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Abstract: We apply well known nonlinear diffraction theory governing
focusing of a powerful light beam of arbitrary shape in medium with Kerr
nonlinearity to the analysis of femtosecond (fs) laser processing of
dielectric in sub-critical (input power less than the critical power of selffocusing) regime. Simple analytical expressions are derived for the input
beam power and spatial focusing parameter (numerical aperture) that are
required for achieving an inscription threshold. Application of nonGaussian laser beams for better controlled fs inscription at higher powers is
also discussed.
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1. Introduction
Material processing using high-intensity femtosecond (fs) laser pulses is an attractive fast
developing technology holding tremendous potential for direct fabrication of multidimensional optical structures in transparent media (see e.g. [1-12] and references therein).
The technology is based on the induction of an irreversible modification of material (and
hence the refractive index) within the focal volume of the laser beam. One of the key
attractions of such modification with fs laser pulse is its ability to process non-photosensitive
materials. In particular, direct fs inscription in silica is of a specific interest for a wide range of
photonic applications. During the writing process multi-photon absorption deposits the energy
in the region which can be small compared to the radiation wavelength. The energy of the
focused beam/pulse should be small enough not to break the material, but sufficient for the
irreversible material modification (it is simply not possible to overview all the relevant recent
literature on this subject, therefore, we refer to papers [1-12] and the recent book [13] and
references therein). The very process of fs inscription resulting in modification of the
refractive index involves a chain of complex phenomena which are not yet fully understood.
Due to the important role of multi-photon absorption the laser writing is very sensitive to the
field intensity and can be approximately treated as a threshold-like process that starts when
the intensity exceeds some critical value I th . For instance, a semi-empirical approach adopted
in [7] assumes that the shape of the area with modified refractive index follows the spatial
distribution of the generated electron plasma and, effectively, the volume where electric field
intensity exceeds a threshold value I th . In other words, because of the sharp dependence of the
multi-photon ionisation process on the field intensity, the spatial form of the inscribed
structure can be well approximated by resolving an equation on the field intensity:
I ( x, y, z ) = I th . This approach, being an obvious simplification, nevertheless, is justified by
experimental observations indicating the existence of several different characteristic time
scales in the fs laser inscription processes (see [9, 10] for details). At the initial stage, the laser
pulse energy is being absorbed by medium through multi-photon absorption followed by
impact ionization in cascaded fashion. Both processes create an electron plasma cloud with a
shape that follows spatial distribution of light intensity. Next, the energy accumulated in
plasma gets transferred to the originally cool solid dielectric during the electron-hole
recombination. This process eventually results in irreversible modification of the material
density and hence refractive index. However, the latter process takes place during much
longer time scale compared with the multi-photon ionization by ultra-short fs pulse. It is
assumed that the domain with a modified refractive index that is formed during the secondstage slower processes should reflect an initial shape the electron cloud produced by relatively
fast ionization [9,10]. The electron diffusion in such a dense plasma is small and therefore, the
spatial distribution of the generated electron plasma can be used as a first simplified
approximation of the shape of the inscribed structures [7]. For example, to write the small size
structures, waveguides, tightly focused laser light is usually required.
A linear diffraction theory is broadly used to approximately estimate characteristics of a
focusing laser beam (see e.g. [7]). Analysis based on the linear diffraction theory leads to an
estimate of a spatial pre-focusing of the laser beam (or in other terms, numerical aperture of
the focusing lens) required to achieve inscription regime. Note, however, that there is an
inherent problem in applying linear diffraction theory to the fs laser inscription analysis.
Namely, a rather high intensity (and thus, nonlinearity) should be achieved in the focus and
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the multi-photon ionisation leading to modification of the refractive index is essentially
nonlinear effect. Indeed, high light intensity required for inscription might affect the laser
beam propagation even before ionization an hence energy deposition takes place. One of the
important nonlinear phenomena that affects fs laser processing of materials is self-focusing.
The self-focusing effect depends on the beam power, and it might modify the laser beam
characteristics well before the moment when field intensity will be high enough to engage
other nonlinear effects, such as multi-photon absorption. Therefore, it is justified, in the first
approximation, to describe effect of the Kerr nonlinearity on the laser beam propagation
separately from the other nonlinear effects. Obviously, such a physical assumption has to be
verified by analysis of the full model and it will be justified below.
In this work we present a generalization of the linear theory of Gaussian beam focusing to
the case of nonlinear propagation solely affected by the Kerr nonlinearity (self-focusing) up
until ionization and eventual modification takes place. We re-examine nonlinear diffraction
theory in context of fs laser processing of silica in sub-critical (input power less than the
critical power of self-focusing) regime. Self-focusing formally lifts restrictions associated
with linear propagation such as diffraction limit that is a minimal achievable beam size at the
beam waist. It relaxes the need of the tight pre-focusing to inscribe small-size objects and
effectively facilitates micro-fabrication of sub-wavelength structures that may correspond to
nano-scale structures. It is common to consider the impact of nonlinear effects on the
propagation significant only when the laser power is above the critical one for self-focusing.
As a matter of fact, it can modify the focal spot for powers below the critical one, and it is one
of the aims of this paper to discuss some attractive features of this sub-critical inscription
regime. Using powers below critical one can avoid fragmentation and filamentation of the
laser beam that is typical for super-critical self-focusing. Therefore, the sub-critical
operational regime could be very attractive for microfabrication as more controllable. In
particular, this regime can be used to prevent nonlinear beam instabilities and filamentations
that can result into inscription of irregular structures.
Typically, the spatial localization of a laser beam is achieved using external focusing by
applying lens or similar optical elements. The fs pulse energy required for inscription directly
depends on the focusing conditions and can vary from few microJoules (for moderate
focusing with 2-3 μm beam waist) to few tens of nanoJoules (for tight focusing to diffraction
limit). It has been already understood and experimentally observed that due to high intensity
of ultra-short fs pulses the nonlinear index of refraction can affect the beam propagation.
Typical average power of fs laser radiation compared to the self-focusing critical power
Pcr = 11.68λ20 /(8π 2 n0 n2 ) = 0.93λ20 /(2π n0 n2 ) can vary in a wide range from sub-critical
Pin < Pcr to super-critical power of Pin >> Pcr . As it was already pointed out in [2], the beam
self-focusing (that starts under condition Pin > Pcr ) is unavoidable when the inscription beam
is focused into the focal area S f larger than S cr = Pcr / I th . Corresponding critical radius is
defined as rcr2 = Pcr /(π I th ) is determined by material properties. For silica, the typical value
of the critical focal area is approximately about S cr ≈ 14 μm 2 (e.g. for fused silica
at λ0 = 0.8 μm , I th ≈ 2.5 ÷ 3.2 × 1013 W / cm 2 and Pcr ≈ 2.3 MW ). This condition, evidently,
imposes the tough restriction on the produced structure size that should be less than few μm .
For some applications, it might be desirable to have inscription in the larger volume while
avoiding self-focusing. It is worth to recall that only an input beam with a special nonlinear
profile, the so-called Towns mode, experiences self-focusing (collapse of the average beam
radius at finite propagation distance) at power Pin = Pcr . For any other laser beam distribution,
the critical power required for self-focusing is higher than Pcr . It turns out that for the
Gaussian input beams the critical self-focusing power Pcr _ G is, indeed, very close to Pcr :
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Pcr _ G =λ20 /(2π n0 n2 ) ≈ Pcr . We would like to point out, however, that for non-Gaussian laser

