
ar
X

iv
:1

50
5.

04
93

3v
1 

 [
ph

ys
ic

s.
op

tic
s]

  1
9 

M
ay

 2
01

5

On the dual-cone nature of the conical refraction phenomenon
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In conical refraction (CR), a focused Gaussian input beam passing through a biaxial crystal and
parallel to one of the optic axes is transformed into a pair of concentric bright rings split by a dark
(Poggendorff) ring at the focal plane. Here, we show the generation of a CR transverse pattern that
does not present the Poggendorff fine splitting at the focal plane, i.e. it forms a single light ring. This
light ring is generated from a non-homogeneously polarized input light beam obtained by using a
spatially inhomogeneous polarizer that mimics the characteristic CR polarization distribution. This
polarizer allows modulating the relative intensity between the two CR light cones in accordance
with the recently proposed dual–cone model of the CR phenomenon. We show that the absence of
interfering rings at the focal plane is caused by the selection of one of the two CR cones.

OCIS: (260.1440) Birefringence, (260.1180) Crystal optics, (120.5710) Refraction

I. INTRODUCTION

A focused Gaussian beam propagating through a bi-
axial crystal parallel to one of the optics axes, i.e. under
conditions of conical refraction (CR), is transformed at
the focal plane of the system into a pair of concentric
bright rings separated by a null-intensity (Poggendorff)
ring, as long as the ring radius (R0 = lα, where l is the
length of the crystal and α its conicity) is much larger
than the waist radius of the input beam (w0), i.e. for
ρ0 ≡ R0

w0

≫ 1 [1–4], see Fig. 1(a). The state of polariza-
tion at any point of the rings is linear, with the azimuth
rotating so that every two diagonally opposite points are
orthogonally polarized. For ρ0 ≫ 1, this polarization
distribution only depends on the orientation of the plane
of optic axes of the crystal [3, 5]. Moving symmetrically
along the Z direction from the focal plane results in a
more involved intensity and polarization structure and
the beam forms an optical bottle. The axial spots clos-
ing the optical bottle are known as Raman spots.
Since the last decade, CR has attracted a renewed

interest as key element for a significant number of ap-
plications in fields such as optical trapping [6–9], lasing
[10, 11], optical communications [12], polarimetry [13],
beam shaping [14–16], mode conversion [17] and mate-
rial processing [18].
Recently, it was reported that CR can be understood

in terms of the intersection of two light cones generated
inside the biaxial crystal [19]. The vertex of each cone
corresponds to one Raman spot and, in the half-way dis-
tance between them, two bright rings with Poggendorff
splitting can be found due to the interference between
both light cones, as shown in Fig. 1. In Ref. [19], it was
presented a proof of principle of the dual-cone nature of

∗ Corresponding author: alejandro.turpin@uab.cat

CR by blocking the CR rings at the focal plane with an
iris (to block the outer ring) or a circular mask (to block
the inner ring). The aim of the present article is to show
the dual-cone nature of the CR beam without the need
of blocking the beam anywhere and to present a self-
consistent dual-cone model by taking into account both
amplitude and polarization properties of the light beams.
We make use of an azimuthally segmented polarizer that
mimics the CR polarization distribution to modulate the
intensity of each of the two light cones, which allows us to
observe their behavior separately. The work is organized
as follows: Section II is devoted to explain the dual-cone
theory CR. Section III presents our experimental results
for the dual-cone nature of CR and in Section IV we sum
up our work.
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FIG. 1. CR intensity distribution for a circularly polarized
Gaussian input beam satisfying ρ0 ≡ R0/w0 = 10. (a) Trans-
verse pattern at the focal plane. Yellow double arrows indi-
cate the polarization direction of the field along the ring. (b)
Intensity distribution in the z–r plane.

II. DUAL-CONE THEORY OF CR

Following the dual-cone model of CR, which can be ob-
tained from the Belsky–Khapalyuk–Berry paraxial the-
ory of CR [19], for a uniformly polarized input light beam
with axially symmetric intensity distribution, the electric
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field behind the biaxial crystal can be represented as a sum of two CR cones ~C±(ρ, ϕ, Z):

~E(ρ, ϕ, Z) = ~C+(ρ, ϕ, Z) + ~C−(ρ, ϕ, Z), (1)

~Cq(ρ, ϕ, Z) =
∑

q,s=±

Aqs(ρ, Z)~es(ϕ)(~es(ϕ) · ~ein), (2)

Aqs(ρ, Z) =
1

2

∫ ∞

0

dka(k)ke−iZ k
2

4 eiqρ0k × (J0(kρ)− iqsJ1(kρ)) , (3)

~e+(ϕ) =
[

cos
(ϕ

2

)

