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Mathematical Model of Two-Degree-of-Freedom Direct Drive Induction
Motor Considering Coupling Effect
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Abstract – The two-degree-of-freedom direct drive induction motor, which is capable of linear,
rotary and helical motion, has a wide application in special industry such as industrial robot arms. It is
inevitable that the linear motion and rotary motion generate coupling effect on each other on account
of the high integration. The analysis of this effect has great significance in the research of two-degreeof-freedom motors, which is also crucial to realize precision control of them. The coupling factor
considering the coupling effect is proposed and addressed by 3D finite element method. Then the
corrected mathematical model is presented by importing the coupling factor. The results from it are
verified by 3D finite element model and prototype test, which validates the corrected mathematical
model.
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1. Introduction
Two degrees of freedom motors capable of linear, rotary
or helical motion have the advantages of simple structure,
small abrasion, high reliability and low maintenance cost.
A further applicative area opening to such machines is the
vehicular ambit, such as servo-actuators for gearboxes or
robot ambit [1-4].
Bolognesi presented a dual-stator linear-rotary permanent
motor [5]. The motor consists of two identical stators and
a PM mover. The coupling effect between linear and
rotary motion can be neglected. An improved type of
linear-rotary permanent motor was introduced [6]. A twodirectional d-q transformation was proposed to decouple
the inter-relationship between linear and rotary motion [7].
However, the linear-rotary permanent motors structures are
mechanically complicated and the entire control system
needs to be highly sophisticated [8]. The characteristics of
a two-degree-of-freedom motor — rotary-linear induction
motor with twin-armature were analyzed [9]. The linear
motion generates dynamic end effect on both linear and
rotary armature. Reference [10] adopted the combination of
transient time-domain finite element model and frequencydomain slip frequency technique to model the dynamic end
effect and analyzed the influence of the linear motion on
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rotary motion. A rotating linear switched reluctance motor
presented in [11], is to integrate rotating motion and
linear motion based on the minimum reluctance principle.
However, the coupling of this motor has occurred when
both rotating motion and linear motion are produced. A
method of decoupling control for the reduction of coupling
effect of the motor’s operation has been implenmented.
Reference [12] presented an optimized two degrees of
freedom switched reluctance motor and it was applied to
the electric vessel. Two PID controllers and position
tracking controllers were employed for linear and rotary
motions to power the linear and rotary part in some sorted
order, which reduced coupling effect of the motor's
operation by decoupling control.
Although certain types of helical-motion motors have
been developed over the years [13-17], many areas require
further research. For example, modeling coupling effects is
a significant challenge as it requires a solution considering
the two degrees of mechanical freedom in the motion. In
this paper, a novel two-degree-of-freedom direct drive
induction motor (2-DoFDDIM) was analyzed [18-20]. A
2-D analytic model and a 3-D finite element model of the
motor were established to analyze the magnetic coupling
and motion coupling between rotary part and linear part.
A novel mathematical model of 2-DoFDDIM was proposed
to consider the coupling effects by importing coupling
factor. And it was then verified by 3-D finite element
model simulation and prototype test results.

2. Structure and Principles of Operation
The structure of 2-DoFDDIM is shown in Fig. 1. The
motor consists of a rotary motion arc-shape stator, a linear
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motion arc-shape stator and a mover. The mover consists of
iron cylinder covered with a thin copper layer. When the
rotary stator is energized, rotating magnetic field will be
generated. According to electromagnetic induction principal,
the voltage and current will be induced on the rotor surface
and then produce electromagnetic torque. In the similar
way, the traveling wave magnetic field will be generated
when the linear stator is powered and the force will follow.
If only rotary or linear stator is energized, the motor does
single degree mechanical motion. When both of them are
energized, the motor produces helical motion. Thus, the
motor can produce rotary, linear and helical motion. The
main parameters of the motor are shown in Table 1.

