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Abstra
t

A re
ursive approa
h for shrinking 
oeÆ
ients of an atomi
 de
omposition

is proposed. The 
orresponding algorithm evolves so as to provide at ea
h

iteration a) the orthogonal proje
tion of a signal onto a redu
ed subspa
e and

b) the index of the 
oeÆ
ient to be disregarded in order to 
onstru
t a 
oarser

approximation minimizing the norm of the residual error.

EDICS Category: 1-TFSR.

1 Introdu
tion

Adopting the terminology early introdu
ed in [1℄ we 
all atomi
 de
omposition of a

signal to the linear expansion:

f =

N

X

n=1




n

�

n

; (1)

where the atoms �

n

are elements of a non-orthogonal sequen
e in the spa
e of the

signal f , whi
h is assumed to be a Hilbert spa
e H. Within the general Mat
h-

ing Pursuit (MP) framework [1{5℄ the atoms are 
hosen, by di�erent 
riteria, from

a in general redundant set whi
h is 
alled a di
tionary. The problem of sele
ting

atoms in order to 
onstru
t the signal representation with the minimum possible
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number of 
oeÆ
ients is a very 
omplex problem. In parti
ular, the problem of 
on-

stru
ting the optimal approximation with N -atoms sele
ted so as to minimize the

Eu
lidean distan
e between the signal and the approximation is a NP-hard problem

[3℄. Thus, in this line only suboptimal solutions are a
tually feasible. In a previ-

ous publi
ation a suboptimal iterative pursuit strategy, whi
h is only optimal at

ea
h iteration step, has been introdu
ed with the name of Optimized Orthogonal

Mat
hing Pursuit (OOMP) approa
h [5℄. Su
h a te
hnique is based on an iterative

method for 
omputing dual atoms �

N

n

; n = 1; : : : ; N giving rise to a representa-

tion of the orthogonal proje
tor operator onto the subspa
e generated by the set

of atoms �

n

; n = 1; : : : ; N . These atoms, whi
h happen to be biorthogonal to

atoms �

n

; n = 1; : : : ; N [6℄, allow to 
ompute the 
oeÆ
ients in (1) by 
omput-

ing inner produ
ts, i.e. 


N

n

= h�

N

n

; fi (the supers
ript N indi
ates that the dual

atoms, and therefore the 
oeÆ
ients, depend of the number N of di
tionary atoms

being 
onsidered). The OOMP approa
h ta
kles the problem of sele
ting the new

atom �

N+1

to improve the approximation. Moreover, the 
oeÆ
ients of the atomi


de
omposition are re
ursively modi�ed in order to yield an optimal approximation

in the enlarged subspa
e. Here we 
onsider the reverse situation: We assume that

an atomi
 de
omposition is given and we wish to eliminate some 
oeÆ
ients. For

su
h an end we propose a te
hnique, that we term Ba
kward Optimized Orthogonal

Mat
hing Pursuit (BOOMP) whi
h 
onsists of the following elements: a) a re
ur-

sive approa
h to modify the 
oeÆ
ients of the atomi
 de
omposition when one of

the 
oeÆ
ients is to be disregarded and b) the 
riterion to sele
t su
h a 
oeÆ
ient.

Although the te
hnique 
an be applied to redu
e 
oeÆ
ients of any atomi
 de
om-

position, regardless of how su
h a de
omposition is obtained, in this letter we fo
us

on its implementation as a posterior step of OOMP. The reason for taking this route

2



is that the implementation of BOOMP is really straightforward on the outputs of

OOMP. In addition, we believe that this way of introdu
ing the approa
h makes

more 
lear its purpose and also its implementation steps.

