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Abstract—A two degrees of freedom (2-DOF) actuator capable
of producing linear translation, rotary motion, or helical motion
would be a desirable asset to the fields of machine tools, robotics,
and various apparatuses. In this paper, a novel 2-DOF split-stator
induction motor was proposed and electromagnetic structure pa-
rameters of the motor were designed and optimized. The feature of
the direct-drive 2-DOF induction motor lies in its solid mover ar-
rangement. In order to study the complex distribution of the eddy
current field on the ferromagnetic cylinder mover and the motor’s
operating characteristics, the mathematical model of the proposed
motor was established, and characteristics of the motor were ana-
lyzed by adopting the permeation depth method (PDM) and finite
element method (FEM). The analytical and numerical results from
motor simulation clearly show a correlation between the PDM and
FEM models. This may be considered as a fair justification for the
proposed machine and design tools.

Index Terms—Finite element method (FEM), induction motor,
permeation depth method (PDM), solid rotor, split stator, two de-
grees of freedom (2-DOF).

I. INTRODUCTION

THE DRIVE mechanism with a two degrees of freedom
(2-DOF) driver capable of generating linear, rotary or he-

lical motions has extensive applications in the manufactures
of mechanical tools such as robots for chip production lines,
robotic arms, injection machines, and boring machines [1]–[4].
Traditionally, the realization of 2-DOF driving technologies is
achieved by two or more rotary electrical motors and com-
plicated middle mechanical motion converters. Currently, the
state-of-the-art 2-DOF drivers have the advantages of high me-
chanical integration and reliability, which also save the intricate
mechanical transmission in the middle of the drive devices.

[1]–[4] proposed some permanent magnet (PM) rotary-linear
motors with twin-armature stators. The structure of these
motors is similar to the coaxial series structure with PM tubular
linear motor and rotary motor, which has the advantages of easy
manufacturing, low cost, but suffers from a short axial stroke
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and a large volume. [5]–[7] put forward PM and induction
rotary-linear motors with twin-windings. The common feature
of them is that their cores are embedded with two orthogonal
windings: a rotary winding and a linear winding. Because of the
direction of the stator laminations, the eddy current of one direc-
tion can be suppressed while that of the other direction can be
serious.

As for the 2-DOF induction motors, their movers are com-
monly of solid ferromagnetic cylinder structure. [8] adopted
a field-circuit coupling method to calculate parameters of the
solid rotor. [9] analyzed the eddy current field and the efficiency
of a solid rotor induction motor based on electromagnetic field
calculations. [10]–[12] studied the equivalent circuit parame-
ters of a solid rotor induction motor. [13] and [14] analyzed the
operational characteristics of a solid rotor induction motor by
using an analytical diffusion equation in the complex domain.
[15]–[17] used the finite element method (FEM) to study the
performance of a solid rotor asynchronous motor. [18] focused
on the additional loss of a solid rotor induction motor by using
a two-dimensional (2-D) numerical method. [19] studied the
influence of slotting on the rotor loss of a solid rotor induction
motor. It can be seen that these structures are characterized with
high mechanical robustness and simplicity, high reliability and
controllability, and low manufacturing and maintenance costs.
However, the consequent eddy current field on the ferromag-
netic cylinder mover affects the performance of the motor but is
extremely difficult to analyze with accuracy.

This paper proposes a novel topology of a 2-DOF split-stator
induction motor. Its electromagnetic parameters are calculated
and optimized by three rounds of sequential single-variable op-
timization. The rotor parameter of the rotary part is calculated
by using the permeation depth method (PDM). Then the equiv-
alent circuit model can be obtained and its characteristics are
investigated based on the single-phase equivalent circuit. A 2-D
numerical model of the proposed motor is built in the finite el-
ement software MagNet to compare with the analytical results.
The results obtained from analyzing and calculating of the rotary
part can be applied to the linear part because of the equivalence
between the rotary and linear motions. Thus, only the rotary part
of the motor is analyzed in the following sections.

II. STRUCTURE AND PRINCIPLES OF OPERATION

A. Basic Structure

The proposed 2-DOF induction motor is shown in Fig. 1. It
consists of two arc-shaped half-stators: 1) one for rotary motion;
and 2) one for linear motion. The half stator for rotary motion
is of the semicircle annular shape, and is composed of a stator
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Fig. 1. Proposed 2-DOF induction motor. (a) Stator for rotary motion.
(b) Stator for linear motion. (c) Stator of the 2-DOF induction motor.
(d) Assembly of the 2-DOF induction motor.

core slotted along the axial direction. The half stator for linear
motion consists of an arc-shaped stator core slotted along the
circumferential direction. The two half-stators are assembled
into a whole stator and share a secondary cylinder mover coated
with conductive sheets.