, sin
(ϕ

2

)]

, (4)

~e−(ϕ) =
[

sin
(ϕ

2

)

,− cos
(ϕ

2

)]

. (5)

where dot in Eq. (2) means scalar product of two vectors.
In these equations, Jn(x) is n-th order Bessel function of
the first kind. a (k) =

∫∞

0
ρEin (ρ)J0 (kρ)dρ is the 2D

Fourier transform of a circularly symmetric input beam
with polarization given by ~ein = [dx, dy]. (ρ, Z, ϕ) are the

cylindrical coordinates normalized to the Rayleigh length
and beam waist of the input beam, i.e. Z = z/zR and
ρ = r/w0. ~e± describe the CR polarization basis. For a
circularly polarized input beam with helicity σ = ±, the

two CR cones ~Cσ
q (q = ±) and the total CR electric field

~E = [Ex, Ey] can be written as follows:

~Cσ
q =

eiσϕ/2

√
2

(Aq+~e+ − iσAq−~e−) , (6)

Eσ
x =

eiσϕ/2

√
2

{

(A++ +A−+) cos
(ϕ

2

)

− iσ (A+− +A−−) sin
(ϕ

2

)}

, (7)

Eσ
y =

eiσϕ/2

√
2

{

(A++ +A−+) sin
(ϕ

2

)

+ iσ (A+− +A−−) cos
(ϕ

2

)}

, (8)

where Aqs with q, s = ± is given by Eq. (4).
From Eqs. (7) and (8) it follows that each of the two

CR cones can be represented as a decomposition into the
two unit vectors ~e± of the CR basis. Note that ~e± are
orthogonal to each other at any point in 3D space and
they describe a non-homogeneous state of polarization.
Note that in the general case, decompositions of beams

on the CR polarization basis and on the CR cones are
different. Each CR cone has two components in the CR
polarization basis as demonstrated in Fig. 2. The am-
plitudes of this decomposition are strongly separated in
space. The separation point is associated with the CR

cone vertexes, i.e. the Raman spots. The ~C+ and ~C−

cones have smallest diameter at the Raman spot behind
and before the Lloyd plane, respectively. Additionally,

CR cones ~C± have almost identical polarization distri-
bution between the Raman spots and, consequently, they
can interfere with each other, which leads to the double
bright ring pattern with the Poggendorff fine splitting
at the Lloyd ring plane previously observed in conical
refraction. If the polarization distribution of an input
beam coincides with one of the CR cones, the interfer-
ence pattern at the Lloyd plane, i.e. the Poggendorff dark

ring, disappears as shown theoretically in Fig. 2(c) and
Fig. 2(f). Having this idea in mind and to demonstrate
experimentally the dual-cone nature of the CR beam, we
have designed a segmented polarizer formed by 8 sectors
emulating the CR polarization -for this reason we call it
as CR-polarizer- such that for two appropriate orienta-
tions of the CR-polarizer only one light ring is expected
at the CR pattern at the focal plane, as shown in what
follows.

III. EXPERIMENTS

Fig. 3 shows our experimental set-up. As input beam,
we take a collimated linearly polarized Gaussian beam
with w0 ≈ 1mm waist radius obtained from a 640 nm
diode laser coupled to a monomode fiber. The linear
polarizer (LP) and the quarter wave-plate (QWP) are
used to control the polarization of the input beam and
fix it to be circular. The CR-polarizer is placed after
the QWP with its center coinciding with the center of
the beam, which is focused by the lens (200mm of fo-
cal length) upon the biaxial crystal (BC). To ensure that
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FIG. 2. Decomposition amplitudes Aqs of the CR cones
~Cq=+ (a,b) and ~Cq=− (d,e) onto the CR polarization basis of
~es=+ (a,d) and ~es=− (b,e). Intensity evolution of the CR cones
~C+ and ~C− are presented in figures (c) and (f), respectively.
Their corresponding transverse profiles at the Lloyd plane are
presented in the insets. ρ0 = 10.

FL
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beamLP

l

QWP CR-p CCD

FIG. 3. Experimental set-up. A CR-like non-homogeneously
polarized Gaussian beam is obtained by means of a segmented
polarizer (CR-p). The beam is focused (FL) through the biax-
ial crystal (BC) and the pattern at the focal plane is recorded
by a CCD camera. LP: linear polarizer. QWP: λ/4 plate.