We would like to stress that even the 
onstru
tion of suitable suboptimal signal

approximations by using di
tionaries is a 
omplex theoreti
al and pra
ti
al 
hal-

lenge [7, 8℄. This 
ommuni
ation aims at enhan
ing the fa
t that, sin
e suboptimal

forward and ba
kward approximations are in general not reversible, appli
ation of

the proposed ba
kward pursuit approa
h, after a forward pursuit sele
tion of atoms,

may result in a gain with respe
t to sparseness of the representation. This is 
learly

illustrated here by a simple example.

2 Adaptive MP strategies

The MP approa
h is a te
hnique to 
ompute adaptive signal representations by

iterative sele
tion of atoms [1℄. In its original form this te
hnique does not yield

at ea
h iteration the linear expansion of the sele
ted atoms that approximate the

signal at best in a minimum distan
e sense. A later re�nement, whi
h does provide

su
h an approximation, has been termed Orthogonal Mat
hing Pursuit (OMP) [2,

3, 9℄. However, sin
e OMP sele
ts the atoms a

ording to the MP pres
ription,

the sele
tion 
riterion is not optimal in the sense of minimising the residual of the

new approximation. The requirement of su
h minimization has led to the re
ently

introdu
ed OOMP approa
h [5℄. This te
hnique is implemented by means of an

adaptive biorthogonalization method whi
h, within the workings of the sele
tion

pro
ess, generates the set of biorthogonal atoms yielding orthogonal proje
tions

[5, 6℄. Su
h biorthogonal atoms are used to 
ompute the 
oeÆ
ients of the atomi
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de
omposition and are obtained through the following re
ursive equations:

�

k+1

n

= �

k

n

� �

k+1

k+1

h�

k+1

; �

k

n

i ; n = 1; : : : ; k; (2)

�

k+1

k+1

=

 

k+1

jj 

k+1

jj

2

; (3)

where the set  

j

; j = 1; : : : ; k + 1 is obtained indu
tively, from  

1

= �

1

, by or-

thogonalization of atoms �

j

; j = 1; : : : ; k + 1. These atoms are sele
ted from the

di
tionary by minimizing, at ea
h iteration step, the norm of the residual error in

approximating the signal [5℄.

Let us stress on
e more that, sin
e all the above mentioned pursuit strategies

evolve by �xing the atoms sele
ted in the previous steps, there is plenty of room for

possible improvement with regard to 
ompression of the representation.

Improving 
ompression after the OOMP pro
edure implies having to eliminate

some 
oeÆ
ients of the atomi
 resulting de
omposition. For the 
oarser approxima-

tion to be optimal in a minimum distan
e sense, the remaining 
oeÆ
ients must be

re
al
ulated [10{12℄. This feature of non-orthogonal expansions is a major di�eren
e

with orthogonal ones and has motivated an adaptive approa
h to modify biorthogo-

nal atoms in order for then to yield orthogonal proje
tions when the 
orresponding

subspa
e is redu
ed [12℄.

Let us suppose that OOMP has sele
ted N atoms to represent a given signal

up to some predetermined pre
ision. Let us denote V

N

to the subspa
e spanned by

su
h atoms i.e, V

N

= spanf�

1

; : : : ; �

N

g and let

~

V

N�1

be the subspa
e whi
h is left by

removing one atom, say the j-th one, i.e.

~

V

N�1

= spanf�

1

; : : : ; �

j�1

; �

j+1

; : : : ; �

N

g.

Sin
e the biorthogonal atoms �

N

n

; n = 1; : : : ; N are available (as output of the

OOMP pro
edure), to 
onstru
t the orthogonal proje
tor of f onto

~

V

N�1

we just
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need to modify the atoms �

N

n

; n = 1; : : : ; j � 1; j + 1; : : : ; N as follows [12℄

�

N�1

n

= �

N

n

�

�

N

j

h�

N

j

; �

N

n

i

jj�

N

j

jj

2

; n = 1; : : : ; j � 1; j + 1; : : : ; N: (4)

In writing the above equation we have re-de�ned the supers
ript N � 1. Now this

upper index indi
ates that the biorthogonal atoms are modi�ed in order to a

ount

for the deleting of any one atom (not ne
essarily the last element of the spanning set).

