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I. INTRODUCTIONThe theoretical understanding of the learning dynamics of multilayer feedforward percep-trons (MLPs) has attracted widespread interest due to their universal approximation ability[1] and their subsequent paramount use in practical applications. Until recently progresshas been hampered by the inability to perform the necessary (quenched) average over thetraining set in order to study their performance independent of the particularities of anindividual training set. A method to overcome this problem has been introduced recentlyin [2]. It studies on-line learning in two-layer networks with an arbitrary number of hiddenunit, allowing insight into the learning behavior of neural network models whose complexityis of the same order as those used in real world applications.The on-line learning paradigm, whereby the network parameters are updated seriallyafter the presentation of each single example, allows to avoid the di�culties of averagingover a whole (�nite) training set necessary for the more commonly studied batch learningalgorithm, where all examples are used simultaneously to update the network parameters.The network model studied in particular, the soft-committee machine [3], consists of a singlehidden layer with adjustable input-hidden, but �xed hidden-output weights. The averagelearning dynamics of these networks are calculated in the thermodynamic limit of in�niteinput dimensions and in a student-teacher scenario, where a student network is presentedwith training examples (��; ��). The input vectors �� are Gaussian random variables andthe outputs �� are labeled by a teacher network of the same architecture but possibly witha di�erent number of hidden units. Although the framework allows in principle for any on-line learning algorithm to update the student parameter; gradient descent on the squaredexample error is studied here.The above learning scenario is already quite similar to the problems faced in the realworld, but the approach still su�ers from several drawbacks. First, the analysis of themean learning dynamics relies on the thermodynamic limit of in�nite input dimension | aproblem which has been addressed in [4], where �nite size e�ects have been studied and it2



was shown that the thermodynamic limit is relevant in most cases. Second, examples are notresampled, describing a scenario with an unrealistically large training set compared to mostreal cases, where training examples are scarce and therefore repeatedly cycled over. Thisproblems has so far proved evasive, although the issue has been considered at least for thelinear perceptron [5]. Third, the hidden-output weights are kept �xed, a constraint whichhas been relaxed in [6,7], where it has been shown that the learning dynamics are usuallydominated by the input-hidden weights. Fourth, the biases of the hidden units are �xed tozero, a constraint which is actually more severe than �xing the hidden-output weights. Onecan show [8] that soft-committee machines are universal approximators provided one allowsfor adjustable biases in the hidden layer.In this paper, we address the fourth limitation by studying the model of a normalized soft-committee machine with dynamic biases following the framework set out in [2]. In Sect. IIthe model is de�ned and the calculation of the di�erential equations governing the trainingevolution is derived. In Sect. III numerical studies of a few typical learning scenarios arepresented to show the qualitative di�erence in the dynamics to the model with �xed biases,most notably the emergence of attractive suboptimal network con�gurations. These andtheir dependence on the teacher task, the in
uence of weight and bias initialization, and thechoice of the learning rates for weights and biases will be studied in Sect. IV. We will also setour results in context to previous works on weight initialization which devised heuristic rules.In Sect. V the optimal learning rates are calculated analytically for arbitrary network sizeand a range of teacher tasks for the convergence phase, where the student network is closeto the optimal solution. In Sect. VI we will outline possible extensions of this framework0and in particular brie
y assess the impact of unrealizable teacher rules. This is followedby a summary and discussion of the main results in Sect. VII.
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II. DYNAMICAL EQUATIONSThe student network considered is a normalized soft-committee machine of K hiddenunits with adjustable biases. Each hidden unit i consists of a bias �i and a weight vectorW iwhich is connected to the N -dimensional inputs �. All hidden units are connected to a linearoutput unit with arbitrary but �xed gain 
 by couplings of �xed strength. The activation ofany unit is normalized (by the inverse square root of the number of weight connections intothe unit) allowing all weights to be of O(1) magnitude, independent of the input dimensionor the number of hidden units. Note that this is in contrast to most other on-line learningliterature (e.g., [3]); however, this makes the necessary scaling of the learning rates moreexplicit and leads to more elegant results for optimal learning rates. The implementedmapping is therefore fw(�) = 
pK KXi=1 g (xi � �i) ; (1)where xi =W i � �=pN is the student activation and g() is a sigmoidal transfer function.Note, although the biases add only K degrees of freedom to the network, their in
uence onthe hidden unit response is still of the same order as the complete weight vector.The map f0 to be learned is de�ned by a teacher network of the same architectureexcept for a possible di�erence in the number of hidden units M and is de�ned by theweight vectors Bn and biases %n (n = 1; : : : ;M). Training examples are of the form (��; ��),where the components of the input vectors �� are drawn independently from a zero-meanGaussian distribution with arbitrary variance �2 and the outputs are labeled by the teacheraccording to �� = 
pM MXn=1 g (y�n � %n) ; (2)where y�n = Bn � ��=pN is the activation of teacher hidden unit n. Note that we will useindices i; j; k; l to refer to units in the student network and n;m for units in the teachernetwork. 4



In on-line learning the student parameters 
, i.e., all weights and biases, are modi�edto reduce the error the student makes on a presented single example (��; ��)�(
; ��) = 12[�� � fw(��)]2: (3)Gradient descent on the error (3), in this scenario commonly identi�ed with back-propagation [9,10], results in updates of the student parametersW �+1i �W �i = �w��i ��pN ; (4a)��+1i � ��i = ���N ��i ; (4b)with ��i = ��g0(x�i ) = [�� � fw(��)] g0(x�i ); (4c)where g0 is the derivative of the activation function g. The two learning rates, �w for theweights and �� for the biases (which has been rescaled explicitly by 1=N), have to be set bythe user to ensure both fast training and convergence to a minimum of the generalizationerror.The above Markovian stochastic dynamics (4) are hard to solve generally since this ne-cessitates solving a master equation for the time evolution of the weight and bias probabilitydistributions. Usually approximations such as small learning rates must be employed [11]to make any progress.However, one is ultimately interested mainly in the typical performance of the studentnetwork on a randomly selected input example given by the generalization error�g(
) = h�(
; �)i� : (5)Since the dependence of the inputs enter only through the student and teacher activationsx = (x1; : : : ; xK) and y = (y1; : : : ; yM), the probability of � can be rewritten in terms of ajoint probability distribution in the activations. The resulting distribution is Gaussian withzero mean as hxii� = hyni� = 0 and a covariance matrix C whose components are given bythe order parameters describing the overlaps between student and teacher nodes:5



hxi xji� = �2NW i �W j� Qij; (6a)hxi yni� = �2NW i �Bn� Rin; (6b)hyn ymi� = �2NBn �Bm� Tnm: (6c)Since also the weights solely enter through the activations, the generalization error must bea function of these order parameters and the biases �i and %n only. This provides the moti-vation for replacing the di�erence equations (4) for the weights W i by di�erence equationsfor Qij and Rin, which replace the W i as dynamical variables, whereas the Tnm are �xedand given by the task.In the thermodynamic limit (N !1), the dynamical order parameters Qij and Rinbecome self-averaging with respect to the randomness in the training data, i.e., their prob-ability distributions become �-functions at their mean value, and it is su�cient to studytheir mean evolution by averaging over the input distribution or rather the joint Gaussiandistribution of the activations.Although it is known that self-averaging holds for overlap-type order parameter dynam-ics, this is not entirely self-evident for the bias dynamics and one anticipates that the updatesof the biases have to be of O(1=N), i.e., the bias learning rate needs to be scaled by 1=N .This has been con�rmed by extensive simulations for a number of �nite system sizes Nwhich conclusively show that the bias dynamics are also self-averaging and their variancesexhibit a 1=N scaling behavior. For the details of the simulations we refer the reader toSect. III. In the case of adjustable hidden-output weights, a rigorous proof (which can beextended to apply to biases) for self-averaging for O(1=N) updates is given in [7].If one further interprets the normalized example number � = �=N as a continuous timevariable, the di�erence equations can be conveniently rewritten as �rst-order coupled di�er-ential equations dQijd� = �w h�ixj + �jxii� + �2w h�i�ji� ; (7a)dRind� = �w h�iyni� ; (7b)6



d�id� = ��� h�ii� : (7c)The scaling of the bias learning rate with 1=N may suggest that the dynamics of the biasesand the weights are mismatched in this framework for at least some of the learning stages,leading to an optimal learning rate for the biases at in�nity. This e�ect has already beenobserved in the case of adaptive hidden-output weights [7].For dynamics on di�erent time scales or di�erent order of learning rates, it is natural toapply the method of adiabatic elimination [12] to the fast variables, here the hidden-outputweights or biases. In this approximation, it is assumed that the fast variables driven bythe large learning rates are forced to relax to an attractive �xed point of the their dynam-ics assuming the slow variables, i.e., input-hidden weight order parameters, to be constant.This method has already been employed successfully for adaptive hidden-output weights [7],where it has been shown also that the ensuing dynamics for the order parameters are againself-averaging. One can further show [13], that adiabatic elimination for the hidden-outputweights is not only locally optimal by minimizing the generalization error with respect to thehidden-output weights instantly but also globally optimal. In the case of adiabatic elimina-tion of the bias dynamics, neither can be shown since the equilibrium values of the biases arecalculated from a set of nonlinear equations, whereas the equilibrium of the hidden-outputweights is given by a set of linear equations. Furthermore, the solution of the nonlinearset of equations does not necessarily need to be unique, a problem which can be removedby demanding that the bias dynamics should relax dynamically to an attractive solutionfrom their previous equilibrium values. A detailed treatment would therefore go beyondthe scope of this paper although we will present some results derived by this approximationwhere deemed appropriate.Most integrations in Eqs. (7) can be performed analytically for the choice of the errorfunction g�(x) = erf(�x=p2) as the sigmoidal transfer function, but for single Gaussianintegrals remaining for �2w-terms and the generalization error. For the exact form of thedynamical equations and the generalization error the reader is referred to Appendix A. We7



only mention in passing that the variance of the input distribution �2 merely rescales theweight order parameters and the weight learning rates by �2. The sigmoidal gain � rescalesthe weight order parameters and weight learning rate by �2 and the biases and bias learningrate by �. The output gain 
 rescales all learning rates by 
2. In the following theseparameters are therefore set to one without loss of generality.Before we will present some typical results for the training evolution by numericallyintegrating the di�erential equations (7), we would like to classify the huge variety of learningscenarios in this framework to some distinct generic tasks. In the original model with �xedbiases [2], it has been found useful to classify a learning scenario according to the isotropy ofits teacher weight vectors. Tasks with very similar norms of the hidden unit weight vectorsexhibit a much longer training time than tasks with strongly graded norms, which canespecially be attributed to the problem of symmetry breaking in the space of the studenthidden units. This may somewhat be attributed to the identical output distributions ofthe individual teacher hidden units with the same norm. Only the di�erences in the initialstudent-teacher overlaps Rin introduced by the random initial conditions, allow the studenthidden units to distinguish between the teacher hidden units in this case. For graded teacherlengths, the hidden unit output distributions still have zero mean but di�er in the varianceand higher cumulants. In this case, asymmetric initialization of the student-student overlapsQij is su�cient to break student node symmetry.The extra degrees of freedom introduced by the biases should have similar symmetrybreaking e�ects. For simplicity, assume for the moment that the teacher weight vectors areisotropic. In the case that all teacher biases are degenerate (%n = %), the identical hiddenunit output distributions are shifted, with meanshg(yn � %n)i� = �g� %np1 + Tnn� : (8)Again, one �nds that only asymmetric initial conditions of the student-teacher overlaps Rincan break the symmetry. If, however, the teacher biases are non-degenerate, the teacherhidden unit output distributions are all di�erent, e.g., have shifted means. In this case,8



asymmetric initial values of the student biases are su�cient to break the student hidden-unit symmetry. We will later see, that this symmetry breaking e�ect is stronger than thatintroduced by graded teacher lengths. For graded teachers, the only obvious choice for\degenerate" teacher biases is %n = 0. For non-zero teacher biases, the mean of the outputdistribution will shift according to Eq. (8). The choice %n = % leads to student hidden unitsymmetry breaking even for identical initial weight vectors as long as the initial studentbiases are not identical as well; clearly a sign of \non-degenerate" biases when comparedto isotropic teacher weights. Two other possible scaling ans�atze for \degenerate" teacherbiases in the case of graded teacher lengths are%̂ = %p1 + T ; (9a)�% = %pT ; (9b)where %̂ restores identical means of the individual teacher hidden unit output distributions,whereas �% restores identical distances of the decision hyperplane (in the following termedabscissa) of the sigmoidal transfer function to the origin. Neither of these ans�atze (or anyother ansatz inspired by numerical results) seems to restore \degenerate" teacher biasesperfectly, re
ecting the fact that it is impossible to preserve output distribution symmetriesfor non-zero means, due to the skewed distributions induced by the nonlinearity. However,once the teacher lengths and one teacher bias is �xed, one can numerically always �nd aset of teacher biases which exhibit at least a very slow learning progress. Unfortunately, wehave not been able to �nd a consistent ansatz that can predict these correctly, although theyare in many cases close to the values given by the ansatz (9a). In general, we have foundthis ansatz more useful in most cases and we will therefore term %̂ the e�ective bias.Summarizing the above argument, it makes sense to classify teacher tasks according tothe following two criteria:� Degree of isotropy in the teacher norms. Isotropic teacher tasks are de�ned by similarweight vector lenghts (Tnm = T�nm), whereas graded teachers tasks feature norms withdi�erent values. These are referred to as T i and T g, respectively.9