beam with powers higher than the critical the self-focusing can be rather different compared
to Gaussian-like beams. At the first stage of the evolution of the non-Gaussian beam, it will
not collapse straightforward, but depending on the initial geometry sooner or later will evolve
to some spatial distribution where self-focusing spikes that engage exactly Pcr can be formed.
Practically this means that self-focusing of a non-Gaussian beam can be delayed ( in space)
even at powers higher than Pcr opening a way to make direct inscription in focal areas larger
than Scr = Pcr / I th that could be of interest for telecom applications. Taking into account a
finite interaction distance of the fs laser pulse and material, application of non-Gaussian
beams can provide new interesting regimes of inscription. We propose here to use nonGaussian laser beams with a critical power well above of Pcr _ G ≈ Pcr to achieve modification
of the refractive index in a larger spot area. Below we present a particular example of such
laser beams that can be either generated using non-fundamental laser modes or created by
applying additional optical elements. We also review a theory of the sub-critical inscription
regime and quantify the interplay between linear focusing (using the optical lens) and
nonlinear self-focusing that relaxes some restrictions imposed in the linear regime.
2. The model and basic equations
The local material modification in the regime of low repetition rate radiation is caused by a
single pulse. The modification of the dielectric medium is initiated by the transfer of the pulse
energy to the free electrons with the corresponding mapping of the deposited energy
distribution into the geometric characteristics of the modified material volume. Evolution of
the electric field envelope A(r ⊥ , z , t ) is governed by the nonlinear partial differential
equations that accounts for the major propagation effects such as diffraction, Kerr
nonlinearity, group velocity dispersion, multi-photon absorption, impact ionization and
absorption and defocusing by the generated electron plasma (see e.g. [7,10,12,14]):
(1a)
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The last three terms in the left-hand side of Eq.(1a) describe effects of beam diffraction,
group velocity dispersion (GVD), and Kerr nonlinearity, respectively. The latter is responsible
for a catastrophic self-focusing which is limited by the effects described by terms on the righthand side of Eqs. (1), namely plasma absorption and multi-photon absorption. In Eq.(1a) the
laser beam propagation along the z axis is assumed and this equation is essentially a reduced
paraxial approximation of the wave equation for the complex electric field envelope A with a
carrier frequency ω in the moving frame of coordinates. Here k = nb k 0 = nbω / c is the
propagation vector, nb is the linear refraction index of silica, k ' ' is the GVD parameter, n2 is
the nonlinear coefficient, σ bs is the cross section for inverse Bremsstrahlung, τ e is the
electron relaxation time, and the quantity β K describes the K-photon absorption. Eq.(1b)
implements the Drude model for electron-hole plasma in the bulk of silica and describes the
evolution of the electron density ρ . The first term on the right-hand of Eq.(1b) side is
responsible for the avalanche impact ionization and the second term — for the ionization
resulting from multi-photon absorption (MPA). The expression for the multiphoton ionization
is a good fit of the general Keldysh expression [15] for ionisation in strong field for not very
high intensities. For fused silica and 1µm light the intensity must be below 1000 TW/cm2. For
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higher intensities tunnelling through the binding barrier takes place during the time shorter
than the laser period. In this case in Eq.(1.b) one must use the expression for ADK tunnelling
ionization [16]. For the problem of inscription the results are not sensitive to the details of
field induced ionization [10]. Eq.(1b) is suitable for description of the sub-picosecond laser
pulses when energy transfer to the lattice and plasma diffusion is negligible. The model (1)
can be considered as a generalization of the nonlinear Schrödinger equation (NLSE). Note
that in most of situations of interest, the higher-order nonlinear terms in this model contribute
to the fine dynamics of the self-focusing (wave collapse) arrest, while the initial stage of beam
propagation is mainly governed by only two effects: diffraction and Kerr nonlinearity.

