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ABSTRACT 

A numerical model of the sensitivity of long period gratings fabricated by electric-arc in photonic crystal fibres to strain, 
temperature and refractive index is proposed and evaluated by comparison to the experimental results. It is shown to be 
superior to the commonly used semi-analytical method. The generalized modelling procedure is thoroughly explained in 
order to facilitate its application to a wide range of long period gratings in different types of fibres.   
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1. INTRODUCTION 
 
Long period gratings (LPGs) were first proposed as a solution to high back-reflection in band-rejection filters [1,2]. An 
LPG consists of a periodic change of the refractive index along the fibre which causes coupling between the core and 
cladding modes and therefore attenuation bands in the transmission spectrum. As these attenuation bands are sensitive to 
changes in external parameters such as temperature and refractive index as well as to strain and bending of the fibre, the 
LPGs have been largely exploited as sensing devices. LPGs have been produced by various methods: UV, CO2 or 
femtosecond laser writing, exposure to electric arc, mechanical pressure, etching, [3], in different types of fibres: single 
mode, progressive layered, W-shaped, grapefruit fibres, see e.g. [3-5]. The development of photonic crystal fibres 
(PCFs), [6],  enabled fabrication of a new class of long period gratings. Due to the novel waveguiding properties and the 
material composition of PCFs, LPGs inscribed in them can be an elegant solution to the problems previously 
encountered with other LPGs, for example gratings fabricated by an electric arc are largely immune to the cross-
sensitivity to temperature, [7] and also have excellent thermal stability [8].       

Fibre gratings have been successfully modelled by several methods, the most common of which are coupled-
mode theory (CMT) and the transfer matrix method (TMM) [9,10]. Grating sensitivity to an external parameter has been 
calculated based on the derivative of its resonant wavelength with respect to that parameter. Since the CMT is a 
perturbation theory, it can be applied to any fibre providing that its eigenmodes and the index change are known. Due to 
the complex geometry of PCFs, this is exactly the major challenge. While core modes of PCFs have been extensively 
analysed by various methods [11-17], cladding modes have been studied only in a few particular contexts mostly related 
to LPGs [5,18]. As the coupling to these modes is a working principle of LPG, accurate calculation of their propagation 
constants and fields is essential.    

In this paper, resonant cladding modes of an LPG fabricated by an electric arc in all-silica PCFs are identified 
and used in the analysis of the grating sensitivity to temperature, strain and external refractive index. In particular, a very 
weak grating sensitivity to temperature is proved. The paper begins with a brief review of the relevant experimental 
results in Section 2. Section 3 describes the numerical model used divided into the model of long period grating, model 
of PCF and semi-analytical and numerical models of the grating sensitivity. Its applications to the sensitivity to strain, 
temperature and refractive index are described in detail in Sections 4-6, respectively. Results of the modelling and their 
comparison to the experimental results are discussed. At the end, Section 7 summarizes conclusions and points out 
directions for future work.  
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2. LPG IN ESM-1550-01 PCF 
 
LPGs in endlessly single mode ESM 1550-01 PCF, first reported in [7], were studied as an excellent example of the 
grating insensitive to temperature and simultaneously sensitive to other parameters. The fibre was made from pure silica 
with four rings of hexagonally arranged air holes with the space between adjacent holes being 8µm. The central hole was 
omitted to form the core, Fig. 1a). The filling factor was 0.46. LPGs with different periods were inscribed by exposing 
the PCF to the electrical discharge provided by a commercial splicer (Fitel S175 v2000) set to the commercially defined 
power level 87 and the arc duration of 750ms, [19]. A detailed inspection of the grating by the phase microscope did not 
reveal any change in the hole size. The LPG with period 500µm and length 25.5mm was studied in detail. Its 
transmission spectrum, shown in Fig. 1b), features two pronounced attenuation bands at 1403nm and 1239nm. Increasing 
the grating period caused a blue shift of the wavelength spectrum, in contrast to LPG behaviour in conventional single 
mode fibre. Neither the grating spectrum nor the sensitivity tests indicated any birefringence, therefore the original 
hexagonal symmetry of the fibre is considered unaffected by the electric arc. 

