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The response of a structure to random acoustic excitation is 

dependent on the. modal densities, mechanical damping, and radiation 

efficiency, as well as the acoustic response of the surrounding mediun. 

This thesis describes the analytical and experimental problems 

associated with the evaluation of the parameters, and an attempt is 

made to obtain practical values of these paramters in the particular 

case of -a flanged cylindrical vessel. 

The object of the work was te provide accurate basic information 

which could be used to investigate noise transmission in aircraft 

_structures. 

Various methods of measuring and/or calculating the above-mentioned 

paramters have been investigated and experimental techniques developed 

which will provide nore accurate evaluation of the paranmters.
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introduction. 

The problems involved in determining the response of structures 

subjected to noise (and he subsequent vibration and radiation of this 

noise) have been of great concern in aeronautics since the early nineteen 

fifties; the enormous increase in the power of propulsion devices over 

this period has led to the radiated and transmitted noise being a major 

social and scientific problem. The ilinistry of Technology Research 

Establishment at Farnborough have taken considerable interest in this 

subject from its conception, particularly i. the area concerning the 

transmission of noise into aircraft fuselage and its effects on the 

structure. A long term research programme with a view to solving 

this problem was then started at this University following a consultation 

with members of the above establishment. 

In order to predict accurately the response of a plate-type 

structure to a defined noise field, it is essential to have accurate 

data regarding the primary factors which affect the response, 

Theoretical analysis of power flow between linearly coupled oscillators 

has shown that the relationship between acceleration response and sound 

pressure is a primary function of modal density, mechanical damping ad 

radiation efficiency of the structure as well as the characteristic of 

the surrounding acoustic mediun, 

For a thorough study of the general problems related to sound 

transmission in aircraft structures (which is the primary objective 

of the work) it was considered to be essential to have accurate lmowledge



of the paramters and this thesis describes and evaluates various methods 

of measuring and calculating then. 

Experiments have been carried out in a reverberant chamber on a 

flanged cylindrical vessel, techniques being developed for the measurement 

of damping, modal density and radiation efficiency of the structure as 

well as for accurately defining the acoustic response of the test chamber, 

A technical survey of some of the more important literature relating 

to the present work is given which shows that information on structural 

response in acoustic fields is scarce. The most useful papers in this 

area have been published in the last ten years; literature on the 

other topics are readily available. 

Because the spectrum of duct noise extends to frecuencies well 

above the fundamental natural frequencies of the complicated mechanical 

structure, classical vibration analysis is not a very suitable method 

for estimating response levels. More important, it does not indicate 

the roles of the various different parameters in a manner which leads 

to a clear solution for the problem, and hence hinders the generalisation 

of the results to different system configurations (which is an essential 

factor in design studies). The development of the statistical energy - 

analysis, with its central concept of power flow between oscillators and 

its advantage of producing results in terms of the broad paramaters of 

a@ system is then discussed and has provided a valuable tool for the 

solution of this problen. 

Chapter 4. contains descriptions of transducers and instrumentation



used. An outline of the special instruments built and used are also 

included. A detailed description of the automatic fine at averaging 

system and its use in conjunction with other instruments for reducing 

8 _(w) / 8 (o) and. 8 ,(o)/S,() data is given, The following chapter 

“reviews the basic beh baths ool concepts and experimental aspects of room 

acoustics with particular reference to reverberation, diffusibility and 

modal density. The practical results of the measurements relating to 

the room conditions are given. 

Accurate calculation of the individual modes and frequencies of 

ination are only possible for small homogeneous structures having 

regular geometry and well defined boundary conditions. In the case 

of the test specimen, the Arnold and Warburton (11) approach explained 

in Chapter 6 was used. The techniques used in the solution of the 

Eada sou on an ICL 1905 computor for determining the inodal density is 

also included. 

Chapter 7 deals with two main sections covering damping, firstly 

in relation to the mechanical damping and its mechanisms and the 

techniques used in their measurement, and secondly in relation to the 

radiation damping and the parameters contributing to its response, The 

use of various experimental techniques and their limitations are also 

considered. 

The expressions for determining the radiation properties of cylinders 

based on the flat plate formalism devised by Manning end Meidanik (2) are 

reviewed, The radiation efficiency computed from this method is given 

and also the experinental results, (This is a well thumbed approxinate



technique based on numbers of radiating modes being excited in a given 

frequency band). ” 

The Appendices contain notes on the use of decibels, terminologies 

used in the thesis, tables of resonant frequencies for the test cylinder 

and computer programs.
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The survey presented in this chapter is of the more important 

papers relevant to the research work reported in this thesis. 

ous Room acoustics with particular reference to the reverbera- Fe aT ee en ae Oe ae I tN OD ele SISA wpe semen ln be te sa a sa ef unt Sih ain srden Get ais sia tn eo eo ocd es cs 

In 1922 W.C. Sabine's collected papers (50) on acoustics were 

published. With this event the real foundation of modern room 

acoustics was laid. Sabine had clearly seen that a distinct re- 

lation exists between the reverberation of the sound in a room and 

the sound absorption of the room. 

For the reverberation time evaluation one of the first objective 

recording arrangements using electronic equipucnt consisted of a 

microphone, an amplifier and a recording oscillograph. This arrange- 

ment was described by E, Mayer (51), but the measured results were 

difficult to interpret, partly because the reverberation decay was 

recorded to a linear scale and partly because a "pure" tone was used 

as a sound source, which resulted in a very irregular decay curve. 

Considerably smoother decay curves were obtained by Meyer and Just 

(52) who introduced the warble tone in their experiments but the re- 

cordings were still made to a linear scale. A further improvement 

with respect to smoothness of the recorded reverberation decay curve 

was introduced by W. Kuntze, who "averaged" the outputs of two diff- 

erent Si ptophouen and this method is still very widely used and the 

averaging of outputs from many microphones is not common,



The determination of reverberation tae described so far re~ 

quired a considerable amount of tedious work and therefore a number 

of experimenters designed various automatic measurement equipment. 

Around 1930 Meyer, Strutt (53) Mente and Bedell et.al.(54) described 

a series of such designs. Common to all of them was that as soon as 

the sound source was shut off an electric timing device was started 

which was again stopped when the output level from the microphone had 

fallen by a pre-determined amount. Hunt (55), in 1936, described 

the method based on a continuous on-and-off switching of a sound 

source. This method allowed not only an automatic reverberation 

time measurement to be made but also an automatic averaging of ten 

measurements and, furthermore, by making the lower switching ievel 

adjustable, the complete average reverberation decay curve could be 

plotted point by point. The averaging procedure used by Hunt, as 

well as the adjustable lower switching level, offered new possibilit- 

ies for accuracy in reverberation measurements. In fig. 2.JA is 

shown a block diagram of the measuring equipment described by Hunt. 

The operation of the equipment is briefly as follows:- 

When a predetermined sound level is attained in the room, the 

source is turned off and an electric timer is started. As soon as 

the sound level has fallen to the lower threshold, the timer is 

stopped and the source is turned on again. The recurrent cycle is 

stopped after 10 repetitions and the average time for a single decay 

can be read directly from the timer, Undesired level fluctuations 

in the reverberation process are minimised by the use of an electric 

low pass filter at the output of the rectifier and by using a band of



noise as sound source, 

The reverberation process is assumed to follow an experimental 

decay function and the use of one of suai experimental measuring 

methods consisted in the charging of a Capacitor whereby the potential 

On the capacitor, under certain predetermined conditions, is a direct 

measure of the reverberation time. Another method consisted of con-~ 

paring the discharge of a known R C circuit with the reverberation 

decay, a method which also led to the development of a reverberation 

measurement bridge, shown in figure 2.1B. In the bridge circuit, 

the reverberation process is compensated by a capacitor discharge 

process an‘. the time constant of the R C circuit is adjusted until 

the galvanometer deflects equally to the positive and negative side 

during the reverberation decay. 

It was realized that in order to give a satisfactory description 

of the acoustic of the room the details of the decay trace were also 

necessary in determining the reverberation time, A great step in 

the direction of obtaining these details was made by the development 

of a logarithmic level recording device. Such devices had been dev- 

eloped by Ballantine, Meyer and Keidel, and Van Braunnihl and Weber 

(56). While Ballantine used a logarithmic anplifier and linear re- 

corder, both Meyer and Keidel and Van Braunnihl and Weber based their 

instruments on servo principles employing logarithmic input potentio- 

meters. The use of a servo system with the logarithmic input poten- 

tiometer has two advantages in comparison with the use of Logarithmic 

amplifiers and linear recorders and they are:



(1) The requirements regarding linear dynamic range of the 

rectifier are less stringent 

(ii) The dynamic recording range of the recorder can be changed 

simply by changing the input potentiometer. 

The modern high speed logarithmic level Sad ence utilize 

direct electrodynamic pen drives whereby greater writing speeds can 

be obtained. By utilizing the high writing speed facility of the 

recording device, still keeping the writing speed high enough to 

follow the main decay rate, the fluctuation can be minimised without 

averaging out the important trends. | A new method, Schreeder's in- 

tegrated iinpulse method (/:) of obtaining reverberation data which, 

theoretically, should minimise fluctuations and represent the true 

everage response of an enclosureto interrupted random noise, uses 

"tone burst" whose spectra cover the desired frequency bands are 

radiated into the enclosure from loudspeakers. The response of 

each tone burst is recorded on magnetic tape. The tape recording 

is then played back in reverse-time direction. The output signal 

from the tape recorder is squared and integrated and the voltage on 

the capacitor is then the desired decay curve. 

The aiffusibility of a room is established by the measurement 

of correlation coefficients in reverberant sound fields. An instru- 

ment for measuring and recording the cross-correlation coefficient R 

for the sound pressure at two points a distance r apart as a function 

of time is described by Cook et.al (43). A simple theoretical demon- 

stration of how R varies with wave number k and the distance between 

the points in a random sound field is also given.



In the theoretical field Rayleigh (29) investigated the exten- 

Sional vibrations of mn infinitely thin cylindrical shell by con- 

sidering only the potential energy of extension and negleeting the 

bending effects. Baron and Bleich (45) built up on Rayleigh's 

theory by first computing the membrane theory frequencies and the 

displacement ratios corresponding to those frequencies. Using the 

mode shape from the membrane theory and the strain expression of 

Flugge (46) they computed the maximum potertial energy of bending. 

To solve for the corrected frequency Baron and Bleich then employed 

Rayleigh's principle with the combined expressions for the maximum 

membrane energy and the approximate bending energy. 

The general case of flexural vibration of cylinders was later 

investigated by Love (47). In contrast to Rayleigh, Love worked 

directly with the equations of motion. In his strain expressions 

for the cylindrical shell, Love considered the trapezoidal shape of 

the faces perpendicular to the cylinder axes. His first approximation 

theory led to an asymmetric frequency determinant because of his elin- 

ination of some of the higher order terms. Love started with the : 

effect of transverse normal stress, but eliminated it in his first 

expression. Flugge (46), by a similar approach, delivered a set of 

shell equations which included bending effects up to the second order 

in the thickness. His theory led to a symmetrical set of equations. 

. Flugge then set up the frequency equation for the vibration of a 

cylinder with freely supported ends.



The problem was further investigated by Arnold and Warburton 

(14) who considered the vibration of cylindrical shells with freely 

supported ends both theoretically and experimentally. The boubdary 

value problem they considered was the same as that solved by Flugge 

which was gas iaireapeetherin eyuivalent to the problem considered by 

Payieiak and Baron = Bleich. Arnold and Warburton employed the Lag- 

range equations to set up their frequency equation and the strin ex- 

pressions they used were those of Timoshenko (39) and neglected the 

trapezoidal form of the faces perpendicular to the cylinder axes. 

By using some approximations Heckel (13) derived equations for the 

number of resonance frequencies and for the point impedance of thin 

cylinders. 

Kenard (87) devised a set of differential equations for the 

circular cylinder starting with the elasticity equations in three 

dimensions and using a systematic elimination of higher order terms 

in the thickness, Junger and Resato (58) have used the Kenard equa- 

tions to predict the axtally symmetric motions of a cylindrical shell 

and Smith (59) has employed them for the nonaxially symmetric case. 

The thin shell theories discussed above take no account of shear 

deformation and rotatory inertia, All the thin shell theories result 

in third-order determinants since the three unknowns are the component 

displacements of the middle surface of the shell, The result is the 

third order characteristic equation which contains three roots. Thus 

for each value of the circumferential order N and longitudunal wave- 

length there are three modes. 

LO



The thick shell theories which take account of rotatory inertia 

and shear contained five unknowns in the nonaxially shin Case. 

These unknowns were the three displacements of the middle surface and 

two rotations of the normal to the middle surface. The first of 

these theordes Fay eloved. by Mirsky and Herrmann. (60) neglected the 

ivandverse normal stress effects but still included the rotatory 

inertia and shear. The nonaxially symmetric theory contained shear 

deformation constant in the circunferential direction and shear def- 

ormation in the axial direction. ‘These shear constants were determ- 

ined by solving the exact thickness shear vibration problem in the 

axial and circumferential directions. The asymptotic value of the 

exact results were then equated to the asymptopic value determined 

by the shell theory and expressions were then obtained for the sheer 

constants. Mirsky and Herrmann (66) further developed the second 

theory and took into account shear deformation, rotatory inertia and 

transverse normal stress. 