Fig. 2. Equivalent transformation.

TABLE I
MAIN DESIGN PARAMETERS OF THE 2-DOF INDUCTION MOTOR

Parameter Rotary part Linear part

Rated power (PN ) 1.1 kW 1.1 kW
Rated voltage (UN ) 220 V (Y) 220 V (Y)
Frequency (f) 50 Hz 25 Hz
Pole pair (p) 2 2
Stator inner diameter 98 mm 98 mm
Stator outer diameter 155 mm 155 mm
Stator axial length 135 mm 156 mm
Air-gap thickness 2 mm 2 mm
Slot number 12 12
Number of turns of the coil 65 65
Axial length of the mover 655 mm 655 mm

B. Principles of Operation

When the motor is supplied with three-phase ac power,
the half-stator for rotary motion can generate a rotating
magnetic field. Due to the electromagnetic induction, an
axial eddy-current field will be induced in the mover and
an electromagnetic force on the mover will be generated.
This in turn generates a rotary torque. Similarly, the other
half-stator can generate a traveling magnetic field and a cir-
cumferential current on the surface of the mover. The induced
electromotive force will move the mover in an axial direction.
By controlling the power of two sets of stator windings, the
proposed motor is capable of producing rotary, linear or helical
motions.

III. PRELIMINARY DESIGN AND OPTIMIZATION

A. Determination of Electromagnetic Parameters

If the interaction between the rotary and linear motions
is neglected, the machine could be regarded as two separate
parts. The transformation between the rotary part and linear
part should balance the radial force caused by two half-stators
of the motor, as shown in Fig. 2. A complete rotary mo-
tor (PN = 2.2 kW, p = 4, UN = 220 V, f = 50 Hz) is first de-
signed following the traditional design process. A half of it is
taken as the rotary part of the 2-DOF induction motor and the
parameters of the linear part are obtained via equivalent trans-
formation. The main design parameters of the motor are listed
in Table I, the slot shapes are shown in Fig. 3 and the geometric
parameters of the slots are given in Table II.

B. Influence of the Air-Gap Thickness

After obtaining the parameters for the rotary part, the finite el-
ement model with the mover coated with two conductive sheets
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Fig. 3. Slot shape of the two half-stators. (a) For rotary motion. (b) For linear
motion.

TABLE II
DIMENSIONS OF THE STATOR SLOT

Linear motion Rotary motion

b1 2.8 mm b0 2.8 mm
b2 7.7 mm b02 9.5 mm
h1 0.5 mm h01 0.5 mm
h2 18.5 mm h02 22.3 mm
α 30° β 30°
r 5.1 mm

is established, as shown in Fig. 4. The load torque is set to
6 Nm while the air-gap thickness changes from 0.5 to 5 mm
at the interval of 0.5 mm, in order to investigate the influence
of the air gap thickness on the motor performance. At a given
air-gap value, the average speed and torque, speed fluctuation
magnitude and torque fluctuation, and the rotor power loss are
calculated under a steady-state operation. Simulation results are
presented in Fig. 5 for comparison.

It can be seen that the average speed increases initially and
then decreases with the increase of the air-gap thickness and
the maximum speed is attained at the air-gap thickness of
2.5–3 mm. In essence, the greater the air-gap is, the smaller
the speed fluctuation is. The torque fluctuation and total rotor
loss generally decrease as the air-gap thickness increases.
The air-gap thickness is different when the average speed, the
speed fluctuation magnitude, torque fluctuation magnitude and
total rotor loss reach their maximum, the overall performance
is excellent for the 3-mm air-gap. Therefore, this is used in
the design.

C. Influence of the Rotor Material

The rotor is constructed with a cylindrical stack of silicon-
iron laminations surrounded by a conductive cylindrical sleeve,
which in turn may be divided in two conductive layers. In the
finite element model with a 6-Nm load torque, the total thick-
ness of the conductive layer is 2 mm (1 mm each for the two
layers). A series of simulation with different rotor materials
(ferromagnetic, steel, aluminum, copper, steel-aluminum and
steel-copper composite) are conducted and compared in terms
of the average speed, speed fluctuation magnitude, torque fluc-

Fig. 4. FEM model of the rotary part. (a) FEM model. (b) Distribution of flux
density.

tuation magnitude, and the total rotor loss. These are presented
in Fig. 6.

From Fig. 6, it can be seen that steel-copper composite
is a good option to strike a balance the speed fluctuation
magnitude, torque fluctuation magnitude rotor power loss and
average speed. Therefore, it is selected for the rotor mate-
rial. So the conductive layer is determined to be a steel-
copper composite structure (out layer is steel and inner layer
is copper).