the vertexes of the CR-polarizer are right at the center
of the beam, we use an XY micro-positioner. Once fo-
cused, the beam has a waist radius of w0 ≈ 41µm. As BC
we use a commercially available (CROptics) KGd(WO4)2
crystal being l = 28mm, α = 16.9 mrad and, therefore,
R0 ≈ 475µm, yielding ρ0 ≈ 11. The polished entrance
surfaces of the BC (cross-section 6 × 4 mm2) have par-
allelism with less than 10 arc sec of misalignment, and
they are perpendicular to one of the two optic crystal
axes within 1.5mrad misalignment angle. To have a fine
alignment of the BC, we mount it over a micro-positioner
that allows modifying independently the θ and φ angles
(when considering spherical coordinates) and we image
the transverse CR pattern at the focal plane with a CCD
camera, while slightly modifying the θ and φ angles un-
til a cylindrically symmetric pattern is obtained. This
means that the input beam passes exactly along one of
the optic axis of the BC. The CCD camera is mounted
on a translation stage to record the pattern at different
planes along the beam propagation.
The possibility to use the CR-polarizer to observe the

dual-cone nature of CR is reported in Fig. 4. Figs. 4
(d)–(h) show the CR pattern at the focal plane for rota-
tion of the CR-polarizer at angles φCR−p = [0 ◦, 180 ◦] in

steps of 45 ◦. Fig. 4(c) is the pattern obtained in the ab-
sence of the CR-polarizer. At φCR−p = 0 only one light
ring is observable. As φCR−p increases, the intensity of
this ring decreases and an inner ring starts to form. At
φCR−p = 90 ◦ the pattern is clearly formed by two light
rings. From φCR−p = 90 ◦ on, the intensity of the outer
ring keeps decreasing as the one from the inner increases,
until having only one light ring again at φCR−p = 180 ◦.
To provide an even clearer visualization of the effect pro-
ducing by the rotation of the CR-polarizer, we have car-
ried out the same experiment at Z = ±6, the planes
where the Raman spots starts to appear. The results are
shown in Figs. 4(j)–(n) for Z = −6 and in Figs. 4(p)–(t)
for Z = 6, being Figs. 4(i) and (o) the pattern obtained
in the absence of the CR-polarizer. At Z = −6 and for
φCR−p = 0 ◦, the CR pattern only has contributions from
the beam center. In contrast, at φCR−p = 180 ◦ a light
ring with no intensity at its center is found. At intermedi-
ary angles of the CR-polarizer, contributions of both the
central intensity and the light ring are found. At Z = 6
the CR pattern obtained for φCR−p = 0 ◦ is a light ring
whereas at φCR−p = 180 ◦ only intensity at the beam
center is observed. These results, together with the one
presented in Figs. 4(d)–(h) indicate that the CR beam
can be actually understood as two axially displaced light
cones, being the focal plane a plane of mirror symmetry.
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FIG. 4. (a) and (b) show two particular configurations of the
CR-polarizer for which only one CR light ring is obtained.
(c)–(h) show the transverse CR pattern at the focal plane for
different orientations of the CR-polarizer, while. (i)–(n) and
(o)–(t) are the corresponding transverse patterns (demagni-
fied in size around a 30%) at Z = −6 and Z = 6, respectively.

It is also necessary to check the state of polarization
of the light cones. Fig. 5 presents the experimental im-
ages of the CR transverse intensity profiles at the fo-
cal plane (first row) and at Z = −6 (second row) and
Z = +6 (third row) for different orientations of a linear



4

polarizer (LP) used to analyze the state of polarization
of the two cones. Left-hand set of images correspond to
φCR−p = 0 ◦ while right-hand side set of images corre-
spond to φCR−p = 180 ◦ see top insets. Each set of im-
ages corresponds to the C− and C+ cones, respectively.
The images show two remarkable features: (i) every two
diametrically opposite points at the light pattern are or-
thogonally polarized at any plane, and (ii) the polariza-
tion distributions of both light cones are the same.
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FIG. 5. CR transverse intensity profiles at the focal plane
(first row) and at Z = −6 (second row) and Z = +6 (third
row) for orientations of a linear polarizer (LP) at angles:
[0 ◦, 45 ◦, 90 ◦, 135 ◦]. Left- and right-hand side set of images
correspond to φCR−p = 0 ◦ and φCR−p = 180 ◦, respectively.

To observe the free space evolution of the light cones,
Fig. 6 presents cuts in the Z–X plane of the beam evolu-
tion of the CR pattern using the CR-polarizer. First row
are the experimental results, while second row are the nu-
merical simulations obtained by Eqs. (6)–(8). Figs. 6(a)
(obtained with φCR−p = 0 ◦) and (c) correspond to the
C− light cone, while Figs. 6(b) (obtained with φCR−p =
180 ◦) and (d) correspond to the C+ light cone. Fig. 6(e)
is the experimental beam evolution with the CR-polarizer
being removed and Fig. 6(f) is the corresponding numer-
ical simulation. The experimental images were taken by
recording the transverse light pattern at different planes
along the axial direction in steps of 5mm and then inter-
polating between them using the software ImageJ. As it
can be appreciated, both experiments and numerical sim-
ulations are in good agreement, confirming the dual-cone
nature of the CR phenomenon.

