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ABSTRACT
We present a perturbation analysis that describes the eﬀect of third-order dispersion on the similariton pulse solution of the nonlinear Schrödinger equation in a ﬁbre gain medium. The theoretical model predicts with suﬃcient
accuracy the pulse structural changes induced, which are observed through direct numerical simulations.
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1. INTRODUCTION
Intense optical pulses with an initial parabolic intensity proﬁle retain their shape and acquire a linear frequency
chirp upon propagation in optical ﬁbres with normal second-order (group-velocity) dispersion (SOD).1, 2 In the
additional presence of linear ampliﬁcation, parabolic pulses represent a common asymptotic state (attractor) for
arbitrary initial conditions.3–7 Their intrinsic resistance to optical wave breaking and self-similar ampliﬁcation
behaviour makes parabolic pulses or similaritons very attractive for achieving high-energy, ultrashort optical
pulses in ﬁbre lasers operating in the normal dispersion regime.8 The normal SOD eﬀectively linearizes the
accumulated phase of the pulse allowing for the spectral bandwidth to increase without destabilizing the pulse.1
Along with ﬁbre ampliﬁers and lasers, stable similariton pulses can also be generated in passive optical ﬁbres
provided a suitable tapering of the SOD proﬁle is introduced.9 This approach is based on the observation that
a longitudinal decrease of the normal dispersion is formally equivalent to linear gain. Analytically, self-similar
parabolic pulses can be found as asymptotic, approximate solutions of the nonlinear Schrödinger (NLS) equation
with gain in the semi-classical (large-amplitude or small-dispersion) limit.3, 6
To date, most of the theoretical descriptions of the self-similar pulse shaping regime have been based on the
assumption that only low-order nonlinear and dispersion eﬀects impact pulse evolution. In fact, several novel
features in the similariton regime have been observed due to the presence of third-order dispersion (TOD) in
ﬁbre ampliﬁers and mode-locked lasers.10–13 Further, in passive dispersion-decreasing ﬁbers the SOD decreases
asymptotically to zero making the relative contribution of higher-order dispersion signiﬁcant. The inherent
TOD in the ﬁbre can severely aﬀect similariton pulse propagation performance and lead to optical shock-type
instabilities.14, 15 As a result of the TOD, the pulse shape experiences an asymmetric temporal development with
the peak shifted towards the edges of the pulse, which is eventually halted by pulse break-up. The acceleration
of the center of mass of the pulse also results in an asymmetric spectrum.
In this paper, we summarize results in Ref. 16. We describe the structural changes induced by TOD on the
similariton pulse solution of the NLS equation with constant linear gain. Our approach relies on the observation
that there is a natural small parameter in the problem of self-similar parabolic pulse evolution: the ratio of the
pulse temporal width to the peak amplitude. Analytic expressions are provided for the perturbations of the
pulse amplitude and phase, and are shown to be approximated by cubic polynomials in the temporal variable.
Further, the pulse skewness is calculated, and the analytic results are conﬁrmed by extensive NLS numerical
simulations.
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2. BASIC EQUATIONS
The evolution of the ﬁeld envelope U of optical pulses in a nonlinear optical ﬁbre with a constant gain proﬁle
and in the presence of TOD can be described by the extended ampliﬁed NLS equation17
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where β2 , β3 and σ are the respective SOD, TOD and Kerr nonlinearity coeﬃcients of the ﬁbre, and g is the
constant gain along the ﬁbre. Here we have neglected higher order eﬀects in the gain such as gain saturation
and gain bandwidth.3 We seek a solution of Eq. (1) of the form: U (z, t) = a(z)f (η, ξ) exp[iC(z)t2 ], where new
self-similar variables are introduced as ξ = t/τ (z) and dη/dz = σa2 (z).6 Here, a(z) describes the evolution of
the pulse peak amplitude, τ (z) is a characteristic width, C(z) is the chirp parameter, and f (η, ξ) is a normalized,
dimensionless function that describes the evolution of the pulse temporal proﬁle and contributions to the peak
amplitude and phase through its ξ and η dependencies, respectively. Inserting this into (1), we obtain coupled
equations for a, τ and C, along with the governing equation for the structural function f
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Here λ is an arbitrary separation parameter that depends on the pulse power, and the parameter  ≡ τ (z)/a(z).
The solutions of the (a, τ , C) coupled system6 show that  is a natural small parameter in this problem:
≡
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Here a0 and τ0 are the initial pulse amplitude and width. For example, for realistic rare-earth-doped ﬁbre
parameters: β2 = 35 × 10−3 ps2 /m, σ = 6 × 10−3 (W m)−1 and g = 1.44 m−1 ,3 we have  ∼ 0.04.