� Degree of degeneracy in the student biases. For isotropic teacher weights, degenerateteachers tasks are de�ned by similar biases (%n = %), whereas non-degenerate teacherstasks exhibit biases with distinct values. These tasks are referred to as Td and Tn,respectively.For graded teacher weights, degenerate biases as such are only given for %n = 0, althoughone can also �nd sets of non-zero biases numerically which are approximately \degenerate."III. TYPICAL EVOLUTION OF THE DYNAMICAL EQUATIONSThe di�erential equations can only be solved accurately in moderate times for smallerstudent networks (K � 5) but any teacher size M due to the required numerical integra-tions. For small learning rates, where �2w-terms can be neglected, the di�erential equationscan be solved for any K. For the remainder of the paper, we would like to focus on thein
uence of di�erent bias scenarios and the in
uence of the learning rates. We thereforerestrict ourselves otherwise mainly to small realizable networks (K =M with K = 2; 3) anduncorrelated isotropic teacher weight vectors of arbitrary length (Tnm = T�nm).The dynamical evolution of the overlapsQij, Rin and the biases �i follows from integratingthe equations of motion (7) from initial conditions determined by the (random) initializationof the student weightsW i and biases �i. For random initialization the resulting norms Qii ofthe student vector will be O(1), while the overlaps Qij between di�erent student vectors, andstudent-teacher vectors Rin will be only O(1=pN). A random initialization of the weightsand biases can therefore be simulated by initializing the norms Qii, the biases �i and thenormalized overlaps Q̂ij = Qij=pQiiQjj and R̂in = Rin=pQiiTnn from uniform distributionsin the [0; 1], [�1; 1], and [�10�12; 10�12] intervals, respectively. We �nd that the results ofthe numerical integration are sensitive to these random initial values which has not beenthe case to this extent for �xed biases. To study the e�ect of di�erent weight initialization,we have �xed the initial values of the student-student overlaps Qij and biases �i for some ofthe numerical examples, as these can be manipulated freely in any learning scenario. The10



initial student-teacher overlaps Rin are always randomized as suggested above.In our �rst example (Fig. 1), we demonstrate the potential in
uence of the adjustablebiases in the learning dynamics of the soft-committee machine model, by comparing twotypical realizable learning tasks (K = M = 2) with isotropic teacher weight vectors T i(Tnm = �nm). The student parameters denoted by � represent a learning scenario in theoriginal model, where both student and teacher lack biases, i.e., �i = 0 and %n = 0. Theother scenarios feature student networks from the extended model, i.e., with adjustablebiases. They are trained by an isotropic teacher task with small non-degenerate biases(%1;2 = �0:1). For both scenarios, the learning rate and the initial conditions were judiciouslychosen to be �0 = 2:0, Q11 = 0:1, Q22 = 0:2, R̂in = Q̂12 = U [�10�12; 10�12] with �1 = 0:0and �2 = 0:5 for the student with adjustable biases.In both cases, the student weight vectors [Fig. 1(a)] are drawn quickly from their initialvalues into a suboptimal symmetric phase, characterized by the lack of specialization ofthe student hidden units on a particular teacher hidden unit, as can be depicted from thesimilar values of Rin in Fig. 1(b). This symmetry is broken almost immediately in thelearning scenario with adjustable student biases and non-degenerate teacher biases. Thestudent converges quickly to the optimal solution, characterized by the evolution of theoverlap matrices Q, R and biases � [see Fig. 1(c)] to their optimal values T and % (up tothe permutation symmetry due to the arbitrary labeling of the student nodes). Likewise, thegeneralization error �g decays to zero in Fig. 1(d). The student with �xed biases is trappedfor most of its training time in the symmetric phase before it converges eventually.Before analyzing the di�erences between the original soft-committee and the extendedmodel further, we would like to brie
y assess the in
uence of �nite input dimension N onthe dynamics, especially in order to con�rm that the dynamic variables are self-averaging.In Fig. 1 we therefore also compare the theoretical evolution of the overlaps, the biases andthe generalization error with the simulation results for input dimensions N = 10 : : : 500, forthe above student and teacher scenario with adjustable biases. The initialization for thesimulations are identical to the theory for the student norms and biases, but the overlaps11



were scaled appropriately with input dimension (R̂in = Q̂12 = U [�N�1=2; N�1=2]).Since the learning trajectory for �nite N is stochastic, there is a probability for a studentnode permutation in the specialization process leading to multimodal probability distribu-tions of the dynamic variables. To be able to calculate meaningful mean trajectories andvariances, student nodes were therefore relabeled a posteriori. However, this permutationprobability decreases in the simulations with 1=N3, leading to a well de�ned determinis-tic behavior in the thermodynamic limit, i.e., the probability distributions of the dynamicvariables become asymptotically unimodal. The resulting mean trajectories of the dynamicvariables are shown for two input dimensions (N = 10; 100) in Figs. 1(a){1(c), where someof the order parameters (Q22, R22, and R21) were omitted as they have very similar values toothers (Q11, R11, and R12) due to the symmetry in the learned task. The size of the symbolsis only a guide to the eye, but is generally much larger than the standard deviation in themean. Even for the smallest input dimension of N = 10, the agreement of the simulationswith the theoretical predictions is qualitatively good but the trajectories exhibit a system-atic shift to smaller � values. For N = 100 the �nite size e�ects on the mean trajectoryare already very small. For comparison, the simulated value of the generalization error inFig. 1(d) for larger input dimensions (N = 200; 500) are already virtually indistinguishablefrom the theoretical predictions. In general, one �nds that the deviations of the mean fromtheir thermodynamic predictions and the variances of the dynamical 
uctuations scale with1=N as expected [4].One of the most striking di�erences between the soft-committee machine with and with-out biases is the length of the symmetric phase for non-degenerate teacher biases. Inthe model with �xed biases, the symmetric phase dominates the overall training time forthe isotropic teacher scenarios in back-propagation training even for an optimized learningrate [14,15], as the training time grows linearly with more than K2 in the symmetric phaseand only with K in the convergence phase. For small learning rates the trapping time isfurthermore linearly extended with �0. The in
uence of the initial conditions is only log-12



arithmic through the di�erences in the initial student-teacher overlaps Rin [16] which aretypically of O(1=pN) and cannot be in
uenced in real scenarios without a priori knowledge.The initialization of the biases, however, can be controlled by the user and its in
uence onthe learning dynamics is shown in Figs. 1(c) and 1(d) for the biases and the generalizationerror, respectively. For initially identical biases (�1 = �2 = 0), the evolution of the orderparameters and hence the generalization error is almost indistinguishable from the �xedbiases case. A breaking of this symmetry leads to a decrease of the symmetric phase linearin log(j�1 � �2j) until it has all but disappeared. The dynamics are again slowed down forvery large initialization of the biases [see Fig. 1(d)], where the biases have to be modi�edsigni�cantly before reaching their optimal values.The in
uence of bias dynamics in the case of degenerate teacher biases is demonstratedin Fig. 2; here we show the evolution of the overlaps, the biases and the generalization errorfrom random initial conditions for K = 3 and a common learning rate (�0 = �� = �w = 2)for a realizable task (M = 3) with isotropic weight vectors (Tnm = �nm) and degeneratebut non-zero biases (%n = 1). As before the student-student overlaps [Fig. 2(a)] are quicklydrawn into a symmetric subspace, characterized by similar overlaps Rin [Fig. 2(b)] betweeneach student node and all teacher nodes. The student biases [Fig. 2(c)] take values whichare symmetrically grouped around the true degenerate teacher biases. The breaking of thesymmetry occurs in two stages. First, the third hidden unit, whose single student bias islocated closest to the true bias value, begins to specialize on the third teacher unit. Theother two student units decorrelate from the third and its associated teacher unit, but remainstrongly correlated with each other and the two other teacher units. The two biases keeptheir symmetry around the true teacher bias value. These symmetries are eventually alsobroken and the student �nally converges to the optimal solution. Although the evolutionis therefore still characterized by three learning stages, transient to the symmetric phase,breaking of the symmetry and �nal convergence, similar to the evolution of the model with�xed biases, the extra degrees of freedom introduced by the biases enrich the dynamicalevolution considerably. 13



To contrast the training behavior in this very symmetric task T id with the three othergeneric tasks that exhibit less symmetry, we introduce small deviations from the originalsymmetry by choosing Tnm = (1 + 0:1n)�nm instead of Tnm = �nm for teacher overlapsand/or %n = 0:8 + 0:1n instead of %n = 1 for the biases. These deviations have a dramatice�ect on the evolution of the generalization error in Fig. 2(d). The task T id has by farthe slowest training behavior, with the sequential specialization process already describedabove for the order parameters. This is followed by the approximation to the task T gd whichalso features a sequential breaking of the symmetry but on a much shorter time scale. Thefastest training times are exhibited for tasks T gn and T in with no measurable speed up for thegraded task, suggesting that non-degenerate biases a�ect the breaking of node symmetrymore signi�cantly than graded weight vectors. The strong symmetry breaking e�ect of thebiases is arguably due to a steep minimum in the generalization error surface along thedirection of the biases caused by the shift of the means of the individual hidden unit outputdistributions. This picture can be con�rmed by the fact that the trajectories of the biasesdo not cross, i.e., the rank ordering according to the value of the bias is preserved at alltimes, whereas the ordering according to the norms is not. We have found this to be truefor a range of other learning scenarios studied, including larger networks and more stronglygraded teachers, provided that the biases were not initialized highly symmetrically. Thisseems to promote initialization schemes where the biases of the student hidden units arespread evenly across the input domain as has been suggested previously on a heuristic basis[17].For the cases of degenerate teacher biases, the grouping of student biases found above istypical for all cases studied. For an even number of degenerate teacher biases, the studentunits combine in pairs. Each pair is characterized by its two biases having the same distanceto the true teacher bias value with opposite sign and by its weight vectors being highlycorrelated. For an odd degeneracy, as above, the behavior is similar but for a single remainingstudent bias which is stabilized around the true teacher bias value. The breaking of thesymmetries in these cases can take a lot longer than for �xed biases and can be extremely14



complicated. It is often broken in stages as in the example given above, but can alsooccur simultaneously. We also �nd a strong in
uence of the training outcome on the initialconditions and the learning rate chosen, in some cases not all symmetries are broken andthe student remains trapped in a suboptimal con�guration, i.e., some of the symmetric �xedpoints are attractive.To illustrate this point, the dynamics of the student biases �i are shown in Fig. 3 forK =M = 2, �0 = 1 and random initial conditions, and an isotropic teacher with degeneratebiases (%n = 0). The student was initialized identically for the di�erent runs (i.e., the sameseed was used for the random number generator), but for a change in the range of therandom initialization of the biases (U [�b; b]). We �nd that the student progress is inverselyrelated to the magnitude of the bias initialization until a critical value of b is reached, wherethe student fails to converge at all. It remains in a suboptimal phase characterized bybiases of the same large magnitude but opposite sign and highly positively correlated weightvectors which have identical overlap with all respective teacher vectors. This behavior maybe explained by the fact that the generalization error decreases with increasing magnitudeof the symmetric bias arrangement in the symmetric phase, suggesting the possibility of alocal minimum in the generalization error surface. This may cause the dynamic competitionbetween the specialization process of the student hidden units and the increase in magnitudeof the biases observed in Fig. 3, where the basin of attraction is determined by the initialconditions and the learning rates. Fastest convergence for this scenario is achieved for b = 0and a reasonable bias initialization strategy seems therefore almost opposite to the abovecase of non-degenerate teacher biases.In order to devise an initialization strategy which can cope well with all learning scenarios,we explore the in
uence of the initial conditions and the learning rate on the learning processmore systematically in the following section.
15