D. Influence of the Conductor Layer Thickness

Likewise, 0.5 –5 mm at a step of 0.5 mm are chosen to exam-
ine the influence of the conductor layer thickness. The average
speed, speed fluctuation magnitude and torque fluctuation mag-
nitude as well as the rotor power loss are obtained for a given
layer thickness. The results are plotted in Fig. 7.

These results show that the average speed reaches its maxi-
mum while the speed fluctuation magnitude and torque fluctua-
tion magnitude as well as the rotor loss are relatively low when
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Fig. 5. Optimization of the air-gap thickness. (a) Average speed. (b) Speed
fluctuation magnitude. (c) Torque fluctuation magnitude. (d) Rotor power loss.

Fig. 6. Choice of the rotor material. (a) Average speed. (b) Speed fluctuation
magnitude. (c) Torque fluctuation magnitude. (d) Rotor power loss.
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Fig. 7. Optimization of the conductor layer thickness. (a) Average speed.
(b) Speed fluctuation magnitude. (c) Torque fluctuation magnitude. (d) Total
rotor loss.

the conductor layer thickness is 2 mm. Therefore, this is chosen
as the conductor layer thickness.

IV. THEORETICAL ANALYSIS

The mover of the proposed motor adopting a ferromagnetic
cylindrical structure has both complicated magnetic circuits and
electrical circuits. In practice, the rotor current and magnetic
fluxes tend to converge toward the surface of the conducting
material owing to the skin effect. The eddy current field and
main magnetic field are clearly different to the traditional
three-phase induction motors. In this regard, the PDM may be a
good analytical method to study the characteristics of induction
motors with solid rotors. This is achieved by analyzing and
calculating the rotor parameters after referring to a normal
T-shape equivalent circuit. The rationale of the PDM is the ex-
pansion of the rotor into a semi-infinite plane, which is suitable
for linear parts. Due to the damping effect, the electromagnetic
field suffers from attenuation after penetrating into the rotor.
For simplicity of the analysis, this study defines the following
assumptions.

1) The longitudinal end effect is neglected.
2) The rotor is seen as a semi-infinite ferromagnetic plane.
3) The eddy current is distributed in an ultra-thin area with

the width of 0.5πD2 , thickness Δ, and length L.
4) In the axial direction, the eddy current density is uni-

form. In the radial direction, the eddy current density is
distributed as a sine wave in the period of 2τ .

Then the rotor resistance per phase is calculated by

r2 = ρ
L

A
(1)

where ρ is the resistivity of the rotor material; L is the length
of the coupling part of the stator and the rotor; A is the total
cross-sectional area passed by the eddy current, which is
computed by

A = 0.5πD2Δ (2)

whereD2 is the rotor outer diameter; Δ is the depth of
penetration, which is given by

Δ =
√

2
ωσμ2

=
√

2ρ

sω1μ0μ1
(3)

where μ0 is the air permeability; μ1 is relative permeability
of the rotor material; ω1 is the angular frequency of the stator
supply. Then the rotor phase resistance referred to the stator
system is

r′2 =
mN 2

1 K2
dp1

s
ρ

L

πD2Δ
KrKeK1 (4)

whereN1 is the effective number of turns per phase for stator
winding. Kdp1 is the stator winding factor. Kr ≈ 1.45 takes
into account the nonlinear magnetic permeability and hysteresis
losses for the resistance. The coefficient Kx ≈ 0.85 takes into
account the nonlinear magnetic permeability and hysteresis
losses for the reactance. Ke is the end-effect correction factor
and K1 is the curvature effect correction factor.
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Fig. 8. T-equivalent circuit of induction motors.

Considering the cylindrical structure of the rotor, the
saddleback distribution of the air-gap field caused by the finite
length of the rotor and the existence of magnetic hysteretic loss,
the calculated value of the rotor is updated to the actual value
adopting all kinds of correction factors obtained by previous
research [9].

According to the characteristic that the impedance angle of
ferromagnetic material is constant [9], [12], x′

2 and Z ′
2 can be

obtained from r′2 .

x′
2 =

m1N1K
2
dp1

s
ρ

L

πD2Δ
KxKeK1 (5)

Z ′
2 = r′2 + jx′

2 . (6)

By neglecting the longitudinal end effect, Z2 of the rotor can
be referred to the stator as Z ′

2 in the T equivalent circuit, as
shown in Fig. 8. Z1 can be easily calculated as in traditional
induction motors.