 
Figure 1. a) Cross section of ESM 1550-01 PCF. b) Spectrum of 500µm LPG fabricated in this fibre by electric arc 

 

3. NUMERICAL MODEL 
 
3.1 Numerical model of PCF 

Due to the complex geometry of PCFs and the high refractive index contrast between the pure silica and air holes, modes 
of these fibres are best found by solving Maxwell’s equations by a full-vectorial numerical solver.  A comparison of the 
different numerical methods used to study PCFs can be found in [16]. In order to simulate an LPG and its sensitivity to 
refractive index, cladding modes of the stripped fibre exposed to different surrounding media must be found, which 
automatically eliminates methods that assume infinite photonic crystal. An accurate calculation of the effective refractive 
indices of the modes propagating mostly through the photonic crystal requires very fine meshing in this part of the fibre 
cross section. In order to fulfill both requirements, the finite element method was chosen and the simulations were 
performed by the commercial software Comsol 3.1 [20]. Necessary refinement of the mesh was achieved by exploiting 
the fibre symmetry.  
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The photonic crystal fibre studied in this paper and shown in Fig. 1a) belongs to the C6ν  symmetry group. 
Modes of a waveguide with this symmetry can be divided into eight symmetry classes: non-degenerate classes 1,2,7,8 
with the irreducible zone angle of π/6 and degenerate classes 3,4,5,6 with the irreducible zone angle of π/2. Four classes 
in each group are the result of permutations of the two boundary conditions: perfect magnetic conductor - 0=×Hn

rr
and 

perfect electric conductor - 0=× En
rr

, [21].   Immense improvement of the mesh by the use of fibre symmetry is 
illustrated in Fig. 2. Basic criteria for the choice of mesh parameters were convergence and the required accuracy of the 
effective refractive index. The optimal mesh is chosen as a compromise between the numerical accuracy and the 
calculation time. The effective index of the core mode was calculated with the accuracy better than 7102 −⋅  and of 
cladding modes with the accuracy better than 610− .  

 
Figure 2.  Optimal mesh that could be solved for on the Pentium 4 (512MB RAM, 2.53GHz) in the case of a) the whole 

fibre cross section and b) degenerate and c) non-degenerate classes. The number of mesh elements in the whole cross 
section was increased from 19960 to 376048 for degenerate and to 376464 for non-degenerate classes. 

 

3.2 Grating theory 

If the grating can be treated as a periodic perturbation of the refractive index along the fibre, then a mode excited by the 
grating can be represented in the space of the eigenmodes of the unperturbed fibre, and the coupling mode theory is an 
excellent tool for the grating analysis. Long period grating couples core mode to the copropagating cladding modes 
which are attenuated in the coated part of the fibre. The resonant wavelength at which the coupling occurs is given by the 
phase matching condition    

B
eff

B
eff
cl

eff
co nnn Λ=Λ−= δλ )(      (1) 

where eff
con  and eff

cln are the effective mode indices of the core and cladding modes respectively, Λ is the beat length and 
λ is the resonant wavelength [22]. However, the difference in the effective refractive indices of the successive cladding 
modes can be of the order of 610− which is not only close to the numerical error, but also does not allow for the 
separation of contributions of different modes to the same attenuation band. Namely, the attenuation bands of these 
modes would be separated by a few nanometers, while the width of the spectral band is several nanometers. The mode 
with the biggest contribution is the mode with the biggest coupling to the core mode, which is quantified by the coupling 
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contribution of one mode is so dominant that it can be considered the only resonant mode. As overlap integrals depend 
on the orientation of mode field vectors, analysis of fibre symmetry can shorten identification of the resonant mode. 
Numerical error in the calculation of effective indices translates into the inaccuracy in the position of the resonant 
wavelength of 0.5nm. 

 Grating analysis can be facilitated by construction of the grating characteristics which is a family of curves 
)(λΛ  for different cladding modes over a range of wavelengths, as shown in Fig. 3 for the ESM 1550-01 PCF. Resonant 

wavelengths of the first order grating are found at intersections of these curves with the line L=Λ , where L is the 
grating period. Inset in Fig. 3 shows the power profile and the electric field of the quasi LP mode that has been identified 
as responsible for the main resonance at 1402nm. The electric field of this mode is parallel to the electric field of the core 
mode which maximizes their coupling coefficient. The resonant mode has been further used in the models of grating 
sensitivity to strain, temperature and refractive index.  

 

 
 

Figure 3. Characteristic of the LPG in ESM 1550-01 PCF. The resonances marked by the vertical lines correspond to the 
attenuation bands at 1239nm and 1403nm shown in Fig. 1. Characteristic curves of the resonant modes are emphasized 
by thick lines. Inset: Power profile and the electric field of the mode resonant at 1403nm.  
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3.3 Models of  grating sensitivity 

Long period grating response to the change in external parameter is observed as a shift in the resonant wavelength, a 
change in magnitude or in the shape of attenuation bands. In most cases, changes in temperature, strain and refractive 
index lower than the index of fibre cladding cause wavelength shift, while bending and changes in refractive index to the 
values higher than the index of the fibre cladding cause a change in shape and magnitude of attenuation bands. In the 
former case, the grating sensitivity to parameter X can be calculated by linearisation of the grating characteristic of the 
resonant mode around the resonant wavelength and is given by expression 
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in which the generalized sensing parameter γ [23,24] 
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accounts for the influence of the material and waveguide dispersion of the fibre, )).),((),(( XXnXnn effeff λλδδ = The 
rightmost term in (3) shows a direct relation between γ and the slope of the grating characteristics. As the derivatives in 
the above equations are obtained numerically, this method will be referred to as semi-analytical.   