IV. ATTRACTIVE FIXED POINTSAlthough attractive symmetric �xed points have been found also for the soft-committeemachine model with �xed biases [16], these needed careful preparation of the initial condi-tions and were restricted to over-realizable cases. In the case of adaptive biases, one �ndsa multitude of attractive sub-optimal �xed points for realizable cases with, in some cases,large basins of attraction. They exist not only in cases where both teacher weight vectorsare isotropic and the biases degenerate but also for graded teachers and non-degeneratebiases, although in these cases, the basins of attraction tend to shrink with increasing taskasymmetry. In real world problems, the problem of poor local minima and the in
uence ofthe initial conditions on these is well known for back-propagation training. One can �ndnumerous examples in the literature ( e.g., [18,19]) which produce training error dynamicsthat look very similar to the evolution of the generalization error found in this work.Subsequently, many algorithms (see e.g., [20] and references therein) have been proposedthat aim to �nd good initial conditions. However, we are aware only of two [17,18] whichdo not rely on information extracted from an a priori known training set and are thereforethe only ones applicable in the framework studied. Below, we will therefore try to gaina qualitative understanding of how the initial conditions and the learning rates can bechosen to avoid becoming attracted to suboptimal network solutions. Our �ndings are thencompared to the heuristicly based suggestions in [17,18].Due to the quadratic increase in the number of dynamic variables with the system sizeK, we restrict ourselves to the the smallest network size K = 2, although we have veri�edthe validity of the drawn conclusions for larger networks. In particular, three elements whichin
uence the size of the basin of attraction for given initial conditions were investigated: thetask asymmetry (in terms of the teacher lengths and biases), the initial conditions and thelearning rates.Since the initialization space and hence the basins of attraction are still of high dimen-sionality, we have restricted ourselves to one-dimensional slices in one of the biases, �2,16



parameterized by a further variable. The remaining variables of the student were chosento be �� = �w = 2:0, Q11 = 0:1, Q22 = 0:2, �1 = 0:0, and R̂in = Q̂12 = U [�10�12; 10�12](with a �xed random seed). The teacher task was usually chosen to be of the form T in withTnm = �nm and %n = 0, if not otherwise stated. The convergence time �c was de�ned asthe example number at which the generalization error has decayed to a small value, herejudiciously chosen to be 10�8 requiring the student to have broken the symmetries in weightspace successfully. The convergence time diverges in the case that the student is attractedto a suboptimal �xed point. A. Task asymmetryIn Figs. 4{6 we compare the in
uence of the initialization of �2 on the convergence time�c and the resulting basin of attraction for three di�erent teacher tasks of the form T id , T inand T gd , where some sort of asymmetry was applied gradually to the original teacher task(Tnm = �nm and %n = 0).In the case of degenerate teacher biases T id (Fig. 4) for which the biases were chosento be %n = %, the convergence time diverges beyond some critical absolute values ��c of �2and the basin of attraction to the optimal solution is restricted to �+crit < �2 < ��crit. Forsmall % this basin is symmetric (�+crit = ��crit) and almost constant in size, whereas for large%, the basin is skewed and increases in size. The fastest convergence is always achieved for�2 = �1 = 0, i.e., when the teacher task degeneracy is re
ected in the bias initialization.This e�ect becomes increasingly more pronounced for larger teacher bias values %, whichalso generally show shorter convergence times. This e�ect may be explained by the fact thatfor small % most examples are drawn from the region where the sigmoidal transfer functionis linear, making the symmetry breaking process more di�cult.This behavior is to be contrasted to the case of non-degenerate teacher bias tasks T incharacterized by %n = �% shown in Fig. 5. Here, one �nds that the basin of attraction tothe optimal solution already increases substantially for very small values of %, although we17



still �nd that the student is drawn into a suboptimal solution for large enough initial �2.However, above a certain value in the teacher bias asymmetry %crit � 0:174, the suboptimalsolution ceases to be an attractive �xed point, although the dynamics can still be sloweddown considerably due to the in
uence of the symmetric �xed point. Above %crit and verylarge initial values �2, one �nds that the convergence time increases exponentionally with�2, arguably due to the fact that the student hidden unit is initially highly saturated andthe gradient decreases exponentionally.We further �nd that the basin of attraction is always perfectly symmetric, unlike in thedegenerate case since the hidden unit symmetry is broken by the biases and not the weights.This also explains the sharp peak in the convergence time for initial values around �2 = 0with �c(�02)� �c(�2) / log� j�2jj�02j� (10)for small initial values �02 and �2, as already shown in Fig. 1(d). Eq. (10) holds exactlyin the limit �2 ! 0 only for Rin = 0, in which case the the convergence time diverges asonly the biases can break the symmetry. Otherwise, the convergence time is a�ected by thespecialization process triggered by the asymmetric initial conditions in Rin. This is also truefor the other laws [Eqs. (11) and (12)] found below.Similarly, the shortest possible convergence time decreases initially with increasing taskasymmetry according to �optc (%0)� �optc (%) / log� %%0� ; (11)and the minimum becomes sharper in terms of �2 for large %. This minimum de�nes theoptimal initial value �opt2 (%), which increases as expected with increasing %, but is alwaysconsiderably larger than %. This e�ect is especially remarkable when taking the initialstudent norm into account, comparing the actual e�ective bias or alternatively the abscissaof the hidden units (i.e., %=p1 + T and �2=p1 +Q22 or %=pT and �2=pQ22).The graded teacher task T gd also speeds up the breaking of hidden unit symmetry asshown in Fig. 6 and reduces the optimal convergence time �optc substantially. The di�erence18



in convergence time due to a small task asymmetry is given in terms of the teacher lengthdi�erence �T = T22 � T11 by�optc (�T 0)� �optc (�T ) / log� �T�T 0� : (12)The total reduction in �c for a given asymmetry is smaller when compared to T in . Thiscon�rms the observation made in Sect. III that the biases have a stronger symmetry breakinge�ect than the weights. This is also mirrored in the basin of attraction increase, which isnot as substantial as in the case of asymmetric biases, and the critical bias �crit followsapproximately �crit(�T )� �crit(0) / �T 0:141(3).We have found qualitatively similar results for larger networks, where the basin of at-traction to the optimal solution also grows with the teacher task asymmetry. However, onealso �nds that the range of initial conditions attracted to the optimal solution shrinks withnetwork size for a given teacher task asymmetry ( e.g., %n � %n�1 = 0:1) and the numberof suboptimal attractive �xed points grows signi�cantly. We have found this to be trueespecially where the asymmetry is purely in the weight vectors.B. The initial conditionsSince the largest basin of attraction to the suboptimal �xed point is found for learningscenarios with degenerate teacher biases, we will investigate the in
uence of the other initialconditions and the learning rates for the task Tnm = �nm and %n = 0.In Fig. 7 it is shown that the in
uence of the initialization of the �rst bias �1 consistsalmost exclusively of a linear shift in the range of initial �2 values that lead to convergenceof the training. In particular, we �nd that the results become invariant under the transfor-mation �02 = �2 � 0:9745(9)� �1, i.e., the basin of attraction depends almost solely on thedi�erence �2 � �1. This is somewhat surprising since one may have assumed that the basinof attraction should depend on the individual abscissas or the e�ective biases of the student.In Fig. 8 the basin of attraction for di�erent initial student lengths is shown. All theinitial student-student overlaps were magni�ed from their original values [21] by factors M19



given in the legend. The in
uence of the student lengths is clearly twofold. First, the basinof attraction in �2 grows approximately with 0:068(5) + 0:331(6) � M0:445(8), making thetraining process less sensitive to the initial bias values. However, this growth translatesinto a decrease of the critical abscissa since Q grows with M , which could be interpretedas another sign that the raw initial values are the crucial parameters and not the abscissas.Second, the optimal convergence time is slowed down slightly for increasingM and one �ndsapproximately �optc = 643(1) + 12(1)�M0:34(3).Similarly in Fig. 9, we assess the in
uence of �nite size e�ects on the basin of attractionthrough the typical initial normalized student-teacher overlaps r̂ = O(1=pN) (ignoring otherstochastic �nite size e�ects). As predicted in [16], the optimal convergence time is reducedlinearly in log(r̂) [�c = 187:70(7) � 16:923(4) � log(r̂)]. More relevant for the purpose ofthis work is the increase in the basin of attraction to the optimal solution with the criticalinitial bias �crit = 0:370(1) + 0:507(5)� r̂0:103(1).The results found for K = 2 again carry over qualitatively to larger networks with thedecrease in the basin of attraction with network size as already mentioned in Sect. IVA.Especially interesting in this respect is, that even for K = 2, the maximal initial abscissasthat guarantee convergence for the case of degenerate teacher biases are generally smallerthan the size of the input domain, a tendency which becomes more emphasized for largernetworks. These results therefore contradict heuristics presented in [17], where it has beensuggested to spread the abscissas across the input domain. In [17], it also has been assumedimplicitly that the abscissas are the relevant quantities, whereas our work indicates that theraw bias values are more important in determining the basin of attraction.C. The learning ratesBeside the initial conditions and the teacher task to be learned, the learning rates usedalso strongly in
uence the learning process. In Fig. 10 the convergence time as a function of�2 is shown for a range of common learning rates �0. For convenience, the convergence time20



has been normalized with 1=�0. One �nds that the convergence time diverges for all learningrates, above a critical initial value of �2. For increasing learning rates, this transition �rstbecomes sharper and occurs at smaller �2 until the learning rate is reached that provides thefastest convergence to the optimal solution for small �2, beyond which the basin of attractionwidens again.The increase of the basin of attraction has been postulated in [18], however, the functionalrelationship given (�0 < Qii + �2i ) cannot be supported by our �ndings. It is not onlyquantitatively incorrect, it also fails to predict a �nite boundary for an in�nitesimal smalllearning rate. This work further does not account for interaction between the hidden unitsand the di�erent roles of weights and biases in determining the basin of attraction (seeSect. IVB).In Figs. 11 and 12 it is shown that it can be bene�cial to separate the weight and biaslearning rates. In Fig. 11 the normalized convergence time c�c(�2) is plotted for �xed biaslearning rate (�� = 2) but allowing for variations in the weight learning rate �w. One canreadily see that the basin of attraction increases when the weight and bias learning ratesare well separated. This advantage, however, is relative as a very small weight learning rateincreases the convergence time linearly.Similarly in Fig. 12, the convergence time �c(�2) is shown for �xed weight learning rate(�w = 2) but variable bias learning rate ��. Again, the basin of attraction is clearly enlargedwhen separating the time scale for the training of biases and weights. Whereas training isslowed down for small bias learning rates, this is not the case for large �� where the basinof attraction increases to very large values. It is therefore more reasonable to achieve thedesirable separation of the learning rates by choosing a large bias learning rate. In fact,a maximal bias learning rate does not exist in this scenario, suggesting a possible di�erentscaling. It further poses the question whether in this case the basin of attraction encompassesthe whole space of initial conditions.Unfortunately, a closer inspection using larger networks and other learning tasks revealsseveral limitations of large bias learning rates and adiabatic elimination. First of all, the use21



of adiabatic elimination for very small � leads to extremely large initial equilibrium valuesof opposing signs for the biases, e�ectively cancelling the outputs of pairs of hidden units.This e�ect can be attributed to the initial lack of information about the teacher, re
ected bythe inherently small values of the student-teacher overlaps Rin favoring the hidden units tobe switched o� e�ectively Consequently, the progress of the student weights is inhibited tosuch an extent that training does not converge in �nite time for all practical purposes [22].Similarly, very large but �nite bias learning rates also slow down the training time due tothe biases blowing up in the very early stages of learning. It is therefore necessary to restrictthe bias learning rate for very small �, i.e., for the initial transient, to a �nite value. It isunclear, whether this is also a problem for �nite size systems where adiabatic eliminationcorresponds to a bias learning rate of O(1) instead of O(1=N).Even when adiabatic elimination or a very large bias learning rate are only triggeredonce training has reached the stable symmetric plateau, their usefulness in terms of basinof attraction enlargement is, in general, not pronounced for larger networks. In fact, usinglarge bias learning rates can actually decrease the basin of attraction to the optimal networkparameters especially in degenerate bias tasks with isotropic weight vectors, e.g., trainingwith a bias learning rate above �� = 3 in the learning scenario of Fig. 2 converges to asuboptimal �xed point.However, once all hidden unit symmetries have been broken, adiabatic elimination or avery large bias learning rate can be employed in all circumstances and generally results inslightly faster training when compared to using a �nite learning rate. This will be investi-gated analytically in more detail in the following section.V. ANALYSIS OF THE CONVERGENCE PHASEFor the soft-committee machine model with �xed zero biases, realizable learning scenario(K =M), and isotropic teachers (Tnm = T�nm), the order parameter space could be very wellcharacterized throughout the learning process by similar diagonal and o�-diagonal elements22



of the overlap matrices Q and R, simplifying the linear analysis around the symmetric andzero generalization error �xed points [14] considerably since the number of dynamic variablescould be reduced to four.For the model with dynamic biases this dimensionality reduction for the equivalentteacher task with isotropic weights and degenerate biases is in general not a good approxi-mation as can be clearly seen in Fig. 2. However, if the student biases are initialized quitesymmetrically, we �nd the ansatzQij = Q�ij + C(1� �ij); (13a)Rin = R�in + S(1� �in); (13b)�i = � (13c)to be justi�ed for the student-student overlaps, (apart from a relabeling of the student nodes)student-teacher overlaps, and the student biases in the convergence phase.The reduction of the number of order parameters from O(K2) to just �ve allows us toanalyze the learning dynamics in the convergence phase as a function of the network sizeK, the length of the teacher hidden units T , the size of the teacher biases %, and the useradjustable learning rates �0 and ��.A. The eigenvalue spectrumIn order to predict the optimal learning rates for the convergence phase, we linearize theequations of motion (A4) in fR;Q;C; S; �g around the zero generalization error �xed pointR� = Q� = T , S� = C� = 0 and �� = % (see Appendix B). The matrix M of the resultingsystem of �ve coupled linear di�erential equations in r = T � R, q = T �Q, s = S, c = Cand # = %� � has two sets of eigenvalues.Two eigenvalues (�1;2) are the solutions to a quadratic equation (B3) consisting of thesame matrix elements ofM as in the �xed bias case and are therefore independent of the biaslearning rate ��. These eigenvalues are nonlinear in the learning rate �w and �1 becomes23



positive for large enough �w. The other three eigenvalues (�3;4;5) are the solution to acubic equation (B4). These eigenvalues depend on both learning rates and are negative forall values of �w and ��. These eigenvalues are minimized with respect to �� in the limit�� ! 1, i.e., the optimal bias learning rate in the convergence phase is at in�nity (for amore detailed discussion see Appendix B). Below, we will therefore restrict ourselves to thestudy of two learning rate parameterizations: a common learning rate �0 = �w = �� or theweight learning rate �w with the bias learning rate �� eliminated by taking the limit �� !1.We will adopt the convention to use a generic learning rate � and eigenvalues � whenevera statement is applicable for both parameterizations, whereas parameterization dependentsymbols denoted by superscripts or subscripts are used otherwise.The behavior of the eigenvalues described above is graphically illustrated for both learn-ing rate parameterizations in Fig. 13(a) for K = 5, T = 1, and % = 1. Within theseparameterizations, the eigenvalues �3;4;(5) are linear in �, whereas �1;2 have higher orders in�. �1;2 are identical for both parameterizations since they are functions of �w only, whereasthe slopes of �3;4 are clearly minimized for the parameterization �� !1 (�w5 is omitted since�5 ! �1 for �� ! 1). One can further distinguish between two slow modes associatedwith eigenvalues �1 and �3 and three fast modes associated with eigenvalues �2 and �4;5,which are negative for all learning rates and whose magnitude is signi�cantly larger in theregion of interesting �. The fast modes decay quickly and their in
uence on the long-timedynamics is negligible. The dependence of the two relevant eigenvalues �1 and �3 on �is more closely illustrated in Fig. 13(b) in the same learning scenario. As mentioned, theeigenvalue �3 is negative and linear in �, whereas the eigenvalue �1 is a nonlinear function of� and negative for small �. For large �, �1 becomes positive and training does not convergeto the optimal solution de�ning the maximum learning rate �max as �1(�max) = 0. For all� < �max the generalization error decays exponentionally to ��g = 0.
24