(a)

3. Coupling Effect
On account of the coupling effect, the motor will
produce unwanted linear directional force upon the
movement of rotating motion, and vice versa. For instance,
the 127V-50Hz power source is used to power the rotary
windings, whereas the linear windings are under different
cases: powered or not powered. The mover rotary speeds
are reported in Fig. 2.
As shown in Fig. 2, when the rotary windings are
powered 127V-50Hz power source and the linear windings
are not powered, the mover rotary speed is 766.67r/min.
However, when the linear windings are powered with
127V-5Hz power source, the mover rotary speed reduces to
550r/min. This phenomenon, caused by coupling effect,
appears when linear windings are powered, and it is
speculated that the traveling magnetic field restrains the
rotary motion of mover.

(b)
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Fig. 1. Structure of 2DoFDDIM: (a) Rotary motion arcshape stator; (b) Linear motion arc-shape stator; (c)
Integrated stator; (d) Mover; (e) Assembly of
2DoFDDIM. (f) Prototype of 2DoFDDIM

Fig. 3. The model of 2-DoFDDIM

Table 1. The main structure parameters of the 2-DoFDDIM
Item
Rated power (PN)
Rated voltage (VN)
Frequency (f)
Pole pairs (p)
Stator inner diameter
Stator outer diameter
Stator axial length
Air-gap length
Slot number

Value/Dimension
Rotary Part
Linear Part
1.1 kW
1.1 kW
220 V (Y)
220 V (Y)
50 Hz
5 Hz
2
2
98 mm
98 mm
155 mm
155 mm
130 mm
156 mm
1 mm
1 mm
12
12
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Fig. 4. The right side view of 2-DoFDDIM without shell

Jikai Si, Lujia Xie, Junbo Han, Haichao Feng, Wenping Cao and Yihua Hu

3.1 Analysis and model
Fig. 3 shows the model of 2-DoFDDIM and the right
side view without shell is shown in Fig. 4.
When both of rotary and linear windings are powered,
the rotary stator produces rotating magnetic field and the
linear stator produces traveling magnetic field. When the
mover makes a rotary motion, the conductive layer of the
mover will cut the traveling magnetic field at the end of
linear stator shown in the dashed box in Fig. 4. When it
moves in or out of the traveling magnetic field, there is a
force that opposes motion and then the eddy current is
induced. The conductive layer can be reckoned as the
composition of countless conducting bars. In order to
calculate the resistent force, it is assumed that there is one
conducting bar in the conductive layer with length is L .
The conducting bar speed is v and the traveling magnetic
flux density is B . Then the induction potential is e . The
Eq. (1) can be obtained:
e = BLv

(1)

The electric magnetic force of the conducting bar F1 is

F1 = BIL =

B 2 L2
v
R

(2)

Te is the rotary part electromagnetic torque when the
coupling effect is not considered.
Similarly, the rotating magnetic field also will restrain
linear motion. So the linear electromagnetic thrust equation
Fe should be corrected as shown in Eq. (7).
F = Fe − F1 = Fe − kl v

(7)

Fe is the linear electromagnetic thrust when the
coupling effect is not considered. kl is the linear coupling
factor. v is the linear speed of mover.

3.2 3-D finite element calculation
The particular structure and multi-form of motion of 2DoFDDIM make it difficult to calculate the coupling
factors using analytic method. Thus the 3-D finite element
method (FEM) is used to calculate the coupling factors
indirectly.
Fig. 5 (a) gives the 3-D finite element model of the 2DoFDDIM, which is established in the finite-element
software Magnet. Fig. 5 (b) gives the flux density
distribution when both the rotary and linear windings are
powered.

where R is the resistance of the conductive bar.
Thus, the force of the conductive layer F can be derived.
K

F = ∑ F1

(3)

i =1

Where K is the number of the conductive bars at the
eddy current place and the value of it is unknown.
It can be obtained from (2) and (3) that

F=K

B 2 L2
v = kv
R

(a) 3-D finite element model of 2-DoFDDIM

(4)

B 2 L2
.
R
The (4) shows that the resistant force F is proportional
to the speed of conductive layer. Considering the rotary
motion, it can be concluded that the resistant torque caused
by traveling magnetic field is proportional to the rotary
speed of mover.