Lin and Morgan (61) developed the theory by considering only the 

axially symmetric case and consequently only one shear constant for 

deformation in the axial direction was present. Yu (62) started 

with the equation used by Herrmann and Mirsky, neglecting transverse 

normal stress effects, and went through a process of digerssicton 

and elimination to derive equations. These equations enabled one to 

solve for the radial Rixpisooncht without solving a set of sinultan- 

eous differential equations involving the displacement and yotation,. 

The solutions for the remaining displacements and rotations then came 

about by substituting the value of the radial displacement into the 

remaining partial differential equations. 

ca



Cooper and Naghdi. (63, 64) further considered with a variational 

theorem of Reissner and derived two iets of shell equations which 

included the effects of rotatory inertia and shear deformations. 

The values of the shear constants in the theory were obtained as a 

consequence of the assuniptious for stress and displacement in Reiss- 

ner's variational theorem. In the Herrmann ana Ilirsky and Lin and 

Morgan theories the shear stress-strain relations were modified by 

shear constants which were determined separately. 

For shell theories in general, in the membrane and bending 

theories attention was focussed on the displacement of the middle 

surface of the shell alone. In the theories which include rotatory 

inertia and shear the slopes of the shell elements were al:so con- 

sidered, in addition to the middle surface displacements. The com- 

plete three dimensional theory, on the other hand, considered the 

most general displacement distribution which satisfied the equations 

of motion and the surface conditions when the frequencies got so high 

that the displacement distribution were no longer linear as shown by 

Greenspon (65) then the shell theories lost their meaning. 

For vibration measurement and analysis of complex systems, a 

technique was given by Kennedy and Pane (8) for the identification 

of normal modes ms poler plots representing the variation of the re~ 

sponse vector with forcing frequency. The basic element was that 

such a plot for a single mode was a circle, as the vibrator went 

through a certain resonance, the ds of the total response vector 

described an arc approaching that of a pure mode response. Ident- 

ification of those arcs gave the normal modes, which might otherwise 

12



be confusingly located or completely hidden in the conventional 

practice of considering just the amplitude of the forced response. 
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CA55 Damping properties of materials with particular 

reference to mechanical damping. 

Investigation of the damping properties of material and 

‘their engineering significance was started almost two centuries 

ALO* In 1831 Zener (3) showed some interest in this field, 

Coulomb in his "Yenoir on Torsion" not only hypothesized regarding 

the micro-structural mechanisms of damping but also undertook experi- 

ments which proved that the damping of torsional oscillations is not 

caused by air friction but by the internal losses in the material. 

He also recognized that the mechanisms o erative at low stress nay 

be different from those at high stress. In the nineteenth century 

the following investigators published on the subject: 

Meyers on the friction in liquids, Helmhelz and Sir William 

Thompson on the "viscosity" of metals in tgsion and its nonlinear 

nature, and Streintz, Klemencic, Grazz, Schmidt, Messer, Wiedmann on 

the torsional decay of ae silver and other wires. Klemencic and 

Schmidt also used the term "internal friction" to describe the pheno- 

nemon, Tomlinson carried out a comprehensive study of the decay of 

torsional vibration of long wires of copper, tin, steel and zinc and 

investigated such testing variable as stress amplitude, frequency, 

fluctuating temperature, permanent strain, size of wire, wire drawing 

effects, heat treatment and many other effects, Erwin worked on 

hysteretic effects under cyclic tension and Voight did further work 

on cyclic bending. 

Li.



The first book which devoted significant space to experimental 

measurements of hysteretic damping was in the twentieth century and 

‘appears to be "Experimental Elasticity" by G.F.C. Scarle. Guillet 

(1909) investigated possible relationships between internal damping 

and other properties such as fatigue strength and Barristow carefully 

studied damping during sustained cyclic stress in the fatigue region. 

By about 1950 there were somewhat over 1,000 published papers on 

this subject, but these were mostly concerned with the damping prop- 

erties of specific materials under specific test conditions. 

Energy dissipation mechanisms in the structures,with particular 

reference to material damping was studied by Lazan (5) who has given 

a definition of damping and classification and identification of 

damping mechanisms. The component parts of system and configura- 

tion damping were analysed considering certain structural damping 

mechanisms that were of particular interest. The many units and 

nomenculture used in material damping were classified in terms of 

absolute energy units and the relationships among these units were 

defined. The several types of mechanism involved in material damp- 

ing were explained and the importance of these mechanisms in various 

types of material were classified. 

The details of uwechanical damping measurement methods and the 

limitations imposed were discussed by Plunkett (4). Various 

approaches that might be used for different applications were out-~ 

lined and some of the errors resulting from them were indicated, 

Further work in that field was done by Kimball (6) who studied the 

15



factors controlling internal friction and damping in vibrations. 

For the alleviation of vibration and noise, an increasing 

“number of different damping Readtlants and techniques for their 

‘measurement were studied by D.J. Mead and his paper (7) gave details 

‘of this, He also described a method for the measurement of modal 

damping which was developed by Kennedy and Pancuu (8). Johnson and 

Barr (49) describe the variation of acoustic and internal damping in 

uniforn beams with frequency for the specimen supported in air and 

vibrating at small amplitude and stress. The experimental results 

were reported and the approximate theoretical results were also given. 
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2e4- - Radiation properties of structures with particular 

: 7 

reference to the cylindrical shells, 

Lyon and Maidanik (11) considered. the power flow between two 

randomly excited linear, escillators with a small linear coupling 

between them. In part one of their paper they considered two oscilla- 

tor problems, by studying the power flow between the oscillators by 

evaluating certain second moment of the response directly from the 

stochastic equations. They also developed an equivalent analogue 

electrical circuit for the energy flow between the modes, These 

theories were then applied to a two-mode vibration isolation mount, 

In part two of their paper the results were modified when two systems 

each containing many modes interact. A particular application is 

the power flow which may be thought of as a dense collection of incohent 

acoustic modes of a large room. Analogue circuits for this problem 

were also constructed. The equation for the radiation resistance 

were then formed from the above consideration. 

The response to sound and the consequent sound radiation for one 

linear resonant mode of a part of a large structure were analysed by 

Smith, Jr.(10) for a general structure, <A modal reciprocity relation 

was established between modal radiation resistance and the transfer 

function which related incident sound pressure to modal force in the 

absence of motion. Response and Seaouank scattering were also analysed 

for excitation by noise. A further analysis of the response of a 

specific structure such as a complicated combination of panels and 

ribs to reverberant sound field was made by Maidanik (9). His analysis 

was based on the assumption that the noise field was diffuse with 

17



equal probability of incident energy in all directions and random 

enough in time so that its power spectrum was a fairly smooth function 

of requency. 

The practical importance of the radiation resistance of a 

‘structure may be appreciated when it is realized that this governs 

the amount of power radiated from the structure when it is excited by 

mechanical, fluid or acoustic forces, as well as the amount of power 

which is absorbed by a structure from a sound field as outlined in 

references 10 and ll. Below the coincidence frequency the two main 

sources of radiation resistance were,as shown in reference 9. When 

the panel dimensions were small compared to an acoustic wavelength, 

then the pumping of net-volume by the odd-odd modes was dominant. 

When the panel dimensions were large compared to an acoustic wave- 

length then the scattering of flexural waves by the supporting edges 

provided radiating wave numbers in the panel, Lyon (12) explored 

that latter source of radiation by examining the radiated power from 

infinite beams in contact with an infinitely extended thin plate. 

There were many difficulties involved in the precise analysis 

of the vibration of complicated structures, but, by applying the 

statistical approach to vibrating systems, Lyon and Maidanik. (48) 

arrived at a considerable simplification of the analysis at the 

sacrifice of details which were often not significant. The radia- 

tion loss factor, a measure of coupling between the sound and vibra- 

tion, entered the analysis as a cyte cl paramter, The approaches 

developed for estimating the acoustical properties of complex struc- 

tures consisting of flat panels have been discussed (see references 

18



9,10,11). There were many structures in practical use that consisted 

- of curved panels and one expected that in some frequency renges the 

fiat panel analysis might be adequate for such structures but in the 

other frequency ranges modification of the Plat iennlysis might be 
oe 

necessary. 

The nature and extent of this modification for thin cylindrical 

shells was studied by Manning and Naidanik (2) and a theoretical 

method developed for estimating the radiation efficiency of a cylind- 

rical shell. 
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Chapter 3. 
- 

Structural Response to Reverberant Acoustic Fields 

(Basis Theory) 

‘3.1. Introduction. 

The energy-flow between two linearly coupled oscillator analogy 

is extended to the coupling between an ensemble of modes of a struc- 

ture and a mode or an ensemble of modes of a reverberant sound field. 

The reverberant field is thought of as constituting a temperature 

bath in which the structural modes are immersed. The partition of 

energy between the modes of the acoustic field and the modes of the 

structure and the parameters which governed this partition is com- 

puted using this model. 

Application of the results derived in section 3.2. to the cases 

of the interaction between a single structural mode, a large nunber 

of structural modes and a reverberant sound field, which include the 

assumption that a single structural mode interacts with many acoustic 

modes, leads to the approximate relationship between average mean 

square acoustic pressure and average mean square vibration velocity 

for the multi-mode coupling. These relationships are shown in sec- 

tions (3.3.) and (3.4) to direct oscillation of the structure with 

consequent indirect oscilation of the fluid and vice versa. 

The basis for the coupled oscillator theory is a paper by 

R.H. Lyon and G, Maidanik (11) which contains a fundamental formal 

treatment of the subject. This paper, in an application to the 

coupling between a sound field and a structure, treats the acoustic 

20



field as diffuse and this assumption is common to much of the litera- 

_ture on this subject and, similarly, it is commonly assumed that many 

eodustis modes couple with any one structural mode. Such assumptions 

are only justifiable when the acoustic wavelengths are small compared 

‘with a typical dimension of the fluid volume. ‘The following theory 

and the equations derived from it is used as a basis for computing 

radiation properties of a flanged cylindrical shell,. 

ees Power Flow between structural modes and 

@ reverberant acoustic field, 

Lyon and Maidanik considered the power flow between two modes 

in terms of a difference between their uncoupled energies. This 

analogy Was extended to the coupling between an ensemble of modes 

of one system and a mode or an ensemble of modes of another system. 

In the present system it is based on the Soupling betweon a@ reverberant 

sound field and a flanged cylindrical shell. The reverberant sound 

field is thought of as consisting of a temperature bath in which the 

structural modes are immersed. Using this method, the steady state 

condition of the two interacting systems are biineatted by considering 

the position of energy between the modes of the acoustic field and 

the modes of the structure and the parameters which govern that parti- 

tion, 

An oscillator in a diffuse sound field which resonates at a 

frequency, w, is considered, At this frequency the spectral density 

of the mean square pressure is, 

Sp(w) = <P>/Aw Pe ' i 
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Since the oscillator senses only the frequency interval given in 

equation i}. it may be accepted that the second field in this interval 

has a temperature related to the spectral density and that the oscilla- 

tor will come to a steady state condition with the field, with an aver- 
eon 

age energy determined by that temperature. 

If the reverberant field is contained in a large room of volume 

V, the acoustic energy in a given interval of frequency is, 

EB, =<Pe>V /acd 

This energy is shared by modes in a given bandwidth (pe (w) A @) 

of the room, where the approximate model density of the room is, 

N, (o) = wv/an*eg 3 

The average energy per mode is the ratio of ED and N, (w) dw 

and is given by the equation: 

9*(o) = 21 Co <P?) / Po w? hw h. 

It is evident from equation (4) that if all the modes of the 

room in all frequency intervals were to have the same temperature 

then the spectrum Sp(w), would be fixed in the form Sp() oc wo. 

Noise producing devices do not normally have sound level spectra of 

this form. The various modes in different frequency ranges remain 

at different temperatures. 

If a mechanical oscillator is placed in a steady sound field, 

it will interact with the oscillators representing the field and 

power flow between them will result. A steady state will be reached 
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between the reverberant field and the oscillator only if there can be 

no coupling between different frequencies. 

“ts 

The modes of the structure (flanged cylindrical shell) are con- 

Sidered as constituting S ensemble of oscillators, It may be 

manic a that they are statistically independent in the sense that their 

individual energies may be simply added to give the total energy of 

the system. This assumption requires that the modes be suffitiently 

Separated in frequency space, have fairly high Qs, and be linear. 

The formulation of the equation of forced motions of acoustic 

and structural modes by incorporating the term representing coupling 

to the other modes is as shown, 
oe . 2 . 

th eon Oy enor Sy = gy 
> 5a 

ee i ae . 

dr By dr + wr dy - . Bs ss = Gr : 5b 

where, 4. = (Pov e. At) 1/2 Qn, 3 

G, = ( Co fo / WE) fe Fe By, nr ; t 

S.= On ae - 
1 /ee 

ee = 9 
ae 1/2 Brn =(Cy PVE, u, ) f° (29 (x) ax 

The conservation of energy equation is obtained from equation 

(5) by multiplying equation (5a) by Sm and summing over m, multiply- 

ing equation (5b) by 4r and sumuing over r, averaging the two equat- 

ions and adding them. The result is, 

Bae) + EP > = Eee 8 eEE 9 
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The energy balance equation is thus. independent of the coupling 

and in this sense the coupling is conservative. An exact solution to 

equation (5) is difficult due to many sound field modes, even in a 

narrow frequency band, hence, an approximate solution based upon 

assumptions is derived which will provide most of the important 

effects of the interaction. It is assumed that Fm and Gr have the 

properties with respect to the mth and rth modes as do fi and fs with 

respect to mode 1 and mode 2 discussed by Lyon and Maidanik in two 

oscillator problem of reference (11). 