Fig. 1. Evolution of the pulse energy with distance for different input peak powers. Horizontal
dashed line corresponds to the critical power for a given initial Gaussian pulse width (FWHM)
of 70 fs.

Figure 1 illustrates that at the initial stage of the evolution the pulse energy is conserved.
Some simple estimates show that during this stage of the propagation the evolution with a
good accuracy is governed by the NLSE. It is also seen that in sub-critical regime the energy
transfer to the material can be realised in a sharper manner compared to regimes with pulse
power above critical. In the numerical example shown in Fig. 1, the following Gaussian
pulse/beam has been used A(r ,0, t ) =

Ein

π πτ

as2

exp[−

(1 + iCs ) r 2
2 as2

−

t2
2τ 2

] , where as = 1.77 mm,

τ = 42 fs and C s = 892 (this corresponds to the focusing lens with f = 40 mm, recalculated
using relation C s = a s2 k / f ). Here the index s stands for surface, indicating that these are the
beam characteristics at the surface of a dielectric, after propagation of a distance d from lens
to the surface. Note that depending on the distance to the surface and initial pre-focusing
conditions, the field distribution at the surface of a dielectric can be rather different from the
initial beam parameters. The dashed line in Fig. 1 is for the critical energy of 116 nJ that
corresponds to the input pulse with the width of about 70 fs and the critical power of 2.3 MW
(in fused silica with nb =1.453 and n2 = 3.2 × 10-16 cm2/W). We considered the laser
wavelength λ0 to be 800 nm, and the other parameters for fused silica, used in simulations
are: k ' ' = 361 fs2/cm, τ e =1 fs, inverse Bremsstrahlung cross section 

σ bs

=

2.78 × 10-18

cm2.