3. PERTURBATION ANALYSIS
In this section we exploit the small parameter  in Eq. (2), and use a perturbation analysis to obtain the leading
order modulations to the amplitude and phase of the similariton pulse induced by TOD. Equation (2) has
non-constant coeﬃcients due to their dependence on τ . It is easy to show that assuming
η
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allows us to expand τ (η) about τ0 and obtain τ (η) = τ0 + 2 gη/(3στ0 ) + O(4 ). We see that condition (4) imposes
a limit on the propagation distances where our model holds. For example, η ∗  33 or z ∗  0.72 m for the ﬁbre
parameters used in Sec. 2. However, the underlying TOD dynamics occurs within distances z ∼ z ∗ for a wide
variety of parameter values.
=
.

Now, looking for a solution
∞ jof Eq. (2) of the form: f (η, ξ) = A(η, ξ) exp[iφ(η, ξ)]
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j=0  φj (η, ξ)], we ﬁnd the leading order solution is given by the similariton solution:
A0 (ξ) =


λ(1 − ξ 2 ),

φ0 (η) = λη.

(5)
2

Note that for this solution, the parameter λ = 1. The ﬁrst non-zero perturbation comes at O( ), where we
obtain the solution
A2 (ξ, η) = R(ξ)η,
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φ2 (ξ, η) = R(ξ)A0 (ξ)η 2 + G(ξ)η,
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Note that the coeﬃcient functions R(ξ) and G(ξ) are dependent on the leading order solution, while the amplitude
(phase) perturbation is linear (quadratic) in η. Further, in the absence of TOD there is no amplitude modulation
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and a symmetric (in ξ) phase perturbation. The latter comes from the semi-classical approximation that one can
apply to the unperturbed form of Eq. (1) to obtain the self-simlar solution (5).6 Functions R(ξ) and G(ξ) are
singular at the points |ξ| = 1 where the purely parabolic solution A0 in (5) vanishes. To remove this problem,
here we use a particular approximation for A0 ,18 which coincides with the parabolic pulse shape in the central
core and, at the same time, approximates the smooth decrease of the amplitude in the pulse tails which is
observed in the true asymptotic pulse solution. A parameter δ, with 0 < δ < 1, parametrizes the size of the
pulse central region, and can be adjusted to achieve a good approximation for the particular pulse properties to
be described.
The perturbation expansion can be carried out to all orders, however for the purpose of this paper we will
only consider the leading order perturbation. Although the expressions (7) are cumbersome, analytical insight
can be gained. Speciﬁcally, it is interesting that the intensity and phase perturbations can be approximated by
cubic polynomials in the variable ξ:
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in the region |ξ| ≤ 1 − δ. In addition to the pulse perturbations (6), we can calculate the skewness S, which is
typically used to quantify the asymmetry of the pulse temporal shape, as



 2 β3 1
C2
f
(δ)
+
f
(δ)
η,
(9)
S≡
ξ 3 A2 dξ =
1
2
σ
τ05
τ0
where the functions f1 and f2 can easily be calculated as a function of δ.

