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Coherent optical orthogonal frequency division multiplexing (CO-OFDM) has been
actively considered as a potential candidate for long-haul transmission and 400 Gb/s to
1 Tb/s Ethernet transport because of its high spectral efficiency, efficient implementation,
flexibility and robustness against linear impairments such as chromatic dispersion and po-
larization mode dispersion. However, due to the long symbol duration and narrow subcar-
rier spacing, CO-OFDM systems are sensitive to laser phase noise and fibre nonlinearity
induced penalties. As a result, the development of CO-OFDM transmission technology
crucially relies on efficient techniques to compensate for the laser phase noise and fibre
nonlinearity impairments.
In this thesis, high performance and low complexity digital signal processing techniques
for laser phase noise and fibre nonlinearity compensation in CO-OFDM transmissions are
demonstrated. For laser phase noise compensation, three novel techniques, namely quasi-
pilot-aided, decision-directed-free blind and multiplier-free blind are introduced. For fibre
nonlinear compensation, two novel techniques which are referred to as phase conjugated
pilots and phase conjugated subcarrier coding, are proposed. All these abovementioned
digital signal processing techniques offer high performances and flexibilities while requir-
ing relatively low complexities in comparison with other existing phase noise and nonlin-
ear compensation techniques. As a result of the developments of these digital signal pro-
cessing techniques, CO-OFDM technology is expected to play a significant role in future
ultra-high capacity optical network. In addition, this thesis also presents preliminary study
on nonlinear Fourier transform based transmission schemes in which OFDM is a highly
suitable modulation format. The obtained result paves the way towards a truly flexible
nonlinear wave-division multiplexing system that allows the current nonlinear transmis-
sion limitations to be exceeded.

Additional keywords and phrases: Optical communications, OFDM, phase noise
compensation, fibre nonlinearity compensation, nonlinear Fourier transform.
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Chapter 1

Introduction

1.1 Overview

Fibre-optic communications became feasible in the early 1970s after the developments of

low loss (below 20 dB/km), high bandwidth silica fibres [1] and compact GaAs semicon-

ductor lasers [2]. These achievements enabled the first commercial fibre-optic communi-

cation system (first generation) operating at wavelength of around 0.8 µm with a data rate

of 45 Mb/s and repeater spacing of 7 km over multi-mode fibre [3].

The second generation fibre-optic communication systems were developed in early 1980s,

which operated at wavelength of 1.3 µm over single mode fibre to minimize chromatic dis-

persion and eliminate modal dispersion. However, the fibre loss at 1.3 µm was still high,

which was around 0.5 dB/km. As a result, typical repeater spacing of less than 50 km was

required [4].

Third generation systems were developed at 1.5 µm as the fibre losses could be reduced to

0.2 dB/km at this wavelength. In addition, dispersion-shifted fibre was developed, leading

to the development of dispersion management to deal with the high chromatic dispersion

at 1.5 µm. As a result, a data rate of 2.5 Gb/s was commercially available in 1990 [4].

However, in third generation systems, the typical repeater spacing was limited at 60 –

70 km. To address this problem, coherent detection was considered as a potential solu-

tion to increase the repeater spacing due to its improved sensitivity compared to direct-

detection. Coherent optical systems are similar to microwave systems, in which the re-
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ceived signal is mixed with a local ossilator (LO) at the receiver. Such detection scheme

provides sensitivity which approaches the shot noise limit with the increasing of LO power.

However, the complexity of coherent receiver was high as polarization-matching between

the received signal and LO laser and carrier phase locking were required [4].

However, coherent detection was superseded with the invention of erbium-doped fibre

amplifier (EDFA) [5] as EDFA provided a much cheaper and simpler way to increase the

repeater spacing. In addition, as EDFA could provide THz of bandwidth, enabling ampli-

fication of several wavelength channels simultaneously, wavelength-division multiplexing

(WDM) was proposed to increase dramatically the total information throughput of single

mode fibre in the fourth generation fibre-optic systems. By 2001, commercial systems

could provide a bit rate of 2.4 Tb/s over a single mode fibre [4]. The use of WDM tech-

nology had improved the throughput of undersea fibre-optic systems by a factor of 10,000

by 2001 [4].

Although the increase in achievable information throughput per fibre enabled by EDFAs

and WDM has scaled well in the past, a hard limit on throughput exists while on-off-keyed

(OOK) modulation is used, given that the maximum achievable spectral efficiency (SE) is

1 b/s/Hz. As a result, while maintaining the compatibility with the international telecom-

munication union (ITU) frequency grid of 50 GHz for WDM systems, the maximum data

rate per channel with OOK is 50 Gb/s. In fact, the data rate per channel of WDM sys-

tems with OOK format was limited to 10 Gb/s due to number of limiting factors such as

dispersive and nonlinear effects, the bandwidth limitation of electronic components and

interchannel crosstalk [4].

On the other hand, over the last two decades, the amount of traffic carried on backbone

networks has been growing exponentially, from 30 % – 60 % (i. e. 1.1 dB to 2 dB) per

year depending on available services offered by various network operators in different

geographic regions [6]. In addition, as forecasted by CISCO [7], the data traffic will con-

tinuously to growth exponentially in the next decade due to the increasing demand from

the growing number of bandwidth-hungry applications and on-line services such as cloud

computing, HD video streams, on-line content sharing and many others. This exponential

traffic growth is exerting great pressure on the networks infrastructure at every scale and
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tremendous research activities have been carried out on maximizing the total throughput

per fibre. To increase the total throughput of single mode fibre, it is crucial to increase

the SE by encoding more than 1 bit per symbol using high order modulation formats and

exploring other physical dimensions supported by optical fibre such as quadrature, polar-

ization and space.

The quest for higher SE lead to the rebirth of coherent detection systems in early 2000s.

Unlike direct detection, coherent detection can provide full information of the transmit-

ted signal, including two polarization stages, amplitude and phase. In addition, with the

advances in high-speed analog to digital converter (ADC) and Digital to analog converter

(DAC) built in 40-nm complementary metal-oxide-semiconductor (CMOS) technology,

digital signal processing (DSP) can be effectively applied in fibre-optic communication

systems to compensate impairments acquired during propagation. Together with coherent

detection, DSP have made it possible to use all available physical dimensions supported

by optical fibre for data transmission. As a result, coherent detector and powerful digital

signal processors have formed the basic building blocks of modern fibre-optic communi-

cation systems.

In 2010, single carrier 100 Gb/s transponders using polarization division multiplexed

(PDM) differential quadrature phase-shift-keyed (DQPSK) was commercially available

[8]. Using high order quadrature amplitude modulation (QAM) and high SE multiplex-

ing techniques such as orthogonal time division multiplexing (OTDM) (also known as

Nyquist-WDM) and OFDM, a data rate above 100 Tb/s over single mode fibre have been

experimentally demonstrated [9, 10]. To further increase the throughput of optical fibre

systems, space division multiplexing (SDM) with the use of spatial modes or multiple fi-

bre cores have also been actively investigated [11]. Using multimode and multicore fibres,

the total throughput above 2 Pb/s have been demonstrated recently [12, 13]. However,

SDM technology is still in its infancy and SDM approach also requires enormous upgrade

in the systems infrastructure. As a result, a lot of technological advances are required to

make SDM technology appropriate for practical implementations [11].

As mentioned above, using high order modulation formats is an effective method to in-

crease the bit-rate per channel and the total throughput of fibre-optics systems. However,
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high order modulation formats are sensitive to amplified spontaneous emission (ASE)

noise generated from optical amplifiers [14, 15] and thus, requiring high optical signal

to noise ratio (OSNR) at the receiver. In linear systems, such as wireless communication

systems, this problem can be solved by increasing the transmitted signal power. However,

such approach is not always effective for optical fibre channel due to the fibre’s nonlinear-

ity effects (Kerr effect). At a high signal launch power value, the nonlinear distortion due

to the Kerr effect, including signal×signal nonlinear distortion and signal×noise nonlinear

interaction, become the dominant source of distortion. As a result, the distance reaches of

fibre-optic systems significantly reduce with the increasing of modulation level (or number

of bits per symbol). With a fixed distance reach, the highest achievable SE in fibre-optic

communication systems is usually referred to as nonlinear Shannon limit [14]. Combating

the nonlinear impairments to maximize the throughput and distance reach of fibre-optic

communication systems in practical and flexible ways is an intense ongoing research area.

1.2 Motivation

To satisfy the ever-increasing capacity demands in an economically attractive manner,

the data rate per WDM channel has also been increasing exponentially over the last two

decades. Recently, the concept of superchannel has been proposed, aiming to increase

per-channel interface rate as well as total throughput of WDM systems in a cost-effective

manner [16]. Superchannel evades electronic bottleneck via optical parallelism and pro-

vide high data rate per WDM channel (on the order of Tb/s) and better spectral utilization,

especially in transparent optical mesh networks [8].

The term of superchannels was first proposed in [16] to refer to multiple single-carrier-

modulated signals modulated under optical OFDM condition. Lately, superchannel con-

cept has been generalized to any collections of optical signals that are [8]:

• Modulated and multiplexed together with high SE at a common originating site.
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• Transmitted and routed together over a common optical link.

• Received at a common destination side.

The usage of superchannel concept in WDM systems can provide a lot of advantages

[8], such as the ability to meet the demand for high-speed serial interface rates, which

increase faster than the speed of DACs and ADCs. It also provides higher SE in WDM

transmission by reducing the wasted optical spectrum between neighbouring channels. In

addition, superchannel effectively increases efficiency in DSP and lower implementation

cost per bit and is compatible to software-defined optical transmission enable by flexible

DSP at the transmitter and receiver

However, the next generation optical transponders based on superchannel concept also

need to satisfy several critical and challenging criteria as follows:

• High reliability and performance.

• Low implementation transceivers complexity.

• Capabilities to flexibly trade the throughput for distance reach.

In order to meet these criteria, next generation optical transponders should operate with

high SE multiplexing techniques, low complexity and high performance DSP algorithms

and multiple modulation formats or coding overheads. A wide range of research activities

are being carried out in finding optimum combination of DSP, modulation formats and

coding techniques for next generation optical transponders.

Due to the high SE multiplexing, Nyquist-WDM and multiband OFDM have been

considered as the most promising technologies for realizing Tb/s superchannels. The po-

tential of Nyquist-WDM and multiband OFDM multiplexing techniques for superchannel

transmission have been demonstrated through number of hero experiments [17, 18]. In

comparison to Nyquist-WDM, OFDM can provide a more efficient DSP implementation

as no extra filtering is required for pulse shaping. In addition, due to the long symbol

duration OFDM is also more resilient to linear impairments such as chromatic dispersion

and polarization mode dispersion. Furthermore, hybrid QAM can also be applied more
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effectively with OFDM than Nyquist-WDM. Hybrid QAM can be considered as a much

simpler technique to maximize the SE in comparison to rate-adaptive [19] forward error

correction (FEC).

However, CO-OFDM technology also has several serious challenges. First of all, due

to the long symbol duration, CO-OFDM systems are very sensitive to laser phase noise

impairments. Secondly, due to the narrow frequency spacing OFDM is also sensitive to

the fibre nonlinearity impairments. Therefore, in order to realize OFDM-based high SE,

flexible next generation Tb/s optical transponders, this thesis is focused on efficient DSP

techniques for CO-OFDM as follows:

1. Low-complexity, low-overhead laser phase noise compensation techniques.

2. Low-complexity, flexible and high performance fibre nonlinearity compensation

techniques.

3. Novel nonlinear tolerant transmission techniques.

1.3 Organization of the thesis

The thesis is organized as follows:

Chapter 1. Introduction

This chapter presents an overview about optical communication and the motivation behind

this research in the area of DSP for CO-OFDM transmissions.

Chapter 2. Statistical Properties and Indirect Bit Error Rate Estimation Methods

for CO-OFDM

In this chapter, the statistical properties of OFDM signal in fibre-optic communication

systems are investigated. Based on these statistical properties, a novel indirect BER esti-

mation method was proposed and compared with other well-known BER estimation meth-

ods such as data-aided and non-data-aided error vector magnitude (EVM). The impact of

various system’s imperfections such as laser phase noise and frequency offset are also pre-

sented.

Chapter 3. Low Complexity Phase Noise Compensation Techniques for CO-OFDM
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In this chapter, three novel PNC techniques for CO-OFDM, namely quasi-pilot-aided

(QPA), decision-directed-free (DDF) blind and multiplier-free (MF) blind, are presented.

The performances of these techniques are compared with existing techniques both numer-

ically and experimentally.

Chapter 4: Low Complexity Fibre Nonlinear Compensation Techniques for CO-

OFDM

In this chapter, two novel fibre nonlinear compensation techniques for CO-OFDM are

presented, namely phase conjugated pilot (PCP) and phase conjugtated subcarrier coding

(PCSC). The performances of PCP and PCSC techniques are demonstrated experimen-

tally.

Chapter 5: Nonlinear Fourier Transform Based Optical Communications

In this chapter, the basic principle and designs of nonlinear Fourier transform (NFT)-based

transmission systems are discussed. The nonlinear inverse synthesis (NIS) scheme, where

the transmitted information is encoded directly onto the continuous part of the nonlinear

signal spectrum, is investigated in details. In addition, modified NIS schemes for optical

links with EDFAs and Raman amplifiers are discussed. Furthermore, the first experimental

demonstration of NIS-based OFDM transmission over transoceanic distance is also pre-

sented.

Chapter 6: Conclusion and Future Works

This chapter summarizes the outcomes of this thesis and discusses related future research

directions.

1.4 Contributions of the thesis

This thesis has made number of contributions to the field of fibre-optic communications

as listed below:

Chapter 2

• This thesis presents a detailed investigation on the statistical properties of OFDM

signals in long-haul optical fibre transmissions. The obtained results give an insight

on the impact of fibre nonlinearity on the statistical properties of OFDM signal,

32



which are important in designing the next generation FEC codes for optical fibre

transmission systems.

• An accurate bit error rate estimation method for QSK CO-OFDM transmission is

proposed based on the probability density function of the received QPSK symbols.

By comparing with other known approaches, including data-aided and nondata-

aided EVM, this thesis shows that the proposed method offers the most accurate

estimate of the system performance for both single channel and wavelength division

multiplexing QPSK CO-OFDM transmission systems.

Chapter 3

• A novel phase noise estimation scheme - the QPA method is proposed. In this

method, the phases of transmitted pilot subcarriers are deliberately correlated to

the phases of data subcarriers. Accounting for this correlation in the receiver allows

the required number of pilots needed for a sufficient estimation and compensation of

phase noise to be reduced by a factor of 2 in comparison with traditional pilot-aided

phase noise estimation method.

• The performance of different blind phase noise estimation schemes for coherent

optical orthogonal frequency division multiplexing transmissions is discussed in de-

tails. A general model of CO-OFDM systems with phase noise is derived. Based on

this model, the phase cycle slip probability in blind phase noise estimation is cal-

culated. For blind phase tracking, the implementation and performance of feedback

loop and digital phase tracking are presented.

• The author proposes and analyses the performance of a novel blind PNC scheme

– DDF blind scheme, in which only three test phases are required for phase noise

compensation. It is shown that the DDF blind scheme is transparent to QAM for-

mats and can provide a similar performance to the conventional blind phase search

employing 16 test phases.

• The author proposes an effective blind phase noise estimation technique for QPSK

and 16QAM CO-OFDM transmissions based on statistical properties of the received
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symbols phases – the MF blind technique. MF blind technique operates in polar

coordinates, providing very low implementation complexity as no multipliers are

required.

Chapter 4

• A novel fibre nonlinearity compensation technique for CO-OFDM systems based on

the transmission of phase-conjugated pilots (PCPs) is demonstrated. In this scheme,

a portion of OFDM subcarriers (up to 50%) is transmitted with its phase-conjugates,

which are used at the receiver to estimate the nonlinear distortions in the respective

subcarriers and other subcarriers, which are not accompanied by PCPs. Simulation

and experimental results show that, by varying the PCP overhead a performance

improvement up to 4 dB can be achieved. In addition, the proposed technique can

be effectively applied in both single polarization and polarization mode dispersion

(PMD) systems, in both single channel and WDM systems, thus, offering highest

flexibility in implementations.

• A novel subcarrier coding scheme for fibre nonlinearity mitigation in CO-OFDM

systems – the PCSC technique is demonstrated. Simulation and experimental re-

sults show that this simple technique combined with 50% pre-EDC can effectively

offer up to 1.5 dB and 0.8 dB performance gains in CO-OFDM systems with BPSK

and QPSK modulation formats, respectively. This clearly confirms that nonlinearity

mitigation can be achieved by encoding and processing neighbouring OFDM sub-

carriers simultaneously. In addition, the PCSC technique can also be effectively

applied in PDM and WDM transmissions.

Chapter 5

• Various designs for NFT-based fibre-optic communications systems are presented

and its potentials in next generation networks are discussed.

• The performance of the NIS method, in which the information is encoded directly

onto the continuous part of the nonlinear signal spectrum, is investigated. This trans-

mission technique, combined with appropriate distributed Raman amplification, can
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provide an effective eigenvalue division multiplexing with high spectral efficiency,

thanks to highly suppressed channel cross talk. The feasibility of merging the NIS

technique in a burst mode with high spectral efficiency multiplexing methods, such

as orthogonal frequency division multiplexing and Nyquist pulse shaping with ad-

vanced modulation formats (e.g., QPSK, 16QAM, and 64QAM) is demonstrated,

showing a performance improvement up to 4.5 dB, which is comparable to results

achievable with multi-step per span digital back propagation.

• This thesis proposes and assesses a modified scheme of the NIS method, which can

be used effectively in standard optical links with lumped a fibre loss to obtain an

integrable model (lossless path-averaged (LPA) model) to which the NIS technique

is applicable. It is found that the error between lossless path-averaged and lossy

models increases linearly with transmission distance and input power (measured

in dB). The feasibility of the proposed NIS scheme in a burst mode with OFDM

transmission scheme with advanced modulation formats (e.g., QPSK, 16QAM, and

64QAM) is demonstrated, showing a performance improvement up to 3.5 dB. These

results are comparable to those achievable with multi-step per span digital back-

propagation.

• The author investigates in details the impact of a non-ideal Raman gain profile on

the performance of the NIS scheme. The LPA model for fibre links with non-ideal

Raman gain profile by taking into account the average effect of the Raman gain is

proposed. It is shown that the NIS scheme employing the LPA model can offer a

performance gain of 3 dB regardless of the Raman gain profiles.

• This thesis demonstrates the generation, detection and transmission performance

over transoceanic distances of 10 Gbaud NIS-based signal. By applying effective

digital signal processing techniques, a reach of 7344 km was achieved with a bit-

error-rate (BER) (2.1× 10−2) below the 20% FEC threshold. This represents an

improvement by a factor of 12 in data throughput x distance product compared with

other previously demonstrated NFT-based systems, showing a significant advance in

the active research area of NFT-based communication systems.
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Chapter 6

• The author briefly discusses future research directions in the area of DSP for CO-

OFDM and NFT-based communication systems.
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Chapter 2

Statistical Properties and Indirect Bit

Error Rate Estimation Methods for

CO-OFDM

Son T. Le, Blow, K. J., Mezentsev, V.K., Turitsyn, S.K., “Bit Error Rate Estimation Meth-

ods for QPSK CO-OFDM Transmission,” Journal of Lightwave Technology, vol.32, no.17,

pp.2951-2959, Sept.1, 2014.

Son T. Le, McCarthy, M.E., Suibhne, N.M., Giacoumidis, E., Doran, N.J., Ellis, A.D.,

Blow, K.J., “Comparison of Bit Error Rate Estimation Methods for QPSK CO-OFDM

Transmission,” Photonics Technology Letters, IEEE , vol.26, no.22, pp.2244-2247, Nov.15,

15 2014.

2.1 Introduction

In digital communication systems, un-coded BER is considered as the most popular per-

formance indicator [20]. The BER in CO-OFDM systems can be estimated in numerical

investigations using Monte Carlo simulation and in experiments (typically with off-line

signal processing) by directly counting the number of errors at the receiver. The corre-

sponding Q-factor can be calculated using the inverse complementary error function [20].

However, this method relies on a large number of statistical samples and, in general, is
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time-consuming, especially if the signal quality is high and massive optimization mod-

elling is required. As a result, it is highly desirable and practically important to develop

efficient indirect numerical and statistical methods for evaluating CO-OFDM system per-

formance.

For coherent communication systems with multi-level signals both in amplitude and

in phase, the EVM is commonly used as a fast measure of the received digital signals

quality [21, 22]. The EVM describes the effective distance of the received complex sym-

bol from its ideal position in the constellation diagram. In an additive white Gaussian

noise (AWGN) transmission channel the connection of EVM to BER can be determined

theoretically [22]. The standard EVM is a data-aided estimation technique, where for

measurement purposes the transmitted data are known [21]. On the other hand, it is more

common for real-world receivers that the sent data (e.g. training sequences) are unknown.

In this case, nondata-aided reception can be applied as shown in [23]. Several other rele-

vant methods of evaluating the signal quality have recently been proposed, experimentally

verified and compared for single carrier QPSK systems [24, 25]. However, the exact re-

lationship between the BER and the EVM in CO-OFDM still remains an open problem.

In addition, the relative performances of different BER estimation methods for coherent

QPSK systems have to be examined carefully when being applied for CO-OFDM trans-

mission.

In this chapter, the author discusses a novel statistical BER estimation method for CO-

OFDM transmissions [26–28] based on the probability density function of the received

QPSK symbols. The statistical properties of QPSK signals are studied and the effective-

ness of the proposed BER estimation method is demonstrated in reduced-guard-interval

(RGI) and WDM CO-OFDM transmissions. In addition, the robustness of the proposed

BER estimation method to laser phase noise and frequency offset is also discussed.
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2.2 BER estimation methods for QPSK transmissions

2.2.1 Direct error-counting

The BER can be directly measured by counting the number of errors at the receiver sub-

ject to sufficient symbols being recorded. The measured (or estimated) BER is usually

converted to an equivalent Gaussian noise Q-factor in dB using the expression:

QBER = 20 · log10(
√

2erfc−1(2BER)), (2.1)

where er f c−1 is the inverse complementary error function. This sets the reference

Q-factor used in the following evaluation of different indirect methods.

2.2.2 Data-aided EVM

In an optical communication system with QPSK modulation format, the complex am-

plitude of this field can be described by 4 points in a complex constellation plane. At

the receiver, the received signal vector Er deviates by an error vector Eerr from the ideal

transmitted vector Et as shown in Fig. 2.1. The data-aided EVM is defined by a root mean

square of Eerr and embraces all (linear and nonlinear) impairments [21]:

EV Mm =
σerr

|Et,m|
,σ2

err =
〈
|Eerr,i|2

〉
,Eerr,i = Er,i−Et,i, (2.2)

where 〈·〉 stands for the averaging operation, Et,m is the longest ideal constellation vector,

serving for normalization.

By applying the definition 2.2, the EVM in QPSK CO-OFDM transmissions can be

calculated as:

EV M =

√〈∣∣ck− ck,ideal
∣∣2〉

|cideal|
, (2.3)

where ck is the kth received symbol and ck,ideal is the corresponding ideal constellation

point. For a QPSK system with AGWN channel the BER can be estimated from the EVM

46



Q

I

Er,i

Et,i

Eerr,i III

III IV

Figure 2.1: Constellation diagram and error vector for a QPSK signal. Vector Et,i is the transmitted
signal, vector Er,i is the received signal and Eerr,i = Er,i−Et,i is the error vector

as [22]:

BER = 0.5 · erfc
(

EV M−1
√

2

)
(2.4)

By substituting 2.4 into 2.1, the equivalent Q-factor in dB can be defined knowing the

EVM as:

QEV M =−20log10 (EV M) (2.5)

2.2.3 Nondata-aided EVM (Q factor 1, Q1)

The EVM can also be calculated without knowing the transmitted data. The most common

approach for calculating nondata-aided EVM is to perform hard decision on the received

symbols and then apply the expression 2.2 [22]. In this case, the error vector of a received

symbol is calculated according to the nearest ideal constellation point. As a consequence,

nondata-aided EVM tends to under-estimate the EVM if the received signal is strongly

noisy. In addition, the EVM is also calculated by replacing the four ideal QPSK constel-

lation points with the mean values of the received symbols in the four quadrants of the

constellation diagram [23]:

EV M1 =

√〈∣∣ck,i− carg,i
∣∣2 / ∣∣carg,i

∣∣2〉, (2.6)

where cavg,i, i = 1,2,3,4 are the means of the received symbols ck,i that fall into the ith

quadrant of the constellation diagram. For comparison purpose this nondata-aided EVM

47



is also converted into an equivalent Q-factor in dB by the expression 2.5.

2.2.4 Q factor 2, (Q2)

It has been shown [29] that for single carrier QPSK systems without optical dispersion

compensation, the four components of a QPSK signal (in-phase x-polarization, in-phase

y- polarization, quadrature x-polarization, quadrature y- polarization) are Gaussian dis-

tributed (or at least nearly Gaussian distributed) and statistically independent both before

and after the digital signal processing (DSP) in the receiver [29]. Therefore, a QPSK con-

stellation can be decomposed into two binary-phase-shift-keying (BPSK) constellations

(0 and π), or equivalently two amplitude-shift-keying (ASK) constellations (1 and -1),

for the in-phase and quadrature components [30]. As a result, following the same well

known approach for calculating the conventional Q-factor for OOK signals, we can define

the Q-factors of the in-phase and quadrature components of the received QPSK signals

by [24]:

QRe =

〈
ck,Re

(
ck,Re > 0

)〉
−
〈
ck,Re

(
ck,Re < 0

)〉
σk,Re

(
ck,Re > 0

)
+σk,Re

(
ck,Re < 0

) (2.7)

QIm =

〈
ck,Im

(
ck,Im > 0

)〉
−
〈
ck,Im

(
ck,Im < 0

)〉
σk,Im

(
ck,Im > 0

)
+σk,Im

(
ck,Im < 0

) (2.8)

where σ(·) denotes the standard deviation (STD) of the statistical samples. In 2.7 and 2.8

QRe (QIm) are calculated as the ratio between the difference of the means and the sum of

the STDs of in-phase (quadrature) components with opposite signs. The BER then can be

obtained by using the estimations from both in-phase and quadrature components:

BER =

〈
1
2

erfc
(

QRe√
2

)
,
1
2

erfc
(

QIm√
2

)〉
(2.9)

2.2.5 Q factor 3, (Q3)

Another definition of Q-factor was introduced in [31] as the ratio between the mean and the

STD value of each constellation point. For the symbol in the first quadrant, the Q-factors
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are:

Q1,Re =

∣∣〈ck,Re
(
ck,Re > 0,ck,Im > 0

)〉∣∣
σk,Re

(
ck,Re > 0,σk,Im > 0

) (2.10)

Q1,Im =

∣∣〈ck,Im
(
ck,Re > 0,ck,Im > 0

)〉∣∣
σk,Im

(
ck,Re > 0,σk,Im > 0

) (2.11)

The overall BER can be obtained by using Qi,Re and Qi,Im, i = 1,2,3,4 of all the constel-

lation symbols [25, 31, 31]:

BER =

〈
1
2

erfc
(

Qi,Re√
2

)
,
1
2

erfc
(

Qi,Im√
2

)〉
(2.12)

2.3 Simulation setup of 112 Gb/s QPSK CO-OFDM trans-

missions

For investigating the statistical properties of QPSK signals and comparing the perfor-

mances of different BER estimation methods, a 112 Gb/s PDM CO-OFDM transmission

system is considered, the block diagram of which is shown in Fig. 2.2.
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Figure 2.2: Block diagrama of 112 Gb/s PDM CO-OFDM transmissions. S/P: serial/parallel
conversion, P/S: parallel/serial conversion, SM: symbol mappings, TS: training symbol, DAC:
digital-to-analog converter, I/Q: I/Q modulator, OLO: optical local oscilator

The data stream is first divided into x- and y-polarizations, each of which is then

mapped onto 2048 subcarriers using QPSK modulation format with Gray code and sub-

sequently transferred to the time domain by an IFFT of size 4096 while zeros occupy the

remainder for oversampling purpose. The OFDM useful duration is 60 ns. A cyclic pre-

fix (CP) of length 12 ns is used to accommodate dispersion. The long-haul fibre link is

assumed to consist of 80-km spans of standard single mode fiber (SSMF) with the loss pa-

rameter of 0.2 dB/km, nonlinearity coefficient of 1.22 /W/km, dispersion of 16 ps/nm/km
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and PMD coefficient of 0.1 ps/
√

km. The fibre span loss is compensated by EDAF with

16 dB of gain and a noise figure of 6 dB. In the simulation ASE noise is added inline. The

transmitter and receiver lasers have the same linewidth of 100 kHz. The laser phase noise

is modeled as a Wiener-Levy process with a variance σ2 = 2νt where νt is the combined

laser linewidth and t is the time difference between two samples [32]. The simulated time

window contains 100 OFDM symbols (409600 bits). The channel estimation and equal-

ization (including polarization demultiplexing and channel response equalization) is done

with the assistance of an initial training sequence (2 OFDM symbols in each polarization)

using the zero forcing estimation method with MIMO processing [33]. The common phase

error (CPE) due to laser phase noises is estimated and compensated using the pilot-aided

technique by inserting 16 pilot subcarriers in each OFDM symbol. In the simulation the

timing synchronization is assumed to be perfect.

Another CO-OFDM configuration known as reduced-guard-interval CO-OFDM [34]

is also considered here. In RGI CO-OFDM transmissions a short CP is added to each

OFDM symbol to accommodate the inter-symbol interference (ISI) with short memory,

such as fibre PMD or residual chromatic dispersion. The accumulated dispersion of the

optical link is compensated at the receiver using overlapped frequency-domain equalizers

(OFDE) [35] or time domain finite impulse response filters [36]. In this work the OFDE

with overlap-save method was applied [35]. As the chromatic dispersion can be effectively

compensated at the receiver, a shorter symbol duration can be used in RGI CO-OFDM.

As a result, in RGI CO-OFDM transmissions a smaller number of subcarriers can be used

[34]. A 112 Gb/s RGI CO-OFDM transmission system with 112 subcarriers is considered.