where k = K

T 1 = ks n

(5)

where k s is the rotary coupling factor. n is the rotary
speed of mover. T 1 is the resistant torque.
Then the rotary part electromagnetic torque should be
corrected as shown in Eq. (6).
T = Te − T1 = Te − k s n

(6)

(b) Flux density distribution of 2-DoFDDIM
Fig. 5. Finite element analysis of 2-DoFDDIM
Table 2. Rotary speed of mover under different situation
Rotary
voltage (V)

Rotary
Frequency
(Hz)

76.2
88.9
101.6
114.3
127

30
35
40
45
50

Rotary speed(r/min)
Linear
Linear windings
windings
not powered
powered
450
319.67
525
380
600
444.33
675
510.83
7500
589
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Table 3. Resistant torque caused by traveling magnetic
field
Rotary
voltage (V)
76.2
88.9
101.6
114.3
127

Rotary frequency
(Hz)
30
35
40
45
50

Rotary given
speed (r/min)
319.67
380
444.33
510.83
3534

Resistant
torque (Nm)
2.886
3.58
4.257
4.748
5.18

(a)

(b)

Table 4. kn under different rotary speeds
Rotary speed
(r/min)
kn

319.67

380

444.33

510.83

589

0.0015

0.00157

0.0016

0.00155

0.00147

The rotary windings are powered with a constant
proportion of voltage to frequency power source, while
the linear windings are under two situations: powered
with 127V 10Hz power source or without power. The
rotary speeds of mover are shown in Table 2.
As shown in Table 2, whether the linear windings are
powered or not has a significant influence on rotary speed.
The result shows that the traveling magnetic field indeed
restrains the rotary motion of mover.
On the premise that linear windings are not powered, the
mover rotary speeds are set as the mover rotary speeds
when linear windings are powered. Then the load torque is
calculated. In fact, the load torque is equal to the resistant
torque caused by traveling magnetic field. The results of
FEM are shown in Table 3.
As shown in Table 3, the resistant torque increases with
the increase of the rotary speed. In order to verify the Eq.
(5), resistant torque is divided by the corresponding rotary
speed, as shown in Table 4.
kn =

Tn
n = 1, 2,3, 4,5
vn

(8)

As shown in Table 4, kn under different rotary speeds is
close to others, which verifies the Eq. (5). The average of
kn is derived.
5

ks =

∑k
n =1

5

n

= 0.001537

(9)

So ks is the rotary coupling factor when linear
windings are powered 127V-10Hz. Then the linear
coupling factor kl is derived by adopting the similarly
method, kl = 11.897 .

4. Mathematical Model of 2-DoFDDIM
Because of the linear and rotary part are powered with
different power sources, the motor can be divided into two
1230 │ J Electr Eng Technol.2017; 12(3): 1227-1234

Fig. 6. Equivalent transformation of rotary and linear part:
(a) Equivalent transformation of rotary part; (b)
Equivalent transformation of linear part
parts: rotary arc-shape LIM and linear arc-shape LIM. As
shown in Fig. 6, the rotary arc-shape LIM and the linear
arc-shape LIM can be equivalently transferred to flat LIM.
Thus, the mathematical models of rotary and linear part
can be built based on the mathematical model of LIM
respectively. The coupling effects can be considered in
torque equation and thrust equation.

4.1 Mathematical model of rotary part
1) The voltage equation of rotary part
dψ 1α
⎧
⎪u1α = R1i1α + R2 f ( Q1 )( i1α + i2α ) + dt
⎪
⎪u = R i + R f ( Q ) i + i + dψ 1β
1 1β
2
1 ( 1β
2β )
⎪ 1β
dt
⎨
ψ
d
2α
⎪0 = R2 i2α + R2 f ( Q1 )( i1α + i2α ) +
+ ωψ
1 2α
⎪
dt
⎪
dψ 2 β
⎪0 = R2 i2 β + R2 f ( Q1 ) ( i1β + i2 β ) +
− ωψ
1 2β
dt
⎩

