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Abstract. We revise a phase diagram for the sliding Luttinger liquid (SLL) of

coupled one-dimensional quantum wires packed in two- or three-dimensional arrays in

the absence of a magnetic field. We analyse whether physically justifiable (reasonable)

inter-wire interactions, i.e. either the screened Coulomb or “Coulomb-blockade” type

interactions, stabilise the SLL phase. Calculating the scaling dimensions of the

most relevant perturbations (the inter-wire single-particle hybridisation, charge-density

wave, and superconducting inter-wire couplings), we find that their combination always

destroys the SLL phase for the repulsive intra-wire interaction. However, suppressing

the inter-wire tunnelling of repulsive fermions (when the charge-density wave is the

only remaining perturbation), one can observe a stability region emerging due to the

inter-wire forward scattering interaction.
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1. Introduction

The Luttinger liquid (LL) describes one-dimensional interacting systems with a linear (or

linearised) spectrum [1, 2, 3]. The interaction strongly enhances the impact of impurities

leading to a zero-temperature metal-insulator transition in the presence of either disorder

[4] or even a single impurity [5, 6], both being described by the renormalisation group

(RG) approach. Progress in the fabrication of low-dimensional nanostructures based
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on carbon nanotubes [7, 8, 9, 10], semiconductor and metallic nanowires [11, 12], self-

assembled DNA scaffolds [13, 14], etc., revived the interest to theoretical studies of the

LL superstructures. Theoretically, the most challenging bunch of problems in this field

is the crossover from the 1D LL behaviour of an individual metallic wire to a 2D or 3D

Fermi-liquid (FL) behaviour of ensembles of coupled 1D wires. Such finite systems may

support various topological states with gapless modes propagating through the edge

wires [15].

The conductivity of multi-channel (quasi-one-dimensional) strongly-correlated

systems demonstrates power law temperature dependence. It has been experimentally

observed in many quasi-1D systems, including carbon nano-tubes [16], semiconductor

nanowires [17], MoSe nanowires [18], NbSe3 nanowires [19], gold nanowires [20],

polymer fibers [21] and newly discovered NB2PdS5 nanowires [22]. These observations

can be explained within multi-channel Luttinger liquid model that neglects single-

particle backscattering and many-particle scattering processes. The single-particle

backscattering results from disorder and can be neglected in a clean (ballistic) translation

invariant wires whereas many-particle scatterings are inherent in strongly correlated

systems. Many-particle processes are typically weaker but they are renormalised by

interaction and may become dominant at low temperatures. The fact that they are

not observed in some of the experiments cited above can be explained by relatively

high temperatures at which the multi-particle processes are still ineffective. High-

temperature phase of multi-channel strongly correlated fermionic systems, therefore,

are well described by the so-called sliding Luttinger liquid (SLL) [25, 26, 27, 28, 29, 31].

Nevertheless, at lower temperatures quasi-1D systems fall into either a superconducting

(SC) [22] or charge density wave (CDW) [19] states. It is also known that the inter-wire

electron tunnelling is a relevant perturbation which results in the transition from the LL

to Fermi liquid (FL) phase [23, 24]. The aim of this manuscript is to establish whether

the LL fixed point remains stable in a phase of the sliding Luttinger liquid assuming

realistic intra- and inter-wire interactions.

In the sLL phase, the canonic phase – density variables (ϕj, θj) describing bosonised

degrees of freedom in each wire j are invariant under the constant shifts. The phase

remains stable as long as three distinct inter-wire processes are all RG irrelevant.

Namely, these processes are the single-particle (SP) and the particle-hole inter-wire

tunnelling that may result in a transverse charge density wave (CDW), and the two-

particle hopping resulting in a superconducting (SC) state. The SP processes become

irrelevant when a spin gap appears due to an attraction between opposite spins (the

Luther-Emery regime [24, 32, 33]). Then the stability of the SLL fixed point would be

ensured if the remaining SC and CDW interactions also become irrelevant [28, 29]. In

the spin-polarised regime, the system becomes effectively spinless, but the SP processes

are not necessarily irrelevant. Then all three types of interaction, CDW, SC, and SP,

must be simultaneously irrelevant in order to ensure the stability of SLL. It requires a

fine tuning of model parameters to achieve a stability against all three perturbations.