The useful OFDM symbol duration is 3.8 ns and the CP length is 0.2 ns. In applying OFDE

with overlap-save method, a block size of 10 OFDM symbols (40 ns) was used.
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2.4 Statistical properties of QPSK signals in CO-OFDM

transmissions

In this section, the statistical properties of QPSK signal in PDM CO-OFDM transmissions

is discussed in details. Both the in-phase and quadrature components and the phase of the

QPSK signal are taken into account.

The histograms of in-phase and quadrature components of QPSK signal in 112 Gb/s

PDM CO-OFDM transmissions are shown in Fig. 3 and Fig. 4 (only for x-polarization,

a similar result for y-polarization is observed) for different values of the launch power

(3 dBm and 6 dBm). The Gaussian fitting is obtained by calculating the mean and STD

of the received statistical samples. In this simulation the amplified spontaneous emis-

sion (ASE) noise added by EDFAs is not considered in order to analyze the distribution

of signal components alone. In addition, the transmitter and receiver lasers are consid-

ered as noiseless. The only source of noise is the fibre nonlinearity. It is found that the

distributions of in-phase and quadrature components of QPSK signals are Gaussian-like

only for small values of the launch power. Herein, the well-known Kolmogorov-Smirnov

test (K-S test) was applied to define if a statistical signal has a Gaussian-like distribution.

The Kolmogorov-Smirnov statistic (KSSTAT) for a given cumulative distribution function

F(x) is defined as:

D = sup |Fn (x)−F(x)| , (2.13)

where Fn(x) is the empirical distribution function for n observations of the statistical sig-

nal. The typical value of the KSSTAT for a Gaussian-like signal is below 0.05.

If the launch power is set to 3 dBm (no errors were detected at the receiver, 409600

bits were sent) a small mismatch between the actual distribution and its Gaussian fitting

can be observed (Fig. 2.3). If the launch power is increased to 6 dBm (BER=0.0002)

the mismatch becomes obvious (Fig. 2.4) and the Gaussian distribution shows a poor

approximation of the distribution of in-phase and quadrature components of the received

QPSK symbols.

This result is different from what has been observed for single carrier QPSK transmis-
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Figure 2.3: Histogram of in-phase and quadrature components of the received QPSK symbols in x
and y-polarization. Propagation over 800 km in nonlinear limited regime (3 dBm). Gaussian fitting
is superimposed to each histogram, KSSTAT values are also included in each histogram.

sions in [29], showing that at high values of the launch power the nonlinear interference

noise (NLIN) in CO-OFDM transmission deviates from Gaussian distribution. The ob-

tained result herein agrees well with a recent study on the statistical property of NLIN in

CO-OFDM transmission [37], indicating that the Gaussian assumption of NLIN, which

is the key in the derivation of closed-form expression for the nonlinear performance of

CO-OFDM in [38] is, in general, not satisfied.

In addition, the statistical properties of in-phase and quadrature components of the re-

ceived QPSK symbols in CO-OFDM transmissions are also sensitive to the specific DSP

technique used, especially the CPE estimation and compensation. The CPE due to laser

phase noise and fibre nonlinearity rotates the constellation diagram and thus changes the

statistical properties of the in-phase and quadrature components significantly. In the pres-

ence of CPE offset due to the estimation inaccuracy, which usually occurs in the nonlinear

limited regime, the PDF of in-phase and quadrature components cannot be approximated

accurately by a Gaussian distribution (Fig. 2.4). As a consequence, the two aforemen-

tioned Gaussian assumption based BER estimation methods (Q2 and Q3) may not be ef-

fective for QPSK CO-OFDM transmissions.

Herein, the statistical properties of the phases of the received QPSK symbols are stud-

ied. The histograms of the received QPSK symbols phases (x-polarization) in four quad-

rants of the constellation diagram are shown in Fig. 2.5 and Fig. 2.6 for different values

of the launch power (3 dBm and 6 dBm). It is found that the distribution of the received
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Figure 2.4: Histogram of in-phase and quadrature components of the received QPSK symbols in
x-polarization. Propagation over 800 km in nonlinear limited regime with the launch power of
6 dBm.

QPSK symbols phases in each quadrant of the constellation diagram is essentially Gaus-

sian (D < 0.05), independent of the launch power and the transmission distance. For the

investigated system our analysis is carried out by changing the launch power from -9 dBm

to 9 dBm (in 3 dB steps) and the transmission distance from 400 to 2400 km (in 400 km

steps). This phenomenon can be explained by the fact that the nonlinear phase noise in

CO-OFDM transmission is dominated by FWM and its interaction with ASE noise. As a

result, when independent data is carried on a large number of subcarriers, the central limit

theorem can be applied for the nonlinear phase noise. In addition, the distribution of the

received QPSK symbols phases in each quadrant is nearly insensitive to the CPE offset,

especially when the number of subcarriers is large, as the CPE offset affects only the mean

value but not the STD of the received QPSK symbols phases. As a result, a more reliable

statistical BER estimation method for QPSK CO-OFDM transmissions can be developed

based on the statistical properties of the QPSK symbols phases.
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Figure 2.5: Histogram of the received QPSK symbols phases (x-polarization) in four quadrants of
the constellation diagram. Propagation over 800 km in nonlinear limited regime with the launch
power of 3 dBm.

2.5 Novel indirect BER estimation methods for QPSK CO-

OFDM

It has been shown in the previous section that the distribution of the received QPSK sym-

bols phases in each quadrant of the constellation diagram is in good agreement with a

Gaussian distribution. Using a Gaussian approximation, the probability density function

(PDF) of the received QPSK symbols phases in four constellation quadrants can be ex-

pressed as:

fk (φ) =
1

σk
√

2π
exp

(
−
(
φ −φ k

)2

2σ2
k

)
, (2.14)

where fk(φ), φ k and σk denote the PDF, mean and standard deviation of the received

phases in the kth quadrant (k = 1,2,3,4). In QPSK (Gray coded) CO-OFDM systems,

information symbols can have one of the four following values: X1 =
√

2exp( jπ/4),

X2 =
√

2exp( j3π/4), X3 =
√

2exp(− j3π/4), X4 =
√

2exp(− jπ/4). The error proba-
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Figure 2.6: Histogram of the received QPSK symbols phases (x-polarization) in four quadrants of
the constellation diagram. Propagation over 800 km in nonlinear limited regime with the launch
power of 6 dBm.

bility when X1 is transmitted can be calculated as follows:

PE(X1) =
∫ 0

−∞

f1(φ)dφ +
∫ +∞

π/2
f1(φ)dφ

=
1
2

(
erfc

(
φ 1

σ1
√

2

)
+ erfc

(
π/2−φ 1

σ1
√

2

)) (2.15)

Similarly, we can obtain expressions for PE(X2), PE(X3), PE(X4), then the systems BER is

given by:

BER =
1
8

4

∑
k=1

[
erfc

(
φ k−θk +π/4

σk
√

2

)
+ erfc

(
θk +π/4−φ k

σk
√

2

)]
(2.16)

where θk = arg(Xk), k = 1,2,3,4. This expression offers a relatively simple way to es-

timate the performance of a CO-OFDM system by calculating the means and STDs of

the received phases in each quadrant of the constellation diagram. This BER estimation

method is nondata-aided.

The proposed BER estimation method can also be extended for m-PSK CO-OFDM
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transmission as:

BER =
1

2m

m

∑
k=1

[
erfc

(
φ k−θk +π/m

σk
√

2

)
+ erfc

(
θk +π/m−φ k

σk
√

2

)]
(2.17)

where θk = (2k+1)π/m, k = 0,1...m−1 are the phases of m-PSK information symbols.

2.6 Comparison of BER estimation methods for QPSK

CO-OFDM

In this section, the performances of different BER estimation methods, namely data-

aided EVM, nondata-aided EVM (Q-factor 1), Q-factor 2, Q-factor 3 and the proposed

method (expression (2.16)), are compared for QPSK PDM CO-OFDM and 8-PSK PDM

CO-OFDM transmissions. For comparison purposes the estimated BERs for x- and y-

polarization are averaged and then converted to a Q-factor using the expression (2.1).

The investigated BER estimation methods for 112 Gb/s QPSK PDM CO-OFDM are

compared in Fig. 2.7. The blue line with circle markers (Q(BER)) is the reference result

of the direct error counting from Monte Carlo simulations (10 runs). The red line with

square markers (Q-proposed) shows the result obtained using the estimation method pro-

posed here based on a Gaussian approximation of the phase noise statistics (expression

2.16). In Fig. 2.7 almost no mismatch between Q(BER) and Q-proposed is observed. This

result indicates that the proposed BER estimation method is highly accurate. On the other

hand, all the other BER estimation methods, namely EVM (data-aided, nondata-aided),

Q-factor 2 and Q-factor 3, underestimate the system performance by approximatelly 1 dB,

even in the ASE-dominated transmission regime. This is due to the fact that the noise

distribution diverges from Gaussian distribution under the influence of large laser phase

noise. Interestingly, all these BER estimation methods show almost the same performance

for CO-OFDM transmission.

The performance of the BER estimation methods for 112 Gb/s QPSK PDM RGI-CO-

OFDM is shown in Fig. 2.8. In 112 Gb/s QPSK RGI-CO-OFDM transmissions with

OFDE at the receiver, the proposed BER estimation method also shows excellent agree-

56



-5 -3 -1 1 3 5
5

7

9

11

13

Launch Power (dBm)

Q
-f

a
ct

o
r 

(d
B

)

 

 

Q(EVM)

Q(BER)Q1
Q2
Q3 Q-proposed
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Figure 2.8: Q-factor values (average over x-and y-polarization) as a function of the launch power
in 112 Gb/s QPSK PDM RGI-CO-OFDM after 4000 km of transmission.

ment with the direct error counting result. Other BER estimation methods, unlike the case

of the conventional CO-OFDM transmission, overestimate the system performance. These

BER estimation methods all show similar performance and the estimation inaccuracy in-

creases with the launch power. When the launch power is low (ASE limited regime) EVM

(data-aided and nondata-aided), Q-factor 2, Q-factor 3 show good agreement with the di-

rect error counting technique. However, at a high level of the launch power (the nonlinear

limited regime) the inaccuracy in estimation is significant and increases proportionally

with the launch power.

The BER estimation methods applied in WDM CO-OFDM transmissions transmis-
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Figure 2.9: Q-factor values for the center channel (average over x-and y-polarization) as a func-
tion of the launch power in 7× 112 Gb/s QPSK PDM WDM RGI-CO-OFDM after 3200 km of
transmission.
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Figure 2.10: Q-factor values (average over x-and y-polarization) as a function of the launch power
in 112 Gb/s 8-PSK PDM CO-OFDM after 800 km of transmission.

sion are now investigated. 7×112 Gb/s PDM WDM RGI-CO-OFDM transmissions with

50 GHz frequency spacing are simulated. In Fig. 2.9 the Q-factors obtained by using dif-

ferent BER estimation methods for the center channel are compared. The proposed BER

estimation method also shows an excellent performance despite the nonlinear impairments

from neighboring WDM channels. Similar to single channel PDM RGI-CO-OFDM trans-

mission, all other BER estimation methods overestimate the system performance. The

data-aided EVM also shows the worst performance and nondata-aided, Q-factor 2 and

Q-factor 3 have a similar performance.

Figure. 2.10 shows the performance of the proposed BER estimation method for 112 Gb/s
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Figure 2.11: Q-factor values (average over x-and y-polarization) as a function of the combined
laser linewidth in 112 Gb/s PDM CO-OFDM after 2000 km of transmission; the launch power was
1 dBm.

8-PSK PDM CO-OFDM transmission. The estimation of the BER from data-aided EVM

for 8-PSK systems can be can be found in [22]. As long as the received phases of each

transmitted symbol has a Gaussian distribution, the proposed method also offers very ac-

curate estimation of the system performance if m-PSK modulation format is adopted.

However, the obtained results cannot be extended directly to high-order QAM modula-

tion formats such as 8 QAM or 16 QAM, in which the decision is made by talking into

account both the phases and amplitudes of the received symbols. For high-order QAM

modulation formats, a 3D PDF would be required for estimating the systems BER. In this

case, a larger number of statistical samples would be required for an accurate estimation

which significantly increases the complexity of the estimator. This problem is beyond the

scope of this thesis. However, further investigation on this subject is of great interest.

2.6.1 Impact of the laser phase noise

In this section, the robustness of the proposed BER estimation method to laser phase noise

is studied. The laser phase noise can change the statistical properties of the received

QPSK symbols, and thus affects the performance of all statistical BER estimation meth-

ods. For all results presented in this section the CPE is estimated and compensated using

the pilot-aided technique. For the conventional 112 Gb/s CO-OFDM transmission 16 pilot

subcarriers are inserted in each OFDM symbol, while for RGI-CO-OFDM the number of
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Figure 2.12: Q-factor values (average over x-and y-polarization) as a function of the combined
laser linewidth in 112 Gb/s PDM RGI-CO-OFDM after 4000 km of transmission; the launch power
was 1 dBm.

pilot subcarriers used is 6 [39]. Note that a smaller number of pilot subcarriers can be used

in RGI-CO-OFDM due to the shorter symbol duration.

The impact of laser phase noise on the performances of the BER estimation methods

is shown in Fig. 2.11 and Fig. 2.12 for CO-OFDM and RGI-CO-OFDM transmissions.

The combined laser linewidth is the sum of the linewidths of the transmitter and receiver

lasers. It is assumed here that the transmitter and receiver lasers have the same linewidth,

which is equal to half of the combined linewidth. It has been shown [40] that the impact

of receiver laser phase noise is more significant than transmitter phase noise due to equal-

ization enhanced phase noise phenomenon. Equalization enhanced phase noise occurs in

RGI CO-OFDM systems and does not effect the CO-OFDM systems employing CP. For

simplicity only the case that the transmitter and receiver lasers have the same linewidth is

considered in this thesis. All the obtained results are presented in term of combined laser

linewidth.

For 112 Gb/s PDM CO-OFDM transmission almost no mismatch between the BERs

estimated by the proposed method and the direct error counting was observed when the

combined laser linewidth is increased up to 1.2 MHz. This result indicates that the pro-

posed BER estimation method is extremely tolerant to laser phase noise. Note that com-

mercial external-cavity lasers have a linewidth of around 100 kHz. Other BER estimation

methods, on the other hand, are much less tolerant to laser phase noise as their accuracy
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decreases when the combined laser linewidth is increased. At the combined laser linewidth

of 200 kHz, all the aforementioned methods underestimate the system performance by ap-

proximately 1 dB. However, if the combined laser linewidth is increased to 1.2 MHz the

difference in Q-factor increases to over 2.5 dB.

For 112 Gb/s PDM RGI-CO-OFDM the combined laser linewidth is increased to

12 MHz for investigating its impact on the performance of BER estimation methods. It

can be seen that RGI-CO-OFDM is much more tolerant to laser phase noise in comparison

with the conventional CO-OFDM because of the shorter symbol duration. In the investi-

gated systems the symbol duration of RGI-CO-OFDM is 4 ns, which is 18 times shorter

than the symbol duration of the CO-OFDM system (72 ns). For the CO-OFDM system a

3 dB penalty due to laser phase noise is observed at 0.5 MHz of combined laser linewidth

while for RGI-CO-OFDM it occurs at 9 MHz (also 18 times difference). As shown in

Fig. 2.12, the proposed BER estimation method also shows an excellent tolerance towards

the combined laser linewidth. Even though at high level of the combined laser linewidth

this method also overestimates the system performance but the inaccuracy is relatively

small, below 0.5 dB for 12 MHz of the combined laser linewidth. On the other hand, for

the same value of the combined laser linewidth, other BER estimation methods overesti-

mate the system performance by around 3 dB. Note that for RGI-CO-OFDM data aided

EVM offers the worst performance while the combined laser linewidth is varied.

The results obtained in this section indicate that the proposed BER estimation method

is highly tolerant to laser phase noise, both in CO-OFDM and RGI-CO-OFDM transmis-

sions.

2.6.2 Impact of frequency offset

Similar to laser phase noise, the frequency offset between the transmitter and receiver

lasers also changes the statistical properties of the received QPSK symbols. In CO-OFDM

transmissions, this frequency offset can be effectively estimated and compensated using

DSP techniques [41]. However, a residual uncompensated carrier frequency offset is al-

ways present in the system and thus the performance of statistical BER estimation methods
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may be affected. In this section, the impact of carrier frequency offset on the effectiveness

of the proposed BER estimation method is investigated.

For this investigation the frequency offset in CO-OFDM and RGI-CO-OFDM systems

is varied up to 4 MHz and 36 MHz respectively. As the frequency spacing in RGI-CO-

OFDM system can be much larger than that of the traditional CO-OFDM system, RGI-

CO-OFDM is also more tolerant to the frequency offset. This is another major advantage

of RGI-CO-OFDM as compared to traditional CO-OFDM systems.
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Figure 2.13: Q-factor values (average over x-and y-polarization) as a function of the frequency
offset in 112 Gb/s PDM CO-OFDM after 2000 km of transmission; the launch power was 1dBm.
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Figure 2.14: Q-factor values (average over x-and y-polarization) as a function of the frequency
offset in 112 Gb/s PDM RGI-CO-OFDM after 4000 km of transmission; the launch power was
1dBm.
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The simulation results are shown in Fig. 2.13 and Fig. 2.14. Remarkably, for both

the conventional CO-OFDM and RGI-CO-OFDM systems the proposed BER estimation

method also offers the most accurate estimation of the system performance in the presence

of carrier frequency offset. However, some differences were observed for CO-OFDM and

RGI-CO-OFDM transmissions. For RGI-CO-OFDM, the performances of all the BER es-

timation methods become worse if the frequency offset is increased. If the frequency offset

is set to 36 MHz, the data-aided EVM overestimates the system performance by over 2 dB

in comparison with 1 dB when no frequency offset is included. The proposed BER estima-

tion method also underestimates the system performance in the presence of high frequency

offset. For CO-OFDM system, the proposed BER estimation method shows an excellent

performance even in the presence of large frequency offset. Other BER estimation meth-

ods also offer good performances and their inaccuracies do not seem to increase with

the frequency offset (up to 4 MHz). However, in general, the proposed BER estimation

method shows a much better performance than other considered here techniques.

2.7 Experimental verification

2.7.1 Experimental setup

For studying the statistical properties of a QPSK modulated OFDM signal and compar-

ison of different BER estimation methods, a WDM CO-OFDM transmission system is

set up as shown in Fig. 2.15. This comprised a laser grid of five standard DFB lasers on

a 100 GHz grid which were substituted in turn by a 100 kHz linewidth external cavity

laser. The DFBs were located between 193.5 to 193.9 THz. Twenty additional loading

channels (10 GHz bandwidth) were generated using an ASE source which was spectrally

shaped using a WaveShaper wavelength selective switch (WSS). These loading channels

were spread symmetrically around the test wavelengths so that the total bandwidth of the

transmission signal was 2.5 THz. A wideband filter was used to filter out of band ASE

noise at the transmitter. The transmission path is an acousto-optic modulator based re-

circulating loop consisting of 4×100 km spans of Sterlite OH-LITE (E) fibre, having 18.9
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to 19.5 dB insertion loss (per 100 km span) and dual stage amplifiers (EDFA, 5dB-6 dB of

noise figure). The loop switch was located in the mid-stage of the first EDFA and a gain

flattening filter was placed in the mid stage of the third EDFA. After fibre propagation the

signal was filtered using a 4.2 nm flat topped filter and coherently detected. The received

electrical signals were then sampled by a real-time oscilloscope at 80 GS/s and processed

offline in MATLAB.

The OFDM signals (400 symbols each of 20.48 ns length, 2% cyclic prefix) encoded

with QPSK modulation format were generated offline in MATLAB using an IFFT size

of 512, where 210 subcarriers were filled with data and the remainder zeros giving a

potential line rate of 20 Gb/s per channel. The DSP at the receiver included combining

x- and y-polarizations using the maximum-ratio combining method [42], frequency offset

compensation, chromatic dispersion compensation using a frequency domain equalizer

(overlap-and-save method), channel estimation and equalization with the assistance of

initial training sequence (2 training symbols every 100 symbols), CPE compensation by

distributing 8 pilots uniformly across the OFDM band, giving a net data rate of 17.4 Gbit/s.
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Figure 2.15: Schematic of experimental setup of WDM CO-OFDM transmission. ECL: external
cavity laser, PMM: polarization maintaining multiplexer, WSS: wavelength selective switch, DFB:
distributed feedback laser, BPF: band-pass filter (optical), AOM: acousto-optic modulator, GFF:
gain flattening filter, OSA: optical spectrum analyser, LO: local oscillator (optical), EDFA: Erbium-
doped fibre amplifier.

2.7.2 Experimental results and discussions

Figure 2.16 shows the histograms of in-phase and quadrature components of the received

QPSK signal for the center channel. The Gaussian fitting is obtained by calculating the

mean and STD of the received statistical samples (8×105 in total). The Gaussian fitting
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Figure 2.16: Histograms of in-phase and quadrature components of the received QPSK symbols
in the first quadrant. Gaussian fitting is superimposed to each histogram; KSSTAT values are also
included in each histogram.
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Figure 2.17: Histogram of the received QPSK symbols phase of the center channel in four quad-
rants of the constellation diagram.

and KSSTAT values shown in Fig.2.16 indicate that at this power level the nonlinear in-

terference noise (NLIN) in CO-OFDM transmission deviates from Gaussian distribution.

The obtained result herein agrees well with simulation results presented in previous sec-

tion (Fig. 2.3), indicating that the Gaussian assumption of NLIN, which is the key in the

derivation of closed-form expression for the nonlinear performance of CO-OFDM [38] is,

in general, not satisfied exactly. On the other hand, as shown in Fig. 2.17, the distribu-

tion of the received QPSK symbols phase in each quadrant of the constellation diagram is

essentially Gaussian. This result agrees well with numerical results presented in the previ-

ous section, indicating that the nonlinear interaction of the ASE noise and signal induces

the distribution of QPSK phases in OFDM systems (rather than the in-phase/quadrature

components) to be Gaussian.

Bit-error-rate estimation methods for WDM CO-OFDM transmission are compared in
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Figure 2.18: (a) - Q-factor values for the center channel as a function of the launch power at
2400km, (b) received optical spectrum at 3200km.

Fig. 2.18 (a) for the centre channel and in Fig. 2.19 for the second channel. Similar results,

which were obtained for other modulated channels, are not shown here. In Fig. 2.18 only a

small mismatch (<0.2 dB) between Q(BER) and Q-proposed is observed, indicating that

this BER estimation method is highly accurate. In addition, as Q-proposed is based on the

assumption that the received symbols phases are Gaussian distributed, this method is tol-

erant to residual CPE as the residual CPE, which is common to all subcarriers, affects only

the mean but not the variance of the symbols phases. This phenomenon is confirmed by

the simulated results for the back-to-back case (AWGN channel) shown in the Fig. 2.20.

Without the laser phase noise, Q-proposed offers slightly worse performance in compari-

son to other methods because in the AWGN channel the symbols phases do not follow a

Gaussian distribution [14]. However, in the presence of the laser phase noise Q3 offers the

best performance (Fig. 2.20(b)), because the random phase noise makes the distribution

of the QPSK phases conforms more closely to a Gaussian distribution as a result of the
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Figure 2.19: Q-factor values for the second channel as a function of the launch power at 2400km.

central limit theorem. As a result, Q-proposed still offers an excellent performance even

in the ASE limited regime.This result also suggests that the proposed BER estimation

method can be effectively applied for single carrier transmission scheme. However, a de-

tailed comparison of this BER comparison method with other well-know BER estimation

methods is open for future research.

On the other hand, all the other BER estimation methods, namely EVM Q1 and Q2, Q3

overestimate the system performance by approximatelly 0.7 to 1 dB. Morever, unlike Q3-

proposed method, Q(EVM), Q1, Q2, Q3 methods are sensitive to residual CPE because the

residual CPE strongly affects the ditributions of the in-phase and quadrature components

of the QPSK signal.

Figure 2.21 shows the STDs obtained using different BER estimation methods as a

function of the number of processed statistical symbols in each trace (N) when processing

20 recorded traces. When N > 103 the STD of Q3, which is only around 0.1 dB, is the

smallest among those obtained with BER estimation methods studied here. This result in-

dicates that the proposed statistical BER estimation method can be applied effectively with

a relatively small number of received symbols (∼ 103) in comparison with other methods,

offering a fast and accurate BER estimation method for QPSK CO-OFDM transmission.
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2.8 Conclusion

The statistical properties of CO-OFDM transmission are rather different from intensity

modulation direct detection and single carrier coherent fibre-optic systems. Therefore,

new rules for BER estimates from numerical modelling have to be developed and verified.

In this chapter, the performance of a novel BER estimation method, which is based on

the statistical properties of the received QPSK symbols, for CO-OFDM transmissions has

been investigated. Through numerical modeling and experimental demonstration the it

has been showed that this method is more accurate compared to commonly used BER

estimators. In addition, it has been also shown that the proposed BER estimation method

is extremely tolerant to the laser phase noise and the frequency offset between transmitter

and receiver lasers.
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Chapter 3

Low-Complexity Phase Noise

Estimation Methods for CO-OFDM

Son T. Le, Kanesan, T., Giacoumidis, E., Doran, N.J., Ellis, A.D., “Quasi-Pilot Aided

Phase Noise Estimation for Coherent Optical OFDM Systems,” Photonics Technology

Letters, IEEE , vol.26, no.5, pp.504-507, March, 2014.

Son T. Le, Paul A. Haigh, Andrew D. Ellis and Sergei K. Turitsyn,“Blind Phase Noise

Compensation for CO-OFDM Transmission,” Journal of Lightwave Technology, vol. PP,

no. 99, Aug, 2015 (invited).

Son T. Le, N. Mac Suibhne, M. E. McCarthy A. D. Ellis and S. K. Turitsyn, “Multiplier-

free Blind Phase Noise Estimation for CO-OFDM Transmission,” ECOC 2015, Valencia,

Spain, paper Mo.4.3.6

3.1 System model

Compared to single carrier system, CO-OFDM has longer symbol duration [43], and there-

fore is more sensitive to laser phase noise. Laser phase noise introduces both CPE and

inter-carrier interference (ICI) [44], which significantly degrades the system performance.

Therefore, it is crucial that the laser phase is rigorously tracked, estimated and effectively

compensated.
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Figure 3.1: Block diagram of the CO-OFDM system with laser phase noise and nonlinear phase
noise acquired during optical fibre transmission.

In this section, the author introduces the models of laser phase noise, fibre channel,

and a general CO-OFDM system with phase noise (Fig. 3.1). For simplicity, the impact

of fibre nonlinearity is not considered. In addition, it is assumed that perfect FFT window

synchronization and frequency offset compensation are achieved. Furthermore, a base-

band system with single polarization signals is considered noting that the analysis can be

readily extended to passband systems with dual polarized signals without any difficulties.

3.1.1 Phase noise model

The laser phase noise φ(t), generated at both transmitter and receiver, can be modeled as a

continuous Brownian motion or a Wiener process with zero mean and variance σ2 = 2πβ t,

where β denotes the combined laser linewidth, i.e., frequency spacing between 3 dB points

of the Lorentzian power spectral density function [45]. The discrete-time model of the

laser phase noise on the nth sample of the mth OFDM symbol can be expressed as:

φm(n) = φm−1(N−1)+
n

∑
i=−Ncp

u(m(N +Ncp + i)) , (3.1)

where u(i) represents the independently incremental movement of phase noise at time

instant i and is Gaussian distributed with zero mean and variance σ2 = 2πβdt, where dt

is the sampling time, N and Ncp are the DFT length and cyclic prefix length, respectively.

3.1.2 Fibre channel model

Herein, only dispersion-compensation-free fibre transmission links (highly dispersed chan-

nels) is considered. In addition, it is assumed here that the fibre loss is perfectly com-

pensated using optical amplifiers such as erbium doped fibre amplifiers or Raman-based

amplifiers. As a result, the fibre channel model can be simply expressed in the frequency
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domain as:

H(z,ω) = exp
(
− j

Dλ 2z
4πc

ω
2
)
, (3.2)

where ω is the angular frequency, z is the transmission distance, D is the fibre chromatic

dispersion parameter, c is the speed of light and λ is the carrier wavelength.

3.1.3 CO-OFDM system model

In OFDM systems, the mth symbol in the time domain is generated from the modulated

data in the frequency domain using the inverse discrete Fourier transform (IDFT) operation

as follows:

xm(n) =
1√
N

N−1

∑
k=0

Xm(k)exp
(

j2πnk
N

)
, (3.3)

where the samples n range from −Ncp to N−1. Due to the ASE noise, chromatic disper-

sion and phase noise the received OFDM signal can be written as:

ym(n) = exp( jφm(n))
[
xm(n)⊗F−1(Hm(k))

]
+wm(n), (3.4)

where ⊗ and F−1(Hm(k)) denote the circular convolution and IDFT, respectively, while

wm(n) indicates the total ASE noise generated from inline optical amplifiers, Hm(k) is the

channel gain in the frequency domain of the kth subcarrier defined as (3.2). It is assumed

here that the intersymbol interference is absent, after taking the DFT operation we obtain

Ym(k) = Xm(k)Hm(k)Im(0)+ ICIm(k)+Wm(k), (3.5)

where the intercarrier interference ICIm(k) is defined as:

ICIm(k) =
N−1

∑
l=0,l 6=k

Xm(l)Hm(l)Im(l− k), (3.6)

where Im(k) is given by

Im(k) =
1
N

N−1

∑
n=0

exp( jφm(n))exp
(
− j

2πkn
N

)
, (3.7)
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From (3.2) and (3.6) the system model can be written as:

Ym(k) = Xm(k)Hm(k)Im(0)+ εm(k), (3.8)

where the accumulated noise is defined as

εm(k) = ICIm(k)+Wm(k) (3.9)

The channel response in CO-OFDM systems can be obtained by periodically inserting

training sequences. By assuming perfect channel estimation, synchronization [46], the

recovered data after equalization can be expressed as

Zm(k) = Ym(k)/Hm(k) (3.10)

As a result, we have

Zm(k) = Xm(k)Im(0)+χm(k) (3.11)

where the equalization-enhanced phase noise (EEPN) is defined as:

χm(k) = εm(k)/Hm(k) (3.12)

Due to the complicated interplay between laser phase noise, and fibre dispersion, most of

ICI compensation techniques developed for OFDM systems in linear (radio or open space)

channels [47, 48] cannot be effectively applied for CO-OFDM transmission systems. In

addition, except the pulse shaping approach [49], ICI compensation techniques are usually

highly complex and thus, cannot be applied effectively in high speed CO-OFDM transmis-

sion systems. A recent study [50] has shown that the EEPN term in the expression (3.12)

can be simply treated as a zero mean Gaussian noise. In the expression (3.12), Im(0) is

usually referred to the common phase error as it corresponds to the time-average of the

73



laser phase noise over the mth OFDM symbol:

Im(0) =
1
N

N−1

∑
n=0

exp( jφm(n))≈ exp( jΦ(m)) , (3.13)

where Φ(m) is the CPE of the mth OFDM symbol defined as:

Φ(m) =
1
N

N−1

∑
n=0

φm(n), (3.14)

Finally, the system model can be simplified as

Zm(k) = Xm(k)exp( jΦ(m))+χm(k) (3.15)

In this case, the CO-OFDM system model with phase noise converges to the linear OFDM

system model with constant phase offset [44]. As a result, even though the discussion is

focused on CO-OFDM systems for fibre link, all the techniques and results presented in

this chapter are fully applicable for traditional OFDM systems in radio frequency domain.