Multiphoton

absorption

coefficient

α K = β ( K ) hνσ K ρ at ,

where ρ at = 2.1 × 10 22 atoms/cm3 is a material concentration and σ K = 1.3 × 10 −55 cm2K/WK/s.
We assume here for fused silica a five-photon ionization with K= 5 and Eg = 7.6 eV.
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Fig. 2. Relative role of different physical effects (Eqs (1)) in the process of fs laser radiation
interaction with silica. Here the input power Pin = 0.5Pcr and the numerical aperture NA=0.1.

Figure 2 shows relative contributions of different terms in Eqs. (1) in the process of
interaction of fs laser radiation with silica medium The dimensionless focusing parameter Cs
was about 25 in these calculations and initial beam radius at the surface as was nearly 70 μm.
All other parameter including material parameters are the same as for Figure 1. It is seen that
apart from the narrow region where plasma defocusing and multi-photon absorption come into
play, the electric field evolution during noticeable interval is mostly affected by the two
physical effects: linear diffraction and the Kerr nonlinearity. While linear diffraction
dominates initial propagation stage, the Kerr nonlinearity has an impact on the field dynamics
as the pulse approaches a focal point that is getting stronger as pulse approaches the energy
deposition region. The Kerr nonlinearity acts as a nonlinear lens [17] producing corresponding
deformations of the beam waveform. The aim of this paper is to present simple theoretical
methods to account for such deformations.
Note that when the high order nonlinear ionization dominates, the absorption can be well
approximated by a hard threshold (step-function) process. In other words, this approximation
means that the part of the pulse energy is absorbed (transferred to free electrons) when the
intensity I =| A(r ⊥ , z , t ) |2 exceeds the threshold I th , leading to consecutive medium
modification mapping the corresponding spatial distribution of the intensity into the refractive
index changes. In what follows we assume that at z = 0 pre-focused laser beam (pulse in time)
with a time-spatial waveform A(r ⊥ , z = 0, t ) = A0 (r ⊥ , t ) enters the dielectric medium (e.g.
silica). Evolution of the powerful laser beam at first stage is described by the interplay
between two focusing mechanisms: linear focusing, due to the lens, and nonlinear selffocusing. Note that typically, pre-focusing lens is used at some distance of the silica, and the
boundary conditions A0 (r ⊥ , t ) should be understood correspondingly.
3. Sub-critical self-focusing regime
Next we demonstrate that analysis of the simplified, yet reasonable model based on the NLSE
can provide important characteristics of the sub-critical inscription regime. The theory
presented below is a simple generalisation of the broadly used linear focusing theory by the
nonlinear Kerr effect for the beam power below self-focusing threshold. Evolution of the
transversal root-mean-square width of the laser beam within the framework of the NLSE
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model is given by the well-known analytical expression derived by Vlasov, Petrishev and
Talanov in [18] for the root-mean-square (RMS) of the laser beam:
2

R 2 ( z) =

∫

r ⊥ | A |2 d r ⊥
| A |2 d r ⊥
∫

= C1 z 2 + C2 z + R 2 (0),

where z-independent C1 ,C 2 are determined

∫

by the parameters of the incident beam ( P = | A0 |2 d r ⊥ is the instantaneous input power)
and focusing conditions

2
4
2
λ 20 ∫ | ∇ ⊥ A0 | d r ⊥ n2 ∫ | A0 | d r ⊥
λ0 ∫ (r ⊥ ∇ ⊥ arg( A0 )) | A0 | d r ⊥
C1 =
, C2 =
.
−
P
n0
P
π n0
P
4π 2 n02