B. The optimal dynamicsIn order to identify the optimal convergence eigenvalue �opt, which is the eigenvalueassociated with the slowest decay mode, we expand the generalization error to second orderin r, q, s, c, and # (B8). Numerically, we �nd that the eigenvector associated with thelinear eigenvalue �3 is orthogonal to the �rst-order terms in the generalization error and cantherefore not contribute to their decay, but controls only the decay of second-order termwith 2�3.The learning rate �opt which provides the fastest asymptotic decay rate �opt of the gen-eralization error is therefore given by the condition�opt = ����min� [max (�1; 2�3)]���� : (14)This means either �1(�optr ) = 2�3(�optr ) or min�(�1) if �1(�optm ) > 2�3(�optm ), where �optm is thelearning rate at the minimum of �1. In Fig. 13(b) one �nds that for this particular case thefastest decay is achieved at the minimum of �1 for �� !1 but at the root of �1 � 2�3 for�� = �w.Unfortunately, the calculation of �opt (and �0 or �w) via Eq. (14) and the determinationof the kind of optimum is analytically infeasible for general K, T and %. However, for somespecial cases further analytical progress can be made: K ! 1, T ! 1 and T ! 0. Forthe T limits, it is necessary to adopt a scaling for the teacher bias %, and we have usedboth natural scaling ans�atze (see Eq. (9) in Sect. II). These analytic limits are studied indetail in Appendices B 1{B5 and the main results will be referred to in the discussion of theappropriate �gures and are summarized in Table I.1. The critical teacher length T critWe �nd that in the small-T limit, the optimum is always given by the minimum of �1 andboth learning rate parameterizations are identical, whereas for the large-T limit, the rootsolution (�1 = 2�3) applies resulting in a faster decay for �� !1. For �nite T there exists25



a T crit(K; %), which depends on the kind of learning rate parameterization and divides thesetwo solution regimes. The functional dependence of T crit0 and T critw is graphically illustratedin Fig. 14 as a function of % for a range of K values including the K !1 limit, where it isimplicitly assumed that exp %2 � K.In Fig. 14(a) T crit0 decreases monotonically with %. The K ! 1 limit exhibits a �nitelimit (T crit0 � 0:21) for % ! 1, but acquires a power-law decay T crit0 / %�2 for all �nite K[see inset of Fig. 14(a)]. For T > T crit0 (K; 0) � 1:278, the root solution applies for all % dueto monotonously decreasing T crit0 , whereas for all other T values the solution type changesfrom the minimum to the root above a T and K dependent value of %. The dependence ofT crit0 on K is relatively weak and varies with %. For small % (% / 0:45), T crit0 increases withK, whereas for medium % (0:45 / % / 1:64), T crit0 decreases with K. Above % ' 1:64, T crit0increases again with K and reaches the qualitatively di�erent solution for �nite and in�niteK. On the other hand, T critw does not behave monotonically in % (with the exception ofK = 2) as shown in Fig. 14(b). It also decreases initially like T crit0 up to % � 1:3, but thenincreases up to a maximum whose height and position increases in K, before it falls towardsthe asymptotic value of T critw (K;1) = 1=2 for all �nite K. We again �nd a qualitativelydi�erent behavior for K ! 1 as T critw grows unabatedly with %. Depending on the valueof K and T , the type of solution can therefore change up to three times for increasing %.Similar to T crit0 , we also �nd that the T critw grows with K initially (% / 0:52), then decreases(0:52 / % / 1:97) and then increases again.It is also clear from the graphs and from the fact that �w3 � �03, that T critw must be greaterthan T crit0 for all K and % besides % = 0 where T critw = T crit0 . We can therefore divide theoptimal convergence behavior for all K, T , and % into three regimes:1. T � T crit0 (K; %) � T critw (K; %): The minimum of �1 de�nes the optimum and bothlearning rate parameterizations behave identically (�optw = �opt0 and �optw = �opt0 ).2. T crit0 (K; %) < T < T critw (K; %): The optimal solution is di�erent for both parameteriza-26



tion. The minimum of �1 is still optimal for �� ! 1, but �1 � 2�3 = 0 de�nes theoptimum for �� = �w. The optimal convergence rates and learning rates are di�erentwith �optw > �opt0 and �optw < �opt0 .3. T crit0 (K; %) � T critw (K; %) < T : Although the optimal solution is now the root of �1�2�3for both parameterizations, we still �nd �optw � �opt0 and �optw � �opt0 since �w3 � �03.Since the 3-dimensional parameter space is di�cult to visualise, we study the optimal con-vergence exemplary for two slices.2. Optimal dynamics in K-% spaceIn Fig. 15 we show the convergence behavior of the parameterization �� = �w = �0[Figs. 15(a){15(c)] in comparison to �� ! 1 [Figs. 15(d){15(f)] as a function of K forT = 1 and a range of % values. In Fig. 15(a) one can see that the optimal learning rate �opt0is hardly K dependent for small % (beside the inherent rescaling with 1=K implied by thenormalization of the soft-committee machine), but increases proportionally to K for large %before it eventually levels o� at a % dependent value. The K !1 analysis suggests a scalingof the optimal learning rate with log �opt0 / %2 since the maximal learning rate scales in thisfashion. This is mirrored in the behavior of the optimal convergence rate in Fig. 15(b) (forgraphical purposes multiplied by K) which exhibits the expected 1=K behavior for small %.For large %, however, the increase in �opt0 / K for small K causes �opt0 to be constant until�opt0 levels o�, when �opt0 reverts back to the 1=K decay. We further note that the absolutevalue of the convergence rate �opt0 initially increases for small % for all values of K, which isa T -dependent e�ect we will study in more detail below. In Fig. 15(c) we further show thenormalized di�erence between the maximal and optimal learning rate de�ned as��optmax = �max � �opt�opt :We �nd that ��0optmax initially increases with % for all K, which is again a feature dependenton T , before it decreases monotonically, re
ecting a steeper and more skewed curve for �1.27



To compare the two learning rate parameterizations, the ratio of the optimal learningrates �optw and �opt0 shown in Fig. 15(d) shows that for small % the ratio is identical sinceT = 1 < T crit0 < T critw . For increasing % the ratio falls below 1 since �opt0 is now determinedby the root of 2�3 � �1 (T crit0 < T < T critw ). Increasing % even further, one �nds that also�optw is determined initially by the root solution (T crit0 < T critw < T ). For larger K one �ndskinks in the curves when the ratio approaches 1=2. A ratio of 1=2 suggests for an assumedquadratic eigenvalue �1, that �opt0 is close to the maximal learning rate �max, whereas �optwis close to the minimum located at �max=2. The kinks therefore coincide with a change toT crit0 < T < T critw above a value of K dependent on % [ e.g., for % = 6 the kink is at K � 100,which coincides with T crit(100; 6) � 1 as can be seen in Fig. 14(b)]. For even larger % thissolution change is pushed out to larger values of K.The ratio of the optimal convergence rates �optw and �opt0 shown in Fig. 15(e) re
ectsabove observations. For small % the minimum of �1 is optimal and the ratio is 1. Evenfor larger T values, where the root solutions apply for % = 0, ratios very close to 1 areobserved for small %. For larger %, however, the root solutions apply either for both learningrate parameterizations or at least for �� = �w and the widening gap between �1 for thetwo learning rate parameterizations leads to ratios above 1 increasing with %. The bene�tachievable is, however, limited eventually for large K when the optimal convergence of the�� !1 parameterization reverts back to the minimum of �1.This behavior holds similarly for the ratio of the normalized separation of maximaland optimal learning rates ��woptmax and ��0optmax [Fig. 15(f)]. The widening gap between�1 increases the ratio signi�cantly above 1, once �opt0 is given by the root solution. Thenonmonotonic behavior for some of the lines in Fig. 15(f) can be explained by the change inthe degree of skewness of �1 away from a parabolic form when the minimum solution appliesfor �optw .
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3. Optimal dynamics in %-T spaceWhen considering the optimal dynamics as a function of % and T , two natural scalingans�atze for the bias % present themselves (see discussion in Sect. II), which become especiallyrelevant in the limits T ! 1 and T ! 0. The �rst ansatz (% = %̂p1 + T ), here termede�ective bias, �xes the mean hidden unit output independent of T , the other ansatz (% =�%pT ), here termed abscissa, keeps the distance of the decision hyperplane to the originconstant. For large T � 1, both ans�atze become identical to leading orders. For small T ,however, there are signi�cant di�erences. In this section we have adopted %̂ as the preferredvariable since it results in the more universal behavior for �nite T , but we will discuss theirdi�erences in detail in Sect. VC.In Fig. 16 the in
uence of di�erent teacher length values T is studied, where the conver-gence behavior of the parameterization �� ! 1 [Figs. 16(a){16(c)] is shown as a functionof %̂ for K = 102 and a range of T values (including theoretical predictions from asymptoticanalyses when useful). Fig. 16(a) shows that the optimal learning rate increases exponen-tionally in %̂2. For small %̂, the prefactor of the exponentional increase approaches 1=2 forlarge T , whereas it approaches 1 for small T , in agreement with the prediction from theK ! 1 and T ! 0 analyses [included in Fig. 16(a)]. For larger %̂, however, one �nds aprominent change in the slope of the �optw curves, where the position of the transition andits signi�cance is dependent on T . For very small but �nite T this transition is beyondthe range of the graph and the change in the slope becomes less signi�cant. The limitingbehavior is in agreement with the T ! 0 analysis [included in Fig. 16(a)]. For �nite T , �optwstill increases exponentionally in %̂2 after the transition, but the constant prefactor in theexponent is altered and decreases for large T . The limiting behavior is in agreement withthe �ndings of the T ! 1 analysis for �nite K in Appendix B 5, which predicts a �nitelimit of �optw for large %̂ also shown in Fig. 16(a).The dependence of the optimal convergence eigenvalue �optw shown in Fig. 16(b) is sim-ilarly intriguing. One �nds that the convergence rate increases initially with %̂ up to max-29



imum, whose position shifts to larger %̂ values for decreasing T and becomes 
atter forincreasing T . Beyond the maximum, �optw decreases exponentionally in %̂2, with the pref-actor in the exponentional increasing with T , but saturating at 1=2 as predicted from theT !1 analysis. The small T expansion predicts the steep initial increase in �optw correctly,as the order of the optimal convergence rate for non-zero %̂ is not O(T 2=K) as for zero %̂but O(T=K). The expansion is a good approximation for small �nite T and small %̂ butbreaks down for larger %̂, where the optimal convergence rate �optw reaches a almost T in-dependent maximum of O(1=K) and can also not account for the eventual exponentionaldecrease of �optw with %̂ beyond the maximum. This failure is caused by the implicit assump-tion %̂2 � � logT in the T ! 0 limit which shifts the maximum in �optw to %̂ = 1. Forlarger network sizes K not shown here, one �nds that the position of the maximum shiftsto larger %̂ and becomes 
atter. This e�ect leads to the shift of the maximum to %̂ =1 inthe K !1 expansion.The behavior of the normalized separation ��woptmax in Fig. 16(c) re
ects the kind ofsolution present. For small T < T critw , the minimum of �1 is optimal and ��woptmax increasesmonotonically towards 1, i.e., �1 becomes parabolic for large %̂. For T = 1, we �nd the samebehavior for small %̂, but �nd a prominent kink at %̂ � 4:25 [i.e., % � 6, see Fig. 14(b)],which coincides with T crit = 1. For %̂ > 4:25, T crit < 1 and ��woptmax falls to a constant below1. For larger T , the behavior is similar but smoother in comparison to T = 1, re
ectingthe fact that although the optimal solution is always given by the root, its distance to theminimum changes with %̂ as T critw rises and falls.The results for the parameterization �� = �w are quite similar to �� !1 and to enhancethe di�erences we show the ratios of the relevant quantaties in Figs. 16(d){16(f). For theoptimal learning rate �opt0 , we also �nd the change in the exponentional behavior. For largeenough T > T crit0 , the ratio of the �optw =�opt0 falls below 1 [see Fig. 16(d)] and approaches aconstant limit for large %̂. For medium T ( e.g., T = 1), the di�erence is most pronounced,re
ecting the many changes in the type of solutions due to the variability of T critw and T crit0 .For small %̂, the minimum solution of �1 is optimal for both learning rate parameterizations.30