With the above mentioned assumptions, equation (5) is written 

in the following form: 

2 e 
5 Ss 8 oo 

m+ Pp a tes, + By O ga ge ee 12a 

* e 2 

+ ® ai Bis Oa = 
q r + By ay r a. ey Gy et Bur Sn 22p 

It is further assumed that q,'s and 5 are statistically 

independent and that 2p Brn dG, has a flat spectrum with respect to the 

admittance spectrum of the mth mode, and that 2r Bim Sm has a flat 

spectrum with respect to the admittance spectrum of the Yth mode, and 

t x iD: B 
Pa a Ny k¢r = ka x 13a 

t | 

G = G,, * 2 fa Boe ae 13b xe 

The above assumptions mean that Fh and Gr are independent and 

"White", The equation (12) now represents the coupled motion of 

only two oscillators, to which the power flow equations derived by 

Lyon and Maidanik (11) based on power flow between two linearly coup- 

led oscillators apply. The power flow per unit mass from mth to the 
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rth mode is therefore written as, 

  

Inn = Emr (O'n ~O, 7 Ld. 

with 

ane APR Oe bea: 15 
(w8 + OF ) 74(R, + B.,) (Ba We Br wo ) 

: 7 nae | 

where Om =F, 5n7 1x5 16 

f / e 

sok ee aes da? / P. 17 

The energy balance equations are, 
*3 : t ; 

Pa<S, > + Sar (9. “Sy d= Ba On 18a 

“~_ 
‘ 

and Prop? = @. Crs Gt) = B. a! 19a 

By multiplying equation 13a by Sm and equation 13 by gr and 

averaging, the following expressions are obtained, 

t i / ‘ 

Pa Sn = Ba 8 ~ 2 Bx: (9,," ¥ Ox 20a 
koAL 

1 

and E.On ks Be eo, +e fen Oe 8.) 20b 

Thus the equation 18a and 19a is written in the form, 

37 ' 1 om ar + - rare (8, ae )= 6. 4 L8b 

and p., q . ; , : zt < a? Bans (8° = ) = Ps 8. 19b 

The field modes which lie in the narrow frequency band will 

contribute appreciably to the power flow between the acoustic fields 

and the meh structural mode. In fact the following approximations 

may be made, 
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m2 a | : 2 a 

ae mCP + Ra : aS =)? | <i ok a) 20 
ia “ 2 . g 

g = 0 [°n - ao, S( otf) 

  

It must be realized that the equations are subjected to the 

deg de be 2 a Pp 7 

Limitation that Brad Pp eens p oe ray <<. Thus Irm is second order 

in B/P. 

Since the interaction between the sound field and the structure 

is confined to modes lying in the same narrow frequency band, it is 

sufficient to consider the interaction in each frequency band indep-~ 

endently. From equation 18b it is noted that the first term on the 

left hand side is proportional to the power dissipated in the struc- 

ture, the second term on the left is proportional to the net power 

radiated by the structure and the terms on the right are proportional 

to the power supplied by the forces acting on the structure, the 

constant of proportiondlity being M. By definition then, 
to °2 

x En<s> Shean x £<s,> 2la 
te 

ay R pe ane. RP ag. | TA es oe aay 21b 
m mm 

“2 ‘ 

where LESS - is the mean square surface velocity of the structure. 

The ods ata on and mechanical resistance is defined by equation 

(21) will be dependent on the modal energy distribution which would 

present a severelimitation on their usefulness. If consideration 

is given to one structural mode or to a reverberant structural vibra- 

tion field, it will be seen that R and Bech will achieve values rad 

indepently of the energy distribution. 
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3.3. Single structural modes. 
  

Consider the case where the structure is driven by external 

random forces and the acoustic field is generated by the structure 

only. From equations’ (13b and (17) it was found that O-=8;= 0 

for all r, and from equation (18a) sty Qn, “Babdelors (21a) and 

(21b) reduce to, 

  
  

  

R mech = f,, M 22 

and 

R rad = IM Gur, 23 

respectively. From equations (18b) and using equations, 

ot 
ea Ne 2 2 4 od r I< 45) Spl) Ao and (m) E(m) 8(m) Salo) w 

> Co 

Spw) _(Po/co)(Rraa) (arn (w) J" 2h. 
% Br R 

Sa(o) : 

where 

Br = Pq = PR | 25 

In considering the reciprocal case where the acoustic field is 

generated by external random forces, but no external forces are act- 

ing on the structure, although Om = O23 Bn is finite. Since there 

are very many acoustic modes even in a narrow frequency band, it is 

seen from equation (20a) that 

Pn OH) rm (Or - On) | 26 
d thus | <2 

= "8 8m 929m (see equations (18a) and (20a). 

In accordance with the above considerations So ef wok 
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may be set. With this approximation the following equations are 

obtained. 

S,(w) . ie uw) : 27 

; -1 

where u(@) = ‘Rrad (R mech + Rrad) 28 

ana (fos een” CJ Po 29 

e . ° S,(w) 

(21° Cy AiPo ) Rraa 3 Rrad 
p(w) R rad + R mech 30 
  

3.4. Reverberant Field of Structural Vibration. 

The properties of the vibrational field and the structure is 

assuned to satisfy 

Pa Y Ph w By 31 

and a re Ove ao 

Since in usual cases n,(w) Z<n_(w), by the similar 

argument as for the single structural mode, 

R mech = p, ee 

and Rrad = MZ Qnr/N,(w) 3h. 
rm 

with the approximation given by equations(31) and (32) it follows 

that where the structure alone is directly excited. 
“7 

8,(w) /S.(@) =(P/c, ) (R raa/p,) (2? 1,(w)) 35 
2 

and Ryrad = (S_(w) ) (2 O,(w) B (Co 

(Soe) ) \ - age} 38 

and when the acoustic field is excited 

8,0) 7 8,07) = CHa), 37 

28



    

where Ee NOY AEE ge rae 

and R rad 
  

  

= (3, ns uf ) (R.rad_+ Rmch 
ee 2n Co \ aes te 
5p(w) 

ce 

The steady-state relation between the modal temperature of the 

structure and the modal temperature of the acoustic field is thus 

established. When Rrad>Rmech, the modal energy of the structure 

becomes equal to the modal energy of the sound field if the reverb- 

erant sound field is behaving as a temperature bath. When the above 

inequality does not hold, then the temperature of the structural mode 

assumes a value, a fraction p(w) less than the equilibrium value. 
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Chapter 4. 

Use of Instrumentsin the Measurement and Analysis of the Structural 

Response to Narrow Band ixcitation, 
ee 

4.2, Introduction, 

In this Chapter a brief description is given of some of the main 

instruments employed in the present research. Also discussed is the 

building of any special instruments needed for this work, No attempt 

has been made to include every minor detail, only the information rele- 

vant relating to the present work is included, 

A full description of the measurement and analysis systems is 

Siven in section 4.7 (i, ii and iii). 
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.e2. Transducers. 

(i) sii oroghons . 

The B&K Condenser Microphones designed for precision sound 

pressure a nieiints were used for all the noise measurements. 

Their range of application covered the audio frequencies from 20 Hz 

to 40kHz and of pressure levels of 32 dB to 160 dB. When these 

microphones were exposed to a sound pressure, the diaphragm was 

submitted to an alternating force proportional to the pressure and 

the diaphragm area. The consequent movement of the diaphragm varied 

the capacity, and these variations were transduced into an AC voltage 

ccmponent when a constant charge obtained by means of a stabilised DC 

polarised voltage was present between the electrodes. 

The microphones were calibrated using a B & K Pistonphone Type 

4.220 which is a small pobtaiele battery driven unit. When fitted to 

the microphone a sound pressure level of 12). dB was obtained at 250 

Hz with less than 3 cistortioh: Ambient pressure corrections were 

done by taking a reading from the barometer, 

When more than one microphone was used for the same sound pressure 

level measurements, the output response of each microphone was normal- 

ised at the calibration stage. This was achieved by passing the out- 

put via either a variable attenuator or an amplifier with variable gain 

control and by adjusting the gains as necessary, the sensitivities of 

the microphones were thus normalised. 
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(ii) Accelerometes. 

All vibration measurements were made by using Piezo-electric 

compression mode accelerometers, These were light and had a nat- 

ural frequency greater than 100 k Hz. The accelerometers were of 

the conventional design and the DJB Model A/Ok was used normally. 

The charge sensitivitt of this model was around 3 PC/g with a wide 

flat frequency range. 

The accelerometers were fixed to the surface of the structure 

using a thin film of special wax. When more than one accelerometer 

was used for the same measurements,the output response was normalised 

during the calibration stage using a vibration amplifier with variable 

gain control potentiometer. 

The calibration was made using a small B & K Type 4290 electro- 

dynamic vibrator with an accurately calibrated control accelerometer 

built in. Using the control accelerometer in the feed back loop with 

aB&K feed back controlled sweep oscillation, the vibration of the 

table was held constant in the frequency range 100 Hz to 20 k Hz, and 

the accelerometer was fixed onto the vibrator table and its frequency 

response and output sensitivity were measured, 

(iii) Loudspeakers. 

Sound radiation into the room was via 'Goodmans'! Axiam 1O"high 

fidelity loudspeakers, These loudspeakers were installed in accur- 

ate designed boxes in order to maintain their freauency response & 
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characteristics. Six loudspeakers sannbitted in parallel were placed 

in positions such that their sound radiation would maintain approxim- 

ately a diffused field condition in the enclosure. All the speakers 

used had a frequency response from 40 to 15 k Hz and a power handling 

capacity of 10 watts with input impedence of 15/16 OHMS. 

(iv) Mechanical Vibbator 

The structure was mechanically excited with a 'Goodmans' vibrator 

which was enclosed in a sound proof box. The vibrator was of robust 

construction and was driven from an oscillator amplifier. The freq- 

uency response of the vibrator was limited to 15 k Hz and the power 

required for its operation was 5 VA. 

4.3. Amplifiers 

(i) Charge Amplifiers 

The et aescabetras transducers were used with the very high input 

and low output impedance, resistance in parallel with a capacitor feed 

back ‘charge' amplifier. These amplifiers produce voltage outputs 

proportional to the electrical charge present at their inputs and 

hence proportional to the quantity being measured. The charge ampli- 

fiers normally used were a six and four channel unit manufactured by 

Environmental Equipment Ltd., Type CVA6 and CVA2, These had a var- 

iable response on each between 0 and 30 mv/pe. ‘he flat frequency 

response characteristic of the amplifier was between 2 Hz to 15 K Hz. 

(ii) Power Amplifiers 

‘Series 3' Radford amplifiers, designed for high quality sound 
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reproduction, were used for radiating sound into the enclosure. The 

"MA 25° asin Pier of 25 watts output rating had a flat frequency re~ 

sponse characteristic from 20 Hz to 20 K Hz at a very low distortion 

end maintained stability under all conditions of eutput leading and 
wie 

input waveforn. 

(iii) Vibration Amplifiers 

A 2h channel amplifier was designed especially for the measure- 

ment of vibration responses from piezo-electric transducers, Every 

channel was equipped with a variable gain potentiometer. The outstand- 

ing characteristic of the amplifiers were a very high input impedance 

in the order of 50 If ohne and a Plat frequency response characteristic 

to well above 20 K Hz. 

(iv) A.C, Amplifiers 

Quite often it became necessary to amplify very low level A.C, 

Signals in the feedback circuit, especially when a compressor was 

used. A Levall i ee A.C. Amplifier Type TA 40 was very useful 

for this, since it had a high input impedance and a very low noise-to- 

signal ratio, the frequency characteristic of which was 4 Hz to 400 Hz 

within + 3 4B. 

4.4. Data Recording 

(i) Magnetic Tape Recorder 

To record data on site and whenever it was not possible to do an 

on-line analysis, an Ampex FR 1300 transportable tape recorder was 

used, This was a high quality recorder designed for use with a one



  

inch magnetic tape on which fourteen channels of information could 

_be recorded simultaneously. A frequency modulation recorder per 

replay system was used on this perticular instrument so that high 

quality recordings down to zero frequency (D.C.) were possible with 

very little dependence'on the properties of the tape itself. 

The FR 1300 tape recorder operated with a 108 K Hz carrier freq- 

uency at a tape speed of 60 ins/sec and was normally adjusted such 

that either a lv r.m.s. or 0.5v r.m.s. signal produced a Lox frequency 

deviation, Built-in filtering limited the maximum recording frequency 

to 20 k Hz at a tape speed of 60 ins/sec. Topespeeds of 30, 15, 7%, 

34, and 1%ins/seo. with the appropriate iilters were also available. 

With the standard 1100M reels of tape, recording times from 12 to 38) 

minutes were obtainable at the fastest and lowest speeds respectively. 

(ii) Level and x-y Chart Recorders 
  

The B & K level recorder type 2305 and Hewlett Packard, Moseley 

x-y chart recorder were mostly used for the accurate recording of 

Signal levels in the frequency range 10 Hz to 20kHz, 

(iii) Oscilloscope and Camera 

The storage Sagtaoncops was @ special purpose instrument hebigast 

to store and display on the cathode-ray tube, the input signal for 

viewing and photographing. This facility was extensively used and 

with the aid of a niaskeed camera the information was photographed 

for later analysis. 