Even assuming unrealistic interaction between wires [31, 30] (in attempt to save SLL
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model) the stability region of parameters turns into a narrow strip along the boundary

beyond which the Wentzel-Bardeen [37] instability completely breaks the Luttinger

liquid approach. The special shape of the transverse wave vector dependence of the

Luttinger parameter is used in [31, 30], whose microscopic derivation is not obvious.

Moreover, it is quite clear that the result is extremely sensitive to the choice of the

shape of this dependence and the values of the parameters. In what follows, we do not

assume that the inter-wire interaction is different to a standard (screened) Coulomb

interaction, and his fact leads to a conclusion drastically different from that in [31].

In this letter we study a sliding Luttinger liquid phase in a system of coupled

parallel quantum wires packed in two- and three-dimensional arrays.

2. The model

After the standard bosonisation [24], the density fluctuations and current in the ith wire

are parameterised in terms of two bosonic fields θi and ϕi as δρi = 1
π
∂xθi, and ji = 1

π
∂xϕi.

We assume spin-gapped situation when only charge degrees of freedom should be kept.

Introducing the vector notations for the two fields describing a set of N wires,

θ = {θ1, ..., θN}, (1)

ϕ = {ϕ1, ..., ϕN}, (2)

one writes the Lagrangian density of the set as

L =
1

8π

[
2∂tϕ

T∂xθ − ∂xθTVθ∂xθ − ∂xϕTVϕ∂xϕ
]
. (3)

Here the matrices Vθ and Vϕ are diagonal in the absence of inter-wire interactions, with

the elements expressed in terms of the velocity vi and the Luttinger parameter Ki in

each wire as V ij
θ = δij(vi/Ki) and V ij

ϕ = δijviKi. Adding the inter-wire interactions

makes these matrices non-diagonal,

V ij
θ = δij(vi/Ki) + U ij

θ , (4)

V ij
ϕ = δijviKi + U ij

ϕ , (5)

where the off-diagonal matrix elements U ij
θ and U ij

ϕ describe the density-density and

current-current interaction strengths between the ith and jth wires. In the presence of

the inter-wire interaction, the local field correlators with Lagrangian density Eq. (3)

can be written in matrix form as

〈θ(t)⊗ θT(t′)〉 = −2K ln(t− t′) , (6)

〈ϕ(t)⊗ϕT(t′)〉 = −2K−1 ln(t− t′) , (7)

where the Luttinger matrix K is defined [34, 35, 36] by the matrix equation

KVθ K = Vϕ , (8)

which always has a unique solution for real symmetric and positive definite matrices Vθ
and Vϕ. The name is justified by the fact that, in the absence of inter-wire interactions,

K = diag{Ki}, and Eqs. 6 are reduced to the standard single-wire expressions.
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3. Perturbations

It is convenient to write operators corresponding to the three inter-wire processes defined

in the introduction (CDW originating from Coulomb interaction, and SP/SC tunneling

processes) in terms of the creation and annihilation operators for the left-moving (L̂†i
and L̂i) and right-moving (R̂†i and R̂i) particles in the ith wire, with L̂i ∼ eiθ

L
i and

R̂i ∼ eiθ
R
i , where the bosonic variables for the left- and right-movers are θL,Ri ≡ ϕi ± θi.