In the next se
tion we dis
ussed how these adaptive ba
kward equations generate

the proposed BOOMP approa
h.

3 Ba
kward Optimized Orthogonal Mat
hing Pur-

suit

After the sele
tion of N atoms the OOMP approa
h provides a representation of a

signal f as given by [5℄

f

V

N

=

^

P

V

N

f =

N

X

n=1




N

n

�

n

; (5)

^

P

V

N

f indi
ates the orthogonal proje
tion of the signal f onto V

N

and 
oeÆ
ients




N

n

are obtained as 


N

n

= h�

N

n

; fi. Theorem 1 below proves that, if we de
ide to

eliminate the 
oeÆ
ient 


N

j

from the above expansion, in order to obtain the optimal

approximation of f in the redu
ed subspa
e

~

V

N�1

, the remaining 
oeÆ
ients 


N

n

; n =

1; : : : ; j � 1; j + 1; : : : ; N should be modi�ed as follows:




N�1

n

= 


N

n

�

h�

N

n

; �

N

j

i

jj�

N

j

jj

2




N

j

; n = 1; : : : ; j � 1; j + 1; : : : ; N: (6)

For the sake of organizing the 
orresponding proof let us �rst prove the following

lemma:

Lemma 1. Let signal f

~

V

N�1

be given by

f

~

V

N�1

=

N

X

n=1

n 6=j




N�1

n

�

n

; (7)
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with 
oeÆ
ients 


N�1

n

as in (6), and let f be a signal in H. The di�eren
e f �f

~

V

N�1

is orthogonal to every fun
tion in

~

V

N�1

.

Proof. Using (6) and (7) we have:

f � f

~

V

N�1

= f �

N

X

n=1

n 6=j




N�1

n

�

n

= f �

N

X

n=1

n 6=j




N

n

�

n

+

N

X

n=1

n 6=j

h�

N

n

; �

N

j

i

jj�

N

j

jj

2




N

j

�

n

= f �

N

X

n=1




N

n

�

n

+ 


N

j

�

j

+

N

X

n=1

h�

N

n

; �

N

j

i

jj�

N

j

jj

2




N

j

�

n

� 


N

j

�

j

: (8)

Sin
e �

N

j

2 V

N

, it follows from (5) that

P

N

n=1

h�

N

n

;�

N

j

i

jj�

N

j

jj

2

�

n

=

^

P

V

N

�

N

j

jj�

N

j

jj

2

=

�

N

j

jj�

N

j

jj

2

. Hen
e

(8) turns out to be

f � f

~

V

N�1

= f �

N

X

n=1




N

n

�

n

+ 


N

j

�

N

j

jj�

N

j

jj

2

: (9)

Sin
e by hypothesis

P

N

n=1




N

n

�

n

=

^

P

V

N

f , the di�eren
e f�

P

N

n=1




N

n

�

n

is orthogonal

to every fun
tion in V

N

. Furthermore, sin
e h�

n

; �

N

j

i = Æ

n;j

, by taking the inner

produ
t both sides of (9) with every fun
tion �

n

; n = 1; : : : ; j � 1; j + 1; : : : ; N

we obtain h�

n

; f � f

~

V

N�1

i = 0, whi
h proves that f � f

~

V

N�1

is orthogonal to every

fun
tion in

~

V

N�1

.

Lemma 2. The 
oeÆ
ients 


N�1

n

of the linear expansion

f

~

V

N�1

=

N

X

n=1

n 6=j




N�1

n

�

n

(10)

minimizing the distan
e in

~

V

N�1

to a given signal f 2 H are obtainable, from 


N

n

and �

N

n

; n = 1; : : : ; N , as pres
ribed in (6).