In the range of 0:40 / %̂ / 4:25 (i.e., 0:55 / % / 6), T crit0 < T < T critw and the ratiodrops signi�cantly [23] towards 1=2 until also T critw < T and the ratio rises again towards theasymptotic behavior.The improvement by using a large bias learning rate is re
ected in the ratio �optw =�opt0[Fig. 16(e)], which increases monotonically with %̂, for T or %̂ large enough so that T > T crit0 .In the T > T critw region, the ratio �optw =�opt0 increases with a0 + a2%̂2, where a0 and a2 areT dependent constants which approach a0 = 1 and a2 = 1 for large T as predicted by theT ! 1 analysis. Using large �� is similarly bene�cal in the same region of T and %̂ withrespect to the separation of maximal and optimal learning rates as depicted in Fig. 16(f).For larger T , we �nd the same regression behavior of the ratio ��woptmax=��0optmax with b0+b2%̂2,where b0 and b2 are again T dependent constants with the asymptotic limit 1+%̂2 for T !1.In the curve for T = 1, one observes several swerves and a kink due to T crit0 or T critw crossingT = 1. C. The impact of adaptive biasesIn comparison to the analysis of the convergence phase for zero-�xed biases [14], theextension to variable non-zero biases, has revealed several insights. For small T , where thetraining for the zero-bias case is slowed down by a factor 1=T 2, arguably due to the nearlylinear network output making the distinction between di�erent units di�cult, one �ndsthat the scaling assumption for the bias has a dramatic impact. This can be understoodqualitatively by considering the network output distribution which can be calculated inclosed form in the T ! 0 limit.For �nite abscissa (using the scaling % = �%pT ), the hidden unit output distributionis Gaussian with mean � = �p2K=��%pT and standard deviation � = p2=�pT . Theprobability of a positive (and hence negative) output remains constant for T ! 0 and isequal to H(�%pK), where H(x) = R1x dx=p2� exp(�x2=2), i.e., even for small T the outputof the hidden unit will have some probability of being both negative and positive, but the31



mean goes to zero. For this scaling, one �nds a slight improvement in the convergence ratefor non-zero bias by a factor 1+ 2�%2, suggesting that breaking the symmetry of the networkoutput distribution around zero is bene�cial, but a more signi�cant improvement is notpossible since the hidden unit outputs are mainly in the linear regime where the studentcannot discriminate e�ciently between the teacher hidden units and the convergence ratestill decays with T 2.For �nite e�ective bias (using the scaling % = %̂p1 + T ), the network output distributionis also Gaussian for small T , but with mean � = �pKg(%̂) and standard deviation � =p2=� exp(�%̂2=2)pT . The probability of an output of opposite sign to the mean outputvanishes for T ! 0. The single hidden unit output is concentrated in the nonlinear region ofthe sigmoidal activation function and one could argue that most information about a teacherparameters can be extracted by the student in this region as long as the hidden units arenot too saturated, leading to the improvement in the convergence rate by O(%̂2=T ).One could further speculate, that the increase of the optimal learning rate matchingthe suppression of the gradient is facilitated by the exponentional decrease of the networkoutput variance with %̂. For �nite T and larger %̂, the results for T ! 0 expansion becomeinaccurate for %̂2 6� � logT and one �nds that the optimal learning rate growth cannot besustained, leading to the eventual exponentional decay of the convergence eigenvalue with%̂2 as observed for �nite K. Due to the T dependence of this breakdown, one even �ndsthe anomaly that training can be momentarily improved when decreasing T slightly [seeFig. 16(b)].The unsustainability of the optimal learning rate growth is epitomized in the T ! 1limit, where the optimal learning rate stays constant for all %̂. However, if the K ! 1limit is taken simultaneously with T !1, the convergence rate either remains constant for�� !1 or decays algebraically with (1+ %̂)2 for �� = �w. Similar behavior is also found for�nite T and large K for small enough %̂.The underlying reasons of this di�erence can be explained most easily for the in�niteT case, where the hidden unit output becomes binary and the subsequent network output32



probability distribution is binomial, as teacher hidden units are uncorrelated. The prob-ability of a single hidden output to be +1 parameterizes the binomial distribution and is1=2[1� g(%̂)], i.e., 1=2 for %̂ = 0 and decays exponentionally fast for large %̂ (/ e�%̂2). Thecorresponding mean and standard deviation are � = �pKg(%̂) and � =p1� g2(%̂), respec-tively. Since both student and teacher network are highly correlated, the error signal shouldbe at most O(1=K), i.e., at most two hidden units disagree, leading to a possible increaseof the learning rate with K. For large e�ective bias %̂, this event becomes exponentionallyunlikely and the error signal is identically zero most of the time. The learning rate, however,cannot be increased accordingly since this would lead to an exponentionally large updatestep size in an error event. The convergence rate has therefore to decay exponentionally.For K !1, the binomial output distribution becomes Gaussian with the above mean andvariance, leading to smooth network outputs and error signals. Here, the learning rate canbe increased exponentionally, which may be linked to the exponentional decrease of theoutput variance for large %̂ combined with the implicit assumption that %̂2 � logK. Thisbehavior carries over qualitatively to �nite T and K for %̂2 small enough, and can explainthe initial matching increase of the optimal learning rate and the extension of the region ofalmost constant convergence rate for larger K.VI. TOWARDS MORE REALISTIC SCENARIOSThe scope of this work has so far been restricted in several ways. One obvious restrictionhas been the �xed hidden-output weights. Although soft-committee machine with biasesare universal approximators [8], in practice it is advantageous to use adjustable hidden-output weights. This extension is straightforward in terms of feasibility, but adds a furtherdimension to the space of parameters to be investigated. We expect our results to be atleast qualitatively correct, but we cannot rule out that the dynamics become even richerwith more suboptimal �xed points. Unfortunately, the works to date which have allowed foradjustable hidden-output units [6,7] have not discussed the issue of hidden unit symmetry33



breaking.We have furthermore restricted ourselves to realizable scenarios, where the student net-work can learn to imitate the teacher network perfectly. In real learning scenarios, oneexpects both structural unrealizability, due to a mismatch between the function space ofthe student and the task, as well as unrealizability due to corrupted training data. Bothtypes of unrealizability can be incorporated in this framework, by studying K 6= M andby allowing for noise on the teacher weights and/or outputs, respectively. Both have beenaddressed already for the soft-committee machine without biases [2,24,25].Here we will brie
y assess the e�ects arising due to the introduction of adjustable biasesin the case of structural unrealizability. In Fig. 17 the evolution of the training is shown forK = 3 and M = 4, i.e., when the target function is more complicated than the mappingthe student can achieve. The teacher overlaps are Tnm = �nm(n + 1)=2 for graded andTnm = �nm for isotropic teachers. The teacher biases are %n = (2n � 5)=5p1 + Tnn fornon-degenerate and %n = 0 for degenerate teachers. The common learning rate is always�0 = 2 and the weight initialization is Qii = (18 + n)=100, �i = (n � 2)=100, and randomoverlaps as outlined in Sect. III. The initialization was chosen quite symmetrically to makedi�erences between the tasks more pronounced and to ensure convergence to a �xed pointwith the lowest generalization error for the most symmetric task T id .The main focus will be on the T in since for this task the e�ect of non-degenerate teacherbiases can be separated from the e�ect of graded teacher norms. In Figs. 17(a){17(c) theevolution of the overlaps Qij, Rin and the biases �i is shown. The student is initially drawninto a symmetric phase with similar values for student lengths Qii and correlations Qij[Fig. 17(a)]. This is mirrored by similar student-teacher overlaps Rin shown in Fig. 17(b),signalling the lack of signi�cant specialization with a speci�c teacher node. The specializa-tion is driven by the student biases depicted in Fig. 17(c), whose symmetry is broken �rst andwhose trajectories do not cross, although they were initialized quite symmetrically. Sincethe student network does not have enough resources to model the teacher task adequately,it chooses to dedicate two units (1 and 3) to specialise primarily on the teacher hidden units34



(1 and 4) with the largest absolute bias value; which is re
ected by large R11 and R34 valuesand the proximity of the student biases �1 and �3 to the corresponding teacher biases %1 and%4. This seems sensible since these two units have on average the largest (absolute) output.The last student unit 2 specializes almost equally on the two remaining teacher units 2 and3 (large R22, R23 and �2 lies between %2 %3). The remaining student-teacher overlaps fallroughly into two groups: The student units (1,4) which are highly specialized on one unit ac-quire a relatively large overlap with the remaining teacher units (2,3) for which no dedicatedstudent unit exists, whereas they retain only small correlations of either positive or nega-tive sign with those teacher units, which are already modelled almost entirely by anotherstudent unit. The size of the individual student-teacher overlaps is also highly correlatedwith the proximity of the associated student and teacher biases ( e.g., R23 > R13 > R33 for�xed teacher unit or R34 > R33 > R32 > R31 for �xed student unit). One further noticesthat the student biases are positioned to ensure that the means of the student and teachernetwork output distributions (which is just the sum of the means of the individual hiddenunit output distributions in a network) are very similar. Matching the mean of the teacheroutput distribution is obviously a necessary but not su�cient condition for achieving a smallgeneralization error.Obviously, the specialization process described above is dependent on the teacher taskpresented. For graded teacher tasks, the larger teacher hidden unit weight vectors lead to alarger variance of their output distributions (and ultimately the output distribution of thewhole network). The student hidden unit have therefore to compromise between primarilymodelling large variance by specialising on teacher units with large weight norms and largemean by specialising on teacher units with large (e�ective) biases. We still �nd that thestudent biases are positioned to ensure that the mean output is approximately identical,but the student also accounts for larger variances. For degenerate biases, one �nds thatthe dynamics and the optimal attractive �xed point are very similar to the �xed bias casefor both graded and isotropic teacher, with the student biases taking values close to thedegenerate (e�ective) teacher bias position [26].35



In Fig. 17(d) the dynamics of the four di�erent generic tasks are compared by followingthe evolution of the generalization error. As for realizable learning scenarios, one �nds thatthe specialization process for the task T id is by far the slowest due to the slow breaking of thesymmetries. For the task T gd one �nds more than one plateau in the generalization error [seeinset of Fig. 17(d)] characteristic of the sequential symmetry breaking for graded teacherlengths. The fastest training is exhibited by the tasks with non-degenerate biases T n, witha slight speed-up for graded teacher lengths T ng . Unlike in realizable scenarios, the dynamicsapproach a non-zero asymptotic generalization error, which is smallest for the task T id withmost symmetries. For the tasks presented here, the breaking of the bias degeneracy resultsin a smaller increase of the generalization error than the breaking of length isotropy. Thisfeature, however, depends on the particular choice of teacher norms and biases.Similar to the realizable case, we also �nd that the dynamics are sensitive to the ini-tial conditions, especially for tasks with many symmetries such as T id , and the asymptoticnetwork con�guration can vary signi�cantly in their generalization error. For the T id , thebasin of attraction to the optimal solution described above is quite small and requires highlysymmetric initial bias values. Otherwise the bias dynamics show the grouping around thetrue teacher bias value similar to the realizable case with the notable di�erence, that thebias values seem to diverge instead of converging to (suboptimal) �xed values.For non-degenerate biases, one also �nds a multitude of stable network con�gurationdepending on the initial conditions, which all feature quite similar generalization error.For the task T in for example, a di�erent set of initial conditions (changing only the normsQii = (1 + n)=10) leads to student unit 2 specializing primarily on teacher unit 3 insteadof specializing almost equally on teacher units 2 and 3 and results in a slightly smallergeneralization error. We �nd that the evolution of the dynamics to solutions with similarasymptotic generalization error are qualitatively similar, but one does not �nd a dominantbasin of attraction to a particular solution as in the case of �xed biases. A more detailedinvestigation is therefore beyond the scope of this paper and will be reported elsewhere.Finally we would like to point out, that in the case of student-teacher mismatch K 6=M ,36