We would like to point out that this well-known result is very general and no assumption
about the beam shape has yet been made. Substitution of the particular input beam distribution
leads to the analytical description of the beam focusing in terms of RMS characteristics. Now,
without loss of generality, we illustrate the general result, considering several particular
examples of the input laser beam distributions. We would like to stress that this approach can
be applied to a variety of spatial beam forms.
3.1. Sub-critical focusing of the Gaussian-shape pulses
First, we describe achieving inscription period with the most widely used pre-focused
(1 + iC s ) r 2 t 2
Ein
Gaussian input pulse A(r ,0, t ) =
exp[
−
− 2 ] . Here as is a beam
2 a s2
2τ
π π τ as2
width parameter The focusing conditions at the surface are combined in a single focusing
parameter C s = π ( f − d ) NA 2 /[ λ (1 − NA 2 )] which is expressed through lens focal distance
f, numerical aperture NA and the distance d from lens to the surface. In the case of the
Gaussian laser beam, the nonlinear evolution of the RMS beam radius is given by the
following equation (that we present for convenience of the comparison in the form similar to
the linear focusing theory):

R ( z, t ) =
2

(2)

2
Rmin_
NL (1 +

( z − z min_ NL ) 2
Z R2 _ NL

P (t )
P (t )
]
]
k 2 a s4 [1 −
Pcr _ G
Pcr _ G
, Z R2 _ NL =
, z min_
=
P (t ) 2
P (t )
[1 + C s2 −
]
1 + C s2 −
Pcr _ G
Pcr _ G
a s2 [1 −

2
Rmin_

NL

∫

Here P = | A0 | 2 d r ⊥ =

Ein

exp[−

t2

] = Pin exp[−

t2

=

k a s2 C s
.
P (t )
[1 + C s2 −
]
Pcr _ G

Pcr _ G = λ20 /(2π n0 n2 )

is the
τ
τ
τ π
critical power of self-focusing for the Gaussian beams, and k = 2πn0 λ0 . This equation
generalizes the usual linear focusing conditions to the nonlinear (sub-critical P < Pcr _ G ) case.
2

2

]

and

NL

),

The minimal beam radius Rmin = as (1 − P / Pcr _ G )1 / 2 /(1 + Cs2 − P / Pcr _ G )1 / 2 is achieved at the
distance zmin_ NL . The nonlinear lens allows for better control of the beam energy deposition.
The important new feature is that the nonlinearity removes the restriction of the linear
focusing, such as the existence of the minimal beam radius that can be achieved under the
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fixed pre-focusing C s . Another interesting feature is that using regimes with small enough
effective C s , it could be possible to change by varying input power the ratio of the beam
focal diameter d min = 2Rmin to the confocal parameter b = 2 Z R _ NL - a nonlinear lens analog
of the linear astigmatic beam approach used in [7]. Note, however, that nonlinear astigmatism
works only in one direction – making the longitudinal size of the modified area even more
lengthy compared to the transversal diameter. This can be useful in writing waveguides along
the z-axis.
Considered approach provides an exact analytical description (Eq. 2) of the nonlinear
evolution of the root-mean-square beam diameter for arbitrary input beam profile. However,
as it was discussed above, the shape of the modified material volume is correlated with the
local field characteristic –spatial distribution of the intensity I(x,y,z). Thus, the next important
issue is to describe spatial areas where intensity exceeds the inscription threshold value.
Provided that a laser beam preserves a one-scale (for instance, Gaussian-like form) field
distribution during the focusing it would be possible to determine the intensity distribution.
Taking into account a conservation of the power during propagation regime dominated by
Kerr nonlinearity, one can estimate intensity as I = P / S ≈ P /(π R 2 ) . It is convenient to
introduce the initial beam spot area S s defined through Pin = I s × S s = I s × π a s2 . The intensity
reaches its maximum at the z = zmin at the time t = 0 (in moving frame). Thus, in this case, the
necessary condition on the input pulse parameters to provide the intensity above the
inscription threshold would be:
I th =

Pin
2
π Rmin

Pin [1 + C s2 −
=

Pin
]
Pcr

P
S s [1 − in ]
Pcr

.

Resolving this equation one would estimate the minimal input power required to initiate
inscription:
(3)

4I S
Pin 1
I S
I S
= {1 + Cs2 + th s − [1 + Cs2 + th s ]2 − th s }
Pcr 2
Pcr
Pcr
Pcr

In the case of a tight focusing, typically a condition Pin / Pcr << (1 + Cs2 ) is satisfied on the
dielectric surface, and the expression (3) can be further simplified (compare with [11]):

(3b)