Then the matrix elements of the three potentially relevant inter-wire couplings are given

by

L̂cdw
ij ∼ R̂†i L̂i L̂

†
jR̂j ∼ cos [θi − θj] , (9)

L̂sc
ij ∼ R̂†i L̂

†
i L̂jR̂j ∼ cos [ϕi − ϕj] , (10)

L̂sp
ij ∼ R̂†i R̂j ∼ ei(θi−θj)/2 ei(ϕi−ϕj)/2 , . (11)

The corresponding scaling dimensions are straightforward to derive using field

correlators Eq. (6); the results are expressed in terms of matrix elements of the Luttinger

matrix K and its inverse K−1:

∆cdw
ij ≡ dim

[
L̂cdw
ij

]
= Kii +Kjj − 2Kij , (12)

∆sc
ij ≡ dim

[
L̂sc
ij

]
= (K−1)ii + (K−1)jj − 2(K−1)ij , (13)

∆sp
ij ≡ dim

[
L̂sp
ij

]
=

1

4

[
∆cdw
ij + ∆sc

ij

]
. (14)

The stability condition (i.e. the irrelevance of all the three perturbations) for a one-

dimensional system is that all the three scaling dimensions are greater than the physical

dimension, 1 + 1 = 2:

∆cdw
ij ≥ 2 ,∆sc

ij ≥ 2 , (15)

∆cdw
ij + ∆sc

ij ≥ 8 . (16)

The last inequality is potentially most stringent so that the single-particle hybridisation

might be dangerous for the stability of the SLL phase even when both CDW and SC

processes are irrelevant. Let us stress that, as usual, the most relevant process does

not necessarily makes the strongest impact on observables. The impact also depends

on bare values of the inter-wire couplings omitted in Eqs. (9,10,11). Since both L̂sp
ij

and L̂sc
ij involve tunnelling between the ith and jth wires, their bare values can be much

smaller than that of L̂cdw
ij that involves only virtual processes. However, the bare values

are totally irrelevant at T = 0 so that the results based on the analysis of the RG

dimensions should survive at low enough temperatures. In the last section, we will

come back to the situation when a direct inter-wire tunnelling is suppressed so that

only CDW processes should be taken into account.

4. Identical wires

If all the wires are identical and packed into a 2D or 3D array, the labels i are replaced

by lattice vectors R where R ⊂ L and L is the one- or two-dimensional lattice of wires.
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Assuming the interactions to be translationally invariant (Vij → V|R−R′|), Eq. (8) for

the Luttinger matrix takes the following form:∑
R1,R2⊂L

KR−R1 V
θ
R1−R2

KR2−R′ = V ϕ
R−R′ , (17)

where r ≡ R−R′ ⊂ L and lengths are measured in units where the inter-wire distance

is put to 1. This equation is solved via the Fourier transform:

Kr =

∫
ddq

(2π)d
Kq eiqr , Kq =

√
V ϕ
q

V θ
q

, (18)

V θ/ϕ
q = V

θ/ϕ
0 +

∑
r 6=0

U θ/ϕ
r e−iqr . (19)

Here and below the momentum integration is carried out over a Brillouin zone. This

results in the following expressions for the scaling dimensions for the coupling between

wires separated by the lattice vector r:

∆cdw
r = 2

∫
ddq

(2π)d
Kq [1− cos qr] ; (20)

∆sc
r = 2

∫
ddq

(2π)d
K−1q [1− cos qr] , (21)

∆sp
r =

1

4

[
∆cdw

r + ∆sc
r

]
. (22)

We have assumed above that the wires are arranged into a simple Bravais lattice. For

a non-Bravais lattice, the summation in matrix equation (Eq. (17)) should be carried

out over all the sites in an elementary cell, with the appropriate changes to the Fourier-

transform solution.