4.45. Signal Generators and Wave Analyses 
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(i) Sine Random Noise Generators | 
  

This instrument covered a frequency range from 20 Hz to 20 k Hz 

and consisted of a wideband noise generator, a beat frequency oscill- 

ator, several filters and amplifiers and an automatic output regulator 

(compressor). At the output terminals the following three types of 

gies wore obtained: 

1) sine wave; 

2) narrow band random noise; 

3) wide band random noise, 

The basic principle of operation of the Sine-Random Generator is 

shown in fig. 4A. In position for sine-wave and narrow bands of rammiom 

noise the generator worked on the heterodyne principle using tee mixers, 

and in position for wide band random noise the signal from the noise 

generator was fed via a low-pass filter directly to the output amplif- 

ier. The compressor circuit could be controlled from an external 

voltage, whereby it was possible to keep the vibration or sound press- 

ure level constant during measurement. 

The main operating principles of the generator were as follows: 

4 3 h Hz oscillator modulated a 123 k Hz carrier niedan., The 

lower sideband (120k Hz) of the modulated signal was separated in an 

intermediate frequency amplifier which, incidently, acted simultaneously 

as a regulation amplifier, After the lower side-band had been selected, 

the signal was mixed with a signal of a frequency of between 100 k Hz 

and 120 k Hz originating in a variable oscillator, A low-pass filter 

(cut off, 20k Hz) selected the difference frequency which was amplif- 
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ied in the output amplifier before being passed onto the output and 

meter circuit. 

b) Narrow Band Noise 

The pailieas was as above, except that instead of modulating the 

123 k Haz with 3 k Hz sine wave, a 3 k Hz signal of randomly varying 

amplitude was used. This was achieved by filtering and amplifying 

a wide-band noise signal. 

c) Wide Band Random Noise Generator 

fhe signal from the noise generator was set, via a low-pass filter 

the cut-off SPeuienty at which was 20 k Hz, to the output amplifier. 

The wide-band noise generator supplied a signal with constant power 

spectral density in the frequency range 20 Hz to 20 k Hz with a truly 

Gaussian instantaneous voltage Sek et ott ot up to 405(four times the 

Y.MeS. value). 

AB&K sine random generator type 102k. was used throughout the 

present experimental work. 

(ii) Quantech 304 Wave Analyser 

fhis instrument was widely employed in obtaining modal densities 

of the cylindrical shell from the amplitude and phase response tests. 

The instrument’s three constant bandwidth filters of the heterodyne 

receiver type were operated in the tracking or fixed modes. The 

filter bandwidths were 1, 10 and 100 Hz at 3 dB points, 
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Referring to the block diagram in fig. 4B, at input signal having 

a frequency Noone within the range 0 to 5 kHz could be analysed, 

either by manuai tuning or by an automatic linear dweep. The incoming 

signal from the transducer was first used to modulate the output of a 

variable Srecienay voltage-controlled sweep decal Vator whose output was 

peewee LO and 15 k Ha. The first intermediate frequency stage allowed 

only the lower sideband of the modulated signal to pass and the result- 

ing output ies then split into two separate channels, The signal in 

each channel was subsequently used to modulate, respectively, the 

quatrature-phase outputs (r and j) of a fixed 10 k Hz oscillator. 

Thus, providing the original input signal was in the range of 0 to 5 

k Hg, the Lower sideband resulting from this second stage of nodulation 

could be made of zero frequency by adjusting the variable frequency 

oscillator. 

After passing through the constant bandwidth filters, the r and j 

channels were then chopped and summed to give a meter indication of the 

amplitude of the data signal within the effective passband. 

A pure, sinusiodal signal at the tuning frequency was available 

from the instrument... This was obtained by amplitude modulation of 

the 10 to 15 k Hz sweep oscillator signal with that from the 10 k Hz 

fixed ostillator and low-pass filtering the result to obtain the lower 

side- bend. By using this output to drive either the vibrator or 

loudspeakers, the response analogue from the transducer of the system 

under test could be fed back to the analyser. The centre frequency 

of the analyser was then always identical to the excitation frequency 

38



  

and therefore the analyser functioned in the tracking mode, 
: ff 

The linear D.C. voltage analogues of both the meter deflection 

and the swept frequency were also provided. These were used to drive 

an x-y chart recorder to ‘obtain a trace of the input signal response 

within the passband against filter centre frequency. 

For the phase measurement, the D.C. voltage analogue output of 

both, the real (r) and imaginary (j) portions of the input signal were 

simultaneously plotted on an x-y chart recorder against one another, a 

polar diagram resulted, from which the phase response characteristic 

of the specimen was determined. 

(iii) Spectral Dynamics SD 101A Tracking Filters 

Two Spectral Dynamics data analysis systems were used in the 

experimental work discussed in sections 4.7 (i) and 4.7 (ii). Both 

these systems employed the above filters. 

The tracking filters had a useful frequency range of 2 Hz to 25 

‘kK Hz and used a hetodyning frequency of 100 kHz. A choice of plug-in 

erystal, lattice-type filters were available having -3db bandwidth of 

055-2065 20, and 50 Hz respectively. All these filters had shape 

factors of 4, indicating that their bandwidth at the 60 db attenuation 

points were four times that at the 3 db points, An internal, mains 

frequency calibration signal could be switched to the input of the 

Crystal filters to check that their gain was unity within the passband. 

The SD 101 A could be tuned directly by an external sinusoid without 

the need for a frequency to voltage converter. 
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A simplified block diagram OL fie. he shows the principle of 

operation. 

ie Special Purpose Instrument 

(i) Automatic Space and Time Averaging System. — 

This instrument was designed and built in the Department of 

Mechanical Engineering to determine the mean square of the measured 

response at several. stations of a continuous system both with respect 

to time and to the number of stations in the system. Thus, if the 

acceleration response to random excitation at the Yth station in the 

system is (A, (r = 1...en) at any instant, then the mean square 

2 
acceleration was given by 

a 

ay 1 
“aft ee af} at Br Th tel Joo at 

Thermal converters were used in this instrument to perform the 

ra
l 

squaring and integration with respect to time. A thermal converter 

is shown in fig. 4.D and oonsists of a heater and thermocouple junction 

in an evacuated glass bulb. The thermocouple junction measured the 

temperature of the heater wire so that the voltage output was prop- 

ortional to temperature. The temperature of the heater wire was 

proportional to the input power, making the output tankers proportional 

to the input power. 

T 

Input Power a 1 RI at 
ae in 

° 

where IL is a function of time. 
in 
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The integration and division by time was caused by the long time 

constant of the thermal converter so that the converter was time 

averaging 

- 
ae 7. Hence, vege at oe ‘ I a 

O ae 

A block diagram of the instrument under discussion is shown in 

fig. 48. Preceding each thermal converter was a driver amplifier so 

that 
Pos 

v yo ot 
out “2 I. in 

where V.. iS the input voltage to the driven amplifier. 
in 

Since the input voltage to the instrument and the output voltage 

from the thermal converters were not sonnséted electrically, but only 

thermally, summation of the thermal converter outputs could be achieved 

by connecting the converter outputs in series, i.e. each converter 

acted as a voltage generator as shown in fig. 4. 

The maximum output from each converter was about 6 mv making it 

necessary to add an output stage amplifier to give an adequate voltage 

output for recording and detections In this particular instrument 

there were two chains of series connected converter outputs, each chain 

consisting of twelve converters. The two chains could be used indep- 

endently or connected together to form one chain of twenty four con- 

verters i.e. two mean square values may be obtained simultaneously 

from up to twelve inputs each or one mean square value from up to



  

twenty four inputs signals. 

The total number of inputs to the instrument was 2) in two groups 

of 12. The flat frequency response was from 200 Hz to 5 k Ha, + 1/2 

db (mean square) or + 1/1 db (r.m.s.) from 60 Hz to 15 k Hz and +1 db 

(eed square) or + 3/hdab (r.mes.) from 40 Hz to greater than 20 k Hz. 

The input impedance was 10 K ohms. A meter analogue output of 0-600 

mv d.c. for under F.S.D. was available from the instrument for calibra- 

tion purposes. 

The automatic Space and Time Averaging instrument together with 

other instruments were employed to obtain the sound pressure and 

acveleration ratio, hence the overall system calibration (Transducer 

through to plotter) was performed as deacribed below. 

One side of the instrument (12 microphone inputs) was used to 

measure the mean square sound pressure level and the other side (12 

accelerometer inputs) to measure the mean square acceleration, The 

relation between mean square pressure and acceleration were as follows: 

(a) Sound Pressure Level 

The 124. db sound pressure level generated by the pistonphone gave 

2.5v rem.s., being the normalised sensitivity of the microphones. 

12h db (re .0002 Bar) = 31.6 N/, 2 = 2,5v 

The maximum signal level for the particular test was not expected to 

exceed 0.3v and therefore this range was selected. 

Os5y = 0.3 x 3156 N = Lyfe N 

a) ue MC 

h2



  

re 
Meter Full Scale Deflection = (0.3v) =3.8 ML 

A. 
NM 

: Zz 2 2 
600 mV analogue output = (0.3v) = 0.09v = Urohde Ne 

Mt 
j aati 2 

which determined the plotter scale in es 

M 

(b) Acceleration 

100 mV = lg was the normalised sensitivity of the accelerometer 

at calibration. The maximum input voltage was expected to be 100 mV 

hence 0.1 V range was chosen, 

sec 

' 2 ae Meter Full Scale Yeflection = (0.1V)" =9.8 My 
sec 

600 nV Ahalogue Output = 0.01V* 29.6 ML 
sec. 

which determines the plotter scale in M_ 

sec 

Since the ratio of (Acceleration) 4 a ) 

(Sound Pressure level) ee 
  

  

then, a’) = Acceleration meter F.S.D. = 96M x Mt > 

pe) 8.P.L. meter F.S.D. ae 14.4 N 

sang 3 

; = (both meters F.S.D. ) = 6.66 ( if ) 

. Cn sec” ) 

Thus when both meters indicated F.S.D. the plotter read 6.66 

(11° se 
Lo ae 

N Sec 

and fixed a point on its axis. 
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For the (sound pressure level) y (gui tkation) ratio, the 

system teh beat ion! was carried out as follows: | 

c. Sound Pressure Level 

12h db S.P.L. (re 0.0002pBar = 31.6 Se 205V 
M 

-O3v range was selected for full scale deflection. 

0.030 = 0.0 x 5166 N = 0.38 N/A? 
205 ui" 

2 g.6 
Meter F.S.D. = (0.03V) =09.38 NL 

dy. M 

2 2 
600 mV analogue output = (0.03v)" = 0.14) N_ 

1 
i 

d. Accelerometer 

100 mV = lg 

0.3v range was selected for full scale deflection 

O.3v = 3g = 29.43 ML 9 ae 
sec 

a og 
Meter leesya bp = ( 0.3V) = 29.4.3 pe 

sec 

2 2 
600 nV analogue output = (.3V)° = 866 lI 

. sec 

The ratio p* (F.S.D.) = olhh (seo! x N2 
a2 (F.S.D.) 866 ( He yt 

Thus a point on the plotter axis was fixed,



  

4.6. (ii) Electrical Network used in the Measurement of Reverberation 
  

Time. 

In the practical method of obtaining the squared and integrated 

impulse response for determining the reverberation time, some of the 

electrical networks suggested in the B & K Technical Review No.4.1966 

were assembled in the Department of Mechanical Engineering with a few 

modifications and used for this purpose. The block diagram of the 

set-up is shown in fig. 5-3B and descriptions of the specially de- 

signed circuits are given below, 

a, Squaring Cirovit 
The circuit using its recommended values shown in fig. 4G was 

built for : maxinum input voltage of 10 volts roms. The input 

signal s(t) was rectified and the squaring was obtained by applying 

three different bias voltages to the diodes so that they started con- 

ducting at different input levels. 

b. Integrating Network 

In order to avoid using a D.C. amt fier with matching impedance 

in the system to avoid any loading the integrating circuit was patched 

using a Burr-Brown Amplifier as shown in fig. 4H. ‘The + 15 V power 

supply to this was obtained from a Burr~Brown power supply unit. 

This modification to the recommended circuit did not alter the integ- 

ration characteristics. 

c. A.C, Amplifier 

An A.C. amplifier with a maximum of 26 as shown in fig. 4J was 

15



  

also built and used in the systen. 

27. Typical Data Reducing And Analysis Systems. 
  

a ¢ 

The Layout of the measuring and analysis systems in fig. 

7 (i,ii,iii,) is self explanatory, The calibration of the 

individual instruments were made in accordance with the instruc- 

tions given in the manuals and where ever necessary the systen 

calibration were also carried out before every experiment. xp 

1.6
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Chapter D+ Room Acoustics 

del. Introduction 

In determining the acoustic qualities of a room, one of the 

important factors is the measurement of its reverberation time. ‘The 

accuracy with which it can be determined from the decay curve is limited 

by random fluctuations in it. A method to minimize the effects of the 

fluctuations in decay response on the measured reverberation-time value 

is to repeat the reverberation experiment many times and to average the 

data obtained from the individual responses. This method takes quite 

a lengthy analysis time and often fails to pevesl a true nature of the 

decay, esperially when the response is subject to a multiple decay rate 

as can be seen in the curves of fig. 5.214. 

The high initial decay value nantelaias much of the valuable in- 

formation persists only for a few decibels and if the data is not care- 

fully reduced much of the information can be lost. Decays with mult- 

iple slopes, point to a lack of sound diffusion in the room. In some 

reverberant rooms the diffusion decreases during the decay and there- 

fore it is the initial decay rate that is important for the determina- 

tion of the statistical absorption, To extract all the useful inforna- 

tion from the decay curves, many sucn curves obtained under identical 

physical conditions should be averaged and not just the decay rates or 

reverberation times obtained from individual decay curves. 