3.2 Quasi-pilot aided phase noise estimation for CO-OFDM

3.2.1 Introduction

The most widely used phase noise compensation (PNC) technique for CO-OFDM trans-

missions is pilot-aided (PA) technique due to its inherently low complexity. In fact, This

technique is adopted from wireless communication [44]. However, the ultimate shortcom-

ing of PA PNC is the required additional overhead. In this section a novel PNC scheme

termed QPA phase noise compensation is discussed in details. The QPA method retains the

use of pilot subcarrier (PS) at known frequencies to estimate the carrier phase; however,

unlike the conventional PA scheme where pilot phases are predetermined, the pilot phases

in QPA are data dependent. The major advantage of QPA estimation is that the number

of PSs required for a similar performance to PA estimation can be reduced by a factor

of 2, without significant additional complexity, power overhead and differential encoding.
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It should be noticed that QPA is also a CPE-based scheme and thus, it is intended for

application to non ICI-dominated channels. The effectiveness of the proposed method is

demonstrated by comparing with common PNC methods, including PA, data-aided (DA)

with M-th power law, RF-pilot and maximum-likelihood (ML) PNC methods.

3.2.2 QPA concept

In CO-OFDM system, the transmission channel response can be estimated by periodically

transmitting training symbols for channel estimation, after which the phase drift is reset to

0. By transmitting a few PSs, the CPE can be estimated in PA method as [32, 44, 51]:

Φm = arg

(
1

Np
∑

pilots

Zm(k)X∗m(k)
|Zm(k)Xm(k)|

)
(3.16)

where arg(.) is the phase angle of the information symbol, Xm(k) is the known transmitted

information symbol and Np is the number of PSs. It can be seen clearly in (3.16) that

the accuracy of PA phase estimation technique is improved by increasing the number of

PSs at the cost of proportionally increasing the overhead and so reducing the net data rate.

To address this issue it is proposed that the effectiveness of PA phase estimation may be

enhanced by modulating each pilot subcarrier with a data signal directly related to the

signal on a data carrying subcarrier, rather than setting each pilot to a fixed predetermined

state. As the pilots are no longer constant, this scheme is referred to as quasi-pilot aided

estimation. Two specific examples of QPA based estimation are considered. In the first

QPA scheme (QPA-1), all Np pilot subcarriers are distributed equally in the first part of

the OFDM band, taking the DC subcarrier as the symmetrical reference (k = 0). Np pilot

subcarriers (Xm(k),k = k1,k2,kNp) are chosen by the condition:

Xm(k) = X∗m(−k) (3.17)

where ∗ stands for the complex conjugate operation. That is, each pilot subcarrier is

the complex conjugate of the data carrying subcarrier equally spaced from the central

reference. This proposal can be regarded as a novel method for realizing a transmission
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scheme with semi-pilot (strongly encoded) symbols. Note that in general the positions of

PSs and the correlated data carrying subcarriers can be chosen arbitrarily. Equation (3.17)

provides an option of setting the pilots in QPA-1 scheme such that PSs and the correlated

data carrying subcarriers are distributed equally among the OFDM band for achieving the

best performance.

At the receiver, after performing channel estimation, each pilot subcarrier is coher-

ently combined with its data carrying counterpart, eliminating the data modulation and

enhancing signal to noise ratio (SNR). The overall CPE is then estimated by summing

the resultant modulation free vectors and taking the argument, as shown in the following

expression:

Φm = arg

(
∑

pilots
Zm(k)Zm(−k)

)
(3.18)

This simple approach allows the CPE to be estimated without any prior information on

the phases of PSs. In addition to this, the CPE is calculated by taking into account 2Np

subcarriers, which includes the complex conjugate data pilots in the first half and the

actual data on the second half of the OFDM band. Thus, the accuracy of this estimation

is similar to the PA phase estimation scheme whilst averaging the noise χm(k) over 2Np

pilot subcarriers. In order to show the SNR advantage of QPA-1 scheme, let us consider

the case when only one pilot is used for simplicity, and the extension to many pilots is

straightforward. By assuming that Xm(k) = Xm(−k) = 1 and there is no ICI, we have:

Zm(k)Zm(−k) = exp(2 jΦm)+χ
′
m(k)+χ

′
m(−k)+χm(k)χm(−k) (3.19)

At intermediate-to-high SNR the product of the two noise terms can be neglected, leading

to:

Zm(k)Zm(−k) = exp(2 jΦm)+χ
′
m(k)+χ

′
m(−k) = ρ exp( j(2Φm +2θ)) (3.20)

where ρ is the modulus, 2θ is the part of the complex noise that can be approximated to
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white Gaussian noise with power NSR = SNR−1. By applying QPA-1 we get:

Φm = Φm +θ , for−π/2 < Φm +θ < π/2 (3.21)

It is clear that the power of is NSR/4, while the power of the noise component tangential to

complex exponential in the conventional method (equation (3.16)) is NSR/2. As a result,

QPA-1 scheme gives 3 dB SNR gain over the conventional PA method.

In the second QPA scheme (QPA-2) instead of coding the pilots as direct conjugates

of data subcarriers, the phases of Np PSs are chosen such that their mean phase angle is

opposite that of all the remaining data subcarriers, as specified by the condition:

〈arg(Xm(k))〉pilots + 〈arg(Xm(k))〉data = 0, (3.22)

where 〈·〉 stands for the averaging operation. So the phases of the pilot subcarriers can be

chosen equal to meet the requirement of (3.22); arg(Xm(k))pilots =−〈arg(Xm(k))〉data. At

the receiver, the CPE is estimated by summing the phases of all pilots and associated data

subcarriers as follow:

Φm =
(
〈arg(Zm(k))〉pilots + 〈arg(Zm(k))〉data

)
/2, (3.23)

Expression (3.23) also indicates that in QPA-2 the CPE is calculated without any prior

knowledge of the phases of PSs. It is obvious that the accuracy of CPE estimation is

improved significantly by taking all the subcarriers into consideration. The positions of

PSs in QPA-2 scheme can be also chosen arbitrarily. However, for achieving the best

performance, in QPA-2 scheme PSs should be equally distributed among the OFDM band.

As the total phase of all symbols is constant, QPA-2 may be considered as a form of phase

parity. Note that in QPA schemes PSs are not inserted into training symbols, thus there is

no impact during the synchronization process.

The phase noise tolerance of PNC methods can be increased by using the information

about the CPE of the previous symbol(s) with an iterative algorithm [52]. This approach

is also applied here to QPA PNC. In the first stage of compensation; the laser phase noise
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of the current symbol is compensated using the estimated CPE of the previous symbol.

After that the difference between CPE estimations of the current and the previous symbols

(∆Φm =Φm−Φm−1) is estimated using expression (3.18) or (3.22). This scheme is known

as two-stage-iterative (TSI) QPA PNC and can be regarded as an iterative algorithm, which

increases the laser phase noise tolerance (in term of cycle slip and click probability) of

QPA schemes significantly.

3.2.3 Experimental results and discussions

To investigate the performance of QPA methods the same experimental setup was used as

illustrated in Fig. 2.15 with 16QAM format. The two QPA PNC schemes are compared

with RF and PA methods as a function of the OSNR, as shown in Fig. 3.2 for a combined

laser linewidth of 200 kHz. The RF-pilot tone was added by detuning the IQ modulator to

give a DC subcarrier (7 % power) separated from the 210 data subcarriers by a frequency

guard band of 100 MHz. At the receiver, the DC subcarrier was filtered out for PNC

using a low pass filter with an optimised bandwidth of 20 MHz. It can be seen in Fig.

3.3 that both QPA schemes outperform the PA PNC scheme and in particular 2 pilot QPA

schemes offer similar performance to 4 pilot PA schemes confirming that the overhead

can be effectively reduced by a factor of 2. Similarly, 2 pilot QPA outperforms the use

of an RF-pilot tone. The RF-pilot tone method is strongly affected by the size of the

frequency guard band surrounding the DC subcarrier; consequently with a small overhead

(1 % in this experiment) the QPA method outperforms the RF method. In particular, 2

pilot QPA requires a 0.95 % overhead, which is almost equivalent to that of the RF-pilot

tone. The impact of overhead on CPE estimation performance is illustrated in Fig. 3.3,

showing BER at an experimentally measured OSNR of ∼26 dB. It can be seen that with

the conventional PA method, 10 PSs are required for negligible penalty (less than 5 %

degradation in BER). On the other hand, for both QPA schemes the required number of

PSs is less than 6, a reduction of almost a factor of 2. Fig. 3.4 confirms that this advantage

is maintained over a range of laser phase noises, with both 2 pilot QPA methods showing

similar or enhanced performance compared to the PA method with 4 pilots for combined
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Figure 3.3: BER versus number of PSs at 26 dB ONSR in 40 Gb/s 16QAM OFDM transmission.

laser linewidths (artificially broadened) up to 800 kHz.

3.3 Blind phase noise estimation for CO-OFDM

As discussed in the previous section, quasi-pilot-aided techniques can effectively reduce

the overhead due to pilot subcarriers by a factor of 2, without compromising the perfor-

mance. In addition, a pre-emphasized pilot subcarrier technique was considered in [50],

which significantly reduces the pilot subcarrier overhead at a cost of increasing the pilot

subcarrier power overhead (up to 10 %). However, it is still desirable to remove completely
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the overhead due to pilot subcarriers to maximize the systems SE and power consumption.

Blind phase noise estimation for CO-OFDM with a small number of subcarriers (up

to 200) has attracted a lot of attention recently [53, 54]. In [53], a blind PNE method

based on a decision directed (DD) algorithm has been considered for CO-OFDM. A major

advantage of DD-based PNE scheme is that it is compatible with any modulation format.

However, this technique suffers significantly from error propagation, and thus, it cannot

be applied directly in the presence of a large laser phase noise. In [55] the concept of

blind phase search (BPS) was proposed, which can be applied effectively without suffering

from error propagation. However, the BPS technique also relies on DD (to estimate the

mean-square-error) and a large number test phases (16 to 32) are required to achieve good

performance and thus, being too complex for practical implementation.

To address the drawbacks of both BPS and DD-based PNE schemes, a novel DDF blind

PNE technique has been proposed and experimentally demonstrated recently in [56, 57].

This DDF blind PNE scheme provides several advantages. Firstly, it offers a high perfor-

mance without decision feedback, avoiding error propagation. Secondly, it requires only

three test phases and thus significantly reduces the computational complexity in compari-

son to BPS. Finally, DDF blind scheme is also transparent to QAM formats.

In this section, a detailed analysis of DDF blind PNC technique is provided and its

performance is investigated for high order modulation formats up to 64QAM. Two novel
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cost functions are also discussed here to further reduce the complexity of DDF blind PNC

scheme.

3.3.1 Blind phase noise tracking

In CO-OFDM systems, in general, blind PNE can be implemented without differential bit

encoding. This is due to the fact that known training sequences are periodically inserted

for channel estimation, after which the phase drift is reset to 0, providing the initial phase

value. However, if square mQAM formats are considered, blind PNE algorithms can only

estimate the phase wrapped in the interval [−π/4,π/4]. As a result, a phase tracking

scheme is required for phase unwrapping to avoid the phase uncertainty issue. This can be

done with a feedback loop (FL) or a digital phase tracking (DPT) algorithm implemented

in a feed forward architecture.

Feedback loop In CO-OFDM systems, due to the relatively long symbol duration, one

symbol-delay feedback loop can be effectively applied for phase tracking as shown in

Fig. 3.5. In this case, the laser phase noise is compensated in a two-stage algorithm. In the

first stage, the received mth OFDM symbol is first rotated using the estimated CPE from

the previous symbol as

Z1
m(k) = Zm(k)exp(− jΦm−1) = Xm(k)exp(− j∆Φm)+χm(k)exp(− jΦm−1) (3.24)

where ∆Φm) is the residual CPE after equalization. Note that this equalization stage does

not change the noise statistics and variance as χm(k) is Gaussian distributed. As a result,

adding this equalization stage does not affect the performance of blind PNE algorithms.

In the second stage of equalization, the residual CPE is estimated, compensated for and

the phase is tracked as:

Φm = Φm−1 +∆Φm (3.25)

Note that in this scheme, the phase can only be tracked if the residual CPE ∆Φm) after

equalization lines in the interval [−π/4,π/4]. Otherwise, phase cycle slip occurs, which

81



 Blind CPE 

Estimation
exp(-j(·))

exp(-j(·)) Feedback 

loop

1 Sym. Delay

( )mZ k

1 Sym. Delay

1 ( )mZ k 2 ( )mZ k

( 1)m 

( )m

( )m
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Figure 3.6: (a) block diagrams of (a) blind PNE schemes without feedback loop, (b) phase
unwrapping block.

may lead to a catastrophic failure at the receiver.

Digital phase tracking The evolution of laser phase noise can also be tracked without

a feedback loop using the following digital phase tracking algorithm

Φ
u
m = Φm +

m

∑
k=1

f (Φk−Φk−1) , (3.26)

where the function f (x) keeps count of the phase cycles and is defined as:

f (x) =


π/2, x <−π/4

0, |x| ≤ π/4

−π/2, x > π/4

(3.27)
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The general implementation block diagrams of blind PNE schemes without feedback loops

and the phase unwrapping block are shown in the Fig. 3.6. This scheme employs only a

single stage of compensation, and thus, can be much more computationally efficient in

comparison to the previous scheme with FL. It can also be shown that the DPT algorithm

(18) will fails if Φm−Φm−1 lines outside in the interval [−π/4,π/4].

Cycle slip probability For mQAM formats, it has been discussed above that phase

tracking algorithm may fail if the difference between the CPEs of the two neighbour-

ing OFDM symbols (Φm−Φm−1)) line outside the interval [−π/4,π/4], leading to phase

cycle-slip. As the laser phase noise φ(t) is modelled as a Wiener process, Φm−Φm−1

can be modeled as a random Gaussian distributed variable with zero mean and a variance

σ2 = 2πνTs. As a result, the phase cycle-slip probability of blind PNE schemes can be

calculated as

Ptr = 2Q
(

π

4σ

)
= 2Q

(
π

4
√

2πνTs

)
, (3.28)

where Q is the Q-function, ν is the combined laser linewidth, Ts is the total OFDM symbol

duration including CP.

The cycle slip probability is shown in Fig. 3.7 as a function of the symbol duration

linewidth product νTs. In CO-OFDM systems, when cycle slip occurs it causes all bits

to be in error until the end of the OFDM frame, where the phase drift is reset due to

training sequence. For single carrier transmission, an acceptable cycle slip probability

(without requiring differential logical detection) might be 10−18 [58]. However, in CO-

OFDM systems, because of training sequence, an acceptable cycle slip probability can be

much higher. It has been shown in [50] that occurrence of cycle slip has little influence

on the performance provided that is at least two order of magnitude less than the BER.

As a result, for CO-OFDM system employing soft-decision FEC, it can be concluded that

an acceptable cycle slip probability might be 10−5. As shown in Fig. 3.7, the cycle slip

probability of 10−5 occurs at νTs = 5×10−3.

This particularly highlights the challenge for implementing blind PNE techniques in

CO-OFDM systems with long symbol duration. As shown in Fig. 3.8, when the OFDM
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Figure 3.8: Maximum allowable laser linewidth as a function of symbol duration for implementing
blind PNE in CO-OFDM systems.

symbol duration TS=10 ns, the laser linewidth β must be below 500 kHz in order to im-

plement a fully blind PNE technique without differential bit encoding. However, for such

systems, differential bit encoding and cycle slip can also be effectively avoided with quasi-

blind PNE techniques where two bits are allocated in each OFDM symbol for phase track-

ing after blind PNE. This simple technique does not reduce the spectral efficiency and in-

crease the complexity while significantly relaxing the requirements for transceivers lasers.

The linewidth requirement of quasi-blind PNE technique is out of scope of this chapter

and is open for future research.
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3.3.2 Decision directed free PNC

In this section, a detailed theoretical analysis of the DDF blind PNE technique [56, 57] is

provided. This technique uses the following cost function, which is the mean value of the

squared product of the projections of real and imaginary parts after rotation by a phase

angle ϕ:

J1(ϕ) = E
{

ℜ(Zm(k)exp(− jϕ))2
ℑ(Zm(k)exp(− jϕ))2

}
k

(3.29)

where E stands for the averaging operation over a portion or all of the subcarriers in the

mth symbol. For squared QAM formats (e.g. QPSK, 16QAM, 32QAM) with identi-

cal probabilities of constellation points, the proposed cost function reaches its maximum

value at ϕ = Φm. This phenomenon can be explained by the fact that ideal squared QAMs

provide a balance between the real and imaginary parts of constellation points, thus, max-

imizing the mean value of the squared product of the projections of real and imaginary

parts [56, 57]. A similar cost function called dispersion minimization derotator, which is

the dispersion of the projection of the constellation onto the real axis, was also considered

in [59].

In a similar way with [59], the well-known stochastic gradient algorithm can be applied

to maximize the cost function (3.29)

ϕk+1 =ϕk +µE {ℜ(Zm(k)exp(− jϕ))ℑ(Zm(k)exp(− jϕ))}

×
[
ℑ(Zm(k)exp(− jϕ))2−ℜ(Zm(k)exp(− jϕ))2

] (3.30)

which exploits the fact that

(∂/∂ϕ)ℜ(Zm(k)exp(− jϕ)) = ℑ(Zm(k)exp(− jϕ))

(∂/∂ϕ)ℑ(Zm(k)exp(− jϕ)) =−ℜ(Zm(k)exp(− jϕ))
(3.31)

However, stochastic gradient algorithm usually requires tens of iterative steps upon con-

vergence. In this case, the complexity is still an issue, especially in high-speed RGI CO-

OFDM systems. Therefore, it is desirable to calculate the CPE without iterative algo-

rithms. It will be shown that this is possible using the cost function (3.29). Herein, the
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analysis is focused on square QAM formats. If the probabilities of constellation points are

identical, which usually the case for modern transmission systems, it is easily to show that

the following assumptions are valid [59].

Assumptions

1. The second cross-moment is separable, i. e.,

E
{

ℜ(Xm(k))
2

ℑ(Xm(k))
2
}
= E

{
ℜ(Xm(k))

2
}

E
{

ℑ(Xm(k))
2
}

(3.32)

2. Most cross-moments vanish

E
{

ℜ(Xm(k))
h

ℑ(Xm(k))
s
}
= 0 (3.33)

if h 6= 2,s 6= 2 and 0 < h,s≤ 3

3. The variances of the real and imaginary parts of the signal are the same

E
{

ℜ(Xm(k))
2
}
= E

{
ℑ(Xm(k))

2
}

(3.34)

4. Xm(k) and χm(k) are statistically independent

Under these assumptions, straightforward calculations show that

J1(ϕ) =
P2

X
8

cos(4ϕ−4Φm)+
P2

X
8

+
1
2

PX σ
2
χ +

1
4

σ
2
χ (3.35)

As a result, the cost function J1(ϕ) can be written in this form

J1(ϕ) = Acos(4ϕ−4Φm)+B (3.36)

where A, B, Φm are three variables to be determined. Knowing the form of the cost func-

tion, the CPE (Φm) can be easily defined using just three test phases, for example, 0, π/4
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Figure 3.9: Calculated cost function J1(ϕ −Φm) and its estimations using three test phases as
function of phase offsets for 16QAM with N = 200 subcarriers and 6 dB.

and π/8 as follows:

B = (J1(0)+ J1(π/4))/2

A =

√
(J1(0)−B)2 +(J1(π/8)−B)2

Φm = 0.25sgn(B− J1(π/8))acos((J1(0)−B)/A)

(3.37)

where sgn() is the sign function. The calculated cost function J1(ϕ) and its estimation

using 3 test phases for 16-QAM with a SNR of 6 dB and a typical value of subcarrier N

= 200 are compared in Fig. 3.9, showing no mismatch. Similar results (not shown here)

were obtained for QPSK, 32QAM and 64QAM. This confirms that the cost function J1(ϕ)

can be very well approximated using three parameters A, B, Φm as shown in Eq. 3.36. As a

consequence, with DDF blind PNE technique, the CPE can be effectively calculated using

only three test phases regardless of the modulation formats. This significantly reduces

the implementation complexity in comparison with BPS, where 16-32 tests phases are

required, depending on modulation formats. To calculate the cost function J1(ϕ), 3 real

multiplications per symbol are required. To further reduce the implementation complexity,

two novel cost functions with similar properties are proposed:

J1(ϕ) = E {|ℜ(Zm(k)exp(− jϕ))| |ℑ(Zm(k)exp(− jϕ))|}k (3.38)
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J1(ϕ) = E {|ℜ(Zm(k)exp(− jϕ))|+ |ℑ(Zm(k)exp(− jϕ))|}k (3.39)

Unfortunately, there are no simple close-form expressions for the two cost functions J2(ϕ)

and J3(ϕ). However, in a similar way to J1(ϕ), the cost functions J2(ϕ) and J3(ϕ) reach

their maximum values at ϕ = Φm for squared QAM formats. In addition, both cost func-

tions J2(ϕ) and J3(ϕ) can be approximated well using the Eq. 3.36. As a result, the CPE

can also be defined with the help of J2(φ) and J3(φ) using Eq. 3.37 with reduced complex-

ities. To calculate the cost function J2(ϕ) only one real multiplication/symbol is required

thus, reduces the complexity by 3 times in comparison to J1(ϕ). Furthermore, in the case

of J3(ϕ), no multiplications are required, offering very low complexity in implementa-

tion. However, the complexity reductions associated with the use of the cost functions

J2(ϕ) and J3(ϕ) also come with a price. As shown in Fig. 3.10 the deviations of the cal-

culated and approximated functions for J2(ϕ) and J3(ϕ) can be observed. This mismatch

can degrade the performance of DDF PNE techniques employing J2(ϕ) and J3(ϕ).

The root-mean-square-error (RMSE) of CPE as a function of SNR for DDF blind PNE

techniques employing J1(ϕ), J2(ϕ) and J3(ϕ) for 16QAM CO-OFDM transmission with

100 subcarriers are presented in Fig. 3.11. Herein, the RMSE is calculated using Monte-

Carlo simulation with 10000 runs. In Fig. 3.11, the best performance is achieved with

J1(ϕ), showing that a small RMSE of 0.1 rad can be achieved at SNRs > 5.3 dB. This

result clearly indicates the high tolerance of the DDF blind PNE technique to Gaussian

noise. However, when J2(ϕ) and J2(ϕ) are employed the required SNRs for a RMSE of

0.1 rad are 5.8 dB (0.5 dB SNR penalty) and 6.8 dB (1.5 dB SNR penalty), respectively.

However, the SNR penalties associated with the uses of J2(ϕ) and J3(ϕ) reduce if the

number of subcarrier N is increased. As shown in Fig. 3.12, at a low value of N of 50,

the SNR penalties of J2(ϕ) and J3(ϕ) are 1.1 dB and 2.4 dB, respectively. However, if

N = 1000, SNR penalties of J2(ϕ) and J2(ϕ) are reduced to only 0.1 dB and 0.3 dB,

respectively. This result indicates that if the number of OFDM subcarrier is large, J2(ϕ)

and J3(ϕ) can be used efficiently instead of J1(ϕ) to offer a very low complexity blind

PNE.
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Figure 3.10: Calculated cost functions J2(ϕ−Φm), J3(ϕ−Φm) and its estimations using three test
phases as function of phase offsets for 16QAM with N = 200 subcarriers and SNR = 6 dB.

3.3.3 Performance comparison

In this section, through numerical simulation, the performance of DDF blind PNE tech-

nique with different cost functions is compared with BPS and pilot-aided techniques. The

discussion is focused on high order modulation formats, namely 16QAM and 64QAM.

It has been shown experimentally in [56] that DD-based blind PNE technique performs

poorly for such high modulation formats. As a result, DD blind PNE was not taken into

account in the comparison. For investigation the performance of blind PNE techniques

for CO-OFDM systems, there are two critical parameters, namely the number of OFDM

subcarriers N and the symbol duration linewidth product νTS. In this simulation, νTS is
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Figure 3.11: Root-mean-square-error (RMSE) of CPE as a function of SNR for DDF PNE tech-
niques employing J1(ϕ)), J2(ϕ) and J3(ϕ) for 16QAM CO-OFDM transmission with N = 100
subcarriers.

varied by varying the laser linewidth while the OFDM symbol duration is kept constant

at 10 ns, which is equivalent to a subcarrier spacing of 100 MHz. The system BER is

evaluated through direct error counting using Monte Carlo simulation with a total number

of symbols of 2×105 (8×105, 1.2×106 bits for 16QAM and 64QAM, respectively). In

the light of (3.15), only the back-to-back transmission regime is taken into account here

for simplicity to study the tolerance of PNE techniques to AWGN and laser linewidth. The

simulation results for 16QAM and 64QAM are presented in Fig. 3.13- Fig. 3.15.

In Fig. 3.13(a), the BER performances of PNE techniques, including PA-aided with 16

pilots, BPS with 16 test phases and DDF blind with FL, DPT and different cost functions

are compared for νTS = 5× 10−3 and N = 200. It can be seen that FL and DPT offer

the same performance in all considered blind PNE techniques. Taking into account the

fact that DPT is much more computationally efficient for practical implementations, only

DPT is further considered. In Fig. 3.13(a), DDF blind with the cost function J1(ϕ) shows

the same performance in comparison to the complicated BPS with 16 test phases. This

confirms the high performance of DDF blind PNE technique. Even though the complexity

of DDF blind with J1(ϕ) is relatively low in comparison to BPS, different cost functions,

namely J2(ϕ) and J3(ϕ) can also be effectively applied to reduce further the complexity.

In Fig. 3.13(a), DDF blind with J2(ϕ) shows a similar performance in comparison to PA-
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DDF PNE techniques employing J1(ϕ)), J2(ϕ) and J3(ϕ) for 16QAM CO-OFDM transmission.

aided with 16 pilots. On the other hand, the implementation of DDF blind with J3(ϕ)

leads to ∼ 1 dB SNR penalty at a BER level of 10−3.

Similar results for 64QAM for νTS = 2× 10−3 is shown in Fig. 3.13(b). Here DDF

with J1(ϕ) also offers a similar performance in comparison to BPS. However, for 64QAM,

the effectiveness of blind PNE technique is reduced as DDF blind with J1(ϕ) and BPS does

not offer significant performance advantage over PA-aided with 16 pilots. However, blind

PNE techniques are still attractive here because of the high spectral efficiency offered. The

constellation diagrams for 16QAM at SNR = 23 dB before and after phase compensation

with different PNE techniques are shown in Fig. 3.14.

The power penalties at a BER of 10−3 as functions of νTSfor PA-aided, BPS and DDF

blind PNE with different cost functions for 16QAM transmission with 200 subcarriers are

shown in Fig. 3.15(a). At 1 dB SNR penalty, the linewidth tolerance of BPS and DDF

blind with J1(ϕ) is νTS = 4× 10−3. For DDF blind with J2(ϕ) and J3(ϕ) the linewidth

tolerances are νTS = 2×10−3 and νTS = 10−3, respectively.

When the number of OFDM subcarrier is reduced to 100, DDF blind with J1(ϕ) still

shows excellent performance, with a similar linewidth tolerance to the case of 200 sub-

carriers. However, the performances of DDF blind with J2(ϕ) and J3(ϕ) degrade signifi-

cantly. At 1 dB SNR penalty, the linewidth tolerance of DDF blind with J2(ϕ) in this case

is νTS = 5×10−4 while 1 dB SNR penalty even cannot be achieved with DDF blind with
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Figure 3.13: a) BER performances of PNE techniques, including PA-aided with 16 pilots (blue),
BPS with 16 test phases (brown) and DDF blind PNE with different cost functions (red- J1(ϕ),
green- J2(ϕ), pink- J3(ϕ)) with feedback loop (solid) and digital phase tracking (open) for 16QAM,
the symbol duration linewidth product is 5×10−3; (b) BER performance of the same PNE (only
showing digital phase tracking) for 64QAM, the symbol duration linewidth product is 2×10−3.
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Figure 3.14: Constellation diagrams for 16QAM at a SNR of 23 dB, before PNE (a), after PNE
using PA-aided technique with 16 pilots (b), after PNE with DDF blind PNE technique with digital
phase tracking and J1(ϕ) (c), after PNE using BPS with 16 test phases (d), after PNE DDF blind
PNE technique with digital phase tracking and J2(ϕ) and J3(ϕ) (e, f).