Change in an external parameter can have two major effects on a LPG: change in the grating length and in the 
refractive index of the fibre. If the latter effect is incorporated in the model of the PCF and the resonant wavelength 
found using the new grating period, the approximation made in the linear model is eliminated. Graphic representation of 
this solution clearly shows contributions from each effect as will be shown in Sections 4 and 5. This method will be 
referred to as numerical.     

 The most important assumptions made in the model are that the index change in the grating is small and that the 
symmetry of the fibre is preserved. The profile of the grating and the fibre itself are not restricted in any other way. 
Moreover, the requirement imposed by symmetry can be dropped at the expense of the mesh quality and the calculation 
time. Nonuniform grating can be treated by transfer matrix method that uses CMT to evaluate transmission matrix of 
each uniform part. Therefore, the numerical model proposed here allows for calculation of the wavelength shift based 
sensitivity of practically any grating in any fibre.   
 

4. LPG SENSITIVITY TO STRAIN 
    

The expression for the sensitivity to strain was derived from (2) by substitution of X by the definition of the linear strain 
LL /∆=Λ∆Λ=≡ δεε  and is given by 
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      (4) 

The strain-optic coefficient εη accounts for the change in the refractive index of the fibre due to the applied strain. It was 
derived from the change in the optical indicatrix for the field polarized perpendicularly to the direction of the applied 
strain [25], ))((5.0 111212

3 pppn +−−= µηε  where p11=0.121 and p12=0.27 are elements of the strain-optic tensor [25] 
and µ=0.17 is the Poisson's coefficient for pure fused silica [26]. The calculated strain sensitivity was -1.57nm/mε.  
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  The numerical solution was based on the change in the refractive index of silica of 4106 −⋅==∆ εηεn  caused 
by the maximal strain applied in the experiment of 2mε. The beat length of the strained fibre was calculated in the range 
of 8nm around the resonant wavelength. The new resonant wavelength was found by interpolation of the Λ curves at the 
points determined by the new grating period )1( ε+=Λ L . From Fig. 5 it can be seen that both the contribution from the 
elongation of the grating (dashed arrow) and from the strain-optic effect (grey arrow) lead to a blue wavelength shift, the 
former having the major effect. 

 
Figure 4. Numerical solution for the shift in the resonant wavelength of the LPG in ESM PCF due to the applied strain. ∗ - 

unstrained fibre, • - fibre under strain of 2 mε. Dashed arrow – wavelength shift due to the elongation of the fibre, grey 
arrow – wavelength shift due to the strain-optic effect, solid black arrow – overall wavelength shift. 

 
The model was validated by comparing to the experimental results. The strain response of the LPG in ESM 1550-01 

was linear with the sensitivity of - εmnm /05.008.2 ± , as shown in Fig. 5.  

 
Figure 5. Measured sensitivity to strain of the attenuation band at 1403nm of the 500µm LPG in ESM PCF.  

The numerical result for the sensitivity of -1.85nm/mε differs from the measured value by 11%, which is better than 
the error of the semi-analytical result of nearly 25%. Apart from the experimental error of 2.4%, the error of the model 
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can be assigned to several neglected effects:  inhomogeneous distribution of strain in the PCF caused by the presence of 
the air holes; dispersion of the strain-optic coefficients and average change in the refractive index in the grating. The 
simulation of the mechanical stresses in ESM PCF reveals that the axial strain in PCF reaches a maximum in the 
photonic crystal, Fig. 6. As the resonant mode is mainly concentrated in this part of the fibre (see Fig. 3), the variations 
in strain, calculated to be as large as 4%, may be a source of error of the model. At the same time, the amplitude of the 
wavelength shift of only few nanometers makes the dispersion of the strain-optic coefficients negligible. The change in 
the refractive index of PCF exposed to the electric arc was not known at the time of the calculation hence the model was 
based on the unperturbed fibre. Later consideration, [27], showed that the index change is of the order of 410− , which 

may lead to the error in the wavelength shift Λ∆
∂

∂
=∆ n

n
neffδλ  of the order of 0.1nm corresponding to the error in 

sensitivity of several percents. The model can be improved by taking into account the strain distribution from Fig. 6 and 
the estimate of the index change from [27]. This work is in progress.  

