency spectral
density of the current noise measured in experiments as
So = 2le|IpF> with the above dimentional Iy and Fj from
Eq. ) is Sp ~ 2.76-1072 A2/ Hz. With increase of |ey]
the current [y is decreasing, whereas Sy grows up to its
maximum Sy &~ 4.2-10728 A2 /Hz at |eq4] ~ 0.027meV. At
larger |e4| the current shot noise becomes super Poisso-
nian with its zero frequency spectral density approaching
So = 2.5]e|I. According to Ref. [20] the finite frequency
spectral density S, varies less then 20% if w < I'/(2h).
Since the frequency corresponding to the above value of
Iis wr ~ 5-10% 7!, we can consider the frequency w
low enough to evaluate Sy, if w/(27) is below 4 GH z.
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