the di�erence between the normalized and unnormalized committee machine are substantialand the results are therefore quite di�erent. For K > M , the unnormalized soft-committeemachine is overrealizable and the excess nodes can be pruned away to achieve perfect gener-alization. This is obviously not possible for the normalized soft-committee machine due tothe di�erent normalization factor, and the task becomes unrealizable with a �nite asymp-totic generalization error. For K < M , the normalisation of the committee machine leadsto generally lower asymptotic values of the order parameters with a resulting generalizationerror which is always lower than for the unnormalized case. This seems due to the nor-malization keeping the variance of the network output distribution of constant order (foruncorrelated teacher weight vectors) irrespective of the number of hidden units, whereas theorder of the output variance is mismatched (pK and pM) in the unnormalized model.VII. SUMMARY AND DISCUSSIONThis research has been motivated by recent progress in the theoretical study of on-linelearning in realistic two-layer neural network models | the soft-committee machine, trainedwith back-propagation [2]. The studies so far have excluded biases to the hidden layers, aconstraint which has been removed in this paper. Such a network is in principle a universalapproximator [8], although within the framework at issue the model can only be studied in alimit where the approximation proof does not necessarily hold as it may require the numberof hidden units to scale with N . Nevertheless, the dynamics of the extended model turnout to be very rich and more complex than the original model, although we had to restrictourselves for computational reasons to small networks.For non-degenerate teacher biases, one �nds that the symmetry in the student hiddenunit space can be broken almost immediately by the biases, provided the student biases wereinitialized asymmetrically, speeding up the learning process considerably in comparison tothe �xed bias model where the training process can easily be dominated by the symmetricphase characterized by a lack of hidden unit specialization. These results suggest that37



student biases should in practice be initially spread evenly across the input domain if thereis no a priori knowledge of the target function. For degenerate teacher biases, however,especially in combination with similar teacher lengths, such a scheme can be extremelycounterproductive as asymmetric initial student biases severely prolong the training andcan in many cases even trap the learning process permanently in attractive �xed points.Although attractive suboptimal �xed points were also found in the original soft-committeemachine model [16], these seem to have been restricted to over-realizable cases and theassociated basins of attraction have been very small.Unlike in the �xed bias case, the initial conditions, Qij and �i, which can manipulatedin real scenarios, in
uence the training time considerably and can even cause completetraining failure. To gain a qualitative understanding of the in
uence of the initial conditions,the basins of attraction to the optimal solution were therefore studied exhaustively forK = M = 2. One �nds that attractive suboptimal �xed points exist for many trainingscenarios, including graded teachers and even non-degenerate teacher biases. The rangeof initial conditions attracted to these suboptimal network con�gurations diminishes withincreasing asymmetry of the task, especially for non-degenerate teacher biases, where theattractive �xed point vanishes eventually. In the task with the smallest basin of attraction,isotropic teacher weight vectors and degenerate teacher biases, which was studied in greatdetail, one �nds several unexpected results. First, the basin of attraction is mainly dependenton the di�erence in the initial student biases, rather than their individual abscissas or theresulting mean. Second, the basin of attraction, with respect to the student biases �i, growswith increasing student norms, but the corresponding abscissa (�̂ = �=pQ) decreases. Third,the basin of attraction is enlarged by larger initial student-teacher overlaps and trainingshould therefore be less prone to failure for smaller input dimension.Additionally, the in
uence of the learning rates on the basin of attraction was studied forthe same isotropic and degenerate task. For a common learning rate for biases and weights,the basin of attraction shrinks to a minimum in the region of fastest convergence, i.e., for theoverall optimal learning rate. The basin of attraction increases especially for small learning38



rate but always remains �nite. More e�ective in increasing the basin of attraction seems,however, the separation of the bias and weight learning rate. Whereas one must necessarilypay dearly for stability with a decrease in convergence speed when employing a small biasor weight learning rate, a large bias learning rate does not compromise training e�ciency.Although most of the results found for K = 2 also carry over qualitatively to largernetworks, the size of the basin of attraction shrinks considerably with network size, whichmay partly be contributed to the substantial increase of the number of attractive suboptimal�xed points with di�erent internal symmetries. In particular, we have found that the useof a large bias learning rate or the adiabatic elimination of the biases can actually decreasethe basin of attraction for larger networks and degenerate biases.Unlike preliminary results [8] which seemed to support the heuristic suggestion in anearlier work [17] to spread the abscissas across the input domain in order to speed uptraining; our more extensive work, clearly suggest that such an initialization scheme may ingeneral not be advisable. Our results show that in terms of the initialization, the di�erencein the threshold values and not the individual abscissas are the more relevant variables.Furthermore, such a scheme will most likely fail to convergence to the optimal solutionwhen some of the biases are degenerate, although one can only speculate how common thesetasks are encountered in practice.Other previous work [18], which relates the basin of attraction of the weight initializationwith the learning rate, seems also to be partially contradicted by our �ndings. Although thebasin of attraction does grow with decreasing learning rate, as found in [18], the functionalrelationship given for convergence in this work (�0 < Qii + �2i ) fails to predict a �niteboundary for an in�nitesimal learning rate. Furthermore, the treatment of the biases asjust another weight parameter suggests a growing basin of attraction with both increasingweights and biases, whereas we �nd that biases actually have the reverse e�ect. The workalso neglects the strong interaction between the hidden units, e.g., the importance of thedi�erence in initial thresholds or the shrinking of the basin of attraction for larger networks.An initialization procedure which provides both stability and fast convergence speed for39



all tasks, seems therefore di�cult to realize due to the inherently di�erent requirements fortasks with degenerate and non-degenerate biases. The probably most successful approachis to opt for a combined approach of medium spread of the biases, large initial weights,a reasonable separation of weight and bias learning rate. This must be combined with acriteria which restarts network biases for hidden units trapped in an attractive suboptimal�xed point. Since for most attractive �xed points found, the student hidden units are nothighly saturated, i.e., the absolute values of their mean output is reasonably less than 1, itis not su�cient to just select saturated units with large e�ective bias. This criteria musttherefore account for the actual bias values in combination with correlations between thestudent hidden unit weight vectors. For persistently large correlation between a pair ofweight vectors and very similar lengths, the biases could for example be reset to their meanvalue. If such a strategy works in all situations remains to be shown, which goes beyondthe scope of this paper. Possible di�culties are likely to be unrealizable scenarios, wherepersistent correlation are caused by a lack of student resources and a successful algorithmwould have to be able to distinguish between the two. Its usefulness would then have to befurther tested in �nite size systems and real world problems. However, as already mentioned,in cases where the training set is known in advance, many algorithms are available that aimto infer good initial conditions from the training data (see e.g., [20] and references therein).Unlike for the entire training process and general learning scenarios, where we had torestrict ourselves to small networks, the dynamics can be studied and optimized for allnetwork sizes for the isotropic degenerate teacher task in the convergence phase, wherehidden unit symmetry is already broken successfully and the student approaches the optimalsolution. Since this type of task is not only the slowest in terms of overall training time, butalso in the convergence phase itself, the results should give us a bound on the performanceof other tasks.One �nds that optimal convergence is achieved for an in�nite bias learning rate, sug-gesting that an O(1) rather than an O(1=N) bias learning rate is appropriate for �nitesystems once hidden unit symmetry is broken and that the input-hidden weights dominate40



the learning behavior in this phase. The dependence of the optimal (weight) learning ratehas been studied as a function of the number of hidden units K and the teacher length Twith special emphasis on the in
uence of non-zero (e�ective) bias %̂, which provides the mostuseful scaling of the bias in the convergence phase. We have restricted ourselves also to twolearning rate parameterizations for the biases: �� = �w and �� ! 1. One �nds that bothfor small T or small %̂, there is either no or little di�erence between the two parameteriza-tions. The advantage of an increased bias learning rate grows, however, for large enough Tapproximately proportionally to %̂2.The in
uence of the value of the e�ective teacher biases %̂ manifests itself for both param-eterizations in the initially surprising e�ect that for most T values the learning performanceactually improves for small non-zero bias. This can be explained by postulating that mostinformation on the parameters of an individual hidden unit can be obtained in the regionwhere the sigmoid is already nonlinear but not quite saturated. In this region one �nds anexponentional increase in the optimal learning rate matching the suppression of the gradient.This increase, however, cannot be sustained for larger %̂ and leads to an eventual exponen-tional decay of the convergence speed in %̂2 for any �nite K. This exponentional decay isdelayed to larger %̂ values for small teacher length T and large network size K, which maybe attributed to the increasing smoothness of the error signals allowing for a larger learningrate. This fact is epitomized in the T ! 0 and K !1 limits, where the convergence ratedoes increase unabatedly or decreases at most algebraically in %̂, respectively.The choice of the learning rate is therefore important in both the symmetric phase, whereit can help to avoid attractive �xed point as well as in the convergence phase, where theoptimal value varies signi�cantly in the relevant region of input space, making it di�cult tochoose good learning rates in practice. The problem of training is also exacerbated by thedi�culty of student parameter initialization without a priori knowledge about the learningtask present, which can change the basin of attraction to the optimal solution considerably.Future research e�ort should therefore be aimed at devising more sophisticated on-linelearning algorithms, which are able to infer information about the teacher task and the41



progress made in training by monitoring the student parameters and subsequently adjustthe learning rates accordingly or restart hidden units trapped in suboptimal �xed points.The introduction of individual learning rates for each hidden unit, already shown to bebene�cial for the �xed biased model [15], seems a further direction worthwhile to pursue.Since the learning dynamics have shown to change signi�cantly with the introduction ofadjustable biases for realizable scenarios, it appears to be of obvious interest to investigatethe in
uence of unrealizability more systematic than could be achieved within the scope ofthis paper. ACKNOWLEDGMENTSA.H.L.W. would like to acknowledge gratefully �nancial support by the EPSRC, a schol-arship of the Department of Physics of the University of Edinburgh, and the �nancial supportand hospitality of the Neural Computing Research Group at Aston University, where partof this research was carried out. This research was further supported by EPSRC GrantNo. GR/L19232. APPENDIX A: DYNAMICAL EQUATIONSThe generalization error is calculated by averaging the quadratic loss function (3) ex-plicitly over the activations fx;yg (and implicitly over all inputs) which are multivariateGaussian distributed with zero mean and covariance matrix C given byC = 264 Q RRT T 375 : (A1)In the following all averages are taken with respect to this distribution and making use ofthe convention that indices i; j; k; l and n;m label student and teacher nodes, respectively.The generalization error then takes the form
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�g = 
22K (KM MXn;m=1J2(n;m)� 2rKM K;MXi;n=1 J2(i; n)+ KXi;j=1J2(i; j)) ; (A2)with the integral J2(1; 2) = hg(u1)g(u2)i, where ui represent members of fx;yg and thesigmoidal transfer function g is here taken to be the error function g�(u) = erf(�u=p2). Wedenote with Id, Jd averages over d variables with one and two g terms, respectively. Unlikein the case of �xed zero-biases, only integrals involving a single g terms can be calculatedanalytically, whereas general Gaussian integrals involving g2 terms of shifted argumentshave no known analytical solution. However, these integrals can be simpli�ed considerablyto make a numerical integration feasible. There are several possible representations, e.g.,the Kendall series expansion, but we have chosen one which consists of a single Gaussianintegral of two error functions. We have found that this form has the advantage that thesummation over units and the integration can be interchanged, greatly improving numericalaccuracy for �xed computational cost.In this form the integral J2() is given byJ2(1; 2) = Z Dt g��pC11 t� #1�� g� C12t� #2pC11 2 � �2C212! ; (A3)where  i = 1 + �2Cii; and Dt = dtp2� exp��t22 �is the Gaussian measure, with any integral without explicit limits is from �1 to +1. Thedependence of the integral on the sigmoidal gain � can be absorbed by rede�ning~#i = �#i; and ~Cij = �2Cij;a rescaling which also holds for the other integrals below. To evaluate an integral explicitly,the full covariance matrix C is projected into the relevant subspace. For example, the43



relevant elements for J2(i; n) are C11 = Qii, C12 = Rin, and C22 = Tnn. It is a propertyof multivariate Gaussian distributions [2] that integrals of reduced dimensionality such asJ2(1; 1) are generated from the general form J2(1; 2) by the appropriate constraints (in thiscase C11 = C12 = C22).The di�erential equations for Q, R, and � are calculated similarly and take the formdQijd� = �w
2K (rKM MXm=1 I3(i; j;m) + I3(j; i;m)� KXk=1 I3(i; j; k) + I3(j; i; k))+ ��
2K �2(KM MXn;m=1 J4(i; j; n;m)� 2rKM K;MXk;n=1J4(i; j; k; n) + KXk;l=1J4(i; j; k; l)) ; (A4a)dRind� = �w
2K (rKM MXm=1 I3(i; n;m)� KXk=1 I3(i; n; k)) ; (A4b)d�id� = ���
2K (rKM MXm=1 I2(i; n)� KXk=1 I2(i; k)) ; (A4c)where the two integrals I2(1; 2) = hg0(u1)g(u2)i and I3(1; 2; 3) = hg0(u1)u2 g(u3)i can beevaluated analytically, whereas J4(1; 2; 3; 4) = hg0(u1)g0(u2)g(u3)g(u4)i can be simpli�ed toa form similar to J2() and one �ndsI2(1; 2) = �r 2� 1p 1 exp �12 ~#21 1! g1(�12); (A5a)I3(1; 2; 3) =r 2� 1p 1 exp �12 ~#21 1!" ~C13 ~#1 1 g1(�12)+ r 2� 	12�13p	13p 1 exp��12�212�# ; (A5b)J4(1; 2; 3; 4) = �2 exp �12  2 ~#21 � 2 ~C12 ~#1 ~#2 +  1 ~#22	12 !� 2� 1p	12 Z Dt g1�q ~C 033 t� ~#03� (A5c)� g10@ ~C 034t� ~#04q ~C 033 04 � ~C 02341A ;where we conveniently de�ne 	ij =  i j � ~C2ij;44