92



10
-5

10
-4

10
-3

10
-2

0

1

2

3

4

5

6

7

S
N

R
 P

e
n
al

ty
 (

d
B

)

 

 

ST
10

-5
10

-4
10

-3
10

-2
0

1

2

3

4

5

6

7

8

S
N

R
 P

e
n
al

ty
 (

d
B

)

 

 

ST

PA, 16 pilots

BPS + DPT

DDF blind + DPT + J3

DDF blind + DPT +

DDF blind + DPT +

J1

J2

10
-5

10
-4

10
-3

10
-2

0

1

2

3

4

5

6

7

8

S
N

R
 P

e
n
al

ty
 (

d
B

)

 

 

ST
100 200 300 400 500 600
0

1

2

3

4

5

6

7

Number of subcarriers (N)

S
N

R
 P

e
n
al

ty
 (

d
B

)
 

 

(d) – 64QAM (c) – 64QAM 

N = 200

(a) – 16QAM 

N = 200

310 ST

(b) – 16QAM 

N = 100

210BER 

310BER  310BER 

210BER 

PA, 16 pilots

BPS + DPT

DDF blind + DPT + J3

DDF blind + DPT +

DDF blind + DPT +

J1

PA, 16 pilots

BPS + DPT

DDF blind + DPT + J3

DDF blind + DPT +

DDF blind + DPT +

J1

PA, 16 pilots

BPS + DPT

DDF blind + DPT + J3

DDF blind + DPT +

DDF blind + DPT +

J1

J2

J2

J2

Figure 3.15: The SNR penalty at a BER of 10−3 as a function of νTS for PA-aided, BPS and DDF
blind PNE with different cost functions for 16QAM transmission with 200 subcarriers; (b) similar
result for 16QAM and 100 subcarriers; (c) similar result for 64QAM at a BER of 10−2 and 200
subcarriers; (d) SNR penalty as a function of N at a BER of 10−2 for 64QAM and TS of 10−3.

J3(ϕ) for νTS > 10−5. This indicates that DDF blind with J3(ϕ) is not suitable for a low

value of N .

Similar results for 64QAM at a BER of 10-2 and N = 200 are shown in Fig. 3.15(c).

At 1 dB SNR penalty, the linewidth tolerance of DDF blind with J1(ϕ) in this case is

νTS > 10−3. The SNR penalties as functions of N at a BER of 10−2 for 64QAM and νTS

of 10−3 are shown in Fig. 3.15(d). It should be noted, unlike other blind PNE techniques,

the performance of PA-aided technique is independent of N . Blind phase search and DDF

blind with J1(ϕ) show excellent performance when N > 100. On the other hand, DDF

blind with J2(ϕ) and J3(ϕ) should be considered only if N is equal or bigger than 200.

3.3.4 Complexity comparison

Herein, the complexities BPS and DDF blind PNE techniques are compared in term of the

required number of real multipliers, adders, comparators and decisions. The root-square
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PNE Multipliers Adders Comparators Decisions
BPS 4N1M 2N1M M1 +1 N1M+N1
DDF+J1(ϕ) 9N1 +4 3N1 +4 0 0
DDF+J2(ϕ) 3N1 +4 3N1 +4 0 0
DDF+J3(ϕ) 4 3N1 +4 0 0

Table 3.1: Compelxities of DDF and BPS Blind PNE Techniques

operation is counted as one multiplier. The result is shown in the Table I, where M is the

number of test phases in BPS and N1≤ N is the number of subcarriers used for PNE. The

required real multipliers for DDF blind PNE with J1(ϕ) and J2(ϕ) are around 7 and 21

times less than those of BPS with 16 test phases. The numbers of adders are also reduced

by 10 times. In addition, DDF blind PNE does not require any comparators and decisions.

This clearly indicates that DDF blind PNE is much more computational efficient than BPS.

3.4 Multiplier-free blind PNE for CO-OFDM

As discussed in the previous section, DDF blind is an effective blind PNE technique due

to its high performance and relatively low complexity in comparison to BPS as only three

test phases are required. However, in DDF blind technique multiplications are still re-

quired, which usually utilize a huge amount of hardware resources. As a result, a high

performance, MF blind PNC technique is still desirable for realizing an efficient hardware

implementation.

In this section, a novel MF blind PNC technique for QPSK and 16QAM CO-OFDM

transmissions is demonstrated based on statistical properties of the received symbols phases,

without requiring DD algorithm [60]. The proposed PNC technique also provides a com-

parable performance with DDF blind and BPS PNC techniques.

In order to realize a multiplier-free system, the polar coordinates instead of Cartesian

is considered. It has been shown in [27] that, in the presence of fibre nonlinearity and laser

phase noise, for each transmitted constellation point the received phase ϕm(k) is Gaussian

distributed. As a result, the CPE can be estimated by calculating the mean value of the

received phases for each constellation point. However, this approach requires a decision
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directed algorithm, and thus suffers from error propagation for large phase noises. To avoid

error propagation, we propose the removal of symbols with high error probabilities from

the calculation. In other words, only symbols with lowest error probabilities (symbols in

the interval with highest probability density or the most populated bin (MPB)) should be

considered. In Bayesian statistics, the MPB is also referred as the credible interval.

In practical implementations, the MPB with a width of α can be estimated using a

simple scanning algorithm as shown in Fig. 3.16, where the scanning bin is moved from the

left to the right (within a predefined range) with a small scanning step of ∆α (Lk+1 = Lk+

∆α). At each step, the number of symbols phases falling into the scanning bin is calcuated

(Pk) and the MPB is then defined as the bin providing the largest number of samples (Pk).

This algorithm requires only comparator and counting operators, thus offering very low

implementation complexity. The block diagram of the proposed MF blind PNC technique
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0

Figure 3.16: Estimating the MPB with a bin width of using the scanning algorithm with overlap-
ping bins and small scaning step. The histogram with small bin width is also shown.

is shown in Fig. 3.17 for 16QAM. For QPSK signal the amplitude partitioning block can

be removed. The proposed scheme can be described in 4 steps. In the first step, the

receved mth OFDM symbol is converted to polar coordinates using CORDIC algorithm

[61], which uses only bit shifts and additions. The phases are used in all following steps

while the amplitude is needed only for partitioning in the case of 16QAM, where all the

information symbols from the middle ring are removed. Second, the symbols phases are

rotated using the estimated CPE of the previous OFDM symbol. This step is necessary to

avoid cycle slip as blind PNC algorithms can only deal with a CPE in a range of width
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π/2. Next, all symbols phases are wrapped into the interval [0,π/2] using the mod(:,π/2)

function, which is performed only by comparator and addition operations. Finally, the

MPB is estimated and the residual CPE is then calculated as the mean value of the symbols

phases in the MPB as:

∆Φm = Φm−Φm−1 = E {ϕm(k)}ϕm(k)∈MPB (3.40)

To achieve the best performance the bin width (α) and scanning step (∆α < α) should

be optimized. If the bin width is too small, the number of symbols phases falling in

the MPB is also small and the impact of Gaussian noise can be significant. If the bin

width is too big, the MPB may include symbols with high error probabilities leading to

error propagation. Note that α = π/2 corresponds to the DD algorithm, performed in the

phase domain. In addition, the scanning step should be small enough so the MPB can

be accurately estimated, but no smaller than necessary to minimize complexity. Typical
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Figure 3.17: Block diagram of the proposed PNC technique for 16QAM CO-OFDM systems. For
QPSK the amplitude partitioning block is not needed.

optimization results for (α,∆α) are shown in Fig. 3.18 for a 16QAM CO-OFDM system

with 210 subcarriers and a symbol duration (Ts) of 20.48 ns in the back-to-back case. The

optimum value of bin width is found to be ∼ π/8 while ∆α can be as large as 0.15 for a

value of ν up to 600 kHz. At this optimum value of bin width, the proposed technique

shows almost no penalty (less than 5% degradation in log10(BER)) in comparison to the

case where the CPE is perfectly compensated by using all subcarriers as pilots (showed as
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dash lines in Fig. 3.18) for all linewidths considered. This result clearly indicates the high

performance of the proposed technique.
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CO-OFDM transmissions in back-to-back case. The dash lines show the BER performance when
the CPE is perfectly compensated.

3.4.1 Experimental results and discussions
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Figure 3.19: BER versus OSNR in back-to-back case for 40 Gb/s 16QAM CO-OFDM transmis-
sion.

To investigate the performance of QPA methods the same experimental setup was used

as illustrated in Fig. 2.15 for QPSK and 16QAM formats. The proposed PNC scheme

is compared with two-stage blind DD, DDF blind, BPS and pilot-aided (PA) methods in

Fig. 3.19 and Fig. 3.20 for QPSK and 16QAM WDM CO-OFDM transmissions. In ap-

plying the proposed MF blind technique the optimisation parameters were chosen to be
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Figure 3.20: (a) BER versus power for 20 Gb/s QPSK transmission over 4000 km, (b) BER
versus combined laser linewidth for 40 Gb/s 16QAM transmission in back-to-back case.

(α = π/8, ∆α = π/64). In this case, the MPB can be selected after 24 scanning steps.

For comparison, alternative PNC techniques were considered and optimized according

to [55, 62]. In Fig. 3.19 the proposed MF blind PNC technique outperforms PA with 16

pilots (7.6 % overhead) and shows a similar performance (less than 0.5 dB variation in the

OSNR requirement at the BER of 10−3) in comparison with highly complex BPS (16 test

phases) and DDF blind. This clearly indicates that statistical digital signal processing tech-

niques can be effectively applied for OFDM systems employing hundreds of subcarriers.

In Fig. 3.20(b) all considered blind PNC techniques shows similar phase noise tolerance,

degrading significantly if the residual CPE after the first equalization stage lies outside the

range (π/4,π/4). This indicates that the proposed MF blind PNC technique can be applied

effectively, and without differential coding to systems with a combined laser linewidth up

to 600 kHz (νT s∼ 10−2).

3.5 Conclusion

Novel reduced complexity phase noise compensation techniques have been proposed for

CO-OFDM transmission. By setting PSs in correlation with data subcarriers the overhead

of pilot aided carrier phase estimation may be reduced by a factor of 2 for two different

correlation techniques, namely conjugated pilots and phase parity pilots. In addition, in

comparison with RF-pilot tone, the QPA methods can offer a similar performance at the

same overhead while significantly reducing the complexity in implementation.
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In addition, blind PNE can be effectively applied for CO-OFDM transmissions with

BPS and DDF blind techniques. Using only three test phases, DDF blind PNE technique

can offer a comparable performance in comparison with BPS with 16 tests phases, and

thus, offering an effective solution for practical implementation. When the number of

subcarriers is sufficient (N>200) the complexity of DDF blind can be further significantly

reduced with two novel proposed cost functions.

Finally, based on the statistical properties of the received symbols phases an effective

blind phase noise estimation technique for CO-OFDM systems can also be developed

without any multiplications.
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Chapter 4

Low-Complexity Fiber Nonlinearity

Compensation Methods for CO-OFDM

Son T. Le, Mary E. McCarthy, Naoise Mac Suibhne, Andrew D. Ellis and Sergei K.

Turitsyn,“Phase-conjugated Pilots for Fibre Nonlinearity Compensation in CO-OFDM

Transmission,” Journal of Lightwave Technology, vol.33, no.5, pp.1-7, 2015 (invited).

Son T. Le, Mary E. McCarthy, Naoise Mac Suibhne, Mohammad A. Z. Al-Khateeb, Elias

Giacoumidis, Nick Doran, Andrew D. Ellis and Sergei K. Turitsyn,“Demonstration of

Phase-conjugated Subcarrier Coding for Fiber Nonlinearity Compensation in CO-OFDM

Transmission,” Journal of Lightwave Technology, vol.33, no.11, pp.2206-2212, 2015.

4.1 Introduction

Theoretically, the capacity of a fixed bandwidth Gaussian communication channel is loga-

rithmically proportional to the signal-to-noise ratio [63]. As a result, the capacity of opti-

cal fibre communications channel should increase monotonically with the transmit signal

power. However, the nonlinear distortion due to Kerr effect limits the maximum optical

power that could be launched into an optical fibre (without degrading the system perfor-

mance) [14,64]. Fiber Kerr nonlinearity effect thus sets an upper bound on the achievable

data rate in optical fibre communications using linear transmission techniques [14].

There have been extensive efforts in attempting to surpass the Kerr nonlinearity limit
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through several nonlinearity compensation techniques and nonlinear transmission schemes

[65–75]. digital back propagation (DBP) is an effective nonlinearity compensation method,

which removes the nonlinear distortion by inverting the distorted signal at the receiver dig-

itally, based on the fact that nonlinear impairment (signal-signal interaction, rather than

signal-noise interaction is concerned) is a deterministic effect [68]. However, DBP has

some serious challenges, limiting its success in practice so far. Firstly, accurate DBP

requires a substantial increase in DSP complexity, proportional to the number of spans.

Secondly, in WDM systems the effectiveness of DBP is significantly reduced as the neigh-

bouring WDM channels are unknown to the compensator. In this case, only the impact of

self-phase modulation, which only represents a minor part of the overall nonlinear impair-

ment [14,64], can be compensated. Finally, even though full band DBP could be achieved

(with enormous complexity), it is still challenging to realize the full benefit of DBP be-

cause of PMD [76] and carrier frequency uncertainty problem [77] which leads to the

incorrectness in optical field reconstruction. It has been shown in [77] that even a small

carrier frequency deviation of 50 MHz can lead to a performance penalty of 2 dB. Talking

into account the fact that commercial external cavity laser (ECL) can have a frequency de-

viation as much as several GHz, DBP seems to be unbeneficial for practical applications

unless optical combs are employed at the transmitter [77].

Digital [78] and optical [67,78,79] optical phase conjugation (OPC) at the mid link or

installed at the transmitter [80] are other well-known nonlinear compensation techniques

that conjugate the signal phase after transmission in one segment of the link in order to

achieve a net cancellation of the nonlinear phase shift using the nonlinearity generated in

the second segment of the link. However, OPC modifies the transmission link by inserting

a phase conjugator at the middle point of the link, and imposes significant symmetry con-

ditions with respect to the phase conjugator, and thus, significantly reducing the flexibility

in an optically routed network.

Recently, a breakthrough fibre nonlinearity compensation technique called phase con-

jugated twin wave (PCTW) has been proposed by X. Liu et al [81, 82]. PC-TW is a

transponder-based technique that can be implemented with minimal additional optical

hardware or DSP, providing a simple and effective solution in compensating optical fibre
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nonlinearity. However, PCTW halves the SE, meaning that the maximum achievable SE

in a PDM system with QPSK modulation format and PCTW scheme is only ∼2 bits/s/Hz,

which is the same as those achieved in PDM BPSK transmission.

A modification of PCTW for coherent optical orthogonal frequency division multiplex-

ing (CO-OFDM) exploring the Hermitian symmetry has also been proposed in [83], also

at the cost of 50 % overhead. To address this drawback, a flexible nonlinear compensation

scheme with the insertion of phase-conjugated pilots has been proposed for CO-OFDM

in [84, 85]. This scheme allows the overhead to be adjusted (up to 50 %) according the

required performance gain, which is up to 4 dB. In this scheme, a portion of the OFDM

subcarriers (up to 50 %) are transmitted as phase-conjugates of other subcarriers. The

PCPs are used at the receiver to estimate the nonlinear distortion of their respective orig-

inal subcarriers. The estimated distortion can also be used to compensate the nonlinear

impairments in other subcarriers close to the PCP, thanks to the narrow OFDM subcarrier

spacing (tens of MHz), which enhances the correlation between nonlinear phase shifts of

neighbouring subcarriers. With this technique, the fibre nonlinearity impairments due to

the Kerr effect in OFDM systems can be effectively compensated without the complexity

of DBP or 50 % loss in capacity of PC-TW. The PCP technique can be effectively imple-

mented in both single polarization and PMD systems, in both single channel and WDM

systems. In other words, nonlinearity compensation using PCPs offers a simple, easy im-

plementation applicable to any optical links where the level of nonlinear compensation

may be readily tuned by selecting an appropriate number of PCPs.

In addition, a dual PCTW scheme combined with quadrature pulse shaping was also

proposed for single carrier systems, yielding an improvement of∼1.2 dB [86] without any

overhead. Unfortunately, quadrature pulse shaping is required for dual PCTW, which can-

not be applied effectively for multicarrier modulation formats such as CO-OFDM [87–89]

To address this issue, a PCSC scheme has been proposed in [90] by adopting the concept of

dual PCTW to encoding and processing neighbouring OFDM subcarriers simultaneously.

This proposed PCSC scheme can be effectively applied without any overhead and without

suffering from the carrier frequency uncertainty problem, showing that performance gains

of 1.5 dB and 0.8 dB for BPSK and QPSK tranmsmissions, respectively.
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Figure 4.1: Inserting phase-conjugated pilots for fibre nonlinearity compensation.

In this chapter, the concepts of PCP and PCSC are discussed in details and effective-

ness of PCP and PCSC techniques in WDM CO-OFDM transmissions with BPSK and

QPSK modulation formats is experimentally demonstrated.

4.2 Phase conjugated pilots for for fibre nonlinearity com-

pensation in CO-OFDM transmission

4.2.1 Concept of PCP

Since the frequency spacing in an OFDM system is often small [91, 92] (tens of MHz)

compared to the phase matching bandwidth of the link (few GHz [93]), at the end of the

optical link, the nonlinear phase shifts on adjacent subcarriers will be strongly correlated.

This implies that nonlinear distortion experienced in one spectral region may be used to es-

timate the distortion in other closely space regions, as observed in pilot tone compensation

schemes [94]. Thus nonlinear compensation can be achieved by sparsely inserting PCPs

across the OFDM band. The concept of inserting PCP is illustrated in the Fig. 4.1. Suppose

the information symbol carried by the kth subcarrier is X(k)=A(k)exp( jϕ(k)) where A(k)

and ϕ(k) are the amplitude and the phase of this information symbol, then the phase conju-

gated symbol can be transmitted in the hth subcarrier, S(h) = S(k)∗ = A(k)exp(− jϕ(k)),

where ()∗ represents complex conjugation. To simplify the exposition, it is assumed here

that during propagation nonlinear phase shifts, represented by θ(k) and θ(h), are added
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to these subcarriers. The received information symbols on the kth and hth subcarriers

are Z(k) = Ar(k)exp( jϕ(k)+ jθ(k)) and Z(k) = Ar(h)exp( jϕ(h)+ jθ(h)), respectively.

If the frequency spacing between kth and hth subcarriers is small enough, the nonlinear

phase shifts will be highly correlated, θ(k)≈ θ(k) providing the opportunity of cancelling

the nonlinear phase shift on the kth subcarrier by averaging the received information sym-

bol of a subcarrier and the subcarrier which carries its phase conjugate (after a second

conjugation):

Z(k) = (Z(k)+Z(h)∗)/2≈ Ar(k)cos( jθ(k))exp( jϕ(k)) (4.1)

This compensation technique is often referred in the literature as coherent superposition

[95]. Note that the nonlinear phase shift on the original kth subcarrier can be estimated

as [39]:

θ(k) = arg(Z(k)Z(h))/2 (4.2)

Ideally, a data carrying subcarrier and its PCP should be closely spaced in frequency (ad-

jacent) to maximize the level of correlation of the nonlinear phase shifts between these

subcarriers. For those data carrying subcarriers which do not have PCPs, the nonlinear

phase shift of the jth subcarrier can be estimated and compensated as:

θ( j) = arg

(
∑
k,h

η jkhZ(k)Z(h)

)
/2

Z( j) = Z( j)exp(− jθ( j))

(4.3)

where η jkh is the FWM efficiency coefficient. In this thesis η jkh is approximated either as

1 if j is the closest subcarrier to k or h and 0 otherwise.

By applying this fibre compensation technique, the fibre nonlinearity phase shifts on

data subcarriers in an OFDM system can be compensated without conjugating all pairs

of subcarriers. In this system configuration, several data carrying subcarriers are placed

between conjugate pairs. The nonlinear phase shifts for all of these subcarriers are similar

as long as the frequency spacing is small. These nonlinear distortions can be compen-

sated using the estimated nonlinear distortion on the closest pair of subcarrier data and
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phase conjugated pilot. As a result, one phase conjugated pilot can be used to compensate

the nonlinear distortions on several subcarriers and the overhead due to phase conjugated

pilots is relaxed and can be designed according to the requirement of a specific application.

Whilst the most accurate nonlinear compensation will be achieved by weighting and

summing the nonlinear distortion estimated from all of the phase conjugate pairs, the

nonlinear distortion on subcarriers which are not part of phase conjugate pairs can be

estimated in various ways. The first approximation is to simply use the estimated nonlinear

distortion from the nearest phase conjugate pair. The second approximation is to use

a linear interpolation of the estimated nonlinear distortions from the two closest phase

conjugate pairs (two points).

In common with PC-TW, the performance of a system based on PCP can be further

improved with 50 % electrical dispersion pre-compensation (pre-EDC), which is applied

to create a dispersion-symmetry along the transmission link. This dispersion map en-

hances the similarity between nonlinear distortions on subcarrier data and its phase conju-

gate, thus further improving the effectiveness of the proposed nonlinearity compensation

scheme.

4.2.2 Simulation

As a proof of concept, a simulation of the proposed PCP scheme for a single channel

112 Gb/s PDM QPSK CO-OFDM transmission was conducted. The simulation setup is

shown in the Fig. 4.2. The data stream was first divided into x- and y-polarizations, each of

which was then mapped onto 1400 subcarriers using QPSK modulation format and subse-

quently transferred to the time domain by an IFFT of size 2048 while zeros occupying the

remainder. Our standard simulation was as follows, although some parameters were var-

ied to illustrate the salient features of this nonlinearity compensation scheme. The OFDM

useful duration was 50 ns (20 MHz subcarrier spacing), no cyclic prefix was added and

the effect of polarization mode dispersion was ignored. The fibre link comprised 80 km

spans of SSMF with a loss parameter of 0.2 dB/km, nonlinearity coefficient of 1.22 /W/km

and dispersion of 16 ps/nm/km. The span loss was compensated by EDFAs with 16 dB of
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Figure 4.2: Block diagram of 112 Gb/s PDM CO-OFDM transmissions. S/P: serial/parallel con-
version, P/S: parallel/serial conversion, SM: symbol mappings, TS: training symbol, DAC: digital-
to-analog converter, ADC: analog-to-digital converter, I/Q: I/Q modulator, PBS: polarization beam
spliter, OLO: optical local oscilator.

gain and 6 dB noise figure. The ASE noise is added inline to ensure that the interaction

between signal and noise [96] is correctly captured. The transmitter and receiver lasers

had the same linewidth of 100 kHz. The simulated time window contained 100 OFDM

symbols (560,000 bits).

The received signal after coherent reception was first resampled and converted from

serial to parallel for further processing, including chromatic dispersion compensation us-

ing a frequency domain equalizer (OFDE) employing the overlap-and-save method, chan-

nel estimation and equalization with the assistance of initial training sequence (2 training

symbols every 100 symbols) using zero forcing estimation with MIMO processing [33],

and nonlinear phase noise (NLPN) estimation and compensation. In order to compen-

sate for NLPN using PCPs, it is necessary to compensate for the CPE introduced by the

lasers phase noise and common phase shift due to the fibre nonlinearity first. To reduce

the net overhead, this compensation is also achieved using all the PCPs as shown in [39],

using a two-stage compensation scheme. After CPE compensation, the nonlinear distor-
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Figure 4.3: Nonlinear noise cancellation based on the coherent superposition of PCP pairs. The
transmission distance is 1200 km, launch power is 5 dBm, ASE noise is not considered and 50 %
pre-EDC is adopted.

-3 -1 1 3 5 7 9
3

4

5

6

7

8

9

Launch power (dBm)

 

 

R
ed

u
ct

io
n

 i
n

 σ
2
 (

d
B

)

σNL
2+ σL

2 w pre-EDC

σNL
2+ σL

2 wt pre-EDC

σNL
2 w pre-EDC

σNL
2 wt pre-EDC

Figure 4.4: Measured reduction of signal variance from both nonlinear distortion (σ2
NL) and linear

noise (σ2
L ) as a function of the launch power, in systems with and without 50 % pre-EDC. The

transmission distance is 1200 km, ASE noise is included.

tion of subcarriers data accompanied by PC pilots was compensated using Eq. 4.1 whilst

the nonlinear distortions of other subcarriers were compensated using Eq. 4.3. In order to

demonstrate effectiveness of the nonlinear noise cancellation scheme based on the coher-

ent superposition of the PCP pairs, the ASE noise was firstly turned off. The simulation

results are shown in the Fig. 4.3 for a 1200 km optical link with 5 dBm of the launch power.

After coherent superposition, a dramatic reduction (∼7 dB) of the nonlinear signal distor-

tion variance (σ2) was observed, indicating that the nonlinear distortion on a data carrying

subcarrier and those of its PC are highly anticorrelated, especially if the frequency spacing

is small.

Figure 4.4 plots the reduction in the signal variance (σ2), which is equivalent to the
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Figure 4.5: Measured reduction of signal variance as a function of the frequency spacing. The
transmission distance is 1200 km, the launch power is 5 dB, ASE noise is included and the number
of subcarriers is varied, keeping the same data rate (112 Gb/s).

SNR improvement, when coherent superposition is applied for PCP pairs in systems with

and without 50 % pre-EDC (red and green respectively). The difference between the

open and solid symbols illustrates the impact of ASE noise. When the launch power

is small, the dominant limiting factor in the system is the ASE noise. As a result, the

coherent superposition of the PCP pairs using 50 % pilots offers around ∼3 dB reduction

of the signal variance, as expected from the linear effects of coherent superposition of

two copies of the same signal. However, with increasing launch powers a larger reduction

in σ2 eventually occurs, indicating the maximum effectiveness of the proposed nonlinear

noise cancellation scheme. Note that in this regime, there is little impact from the addition

of ASE noise suggesting that the system is limited by compensation accuracy rather than

the fundamental parametric noise amplification process [96]. When 50 % pre-EDC is

performed, the reduction of 2 is further enhanced, reaching around 7 dB at a high level of

the launch power. When considering only the nonlinear noise distortion, an even higher

reduction of ∼8 dB can be observed.

As mentioned before, the PCP compensation scheme relies on the correlation of non-

linear phase shifts of the data carrying subcarriers and PCPs; the effectiveness of this

scheme depends strongly on the subcarrier frequency spacing. Figure 4.5 shows the re-

duction of signal variance σ2 as a function of the subcarrier frequency spacing (by varying

108



-8 -6 -4 -2 0 2 4 6 8
4

6

8

10

12

14

16

18

Launch power (dBm)

 

 

w/o PCP, 3200km

PCP w pre-EDC, 6400km

PCP w pre-EDC, 3200km

PCP w/o pre-EDC, 6400km

PCP w/o pre-EDC, 3200km

PCP before coherent superposition, 3200km

1
/σ

2
 (

d
B

)

Figure 4.6: Nonlinear cancellation using coherent superposition of PCP pairs in long-haul 56 Gb/s
(net data rate) CO-OFDM transmission. The transmission distances are 3200 km (open symbols)
and 6400 km (closed symbols)

the number of the subcarriers). As expected, when the subcarrier frequency spacing in-

creases, the benefit of coherent superposition scheme tends to decrease, from around 7 dB

at a frequency spacing of 20 MHz to around 4 dB at a frequency spacing of 1 GHz (for the

case of 50 % pre-EDC). The 3 dB nonlinear interaction bandwidth of the simulated system

was around 1.1 GHz. However, the rapid dip in performance around 1 GHz is attributed

(and 200 MHz without pre-dispersion) to a quasi-phase matching process [93,96,97] rather

than a specific resonance with this bandwidth.

The effective SNR of 112 Gb/s OFDM systems with 50 % PCPs and without any PCPs

are compared in Fig. 4.6. Note that, the spectral efficiency is reduced by a factor of 2 when

50 % of the subcarriers are transmitted as PCPs. In Fig. 6, by combining pre-EDC and

PCP techniques, a reduction of around 4.5 dB in the signal variance can be achieved at a

transmission distance of 3200 km at the cost of 50 % overhead. The nonlinear threshold

is also increased by 9 dB with PCP compensation. This result clearly indicates that a

substantial fraction of the nonlinear distortion can be mitigated by coherently adding the

phase conjugated pilot and its correlated data subcarrier. As a result of this improvement,

a longer transmission distance can be achieved. In Fig. 4.6 the effective SNR of system

with 50 % PCP after 6400 km of transmission distance is also plotted for comparison

purpose. As can be seen, this system still offers around 1.5 dB advantage in performance
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Figure 4.7: Received constellation diagrams in 112 Gb/s PDM CO-OFDM systems without (with
the same bandwidth, before CS) (a) and with PCPs for fibre nonlinearity compensation (b - 12.5 %,
c - 25 %, d - 50 % overhead). The Transmission distance is 1200 km, the launch power is 5 dBm.

Figure 4.8: Signal enhancement of a 3200 km PDM NGI CO-OFDM system at the optimum
launch power as a function of the fraction of subcarriers allocated as phase conjugate pilots, show-
ing measured reduction in signal variance (red symbols), net gain after subtraction of overhead
(purple) and predicted signal to noise ratio gain (blue symbols).
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in comparison with OFDM system without PCP after 3200 km of transmission distance.

This comparison indicates that the product of spectral efficiency and transmission distance

can be significantly increased with PCP techniques, and is consistent with results obtained

for PC-TW.

This implementation offers excellent performance but it requires 50 % overhead. The

required overhead can be reduced by using the estimated nonlinear distortion on one pair of

subcarrier data and its PCP to compensate the nonlinear distortions on other subcarriers.

Specifically, one PCP can be used to compensate the nonlinear distortion of 2, 3, 4 or

more data subcarriers at the cost of 33 %, 25 %, 20 % or smaller overhead respectively.

In Fig. 4.7 the received constellation diagrams of systems with and without PCPs for fibre

nonlinearity compensation are shown for different values of PCP overhead with the launch

power deliberately set in the highly nonlinear region (+5 dBm). The trade-off between

overhead due to PCPs and performance can be clearly observed. A better performance

comes with the cost of larger overhead due to the transmission of additional PCPs.