Ein

τ π

= Pin ≈

IthSs
,
2
(1+Cs ) + IthSs / Pcr

Pin
<< (1+Cs2)
Pcr

However, this simple consideration, unfortunately, does not work for powers approaching the
critical power. Above estimate is based, indeed, on a very strong assumption — a shape
preserving evolution, that is actually not correct for beam powers close to the critical one.
This is illustrated by Figure 3 where a normalised product of the maximum of the field
intensity and the minimal RMS beam width at the nonlinear focal point is shown as a function
of the input beam power for different focusing parameters. Evolution of the input Gaussian
beams with aS = 100 μm , different input powers and spatial focusing parameters C s has been
computed in the framework of the NLSE model. It is seen that a simple approximation
2
I max × RRMS
_ min ≈ Pin / π (dashed line in Fig. 3) works rather well for the input beam powers
up to half of a critical power Pin ≤ 0.5 × Pcr . However, for the input powers in the interval
0.5 × Pcr ≤ Pin < Pcr the dependence is more complicated and this is correlated with the fact
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that field distribution at the focal point evolves toward the so-called Townes mode [19] from
initial Gaussian in this power region. Figure 3 shows that still there is a generic formula
linking maximum of intensity and the minimal RMS beam width:

(4)

I th =

Pcr
2
π Rmin

× f(

Pin
)=
Pcr

Pcr × [1 + Cs2 −
S s ×[1 −

Pin
]
Pcr

Pin
]
Pcr

× f(

P
Pin
P × [1 + Cs2 ]
) ≈ cr
× f ( in ),
P
Pcr
Pcr
S s ×[1 − in ]
Pcr

Here function f(x) is plotted and numerically approximated in Fig. 3. We would like to point
out that this estimate of the maximal intensity does not depend on the initial pulse focusing as
can be seen in Fig. 3.

Fig. 3. Product of the maximum field intensity and minimal RMS beam width vs input beam
power. The dashed line corresponds to assumption I max

2
× RRMS
_ min ≈ Pin / π , the markers

are results of numerical simulation of 2d NLSE: the circles- Cs = 25 , the crosses- Cs = 50 , the
squares- C s = 100 . The solid line is an approximation by the method of the least squares (here

x = Pin / Pcr

):

f ( x ) = −1.0073 × (1.01 − x ) + 0.91445 + 8.567 ⋅10 −2 / (1.01 − x ) − 4.273 ⋅10 −4 / (1.01 − x )
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Fig. 4. Numerical solutions of the Eq. 4. Top: Input pulse power (measured in critical power)
required to produce intensity above the threshold of inscription is shown as a function of the
parameter Q = I th × S s / Pcr = S s / S cr − ratio of the beam spot area at the surface to the
“critical” focal area

S cr = Pcr / I th

for different pre-focusing parameters

picture: isolines of the parameter Q in the plane (C s , Pin

Cs .

Bottom

/ Pcr ) .

Resolving the transcendent Eq. 4 against input power we get a more accurate (compared to
Eq. 3b) estimate of the minimal input power required for inscription:

Pin ~ 2 I th S s
I th S s
) ≈ g(
).
= g (C s ,
Pcr
Pcr
Pcr (1 + C s2 )
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I th S s

Here function g(x) with x =

Pcr (1 + C s2 )

≡

Q
(1 + C s2 )

is easily found by resolving Eq. 4 and is

plotted in Figure 4 for several values of C s .
Note that instead of analysis of the nonlinear evolution of the field A with pre-focusing
condition:

A( z = 0, r ) = A0 (r ) exp[−

i Cs r 2
2 a s2

] , as it was pointed out in [17], it is enough to find a

solution of the NLS equation U(x,y,z) with the non-focused initial beam profile:
U ( z = 0, r ) = A0 ( r ). Then the evolution of the pre-focused beam A(x,y,z) is found using the
Talanov’s (lens) transform [17] as:
z

A( z, r ) =

1
ds
r
i r2
z
a2
) exp[
], L( z ) = 1 + , F = − s .
U( 2 ,
4 FL( z )
2 Cs
L( z )
F
L ( s) L( z)
0

∫

Therefore, in Fig. 3 it is enough to calculate only the curve for non-focused beam because any
initial distributions with pre-focusing will give the same result. The only difference would be
a change in the position of the focal point:

1
z (f A)

+

1
1
= (U ) , where the index A and U denotes the focal length for the fields A and U,
F zf

respectively.
Developed above formalism (Eqs. 2-4) can be used to estimate the interval Δz (see Fig. 1)
where field intensity I (r , z ) exceeds the inscription threshold I th , I (r , z ) > I th :
⎛ Δz ⎞
⎜
⎟
⎝ 2 ⎠