5. Interactions

In the absence of inter-wire interactions, when U = 0 in Eq. (4), the Luttinger matrix

is diagonal, with all elements equal to K. Assuming that only the nearest neighbouring

wires are coupled for all the three perturbations, the scaling dimensions are reduced to

∆cdw
0 = 2K, ∆sc

0 =
2

K
, ∆

sp
0 =

1

2
[K +

1

K
]. (23)

Obviously, there is no value of K for which all the scaling dimensions are above 2 so

that the SLL is unstable, at least in the absence of long-range interactions. A weak

short-range inter-wire interaction cannot stabilise the SLL phase since it gives only

small corrections to the RG dimensions in Eq. (23) which are never simultaneously

close to 2. Let us consider the case of a weakly screened Coulomb interaction, with

U
θ/ϕ
r = αθ/ϕ e

−κr/r in Eq. (18) and κ�1. Then, we represent V
θ/ϕ
q in Eq. 18 for 2D

and 3D arrays as follows:

V θ/ϕ
q = V

θ/ϕ
0

[
1 + αϕ/θ uq

]
, (24)

u(2D)
q = − ln

[
1− 2β cos q + β2

]
, β ≡ e−κ , (25)
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Figure 1. Stability diagram of the SLL phase for a fermionic system with the intra-

wire repulsion (K 6 1) without a direct inter-wire tunnelling. Here the strength of

the density-density inter-wire interaction is parametrised by αθ, and its range by the

screening parameter β ≡ e−κ (with κ−1 being the screening length measured in units

with the inter-wire distance equal 1): (a) in αθ − β plane for a system without the

intra-wire interaction (K = 1); (b) in K − β plane for a system with αθ = 1; (c) in

K−αθ plane for a system with β = 0.5. Coloured (light blue) parts in Figs. 1b-d show

the stability regions, whereas white parts correspond to the regions of sLL instability.

u(3D)
q =

∑
n 6=0

exp[−κ
√
n2
1 + n2

2]√
n2
1 + n2

2

e−i(q1n1+q2n2) . (26)

The Fourier-transform of Luttinger matrix K, Eq. 18, is expressed via uq as

Kq ≡ KQ(q), (27)

Q(q) =

√
1 + αϕ uq
1 + αθ uq

. (28)

The expression under the square root could become negative for some q if any of the

inter-wire interaction strength, αϕ or αθ, exceeds αWB ≡ (2 ln(1 + β))−1, the boundary

of the Wentzel-Bardeen [37] instability, typical for any multi-channel system. The

standard LL approach is not valid there so that we assume that both interaction strength

are bounded from above. The scaling dimensions for the next-neighbours coupling are

then expressed as

∆cdw = 2K〈Qq〉 , ∆sc = 2K−1〈Q−1q 〉 , (29)

where the angular brackets are defined by

〈f〉 ≡



2π∫
0

dq

2π
fq (1− cos q) , 2D;

2π∫
0

dq1
2π

dq2
2π

fq (1− cos q1) , 3D .

(30)

The inter-wire interaction opens up a potential region of stability as, in contrast

to the case of isolated channels, the inequalities ∆cdw > 2 and ∆sc > 2 can be
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both satisfied provided that 〈Qq〉−1 < K < 〈Q−1q 〉. The third condition of stability,

∆sp = 1
4
(∆cdw + ∆sc) > 2 is more stringent, as it can be satisfied simultaneously with

the two previous ones only if

〈Qq〉 〈Q−1q 〉 > 3 , (31)

and either 〈Qq〉−1 < K < K+ or K− < K < 〈Q−1q 〉, where K± =

2〈Qq〉−1[1± (1−1
4
〈Qq〉−1〈Q−1q 〉)

1
2 ]. For repulsive fermions, K < 1, this can only happen

when 〈Qq〉 > 1. When we study numerically these stability conditions, we find that in

for 2D and 3D packing there is no stability region of fermion SLL model.