A new method for measuring reverberation time is described by 

Schroeder (14), which, in a single measurement, yields the decay curves 

47



  

that are identical to the average over infinitely many decay eurves 

that would be obtained from exciting the enclosure with band pass- 

filtered noise. Thus, the difficulties mentioned in the conventional 

methods of determining the reverberation times are reduced to some ex- 

tent. 

Rooms in which random sound fields can be established are important 

tools in applied acoustics, Two outstanding problems are the produc- 

tion of random sound fields and the determination of whether or not a 

given sound field is random. This can be determined approximately 

from the point measurements in the room ana boas the method developed 

by Cook and associates (43) who consider a Sued sat RGA coeffic- 

ient, R, the sound pressure at two different points in the sound field 

and from these the acoustic qualities of a closed room is determined 

more closely. 

The modal density is another parameterthat also determines the 

acoustic quality of a room. It is not very easy to measure this para- 

meter experimentally, but from the theoretical approximations based on 

the enclosure dimensions and ambient speed of sound, the modal density 

can be predicted to a reasonable accuracy. 

The work reported in this chapter is based on the basic assumption 

described and the measurements are made to obtain the best technique in 

the determination of reverberation time and to establish the acoustic 

quality of.the room in which most of the tests for the measurement of 

various paramters including noise transmission will be made.



  

    or 

ee 

Basic consideration in the aspects of the reverberation process, 

and of room acoustic problems in general, can be understood by taking 

into account the wave nature of sound. it was shown experimentally by 

Knudsen (57) that reverberant sound has characteristic frequencies which 

are properties of the room and not necessarily only of the source which 

initiates the reverberations. These characteristic frequencies can be 

found by solving the three-dimensional wave equation governing the sound’ 

propagation in the room and are commonly termed room resonances. — They 

set-up a complicated scheme of standing wave pattern, which changes 

completely as the frequency of the sound changes, The abrupt change 

in the sound level when the source is turned off can be represented by 

a complex frequency spectrum and the reverberation prozess contains sig- 

nals with more than one frequency even if the steady state sound source 

consists of a pure tune only. If these signal frequencies coincide with 

some of the room resonances beat will occur and the reverberation decay | 

curve will show a number of Puisboations: The less damped the room 

resonances are, and the "purer" the tone of the sound source, the greater 

will be the fluctuation in the reverberation process. It has, duieiake 

fore become a common practice to use a "band of frequencies" as the 

sound source, centred around that particular frequency the reverbera- 

tion of which it is desired to study. In this way the number of room 

resonances taking part in the decay will be so great that the fluctua- 

tions in the decay curve will, more or less, average out. The "band 

of frequencies" may concist of a band of random noise, a warbled tone, 
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a number of closely spaced pure bone or simply a tone burst. To assume 

the excitation of as great a number of room resonances as possible with- 

in the frequency band produced by the sound source, the position of the 

source in the,room must also be considered. 

The accuracy with which reverberation times can be determined from 

the decay curves is limited by random fluctuations in the decay curves. 

These random fluctuations result from the mutual beating of normal modes 

of different natural frequencies. The exact form of the random fluct- 

uation depends on, among other factors, the central aplitudes and phase 

angles of the normal modes at the moment that the excitation signal is 

turned off. If the excitation signal is a band pass filtered noise, 

the initial amplitudes and phase angles are different fiom trial to 

trial, Thus, for the same enclosure, and identical transmitting and 

receiving positions within the enclosure, different decay curves are 

obtained, shotn in fig. 5.21A, the difference being a result of the 

randomness of the excitetion not of any changes in the characteristics 

of the enclosure. 

5.22. Methods of Reverberation Time Evaluation. 

(i) From the nenstreaant of the decaying response. 

The two most commonly used methods in the measurement of reverbere- 

tion time are outlined in this section, Common to both methods are the 

use of a sound source, a microphone, an amplifier and a recorder capable 

of responding to a quickly decaying output. By using a 'Sine Random 

Noise Generator', random or pure tone sound can be produced in the en- 

Closure. The decaying output from the microphone may be filtered in 
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the desired frequency band before recording. An exemple of such a 

measuring arrangement is shovm in fig. 5.22A where a small gun is used 

to produce a sound source instead of a noise generator. When the gun 

is fired, the sound level in the room will first rapidly increase and 

then decrease according to the reverberant properties of the room. 

The output from the microphone placed in the enclosure is filtered and 

then recorded, The reverberation time is measured from the initial 

portion of the recorded decay curve. 

This method is convenient when only a limited number of reverb- 

eration curves are to be measured. When a great number of curves 

are to be recorded over a wide frequency range, the use of a gun as a 

sound source is unsatisfactory as it would require one shot for every 

curve. It is then advantageous to employ the method where the sound 

source consists of a noise generator and one or more loudspeakers in 

the room, as shown in fig. 5.22B. When a steady noise field in the 

enclosure is obtained, the noise is cut off and the output is recorded 

as before and the reverberation time obtained from it. 

(ii) From the Measurement of the Integral of the Squared Impulses of 

the decaying response. 

The basis of Schroeden's (44) "Integrated impulse nethoa" is that 

the ensemble average of the square of the reverberation noise decay in 

an enclosure equals the time integral of the enclosure squared impulse 

response. To arrive at this result, it is considered that the room is 

excited by "stationary white noise" which is suddenly shut off. If the 

noise is stationary and white this can be mathematically stated by- the 

equation, 
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= ~% : gut, fan Corre x ether) ea i 
where 

i and t, are two arbitrary chosen instants of time 

(¢,-t) is the Dirac 5, function 

<n(t,) x n{t,) Dis the autocovariance function of the noise. 

N is the noise power per unit bandwidth 

The response of any linear network to our arbitrary time function 

n (%) is considered next; 

t 
s(t) = [ n(%) x x(t) -%) aT 2, 

“oD 

Here r(t-t) is the impulse response of the network at the time t, 

to a unit impulse occurring at time Tt 

By considering the room a linear acoustic network and squaring 

equation (2) the double integral is obtained and shown as follows: 

t=t @=t 

f(t) = fat [4oxnT)xn() x rie Tx r(t-2) 
Jeb de 

The upper limit of integration should be taken to be 0, if this is 

chosen as the instant of time when the noise is shut off. 

Averaging the above expression over the emsemble of noise signals 

and utilizing equation (1). 

<n(T) xn (@)> =Nxd(@ -t ) 

the equation below is obtained: 

. 
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te (t)> = i Nx § (02) xr Ux r-e)deSt : 4 

As §(@-0) is zero except when @ =Tand as the integral over the 

delta function equels unity, equation (4.) finally becomes 

<sF (t)>=N x{r? (t -Y) at a 

~od 

From T= 0, the function <8" (t)) represents the ensemble average 

of the squared reverberation process. To obtain the function an 

"infinite" number of measurements would be necessary and the reverbera- 

tion time determined according to normal procedure would be half the 

actual reverberation time due to the dquaring. 

’ 5 

On the other hand, the time integral fC -l)$T represents 
~co 

basically, a single measurement of the squared impulse response of the 

linear network integrated over an infinite time. 

By definition +(t -T) is the unit impulse response of the system 

under consideration. it such an impulse occurred at T= -:othen the 

above integration merely states that the squared response has to be 

theoretically considered and integrated over an infinite period of 

time. In practice, the response to unit impulse is only measurable 

over a certain, very finite, period of time. The meaning of integral 

is thus to consider the integration as long as the response of the 

system to a unit impulse can be determined in practice, and the limits 

of integration are chosen accordingly. 

The "unit impulse" is in practice often obtained by means of a 

pistol shot, a tone burst or other short lasting sound phenomena. 
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Normally band-limited noise is used, to be able to determine the re- 

verberation as a function of frequency. As soon as the noise is band- 

limited, equation (1) does not hold in a strict mathematical sense, be- 

cause a certain time correlation is imposed upon the noise. If the 

effective correlation interval is small compared with any part of in- 

terest in the reverberation decay process, equation (1) is still valid 

in a practical sense. 

To obtain the true impulse response the length of the impulse 

used. to determine the filtered response of the room should be short 

compared to the period of the filter centre frequency. 

5.3. Techniques Used in the Measurement of the Reverberation 

Time of the Room. 

The first part of this experiment was made to compare the results 

from the "Interrupted Noise Method" with the "Integrated Impulse Method" 

when the measurements were made under the same experimental conditions. 

This was performed with a view to finding out the most reasonable method 

that can be used for the measurement of reverberation time in the narrow 

frequency band. 

‘The practical method of obtaining the squared and integrated in- 

pulse response was from the tape recorded tone burst whose spectra 

covered the wide frequency bands which were radiated into the room 

from the loudspeakers. The response of the enclosure to each tone 

burst was picked up by microphone whose output was recorded and then 

played back in reverse-time direction. The output signal from the 

5h



  

aps recorder was squared and integrated by means of RC network and 

then recorded. The description of the measuring circuits are given in 

Chapter (1). The experiment was then repeated and the output from the 

microphone filtered in the narrow frequency band during play back of the 

tape for evaluation, Some of the decay curves are given in fig. 5.3A. 

The arrangements of the measuring instruments are given in fig. 5.33. 

For the purpose of interrupted noise experiment, the wideband 

random noise having the same spectra as in the previous experiment was 

radiated into the enclosure from the loudspeakers, hen the noise 

level in the room attained a steady intensity, it was cut off and the 

decaying output picked up by the microphone was recorded using the level 

recorder. This was again repeated and the microphone output filtered 

in the required frequency band and the response recorded as before. 

The results of some of the decay curves are given in fig. 5.3C. In 

fig. 5.22B is shown the experimental flow diagran. 

From the data obtained it was observed that no imaediate advantage 

is gained by using the "Integrated Impulse Method" as the spread in the 

determined values was so small that it could be dismissed as being due 

to evaluation error, The laboratory made circuits used in the "Integ- 

rated Impulse lethod" were seen to carry a spurious ei enah ui thine 

great care was taken to eliminate much of it and this could have been 

one of the reasons for the spread in the data obtained by the two 

methods. 

In the final evaluation of the reverberation time in the 50 Hz 

frequency band, the wide band random response from a noise generator 
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was radiated into the room from the loudspeakers. The noise level 

distribution in the room was detected by the microphone placed at var- 

ions positions in the room. When the noise level had reached a steady 

condition, the input to the loudspeakers was cut off and the decaying 

response picked up by a microphone placed in the centre of the room 

was recorded on the magnetic tape recorder. The tape was then slowed 

down and the response filtered in the 50 Hz band filter and recorded on 

the x-y chart recorder. The tine to decay over 10 db from the initial 

portion of the decaying response curve was measured and then a decay 

time over 60 dB was computed. The reason for slowing down the tape 

was so that the chart recorder would respond to the actual decay re- 

sponse signal to be measured and not the x-y chart recorder decay time. 

This was repeated for various filter band centre frequencies and the 

result is given in fig. 5.35. The experimental flow diagram is as 

shown in fig. 5.3D. 

The damping of the room was then computed from the reverberation 

time and the equation: 

101 ( 13.8 ) 4B 
. aig ( Teo ) 

and the result is given in fig. 5.3F. 

The reverberation contributes to the total amount of noise exist- 

ing in.a room over a period of time, since it produces audible prolonga- 

tion of noise during these intervals in which no noise is actually being 

gutted by the source. The reverberation time, depends only on 
> 

the volume of the room and the total room absorption, according to the 

formula: 
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6 ONT TS on 
60 x sec al 

a = 0.161. WV 2 

imine oo 

where V = Volume of enclosure in cubic meters 

a'= Absorption in square meters (Sabine units) 

The room absorption is computed from the decay time measurement 

and the result is given in fig. 5.3G. 

5eh. Determination of diffusibilityof the reverberant sound field. 

51, lasic consideration. 

Reverberation chambers used for acoustical measurements should 

have completely random sound fields. In an ordinary room a great deal 

of sovnd is reflected from the walls. Thus, the sound at a given 

position in the room is made up of that which travels directly from 

the Rauine plus the sound that comes fromothey directions as a result 

of reflection, Under such circumstances the sound pressure does not 

decrease so rapidly. Non uniformity of absorption and of shape of the 

room surfaces tend to, increase the scattering of sound within the roome 

When the conditions are such that the sound waves are travelling equally 

in all directions and the sound pressure is everywhere the same within 

the room then the sound field is perfectly diffuse. As a consequence 

of reflection from the boundaries of a room the sound persists for some 

time after the source has stopped. 

Two outstanding problems in applied acoustics are the production 
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of random sound fields in mera chenant rooms and the determination of 

whether or not a given sound field once established, is random, A 

Siluccigte) random sound field is defined such that at every point with- 

in the enclosure, plane,waves near a particular frequency, having the 

Sane average intensity for all directions and phases, will have passed 

by after a sufficiently long time. 

542. Technique Used in the Determination of Diffusibility of 
  

the Reverberant Room. 
  

A reference microphone was placed in the centre of the room. Wide 

band random noise then radiated into the enclosure from the loudspeakers 

placed randomly near the walle, Another microphone having the same 

sensitivity as the reference microphone was rotated round while point 

measurements were taken and compared with’ the outputs from the refer- 

ence microphone. This experiment was repeated with the narrow band 

noise radiated into the enclosure at different filter centre frequencies. 