(10)

where (u1α , u1β ) , ( i1α , i1β ) , (ψ 1d ,ψ 1q ) and R1 are the αβ -

axis voltages, currents, flux linkages and resistance of the
rotary part stator. (i2 d , i2 q ) , (ψ 2α ,ψ 2 β ) and R2 are the
αβ -axis currents , flux linkages and resistance of the rotary
part rotor. ω1 denotes the rotor angular speed. f (Q1 ) is
used to consider the rotary part end effect [11]. Where
DRπ
1 − e− Q1
Q1 = 1 2 . The D1 denotes the length
f (Q1 ) =
L2ω1τ 1
Q1
of rotary stator. τ 1 is the pole pitch of the rotary part.
2) The flux linkage equation of rotary part
⎧ψ 1α
⎪
⎪ψ 1β
⎨
⎪ψ 2α
⎪ψ
⎩ 2β

= ( L1 − Lsm f ( Q1 ) ) i1α + Lsm (1 − f ( Q1 ) ) i2α

= ( L1 − Lsm f ( Q1 ) ) i1β + Lsm (1 − f ( Q1 ) ) i2 β

= ( L2 − Lsm f ( Q1 ) ) i2α + Lsm (1 − f ( Q1 ) ) i1α

= ( L2 − Lsm f ( Q1 ) ) i2 β + Lsm (1 − f ( Q1 ) ) i1β

(11)
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where L1 , Lsm , L2 are the αβ -axis stator self inductance,
mutual inductance and rotor self inductance.
Due to the coupling effects, the rotary part torque
equation has to be corrected. The revised torque equation
from (6) can be obtained in (12):
T = n p1

Lsm (1 − f (Q1 ))
(ψ 1α i1β −ψ 1β i1α )-k s n
( L2 − Lsm f (Q1 ))

(12)

where n is the rotary speed of mover, n p1 is the number
of rotary part pole-pairs

4.2 Mathematical model of linear part
1) The voltage equation of linear part
dψ 3α
⎧
⎪u3α = R3i3α + R4 f ( Q1 )( i3α + i4α ) + dt
⎪
⎪u = R i + R f ( Q ) ( i + i ) + dψ 3 β
3 3β
4
1
3β
4β
⎪ 3β
dt
⎨
dψ 4α
⎪0 = R4 i4α + R4 f ( Q1 )( i3α + i4α ) +
+ ω2ψ 4α
dt
⎪
⎪
dψ 4 β
− ω2ψ 4 β
⎪0 = R4 i4 β + R4 f ( Q1 ) ( i3 β + i4 β ) +
dt
⎩

(13)

where (u3α , u3 β ) , (i3α , i3β ) , (ψ 3α ,ψ 3β ) and R3 are the αβ axis voltages , currents, flux linkages and resistance of the
linear part primary. (i4α , i4 β ) , (ψ 4α ,ψ 4 β ) and R4 are the
αβ -axis currents, flux linkages and resistance of the linear
part secondary. ω2 denotes the secondary angular speed.
f (Q2 ) is used for considering the linear part end effect.
D2 R4
π
1 − e− Q2
where ω2 = v2 , f (Q2 ) =
. The D2
, Q2 =
τ2
L4 v2
Q2

where v is the linear speed of mover, n p 2 is the number
of linear part pole-pairs.

5. Comparison Results
The simulating results of the corrected mathematical
model are verified by FEM and measurements carried out
on the prototype of 2-DoFDDIM shown in Fig. 7.
In order to verify the mathematical model of rotary part,
the rotary windings are powered with 127V-50Hz power
source, while the linear windings are not powered. It can
be known that the traveling magnetic field does not exist,
thus, the rotary coupling factor k s = 0 . The rotary speeds
of FEM, mathematical model and test are shown in Fig. 8.
As shown in Fig. 8, the results of mathematical model
coincide with the one of FEM well and the difference
between mathematical model and test is less than 13%,
which meets accuracy requirements. The reasons of errors
are the ignorance of mechanical loss, wind resistance and
bearing friction in mathematical model and FEM.
In order to verify the mathematical model of linear part,
the linear windings are powered with 127V-10Hz power
source, while the rotary windings are not powered. The
rotating magnetic field does not exist. kl = 0 . The rotary
speeds of FEM, mathematical model and test are shown in
Fig. 9.