The reduction in the signal variance (in dB) at the optimum launch power (difference

of the minimum achievable σ2 in systems without and with PCPs) and the net benefit in

dB (after extracting the spectral efficiency reduction due to the PCPs) as a function of the

overhead due to PCPs are shown in the Fig. 4.8. With 50 %, 33 %, and 20 % overhead the

achievable reduction in σ2 are 4.6 dB, 3.2 dB and 2.1 dB respectively, or approximately

0.1 dB per 1 % of overhead. It is believed that the reduction in σ2 enhancement as the

overhead is reduced is initially due to lower coherent gain (a smaller number of subcarriers

have the >3 dB benefit of coherent superposition), but eventually the subcarriers become

spaced by more than the FWM efficiency bandwidth after which the nonlinear compen-

sation starts to reduce. This is confirmed by a theoretical estimation (shown in blue). To

obtain this estimation the normalized difference in nonlinear distortion from FWM [93]

was computed for all possible subcarrier triplets whos nonlinear distortions fall on either

the carrier or its conjugate. The sum of these nonlinearity compensation errors was used to

estimate the level to which inter subcarrier nonlinearity is suppressed in the calculation of

nonlinear noise. To give an upper bound on the compensation performance it is assumed

that parametric noise amplification [96] is not compensated by the conjugates. The opti-
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mum signal to noise ratio was used to calculate the BER for subcarriers with and without

a phase conjugate assuming that coherent superposition enabled a 3dB enhancement in

signal to noise ratio [81].

Finally the mean BER was used to calculate the required SNR to give the same perfor-

mance without conjugate pilots. The curve fit between 33 % and 50 % conjugates assumes

a linear interpolation of the nonlinear compensation error, but is dominated by the increas-

ing effectiveness of the coherent superposition. An excellent fit is observed over a wide

range of configurations with the exception of the case where 50 % of the subcarriers are

phase conjugate pilots. It is believed that this error is due to a reduced benefit of coherent

superposition when the noise fields are no longer statistically independent, due to their

parametric amplification by the signal. In a practical system, a minimum overhead for

CPE (4-10 %) would be required, and this overhead may be used to provide a certain level

of nonlinear compensation without additional overhead.

4.2.3 Experimental setup and results

The experimental set-up is shown in Fig. 4.9. It comprised a laser grid of five standard

DFBs on 100 GHz grid which were substituted in turn by a 100 kHz linewidth laser. The

DFBs are located between 193.5 to 193.9 THz. Additional loading channels (10 GHz

of bandwidth) were generated using an ASE source which were spectrally shaped using

a WSS [98]. The twenty loading channels were spread symmetrically around the test

wavelengths so that the total bandwidth of the transmitted signal was 2.5 THz. A wideband

filter was used to filter out of band ASE noise at the transmitter. The transmission path

was an acousto-optic modulator (AOM) based re-circulating loop consisting of 4×100 km

spans of Sterlite OH-LITE (E) fibre, having 18.9 to 19.5 dB insertion loss. The loop

switch was located in the mid-stage of the first EDFA and a gain flattening filter (GFF) was

placed in the mid stage of the third EDFA. After propagation the signal was filtered using

a 4.2 nm flat topped filter and coherently detected. The received electrical signals were

then sampled by a real-time oscilloscope at 80 GS/s and processed offline in MATLAB.

The OFDM signal (400 symbols each of 20.48 ns length, 2 % cyclic prefix) encoded
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Figure 4.9: Schematic of experimental setup of WDM CO-OFDM transmission with PCPs for
fibre nonlinearity compensation. ECL: external cavity laser, PMM: polarization maintaining mul-
tiplexer, WSS: Wavelength Selective Switch, DFB: distributed feedback laser, BPF: band-pass filter
(optical), AOM: acousto-optic modulator, GFF: gain flatten filter, OSA: optical spectrum analyser,
LO: local oscillator.

with QPSK modulation format was generated offline in MATLAB using an IFFT size of

512, where 210 subcarriers were filled with data and the remainder zeros giving a line

rate of 20 Gb/s (18.2 Gb/s after cyclic prefix and FEC overhead are removed). When

25 %, 33.3 % and 50 % of OFDM subcarriers are transmitted with its PCPs the net data

rates were 13.65 Gb/s, 12.12 Gb/s and 9.1 Gb/s respectively. In order to maximize the

similarity between nonlinear phase noises on data subcarrier and PCP, data subcarrier and

its PCP were placed next to each other. The DSP at the receiver included chromatic dis-

persion compensation using an overlapped frequency domain equalizer with overlap-and-

save method, channel estimation and equalization with the assistance of initial training

sequence (2 training symbols every 100 symbols), CPE compensation with the help of the

PCPs [99] or 16 pilot subcarriers if PCPs were not transmitted, fibre nonlinearity compen-

sation as described above , and symbol detection. The system performance was evaluated

directly from the BER by processing 10 recorded traces (∼ 106 bits). The measured BER

is then converted to an equivalent Gaussian noise Q-factor in dB using the expression 2.1.

The effectiveness of the proposed PCP compensation scheme for fibre nonlinearity

compensation in CO-OFDM is shown in Fig. 4.10, for the center channel. Before coherent

superposition, the measured BER was ∼ 1.2× 10−3. However, after coherent superposi-

tion error free transmission was observed. This result clearly indicates that a substantial

fraction of the nonlinear distortion, including both intra and inter-channel distortions, can

be effectively compensated using coherent superposition of the data carrying subcarriers

and the PCPs.

It can be seen in the Fig. 4.11, that by transmitting 50 % of OFDM subcarriers as PCPs
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Figure 4.10: Cancelllation of the nonlinear distortions by CS of subcarriers with its couterpart
PCPs in WDM CO-OFDM transmission, 800 km of distance, the launch power (per/ch) was 0
dBm.
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Figure 4.11: Q-factor of the center channel as a function of the launch power in system with and
without PCPs for fibre nonlinearity compensation.

(b) (c)(a)

Figure 4.12: Constellation diagrams for the center channel at Pin=-1.5 dBm for the cases of with-
out PCPs (a) and with 2 5%, 50 % of PCPs (b and c) respectively. The transmission distance is
3200 km
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a dramatic (∼4 dB) improvement in the systems Q-factor was achieved (after 3200 km of

the transmission distance), which agrees well with the simulation result and is also com-

parable with results achieved with the conventional PC-TW technique [81]. The optimum

launch power was increased by around 1 dB. The constellation diagrams for the center

channel at Pin=-1.5 dBm for the cases of with and without PCPs are shown in Fig. 4.12.

As mentioned before, the overhead can be reduced by using a smaller number of PCP.

Specifically, one PCP can be used for 2, 3, 4 or more data subcarriers at the cost of 33 %,

25 %, 20 % or smaller overhead respectively. When the PCP overhead was reduced to

25 %, a performance improvement of around 1.5 dB was still achieved (Fig. 11(a)). This

result confirms the possibility of using one PCP to compensate the nonlinear distortions

of several data carrying subcarriers. Figure. 4.13 plots the Q-factor improvement as a

function of the additional overhead due to the PCP, showing the trade-off between PCP

overhead and performance gain. Since when PCPs were not transmitted, 8 % of OFDM

subcarriers were allocated for phase noise estimation, the additional overhead for nonlin-

ear compensations were 12 %, 17 %, 25 %and 42 % and the performance gains were 0.9,

1.2, 1.5 and 4 dB respectively. This result clearly shows the flexibility of the proposed

PCP fibre nonlinearity compensation technique, allowing the number of PCP to be chosen

to meet the performance requirement.
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Figure 4.13: Performance gain as a function of the additional overhead due to PCPs for the center
channel, after 3200 km of distance. Without PCPs, an overhead of ∼8 % was required for CPE
compensation.
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4.3 Phase conjugated subcarrier coding for fibre nonlin-

ear mitigation in CO-OFDM Transmission

4.3.1 Concept of PCSC

In the PCSC scheme (Fig. 4.14) each pair of neibouring OFDM subcarriers (with the

indices of 2k-1 and 2k, where k is an integer number) after symbol mapping are encoded

before beeing fed into the IFFT block to generate the time-domain signal as [89, 100]:


X1(2k−1) = X(2k−1)+X(2k)

X1(2k) = X∗(2k−1)−X∗(2k)
(4.4)

where (.)∗ stands for the complex conjugation operation. At the receiver, before symbol

demapping, the received information symbols in this subcarrier pair are decoded as:


Z1(2k−1) = Z(2k−1)+Z∗(2k)

Z1(2k) = Z(2k−1)−Z∗(2k)
(4.5)

It should be noted that the PCSC can be considered as one-by-one mapping scheme which

does not require any overhead. The only requirement of PCSC is that the number of

OFDM subcarriers is even. The PCSC scheme modifies both the constellation set and

probabilities of constellation points. As shown in the Fig. 4.14, if the input modulation

format is BPSK with equal probability (0.5, 0.5) for each constellation point (-1, 1), the

output constellation set will be a 3 ASK (-2, 0, 2) in which the symbol 0 occurs twice

as often as the two other information symbols (-2, 2). This indicates that 50 % of BPSK

OFDM subcarriers will be turned off after encoding. Similarly, if the input modulation

format is QPSK, after encoding, the output constellation set will be a 9 QAM with un-

equal probabilities (Fig. 4.15), which can potentially reduce the nonlinear distortions on

OFDM subcarriers due to the unequal power distribution across the OFDM band [91].

The sensitivities of OFDM systems with and without PCSC scheme in the Additive

White Gaussian Noise channel are compared in Fig. 4.16, for different modulation for-
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Figure 4.14: Phase-conjugated subcarrier coding scheme for CO-OFDM transmission.
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Figure 4.15: PCSC symbol mapping for BPSK and QPSK. the numbers (in red) are the probabili-
ties of symbols in the constellation set.

mats, namely BPSK, QPSK, 8QAM. It can be seen that independently of the modulation

format used, PCSC gives no performance gain or penalty (the same sensitivity) in lin-

ear transmission channels. This result indicates that PCSC is ineffective for CO-OFDM

systems if the distortions on neighbouring subcarriers are Gaussian distributed and uncor-

related. However, if the OFDM subcarrier frequency spacing is small (tens of MHz) it

can be expected that the nonlinear phase shifts on neighbouring subcarriers will be highly

correlated. Thus, potential performance gain can be achieved by encoding and process-

ing neighbouring subcarriers simultaneously at the transmitter and receiver. In order to

enhance the similarity of nonlinear distortions on neighbouring OFDM subcarriers, pre-

EDC is applied in this work to create a dispersion-symmetry along the transmission link

as shown in Fig. 4.17.
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Figure 4.17: Dispersion map of an optical link with 50 % pre-EDC. L is the link distance and D is
the dispersion coefficient.

4.3.2 Simulation

As a proof of concept, a simulation of the PCSC scheme in a single channel 80 Gbaud

PDM CO-OFDM transmission system with BPSK and QPSK modulation formats was

conducted . It should be noted that the choice of signal bandwidth is not critical here. The

simulation setup is shown in the Fig. 4.18. The data stream was first divided into x- and

y-polarizations, each of which was then mapped onto 1000 subcarriers using BPSK and

QPSK modulation formats and subsequently transferred to the time domain by an IFFT of

size 2048 while zeros occupying the remainder. The OFDM useful symbol duration was

12 ns and a cyclic prefix of 0.4 ns was added for PMD compensation. The net bit-rate (after

extracting 7 % FEC) is 150 Gb/s and 300 Gb/s when BPSK and QPSK are adopted. The

long-haul fibre link comprised 80-km spans of SSMF with a loss parameter of 0.2 dB/km,
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Figure 4.18: Block diagram of PDM CO-OFDM transmissions with PCSC. S/P: serial/parallel
conversion, P/S: parallel/serial conversion, SM: symbol mappings, TS: training symbol, DAC:
digital-to-analog converter, ADC: analog-to-digital converter, I/Q: I/Q modulator, PBS: polariza-
tion beam spliter, OLO: optical local oscilator.

nonlinearity coefficient of 1.22 /W/km, dispersion of 16 ps/nm/km and PMD coefficient

of 0.1 ps/km0.5. The span loss was compensated by Erbium-doped fibre amplifiers with

16 dB of gain and 6 dB noise figure. The amplified spontaneous emission noise is added

inline to ensure that the interaction between signal and noise is correctly captured [96].

The transmitter and receiver lasers had the same linewidth of 100 kHz. The simulated

time window contained 500 OFDM symbols (106 bits for QPSK). The DSP at the re-

ceiver includes chromatic dispersion compensation using a frequency domain equalizer

with overlap-and-save method, channel estimation and equalization with the assistance of

initial training sequence (2 training symbols every 100 symbols) using zero forcing esti-

mation with MIMO processing, common phase error compensation with the insertion of

quasi-pilot subcarriers [39] (4 pilots every OFDM symbol) and symbol detection. The

system performance is evaluated using the Q-factor derived directly from the BER.

Performances of the 150 Gb/s PDM CO-OFDM systems with and without the PCSC

scheme (with and without pre-EDC) are compared in the Fig. 4.19. In this figure, the
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Figure 4.19: Q-factor as a function of the launch power in 150 Gb/s PDM CO-OFDM system with
and without PCSC, the transmission distance is 8000 km.

(a) (b) (c)

Figure 4.20: Constellation diagrams on x-polarization in 150 Gb/s PDM CO-OFDM system over
8000 km, 8 dBm of the launch power, a) without PCSC, b, c) with PCSC, before and after decod-
ing.

performance of PCTW technique with QPSK modulation format providing the same SE

(∼2 bits/s/Hz) is also presented. As PCTW halves the SE, despite the effective nonlinear

noise cancellation effect, PCTW with QPSK modulation format gives only around 0.5 dB

advantage over the traditional BPSK PDM CO-OFDM transmission scheme. On the other

hand, when the PCSC coding scheme combined with pre-EDC is applied, a performance

improvement of 1.5 dB can be achieved without reducing the SE. When PCSC is applied

without 50 % pre-EDC, a performance gain of ∼0.7 dB is observed. This result clearly

indicates the benefit of pre-EDC in the proposed transmission scheme, which enhances

the total gain to 1.5 dB. Interestingly, a nonlinear noise squeezing effect was observed

(Fig. 4.20) in a similar manner as in single carrier system with real-valued signal and the
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symmetrical dispersion map [101]. Without PCSC, the real and imaginary parts of each

constellation point have the same distribution. However, with PCSC and the optimized

pre-EDC, the PDF of the real part of each constellation point is significantly narrowed

(Fig. 4.21). This nonlinear noise squeezing effect significantly reduces the BER in a trans-

mission system using BPSK modulation format.
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Figure 4.21: PDF of real and imaginary components for the 1 symbol in systems with and without
the PCSC, the launch power was 7 dBm.

When the PCSC scheme combined with the optimized pre-EDC is applied for 300 Gb/s

QPSK PDM CO-OFDM system, a performance improvement of around 0.7 dB is achieved,

as shown in the Fig. 4.22. This result clearly indicates that the PCSC scheme also effec-

tively mitigates the nonlinear distortions on OFDM subcarriers when QPSK modulation

format is adopted. However, as QPSK cannot take the advantage of the nonlinear noise

squeezing effect, the performance improvement in this case is only a half of those achieved

with BPSK modulation format. In addition, without 50 % pre-EDC, PCSC does not pro-

vide a significant improvement in the systems performance. This result confirms the ben-

efit of pre-EDC in applying the PCSC scheme (both for BPSK and QPSK modulation

formats).

The performance gain offered by PCSC and pre-EDC as a function of frequency spac-

ing is shown in Fig. 4.23 for BPSK and QPSK. Herein, the signal bandwidth is kept at

80 GHz, the number of OFDM subcarrier and the IFFT size are reduced accordingly to

increase the OFDM subcarriers frequency spacing. For example, the number of OFDM
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subcarrier and the IFFT size were set to 160 and 512 to increase the subcarriers spac-

ing to 500 MHz. As expected, the performance gain decreases with the increasing of

the frequency spacing. If the frequency spacing is comparable with the FWM bandwidth

(∼1 GHz), the performance gain in QPSK system becomes negligible (∼0.2 dB). This

result clearly indicates that the OFDM frequency spacing should be kept small in order to

take the advantage of PCSC scheme.
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Figure 4.22: Q-factor as a function of the launch power in 300 Gb/s PDM CO-OFDM system with
and without PCSC and constellation diagrams (before (a) and after (b) decoding) at 4 dBm, after
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4.3.3 Experimental setup and results

The experimental set-up is shown in Fig. 4.24. It comprised three standard DFBs on

25 GHz grid which were substituted in turn by a 100 kHz linewidth laser. Additional

loading channels (10 GHz of bandwidth) were generated using an ASE source which were

spectrally shaped using a wavelength selective switch (WSS). The twenty loading chan-

nels were spread symmetrically around the test wavelengths so that the total bandwidth

of the transmitted signal was 0.575 THz. The transmission path was re-circulating loop

consisting of a single span 100 km Sterlite OH-LITE (E) fibre, having around 19 dB inser-

tion loss. A GFF was placed in the mid stage of the EDFA. After propagation the center

channel was coherently detected. The received electrical signals were then sampled by a

real-time oscilloscope at 80 GS/s and processed offline in MATLAB.

The OFDM signals (400 symbols each of 20.48 ns length, 2 % cyclic prefix) encoded

with BPSK and QPSK modulation formats were generated offline in MATLAB using an

IFFT size of 512, where 210 subcarriers were filled with data and the remainder zeros

giving a line rate of 10 Gb/s and 20 Gb/s (9.1 Gb/s and 18.2 Gb/s after cyclic prefix

and FEC overhead are removed) for BPSK and QPSK modulation formats respectively.

The DSP at the receiver included synchronization, x- and y-polarizations combination

using the maxima-ratio combining method [42], frequency offset compensation, chromatic

dispersion compensation using an overlapped frequency domain equalizer with overlap-

and-save method, channel estimation and equalization with the assistance of initial training

sequence (2 training symbols every 100 symbols), phase noise compensation with the help

8 pilot subcarriers, and symbol detection. The system performance was evaluated directly

from the BER by processing 10 recorded traces (∼ 106 bits), the results also are expressed

as a Q-factor.

The BER as a function of OSNR are compared in the back-to-back case for systems

with and without PCSC in the Fig. 4.26. The optical spectra of BPSK signals after the

transmitter and after 3200 km are shown in Fig. 4.27. In a good agreement with the simu-

lation results presented in Fig. 4.16, the BER remains the same in systems with and without

PCSC. This result clearly confirms that PCSC does not affect the system sensitivity in the
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Figure 4.25: (a)-Optical spectrum after the transmitter. (c) optical spectrum after 2400 km of
transmission distance.

back-to-back case. It should also be noted in Fig. 4.26 that the implementation penalty (at

the BER level of 10−3) is around 4 dB. The implementation penalty is due to the fact that

no DAC equalization was implemented and the laser’s drifting during the measurement

and data recording process. The received constellation diagrams in BPSK transmission

with and without PCSC (with pre-EDC) after 4000 km are shown in Fig. 4.27 for a launch

power/channel of -3 dBm. It is clearly that the received signal quality is significantly in-

creased when PCSC with 50 % pre-EDC is applied. This result confirms that the fibre

nonlinearity impairment is effectively mitigated by encoding and processing neighbouring

subcarriers by the PCSC scheme. Herein, the nonlinear noise squeezing effect can also

be observed as the nonlinear distortion in the imaginary component of the received infor-

mation symbol tends to be bigger than those of the real component. The Q-factor as a

function of the launch power in BPSK transmissions with and without PCSC and pre-EDC

is plotted in Fig. 4.28 for a transmission distance of 6000 km. The constellation diagrams

at the optimum launch power for both cases are also included. In Fig. 4.28, a performance

improvement of around 1.5 dB is observed, which is equivalent with the simulation result

plotted in Fig. 4.19 for single channel transmission. This result indicates that PCSC with
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Figure 4.27: Received constellation diagrams of the center channel at 4000 km of transmission
distance, the launch power/channel was -3 dBm, a) without PCSC, b, c) with PCSC, before and
after decoding.

pre-EDC is also effective in compensating the nonlinear distortions due to cross phase

modulation as long as the OFDM frequency spacing is small. This result confirms that

PCSC is effective in both single and WDM transmission configurations.

It should be noted that without pre-EDC, PCSC only provides ∼0.7 dB performance

gain. Moreover, pre-EDC without PCSC shows a slightly worse performance improve-

ment (∼0.5 dB). As a result, a combination of PCSC and pre-EDC is necessary to achieve

the full benefit of the PCSC nonlinear mitigation scheme. The similar result for QPSK

WDM CO-OFDM transmission is shown in Fig. 4.29, at a transmission distance of 4000 km.

The performance enhancement observed is around 0.8 dB when PCSC combined with

pre-EDC is applied, confirming that PCSC can also be effectively applied for a high SE

modulation format such as QPSK. In Fig. 4.29, pre-EDC without PCSC does not improve

the system performance. Similarly, without 50 % pre-EDC, PCSC does not provide a
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Figure 4.28: Q-factor as a function of the launch power/channel for the center channel in BPSK
WDM CO-OFDM systems with and without PCSC, the transmission distance is 6000 km.

significant performance gain, which agrees well with the simulation result presented in

Fig. 4.22. As a consequence, PCSC should be combined with pre-EDC to achieve the best

performance for both BPSK and QPSK transmissions. As it was explained before, the

nonlinear noise squeezing effect is not beneficial to a quadrature modulation format such

as QPSK. As a result, the performance gain in QPSK transmission is smaller than those

obtained in BPSK transmission.

4.4 Conclusion

The narrow frequency spacing in CO-OFDM leads to strong correlation of nonlinear

distortions between neighbouring subcarriers. As a result, unlike the SC transmission

scheme, the nonlinear distortions in CO-OFDM systems can be effectively mitigated in

the frequency domain.

By transmitting a portion of OFDM subcarriers (up to 50 %) with its phase-conjugates,

the fibre nonlinearity impairments can be mitigated in a flexible way. The PCPs can be

used at the receiver to estimate the nonlinear distortions in the respective subcarriers and

other subcarriers, which are not accompanied by PCPs. Simulation and experimental re-

sults show that, by varying the PCP overhead a performance improvement up to 4 dB can

be achieved. In addition, the PCP technique can be effectively applied in both single po-
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Figure 4.29: Q-factor as a function of the launch power/channel for the center channel in QPSK
WDM CO-OFDM systems with and without PCSC, the transmission distance is 4000 km.

larization and polarization division multiplexed systems, in both single channel and wave

length division multiplexing systems, thus, offering highest flexibility in implementations.

In addition, the fibre nonlinearity impairments in CO-OFDM transmission can also

be effectively mitigated by processing neighboring subcarriers simultaneously using the

PCSC scheme. This coding scheme is very simple and can be effectively combined with

pre-EDC to achieve a performance improvement up to 1.5 dB. In similar maner to PCP

technique, PCSC technique can alse be effectively applied in both single polarization and

PDM systems, in both single channel and WDM systems without suffering from carrier

uncertainty problem.
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Chapter 5

Nonlinear Fourier Transform Based

Optical Communication Systems
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5.1 Introduction

As discussed in the Chapter 1, the increasing demand from the growing number of bandwidth-

hungry applications and on-line services (such as cloud computing, HD video streams,
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on-line content sharing and many others) is pushing the required communication capacity

of fibre optical systems close to the theoretical limit of a SSMF [14,15], which is imposed

by the inherent fibre nonlinearity [14]. In the last decade, extensive efforts have been

made in attempting to suppress the impact of Kerr nonlinearity through various nonlin-

earity compensation techniques, including digital back-propagation [68], digital [78] and

optical [79, 102] phase conjugations at the mid-link or installed at the transmitter [80],

and phase-conjugated twin waves [81, 100]. However, there are still many limitations and

challenges to overcome in applying the aforementioned nonlinear compensation methods

in terms of flexibility and especially the implementation complexity. As a result, further

research in novel methods to combat the impairments due to fibre nonlinearity is highly

desirable.

In recent years, an alternative approach of designing fibre optical communication sys-

tems [66,103–106], which takes into account the fibre nonlinearity as an essential element

rather than a destructive effect has been actively discussed − the NFT-based approach.

The main idea behind this approach is based on the fact that without perturbation the

nonlinear Schrödinger equation (NLSE), which governs the propagation of optical signal

in SSMF, is an integrable nonlinear system [107–110]. In particular, this means that the

NLSE allows the existence of a special type of solutions: highly robust nonlinear waves,

called solitons.

Solitons were proposed as the information carriers for the high-capacity fibre-optic

communications [108, 110]. However, on-off keying transmission built on pure funda-

mental solitons (i.e., where the solitons have been used as individual information-bearing

pulses) was affected by the soliton collision problems and ensuing limitations due to the

inter-channel cross-talk in WDM lightwave transmission systems [108,111] leading to the

reduction in spectral efficiency; although some recent works demonstrated positive results

with regard to coherent soliton-based transmission using multilevel modulation [112].

Another, less known in the optical communication community, consequence of the

NLSEs integrability is that it allows one to present the field evolution within a special com-

bination of nonlinear normal modes, including non-dispersive soliton modes and quasilin-

ear dispersive radiation modes. The dynamics of individual nonlinear modes is essentially
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linear, which means that the nonlinearity-induced cross-talk between these modes is ef-

fectively absent during the propagation [109, 113, 114] From an information and commu-

nication theory point of view, these nonlinear modes, which can be obtained by the NFT,

can potentially be used to encode information that, in turn, can be recovered at the receiver

without suffering from the nonlinear impairments [103, 109, 113, 114].

The prefiguration of this general idea was first introduced by Hasegawa and Nyu

in [103], termed as eigenvalue communications. In the original version [103], this ap-

proach was focused on the invariance of the discrete eigenvalues (i.e., those attributed

to the solitonic degrees of freedom) of the Lax operator associated with the NLSE, that

were further used to encode and transmit information. In more general words, the class

of digital processing approaches based on the integrability of the underlying dynamical

system (at least in the leading approximation) opens fundamentally new possibilities for

advanced modulation, coding, and transmission schemes, which are inherently resistant

against the nonlinear fibre effects. The implementation of this research program leads to

the foundation of a nonlinear communication theory.

Recently, two main directions in the NFT communications methodology have been

proposed, which are categorized according to what part of the nonlinear spectrum (soli-

tonic discrete part or continuous part) is used for the modulation and transmission. The

approach of using discrete (solitonic) components of the nonlinear spectrum for data com-

munications [115–120] is often referred to as nonlinear frequency division multiplexing

(NFDM) and initial experimental demonstrations have been reported recently [115–117].

In [115] the transmission of a 4 Gb/s nonlinear frequency division multiplexing system

in burst mode was demonstrated over 640 km. In this experiment, each burst, which car-

ries 4 bits, contains two eigenvalues each modulated by QPSK constellations. In [117]

3-eigenvalue multi-soliton NFDM signals at 0.5 Gbaud was successfully transmitted over

1800 km. However, the nonlinear frequency division multiplexing method requires con-

siderable optimization of the pulse shapes for the purpose of maximizing the resulting

spectral efficiency [120]. The second approach based on the modulation of the continuous

part of the nonlinear spectrum, was proposed in [104] and was assessed in detail numeri-

cally in [121–128] (for optical links with ideal Raman amplification, Erbium doped fibre
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amplifiers (EDFAs), and non-ideal Raman amplification, respectively) and was termed

there as the NIS method. Recently, both the continuous and discrete parts of the nonlinear

spectrum have also been considered simultaneously [129].

In this chapter, firstly, the author discusses the NLSE model of optical fibre communi-

cation channel. Then an overview about NFT-based transmission method, NFT operations

and basis system designs is given. Next, the implementation and performance analysis

of NIS scheme, in which transmitted information is encoded directly onto the continous

part of the nonlinear signal spectrum, is considered in details. It is shown that OFDM

is the preferable modulation format for NIS-based transmission schemes. Furthermore,

the author proposed modified NIS schemes for optical links with EDFA and Raman-based

amplifiers. Finally, the author presents the first experimental demonstration of NIS-based

scheme over transoceanic distances.

5.2 NLSE model of optical fibre communication channel

The evolution of electrical field q(z, t) along a lossless single-mode optical fibre can be

modelled using the NLSE [4, 107]:

i
∂q
∂ z
− β2

2
∂ 2q
∂ t2 + γ |q|2q = 0, (5.1)

with z being a distance along the fibre, t is time in the frame co-moving with the velocity

of the envelope. The parameter β2 is the characteristic of chromatic dispersion that can be

negative for the anomalous dispersion (the most important practical case) or β2 > 0 for the

normal dispersion γ is the nonlinear Kerr coefficient.

When dealing with the NFT it is convenient to work with the NLSE in the normal-

ized form (the upper and lower signs correspond to the anomalous and normal dispersion

cases):

i
∂q
∂ z
± 1

2
∂ 2q
∂ t2 + |q|2q = 0, (5.2)
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which can be obtained through the following rescaling of variables:

t/Ts→ t, z/Zs→ z, q
√

γZs→ q, (5.3)

where Ts is a free parameter (e.g., a characteristic time scale of the input waveform) and

the associated space scale is Zs = T 2
s / |β2|. Note that all the quantities in the normalized

Eq. 5.2, namely, q, t, and z, are now dimensionless.

5.3 Basic of NFT operations

In this section, the concepts of direct (forward) and inverse NFT (INFT) are reviewed. The

basic functionality of NFT operation is to transform the signal q(z, t) at a fixed location

z = z0 to the corresponding NFT spectrum. The INFT reverses this process, i.e., given a

NFT spectrum it returns the corresponding signal q(z0, t).

5.3.1 Direct NFT

The direct NFT is computed from specific solutions v1,2(t,ζ )= v1,2(t,ζ ;z0) of the Zakharov–

Shabat problem (ZSP)

dv1

dt
= q(z0, t)v2− iζ v1 ,

dv2

dt
=∓q̄(z0, t)v1 + iζ v2 , (5.4)

for different values of the complex parameter ζ = ξ + iη , which play the role of a nonlin-

ear analog of frequency. The signal waveform q(z, t), at a fixed location z = z0 in the ZSP,

acts as a potential. The upper and lower signs correspond to the anomalous and normal

dispersion according to Eq. (5.2). It is assumed here that q(z0, t) decays at least expo-

nentially for t →±∞, which is appropriate for practical applications. Specific solutions

(the so-called Jost functions) φ1,2(t,ζ ) and ψ1,2(t,ζ ) to the ZSP can be obtained from the

132



boundary conditions:

φ1(t,ζ ) = e−iζ t +o(1), φ2(t,ζ ) = o(1) for t→−∞, (5.5)

ψ1(t,ζ ) = o(1), ψ2(t,ζ ) = eiζ t +o(1) for t→+∞, (5.6)

In practical implementation, the pulse q(t) is truncated to have a finite duration (a symbol

duration), and the initial conditions are set at the trailing or leading end of the finite-extent

pulse. The little-o notation used here indicates a difference that vanishes in the limit, e.g.,

|ψ1(t,ζ )− e−iζ t | ≤ c/|t| for some unknown constant c > 0. It turns out that the pairs

φ̃1 =−φ̄2 and φ̃2 = φ̄1 as well as ψ̃1 =−ψ̄2 and ψ̃2 = ψ̄1 solve the ZSP as well, and that

all these different solutions are linearly dependent as follows:

φ1

φ2

= a(ζ )

ψ̃1

ψ̃2

+b(ζ )

ψ1

ψ2

 , (5.7)

φ̃1

φ̃2

=−ã(ζ )

ψ1

ψ2

+ b̃(ζ )

ψ̃1

ψ̃2

 . (5.8)

The functions a(ζ ) and b(ζ ) are usually referred to as Jost scattering coefficients. They

serve as the basis on which the NFT spectrum is defined. Due to the boundary conditions,

we have

a(ζ ) = lim
t→∞

φ1(t,ζ )eiζ t , b(ζ ) = lim
t→∞

φ2(t,ζ )e−iζ t . (5.9)

Another important property of the Jost scattering coefficients is that they satisfy |a(ξ )|2±

|b(ξ )|2 = 1 for all real ξ , where the upper and lower signs refer to those in Eq. (5.2), (5.4).