 
Figure 6. Distribution of the axial strain over the cross section of the ESM PCF. The figure is the courtesy of Tim Earthrowl-

Gould (2004) 

 

 

5. LPG SENSITIVITY TO TEMPERATURE 
 

Similarly to strain, the expression for the LPG’s sensitivity to temperature is a specific case of the generic expression 
given by Eq. (2) 
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     (5) 

in which 7105 −⋅=∂ΛΛ∂= Tα °C-1 is the thermal expansion coefficient of silica and 6108.7 −⋅=∂∂= TnTη °C-1 is 
the thermo-optic coefficient of silica [25]. For the range of temperatures applied in the experiment (20°C-90°C) the 
maximal change in the refractive index is 5·10-4, hence, under the assumption of linear grating response, the derivatives 
already calculated in the previous section could be used. The semi-analytical model gave sensitivity to temperature of 
3.8pm/°C. 

The numerical solution was obtained reusing the curves from Fig. 4 and following the steps outlined in the 
previous section. The change in the refractive index of 6·10-4 corresponds to the temperature change of -76.92°C, which 
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is just above the range used in our experiments. This caused only a small change in the grating period of -19.23nm, Fig. 
7, corresponding to the sensitivity of  4.0pm/°C. 

 
Figure 7. Numerical solution for the sensitivity of the LPG in ESM PCF to temperature when the grating is cooled by 77°C. 

   

 Waveguide dispersion of the resonant mode is such that the thermo-optic effect and the thermal expansion of 
the fibre cause wavelength shifts of the opposite signs. Although the thermo-optic effect dominates the effect of linear 
expansion of the fibre, it is itself small because both core and cladding modes are guided mostly through the silica and 
their effective indices undergo almost the same change, hence the small value of the derivative 

31017.1 −⋅−=∂∂ nn effδ . This explains the very weak sensitivity of the LPG to temperature and justifies the 
assumption used in the model that the volume expansion of the grating and thermal stresses can be neglected. 

 The sign and the order of magnitude of the calculated wavelength shift agree with the experimental result, but 
the calculated sensitivity overestimates the experimental value 2±1pm/°C. This disagreement may be due to the large 
error in the linear regression caused by scattering of the experimental data, but also due to the neglect of the average 
index change in the model of LPG and linearisation over the large temperature span. The error can be reduced by the 
improvements of the model described in the previous section. 

 

6. LPG SENSITIVITY TO EXTERNAL REFRACTIVE INDEX 

 
 
For refractive indices lower than the index of silica, the wavelength shift is a dominant grating response. It can be 
obtained from Eq. (3) by simply dropping the term that describes a change in the grating period: 

ext

eff

eff
ext n

n
nn ∂

∂
=

∂
∂ δ

δ
γλλ 1

     (6) 

Here the direct application of the linearisation around the resonant point is limited to indices far below the index of 
silica. On the other hand, the numerical model does not suffer from such a limitation and its implementation is 
straightforward as it is sufficient to set the refractive index of the ring simulating the surrounding material to the 
appropriate value. The calculated beat length shift for the LPG in ESM PCF versus the external refractive index is shown 
in Fig. 8a). Since change in the external index does not cause change in the grating period, the wavelength shift is simply 
obtained from the shift of the grating characteristic along the line mL µ500==Λ , Fig. 8b). The theoretical result 
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correctly predicts the sign of the wavelength shift but overestimates the maximal measured value 0.8±0.1nm [19] several 
times. We have not been able to explain this discrepancy.  

 
Figure 8. a) Beat length of the resonant mode of the LPG in ESM PCF for different values of the external refractive index: 

1.0 - solid line, 1.2 – dashed line, 1.3 – dotted line, 1.35 – dash-dot line, 1. 4 - x, 1.42 – o, 1.44 - ∇. b) Shift in the 
resonant wavelength obtained from a) versus external refractive index. 

 

 

7. CONCLUSION 

 
A numerical model of the sensitivity of long period grating fabricated in photonic crystal fibre to temperature, strain and 
refractive index has been proposed. Numerical results compared well to the measurements of the gratings fabricated by 
the electric arc in ESM PCF, with the exception of the index sensitivity, which is the subject of further study. In 
particular, the major property of these gratings which is the very low sensitivity to temperature has been explained, 
which paves the way to other similar solutions. The proposed numerical model was shown to be superior to the 
commonly used semi-analytical model. However, it allows for an improvement of accuracy by incorporating the 
estimated average induced index change and inhomogeneous distribution of axial strain.   
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