denotes the length of primary stator. τ 2 is the pole pitch of
the linear part. v2 is the secondary speed.
2) The flux linkage equation of linear part
Fig. 7. Prototype testing platform system of 2-DoFDDIM

= ( L3 − Llm f ( Q2 ) ) i3α + Llm (1 − f ( Q2 ) ) i4α

= ( L3 − Llm f ( Q2 ) ) i3 β + Llm (1 − f ( Q2 ) ) i4 β

= ( L4 − Llm f ( Q2 ) ) i4α + Llm (1 − f ( Q2 ) ) i3α

(14)

= ( L4 − Llm f ( Q2 ) ) i4 β + Llm (1 − f ( Q2 ) ) i3β

where L3 , Llm , L4 are the αβ -axis primary self inductance,
mutual inductance and secondary self inductance.
Due to the coupling effect, the linear part thrust equation
has to be corrected. The revised thrust equation from (7)
can be obtained in (15).
F = np2

π Llm (1 − f (Q2 ))
τ 2 ( L4 − Llm f (Q2 ))

800

Rotary speed(r/min)

⎧ψ 3α
⎪
⎪ψ 3β
⎨
⎪ψ 4α
⎪ψ 4 β
⎩

600

400

200

0
0.0

(ψ 3α i3 β −ψ 3β i3α ) − kl v

(15)

MATH
FEM
TEST

0.1

0.2
t(s)

0.3

0.4

Fig. 8. Rotary speed
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Fig. 9. Linear position
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6. Conclusion
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(a)
0.35
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MATH
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TEST

0.25

Linear position (m)

Compared Fig. 8 with Fig. 10 (a) and Fig. 9 with Fig. 10
(b), it can be seen that the steady rotary speed decreases
24% and linear position reduces 6.7% at 0.4s on account of
the coupling effect, which is represented by k s and kl in
mathematical model. It is worth noting that the reduction
of linear position is less than rotary speed. The main reason
of it is that the linear resistant force caused by coupling
effect is directly proportional to linear speed, as shown in
formulas (5)-(7). For 2-DoFDDIM, the linear speed is
smaller than rotary speed.
As shown in Fig.10 (a), the steady rotary speed of
mathematical model, FEM and test are 590.5r/min,
586r/min and 552.86r/min. The error is less than 6.8%. As
shown in Fig.10 (b), the linear position of mathematical
model, FEM and test are 0.31m, 0.30m and 0.28m at 0.4s.
The error is less than 9.8%. The results of mathematical
model are consistent with that of FEM and test, which
verify the mathematical model considering the coupling
effects between linear and rotary part.

0.20
0.15
0.10
0.05
0.00
0.0

0.1

0.2

E1

This paper analyzed the coupling effect between linear
and rotary part of 2-DoFDDIM. The electromechanical
performances of the motor are affected by the coupling
effects. There will be resistant torque (or thrust) when
the motor produces both two degrees of mechanical
freedom in the motion, which is proportional to rotary
speed (or linear speed) of the mover. The rotary coupling
factor and linear coupling factor are calculated by 3-D
FEM. A corrected mathematical model of 2-DoFDDIM
considering the coupling effects was established. The results
obtained from the test carried out on the experimental
model do not differ much from the ones got from 3-D finite
element model and mathematical model simulation. Thus,
they validate the proposed methodology and coupling
effect, and it will be wider used in the control of 2DoFDDIM as well as the other multi-degree-of- freedom
motors.

(b)
Fig. 10. Rotary speed and linear position of mathematical
model, FEM and test: (a) Rotary speed; (b) Linear
position

As shown in Fig. 9, at 0.4s, the linear positions of
mathematical model, FEM and test are 0.3195m, 0.315m
and 0.31m, respectively. The error is less than 2.9%, which
verify the mathematical model of linear part.
The coupling effects must be considered when both of
rotary and linear windings are powered. To verify the
coupling mathematical model, the rotary windings and
linear coil are powered with 127V-50Hz and 127V-10Hz
power sources. k s = 0.001537 , kl = 12 . The results of
mathematical model, FEM and test are shown in Fig. 10.
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