The NFT spectrum of the signal q(z0, t) consists of two parts. The first part (continuous

part) is given either by the left and or right reflection coefficient, respectively:

l(ξ ) = b̄(ξ )/a(ξ ), r(ξ ) = b(ξ )/a(ξ ), ξ ∈ R. (5.10)

The second part of the NFT spectrum (discrete part) consists of the discrete eigenvalues

ζn = ξn+ iηn, which are the eigenvalues of the ZSP with a positive imaginary part ηn > 0,
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and their associated left or right norming constants, which are defined by the residue of

l(ζ ) (or r(ζ )) at the point ζn:

ln =
[
b(ζn)a′(ζn)

]−1
, rn = b(ζn)/a′(ζn) , (5.11)

where the prime designates the derivative with respect to ζ . We therefore have four real

parameters defining each solitary degree of freedom. The discrete eigenvalues can be

characterized as the roots of the scattering coefficient a(ζ ) in the complex upper half-

plane, i.e., a(ζn) = 0 and η > 0. The complete (left or right) NFT spectrum of the signal

q(z0, t) is therefore given by

Σl =
{

l(ξ ),
[
ζn, ln

]N
n=1

}
, Σr =

{
r(ξ ),

[
ζn,rn

]N
n=1

}
, (5.12)

where N is the total number of solitons in the signal. The NFT spectrum characterizes the

signal q(z0, t) completely and can be used to recover it given that it vanishes sufficiently

fast for |t| →±∞. Note that in the normal dispersion case, the signal cannot have solitonic

components and either l(ξ ) or r(ξ ) are sufficient to uniquely recover the corresponding

profile q(z0, t). The z-dependence of the NFT data, Σl,r(z), is given by the following

expressions:

ζn(z) = ζn(z− z0)

l(ξ ,z) = l(ξ ,z0)e−2iξ 2(z−z0), ln(z) = ln(z0)e−2iζ 2
n (z−z0),

r(ξ ,z) = r(ξ ,z0)e2iξ 2(z−z0), rn(z) = rn(z0)e2iζ 2
n (z−z0).

(5.13)

It should be noted that the solitons disappear and the NFT reduces to conventional FT when

the signal power becomes small. Any rescaled signal qε(t) = εq(t) satisfies [105, 109]

r̄(ξ ,qε(t))
ε

,
l(ξ ,qε(t))

ε
→−q(ω)|ω=−2ξ when ε → 0, (5.14)

where q(ω) =
∫

∞

−∞
q(t)e−iωtdt. Also note that, in optics, the Zakharov–Shabat system

(5.4) also appears widely in the field of Bragg grating synthesis [130–132], where the
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functions v1,2 play the role of slowly varying coupled mode amplitudes.

5.3.2 INFT operation (for the left set of scattering data)

The basic functionality of INFF is to map the scattering data Σl,r onto the field q(t): This

can be achieved via the Gelfand-Levitan-Marchenko equation for the unknown functions

K1,2(t, t ′) [107, 109, 133]. The Gelfand-Levitan-Marchenko equation written in terms of

the left scattering data l(ξ ) and ln, read as

K̄1(τ,τ
′)+

τ∫
−∞

dyL(τ ′+ y)K2(τ,y) = 0 ,

∓K̄2(τ,τ
′)+L(τ + τ

′)+

τ∫
−∞

dyL(τ ′+ y)K1(τ,y) = 0,

(5.15)

for τ > τ ′, where the upper and lower signs correspond to upper and lower ones in

Eqs. (5.2), (5.4). In practical applications where the operations are performed on the

finite interval of τ , say 0 < τ < T , we have the finite region for the change of τ ′, τ ′ < |τ|.

For the anomalous dispersion [the sign “−” in Eqs. (5.15)] the quantity L(τ) can con-

tain contributions from both solitonic (discrete) and radiation (continuous) spectrum parts,

L(τ) = Lsol(τ)+Lrad(τ),

Lsol(τ) =−i∑
n

ln e−iζnτ , Lrad(τ) =
1

2π

∞∫
−∞

dξ l(ξ )e−iξ τ . (5.16)

It is assumed here that all discrete eigenvalues have a unit multiplicity. The variable

Lrad(τ) is thus Fourier conjugated to the “nonlinear frequency” ξ , so that we can start not

from the ξ -domain but immediately from the functions given by (5.16) in the τ-domain.

Having solved the Gelfand-Levitan-Marchenko equation (5.15) for K1,2(τ,τ
′), the solution

in the space-time domain is recovered as q(t) = −2K̄2(t, t). For the soliton-free case we

have Lsol(τ) = 0, and the only quantity participating in (5.15) is the FT of the left reflection

coefficient l(ξ ): L(τ)≡ Lrad(τ). When one is interested in the solution q(Z, t) at distance

z = Z, the quantity r(ξ ) in (5.16) is replaced with l(Z,ξ ). So, the resulting solution of the

Gelfand-Levitan-Marchenko equation (5.15) becomes the function of Z: K1,2(Z;τ,τ ′).
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5.4 Basic designs of NFT-based communication systems

As the evolution of nonlinear spectrum is essentially linear in nonlinear lossless fibre chan-

nel (5.14), the nonlinear spectrum can be used for data modulation and transmission. The

basic designs and concept of NFT-based transmission systems are presented in the Fig. 5.1.

In general, NFT-based transmission systems can be divided into two major groups, which

can be referred to as transmission in the nonlinear Fourier domain (NFD) and NFT-based

DBP. In the first design (Fig. 5.1(b)), the transmitted information is encoded directly onto

the nonlinear signal spectrum (discrete and/or continuous parts) via the INFT. So far, the

modulations of continuous spectrum [104, 121], discrete spectrum [115–117] are often

considered separately due to the numerical complexity of the full NFT-INFT cycle. The

resulted transmission methods are usually termed as NIS and NFDM, respectively. In

the second design (Fig. 5.1(c)), the NFTs are used to cancel the nonlinearity distortion in

fibre optical communication systems. This can be effectively achieved in the nonlinear

Fourier domain with single-tap phase-shift removal as the evolution of nonlinear spectrum

is trivial.

In NFDM transmissions, if only one purely imaginary eigenvalue is modulated with

on-off keying signal the resulted transmission scheme converges to the conventional soli-

ton transmission scheme. In this case, the transmitted signal can be detected at the receiver

without NFT operation (using the conventional time domain sampling receiver). In gen-

eral, NFDM can be considered as multi-soliton transmission scheme, where one or more

solitons, which are modulated in amplitude (imaginary part of eigenvalues), frequency

(real part of eigenvalues) or initial position (discrete part, ln(z)), are transmitted simulta-

neously in one burst.

On the other hand, in comparison to NFDM, NIS is an orthogonal approach, where

the vast amount of available degrees of freedom contained in the continuous part of the

nonlinear spectrum is exploited for data transmission. As a result, various conventional

modulation formats, such as QMAs, can be effectively combined with the NIS method,

providing the flexibility in the systems design for achieving a high SE [104, 121, 134]. In

addition, NIS is a fully DSP-based approach, and thus, it can be easily integrated with
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Figure 5.1: Basic designs of NFT-based transmission systems (a); transmission in the nonlinear
Fourier domain (NFD) (b); nonlinear Fourier domain based BDP (NFD-DBP) (c).

the current coherent transmission technology. Finally, the numerical complexity of NIS,

which is independent to the transmission distance, can be competitive and potentially even

outperform that of the DBP based methods [121]. As a result, in this chapter the NIS

transmission scheme is considered with a particular attention.

5.5 Numerical methods for NFT operations

In this section the numerical methods for forward and inverse NFT operations are dis-

cussed. Herein, the author focuses mainly on NIS systems and thus only numerical meth-

ods dealing with the continuous part of nonlinear signal spectrum will be discussed. In

addition, for sake of computation convenience, only the left set of scattering coefficient

(Σl =
{

l(ξ ),
[
ζn, ln

]N
n=1

}
) is considered.
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5.5.1 Numerical methods for NFT

The continuous spectrum (i.e., Jost coefficients a(ξ ) and a(ξ ) and the corresponding left

coefficient l(ξ )), see Eq.(5.9)) can be computed by directly integrating the Zakharov–

Shabat system (5.4) and then evaluating the limits for the corresponding Jost function

components as:

a(ξ ) = lim
t→∞

φ1(t,ξ )eiξ t , b(ξ ) = lim
t→∞

φ2(t,ξ )e−iξ t . (5.17)

Several discretization and integration methods have been proposed to solve the ZSP

(5.4), including the forward and center discretizations with first-order Euler method [135],

the fourth-order Runge-Kutta method [136], and the piecewise-constant approximation

(PCA) method [137]. From an implementation point of view, the PCA method offers

an attractive solution because it can be implemented effectively in parallel to reduce the

computational time [137]. In addition, despite the fact that the Runge-Kutta method is of

a higher order, the extra accuracy can be lost because of the additional dependence of its

numerical error on the eigenvalue [137]. This phenomenon limits the usefulness of the

Runge-Kutta algorithm to a region inside the unit circle around the origin in the complex

plane of the eigenvalues. Therefore, only the PCA method will be considered in this thesis.

The other numerical methods for computing the FNFT are discussed in [133] and in the

references therein.

Although the ZSP is defined on the infinite time line, we must truncate the potential

outside a sufficiently large interval in order to make the numerical solution possible. As

a result, we reduce the infinite-line spectral problem to a problem with a finite width

potential and to the corresponding boundary conditions for the truncated potential.

Now, we recall the basic elements of the PCA, which is conceptually a variant of a

layer peeling algorithm applied for the solution of the ZSP [137]. The potential q(t) is

truncated outside a sufficiently large interval (T0;T0). Inside this interval, q(t) is chosen

to be constant, qn = q(tn), on each elementary subinterval (or numerical time-step) (tn−

∆ t/2; tn + ∆ t/2), where tn = T0 + n∆ t,∆ t = T0/M is the time step, and 2M + 1 is the

total number of discretization points inside the considered truncation interval. The idea
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of the PCA method is based on the fact that Eq. (5.4) can be solved exactly inside each

elementary subinterval for an arbitrary value of the spectral parameter ξ as:

Φ(tn +∆ t/2,ξ ) = T (qn,ξ )Φ(tn−∆ t/2,ξ ), (5.18)

where Φ = (φ1 φ2)
T and the transfer matrix T (qn,ξ ) is given by:

T (qn,ξ ) = exp

∆ t

− jξ qn

−q∗n jξ




=

cosh(k∆ t)− jξ k−1 sinh(k∆ t) qnk−1 sinh(k∆ t)

−ξ ∗k−1 sinh(k∆ t) cosh(k∆ t)+ jξ k−1 sinh(k∆ t)

 ,

(5.19)

here k = j
√

q2
n +ξ 2 is a constant parameter in each interval ∆ t.

The scattering problem can be solved by propagating the solution iteratively, starting

from T0 towards the right truncation border T0 , using the set of transfer matrices T (qn,ξ )

given by Eq. (5.19). The final result can be expressed as:

Φ(T0−∆ t/2,ξ ) = Π(ξ )Φ(−T0 +∆ t/2,ξ ),

Π(ξ ) =
2M

∏
n=1

T (qn,ξ )
(5.20)

The initial condition (5.5) defined at the right truncation end can be written as:

Φ(−T0−∆ t/2,ξ ) =

1

0

exp(− jξ (−T0−∆ t/2)) , (5.21)
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Then, at the left end of the full interval we have:

Φ(T0−∆ t/2,ξ ) =

a(ξ )e− jξ (T0−∆ t/2)

b(ξ )e jξ (T0−∆ t/2)

=

Π11(ξ ) Π12(ξ )

Π21(ξ ) Π22(ξ )

Φ(−T0−∆ t/2,ξ )

=

Π11(ξ ) Π12(ξ )

Π21(ξ ) Π22(ξ )


e− jξ (−T0−∆ t/2)

0

 ,

(5.22)

and, therefore, the Jost coefficients are given by:

a(ξ ) = Π11(ξ )e2 jξ T0, b(ξ ) = Π21(ξ )e− jξ ∆ t (5.23)

In general, when the potential q(t) is truncated outside the interval (Tmin,Tmax) with arbi-

trary borders, the expression (5.23) can be modified as:

a(ξ ) = Π11(ξ )e jξ (Tmax−Tmin), b(ξ ) = Π21(ξ )e− jξ (Tmax+Tmin−∆ t) (5.24)

One can notice that the PCA method has some interesting similarities to the transmission

line theory, in which the potential q(t) can be considered as the distributed parameter of the

line [138]. From (5.19), one can see that the transfer matrixes T (qn,ξ ) can be calculated

independently of each other. As a result, the PCA algorithm can be easily implemented in

parallel to reduce the computational time for high-speed NIS-based systems.

To demonstrate the performance of the PCA method, a rectangular pulse as an example

(see, e.g., [105]) is considered:

q(t) =


A, t ∈ [T1,T2]

0, otherwise
(5.25)

The continuous spectrum of this rectangular pulse is given by:

l(ξ ) =
A
jξ

(
1−

√
ξ 2 + |A|2

jξ
cot
(√

ξ 2 + |A|2(T2−T1)

))
(5.26)
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In Fig. 5.2 the continuous spectra of the rectangular pulse with different amplitudes are
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Figure 5.2: (a) Continuous spectrum of rectangular pulse for A = 1,T2−T1 = 1 (b) Continuous
spectrum of rectangular pulse for A = 6,T2−T1 = 1.

compared, which are calculated using the analytical formula (5.26) and the numerical

PCA method. The normalized root mean squared error (RMSE) of the PCA is defined as

follows:

MSE =
1
A

√√√√ 1
N

N

∑
k=1
|lexact(ξk)− lnumeric(ξk)|2 (5.27)

The dependence of the normalized RMSE on the time resolution dt is shown in Fig. 5.3.
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Figure 5.3: Mean square error as a function of the simulation time resolution (dt)

One can note that the RMSE of the PCA method depends on the pulse amplitude or, in

general, on the total signal energy. This is a fundamental challenge of PCA and other

numerical methods for calculating the forward NFT.
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5.5.2 Numerical methods for INFT

In this section, only the case of anomalous dispersion, which is of practical interest, is

considered. In addition, as mentioned before, the case when discrete part is absent, is

focused. On the other words, the INFT considered here is for NIS transmission scheme.

As mentioned before, in optics the methods for numerical INFT computation were largely

studied with respect to the Bragg gratings synthesis and characterization. Most of the

approaches are based on the numerical solution of Gelfand-Levitan-Marchenko equation

(5.15).

The Gelfand-Levitan-Marchenko equations (5.15) can be written in this form:

K̄1(τ,τ
′)+

τ∫
−∞

dyL(τ ′+ y)K2(τ,y) = 0 ,

K̄2(τ,τ
′)−

τ∫
−∞

dyL(τ ′+ y)K1(τ,y) = L(τ + τ
′),

(5.28)

where L(τ) is the linear inverse FT of l(ξ ) and given by:

L(τ) =
1

2π

∞∫
−∞

dξ l(ξ )e−iξ τ . (5.29)

To solve Eq. 5.28 numerically, the following change of the variables is used [139, 140]:

u(τ,s) = K1(τ,τ− s), v(τ, t) = K̄2(τ, t− τ), (5.30)

and then the Gelfand-Levitan-Marchenko equation in the form (5.28) can be rewritten as:

u(τ,s)+
2τ∫
s

L̄(t− s)v(τ, t)dt = 0,

v(τ, t)−
t∫

0

L(t− s)u(τ,s)ds = L(t),

(5.31)

Functions u(τ, t) and v(τ, t) are defined inside the interval 0≤ t ≤ 2τ ≤ 2T0. The INFT is
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then given by:

q(t) = 2v(t,2t−0) (5.32)

Following the discretization procedure provided in [139, 140], the interval 0 ≤ t ≤ 2T0,

where the function L(t) is known, is divided into segments of length h = 2T0/N. The

discrete variables tn, sk, and τm are defined as:

sk = h(k−1/2), k = 1,2...m

tn = h(n−1/2), n = 1,2...m

τm = mh/2, m = 1,2...N

(5.33)

The grid functions are also defined as:

u(m)
n = u(τm, tn), v(m)

n = v(τm, tn), Ln = L(nh) (5.34)

Using the rectangular quadrature scheme to approximate the integrals in Eq. (5.31), one

obtains the following discrete form of the Gelfand-Levitan-Marchenko equation:

u(m)
k +h

m

∑
n=k

L̄n−kv(m)
n = 0

v(m)
n −h

m

∑
k=1

Ln−ku(m)
k = Ln

(5.35)

The mth mesh element of the INFT (in the time domain) is then given by:

q(m) = 2v(m)
m (5.36)

Equations (5.35) can now be written in a matrix form as:

G(m)

u(m)

v(m)

= b(m) (5.37)

where b(m) is formed from the zero vector of dimension m and the vector of dimension m

with components Ln; G(m) in (5.37) is a square matrix of dimensions 2m×2m, which has
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the following form:

G(m) =

 E(m) hL†(m)

−hL(m) E(m)

 (5.38)

Here, E(m) is the identity (unity) m×m matrix, L is the lower triangular Toeplitz m×m

matrix of the form:

L(m) =



L0 0 0 · · · 0

L1 L0 0 · · · 0

L2 L1 L0 · · · 0

: : : . . . 0

Lm−1 Lm−2 Lm−3 · · · L0


, (5.39)

and L†(m) is the Hermitian conjugate of the matrix L(m).

One can see that L(m) is a Toeplitz m×m matrix and, as a result, G(m) is also a Toeplitz

matrix, which is however non-Hermitian (in contrast to that considered in [140]). In order

to solve Eq. (5.37), it is necessary to determine the inverse of the matrix G(m). Owing

to the special structure of a Toeplitz matrix, its inversion can be obtained using fast algo-

rithms, such as the fast algorithm proposed in [141]. After obtaining the inverse of G(m),

the mth element of the INFT can be calculated as q(m) = 2v(m)
m .

However, the direct utilization of the approach from [140] for the inversion of a Her-

mitian Toeplitz matrix implies that at each step one has to update the matrix L(m) with

one row and one column; i.e., one has a rank 1 update for L(m) for each consecutive iter-

ation, m = 1,2...N. In turn, this means that the rank of the whole matrix G(m) increases

by 2 when one proceeds to the next iteration step, m+1. Thus, one cannot apply directly

the iteration scheme for the inversion of the non-Hermitian Toeplitz matrix from Zohars

method [141], as it assumes the rank 1 matrix update at each iterative step. Therefore, for

the non-Hermitian case considered in this study, the approach from [140] is generalized:

at every step, say number m, of the proposed algorithm (which can be named the outer

broadening scheme, in contrast to the inner broadening suggested in [140]) the modified

matrix G̃
(m)

with the rank N +m is used:
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G̃
(m)

=

 E(N) hL†(m)

−hL(m) E(m)

 (5.40)

where, as before, E(m) is the identity matrix of the corresponding rank. One can see that

this modified matrix (5.40) is obtained by taking the first N +m rows and columns of the

general rank 2N matrix G(N) from Eqs. (5.37), (5.38). Then, at the m-th step the modified

right hand side vector (cf. Eq. (5.37)) is redefined:

b̃
(m)

= [0,0, . . .0,L0,L1, . . .Lm−1]
T (5.41)

The dimension of b̃
(m)

is obviously N +m. The inverse matrix G̃
(m)−1

at each step is

now obtained by the straightforward application of the iterations used in Zohar’s method.

Finally, one can convolve the modified inverse matrix with the modified right-hand-side

vector, G̃
(m)−1

b̃
(m)

, and takes the last element of the resulting vector to get ṽ(m)
m ; note that

its value is exactly the same as it would be for v(m)
m if one applies the inner broadening

and rank 2 updating from work [140]. The desired distribution in the time domain, q(m),

is again obtained by using Eq. (5.36) with ṽ(m)
m inserted. At the next (m+ 1)-th step one

takes N +m+ 1 rows and columns from the full matrix G(N), Eq. (5.38), to obtain the

next G̃
(m+1)

Toeplitz matrix, so that the rank of the iterative update for this method is

just 1, which allows us to perform the next Zohars iteration [141]. Subsequently, one

composes the consecutive right hand-side vector b̃
(m+1)

, convolves it with the inverse

matrix G̃
(m+1)−1

to get ṽ(m+1)
m+1 , and then recovers the next value in the time domain q(m+1).

Repeating these operations for m = 1,2...N gives us the complete recovery of the profile

q(t) for the desired time-domain interval. Note that although here a non-Hermitian case

corresponding to the anomalous dispersion NLSE is considered, the same idea with the

rank 1 matrix updating can be applied to the inversion of the Hermitian matrix, which in

the case of the Gelfand-Levitan-Marchenko equation corresponds to the normal dispersion

NLSE [134] or in a number of problems referring to the Bragg grating synthesis [142].

In order to confirm the validity of this numerical approach, the following time-domain
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signal, whose exact INFT is known [143], is taken into account:

L(t) = ναe−αt , (5.42)

where α > 0 and −1 ≤ ν ≤ 1. The exact solution for the INFT with L(t) given by

Eq. (5.42) is:

q(t) =− 4ανσ(σ −1)
(σ −1)2e−2σαt +ν2e2σαt , (5.43)

where σ =
√

1+ν2. The numerical and analytical results for the INFT of L(t) are

0 0.5 1 1.5 2 2.5 3
-2.5

-2

-1.5

-1

-0.5

0

t (a.u)

q
(t

) 
(a

.u
)

 

 

Analytical result
Numertical result

0 0.5 1 1.5 2 2.5 3
0

2

4

6

8
x 10

-3

t (a.u)

er
ro

r 
(t

) 
(a

.u
)

 

 

α = 1, υ = 1

α = 1, υ = 0.8

α = 1, υ = 1

(a) (b)

Figure 5.4: Comparison between the numerical and analytical results. (a) numerical and analytical
solution for q(t), dt = 0.01. (b) error of numerical method as a function of t
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compared in Fig. 5.4. The RMSE of this numerical BNFT method, normalized by the

peak value of L(t), is shown in Fig. 5.5 as a function of the time resolution dt. A similar

behavior with the NFT data behavior has been observed before (see Fig. 5.3), where the
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RMSE value also increases with the growth of the input signal power. This increase of the

numerical error imposes limitations to the signal launch power in the NIS-based systems.

5.6 NIS transmission methods for lossless fibre links

Nonlinear inverse synthesis has been actively discussed recently as an effective technique

to combat the fibre nonlinear impairments [104, 121]. In this section, the basic block

functions of an NIS-based coherent optical communication system and performances of

NIS-based transmission systems with OFDM and Nuqyist pulse shaping formats are pre-

sented. For simplicity, only the single channel NIS-based transmission is considered here.

The impact of inter-channel nonlinear interference on NIS-based transmission is left for

future research.

5.6.1 Basis of NIS-based transmissions

The basic block functions of NIS-based optical communication systems are depicted in

Fig. 5.6. At the transmitter, the transmitted binary data sequence is first digitally encoded
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Figure 5.6: Block diagram of NIS-based optical communication systems

onto a complex waveform (s(t)) using an arbitrary modulation format and coding tech-

nique. After the encoder, the linear Fourier spectrum of the encoded complex waveform,

S(ω), is mapped onto the continuous part of the nonlinear spectrum of a complex signal

q(t) using the INFT (i.e., by solving the Gelfand-Levitan-Marchenko equation). Let l(ξ )

denote the continuous part of the nonlinear spectrum of q(t) (the left coefficient). Then,

the mapping operation of the IBNFT block can be expressed as:

l(ξ )|ξ=−ω/2 =−S(ω) (5.44)
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The complex signal, q(t), is then fed into the IQ modulator for direct up-converting into

the optical domain and launched into the fibre. It is noted that the only additional DSP

block required in the transmitter of a NIS-based system is the INFT block, which maps

the encoded information onto the continuous part of the nonlinear spectrum of the complex

signal (q(t)). The complex transmitted signal (q(t)) in this case is soliton-free, meaning

that the nonlinear spectrum contains no discrete part. At the receiver, the real and imag-

inary parts of the transmitted signal are detected with a coherent receiver. The nonlinear

spectrum of the received signal is obtained by using the forward NFT. After the propaga-

tion over a lossless optical fibre channel the interplay between nonlinearity and dispersion

can be removed in the nonlinear Fourier domain using a single tap phase shift removal as:

S̄(ω) =−l(L,−ω/2)e jω2L/2, (5.45)

where L is the transmission distance.

Then, having performed the phase-shift removal, the complex waveform s(t) can be

recovered using the IFFT operation and, finally, it can be fed into the standard decoder

for data detection. As described above, the DSP at the receiver of an NIS-based system

involves solving the ZSP and a single linear compensation step to remove the nonlinear

impairments without reverse propagation. This clearly demonstrates the advantage of the

NIS method over the other nonlinear compensation techniques as the complexity of NIS

method is distance independent.

5.6.2 Computational complexities of NIS method

An important quantity to consider with regard to the NIS (and generally NFT-based) trans-

mission methods is the numerical complexity (the number of floating point operations) of

the NFT-based processing. This can be compared to, e.g., the popular DBP technique for

the removal of nonlinear signal distortions [68]. For the latter, one reads the transmitted

waveform at the receiver, inserts it as an input for the noiseless NLSE, swaps the sign of

z, and then solves the NLSE in a backward direction down to the initial point z = 0. The

numerical solution of the NSLE is usually performed by using different modifications of a
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split-Step Fourier method (SSFM) [4], which typically requires MzNlog(N) floating point

operations. Here, the value of the numerical factor depends on the order (and type) of the

SSFM and it is usually of the order of 10 or more, where N is the number of discretiza-

tion points in the time domain, and Mz the number of steps in z (the distance along the

fibre). Mz is linearly proportional to the overall transmission length and can also depend

on the pulse power when the latter is high enough and the elementary dispersion step in z

becomes comparable to or larger than a nonlinear step; see [4] for more details and direct

references with regard to the SSFMs performance and accuracy. In realistic problems, for

long-haul transmission lines one typically has Mz� 1. In turn, the NIS method involves

just two separate nonlinear transforms, INFT at the transmitter and NFT at the receiver.

Each of the NFTs requires N2 floating-point operations with the use of well-developed

traditional methods; see [135,137] for the estimations and comparison of the PCA method,

and [140] and references therein for the Hermitian BNFT based on the Toeplitz matrix in-

version applied to the Bragg gratings synthesis. Even with this estimation in mind, the

numerical complexity of the NIS can already be comparable with that of DBP for suf-

ficiently long transmission lines [104]. However, the recent advancements in numerical

NFT indicate that the complexity of NIS can be potentially reduced even further than N2

operations.

Herein, for the solution of the Gelfand-Levitan-Marchenko equation (INFT) the method

based on the Toeplitz matrix inversions [140] is utilized. A number of works propose sta-

ble superfast algorithms for the Toeplitz matrix inversion [144, 145], where the reported

number of the floating point operations is only Nlog2(N) or Nlog3(N), so that it is gen-

erally comparable with the numerical complexity of a single FFT operation (the recent

advancements in superfast Toeplitz matrix inversion methods are summarized in [145].)

This means that it is already approximately of the same order as required for a single step

of the SSFM used in the DBP method.

Another direction in the development of the NIS approach is the increase of the pre-

cision of the INFT, which actually limits the performance of the NIS; see Fig. 5.5. In

particular, in [146] the authors suggested the usage of higher-order integration schemes

when proceeding to the matrix equations, to gain a higher accuracy for the Hermitian

149



Gelfand-Levitan-Marchenko equation solution while keeping the same order of the nu-

merical complexity. Potentially, there are many different variants for the INFT meth-

ods [140, 141, 143, 147, 148] applicable to the Hermitian version of the Gelfand-Levitan-

Marchenko equation, most of which can be generalized to the case of the non-Hermitian

Gelfand-Levitan-Marchenko equation (without solitons), opening the possibility for a ver-

satile design of the NFT-based processing schemes. For the ZSP (INFT), very recent

studies [149, 150] suggest that the recovery of the continuous part of the nonlinear spec-

trum, utilized further in this study, can be achieved in only Nlog2(N) operations; actually,

this fact demonstrates the advantage of the NIS method based exactly on the continuous

part of the nonlinear spectrum, since for the solitonic part the complexity of the FNFT and

BNFT can be sufficiently higher. Therefore, this complexity is again comparable with that

of just a single SSPM step.

Because of the estimations given above, the author believes that the NIS-based trans-

mission methods can be highly competitive and even eventually outperform DBP in terms

of numerical complexity for the digital signal processing, especially when long-haul trans-

mission is addressed. With the application of the methods having higher accuracy, the

performance characteristics of NIS can also be potentially enhanced further, and the avail-

ability of different solutions for the numerical NFT operations makes the particular design

of the NIS-based transmission lines fairly flexible.

5.6.3 Simulation results and discussions

In this subsection, a study of the performance of high-bit-rate, high-SE NIS-based systems

in comparison with systems employing DBP and having the same parameters is presented.