Where the variations in the noise level was too large, the t#eflector and 

the loudspeaker positions were altered to improve the distribution. 

It was found that when the enclosure was excited with the wideband 

random noise the variation in the noise level was *# 1.5 dB. With the 

room excited in the narrow band, the fluctuation in the noise level 

depended very much on the frequency bandwidth and its centre frequency. 

The narrower the bandwidth of excitation, the greater were the fluctua- 

tions that were observed. On an average the variation in the narrow 

band was + }. dB. 
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The diffusibility of reverberant sound field can also be determined 

from consideration of a cross-correlation coefficient, R, as discussed 

in the paper (43) by Cook and associates, for the sound pressure at two 

different points in a sound field and a theoretical demonstration of 

how R varies with wave numbers, ke. (k = 2K /the wavelength (A ) 

and the distance r between the points in a random sound field is given. 

The measured variation of R as a function of k, and r in a reverberant 

room is a useful criterion for helping to determine whether or not a 

random sound field is present. It is claimed that the cross-~correla- 

tion coefficient defines the acoustic quality of a closed room more 

completely than the reverberation time does. 

Some preliminary investigation has been made, to date, using this 

technique and work is in progress to further refine experimental methods 

so that the data can be resolved more accurately, 

5.5. Modal Density of the Room. 
  

An attempt was made to determine the modal density of the room 

experimentelly, but because of very high concentration of resonances it 

was almost impossible. to count the peaks. Therefore the approximate . 

theoretical evuation given in reference (1) was used. The modal dens- 

ity of the room is given by: 

os ue | 
3 z Lge ge es BC. 

gn 

where V = #8 lyxlz : 

(ly ly Le) 
2 ( ly lyt xls ly lz) 

‘aad 

A 
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¢ = Ambient speed of sound 
a 

The equation was solved on a ICL 1905 computer. The results 

are shown in fig. 5.64. , 

5.6. Discussion of the Results and Conclusions. 

The traces displayed in fig. 5.3C clearly show a multiple rate 

of decay and the best reverberation time shown in fig. 5.3E reduced 

for the reverberant room from the initial portion of the traces sampled 

at different centre frequencies of a 50 Hz filter band indicate that 

above 7k Hz uch of the acoustic energy is either absorbed by the walls 

or transmitted through. A confirmation of this observation te etren 

An il es. Dees The experimental results in fig. 5.3E also show that 

the reverberation time is dependent upon the frequency hence the diffus- 

ibilityof the room is affected by this condition. Point by point 

measurement in the room showed this characteristic when the room was 

subjected to a narrow band excitation. This condition was very much 

improved when the room was excited with wide band random source. 

For this particular size of the reverberant room and the wall 

conditions, which were not specislly prepared, it seems that a reason- 

able reverberant condition can only be created in the frequencies 

quoted above. This situation could be improved if the walls are 

prepared so that much of the energy is not absorbed.
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CHAPTER 6. 

Modal density of flanged _cylindrical shell. 

6.1 Introduction 

Structures having cylindrical shapes have wide industrial appli- 

cation, but the viens of ways in which they can vibrate presents a 

deasioe problem. In view of the possibility of resonance, a knowledge 

of the natural frequencies of such structures is of immense value in 

design procedure. It has been noted that certain types of vibration are 

more easily stimulated than others and the response is a strong function 

of frequency and damping. 

The mair actions donclaet during vibration are distortion of the 

whole ordrenmacdi on and the length of the structure. ‘The distortion is 

periodic around the circumference and along the length, as shown in fig. 

6.1A and denoted by N and M. ‘he intersection of a constant N line with 

its vertical M line gave the corresponding natural frequency. In fig. 

6.324 is shown some of the frequencies at which they occur for the 

flanged cylindrical shell, 72 ins long, 18 ins in diameter and 0.0438 ins 

thick when the effect of acoustic media were neglected, 

For the response to forced vibration, an investigation by Warburton 

(40) of an infinitely long thin cylindrical shell showed that when the 

fluid is air, there were resonant frequencies very close to the shell in 

a vacuum and to the natural frequencies of the internal column of fluid. 

In order to simplify the present analysis considerably, it was assumed 

_ that the effect of fluid on the structure is negligible. 

fhe experiments conducted on the cylindrical shell were intended to 

determine the number of modes in a frequency band when excited mechani- 
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cally and acoustically. Where these modes were found close together, two 

different methods were used to separate them, 

6.2 Theoretical Considerations 
<4 

6.21 Frequency #quotions for ylindrical shell with freely 

supported ends without the effect of acoustic mediun. 

Mathematical expressions for the flexural vibrations of freely 

supported cylinders having a wall thickness of the shell much smaller than 

the shortest wavelength are derived by Arnold and Warburton (l,). ‘the 

expressions are first derived for the component strains of an element of 

the cylinder situated at the middle surface, (an imaginary surface 

situated at mid-thickness) in terms of its rectangular displacements u, 

v and w in directions X, Y and Z as shown in fig. 6.214. These relations 

define the possible ways in which an element may deform elastically. 

Thereafter an attempt is made to find shi keeinns for u, v and w which are 

not only compatible with elastic strain but also satisfy the specific end 

conditions. 

After the desired wave-forms have been obtained, the strain energy 

and kinetic energy of the cylinder are derived respectively in terms of 

displacement and rate of change of displacenaent, the latter involving the 

unknown frequency. Lagrange's equations are then written for the three 

independent displacements u, v and w, and after elimination of the 

arbitrary amplitude constants, a cubic equation is eventually obtained. 

The roots of this equation define the frequencies associated with a given 

nodal arrangement, 

For freely supported cylinders, neglecting the effect of acoustic 

media the expressions for the displacement were assumed for the component 

62



  

directions, X, Y and Z as shown in fig. 6.214 and given by the following 

equations: 

c t = A Cos oo ee cos n # cos Wt 

MAS sin n @ coswt 6.1 <q
 1 by 2
 

~
 

* 

s 

~~
 

MAIC W C Sin “77 cos n % coswt 

Here A, B and C are amplitude constants, M and N define the nodal 

arrangement in directions X and #, and S is the frequency of' vibration. 

As an example, if N = 2 and M = 1, the form of the radial displacement, 

Wd)» is represented in the diagram of fig. 6.21B and 6.21C, 

The above expressions satisfy the end conditions and are compatible 

with the strain relations. By application of the Lagrange equations to 

the derived expressions for strain energy and kinetic energy, constants 

A, B and C may be eliminated to form the dubic equation: 

AeA Sen eb 6.2 2 i. ° “ 

where the coefficients ko kK and ky are constants for a given cylinder 

under a given nodal configuration and the vibration frequency is given 

by 

OK e 7 663 

{ + Be A 2 
Js (1 -/ 2) 

Expressions for the coefficients k in terms of the cylinder 

dimensions, elastic constants and mode of vibration are as follows: 
4 Ane i, D(H) Ish a 42H) [2ern?) 24 -n2)Xn7_gx2n4_ 206 9 

4(I—-u2) 222 44] 
2 2 

kos Lawn’) + Lg-u—2h)e+h(rH)n +6 f5(3-u)(Mn?) aa 

#2 (1-H)M —(2-0*) 92 n? -4@+u)n4 +2(H) Ran? |   
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K, | +1(3-u)(¥n*) +8|(4n?)? “pieti= fi) x +n?| 

Ae 6 oh. 

where p=fa ‘ ae PB q2(H°) An %f 

Eg 
¢ ? 

Equation 6.2 gives three real positive roots for, a, and thus three 

frequencies for any specific nodal pattern. In practice, only the lowest 

of these frequencies need be considered since the others are well above 

the aural range. 

As some terms in the above expressions are small compared with 

5 ioe a 3 j 
others and, moreover, A~ and kA are small compared with the other 

terms of the cubic equation, the following Linear equations may give good 

approximations: 

where 

1 2 4 22,4 2n4 4 ty = LOH) (HM 4 h(t-u) @fa’n2)!—axPn4 208 4né| 

m= GH)? 4 L@-w- 2H Lau dn? 

+ 43-1) BO? +n?p 

k, =| +h(3—n)(P 4n*) 

6):



  

6.211 Effect of Flanged Ends on Frequency. 
  

The relation between the fixing intiluence of the flanges of fig. 

6.21D and the solid of fig. 6.21E is required so that the wave length 

factor of the latter may be used for frequency calculations. The 

as sumption is made that equivalence will exist when an equal bending 

moment per unit slope is produced by each at the external radius aye 

For a thin circular plate of radius ay and thickness H, the slove 

at the edges, owing to a moment M per unit length of the periphery is, 

  

(39): . 

6 
Y= ora see 

cae 
where D = = 5 

12(1 ~ u*) 

1 

When a circular plate of radius ay with a central hole of radius ay and 

a thickness Hy is considered, the slope, , at the inner boundary owing 

to an applied moment M per unit length is given by (39): 

Ma, [a,7(a -H) + a, (1 -1)| 
  te 3 6.7 

Dy Cissb a, - a ) 

EH? 
ZL 

where dD, Rn ree 

12(1 =p") 

Equating equations 6.6 and 6.7 leads to 
: 5 4 

H = H A Sk 6.8 11/7 a 
Fo aa)a +1 

where yi ( 2) 
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6212 Equivalent wavelength factor. 

A knowledge of the way in which the equivalent wavelength for a 

cylinder with fixed ends varies with the wavelength of a freely supported 

cylinder of similar simensions, when each vibrates with the same number 

of’ nodes. Level ee of equivalent wavelength, Xe, with wavelength, 

A, is required. For a given cylinder of length, / » under a particular 

mode of vibrations, there can exist a freely supported cylinder of similar 

cross-section having an identical frequency, If the length of the latter 

  

be f£-f/ , then e= Ls and A= Br =, This leads to the relation, 

m+ C ; Ta ce (women = + vonwrrern CG Ne ( . a (m + c) 3 6.9 

/ 
where c = m ss ¢ is a function of m, n and cylinder dimensions. 

For a cylinder with solid ends, if the factor, c, is expressed as a 

function of thickness ratio, it should be zero when H is small and 
h 
H? 

0.3 when H is large. An empirical expression to satisfy this condition 

derived by Arnold and Warburton is: 

. h : 
: 

he= [a + o5e72( ba i 6.10 

where a suitable value for, q, is determined from experiment, 
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6.22 Frequency equation for cylindrical shell in an 

acoustic medium, 

For the vibration of a cylindrical shell without the effect of the 

acoustic medium, three equations of motion were obtained in terms of the 

axial tangential and radial components of Biel useeuat When the ef'fects 

of the acoustic media are included in the response to vibration of an 

infinitely long thin cylindrical shell, Warburton (4.0) has shown that the 

equation is obtained by considering the components of force in the radial 

direction acting on an element of the shell will have additional terms due 

to the pressure acting on it. ‘The other two equations, corresponding to 

components of force in the axial and tangential directions, are unchanged 

by the pressure ot fluid media. 

The resonant frequencies of a cylindrical shell in acoustic media 

are given by: 

A =a +kA-k) +A A*~C, + C)Re fix): = 0 6.31 

the expressions for the coefficients in terms of the cylinder 

a elastic constants and mode of vibration are as follows: 

k =A4— Y 1+p)% 4h -1 ) |(1es n’)*—2 (4-49) Xn? _9 xen —2n8 ° 

+E eee rn? +n‘ | 

2 2 Hy POEM) EG -20?)? ah u)n? 4 pL L (ou) eine? 2(-u )x 
4 Bhat n2 -$(3+P)n +2(1-# )x +n? | 

= 4(3- p)(224n2 ) +448[(4n*) +2(1- wre n2| 612 4 

cad (i—u een)? +0]2 (i-n x +h 0-u )n4 +( 2-24 oS) ane 

c, = (3-n )(r% n°) + 6/2 (—n )? + n2|   
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Re {ie EOS 2. Yn(x) | hs 

R Ah-at I(x) Jno? + {rnp 6 LS 

ie FOS ee ee 
Bone [Ynb)]* + Py 6e14. 

where Jn(X),.Yn(X) = Bessel functions of first and second kinds 

eka s[(2¢)?_ ) nS) 

die 
Be a2 

6.23 The effects of surrounding medium on the modes of vibration. 

The displacement patterns of the natural modes are generally assumed 

unaffacted by the surrounding and enclosed media. It has been shown by 

Richard and Mead (31) that the mechanical impedances of the modes can be 

drastically changed. If the enclosed region contains a great deal of 

sound absorbing material, then the effect of the enclosed medium will be 

primarily resistive and as a result damping of the modes is increased. 

If there is no sound absorption, however, the medium will add to the 

stiffness or mass of the modes. 

It is possible that the additional stiffness will be infinite at 

freqiendies where certain standing waves occur in the enclosure. These 

standing wave patterns have modes at the structural surface, If they 

are excited acoustically from the outside under harmonic conditions, the 

acoustic pressure on the inside surface of the structure is the same as 
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on the outside surface, but, acting in the opposite direction, effectively 

cancels the effect of the external pressure and no stravoaees motion 

results. She additional stiffness may also be zero. Under these condi- 

tionsthe standing wave excited within the enclosure has velocity anti- 

modes and pressure anaes at the structural internal surface. The acoustic 

pressure at some other points inside the enclosures will certainly be 

very high. Such cavity resonances can occur within cylinders. ‘There 

exist standing waves within the structure which will cause high internal 

noise levels at certain frequencies. There are also other standing waves 

with modes at the surfaces which will inhibit the skin motion at other 

frequencies, yet still cause large sound pressure to exist within the 

structure. Under some conditions the cavi'y resonance effect can cause 

the modal frequency to be considerably different trom that of the struc- 

tural mode in vacuo as described by Warburton (40). 
! 