IV. CONCLUSIONS

In summary, we have demonstrated the dual-cone na-
ture of the CR phenomenon by using an azimuthally seg-
mented polarizer that mimics the CR polarization distri-
bution to generate a non-homogeneously polarized beam.

We have proved that such device allows for selecting be-
tween the two CR cones and shown the experimental free-
space conical beam evolution for a Gaussian input beam.
A mirror-symmetric beam evolution with respect to the
focal plane for the two light cones has been obtained. In

addition, we have demonstrated that the CR cones ~C+
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FIG. 6. Cuts in the Z–X plane (where X ≡ x/w0) of
the beam evolution obtained for two orientations of the CR-
polarizer at (a) and (c) 0◦, and (b) and (d) 180◦, showing
the dual-cone nature of the CR phenomenon. (e) and (f)
represent, respectively, the experimental and numerical beam
propagation with the CR-polarizer being removed from the
set-up. ρth0 = 10, ρexp0 ≈ 11.

and ~C− have their vertexes at the Raman spot behind
and before the focal plane, respectively. Finally, it has
been also reported the generation of two bright rings split
by the Poggendorff dark ring at the focal plane, which can
be understood in terms of the interference produced by
the difference on the divergence of the two co-propagating
light cones [19].

The difficulties in the state of the art to generate high
quality conical/annular light beams make the present
work suitable for experiments both in atom [9, 20] and
photophoretic trapping [7, 21].
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Schmaltz, T. K. Kalkandjiev, V. Ahufinger, G. Birkl,
and J. Mompart, “Blue-detuned optical ring trap for
Bose-Einstein condensates based on conical refraction,”
arXiv:1411.1587 (2014).

[10] Y. V. Loiko, G. S. Sokolovskii, D. Carnegie, A. Turpin, J.
Mompart, and E. U. Rafailov, “Laser beams with conical
refraction patterns” Proc. SPIE 8960, 89601Q (2014).

[11] R. Cattoor, I. Manek-Hnninger, D. Rytz, L. Canioni, and
M. Eichhorn, “Laser action along and near the optic axis
of a holmium-doped KY(WO4)2 crystal,” Opt. Lett. 39,

6407–6410 (2014).
[12] A. Turpin, Yu. V. Loiko, T. K. Kalkandjiev and J. Mom-

part, “Free-space optical polarization demultiplexing and
multiplexing by means of conical refraction,” Opt. Lett.
37, 4197–4199 (2012).

[13] A. Peinado, A. Turpin, A. Lizana, E. Fernández, J. Mom-
part, and J. Campos, “Conical refraction as a tool for po-
larization metrology,” Opt. Lett. 38, 4100-4103 (2013).

[14] V. Peet, “Improving directivity of laser beams by em-
ploying the effect of conical refraction in biaxial crystals,”
Opt. Express 18, 1956–19573 (2010).

[15] Yu. V. Loiko, A. Turpin, T. K. Kalkandjiev, E.
U. Rafailov, and J. Mompart, “Generating a three-
dimensional dark focus from a single conically refracted
light beam,” Opt. Lett. 38, 4648–4651 (2013).

[16] A. Turpin, Yu. V. Loiko, T. K. Kalkandkiev, H.
Tomizawa, and J. Mompart, “Super-Gaussian conical re-
fraction beam,” Opt. Lett. 39, 4349–4352 (2014).

[17] V. Peet, “Biaxial crystal as a versatile mode converter,”
J. Opt. 12, 095706 (2010).

[18] C. F. Phelan, R. J. Winfield, D. P. O’Dwyer, Y.
P. Rakovich, J. F. Donegan, J. G. Lunney, “Two-
photon polymerisation of novel shapes using a conically
diffracted femtosecond laser beam,” Opt. Commun. 284,
3571–3574 (2011).

[19] G. S. Sokolovskii, D. J. Carnegie, T. K. Kalkandjiev, and
E. U. Rafailov, “Conical Refraction: New observations
and a dual cone model,” O pt. Express 21, 11125–11131
(2013).

[20] A. D. Cronin, J. Schmiedmayer, D. E. Pritchard, “Op-
tics and interferometry with atoms and molecules,” Rev.
Mod. Phys. 81, 1051–1129 (2009) and references therein.

[21] C. Wang, Y.-L. Pan, and M. Coleman, “Experimental
observation of particle cones formed by optical trapping,”
Opt. Lett. 39, 2767–2770 (2014).