4. COMPARISON THEORY VS. NUMERICAL SIMULATIONS
In this section we compare the predictions from the analytic model developed with the results of numerical
integration of Eq. (1). We numerically generate a parabolic pulse through the reshaping of a Gaussian pulse
which occurs upon propagation in a section of ﬁbre with the SOD, nonlinearity and gain parameters mentioned
in Sec. 2. The formed pulse is used as the initial pulse in our study, and propagated over the distance z = z ∗ in
the gain ﬁbre with the TOD switched on.
Figure 1 shows the temporal distributions of the perturbations in the pulse intensity and phase plotted in
z/(4z ∗) increments along the ﬁbre, as obtained from NLS numerical simulation and Eqs (5)–(7) for the TOD
parameter β3 = 0.7 × 10−3 ps3 /m. The simulation results are in good agreement with the analytic results in the
central portion of the pulse containing most of the pulse energy, even at propagation distances z ∼ z ∗ where
condition (4) is not satisﬁed. Also plotted in Fig. 1 are the cubic polynomials (8), and show that they are an
excellent approximation to the overall pulse perturbation due to the TOD. Equations (8) thus provide simple
analytic expressions to describe the changes induced by TOD on the temporal intensity and phase distributions
of the pulse. The pulse temporal intensity and chirp proﬁles are plotted in Fig. 2 at the same points along the
ﬁbre as in Fig. 1. We see that the TOD makes the pulse shape become asymmetric with the peak shifted to the
leading edge, corresponding to a red-shifted spectrum. As the propagation distance increases, the asymmetry
becomes stronger. Further, Fig. 2 highlights the approximatively parabolic nature of the chirp induced by TOD
in the central region of the pulse. Note that φt = (arg U )t − 2Ct and, therefore, the pulse chirp should ideally
be zero in the absence of TOD.
In Fig. 3 the skew parameter S from both numerical simulation of Eq. (1) and the theoretical prediction from
Eq. (9) is shown for various β3 values and propagation distances. The skew parameter from numerical simulation
increases linearly with both the TOD values and propagation distance up to the onset of pulse break-up. Equation
(9) predicts a linear increase of the skew parameter with β3 and an linear increase with the self-similar variable η.
However, a linear dependence in η is equivalent to an exponential dependence in propagation distance z. This can
be accounted for by the fact that our perturbation analysis is valid only for z < z ∗ , which corresponds to a nearly
linear relationship between z and η in the propagation region considered. Figure 3 shows reasonable agreement
between the analytic model and the simulation results in the parameter region preceeding wave breaking with
relative error up to ∼ 16 percent. In all simulations performed we ﬁnd that the critical value of the skewness for
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Figure 1. Perturbation of the pulse intensity (top) and phase (bottom) from NLS numerical simulation (solid black)
compared to the theoretical prediction (dashed grey) at four points along the ﬁbre: z/z ∗ = (a) 0.25 (b) 0.5 (c) 0.75 and
(d) 1. Also shown are the approximate cubic polynomials (dashed black). The shaded region corresponds to 95 percent
of the pulse energy.
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Figure 2. Pulse intensity proﬁle (top) and chirp proﬁle (bottom) from NLS numerical simulation (solid black) compared
to the theoretical prediction (dashed grey) at four points along the ﬁbre: z/z ∗ = (a) 0.25 (b) 0.5 (c) 0.75 and (d) 1. The
pulse solution with no TOD eﬀect is also shown (dashed black). The shaded region corresponds to 95 percent of the pulse
energy.
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Figure 3. Left: Skew parameter S from NLS numerical simulation (black) as well as the theoretical prediction (grey) as
a function of (a) β3 at four points along the ﬁbre and (b) z/z ∗ for four values of β3 (in 10−3 ps3 /m). The bold circles
correspond to common points of (a) and (b). Wave breaking occurs when S ∼ 0.06. Right: Pulse temporal intensity
proﬁles from NLS numerical simulation (solid) as well as the theoretical prediction (dashed) for four values of the skew
parameter: S ≈ (a) 0.03 (b) 0.04 (c) 0.06 and (d) 0.08. The proﬁles are taken at the bold circled points of the left graph.

which a shock-wave-type of instability starts to develop on the pulse due to the TOD is S ∼ 0.06. Also shown
in Fig. 3 are the pulse temporal intensity proﬁles taken at diﬀerent values of the skew parameter. Note that
although the theoretical prediction of the pulse perturbation (Eq. (6)) cannot predict the TOD-induced shock
in the leading edge of the pulse, it is capable of predicting the form of the pulse with suﬃcient accuracy even
after the onset of the shock.

5. CONCLUSION
We have found the leading order structural changes induced by TOD on the similariton pulse solution of the
NLS equation in a ﬁbre with constant linear gain. Analytic expressions for the perturbations of the temporal
amplitude and phase of the pulse as well as the pulse skewness have been derived. We have found that the eﬀects
of the TOD on both the pulse shape and phase can be well approximated by cubic polynomials in the temporal
variable. The analytic results have been conﬁrmed by extensive numerical simulations of the governing equation.
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