6. ‘Coulomb-blockade’ interaction

Now we consider an ultimate long-range interaction, independent on the inter-wire

distance. This model interaction can be used simply to test the extreme case of long-

range interaction that allows analytic solution. On the other hand, such a model has

a region of applicability in the problems related to interacting Kramers’ doublets in

a topological insulator where doublets form a set of ’channels’ not separated spatially

from each other. In this case the interaction matrices (in proper units) have the form:

V = (1− α)1 + αE⇔ Vij = δij + α [1− δij] . (32)

where all elements of matrix E are equal to unity. The coefficients α→ αθ, ϕ for the two

types of interaction in Eq. 4, All such matrices commute with each other. Thus, the

solution of Eq. (8) for the Luttinger matrix is

K = V1/2
ϕ V

−1/2
θ . (33)

Assuming a finite number of wires (= N) and noticing that E2 = N E, one expresses

V−1 and V1/2 as

V−1 =
1

1− α

[
1− α

Nα + 1− α
E

]
, (34)

V
1
2 =
√

1− α

[
1 +

1

N

(√
1 +

Nα

1− α
− 1

)
E

]
. (35)

Using this expressions one finds, with cϕ/θ =
αϕ/θ

1−αϕ/θ
:

K = K

√
1− αϕ
1− αθ

[
1 +

1

N

(√
Ncϕ + 1

Ncθ + 1
− 1

)
E

]
. (36)

Here again both interaction strength are bounded from above, αθ,ϕ < 1, by the Wentzel-

Bardeen [37] instability. The inverse matrix K−1 is obtained by swapping θ ↔ ϕ.

Substituting these expressions into Eqs. (12,13,14), the off-diagonal elements cancel

out, and only the diagonal ones contribute to the scaling dimensions:

∆cdw = 2KQ , ∆sc =
2

KQ
, Q =

√
1− αϕ
1− αθ

. (37)
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Thus, although the long-range (screened) Coulomb inter-wire interaction tends to

stabilise the SLL phase, the infinite-range ’Coulomb-blockade’ interaction simply

renormalises the effective Luttinger parameter (K → QK) and reproduces the results

without inter-wire interactions, Eq. (23). Therefore, when all three perturbations,

CDW, SC and SP , exist, there is no stable SLL-phase (where all the perturbations

are irrelevant) for arrays of 1D channels and for all reasonable forms of intra- and inter-

wire repulsions.

7. Suppressed inter-channel scattering

Here we show that a stable SLL can only be realised in a system without a direct inter-

channel tunnelling. This can happen in a spin-gapped system where the single-particle

tunnelling is suppressed or for a sufficiently large inter-wire distance where both single-

particle and pair SC tunneling bare values are small and, therefore, can be neglected

at not too low temperatures. In the latter case we have to consider, alongside with

the (long-range) Coulomb interaction, the CDW perturbation only (the spin degrees of

freedom simply double number of ’channels’, N → 2N). It is reasonable to assume that

the current-current inter-wire interaction is much weaker than the density-density one so

that we put αϕ = 0 in Eqs. (24) and (28). We then find ∆cdw, Eq. (29), numerically and

present our results for the 2D array in Fig. 1. The strength of the inter-wire interaction

is bounded, |αθ| ≤ αWB ≡ (2 ln(1 + β))−1, because above the critical value αWB the

Wentzel-Bardeen [37] instability occurs and this regime is beyond the applicability of

our theory. Within the bounds, one immediately notices a competition between intra-

and inter-wire interactions. The graphs in Fig. 1a,b also illustrate that turning on the

inter-wire interactions stabilises the SLL phase even for K < 1. Thus, the SLL phase

can be in principle observed in the multi-channel array provided that the inter-wire

tunnelling necessary for the SP and SC perturbations is suppressed.

8. Conclusions

After analysing all allowed perturbations (single-particle tunneling and two-particle

charge-density wave and Josephson couplings) in a SLL consisting of identical

channels/wires with no magnetic field applied, we have shown that no physically

reasonable inter-wire interaction can stabilize the model, i.e. support ’confinement’

of particles and their pairs and the ’sliding’ phase at the same moment. The situation

is qualitatively similar in 2D- and 3D-packed arrays. The only possibility for such

a description to be valid at the lowest temperature is the suppression of inter-wire

hybridisation that can be achieved when either system is spin-gapped (attraction in the

spin sector) or magnetic field is applied.
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