Outside the structure, the vibrating motion causes sound waves to 

be radiated away from the surface. Since, in general, these waves are 

not plane waves, the pressure at the skin surface due to this radiation 

has components in phase with the velocity, and also in quadrature with 

the velocity. The former components constitute the acoustic damping 

pressure. 

The latter components are in anti-phase with the structural acceler- 

ation, and constitute the ‘virtual inertia' of the medium in conjunction 

with the structure. 

6.24. Effect of structure on the sound field. 

When sound waves impinge on the surface of cylindrical shell, the 

effective exciting pressure on the surface is twice that ot the incident 
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field due to the effect of total reflection of the wave. The pressure 

components having wavelengths less than the chateotetete tus dimensions 

of -the body are effectively doubled by the reflection effects. If the 

wavelength is much greater than these dimensions, "scattering" of the 

incident wave occurs due. tb non-uniform reflections. The effective 

pressure is still increased, but not by as much as a factor of two, The 

wavelength of the frequency components of greatest interest are usually 

much shorter than the structural dimensions. The noise pressures used 

for response calculations should therefore be twice those measured free Dp 

field conditions. 

6.3 Numerical Computation for resonant fre:uencies. 
  

6.31 Comparison of natural frequencies derived for the 

two conditions. 

1 

The resonant frequencies for a cylindrical shell in a fluid medium 

determined by Warburton (40) were found to be very close to the natural 

frequencies of the shell without the eft'ect oft fluid medium derived by 

Arnold and Warburton (1).). hese frequencies were also very close to the 

natural frequencies of the internal column of fluid. With water as the 

fluid, the resonant frequencies showed a considerable divergence from the 

naturel frequencies of the shell in a vacuun. 

For the purpose and accuracy required in the present work, it was 

assumed that the resonant frequencies are unaffected by the presence of 

the fluid media and solution for the frequency equation developed by 

Arnold and Warburton (1) is used. 
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6.52 Solution of Frequency Equation for freely Vibrating ore ee ae mt A neers sae 

cylindrical shell. 

The numerical computations were done on an ICL 1905 computer for 

the following standard parameters: 

(i) Cylinder diameter = 18 ins. (0.4572i) 

(ii) Cylinder Length 72 ins. (1.8288M) il 
il (iii) Material thickness 0.048 ins. (1.2192 x 1074s) 

  

(iv) Poisson's Ratio = 0,29 

(v) Young's Modulus = 30x 10° os (2.092 x 10° ) 
an M 

(vi) Density of material = 0.23) a5 (7861 x “6) 
in M 

vii) Acceleration due to gravity = 386.088 22-_ (9,80665 —L. 
5 sec s ‘0% 

(viii) Number of axial half waves = 1-160. 

(ix) Number of circumferential waves = 2-59. 

The roots of the cubic equation 6.3, were computed from the above 

values. The frequency equation 6.4, was then calculated irom the result 

of the lowest positive real root of the cubic equation. The results are 

shown in fig. 6.32A. 

Further computation was carried out to search for all N and M 

crossings and to identify the frequency at which they occured. These 

crossings of N and M lines gave the resonant frequencies of the cylin- 

drical shell. the computer program and the table oi’ resonant froquen- 

cies are given in Appendix 3, 

From the table of resonant frequencies, the modal density in the 

50 Hz band was computed and the results are showm in fig. 6.523. 

71



  

6.4 Techniques used in the measurement of modal density of 

flanged cylindrical shell. 

6.41 Amplitude response measurement. 

The enclosed cylinder was placed freely on point contacts 

approximately in the centre of the reververant rooms The pure tone 

excitation to the mechanical vibrator attached to the centre of the 

cylinder was from a Quantech Analyser. The test was carried out within 

the flat frequency response range of the vibrator. The output to pure 

tone excitation from an accelerometer placed on the skin of the cylinder 

was filtered in narrow band and recorded on the x-y chart recorder by 

sweeping the frequency through a frequency range of 100 Hz at a time, 

The test was then repeated for the other accelerometer positions randomly 

placed on the skin of the cylinder. The test was also carried out on 

open cylindrical shell freely supported on point contacts. 

During the course of the preliminary investigation it was felt that 

perhaps all the structural’modes were not being excited by the vibrator 

and therefore the above experiment was repeated with the structure being . 

excited by sweeping a pure tone sound through the same frequency whilst 

the same accelerometer outputs were recorded. The results are shown in 

figs. 6.41A, 6.413 and 6.410. ‘he experimental flow diagram is shown in 

fig. OAD, 

The modal density was obtained by counting the number of peaks from 

| the recordings and dividing by the frequency bandwidth, This test 

procedure was continued for frequencies up to 1500 Hz and above, in which 

there were signs of overlapping modes and the mode counting became 

ditercul te 
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6.42 Vector analysis method for the determination of closel Seeger ec au UT pas evo eh rae ae ae OEY A 

spaced modes of vibrations. 

The methods of analysis and mode determination discussed in Section 

6.41 are valid in cases where at any one frequency only one mode contri- 

butes to the predominant part of theresponse. Where modes having signi- 

ficant response are close together in frequency the results of the mode 

determination seabe misleading, as in the case of the flanged cylindrical 

shell as shown in fig. 6.4.2A, The response test on the cylinder shown in 

fig. 6.42B shows that in between predominant modes there are many inter- 

mediate modes all very close together in frequency. In such a situation, 

emplitude response measurements are not adequate to identify the inter- 

mediate modes because the responses in the modes overlap in f'requency. 

This can be observed from the theoretical results in fig. 6.32A and from 

the tables of resonant frequencies. It is possible that one might excite 
! 

one of the intermediate modes at resonance, but at this frequency other 3 

modes may have significant response. 

To separate the components of individual modes, the vector analysis 

method suggested by Kennedy and Purcu (8) was used. The basis of the . 

method is the polar plot of the response vector relative to the vector 

of the forcing pressure. For a lightly damped single mode this polar 

plot is a complete circle whose diameter is inversely proportional to 

the damping of the mode. In the case of the cylindrical shell being 

considered, the damping is reasonably low and therefore the circumference 

is traversed in a relatively snall frequency interval. As the frequency 

of the forcing pressure is increased through one resonance the kip of’ 

the sponge vector describes an arc approximating to part of the circle 

of the single mode response. Identification of the arcs gives the normal 

modes which might be hidden if the amplitude response only were measured, 
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An example of a polar diagram for one response vector is shown in fig. 

6.4.20, while the instrumentation flow diagram is shown in figs 6.1D. 

From fig. 6.42C it can be seen that further complication arises 

when modes are very close together in frequency such that their arcs 

join together giving the appearance of a single mode. In this case 

it is necessary to go one step further to isolate the two modes. In 

the simple single degree of freedom case, the tip of the response vector 

travels the greatest distance per cycle per pecene at resonance. There- 

ds fore, the rate of change of arc length with frequency, ae 

against frequency and maximum occured at resonance, ‘his experiment was 

» was plotted 

carried out with the aid of’ an analogue computer and from the result of 

fig. 6.428 it was possible to identify two very closely spaced resonances 

even when the peak on the amplitude response diagram shows a continuous 

curve. The experimental flow diagra and instrumentation is shown in 

fige 6.4.27. 

For the purpose of the two experiments in this section, the 

structure was mechanically excited from the sinusoidal input to the 

vibrator. The output from the Quantech Analyser was used tor this 

purpose. ‘the cylinder was placed approximately in the centre oi the 

room, freely supported on point contacts, ‘The response from an acceler- 

ometer placed on the skin of the structure was amplified, filtered in 

the narrow band and then recorded on an x-y chart recorder, The 

experiment was repeated with the structure being excited acoustically 

and for different accelerometer positioned on the skin of the cylinder. 
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6.5 Results and Discussions 

The accuracy of the theoretical results computed depended upon the 

assumption made in the derivation of the equation for thin cylindrical 

shells with freely supported ends. Lagrange equations were used to set 

up the frequency equation. The strain Seobaausgus used were those of 

Timoshenko (42) and neglected the trapezoidal form of the forces perpen 

dicular to the cylinder axis. The nénbvane and bending effects contained 

in the theory were quite adequate for thin cylinders. The coefficients 

of the cubic equation were functions of Poisson's ratio, diameter to 

length ratio and thickness to length ratio, and so the accuracy of the 

roots of the equation relied on these parameters. The frequency equation, 

on the other hand, has further parameters, namely Young's modulus, the 

material density and the acceleration dicsae gravity and the eccuracy 

depended on the square root of these values. A change of Poisson's ratio 

by + 0.01 gave a frequency variation of + 25 He at 135 Hz and this 

variation diminished at the lower frequency end but increased at higher 

frequencies. This variation is quite small for the kind of accuracy that 

is expected, especially when the equation is based upon many approxi- 

mations. 

A comparison of this theory with many others was made by Greenspan 

(2.0), who found that it is adequate for a thickness ratio of 0.9 and for 

modes up to MN = 38; above this the accuracy does not hold too well, This 

has put a limitation on the validity of the equation. For M equals 38 

and N equals 46, the frequency computed for the cylindrical shell is 

13.451 kHz and is shown by broken lines in fig. 6.524.



  

The tables of resonant frequencies shown in Appendix 3 are for all 

the values up to 20 kHz ana the accuracy above 13.4 kHz may not be all 

that good as indicated by Greenspan. From the computed resonant fre- 

quencies it can be seen that there are modes very close together in some 

Pidousncy bands above 125 Kdiz which confirm the results found by experi- 

ments. 

Since the derivation of the equation is based on many assumptions 

and approximations, it would be necessary to use as exact values as 

possible for the structure parameters thenonly reasonable accuracy can 

be placed on the computed results. The results given in this chapter 

are therefore valid only for the stated values. With the aid of the 

computer and the program given in Appendix 3 it would not be a 

difficult problem to compute resonant frequencies for the other para- 

s ‘ ! 
mater if required. 

From the results shown in figs. 6.41 snd 6.41B of amplitude against 

frequency for the cases when the cylinder was mechanically and acousti- 

cally excited, it can be seen that the number of resonant peaks in each 

case were different , usually less when mechanically excited. When the 

same cylinder ends were opened and subjected to similar excita ion, the 

level of the peaks were different as can be seen from fig. .6.41C. 

It is very likely that all tnd wads were not excited well enough to 

be detected. This could have been due to the location of the vibrator 

at the point of excitation or perhaps the size of the model was too 

large. When the structure was acoustically excited, however, pressures 

of approximately equal intensity came from all the directions in the 

roon, thereby exciting the whole range of modes high enough to be 
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detected. The reason for the resonant peaks being higher in the case 

of the open eiinaas is due to the fact that the structure was subjected 

to exciting pressure energy irom both sides which acted in phase at 

some frequencies displaying higher level of peaks and in anti-phase 

when the modal energies were subtracted displaying peaks of low level. 

The room condition, the size of the model and the method of excitation 

are some of the most important factors governing the accuracy of the 

experimental results. 

The closely spaced modes were separated successfully in the lower 

frequency ranges only ( =1500 Hz) but further refinements to the 

instrumentstion and experimental techniques were needed for better 

accuracy giving scope for further work in this region, 

' 

fhe Kennedy and Pancu method (8), as outlined in Section 6.42, 

relates to discrete frequency tests only. Similar information can be 

obtained to discrete frequency tests only. Similar information can be 

obtained in the case of panacea excitation from the cross power spectrum 

of the strain and the pressure excitation as cheat by a microphone. 

The real part of cross spectral density gives the real component of 

the response vector and the imaginary part of the cross power spectrum: 

gives the imaginary component of the response vector. This method is 

recommended for future work and is given in reference (42), 

Different methods used for the measurement of modal density are 

given in fig. 6.5A. 
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666 Conclusions 

From the theoretical and the experimental results the following 

conclusions are made: 

' ’ 

(i) Above 1.5 kHz the modes lie very close ‘together in some 

frequency bands, but below 1.5 kHz they are irregularly 

spaced. 

(ii) The source and the point of excitation are some of the 

nost important factors governing the accuracy of experi- 

mental results. 

(iii) The theory used for the solution of frequency equation 

showed good comparison with the experimental results 
! 

for the parameters tested. 

(iv) The concentration of resonant frequencies are between 

eli: kHz and ao kHz. 

(v) Above the ring frequency (3778 Hz), the modal density as shown 

in fig. 6.323 is very nearly constant, This is in agreement 

with the theory that the cylinder vibrates as if it was a flat 

plate, the modal density of which is constant, 
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m=number of half—waves along the length 

n= number of full waves around the 

circumference 
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a ee on oe ee eat 

; oe 

The damping is one of the most important properties in a structure 

when it undergoes vibrations of resonant character and its behaviour is 

considered under two sub-divisions, internal and external dissipation of 

energy. The internal dissipation is related to a number of factors 

which include among others, the material, the stress amplitude, the 

stress distribution and the frequency of oscillation. External diss~ 

ipation of energy, on the other hand, is dependent on the system's ex- 

ternal mountings, joints and the associatei connections, and on the ex- 

ternal medium within which the system is subjected to vibration. Ete aig 

is a simple linear system and excited harmonically at its resonant freq- 

uency, the damping is the only system characteristic which will control 

the response of vibrations. When the same system is excited in rendom 

manner, however, the mean square value of the displacement is inversely 

proportional to the product of damping and stiffness. 