�ij = ~Cij ~#i �  i ~#jp i	ij ;�1i =  1 ~C2i � ~C12 ~C1i	12 ;�2i =  2 ~C1i � ~C12 ~C2i	12 ;and the primed variables ~C 0ij = ~Cij � ( ~C1i�2j + ~C2i�1j);~#0i = ~#i � (~#1�2i + ~#2�1i);with the obvious extensions, e.g.,  0i = 1+ ~C 0ii. Again, one infers the elements of the reducedcovariance matrix using the unit labeling convention and the appropriate dimensionalityreduction.As mentioned above the gain � rescales all order parameters and the biases explicitlyand furthermore leads to an implicit rescaling of both learning rates by �2 in the di�erentialequations (A4). The learning rates are further rescaled by the linear output gain by 
2. Thetotal rescaling of any bias and the bias learning rate �0 therefore is~# = �#; and ~�� = �2
2(K) ��: (A6a)For the weight order parameters and their learning rate �w, the input variance �2 can alsobe absorbed to give ~C = �2�2C and ~�w = �2
2�2(K) �w: (A6b)In the remainder of the paper we will therefore set � = 
 = � = 1 without loss of generality.APPENDIX B: THE REDUCED EQUATIONS CONVERGENCE DYNAMICSFor a realizable isotropic teacher scenario characterized by K =M , Tnm = T�nm, anddegenerate biases %n = %, the number of free parameters can be reduced with the ansatz45



(13), to just �ve variables R, S, Q, C, and �, which gives an accurate description for thedynamics when the student biases were not initialized too unsymmetrically.In the convergence phase one can expand the di�erential equations (A4) in a Taylor seriesto �rst order around the zero generalization error �xed point, Q� = R� = T , C� = S� = 0,and �� = %, dpid� = 4Xj=1 mijpj;where pi = Pi � P �i and Pi are generic order parameters (we use the ordering P1 = R,P2 = Q, P3 = S, P4 = C, and P5 = � following the convention of earlier work [2]), andthe eigenvalues and eigenvectors of the Jacobian matrixM of �rst derivatives determine thesolution of the linearized di�erential equation.The elements of the Jacobian matrix are explicitly given bym11 = � 2� �wK exp�� %21+2T �(1 + 2T )3=2 �(1 + 3T )� 2T%21 + 2T � ; (B1a)m12 = 1� �wK �3[(1 + 2T )� 2%2]T(1 + 2T )5=2 exp�� %21 + 2T �� (K � 1) T%2(1 + T )3 exp�� %21 + T �� ; (B1b)m13 = 2� �wK K � 1(1 + T )2 e� %21+T �(1 + 2T )� T%21 + T � ; (B1c)m14 = � 2� �wK (K � 1)e� %21+T [(1 + T )� %2]T(1 + T )3 ; (B1d)m15 = 2� �wK %T242 e� %21+2T(1 + 2T )3=2+ K � 1(1 + T )2 e� %21+T 35; (B1e)m21 = 4� �wK (e� %21+2T (1 + T )(1 + 2T ) + 2T%2(1 + 2T )5=2 (B1f)� 2� �wK � 1p1 + 4T e� 2%21+4T + K � 11 + 2T e� 2%21+2T �� ;m23 = � 4� �wK (K � 1) exp�� %21 + T � (B1g)� �(1 + T ) + T%2(1 + T )3 �m023� ;46



m023 = 2� �wK " 2p(1 + T )(1 + 3T )e� %2(1+T )(1+3T ) (B1h)+ (K � 2)(1 + T )p1 + 2T e� %21+2T � ;m31 = 2� �wK 11 + T exp�� %21 + T � ; (B1i)m32 = � 1� �wK (1 + T )� %2(1 + T )3 T exp�� %21 + T � ; (B1j)m33 = � 2� �wK �(K � 2)(1 + T )2 � T%2(1 + T )3 exp�� %21 + T �+ 1p1 + 2T exp�� %21 + 2T �� ; (B1k)m34 = � 2� �wK T%2(1 + T )3 exp�� %21 + T � ; (B1l)m35 = � 2� �wK T%(1 + T )2 exp�� %21 + T � ; (B1m)m41 = � 4� �wK exp�� %21 + T �� 11 + T �m023� ; (B1n)m43 = 4� �wK �(K � 2)(1 + T )2 + T%2(1 + T )3 exp�� %21 + T �+ 1p1 + 2T exp�� %21 + 2T � (B1o)� 2� �wK � 21 + 2T e� 2%21+2T + (K � 2)e� %21+T �� 4p1 + 2T e� %21+2T + K � 31 + T e� %21+T ��� ;m51 = � 2� ��K %(1 + 2T )3=2 exp�� %21 + 2T � ; (B1p)m52 =� 1� ��K%24 e� %21+2T(1 + 2T )3=2+ K � 1(1 + T )2 e� %21+T 35; (B1q)m53 = 2� ��K (K � 1) %(1 + T )2 exp�� %21 + T � ; (B1r)m55 = � 2� ��K 24exp�� %21+2T �p1 + 2T + K � 11 + T e� %21+T 35 : (B1s)The remaining elements can be deduced by the matrix relationsm11 � 12m21 = m22 � 2m12;47



m33 � 12m43 = m44 � 2m34;m13 � 12m23 = m24 � 2m14;m31 � 12m41 = m42 � 2m32; (B2)m25 = 2m15;m45 = 2m45;m54 = �m53:The characteristic polynomial of such a Jacobian matrix, whose zeros de�ne the eigenvalues,separates in a quadratic and a cubic equation. The two eigenvalues given by the quadraticequation correspond to those of the 4�4-matrix with �xed biases and are given by�1;2 = 12 hA1 +B1 �p(A1 � B1)2 + 4C1D1i ; (B3a)with A1 = m11 � 12m21 B1 = m44 � 2m34; (B3b)C1 = m31 � 12m41 D1 = m24 � 2m14:These eigenvalues are nonlinear in the learning rate �w.The remaining eigenvalues are given by the solutions to the cubic equation�3 + a2�2 + a1�+ a0 = 0; (B4a)with coe�cients a2 = �(m55 + A2 +B2);a1 = m55(A2 +B2) + (A2B2 � C2D2) (B4b)� E2m15 �m54m35;a0 = �m55(A2B2 � C2D2) +m54(m35A2 �m15D2)+ E2(m15B2 �m35C2);48



where A2 = m11 + 2m12; B2 = m44 + 12m43;C2 = m31 + 2m32; D2 = m24 + 12m23; (B4c)E2 = m51 + 2m52:These eigenvalues are negative for all values of �w and ��. For �w = �� = �0, these eigenvaluesare also linear in �0.This can be con�rmed by �nding the zeros of the determinant in the two learning rates�w and ��, which correspond to an eigenvalue becoming zero and therefore de�ne critical(maximal) learning rates. For the equations for the determinant rootsa2 = 0; (B5a)A2B2 � C2D2 = 0; (B5b)we obtain only one non-trivial, i.e., non-zero, solution for the weight learning rate �w, co-inciding with �1 = 0, and in particular no non-trivial solution for the bias learning rate��. This and numerical solutions suggest that the optimal bias learning rate is located atin�nity.This can be explicitly shown for the special case % = 0, where the eigenvalue spectrumseparates further. A closer inspection of the matrix elements reveals that all m5i and mi5for i 6= 5 become zero and the eigenvalues take the form�3;4 = 12 hA2 +B2 �p(A2 �B2)2 + 4C2D2i ; (B6a)�5 = m55; (B6b)recovering the convergence dynamics of the weight order parameters in the isotropic casewith �xed biases studied previously [14], but for an extra eigenvalue describing the decay ofthe student biases to their optimal value. Since only this eigenvalue depends (linearly) on��, the optimal bias learning rate is at in�nity.49



To make progress in the general case of non-zero teacher bias, we restrict our study to twopossible parameterizations �0 = �� = �w and a �nite weight learning rate �w with �� !1.In the following, we use the convention that the (weight) learning rate will be denoted by �for the generic case or when a result is valid for both parameterizations.For large ��, we expand the characteristic polynomial (B4a) asymptotically with the twoans�atze � = O(��) and � = O(1). One �nds that the characteristic polynomial separates asexpected into �3;4 = 12(A2 +B2)� E2m15 +m54m352m55�12 "(A2 � B2)2 + 4C2D2+ �E2m15 +m54m35m55 �2 (B7a)� 2(A2 �B2)(E2m15 �m54m35)m55� 4E2m35C2 +m54m15D2m55 #1=2 ;�5 = m55; (B7b)which is similar to the zero bias case, but with corrections to the eigenvalues �3;4 due to the�nite biases. However, these eigenvalues become independent of the value of ��.In order to study the optimal value of the learning rate �, which gives the fastest decayto zero generalization error, one has to assess which mode, i.e., eigenvalue and associatedeigenvector, contributes to its decay. We therefore expand the generalization error (A2) tosecond order in fq; r; s; c; #g�g = e� %21+2T�p1 + 2T �(2r � q)� 14(2r � q)2T (1 + 2T ) + %2(1 + 2T )2+ q(r � q)(1 + 2T )� 2%2(1 + 2T )2 + #%2r � 3q1 + 2T + #2�� K � 1�(1 + T )e� %21+T �(2s� c) + q(s� c)(1 + T )� %2(1 + T )2+ 14(4s2 � 2c2 � q2) %2(1 + T )250



+ #(2s� 2c+ q) %1 + T � #2� : (B8)Unfortunately, we were unable to �nd analytical solutions to the eigenvectors. Numericalsolutions, however, show that the eigenvectors associated with the eigenvalues �3;4;5 are or-thogonal to the �rst-order terms in the generalization error and thus cannot contribute totheir decay. These modes are therefore only relevant for second-order terms in the general-ization error with a decay rate of 2�3;4;5. As discussed in Sect. V, the fastest convergenceis given by Eq. (14). This is usually achieved either for �optr , where 2�3 = �1, or for �optm ,which is de�ned by the minimum of �1.It is in general infeasible to optimize the eigenvalues with respect to the learning pa-rameter � (�w or �0) analytically for arbitrary K, T and %. However, one can make someprogress in certain limits of K, T , and % which we will investigate below.1. Large-K limitThe dominant terms for large number of hidden units for all relevant quantities can beextracted by an asymptotic series expansion under the self-consistent ansatz �w = O(1). Forthe two relevant eigenvalues one makes the ansatz �i = O(K�1) and �nds to leading order�1 = � 4� �wE1K (1 + T )�p1 + 2TE21 + 2T� �p1 + 2T � �wE1�(1 + T )� �wE1E2 ; (B9a)�3 = � 2� 1K �w��E1��(1 + T )2 + �wT%2 � (1 + T )2(1 + 2T )3=2+ T%2(1 + 2T )5=2 � E21 + T � ; (B9b)with the auxiliary variablesE1 = exp�� %21 + 2T � ; (B9c)E2 = exp�� T%2(1 + T )(1 + 2T )� : (B9d)51



These de�ne two critical learning rates�maxw = �p1 + 2TE1 ; (B10a)�critw = �1 + TE1E2 > �maxw ; (B10b)where �1 is identical to zero (�maxw ) [corresponding to the maximal learning rate that can alsobe obtained by solving Eq. (B5b)] and diverges (�critw ), respectively. Inspecting Eqs. (B9)and (B10) suggests that the natural rescaling for the learning rates for non-zero teacher biasin this limit is �̂w = �wE1 and �̂� = ��E1: (B11)We further mention in passing, that Eq. (B9a) is only a valid expansion of �1 for �w < �critw ,beyond which the ansatz �1 = O(K�1) breaks down, a fact that becomes important whenoptimizing the dynamics with respect to the learning rate.For both of parameterizations (�0 = �w = �� and �w with �� = �opt� !1) this optimiza-tion is performed by calculating both �optr and �optm , i.e., solving 2�3 = �1 and d�1=d� = 0,respectively. Since �1 is only a function of �w, �optm is identical for both parameterizations,whereas �optr is in general di�erent. The candidates for the optimal learning rate take theform�opt0;r = �(1 + T )TE�11 �2(1 + T )2 �(1 + T )(1 + 2T ) + 2T%2�� (1 + 2T )5=2(2 + T + %2)E2	� �(1 + 2T )3=2(1 + T )2 �(1 + T )2 + T%2� (B12a)� 2(1 + T ) �2(1 + 2T )(1 + T )3 + T (1 + 2T + 2T 2)%2� E2 + (1 + 2T )5=2E22	�1 ;�optw;r = �(1 + T )TE1 (1 + T ) [2(1 + T )2(1 + 2T )� %2]� (1 + 2T )5=2(2 + T )E2(1 + 2T )3=2(1 + T )4 � (1 + T ) [2(1 + 2T )(1 + T )3 + T%2] E2 + (1 + 2T )5=2E22 ; (B12b)�optm = �crit � �p1 + TE1E2 h(1 + T )�p1 + 2TE2i1=2 : (B12c)To decide on the correct optimal learning rate �opt, one has to evaluate whether �optr;m < �critsince the solution is otherwise spurious due to the breakdown of the ansatz for �1 above �crit.For the remaining valid candidates the optimal convergence rate is calculated. In general,52



one �nds for given T and % that �opt = �optr for T > T crit(%) and �opt = �optm for T < T crit(%),where T crit(%) is de�ned by �optr = �optm .To make further progress in the K !1 limit, one can look at several limits for T and %.For the limits T !1 and T ! 0, one has to consider scaling ans�atze for the biases with Twhich ensure that the biases remain meaningful. As discussed in Sect. II and subsequentlySect. VC, one can adopt two possible interpretations of the in
uence of the biases which areidentical to leading orders for T ! 1 but qualitatively di�erent for T ! 0. The e�ectivebias (% = %̂p1 + T ) keeps the mean hidden unit output constant for all T . The abscissa(% = �%pT ) keeps the distance of the decision hyperplane (or root) constant.There are some further subtleties when studying various limits. The results for �rsttaking the K ! 1 limit and than the large-T limit turn out to be equivalent, to leadingorder in K and T , to results where both T and K go to their limits simultaneously, i.e.,taking the limit K !1 with T = T1K, where T1 controls the signi�cance between T andK. However, there is a signi�cant di�erence to the case where the T ! 1 limit is taken�rst, which will also be studied below. For small T on the other hand, the limits K ! 1and T ! 0 are interchangeable to third order. Below, we therefore only use those expansionswhich give us the more general solutions.2. Small-T limitIn this limit, the slowest mode is associated with �1 and the optimal learning rate isdetermined by �optm which is identical for both learning rate parameterizations and the leadingterms of the interesting quantities are�max = �e%̂2 �1 + �1� K + 4K %̂2�T� ; (B13a)�opt = �max � �e%̂2 "r(K � 1)%̂2K pT (B13b)� K � 2K %̂2T# ;53