2

=

⎡P
⎤
⎛
k 2 as2
P ⎞
in
[rcr2 ⎜⎜1 + Cs2 − in ⎟⎟ + as2 ] − as2 ⎥
⎢
P
Pcr ⎠
⎝
⎦⎥
[1 + Cs2 − in ]2 ⎣⎢ Pcr
Pcr

in the limit of a tight focusing ( Pin / Pcr << 1 + Cs2 ) this yields
Δz = 2 k amin_ lin [

Pin 2
2
2
1/ 2
(rcr + amin_
,
lin ) − amin_ lin ]
Pcr

2
amin_
lin =

as2
.
1 + Cs2

This formula provides explains why the “NLSE stage” of the nonlinear beam dynamics
(interval in z where beam propagation is well described by the NLS equation, or in other
terms — the interval where energy is constant in Fig. 1) becomes shorter with growing input
power. Namely the NLSE-evolution distance is given by:
zdiss = zmin_ NL − Δz / 2 =

as2
as2 1/ 2
k as2 Cs
Pin 2
[
(
)
] .
r
−
k
a
+
−
s
cr
Pcr
[1 + Cs2 − Pin / Pcr ]
1 + Cs2 1 + Cs2

It is instructive to re-write the results given by Eq. 2 in terms commonly used in experiments
— numerical aperture NA, the focal length f, and the distance from the lens to the surface. We
use here the commonly adopted definition of the beam radius, as the width at which the beam
irradiance (intensity) has fallen to 1/e2 (13.5%) of its peak, or axial, value. Using the notations
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2

introduced above, the beam radius on the surface reads:
and

the

evolution
2
Rmin_
G

of the RMS
λ 02 1 − NA2
= 2×
×
2π
NA2

is

⎛ λ ⎞
=⎜
⎟
⎝ πNA ⎠

given

(1 − NA2 ) +

by

Eq.

1 − P(t ) / Pcr

π 2 ( f − d )2 NA2 2
1 − P(t ) /[Pcr (1 +
(
) )]
1 − NA2
λ20

n0 ×( f − d )

zmin_G =

width

2 as2

, Z R2 _ G

NA2 ( f − d )2

,
1− NA2
(2) where:

,

1 − NA2
NA2
.
=
2
π ( f − d ) 2 NA2 2
1 − P(t ) /[Pcr (1 +
(
) )]
λ20
1 − NA2
2
2
2 Rmin_
G × n0 ×

π 2 ( f − d )2 NA2 2
1 − P(t ) /[Pcr (1 +
(
) )]
λ20
1 − NA2
One can quantify to what extent the Kerr nonlinearity relaxes the requirements on the
beam pre-focusing provided by linear lenses. Physically this means that diffraction is partially
compensated by nonlinearity, therefore, the same focusing of the initial beam can be done by
lens with smaller numerical aperture. It can be easily derived from the above formulae that in
the case of a tight focusing, to achieve the same minimal beam width (that requires in the
linear regime lens with numerical aperture NAlinear ) in the nonlinear sub-critical regime, one
can use lens with the numerical aperture NANL (index NL here indicates that nonlinear
2
propagation contributes to focusing): NANL
=

2
NAlinear
× (1 − Pin / Pcr )
. The dependence of
2
1 − NAlinear
× Pin / Pcr

NANL on NAlinear is shown in Fig. 5 for several input powers (normalized to critical power).

Fig. 5. Numerical aperture NA in the nonlinear regime vs numerical aperture of the linear
focusing required to produce the same minimal beam size in the focal point for three values of
the input power: 0.1, 0.5 and 0.8 (measured in critical power).

Note also that in the limit of a tight pre-focusing ( Cs2 >> 1 ) the necessary condition of
reaching inscription threshold can be written as (compare with [11]):
(5)

Pin =

Ein

= Pth =

Pcr I th

I th + 2πPcr NA2 /[λ20 (1 − NA2 )]
τ π
Dependence of the normalized threshold energy Eth required for producing permanent
structural change on the numerical aperture NA and the critical area Scr = Pcr / I th defined
above can be re-written as:
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Eth
Pcrτ π

1

=
1 + 2π

NA2 Scr
1 − NA2 λ20

.