As the NFTs are performed here with the signal decaying to zero at the far ends, the

Packet 1 Packet 2 Packet NGuard time

Figure 5.7: Illustration of a burst mode transmission, in which neighbouring packets are separated
by a guard time

proposed NIS approach is appropriate for the burst mode transmission (Fig. 5.7) of a multi-

access network, in which neighbouring packets are separated by a guard time. The guard
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time duration is chosen 20 % longer than the channel memory, which, in this case, is the

fibre chromatic dispersion induced memory (14 ns). Different packet data can be sent from

the same or different transmitters. Herein, for simplicity it is assumed that all packet data

are from the same transmitter.

The author takes into account the high-SE transmission modulation schemes, namely,

the OFDM and single-carrier system with Nyquist pulse shaping (Nyquist-shaped). 56-

Gbaud OFDM and Nyquist-shaped NIS-based transmission systems are designed (in burst

mode) with high SE-modulation formats; namely, QPSK, 16QAM, and 64QAM. The

net data rates (within the useful burst duration or excluding the guard interval) of these

systems, after removing 7 % overhead due to the FEC, were 100 Gb/s, 200 Gb/s, and

300 Gb/s, respectively. The guard time duration is chosen as 20 % longer than the fibre

chromatic dispersion induced memory for a 2000 km-link (14 ns). For the OFDM NIS-

based system, the IFFT size was 128, where 112 subcarriers were filled with data (with

Gray-coding) while the remaining subcarriers were set to zero. The useful OFDM sym-

bol duration was 2 ns and no cyclic prefix was used for the linear dispersion removal.

After the IFFT, the time domain OFDM signal was fed into the BNFT block. For simplic-

ity it is assumed that each packet data contains only one OFDM symbol. In the case of

Nyquist-shaped system, each packet data contains 128 symbols. An oversampling factor

of 40 was used for both OFDM and Nyquist-shaped system, resulting in a total simulation

bandwidth of around 2 THz. The oversampling factor of 40 was adopted to diminish the

numerical errors associated with the BNFT and FNFT for achieving an accurate estimate

of the performance for the NIS approach. In this work, all the DSPs are performed for the

same value of the oversampling factor (i.e. 40).

The transmission link was assumed to be lossless (with ideal Raman amplification),

for which the ASE noise density is expressed through the fibre link parameters as:

NASE = αLh fsKT , (5.46)

where α is the fibre loss, L is the transmission distance, h fs is the photon energy, fs is

the optical frequency of the Raman pump providing the distributed gain, and KT is the
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photon occupancy factor, which is taken to be equal to 1.13 for the Raman amplification

of the fibre-optic communication systems at room temperature [14]. In simulation, it was

assumed that the long-haul fibre link consisted of 80-km spans of SSMF with a loss param-

eter of 0.2 dB/km, nonlinearity coefficient of 1.22/W/km, and dispersion of 16 ps/nm/km.

To demonstrate a more realistic transmission condition a photon occupancy factor of 4 is

used in simulation, and the ASE noise was added after each fibre span. At the receiver,

after coherent detection, the FNFT was performed by employing the PCA method to ob-

tain the nonlinear spectrum (left reflection coefficient). The single-tap phase-shift removal

was then performed to recover the nonlinear spectrum of the transmitted signal, which

was followed by the IFFT operation and then the feeding of the outcome into the standard

decoder. In this simulation, it is assumed to have a perfect timing synchronization, the

transmitter laser and the local oscillator are noiseless and no frequency offset is consid-

ered. For simplicity, only the transmission of a single packet is considered. Monte-Carlo

simulation is then performed to estimate the system performance using the error vector

magnitude (EVM) and direct error counting method. For convenience, the estimated sys-

tem BER is then converted into Q-factor.

NIS performance without the ASE noise Firstly, the case of without ASE noise is

considered. In this case, fibre nonlinearity is the only impairment. The linear spectra of

OFDM signals before and after the BNFT are shown in the Fig. 5.8. It can be seen that

after the INFT, the linear spectrum of the OFDM signal does not broaden significantly,

indicating that the NIS method combined with the OFDM can be potentially applied for a

WDM transmission or even multiplexed into superchannels. However, the performance of

the NIS scheme for the WDM transmission is beyond of the scope of this thesis, and only

single channel transmission is considered here. In addition, the impact of linear filtering

is not considered also. The linear and nonlinear inter-channel crosstalks in NIS-based

systems are important subjects for future research.

Figure 5.9 compares the performance of the 100 Gb/s OFDM and Nyquist systems

with and without the NIS method for fibre nonlinearity compensation. Herein, the fibre

nonlinearity is the only channel’s impairment. The QPSK modulation format was used.
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The performance indicator is the Q-factor, which is calculated through the EVM [22]. In

Fig. 5.9, almost no mismatch is observed between the back-to-back performance (without

ASE noise) and the performance after 2000 km of SSFM for NIS-based systems. It can be

noted that the back-to-back performance in the investigated NIS-based system is limited

by around 45 dB even in the noiseless case. This is due to numerical errors associated with

the finite sampling frequency and guard interval duration. The limitation due to the finite

sampling frequency is technological which can be suppressed using more efficient NFT

algorithms. However, the performance limitation due to the finite guard interval duration

is fundamental which can be suppressed only by increasing the guard interval duration.

However, increasing the guard interval duration reduces the system spectral efficiency.

The result presented in Fig. 5.9 confirms that the NIS-based approach can perfectly

compensate for the deterministic impairment due to the fibre nonlinearity, using just a

single-tap linear dispersion removal for the nonlinear spectrum at the receiver. This result

demonstrates the potential of the NIS method as a novel alternative approach for com-

pensating the fibre nonlinearity impairments in optical communication. However, one can

note that the back-to-back performance of NIS-based systems deteriorates when the in-

put signal power increases. In particular, if the launch power is above 0 dBm, NIS-based

system actually offers a worse performance in comparison to the traditional transmission

system (Fig. 5.9 (b)). Fortunately, such a high power regime is out of interest for the

system under investigation.

The performance degradation in NIS-based systems when the input power is increased

can be explained by the fact that the numerical error of NFTs grows with the increase

of input signal power, as shown in Fig. 5.3 and Fig. 5.5. Consequently, the accuracy of

the NFT operations imposes a technological limit on the NIS-based transmission systems.

This limitation is not fundamental as the accuracy of NFT operations can be increased

with novel algorithms or computational efforts. In particular, the reduction of the relative

error of the NFTs is achieved by increasing the sampling rate. However, this approach

cannot be ultimately effective because of the limitation of the time sampling resolution in

the current ADC/DAC technology. A more practical but challenging approach would be to

develop more accurate and efficient algorithms for performing the backward and forward
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NFTs. As a result, a lot of efforts have yet to be applied in this direction to make the NIS

methods performance more efficient, keeping in mind the constrains in the time sampling

resolution.
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Figure 5.8: Linear spectra of OFDM signals before and after BNFT, the launch power is 0 dBm.
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Figure 5.9: Q-factor as a function of the launch power for the (a) OFDM and (b) Nyquist-shaped
NIS-based systems without the ASE noise.

Performance comparison of NIS versus DBP In this paragraph, the performances of

the OFDM and Nyquist-shaped systems with the use of the NIS and DBP methods for fibre

nonlinearity compensation are compared. For the implementation of DBP, the received

signal is first filtered with an 8th order low-pass filter having a bandwidth of 40 GHz.

Subsequently, the optical field is reconstructed and the signal is back-propagated with

a different number of steps per single span, indicating the numerical complexity of the

corresponding DBP realization.

In Fig. 5.10, the Q-factors of OFDM systems with NIS and DBP are compared. One
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Figure 5.10: Performance comparison of the 100 Gb/s QPSK OFDM systems with the NIS vs. the
DBP methods for fibre nonlinearity compensation. The receiver filter bandwidth used was 40 GHz,
the distance is 2000 km.
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Figure 5.11: Constellation diagrams at the optimum launch powers of the 100 Gb/s QPSK OFDM
systems with and without the NIS and DBP methods for fibre compensation; (a) without NIS and
DBP, (b) with the NIS method, (c) DBP with 10 steps/span, (d) DBP with 20 steps/span.

can see that the OFDM NIS-based system offers over 3.5 dB advantage over the traditional

OFDM system (for the single channel transmission case), confirming the effectiveness of

the proposed approach for fibre nonlinearity compensation. This performance improve-

ment is comparable with that of DBP with 10 steps per span. The launch power in the

NIS-based system is limited to -4 dBm (the optimum launch power), which the author
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believes is mainly due to the numerical errors of the backward and forward NFT at the

transmitter and receiver, respectively. This argument is also supported by the fact that the

Q-factor of the OFDM NIS-based system decreases faster than that of the DBP for the

high-input powers. The constellation diagrams of the OFDM systems with NIS and DBP

recorded at the corresponding optimum launch powers are shown in Fig. 5.11. It should

be noted that the received constellation diagram in system with 10 steps per span DBP

clearly indicates the presence of residual nonlinear phase noise. On the other hand, the

constellation diagram in system with NIS approach looks “rounded”, indicating that non-

linear phase noise has been fully compensated. The main residual impairment here is the

numerical error of the NFTs.
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Figure 5.12: Performance comparison of the 100 Gb/s QPSK Nyquist-shaped systems with the
NIS and DBP methods for fibre nonlinearity compensation. The receiver filter bandwidth is
40 GHz, the distance is 2000 km.

In Fig. 5.12, the performance of the 100 Gb/s (excluding the guard interval) Nyquist-

shaped systems with and without the NIS and DBP techniques is compared. It is evident

that for the NIS method a performance improvement of about 1.5 dB can be achieved.

This improvement is comparable with what can be realized with the DBP approach using

4 steps per span. In this simulations, it is observed that the OFDM and Nyquist-shaped

systems have similar performance, which agrees well with some current numerical and ex-

perimental comparisons of the OFDM and Nyquist-shaped systems [151, 152]. However,

when combining it with the NIS method, OFDM displays a much better performance.

In the considered system configuration, the optimum Q-factor of the OFDM NIS-based
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Figure 5.13: Constellation diagrams at the optimum launch powers of the 100 Gb/s QPSK OFDM
systems with and without the NIS and DBP methods for fibre compensation; (a) without NIS and
DBP, (b) with the NIS method, (c) DBP with 10 steps/span, (d) DBP with 20 steps/span.

system is around 19 dB, while for the Nyquist-shaped NIS-based system the optimum Q-

factor is approximately 17.5 dB. It is also noted that the OFDM NIS-based system has a

better performance than the Nyquist-shaped NIS-based one in the back-to-back regime.

This indicates that the numerical error associated with the NFT transformations for the

same power is smaller for the OFDM than for the Nyquist-shaped signal. This is due

to the fact that the OFDM signal has a smaller L1-norm in comparison with that of the

Nyquist-shaped signal having the same power.

Another advantage of the OFDM over the Nyquist-shaped signal for the NIS-based

system is that after the dispersion unrolling, the IFFT block is not required for OFDM

NIS-based systems because in the OFDM signal the information is encoded in the fre-

quency domain, and hence the conversion to the time domain is not necessary. As a result,

the OFDM modulation is a more suitable modulation format for NIS-based systems in

comparison to the Nyquist-shaped signal. Consequently, for higher order modulation for-

mats, such as 16QAM or 64QAM, only the OFDM modulation of the nonlinear spectrum

is further employed in combination with the NIS method.

When combining with a higher modulation format, such as 16QAM, the OFDM NIS-

based approach offers nearly 4 dB advantage over the traditional OFDM scheme in single

channel transmission scheme (Fig. 5.13). The transmission bit rate in this case was in-

creased to 200 Gb/s. It can be seen that for the 16QAM modulation format, the OFDM
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Figure 5.14: Performance comparison of the 300 Gb/s 64QAM OFDM systems with the NIS and
DBP methods for fibre nonlinearity compensation. The receiver filter bandwidth was 40 GHz, the
distance is 800 km.

NIS-based system outperforms the DBP with 10 steps per span. The simulation results

for the 300 Gb/s 64QAM OFDM NIS-based system are compared in Fig. 5.14 with the

conventional OFDM and OFDM with DBP. In these simulations, the performance indi-

cator Q-factor was calculated through direct error counting. It can be seen that for such

high-order modulation format, the OFDM NIS-based system displays almost the same

performance as that of the DBP with 20 steps per span. The performance improvement in

comparison with the conventional OFDM system is about 4.5 dB, which is larger than the

values achieved for the QPSK and 16QAM modulation formats. This result indicates that

a greater performance advantage of the OFDM NIS-based system over the traditional ap-

proaches can be reached for higher-order modulation formats, and shows the considerable

benefit of the NIS method for fibre nonlinearity compensation for high-SE transmission

systems.

Figure 5.14 also presents the curve indicating the ASE transmission limit: For calcu-

lating it, the nonlinearity is completedly removed. It can be seen that the curve for the

NIS-based transmission generally goes above those for the DBP in the noise-dominated

region. However, it does not intersect the limiting line. This behavior reveals that the

NIS-based transmission is less sensitive to the noise-induced corruption than the DBP, and

the refinements of the NFT processing techniques can improve the NIS performance even

further. However, it is also expected that the noise-signal nonlinear interaction is the ul-
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timate limitation in NIS-based transmission systems. This limitation is fundamental and

cannot be overcome with more efficient NFT algorithms and system designs.

5.7 NIS for optical links with lumped amplification

It has been shown in the previous section that the NIS method is a promising digital sig-

nal processing technique for combating fibre nonlinearity impairments. However, because

the NIS method is based on the integrability property of the lossless NLSE, the original

approach can only be applied directly to optical links with ideal distributed Raman am-

plification. A modified NIS scheme for optical link with lumped amplification has been

proposed recently in [122] by taking into account the average effect of the loss to obtain

an integrable model (lossless path-averaged (LPA) model), to which the NIS is still appli-

cable. In this section, the performance of modified NIS scheme for standard optical links

with lumped amplifiers such as EDFAs is discussed in details. The author numerically

demonstrates the feasibility of the modified NIS scheme in a burst mode with OFDM trans-

mission scheme with advanced modulation formats (e.g., QPSK, 16QAM, and 64QAM),

showing a performance improvement up to 3.5 dB; these results are comparable to those

achievable with multi-step per span digital back-propagation.

5.7.1 LPA model for optical links with EDFAs

In this section, the derivation of the LPA NLSE for modeling the propagation of signal in

optical links with EDFA-based lumped amplification [153, 154] reminded. One can start

with the standard NLSE governing the propagation of a complex slow-varying optical-

field envelope q(z, t) along a single-mode optical fibre [153, 154] (that is, in-between two

consecutive amplifiers):

jqz−
β2

2
qtt + γq|q|2 =− j

α

2
q (5.47)

where z stands for the propagation distance and t is the retarded time in the frame co-

moving with the group velocity of the envelope. Here, the case of anomalous dispersion

(that is, the constant chromatic dispersion coefficient is β2 < 0 in Eq. (5.47)) is focused
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(focusing type of NLSE [104,107]). The higher-order dispersion terms are not considered

here; By introducing the standard [153, 154] change of variable: q = exp
(
−α

2
z
)

A we

have:

jAz−
β2

2
Att + γ exp(−αz)A|A|2 = 0 (5.48)

Assuming (following [153, 154]) that the dynamic of the envelope A(z, t) does not change

significantly after each fibre span having the length Ls, the distance-dependent nonlinear

coefficient in Eq. 5.48 can be replaced by its average value over each fibre span:

γ1 =
1
Ls

∫ L

0
γexp(−αz)dz = γ

G−1
G ln(G)

, (5.49)

where G is total loss over the fibre span, G = exp(αLs). In other words, this is a well-

known replacement of space-varying nonlinear phase shift by the average nonlinear phase

shift (an effective nonlinear length). The obtained LPA NLSE can be written as:

jAz−
β2

2
Att + γ1A|A|2 = 0 (5.50)

Given the input field q(z, t), the normalized mean square error (NMSE) produced by re-

placing the exact model (5.47) with the LPA NLSE (5.50), is introduced as:

NMSE =

〈
|q2(Z, t)−q1(Z, t)|2

〉
〈
|q1(Z, t)|2

〉 (5.51)

where <> stands for the averaging over the whole considered time interval, q1(Z, t) and

q2(Z, t) are the two output fields obtained using the standard NLSE (5.47) and the LPA

NLSE model (5.50). The NMSE can be considered as the effective inverse signal-to-noise

ratio, indicating the relative noise power introduced by the inaccuracy of the LPA NLSE

model. As a result, it can be expected that a DSP technique based on the usage of the model

(5.50) would contribute some additional effective noise to the processed signal. The power

of this additional noise can be estimated using the NMSE calculated by (5.51). Taking

into account the fact that the current optical communication systems employing FEC are

designed to deal with a received SNR of less than 20 dB, we can predict that a NMSE of
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Figure 5.15: A comparison of output fields obtained by using the standard NLSE and the LPA
NLSE, the amplifier spacing is 80 km. (b) NMSE as a function of the transmission distance. (c)
NMSE as a function of the signals bandwidth for a given input power and a given input power
density. (d) NMSE as a function of the input power.

less than -20 dB (< 0.01) would not have a significant impact on the effectiveness of the

DSP based on the model (5.50). As a result, it is believed that the model (5.50) can be

used if the resulted NMSE is less than -20 dB.

Herein, the validity of the model (5.50) is numerically studied for the optical links

with the EDFA-based amplification by considering the NMSE and its dependence on crit-

ical parameters as such the signals bandwidth, input power and the link distance. As an

example, QPSK Nyquist-shaped system is taken into account. The modulation format of

choice is not critical here. The input field consists of 210 QPSK symbols with sinc pulse-

shape. The optical links consist of 80 km spans of SSMF with a loss parameter of 0.2

dB/km, nonlinearity coefficient of 1.22 /W/km, and dispersion coefficient 16 ps/nm/km.

In Fig. 5.15(a) the mismatch between the output fields obtained by the standard NLSE

and the LPA NLSE is plotted. The corresponding NMSE is 0.0024 (∼ −26 dB), which

indicates that the LPA NLSE can be used effectively to model the propagation of signal
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in optical links with lumped amplification. However, as the LPA NLSE is an approximate

approach, its accuracy depends on the system and signal parameters. Fig. 5.15(b) shows

that the NMSE increases linearly with the transmission distance. In addition, as can be

seen in Fig. 5.15(c), the NMSE also increases almost linearly with the signal bandwidth

when the power spectral density is fixed. If the input power is fixed, the NMSE increases

with the signals bandwidth only when the bandwidth is small. With bandwidth larger than

approximately 40 GHz, the NMSE decreases with the increase of the signals bandwidth.

This phenomenon can be understood if we recall that when the bandwidth is increased

while the signal power is fixed, the power spectral density decreases effectively reducing

the impact of fibre nonlinearity. This, in turn, reduces the impact of the distance-dependent

nonlinear coefficient in (5.50). Fig. 5.15(d) shows that the NMSE increases linearly in the

log-scale with the input power (increase with Pk, where k ∼ 2), showing that the input

power is the most critical parameter in applying the LPA NLSE to model the propagation

of signal in optical links with EDFA-based amplification.
-48

-44
-40 -36

-3
6

-3
6

-32

-3
2

-3
2

-28

-2
8

-2
8

-24

-2
4

-2
4

-20

-2
0

-2
0

-1
6

-1
6

-1
6

-1
2

-1
2

-1
2

-8

Input power (dBm)

B
a

n
d

w
id

th
 (

G
H

z)

-6 -4 -2 0 2 4 6 8

10

20

30

40

50

60

70

80

Figure 5.16: Level curves of NMSE (in dB) indicating the error of using LPA NLSE (5.50), plotted
as a function of the signals bandwidth (in GHz) and the input power (in dBm) for the propagation
distance 2000 km.

Figure 5.16 shows the NMSE as a function of the signals bandwidth (in GHz) and the

input power (in dBm) for a 2000 km link. Taking a value of NMSE of -20 dB as the thresh-

old, Figure 5.16 reveals that the LPA NLSE can be used to model the propagation of signal

in optical links with EDFA-based amplification if the launch power is less than 3 dBm, al-
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most independently of the signal bandwidth. In addition, the launch power threshold can

be increased by increasing the signal bandwidth. This leads to an important result that an

appropriate NIS scheme based on the model (5.50) can be used effectively to combat the

fibre nonlinearity impairments in optical links with the EDFA-based amplification.

5.7.2 Simulation results and discussions

By using the LPA model 5.50 a modified NIS scheme for optical links with lumped am-

plification can be effectively developed. In general, the only difference between the NIS

scheme for the lossless optical links and the links with EDFA-based amplification is re-

lated to the normalization procedure, as the Gelfand-Levitan-Marchenko equation and ZSP

are appropriate only for the NLSE in the normalized form. Before solving the Gelfand-

Levitan-Marchenko equation, the input optical field s(t) is normalized using the LPA

NLSE (5.50) as follows:

t
Ts
→ t,

z
Zs
→ z, s

√
γ1Zs→ s (5.52)

where Ts is a free time normalization parameter (e.g., a characteristic time scale of the in-

put waveform) and the associated space scale is Zs = T 2
s / |β2|; γ1 is the path-averaged non-

linear coefficient defined by Eq. (5.49). Herein, 56-Gbaud OFDM NIS-based transmission

systems (in burst mode) with high SE-modulation formats; namely, QPSK, 16QAM, and

64QAM, are considered. The simulation setup is similar to those described in subsection

(5.6.3).

NIS performance without ASE noise It has been shown in the previous section that

when the ASE noise is ignored (fibre nonlinearity is the only systems impairment) the

NIS method can perfectly compensate the deterministic impairment due to the fibre non-

linearity, using just a single-tap linear dispersion removal for the nonlinear spectrum at

the receiver. In other words, the fibre nonlinearity has no impact on the system perfor-

mance, which is now limited by the transceivers impairments. On the other hand, as the

NIS method for optical links with the EDFA-based amplification is developed from the
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Figure 5.17: Q-factor as a function of the launch power for 100 Gb/s QPSK OFDM NIS-based
system in the back-to-back case and in a 2000 km optical link, the ASE is ignored

approximate LPA NLSE, the perfect nonlinearity compensation cannot be achieved even

in the absence of the ASE noise. This is a fundamental limitation due to the approximation

of the model 5.50.

A comparison of back-to-back performance and the transmission performance when

ignoring the ASE noise would indicate the performance penalty associated with the use of

PLA NLSE in the NIS scheme for links with EDFA-based amplification. Such comparison

is shown in Fig. 5.17 for 112 Gb/s QPSK OFDM NIS-based system in a 2000 km opti-

cal link. The Q-penalty associated with the use of PLA NLSE increases with the launch

power. At a launch power of 4 dBm, the PLA NLSE would give a Q-penalty of 5 dB. This

phenomenon can be explained by the fact that the inaccuracy (measured with the NMSE)

of the PLA NLSE increases with the input power (Fig. 5.15(d)). As a result, any DSP tech-

nique based on the PLA NLSE would potentially provide a performance penalty, which

also increases with the input power. In addition, it was shown in the previous section that

the accuracy of the numerical algorithms employed here for solving the Gelfand-Levitan-

Marchenko equation and ZSP problems also decreases when signals power is increased.

As a result, the performances of NIS-based systems are limited at high power by the nu-

merical errors.
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Figure 5.18: Performance comparison of the 100 Gb/s QPSK OFDM systems with the NIS vs.
the DBP methods for fibre nonlinearity compensation, and constellation diagrams at the optimum
launch powers for the cases: (b) without NIS and DBP, (c) DBP with 10 steps/span (d) with the
NIS method, (e) DBP with 20 steps/span. The propagation distance is 2000 km.
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Figure 5.19: Performance comparison of the 200 Gb/s 16QAM OFDM systems with the NIS vs.
the DBP methods for fibre nonlinearity compensation and constellation diagrams at the optimum
launch powers for (b) Without NIS and DBP, (b) with the NIS method. The transmission distance
is 2000 km.

Performance comparison of NIS versus DBP in the presence of ASE noise In this

paragraph, in order to demonstrate the feasibility of the proposed NIS method for practi-

cal optical links with EDFA-based amplification, the performance of the NIS with DBP in

high-SE OFDM transmission systems is compared. For the implementation of DBP, the re-

ceived signal is first filtered with an 8th-order low-pass filter with a bandwidth of 40 GHz.

Subsequently, the optical field is reconstructed and the signal is back-propagated with a

different number of steps per single span. The performances for QPSK and 16QAM sys-
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Figure 5.20: Performance comparison of the 300 Gb/s 64QAM OFDM systems with the NIS vs.
the DBP methods for fibre nonlinearity compensation and constellation diagrams at the optimum
launch powers for (b) Without NIS and DBP, (b) with the NIS method. The transmission distance
is 640 km.

tems were evaluated using the well-known error vector magnitude (EVM), while direct er-

ror counting was adopted for 64QAM. The measured BER for the discussion convenience

is then converted to an equivalent Gaussian noise Q-factor in dB for the convenience in

discussion.

The comparison of NIS and DBP for OFDM systems with QPSK, 16QAM and 64QAM

modulation formats are shown in Fig. 5.18, Fig. 5.19, and Fig. 5.20 respectively. It can be

seen that, almost independently of modulation formats, the proposed NIS method offers

a performance gain of approximately 3.5 dB over the OFDM system without DBP. This

performance gain is comparable with those achieved with a highly complex DBP with 10

steps per span. The results obtained here agree well with prior results presented in [155]

for low signal region, where the modulation of the continuous part can be directly achieved

as the discrete part of the nonlinear spectrum does not exist. However, beside the serious

limitation in the signal power, the approach proposed in [155] requires highly complex

maximum likelihood detection scheme, which is not suitable for practical applications.

It should be mentioned that the NIS method for optical links with EDFA-based am-

plification proposed here provides the same complexity as the NIS method proposed for

lossless optical links. It is believed that the overall complexity of the NIS method could be
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significantly reduced further by taking into account recent advancement in fast algorithms

for performing the INFT [147] and NFT [149, 156] and thus can be even lower than DBP

employing more efficient algorithms.

5.8 Modified NIS for optical links with distributed raman

amplification

Recently, a modified NIS scheme for optical link with distributed Raman amplification

has also proposed in [123] based on the LPA model for such links. In this section, the

impact of the non-ideal Raman gain profile on the performance of NIS-based transmission

systems is discussed in details. A LPA NIS scheme which offers 3 dB performance gain

regardless of the particular Raman profile is presented. To demonstrate the effectiveness

of the LPA NIS scheme, without loss of generality, the author considers here open-cavity

random distributed feedback (DFB) laser Raman amplification, as this scheme provides

the best performance among various other Raman amplification schemes.

5.8.1 Random DFB raman amplification

In this subsection an open-cavity random DFB laser Raman amplification scheme is taken

into account.This scheme can provide various gain profiles by controlling the forward

pump power (FPP) [157].

TxRaman Pump 

1366nm
Rx Raman Pump 

1366nm

FBG

Figure 5.21: Schematic of the random DFB laser Raman amplifier.

The schematic design of the random DFB laser Raman amplifier that allows achiev-

ing 2nd order pumping with a single wavelength pump is shown in Fig. 5.21. In this

scheme, a high reflectivity (99 %) fiber Bragg grating (FBG) centered at 1455 nm with

200 GHz bandwidth is deployed at the end of the transmission span to reflect back-

scattered Rayleigh Stokes-shifted light from the backward pump (at 1366 nm) and stimu-
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late random DFB lasing at 1455 nm (wavelength of the FBG). This random DFB laser

acts as the first order pump, together with 2nd order pump, to amplify the signal at

1550 nm. The lack of an FBG on the side of the forward pump significantly reduces

the relative-intensity-noise transfer from the forward pump to the Stokes-shifted light at

1455 nm [158–161], which can seriously hinder coherent transmission [162].
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Figure 5.22: Raman gain (a) and noise (b) profiles along 80 km SMF span for different value of
the forward pump power (FPP).
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Figure 5.23: AGV and NLCC as a function of the forward pump power; the span length was
80 km.

The signal and noise power excursion is simulated for different pump power ratios

in Raman amplifiers using the experimentally verified model [163] with an appropriate

boundary conditions and fully depolarized Raman pumps. The backward pump powers

were chosen accordingly to provide a net gain of 0 dB. The simulated gain and noise

profiles along 80 km length SMF span are shown in Fig. 5.22 for different FPPs (up to

4 W due to practical interest). It can be seen in Fig. 5.22 that, when the FPP is increased,

the Raman gain increases while the noise power decreases, leading to a better signal-to-
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noise ratio.

To characterize the non-flatness of the Raman gain profile, the average gain variation

(AGV) of the Raman gain profile is defined as:

AGV =
∫ L

z=0
|G(z)− k|dz, k =

1
Ls

∫ L

z=0
G(z)dz (5.53)

where G(z) is the Raman gain normalized to 1 at the beginning of the span, Ls is the span

length, and k is termed as the nonlinear correction coefficient (NLCC). The AGV is shown

in Fig. 5.23 as a function of the FPP. The FPP = 0 case corresponds to the backward-

pumping-only scheme. From Fig. 5.23 we can see that the AGV can be effectively reduced

by increasing the FPP (up to its optimum value) at the cost of increasing the system power

consumption. The optimum value of FPP was found to be ∼2.7 W, giving the AGV ≈

0.255. By varying the FPP to vary the AGV we can effectively investigate the impact of

Raman gain flatness on the NIS-based transmission systems.

5.8.2 NIS for non-ideal distributed Raman amplification

As discussed in the previous subsection, for practical Raman amplification schemes, the

non-flatness level characterized by the AGV, can be as high as 0.43 (for backward-pumping-

only scheme). This high level of non-flatness may deprive all the nonlinearity cancellation

benefit of NIS and of other NFT-based transmission schemes. As a result, the LPA model

for Raman-based optical links should be developed in a similar manner to EDFA-based op-

tical links Eq. (5.50) in order to apply NIS and, potentially, other NFT-based transmission

schemes.

The general model of the NLSE for optical links with Raman amplifiers can be written

as:

jqz−
β2

2
qtt + γ1q|q|2 = jg(z)q, (5.54)

where g(z) is the distributed distance-dependent Raman gain coefficient.