However, the above analysis is based on the lock-rotor con-
dition (i.e., the slip is unity). The proposed motor is similar to
conventional induction motors in that the rotor resistance in the
equivalent circuit is a function of slip; but is dissimilar in that
its impedance angle of the solid ferromagnetic rotor is constant.
Therefore, there is a settled relationship between the equivalent
resistance and reactance of the rotor. The rotor reactance and
impedance are given by ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

r′2s = r ′
2
s

x′
2s = x ′

2
s

Z ′
2s = Z ′

2
s

(7)

where r′2 , x′
2 , Z ′

2 are the rotor parameters when the motor is
standstill. The tangential magnetic density and relative perme-
ability of the rotor surface, depth of penetration and rotor re-
actance can be obtained at a given slip. By changing the slip
between 0.1 and 1, the permanence depth and rotor impedance
are calculated and plotted in Fig. 9.

As the slip increases, the skin effect on the rotor circuit be-
comes more severe, increasing the likelihood of saturation and
the difficulty of field penetration. This is observed in Fig. 9(a)
that the depth of penetration decreases with the slip. Further-
more, the reactance and impedance have similar trends as the
slip increases owing to the constant impedance angle of the
rotor, as is shown in Fig. 9(b).

According to the T-equivalent circuit shown in Fig. 8,
some characteristics of the motor can be calculated as
traditional induction motors. This paper adopts the PDM

Fig. 9. Rotor parameter as a function of the slip. (a) Permeation depth.
(b) Rotor impedance.

Fig. 10. FEM models. (a) Rotary part. (b) Linear part.

analysis and calculates the rotary part of the proposed in-
duction motor. The analytical results are also suitable for
analyzing the linear part after equivalent conversion as per
the PDM.

V. FINITE ELEMENT SIMULATION ANALYSIS

A numerical model of the motor is established by using finite
element software MagNet, as shown in Fig. 10. Main parameters
of the electromagnetic field are solved by simulating the model
and plotting the intuitive visual graphics of the magnetic field,
current, torque/force and other parameters. The rotary motion
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Fig. 11. Flux line distribution at s = 0.05. (a) Rotary part. (b) Linear part.

Fig. 12. Speed and torque of the rotary part. (a) Speed curve. (b) Electromag-
netic torque curve.

stator and linear motion stator are fed by three-phase alternating
voltage source (UN = 220 V, f = 50 Hz) and (UN = 220 V,
f = 25 Hz), respectively. Fig. 11 (a)–(b) shows the flux line
distribution of the rotary and linear parts, respectively. Fig. 12
shows the speed and electromagnetic torque of the rotary part
when a load torque of 6 Nm is applied. Fig. 13 presents the peed
and electromagnetic force of the linear part when a load force
of 120 N is applied.

Fig. 13. Speed and force of the linear part. (a) Speed curve. (b) Electromag-
netic force curve.

VI. RESULTS ANALYSIS AND DISCUSSION

The electromagnetic design and analysis are conducted for
the rotary part with 50-Hz supply frequency, and the linear
part with 25-Hz supply frequency. Analytical and numerical
results are compared between PDM and FEM in terms of the
electromagnetic torque, stator phase current, power factor and
efficiency as presented in Fig. 14.

From Fig. 14, electromagnetic torque, stator current and
power factor increase with slip while the efficiency initially
increases and then decreases passing its maximum point. Nu-
merical and analytical results agree well with one another for the
torque and power factor whilst there are some differences in the
stator current and efficiency. These may arise from computation
errors in PDM due to the following reasons.

1) The default rotor current only flows in the deep end of the
slot when adopting the PDM.

2) The tangential component of the magnetic field is only
taken into account when calculating the magnetic field on
the rotor surface.

3) The choice of correction factors is empirical, depending
on the experience of the motor designer.
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Fig. 14. FEM and PDM results for comparison. (a) Electromagnetic torque.
(b) Stator phase current. (c) Power factor. (d) Efficiency.

VII. CONCLUSION

This paper has presented a novel split-stator 2-DOF induction
motor. The analytical and numerical models have been estab-
lished to analyze the motor performance adopting the PDM and
FEM methods. The following conclusions are obtained.

1) The electromagnetic structural parameters of the induc-
tion motor are preliminarily designed and the key param-
eters impacting on the motor performance are examined
and optimized including the air-gap thickness, rotor ma-
terial, and the thickness of the mover conductive layer.

2) The analytical model of the rotary part was established by
the PDM but it is difficult to predict the motor character-
istics because of the complex eddy current field.

3) By comparing analytical and numerical results from
PDM and FEM, the feasibility of applying the PDM is
confirmed.

The future work will investigate the dual magnetic fields of
the proposed motor and establish a three-dimensional model to
analyze the mutual effect of the 2-DOF motions. In addition, an
experimental test rig with control circuits will be developed to
carry out experimental validation.
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