Fig. 6. Dependence of the inscription threshold energy required to produce irreversible change
of the refractive index on the numerical aperture of a focusing lens using Gaussian pulse with
FWHM = 100 fs. Solid line — Eq. 4, dashed line – approximation (5) effectively used in [11].
Inset shows the interval of NA from 0.3 to 0.6.

Note that though approximation given by Eq. (5) works rather well, more accurate description
given by Eq. (4) still could of importance or some applications. As it was pointed out in [11],
the dependence of the inscription threshold energy on the numerical aperture and selffocusing critical power shown in Fig. 6 can be used for determination of both Pcr and I th .
Therefore, maximum accurate description of this dependence at the pulse powers close to the
critical power is an important issue.
3.2. Basics of the sub-critical focusing of the ring-shaped beams
Next we briefly discuss how the developed approach can be applied to laser beams having
arbitrary initial shape, considering as a particular example a ring-shaped input field:

A(r ,0, t ) =

Ein

π π τ as2+ 2m m!

r m exp[−

(1 + iCs ) r 2
2 a s2

−

t2
2τ 2

] . In this case evolution of

the RMS beam width can be presented in a form similar to Eq. 2:

2
R 2 ( z , t ) = Rmin_
NL _ m (1 +
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P(t )
P (t )
k 2 a s4 (m + 1)[1 −
]
]
Pcr _ m
Pcr _ m
2
=
, Z R _ NL _ m =
,
P (t )
P (t ) 2
1 + (m + 1)C s2 −
[1 + (m + 1)C s2 −
]
Pcr _ m
Pcr _ m
as2 (m + 1)[1 −

2
Rmin_
NL _ m

z min =

k a s2 C s (m + 1)
,
P (t )
2
[1 + ( m + 1)C s −
]
Pcr _ m

Pcr _ m =

λ 20
× 2 2 m (m!) 2 /(2m)!.
2π n2 n0

As expected, the critical power Pcr _ m for the ring is higher by a factor of 2 2m (m!) 2 /( 2m)!
compared to that for the normal Gaussian beams (m=0) (see e.g. [20]):
Pcr _ 1 = 2 Pcr _ G ; Pcr _ 2 = 8 Pcr _ G / 3; Pcr _ 3 = 16 Pcr _ G / 5. Application of ring-structured beams
can be used to create higher local field intensity yet, remaining in the sub-critical regime by
delaying self-focusing that would otherwise immediately occur for single-humped beam
profiles. Figure 7 compares evolution of field intensities (normalized by the inscription
threshold intensity) for the initial Gaussian beam (left) and for a beam with ring distribution
(m = 1, right picture) with the same other initial parameters: Pin / Pcr _ G = 0.5 and pre-focusing
parameter C s = 50 . It is seen that, indeed, a ring-shaped beam could be useful and efficient for
creating higher local intensity (that is critical for inscription) using the same input power. We
would like to stress that we do not aim here to make a fair comparison, because the nonlinear
evolution of the ring beam is very different compared to that one with the Gaussian input
spatial distribution. Therefore, a fair comparison of ring and Gaussian beams applied to
inscription should include more accurate analysis of the impact of the pre-focusing conditions
and input powers scaling and will be presented elsewhere. Our goal in this section is rather to
attract attention to new opportunities offered by using non-Gaussian laser beams in the subcritical inscription.

Fig. 7. Isolines of the normalized intensity

I (r , z ) / I th for initial Gaussian beam (left) and

ring beam with m=1 (right); both with the input power
parameter C s
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Pin / Pcr = 0.54 and pre-focusing

= 50 . The area with I (r , z ) ≥ I th is shown by red.
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4. Conclusions
We have examined theory of sub-critical regime of fs laser inscription in dielectric materials.
Nonlinear modification of the widely used linear diffraction theory is presented. Simple
nonlinear semi-analytical expression for the input beam power and spatial focusing parameter
(numerical aperture) required to achieve the inscription threshold are derived. It is proposed to
use non-Gaussian laser beams having larger self-focusing threshold for better controlled fs
inscription at higher powers. Delayed self-focusing at high powers using non-Gaussian beams
can be potentially useful for inscription of structures for telecommunication applications
requiring waveguides on the scale of several microns.
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