Herein, it is assumed that the same pumping scheme is applied to all fibre spans. In

this case, g(z) is a periodic function with a period equal to the span length. By introducing
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the standard change of variables [164]:

q(z, t) = exp
(∫ z

0
g(y)dy

)
A(z, t), (5.55)

Eq. (5.54) can be rewritten as:

jAz−
β2

2
Att + γG(z)A|A|2 = 0, (5.56)

which is the lossless NLSE with a distance-dependent nonlinear coefficient; here G(z) is

the instantaneous gain

G(z) = exp
(

2
∫ z

0
g(y)dy

)
(5.57)

It can be assumed here that the dynamic of the envelope A(z, t) does not change signifi-

cantly after each fibre span. In this case, the distance-dependent nonlinear coefficient in

(5.56) can be replaced by its averaged value over each fibre span, giving the effective LPA

NLSE [164]:

jAz−
β2

2
Att + γ

(∫ Ls

0
G(z)dz/Lz

)
A|A|2 = 0, (5.58)

From an engineering point of view, the LPA NLSE model can be obtained from the general

NLSE model by removing the loss term and updating the nonlinear coefficient in such way

that the nonlinear phase-shift acquired by the signal during propagation over one span is

unchanged. Of course, the LPA NLSE is an approximated model so its accuracy depends

strongly on the signal and system parameters such as bandwidth, pulse shape, power and

transmission distance. However, the approximation 5.55 leads to a fundamental limitation

of NI-based systems in fibre link with Raman amplification.

Given the input field q(z, t), the NMSE produced by replacing the exact model (5.54)

with the LPA NLSE (5.58), can be evaluated using Eq. 5.51. The NMSE can be consid-

ered as the inverse SNR, indicating the relative noise power introduced by the inaccuracy

of the LPA NLSE model. It can be expected that a DSP technique based on the usage of

the model (5.58) would add additional effective noise to the processed signal. The power

of this additional noise can be estimated using the NMSE calculated by Eq. 5.51. Herein,
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the validity of the model (5.58) is numerically studied by considering the NMSE and its

dependence on critical signals parameters. As an example, a 56 Gbaud (112×0.5 Gbaud)

OFDM signal with 16QAM modulation format is taken into account, noting that the mod-

ulation format of choice is not critical here.
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In Fig. 5.24 the mismatch between the output fields obtained by the standard NLSE

and the LPA NLSE is plotted for a transmission distance of 4000 km and burst power

of 0 dBm. The corresponding NMSE is around -29 dB, which indicates that the LPA

NLSE can be used effectively to model the propagation of signal in optical links with
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Figure 5.27: NMSEs as functions of the FPP for different values of the transmission distances.
The normalized power is fixed at -4 dBm..

distributed Raman amplification. The dependences of NMSE to transmission distances

and burst power are depicted in Fig. 5.25, Fig. 5.26. Taking a value of NMSE of -20 dB

as the threshold, Fig. 5.25, Fig. 5.26 reveal that the LPA NLSE can be used effectively if

the burst power is below 0 dBm for distances up to 5000 km.

It can be noted in Fig. 5.25, Fig. 5.26 that the NMSE increases with the FPP, showing

that the accuracy of model (5.58) decreases with the increasing of the FPP if the burst

power is fixed. However, in practice, using a higher FPP leads to a lower optimum input

signal power. As a result, the accuracy of model (5.58) subjected to the variation of FPP
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should be evaluated when fixing the normalized burst power which is defined as:

Pnorm = P
(∫ Ls

0
G(z)dz/Lz

)
(5.59)

The dependence of NMSE normalized burst power is depicted in Fig. 5.27, showing that

the highest accuracy of model (5.58) is achieved at FPP ∼ 1.5 W. This is interesting that

this value is different to the value of FPP which minimizes the AGV (∼ 2.7 W). This result

suggests that the shape of the Raman profile is also important, in addition to the AGV.
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Figure 5.28: (a) Block diagram of NIS-based transmission systems, (b) Illustration of a burst
mode transmission.

Based on the obtained LPA NLSE model, an appropriate modified NIS scheme ac-

counting for the non-ideal Raman gain profile can be developed as shown in Fig. 5.28(a).

Firstly, the normalization is performed on the initial signal q(t) (modulated with arbitrary

pulse shape and modulation format) to bring the LPA NLSE model to the standard nor-

malized form:
t
Ts
→ t,

z
Zs
→ z, q

√
γkZs→ q, (5.60)

where the time normalization Ts is a free parameter (e.g., a characteristic time scale or a

reciprocal bandwidth) and the associated space scale is Zs = T 2
s /|β2|; k is NLCC defined
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as in Eq. (5.53). The dependence of the NLCC on FPP is shown in Fig. 5.23 (red curve).

After the normalization, the linear Fourier spectrum of the encoded input waveform is

mapped onto the continuous part of the nonlinear spectrum of another signal (q(t)) to be

transmitted using the INFT, according to Eq. 5.44. The generated complex signal, q(t),

is then fed into the IQ modulator for direct up-converting into the optical domain and

launched into the fibre. At the receiver, the real and imaginary parts of the transmitted

signal are detected with a coherent receiver. The nonlinear spectrum of the received signal

is then obtained by using the NFT. As the evolution of the signal nonlinear spectrum is

linear and trivial within the LPA NLSE model, the linear Fourier spectrum of the initial

encoded complex signal can be recovered by applying a single step linear phase-shift

removal using Eq. 5.45. Then, having unrolled the dispersion-induced phase shift, the

initial encoded waveform s(t) can be recovered using the IFFT operation and, finally, it

can be fed into the standard decoder for data detection. In general, the DSP at the receiver

of an NIS-based system involves a single NFT operation and a single linear compensation

step to remove the nonlinear impairments without reverse propagation, independently of

the transmission distance. This is a significant advantage of the NIS method over the other

nonlinear compensation techniques.

5.8.3 Simulation results and discussions

As discussed in section 5.6.3, the NIS transmission method can be combined with any

modulation formats and transmission schemes. A comparison of OFDM and single carrier

transmission with Nyquist pulse shaping for NIS-based systems was provided in section

5.6.3, revealing that the OFDM is a more suitable modulation format because it provides

a smaller L1-norm because of the high signal dynamic range. As a result, in this section

only the OFDM scheme is considered.

Herein, a 16QAM 56-Gbaud OFDM NIS-based systems is designed in the burst mode

regime (Fig. 5.28(b)), as the NFT operations have to be performed on return-to-zero sig-

nals. In this scheme, the neighbouring packets are separated by a guard time, which is

20% longer than the dispersion induced memory.
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For simplicity, it is assumed that each packet data contains only one OFDM symbol.

To generate the OFDM signals, the IFFT size of 1024 was used, where 112 subcarriers

were filled with data (with Gray-coding) while the remaining subcarriers were set to zero

for oversampling purpose. The useful OFDM symbol duration is 2 ns. No cyclic prefix

was added to the signal. The net data rate, after removing 7% overhead due to the FEC,

was 200 Gb/s (considering only the bursts bit-rate). Herein, it is aimed to show that DSP

techniques based on model (5.58) can be applied effectively even in the long-haul optical

communication systems with as large a bandwidth as 56 GHz. The propagation of signal

in fibre link was simulated using the split-step Fourier method with a step size of 1 km,

using the gain profile shown in Fig. 5.22. The Raman noise was modelled as a Gaussian

noise, which was added to the signal after each step (1 km), following the simulated noise

profiles shown in Fig. 5.22(b). The system performance was evaluated through the EVM

and the estimated BER was then converted to the Q-factor.
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Figure 5.31: Optimum Q-factor as a function of FPP for OFDM systems with and without NIS,
and the modified NIS scheme. The transmission distance was 4000 km.

The performance of OFDM systems with and without NIS, and with the proposed

modified NIS scheme is compared in Fig. 5.29(a) for the backward pumping only scheme

(FPP = 0 W). For OFDM system without NIS, only the compensation of chromatic disper-

sion was applied.For the case of backward pumping scheme (FPP = 0 W), because of the

high non-flatness level of the Raman gain profile (AGV∼ 0.43), applying directly the NIS

method worsens the system performance by ∼ 2 dB. This result clearly indicates that the

non-ideal Raman gain profile has a significant impact on the NIS-based systems: When the

AGV is high (AGV ∼ 0.43 if FPP = 0 W), the NIS method cannot produce any advantage
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due to the wrong power estimate. However, if the modified NIS scheme is employed, a

Q-factor improvement of∼ 3 dB is observed. This effectively means that the performance

of the NIS scheme is enhanced by 5 dB by simply employing the NLCC that takes into

account the non-ideal gain profile along the span. The received constellations at optimum

launch powers for three systems under investigation are shown in Fig. 5.29(b)-(d).

A similar performance comparison result is plotted in the Fig. 5.30 when FPP = 2.7 W,

which provides the smallest level of non-flatness of the Raman gain profile. It should be

noted here that by increasing the FPP, the Raman noise figure is reduced, which can be

referred from the performance at the low power level. It can be seen in Fig. 5.30 that the

NIS method gives around 2 dB performance gain if FPP = 2.7 W. In this case, the AGV is

relatively small (0.255), and the NIS scheme still offers a meaningful performance gain.

However, if one uses the modified NIS method based on Eq. (5.58), an extra ∼1 dB gain

is achieved, giving a total performance gain of ∼3 dB.

The optimum Q-factors in systems with and without NIS and with the modified NIS

schemes are presented in Fig. 5.31 as functions of the FPP. As expected, when the FPP is

increased from 0 W to 2.7 W, the achievable performance of NIS-based system increases

dramatically as a result of the decrease in the AGV. However, increasing further the FPP,

which increases the AGV accordingly (if FPP >2.7 W), does not decrease the performance

of NIS-based system. This phenomenon is attributed to the reduction of the amplifier

noise figure when the FPP is increased. On the other hand, the modified NIS scheme

offers around 3 dB gain in Q-factor, independently of the FPP (the gain variation is below

0.5 dB). This indicates that if the modified NIS method is applied, the forward pump is not

necessary, which offers a significant reduction in the cost and power consumption when

designing the NIS-based systems with Raman amplifications.
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5.9 Experimental demonstration of NIS transmission over

transoceanic distances

In this section, the generation, detection and transmission performance over transoceanic

distances of 10 Gbaud NIS-based signal, in which the transmitted information is en-

coded directly onto the continuous part of the signal nonlinear spectrum, are experimen-

tally demonstrated. By applying effective digital signal processing techniques, a reach of

7344 km was achieved with a bit-error-rate (2.1× 10−2) below the 20 % FEC threshold.

This represents an improvement by a factor of ∼12 in data throughput-distance product

compared with other previously demonstrated NFT-based systems [117, 165], showing a

significant advance in the active research area of NFT-based communication systems.

5.9.1 Experimental setup of 10 Gbaud NIS-based OFDM transmis-

sion

To demonstrate the possibility of encoding and detecting information using the signals

nonlinear spectrum, a 10 Gbaud NIS-based system in burst mode is designed and its trans-

mission performance over transoceanic distances is experimentally evaluated.

Tx DSP and setup The schematic of the experimental setup, together with the Tx, Rx

DSP are shown in the Fig. 5.32(a-c), where the green blocks indicate the required addi-

tional DSP blocks for NIS-based transmission. For each burst and each predefined launch

power, a 10 Gbaud OFDM waveform (one OFDM symbol, 6 ns of duration, no cyclic

prefix) was generated offline using an IFFT (size of 128), where 60 subcarriers were filled

with QPSK data and the remaining subcarriers were set to 0 for oversampling purposes.

Guard bands of 12 ns were added to both the beginning and the end of the OFDM symbol

to avoid inter-burst interference effects, giving a total burst period of 30 ns (the bit-rate is

4 Gb/s). The generated signal was then normalized using the lossless path average NLSE

model for optical links with lumped amplification. The resulting signal was upsampled

(by a factor of 10 times) before being fed into the INFT block. Herein, the INFT maps the
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Figure 5.32: (a): Schematic of the experimental setup of 10 Gbaud NIS-based transmission in
fibre link with EDFA-only amplification; (b) block diagram of the Tx DSP; (c) block diagram
of the Rx DSP; (d) illustration of a transmitted burst with a duration of 30 ns carrying 120 bits
(60 QPSK symbols) and illustration of synchronization error, (e) - structure of the transmitted
signal, including one synchronization symbol, two training symbols for channel estimation and
100 OFDM NIS-based bursts.

linear spectrum of the input signal to the continuous part of the nonlinear spectrum of the

output signal. Since the OFDM waveform was used as the input signal of the INFT block,

the continuous part of the nonlinear spectrum of the output signal was directly modulated

by QPSK data. Upsampling is necessary here to reduce the error associated with the INFT.

Finally, the generated signal after INFT was downsampled to 25 Gs/s before being loaded

into the arbitrary waveform generator with a DAC providing around 5.6 bits of effective

resolution (over a bandwidth of 12.5 GHz) and fed through a linear amplifier to drive an

IQ modulator.

Recirculating loop The transmission experiment used a re-circulating loop consisting

of a 4×102 km span Sterlite OH-LITE (E) fibre (∼ 19 dB insertion loss per span) and a

gain flattening filter (leveller). In addition to the channel under test, 10 loading channels

with ∼ 5 nm guard band in each side were used . The signals were amplified in EDFAs

with a noise figure of 6 dB. At the receiver, the channel under test was filtered and ampli-

fied (using a low-gain EDFA) before being coherently detected using a real-time 80 Gs/s

sampling oscilloscope. Both the transmitter laser and local oscillator were external cavity

lasers each with a linewidth of ∼ 100 kHz.
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Rx DSP The Rx DSP (Fig. 5.32(c)) firstly used a training symbol to perform both timing

synchronization and frequency offset compensation. The signal was then separated into

a number of discrete 30 ns bursts before being normalised according to the lossless path

averaged model 5.50. The normalized power was adjusted to be slightly different from

the actual launch power to account for the power variation during each re-circulation re-

sulting from wavelength dependent gain-loss imperfections. After normalization, the NFT

was performed to recover the continuous part of signals nonlinear spectrum and single-

tap dispersion compensation was performed to remove the effects of both the chromatic

dispersion and fibre nonlinearity, according to Eq. 5.45. Next, the IFFT was performed to

recover the transmitted time domain signal and then the guard bands were removed and the

resulting signal was fed into the traditional OFDM receiver. For the NIS-based systems,

synchronization error (t) will result in a frequency dependent phase shift in the nonlinear

Fourier domain:

l(q(t−∆ t),ξ )) = l(q(t),ξ ))e−2 jξ ∆ t , (5.61)

where l(q(t),ξ ) is the continuous part of the nonlinear spectrum of the signal q(t). Since

the synchronization error is constant for all bursts in one frame, the resulting frequency

dependent phase shift can be readily corrected through a single-tap channel estimation and

equalization using training sequences. Herein, the first two bursts were used for channel

estimation (Fig. 5.32(e)). The impact of laser phase noise was compensated after chan-

nel estimation using 4 pilot subcarriers in each OFDM burst. The common phase error,

the impact of which on the NIS-based systems is similar to those of the conventional lin-

ear transmission schemes, is corrected. Finally, the system performance was evaluated

directly from the BER by processing 10 recorded traces (each with 100 bursts), and the

results are expressed as a Q factor.

5.9.2 Simulation results

In general, NIS-based transmission scheme can be understood as a nonlinear pre-distortion

technique. At the transmitter, the linear spectrum of an encoded signal is mapped to the
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continuous part of the nonlinear spectrum of another signal to be transmitted over the

fibre link. As this mapping operation is nonlinear, the generated signal via the INFT

block strongly depends on the inputs signal power. In Fig. 5.33, different output signals

of the INFT block given the same input OFDM waveform with different power levels

are compared. It can be seen that, as the input signal power is increased, the amount of

signals energy contained in the decaying tail generated after INFT also increases. This

long decaying tail tightens the DAC resolution requirement in NIS-based transmission

systems. Herein, we assume that the signals energy contained in the tail generated after

INFT is small enough and can be eliminated when defining the effective burst power in

following discussions. The effective burst power is defined as the ratio of the total signal

energy within a burst to the initial signal duration (before INFT, 6 ns).

0 5 10 15 20 25 30
0

0.01

0.02

0.03

0.04

0.05

0.06

Time (ns)

A
m

p
li

tu
d

e 
(V

)

 

 

Pburst=-2dBm

Pburst=-7dBm

Pburst=-15dBm

Figure 5.33: Comparison of output signals of the INFT bock given the same input 10 Gbaud
OFDM waveform with different power levels.

One important property of the nonlinear spectrum is that the discrete part is absent

and the continuous part converges to the ordinary Fourier transform at low power values

[66,105]. As a result, at low signal power values, the traditional receiver (without NFT and

IFFT blocks, Fig. 5.32(c)) can also be used in NIS-based transmissions. However, as the

signal power is increased the continuous part of the signals nonlinear spectrum diverges to

its linear counterpart leading to performance penalty if the conventional receiver (without

NFT) is employed.

Extensive simulations were performed to understand the performance penalty associ-
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added.
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Figure 5.35: Received constellations of NIS-based 10 Gbaud OFDM system at 25 Gs/s with and
without NFT receiver, Pburst = -3dBm.

ated with a conventional OFDM receiver and the finite DAC resolution. In simulation, the

system performance was evaluated through error vector magnitude and then was converted

to Q-factor for comparison purposes. In Fig. 5.34 the back-to-back performances of NIS-

based 10 Gbaud OFDM systems sampled at 25 Gs/s with and without NFT receivers are

compared. To eliminate the impact of DAC resolution, we first considered a high DAC

resolution of 10 bits. In Fig. 5.34, if the NFT receiver is employed (blue curve with circle

marker), only slight performance degradation (∼2 dB) is observed if the burst power is

increased from -13 dBm up to -1 dBm. The performance degradation is due the fact that

increasing the signal power leads to a longer decaying tail, a part of which falls outside the

burst duration of 30 ns and is truncated. When the conventional receiver (without NFT)

182



3 4 5 6 7 8 9 10
6

8

10

12

14

16

18

20

22

24

DAC Resolution (bits)

Q
-f

ac
to

r 
(d

B
)

 

 

Pburst=-3dBm

Pburst=-5dBm

Pburst=-10dBm

Figure 5.36: Simulated back-to-back performance of NIS-based 10 Gbaud OFDM system sam-
pling at 25 Gs/s with different values of the burst power the Tx DAC resolutions.

is employed, the performance penalty significantly increases with the increasing of the

burst power. This clearly indicates that the NFT receiver is mandatory for the NIS-based

systems operating with medium-to-high signal power. The received constellations of NIS-

based 10 Gbaud OFDM systems with and without NFT receiver are compared in Fig. 5.35,

for a burst power of -3 dBm.

If the DAC resolution is reduced to a practical value of 5 bits, a significant perfor-

mance penalty can be observed, ranging from ∼ 5dB for -13 dBm burst to ∼ 8 dB for

a -1 dBm burst. This result clearly indicates that the performance penalty due to a low

DAC resolution increases with the growth of the burst power. It is believed that this is due

to the fact that a higher DAC resolution is required to preserve the longer decaying tail

when the burst power is increased. However, it is clearly that this performance penalty is

technological which can be mitigated by increasing the DAC resolution and using more

efficient NFT algorithms.

The performances of NIS-based 10 Gbaud OFDM systems as functions of the DAC

resolution for different burst power values are plotted in Fig. 5.36. In this figure the re-

quired DAC resolutions for negligible performance penalty are 6 bits, 7 bits and 8 bits for

Pburst = -10 dBm, -5 dBm and -3 dBm, respectively.
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5.9.3 Experimental results and discussions

Back-to-back performance The performances of OFDM systems with and without NIS

as functions of OSNR for different burst power values are given in Fig. 5.37, where closed

symbols and solid lines with open symbols depict the experimental and simulation results,

respectively. At a low burst power value the OSNR penalty compared with the conven-

tional OFDM system (with the same parameters) is as small as 1 dB. However, the OSNR

penalty of the NIS-based system increases quickly with the rise of the burst power. It

should be noted that, unlike the conventional transmission systems, the back-to-back per-

formance of NIS-based systems depend on both the OSNR and the signal power.

At a high burst power value of -2 dBm, a BER level of 10−3 (Q∼ 9.8 dB) could not be

achieved. As discussed above, we attribute this phenomenon to the fact that a higher burst

power requires a higher DAC resolution due to the longer decaying tail. As a result, with

a fixed DAC resolution (∼5.6 bits) and a fixed guard interval duration, the OSNR penalty

increases with the rise of the burst power.
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Figure 5.37: Back-to-back performances of 10 Gbaud OFDM and NIS-based OFDM systems for
different burst power values. Closed symbols are experimental data. The solid lines with open
symbols are simulation results, the DAC resolution was set to 5 bits.

This phenomenon can also be confirmed by simulation results presented in Fig. 5.37,

where the OSNR penalty increases significantly with the rise of the burst power (the effec-

tive DAC resolution was fixed at 5 bits). In comparison to simulation results obtained with

ideal Rx and Tx with a limited DAC resolution as the only impairment, the implementa-
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tion penalty also increases with the rise of the burst power. This result clearly suggests that

NIS-based systems are also very sensitive to other transceiver imperfections such as Rx

ADC resolution, DAC, ADC transfer functions and laser phase noises. As a result, novel

and effective transceivers equalization techniques are desirable to minimize the back-to

back implementation penalty. This is an important topic for future research.

(a) (b)

(c) (d)

Figure 5.38: Constellation diagrams at the burst power of -5 dBm after 4080 km of transmission
distance, (a) before dispersion removal, (b) before channel estimation, (c) before phase noise
compensation, (d) final constellation after phase noise compensations.

Experimental transmission performance Typical constellation diagrams after several

receiver DSP blocks, including single-tap dispersion removal, channel estimation, and

phase noise estimation, are presented in Fig. 5.38 for the burst power of -5 dBm after a

distance of 4080 km. At each step, the constellation was achieved by feeding the obtained

signal directly into the conventional OFDM receiver. After the single tap dispersion re-

moval, a clear open eye can be observed (Fig. 5.38((b)). Next, channel estimation was

performed to remove the frequency dependent phase-shift due to synchronization error.

The obtained constellation, Fig. 5.38(c), clearly shows that the synchronization error in-

duced phase-shift was effectively removed. The final constellation diagram, Fig. 5.38(d),

185



-8 -7 -6 -5 -4 -3 -2 -1
2

3

4

5

6

7

8

9

10

11

Burst Power (dBm)

Q
-f

ac
to

r 
(d

B
)

 

 

Conventional OFDM

NIS OFDM

NIS OFDM + Power optimization

-1.2dB

-1.4dB

-1.5dB

-1.7dB

-2dB

-1dB

Figure 5.39: Q-factor as a function of the burst power after 4080 km. The numbers are power
correction values for each burst power value.

4000 5000 6000 7000 8000 9000
4

5

6

7

8

9

10

11

Distance (km)

Q
-f

ac
to

r 
(d

B
)

 

 

NIS OFDM

Conventional OFDM
-1.4dB

-1.6dB

-1.7dB

-1.8dB

-1.9dB

20% FEC 

Threshold

Figure 5.40: Optimum Q-factor as functions of the transmission distance. The numbers are power
correction values for each distance value at the optimum burst power.

indicates that the transmitted QPSK data was successfully recovered.

The performance of the conventional OFDM system (without NFTs at both Tx and Rx)

and the NIS-based OFDM system are compared in Fig. 5.39 for the 4080 km distance. If

the receiver normalized power was set to be equal to the launch power, the optimum Q-

factor was found to be∼ 9 dB (blue curve), which is∼ 0.9 dB worse than the conventional

OFDM system. However, by adjusting the normalized power an additional 1 dB gain in

Q-factor can be achieved (red curve), which is comparable to the conventional OFDM

system. At the launch power of -5 dBm, the optimum receiver normalised power was
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-6.2 dBm. The power correction value in this case was - 1.2 dB. This phenomenon is

attributed to the gain-loss imperfection of the loop, which leads to the power variation after

each re-circulating loop, degrading the accuracy of the nonlinear pre-distortion technique.

In the highly nonlinear regime, by optimizing the normalized power the NIS-based OFDM

system shows up to 2 dB performance advantage over the conventional OFDM system, and

1 dB increase in the nonlinear threshold. It is believed that the low DAC resolution hinders

the observation of further performance benefit of NIS-based system, although parametric

noise amplification [74] and the finite guard interval may also contribute to performance

degradation.

The optimum Q-factors as functions of transmission distance is depicted in Fig. 5.40,

for NIS-based and the conventional OFDM systems. Equal performance over both systems

to ∼ 5700 km can be observed, where the conventional system starts to outperform the

NIS-based system. Again this is thought to be due to the reasons outlined above. After

propagation over 18 loops (7344 km) the BER obtained (2.1×10−2) was below 20% FEC

threshold. This result indicates the record distance reach of any NFT-based systems up

date. Taking into account the expected uncertainty in measured Q factor from the finite

sample size, it is believed that these results are close to those observed for conventional

OFDM.

5.10 Conclusion

Nonlinear Fourier transform is a promising technique to combat the nonlinearity impair-

ments in fibre-optic communication systems. In this chapter, the author has presented sev-

eral important developments of NFT-based communication systems with particular focus

on NIS transmission scheme. Firstly, a comprehensive guidance for designing NFT-based

communication systems is presented. It is then showed that the NIS method can be suc-

cessfully combined with high-SE transmission techniques (e.g., OFDM, Nyquist-shaped)

and advanced modulation formats, such as QPSK, 16QAM, and 64QAM, offering a per-

formance gain up to 4.5 dB, which is comparable with the DBP compensation method

employing multi-steps per span. Next, an extension of the NIS scheme and of the entire
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nonlinear Fourier transform approach based on the usage of path-averaged NLSE is pro-

posed which can be effectively applied in optical links with EDFA-based and non-ideal

Raman amplifications. Finally, the record distance reach (7344 km at BER=2.1× 10−2)

of any NFT-based systems by encoding and detecting information on/from the continuous

part of the nonlinear signal spectrum using the NIS-based transmission ideology is ex-

perimentally demonstrated . In comparison with the conventional system, the NIS-based

system shows up to 2 dB performance gain in the highly nonlinear regime. However, the

overall system performance benefit is hindered by the transceivers imperfections, the low

DAC resolution and other system designs constrains, leaving good potential for further

system performance improvement using NFT technique.
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Chapter 6

Conclusion

6.1 General conclusion

In this thesis, it has been shown that DSP is the enabling technology for future OFDM-

based superchannel transponders. This thesis has developed various high performance,

flexible and low complexity DSP techniques for laser phase noise and fibre nonlinearity

compensation in CO-OFDM transmissions.

For laser phase noise compensation, three novel DSP techniques, namely QPA, DDF

blind and MF blind PNC techniques have been proposed. QPA technique effectively re-

duces the overhead of the traditional PA method by a factor of 2 without increasing the

complexity. As a result, this technique is suitable for systems where low complexity is the

priority. DDF blind is a low-complexity blind PNC technique, where only 3 test phases

are required for effective PNC. This technique is suitable for RGI CO-OFDM systems

with up to 200 subcarriers for maximizing the SE as the overhead due to pilot subcarriers

can be significant here. MF blind PNC technique offers another option for phase noise

compensation with ultra-low computational effort as no multipliers are required. With the

development of DDF blind and MF blind techniques, the impact of laser phase noise in

CO-OFDM systems can be effectively removed with low computational complexity, of-

fering a practical option for maximizing the SE of multi-band CO-OFDM superchannel

transponders. This also closes the gap between overheads of OFDM-based and Nyquist-

based superchannels.
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For fibre nonlinearity compensation, two novel high performance and low-complexity

techniques, namely PCP and PCSC, have been proposed. PCP offers a simple trade-off

between performance gain and overhead, which is not possible for the conventional PCTW

technique for single carrier transmission systems. The development of PCP technique of-

fers a huge advantage for CO-OFDM systems over single carrier systems in term of the

possibility to trade the overhead to distance reach. As mentioned in the introduction, flex-

ibility is an important feature of the next generation optical transmission systems. On the

other hand, PCSC technique offers an excellent performance without any overhead for

BPSK transmissions. As a result, this technique is very suitable for long-haul transmis-

sions. Both PCP and PCSC techniques are very simple and minimum efforts are needed

when switching from one technique to another.

In addition, in this thesis, important developments for NFT-based transmission sys-

tems have been also presented. Various important systems NFT-based designs have been

discussed. The NIS transmission scheme has been investigated in details. Modified NIS

schemes, which are appropriate for fibre links with EDFA-based and non-ideal Raman

amplifications, have been also proposed. The obtained results clearly show the high po-

tential of NFT technique for combating the nonlinear effects in fibre-optic communication

systems. Even though NFT technology is still in its infancy, the obtained results in this

thesis clearly demonstrate that this is a promising technique for designing nonlinear-free

optical communication network.

6.2 Future research

Future superchannel transponders should be adaptive and highly flexible in term of trading

off the bit-rate to transmission distance. As a result, rate adaptive FEC, hybrid modulation

formats or constellation probabilistic shaping would be highly desirable. However, rate

adaptive FEC, hybrid modulation formats and constellation probabilistic shaping modify

the signal statistical properties, which may have significant impacts on blind DSP tech-

niques. As a consequence, these following topics will be highly important for future re-

search:
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1. Optimum hybrid QAM for rate-adaptive superchannel transponders.

2. Optimum rate-adaptive FEC for superchannel transponders and its transmission per-

formance and complexity comparison to hybrid QAM.

3. Blind PNC techniques for transmission systems with hybrid QAM.

4. Blind PNC techniques for transmission systems with probabilistic constellation shap-

ing.

5. Flexible fibre nonlinear compensation techniques for transmission systems with hy-

brid QAM and probabilistic constellation shaping.

In addition, as mentioned earlier, NFT-based method is still in its early development. As a

result, significant further research efforts are required to transform this concept to practical

applications. In particular, these following research topics will be highly important.

1. NFTs for dual-polarization systems. This is highly important to maximize the

achievable SE in NFT-based systems.

2. NFT-based nonlinear multiplexers and demultiplexers for NFT-based WDM trans-

missions.

3. Low complexity NFT operations.

4. Effective DSP techniques for mitigations of transceivers’ imperfections in NFT-

based transmission systems.

5. Optimum modulation formats and FEC schemes for NFT-based transmission sys-

tems

6. Understanding the signal×noise interaction in the nonlinear Fourier domain and the

ultimate system performance limitation of NFT-based transmission systems.
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