Proof. Let g be an arbitrary signal in

~

V

N�1

and let us write jjf � gjj

2

as follows:

jjf � gjj

2

= jjf � f

~

V

N�1

+ f

~

V

N�1

� gjj

2

: (11)
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From Lemma 1 we know that f � f

~

V

N�1

is orthogonal to every fun
tion in

~

V

N�1

and

sin
e f

~

V

N�1

� g is in

~

V

N�1

we have

jjf � gjj

2

= jjf � f

~

V

N�1

jj

2

+ jjf

~

V

N�1

� gjj

2

; (12)

from where we 
on
lude that jjf � gjj

2

is minimized if g � f

~

V

N�1

.

Lemma 2 tells us how to pro
eed to disregard 
oeÆ
ients of a non-orthogonal lin-

ear expansion. Assuming that the 
oeÆ
ient 


N

j

to be disregarded has been sele
ted,

in order to optimize the approximation in a minimum distan
e sense, the remain-

ing 
oeÆ
ients should be modi�ed as indi
ated in (6). The next theorem gives an

answer to the question as to how to sele
t the 
oeÆ
ient 


N

j

to be negle
ted.

Theorem 1. Let R

j

be the residual resulting by disregarding a 
oeÆ
ient 


N

j

for

passing from approximation f

V

N

to f

~

V

N�1

i.e., f

V

N

= f

~

V

N�1

+R

j

. In order to minimize

the norm of the residual R

j

su
h 
oeÆ
ient is to be 
hosen as the one yielding a

minimum value of the quantity

j


N

j

j

2

jj�

N

j

jj

2

: (13)

Proof. Sin
e R

j

= f

V

N

� f

~

V

N�1

=

P

N

n=1




N

n

�

n

�

P

N

n=1

n 6=j




N�1

n

�

n

, by using (6) we have:

R

j

=

N

X

n=1




N

n

�

n

�

N

X

n=1

n 6=j




N

n

�

n

+

N

X

n=1

n 6=j




N

j

�

n

h�

N

n

; �

N

j

i

jj�

N

j

jj

2

= 


N

j

�

j

+ 


N

j

N

X

n=1

�

n

h�

N

n

; �

N

j

i

jj�

N

j

jj

2

� 


N

j

�

j

(14)

As already dis
ussed,

P

N

n=1

�

n

h�

N

n

; �

N

j

i = �

N

j

. Then, from the last equation it

follows that R

j

=




N

j

�

N

j

jj�

N

j

jj

2

. Consequently, in order to minimize jjR

j

jj

2

the 
oeÆ
ient




N

j

to be negle
ted is the one minimizing (13).

Theorem 1 leads to a re
ursive algorithm for shrinking 
oeÆ
ients. We 
all su
h

algorithm BOOMP, be
ause, at ea
h iteration, it sele
ts the atom to be deleted
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a

ording to a sele
tion 
riterion whi
h is equivalent to the one proposed by OOMP

[5℄ for forward approximations. Moreover, BOOMP is a natural 
omplement of

OOMP be
ause its implementation on the output of OOMP is extremely simple.

The few ne
essary steps are des
ribe below.

BOOMP algorithm

Let us assume that atoms �

n

; n = 1; : : : ; N have been sele
ted by the OOMP

approa
h in order to approximate a signal f . Hen
e, the biorthogonal set �

N

n

and

the 
orresponding 
oeÆ
ients 


N

n

; n = 1; : : : ; N are also known. The BOOMP

approa
h for redu
ing 
oeÆ
ients evolves as follows:

� Sele
t the index j of the 
oeÆ
ient 


N

j

to be disregarded as the one yielding a

minimum value of the quantity

j


N

j

j

2

jj�

N

j

jj

2

as j ranges from 1 to N .

� Modify the 
orresponding biorthogonal atoms and 
oeÆ
ients as pres
ribed in

(4) and (6) respe
tively.

� Set N = N � 1 and repeat the above steps until the 
oarsest a

eptable

approximation is rea
hed.