�opt = �4 TK (%̂2 � 2rK � 1K %̂2pT (B13c)+ 12 �1� 4%̂2 + 5K � 4K %̂4�T) :The result for the model without biases can be recovered to leading order by simply setting%̂ = 0. This shows that learning speed is improved by a factor of T for non-zero (�nite)bias since the two leading terms of �opt vanish for %̂ = 0. In this limit, the e�ective bias%̂ dominates the dynamics. It is obvious, that this expansions su�ers from two drawbacks.First, the limit of zero bias cannot be taken adequately for higher orders (this is especiallyobvious for higher-order terms in �opt, which have not been included here for brevity, where%̂ appear in the denominator). Second, the expansion predicts a unabated increase of theoptimal convergence rate �opt with %̂, which is not the case for any �nite T , where �optlevels o� and eventually decays exponentionally. This is due to the implicit assumptionin the T ! 0 expansion that %̂2 � � logT , i.e., the small T terms always dominate thesolution over exponentional terms in %̂. Below, we will address the �rst of the inadequacies,by analyzing the T ! 0 limit, with the scaling �% = %=pT , i.e., % vanishes with T .3. Small-T limit and �%As in the small-T limit with % �nite, the slowest mode is associated with �1 and bothparameterizations are identical. In particular, one �nds�max = � "1 + (1 + �%2)T + �%42 T 2 (B14a)� K + 42K (1 + 2�%2)T 2� ;�opt = �max � �rK � 12K p1 + 2�%2 T; (B14b)�opt = �2T 2K ((1 + 2�%2) (B14c)� 2"(1 + 3�%2) +rK � 12K (1 + 2�%2)3=2#T) :54



In this case, the results for the model without biases are recovered for all orders for �% = 0.One can still see, that the learning is improved for non-zero biases, but for this scaling onlyby a factor of 1 + 2�%2 and not by O(T ). This expansion holds only for �%2 � T due to thealgebraic expansion of all exponentional terms.4. Large-T and -K limit (T = T1K):For large T , the two scaling ans�atze for % are equivalent and the eigenvalue �3 has thesmallest order. The optimal solution is therefore given by the solution of �optr and the leadingterms of the relevant quantities become�max = �p2pT e%̂2=2 "1� pTK e%̂2=2 (B15a)+ 1 + 4T1 + 4T 21e%̂2 � %̂24T # ;�opt0 = �max � �p22pT (1 + %̂2)e%̂2=2; (B15b)�optw = �max � �p22pT e%̂2=2; (B15c)�opt0 = � 2KT (1 + %̂2) "1� pT e%̂2=2K (B15d)+ T 21e%̂2 + T1T + %̂4 + 4%̂2 � 22T (1 + %̂2) # ;�optw = � 2KT "1� pT e%̂2=2K (B15e)+ 2T 21e%̂2 + 2T1 + %̂2 � 22T # :The comparison for zero biases (%̂ = 0) reveals that in this limit, the existence of biases slowsdown the training process to leading order only in the case where �� = �w. Furthermore,this decrease is surprisingly only algebraic in %̂. This can be explained by the exponentialgrowth of the optimal learning rates matching the gradient decrease due to the saturationof the error function for large %̂. Again, this solution is only a good approximation for �nite55



K and T as long as %̂2 � logK or %̂2 � logT .5. Large-T limitUnlike for small T , the learning behavior changes qualitatively in the T ! 1 limit forK �nite, as indicated by numerical solutions. Again �3 controls the convergence and one�nds to leading orders�max = �p2K �1� K � 1pT e�%̂2=2� ; (B16a)�opt0 = �max � �p2K2(1 + %̂2)T ; (B16b)�opt0 = �2 exp(�%̂2=2)(1 + %̂2)T 3=2 �1� K � 1pT e�%̂2=2� ; (B16c)�optw = �max � �p2K2T ; (B16d)�optw = � 2T 3=2 e�%̂2=2 �1� K � 1pT e�%̂2=2� : (B16e)In this case, the optimal learning rate is independent of %̂ to leading order in T . Theexponentionally decreasing gradient therefore directly a�ects the optimal convergence rate.
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FIG. 1. The dynamical evolution of (a) the student-student overlaps Qij and (b) the stu-dent-teacher overlaps Rin as a function of the normalized example number � is compared for twostudent-teacher scenarios. One student network (denoted by �) has �xed zero biases and is trainedusing examples generated by a bias-less teacher network. Other student networks have adjustablebiases and are learning to imitate a teacher task with non-zero biases. The in
uence of the sym-metry in the initialization of the biases on the dynamics is shown for (c) the student biases �i and(d) the generalization error �g. The initial value of �1 = 0 is kept for all runs, but �2 varies and isgiven in brackets in the legends. Finite size simulations for input dimensions N = 10 : : : 500 showthat the dynamical variables are self-averaging. For all order parameters and the biases the meantrajectories for N = 10 and N = 100 are shown for the relevant order parameters (see the legends,for biases: �1 [N = 10 (�), N = 100 (�)]; �2 [N = 10 (M), N = 100 (2)]). For the generalizationerror we show the results for N = 200 and N = 500 for comparison.60
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FIG. 2. The dynamical evolution of the student-student overlaps Qij (a), the student-teacheroverlaps Rin (b), the student biases �i (c) and the generalization error �g (d) as a function of thenormalized example number � is shown for a realizable scenario K =M = 3 and �0 = �� = �w = 2.The teacher tasks T id large degree of symmetry (Tnm = �nm and %n = 1) is responsible for the veryslow specialization process that takes place in two identi�able stages. Training time is shortenedconsiderably when the teacher vector isotropy or bias degeneracy is broken.
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FIG. 3. The dynamical evolution of the biases �i for a student imitating an isotropic teacherwith zero biases reveals symmetric dynamics for �1 and �2. The student was randomly initializedidentically for the di�erent runs, but for a change in the range of the random initialization of thebiases (U [�b; b]), with the value of b given in the legend. Above a critical value of b the studentremains trapped in a suboptimal phase.
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FIG. 4. The convergence time �c(�2) (see the text) is shown for several values of the commonteacher bias for the degenerate teacher bias task T id (%n = %). �c diverges for large enough initialmagnitude of �2 for all values of % (see the legend). For increasing % the basin of attraction to theoptimal solution becomes asymmetric and larger.
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FIG. 8. The basin of attraction for initial �2 shown for several magni�cation factors M of theinitial student-student overlaps Qij (see the legend) increases with the size of these initial values.
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FIG. 9. Although the basin of attraction for initial �2 grows with the range of initial stu-dent-teacher overlaps r̂ (for values see the legend) the dynamics still get trapped in a suboptimalcon�guration for large enough �2. Since r̂ � 1=pN , this gives some indication how �nite sizesystems may behave.
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FIG. 10. The normalized convergence timec�c � �0�c is shown as a function of the initializationof �2 for various learning rates �0 (see the legend, �20 = 0 represents the dynamics neglecting �20terms.).
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FIG. 11. The normalized convergence time as a function of �2 is shown for various weightlearning rates �w (see the legend) with the bias learning rate �xed at �� = 2. For very smallweight learning rate the basin of attraction increases quickly (for �w = 0:1 the training divergesfor �crit = 5:415).
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FIG. 12. The convergence time �c(�2) is plotted for various bias learning rates �� (see thelegend) with the weight learning rate �xed at �w = 2. For very large bias learning rate the basinof attraction extends to very large values, e.g., to �crit = 5:735 for �� = 60, although the trainingis still eventually slowed down exponentionally for very large initial values of �2.
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FIG. 13. (a) The eigenvalues �0i and �wi are shown as a function of the applicable learningrate � for K = 5, T = 1 and % = 1 for the cases �� = �w = �0 and �� ! 1, respectively. (b)The two relevant eigenvalues (see the text) �1 and �3 are magni�ed for the same scenario. Forcomparison we plot 2�3 and �nd that the optimal learning rate �opt is given by the minimum of�1 for �� !1 but by the root of �1 � 2�3 for �� = �w.
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FIG. 14. The critical teacher lengths T crit0 (a) for �� = �w and T critw (b) for �� ! 1 as afunction of %̂ for several K values given in the legend (1 represents the K ! 1 limit). T critde�nes the transition between the optimal convergence given by the minimum of �1 and by theroot of �1 � 2�3. Notice that for given T , the solution type can change for increasing %̂ at mostonce for �� = �w, whereas it can change up to three times for �� !1. The inset in (a) shows thepower-law decay of T crit0 / %̂�2. 67
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FIG. 15. The convergence scenario as a function of K for T = 1 and various % given in thelegends. (a) Optimal learning rate �opt0 for �� = �0. (b) Optimal convergence rate �opt0 , multipliedby K for convenience. (c) The normalized di�erence between the optimal and maximal learningrates ��0optmax. Ratio of the optimal learning rates �optw and �opt0 (d), the optimal convergence rates�optw and �opt0 (e), and the normalized di�erences ��woptmax and ��0optmax (f).
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FIG. 16. The convergence scenario as a function of %̂ for K = 102 and various T given in thelegends including predictions from expansions for T ! 0, T !1. (a) Optimal learning rate �optwfor �� =1. (b) Optimal convergence rate �optw . (c) The normalized di�erence between the optimaland maximal learning rates ��woptmax. Ratio of the optimal learning rates �optw and �opt0 (d), theoptimal convergence rates �optw and �opt0 (e), and the normalized di�erences ��woptmax and ��0optmax(f).
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FIG. 17. A typical training dynamics is shown as a function of � for an unrealizable case K = 3and M = 4. The teacher task are of the form: Tnm = �nm(n + 1)=2 for graded and Tnm = �nmfor isotropic teachers; %n = (2n � 5)=5p1 + Tnn for non-degenerate and %n = 0 for degenerateteacher biases. The common learning is always �0 = 2. The evolution of the student-studentoverlaps Qij (a), the student-teacher overlaps Rin (b), and the student biases �i (c) are shown forT in . The generalization error �g (d) is shown for all tasks, with the inset magnifying the escape outof the symmetric phase for the students learning the less symmetric tasks.
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TABLESTABLE I. For T ! 0 and T ! 1 the optimized dynamics in the convergence phase showpower-law behavior in leading order (for more detail including higher-order terms consult Ap-pendix B) for both learning rate parameterizations �� = �w and �� ! 1. The table shows thepower laws and the %̂ = %=p1 + T dependence of the optimal learning parameters �optw and �opt0 ,their respective optimal convergence eigenvalue �optw and �opt0 and the normalized di�erence be-tween maximal and optimal learning rate ��optmax = (�max � �opt)=�opt. Note that for the T ! 0limit both learning rate parameterizations are identical. In this limit, an alternative scaling for thebiases (�% = %=pT ) has been investigated as well.T ! 0 T !1 (K �nite) T !1 [TK�1 = O(1)]�� � �w (�%) �� � �w (%̂) �� = �w �� !1 �� = �w �� !1�opt � �e%̂2 �p2K �p2K T 1=2e%̂2=2 T 1=2e%̂2=2��optmax Tp1 + 2�%2 p%̂2T [T (1 + %̂2)]�1 T�1 [T (1 + %̂2)]�1 T�1�opt T 2K�1(1 + 2�%2) TK�1%̂2 T�3=2(1 + %̂2)�1e�%̂2=2 T�3=2e�%̂2=2 [TK(1 + %̂2)]�1 (TK)�1
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