Example

We illustrate now by a simple example the main remark of this 
ommuni
ation:

namely that BOOMP 
an improve the 
ompression performan
e of the forward

OOMP approa
h. We 
onstru
t a di
tionary of Mexi
an hat wavelets given by the

fun
tions

�

m;n

(t) = 2

m

2

�(t2

m

� 0:2n) with �(t) =

2

p

3

�

�

1

4

(1� t

2

)e

�

t

2

2

: (15)

By 
onsidering s
ales m = 0; 1; 2; 3, and 4 to 
over the [0; 4℄ interval we have a

di
tionary of 665 atoms. The signal f to be represented is a 
hirp generated by the
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MATLAB instru
tions:

t=0:0.01:4; f=
hirp(t,0,1,2);

In order to produ
e a high quality representation of this 
hirp the OOMP approa
h

sele
ts N = 60 atoms (the norm of the residual error is 0.0544). By applying the

proposed BOOMP to the OOMP approximation we redu
e the number of 
oeÆ-


ients up to 34 and the approximation is the one depi
ts in the top left graph of

Figure 1. The norm of the residual error with respe
t to the true signal is in this 
ase

1.18. However, if rather than applying the BOOMP approa
h we stop the OOMP

approa
h at iteration 34, so as to have the same number of 
oeÆ
ients as in the

previous 
ase, the approximation is the one shown in the top right graph of Figure 1

and the norm of the residual error is 1:77. It is 
lear from the graphs that, in addi-

tion to yielding the smallest residual error with the same number of 
oeÆ
ients, the

approximation obtained by the BOOMP approa
h is overall visually superior to the

OOMP one with the same number of 
oeÆ
ients. The bottom left and right graph

depi
t, respe
tively, the absolute value of the di�eren
e between the 
hirp signal and

the 
orresponding approximations.

4 Con
lusions

A re
ursive approa
h for shrinking 
oeÆ
ients of an atomi
 de
omposition has been

proposed. The approa
h is based on an adaptive te
hnique whi
h allows to modify

biorthogonal fun
tions in order to yield orthogonal proje
tors onto a redu
ed sub-

spa
e. A 
riterion for disregarding 
oeÆ
ients has been dis
ussed. Su
h 
riterion

leads to an iterative pro
edure that we have termed BOOMP, be
ause it evolves

so as to ful�l identi
al requirements to those of the OOMP method. A

ordingly,

BOOMP provides at ea
h iteration a) the 
oeÆ
ient of the atomi
 de
omposition

9



to be deleted in order to 
onstru
t a 
oarser approximation minimizing the norm

of the residual error b) the 
oeÆ
ients of su
h de
omposition rendering optimal

approximation in the same sense. The approa
h is a good 
omplement to OOMP,

very simple to implement and de�nitely worth trying in any 
ase. However it is

appropriate to stress that situations for whi
h the forward approa
h renders better

results that the 
ombination with the ba
kward one should 
ertainly exist. This

is a 
onsequen
e of la
k of global optimality in both dire
tions. Finally we would

like to remark that if, rather than (13), one de
ided to apply another 
riterion for

disregarding 
oeÆ
ients (see [13, 14℄ for some alternative ones) in order to leave

an approximation minimizing the distan
e to the signal the remaining 
oeÆ
ients

should be modi�ed as pres
ribed in (6).
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Figure 1: The top left graph represents the approximation obtained by applying

the BOOMP approa
h for redu
ing the 60 
oeÆ
ients of the high quality OOMP

approximation up to 34. The top right graph 
orresponds to the OOMP approxima-

tion resulting by stopping the approa
h after the sele
tion of 34 atoms. The bottom

left graph depi
ts the absolute value of the di�eren
e between the 
hirp signal and

the BOOMP approximation of the left top graph. The right bottom graph has the

same des
ription as the left one, but with respe
t to the approximation of the right

top graph.
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