The capacity of a structure to dissipate vibratory energy plays an 

important role in esteblishing the levels of the structures responses to 

excitation such ae noise, the spectra of which extends over wide 

frequency bands. In order to obtein a realistic value of the magnitude 

of this energy dissipation, it is desireble to understand the mechanisns 

responsible for this phenomena so that the analvst and the designers of Pp p 5 

structures can combine the knowledge favourably at the initial stages. 

The increased emphasis in recent years on acoustical treatment and 
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eile growing inportance of near resonance effects in the analysis of 

structural systems have accentuated demping capacity as an important 

iinlibadtitie design property, Although the damping properties of a 

structurel system might provide valuable information for analysing the 

general internal mechanisms of structure, (analogous in some respects to 

using the material as a microstructural research tool), this has not 

been a principal reason for understanding the present work, Rather, 

the main reason for interest in the damping properties of the structure 

has been to provide data required for determining the dynamic response 

of the structure to random excitation. 

There is a variety of motivations in. damping research, The wide 

scope of damping applications in engineering and the wide range of 

materials and test conditions studied by Lazan and Plunkett (4.5) led 

to the development of several experimental techniques, <A description 

and comparison of the different methods for measuring damping i“ given 

in Section 7.3. Ree Gauntne behaviour of structural materials has not, 

by contrast, been brought to a comparable mathematical level, Many of 

the procedures and assumptions which have proved so successful for poly 

netric materials are generally unrealistic for structural naterials, 

particularly at stress levels of engineering interest. It has been 

necessary to describe the damping Sorte w of structural materials at 

engineering stress levels in terms which involve energy dissipation. 

The demping energy units used for structural materials specify the area 

within which lies a stress-strain hysteresis loop, and not its shape, 

as shovm in fig. 7.14. In the analysis of the dynamic response of 

systems which include highly nonlinear damping for example, it would be 

necessary to know not only the area within the hysteresis loop but also 

its shape. 
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The work reported in this chapter is’ particularly concerned with the 

variation of internal damping with frequency of a flanged cylindrical 

shell, freely supported in air and vacuum, vibrating at small amplitude 

and stress. Much useful work (6,30) has already been carried out on the 

exits dependency of dpternnt dissipation of solids but this has 

generally been confined to relatively low frequenciese With the higher 

operating speeds and the associated frequencies now current in modern 

technology, it was felt that extension of such experimental work to 

higher frequencies and modes is necessary with systems for which 

vibration frequencies up to 20k HZ and even above may be important. 

The work, to date, was carried out for only one structural geometry as 

a part of experimental data required to compute radiation properties 

and therefore the rebate shown are confined to this model. The 

experimental techniques developed can be applied to structures with any 

configurations, provided care is exercised in the analysis of the results. 

In the experiments, care was taken to eliminate support damping. 

This was largely accomplished by careful positioning ot the thin wires 

from which the specimen was suspended. ‘Thus the only ef'f'ective external 

dissipating influence remaining was that due to the air when the test 

was performed under normal room conditions. Some ot the experiments 

described in this chapter were carried out in a pressure vessel having 

evacuation facilities to create a vacuum so that mechanical damping 

was measured without the influence of air damping. This facility was 

made available to the University of Aston by Dr. Yeh, Head ot’ the 

Vibration Section, inglish Electric Research Laboratory, Whetstone. 

In what follows are descriptions of damping mechanisms, measurement 

techniques and experimental results obtained in different room and 

structure conditions. ; 
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7o2 Basic Concepts and theoretical considerations in structural damping. 
  

7-21 Mechanical damping. 

The term damping has been defined by Lazan (5) as the energy 

dissipation properties of a material or system under cyclic stresse In 

most cases a Sao tat on OF mechanical energy to heat is involved. 

Within the context of this definition, energy must be absorbed and 

dissipated within the specific system before the term damping is appli- 

cable. Once the energy has been accepted by the structure in its modes 

of vibration, it will either be dissipated internally or re-radiated 

back into the space. The former is the internal damping and latter the 

radiation damping. lfaterial camping, sometimes called internal friction, 

internal damping or hysteretic damping, is related to the energy dissi-~ 

pation in a volume of macro-continuous media. In general, material 

damping is associated with the energy dissipation which takes place when 

@ more or less homogeneous volume is wh saben to cyclic stress and the 

damping mechanisms are associated with the internal ma&cro- and macro- 

structure of the material. Whereas material damping occurs in a volume 

of a macro-continuous medium, system damping involves configuration of 

parts or inter-action among the various phenomena, 

Among the types of system in which damping under cyclic stress may 

be important are: | | 

(4) ‘staiotural systems in which energy is dissipated in 

various types of joints, intert’aces or fasteners. 

(ii) Hydro-mechanical and acoustical systems in which damping 

occurs through fluid flow. Acoustical damping and 

radiation, oil flow through orifices, and dashpot effects 

are examples of this type of damping. 
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‘(ii4) Electro-mechanical systems in which energy conversion and 

dissipation may take place through the dniberiene en between 

electrical or electro-magnetic phenomena and physical bodies. 

An example of this type of energy loss is the system damping 
Var? 

associated with magnetic hysteresis and. eddy current. 

Beyond the damping energy dissipated internally by the material of 

the structural members, the joints and fixings also dissipate energy. 

The relative shear motion which can take place between mating surfaces 

of joints offers the greatest potential for dissipating this energy. 

In the case of a dry interface, coulomb friction provides the mechanism 

for dissipating energy under cyclic shear ¢isplacement, 

Materials are not perfectly elastic even at very low stress levels, 

In-elasticity in materials manifests itself in a variety of different 

ways. Under cyclic stress, for example, in-elastic behaviour takes the 

form of a stress-strain hysteretic loop as illustrated in fig. 7.14. 

Although such loops are ataape present at stress, they are often too 

narrow to be observed by conventional methods. The shape Of the loop 

depends on the damping mechanism operative. 

7-22 Methods of Increasing Damping 

It is unlikely that an increase in the Astobion damping of 

structural joints can be obtained without an increase in fretting 

fatigue troubles. By careful structural design, it might be possible 

to optimize the acoustic damping by ensuring that the natural frequen- 

cies of the important modes occur in the region of the peaks but when 

this happens, the modes will be found to be good acceptors of acoustic 

energy as well as good radiators. 
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The most promising method, (31), ot increasing damping is to add 

certain anti-vibration materials to the structure. These are usually 

high-polymers and have very high material damping properties. When 

damping materials are added to plate-like structures they may be added 

. the form of tedonaeeal nod or constrained layers. An unconstrained 

layer has one surface which is pevb ante free and is obtained when the 

treatment is sprayed or trowelled on to the surface where it dries and 

hardens. Alternatively, a pre-formed layer of the material may be 

stuck. straight on to the surface to be damped. When the composite 

plate undergoes flexural vibration there is a linear variation of direct 

bending strain across the section of the plate. Energy is dissipated as 

the damping material undergoes this oscillating direct strain, illus- 

trated in fig. 7.22A. 

An unconstrained layer, on the other hand, has no free surface but 

is sandwiched between two stiff layers, one ot which is the basic plute 

to be damped. The other may be a thin metallic foil, which together 

with the damping constitutes, "damping tape". Both, the foil and the 

damping layer may be very thin and yet give quite good damping properties. 

The principal damping mechanism here is the shearing of the damping 

layer which dissipates energy by virtue of the shear strain it undergoes 

when the composite plate vibrates, see fig. 7.22B. ‘the same shearing 

mechanism applies to the double-skin sandwich configuration shown in 

fig. 7.220. ‘the two skins are bound together with a visco-elastic 

material having high damping properties. If the skin-stringer construct~ 

ion is Zs be retained, the structural damping may also be increased by 

including visco-elastic layers at the interfaces of the rivetted joints 

in the structure. The layers help to transmit the load and, furthermore, 

prevents fretting between the joint plates around the rivets. A cross- 
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sectional view of the damped cylindrical shell using visco-elastic 

material is shown in fig. 7.22D. 

An increasing number of different damping treatments and techniques 

are becoming available far the alleviation of vibration and noise. In 

assessing which of these is likely to be the most beneficial to a 

particular situation, several diitferent factors may have to be considered. 

Foremost amongst these is the ultimate affectiveness of the treatment on 

the system response as to which of the treatments gives the greatest 

alternatives of vibration, stress or noisee Mead, (7), discusses the 

problems involved in assessing damping. Sometimes the factors of weight 

and bulk of the treatments, their sensitivities to changes of environ- 

ment, the cost and the ease of application, fabrication or removal are 

of comparable importance. For example, if a damping treatment on a 

surface absorbs moisture and so promotes eorvie in fatigue of the surface 

it is of no real value, even if it is by far the best means of preventing 

sonic fatigue. Factors such as these and many others must be considered 

in the general assessment before damping treatment may be applied. 

7-235 Measurement of mechanical damping. 
  

Various methods (4) of measuring damping that appear to have some, 

application to engineering needs are described in this section. Nearly 

all descriptions of damping are derived f'rom the linear single degree of 

freedom systems with a viscous damper in parallel with the spring as 

shown in fig. 7.25A. The main descriptions are given under the following 

headings: | 

7-231 Logarithmic decrement 

72232 Amplification factor 

7233 Equivalent viscous damping 
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7e25% Quality factor 

7-235 Complex Spring Constant 

76236 Bandwidth, (A+ 

7237 Energy loss factor 

7.251 Logarithmic decrement. 

The decay rate ot damping is based pe the concept of energy dissi- 

pation per cycle of vibration. If this energy loss is small compared to 

the stored energy then the amplitude of oscillation will not decrease 

very much in one cycle of free vibration and the motion will be very 

close to being sinusoidal. This phenomena was proved from tests 

performed or a mild steel cantilever beam and the result is shown in 

fig. 7.2314. For a system vibrating in a single mode shape, the 

frequency is a defined quantity and the energy loss per cycle is 

therefore a function only of amplitude. 

A system in which the energy loss per cycle is proportional to the 

square of the amplitude, has linear damping. In this case, the relative 

decrease in amplitude is constant and Dan Hartong (32) showed that, 

~2AE 1 -AZ eere. Tok 

where Ax is the amplitude loss per cycle and ¢@ is the ratio of 

equivalent damping constant, C to critical damping value Coe Then 
equiv. 

the logarithmic decrement is given by, 

Ss -in(1 - 4% = 2n§ 7e2 

If the logarithmic decrement, (©) is independent of amplitude then, 

-1 n oe Ts3 

where n is the number of cycles between x, and Xo» shown in fig. 7.2313. 
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By counting the number of cyles, Ny» for the amplitude to decay to 

o, Logarithmic decrement is given by 
> 

ry 3 
sae Ge log ai es AE cs 7 h 

7 Oar tres pet ote 
Ne yee a, 

where t. is the time to decay to ~o. 
6 . s ' ’ ee 

e 

If one takes the envelope, X(t), of the x curve, which is 

approximately a damped sinusiod, 

S =i ae s=-1 di1nx = = 2.302 d log x 7.5 
fe abe ae f —- 

Expressing the amplitude on a decibel (Appendix 1), Scale 

eS x 
Yap =, 20 108, 9 

ees 6 = (-0.115/2, ) 7.6. 

7-232. Amplification factor. 

In a linear single degree of freedon system, if a constant 

sinusoidal excitation force. is applied with gradually increasing 

frequency, it is found that the amplitude of vibration steadily in- 

creases to a maximum and then decreases as the frequency is further 

increased. It is found that near where the amplitude is a maximun, 

there is only one value of frequency, at which the applied force is 

exactly in phase with the vibratory velocity. At this frequency the   
applied force is completely dissipated in damping at the resulting 

amplitude and this amplitude is a measure of dampinge The definition 

of a linear system is that the amplitude of vibration is proportional 

to the exciting force and the ratio between vibration amplitude at 

resonance and that at zero frequency is a true and dimensionless 

xX 
measure of damping as shown in (33) for example res = A= 

Xst 

amplification factor. 
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7.2336 Equivalent Viscous Damping. 
  

If it is desired to find the amplitude of a damped forced vibration 

in the neighbourhood of resonance, the concept of an equivalent viscous 

damping is used. The equivalent viscous damping is the amount of vis- 

' cous damping that would give the same amplitude as the damping force in 

question and is given by the expression, 

2 

(ED)viscous Row? . angie” a Tole 
’ mr 

and (Work ) =AFX 708. 
(cycle) y 2 , 

® 
For the case | =1, the amplitude of a viscously damped single degree 

Wy 

of freedom system is, 

= F 
ay Co ms 1e9e 

It can then be defined, 

ca 8 2. ; 
equiv. a ele 

n 

For any damped system, even those which are not viscously damped, 

the damping factor, 39 may also be expressed in terms of critical 

damping where, 

> 2Jia = ann Meduiy. 

5 CEQ. Tats 

Cy 

7-234. Quality factor. 

The qualifactor of a system is defined in terms of the ratio of 

the energy dissipated to the energy stored. If the amplitude is con-~ 

stant, the sum of the kinetic and potential energies is almost constant, 

and the energy stored may be measured bhi maximum value of either 

one. It was shown by Kimball (2. ) that 

—
 

ed 
Quality factor (2) = A =2AK 

5 AV =
 tebee 
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where W is the stored energy and AW is the dissipated energy per 

cycle. W is equally the energy supplied to the system per cycle by 

the external force F, since the definition is only valid for a steady 

state condition oe 

7-235 Complex Spring Constant. 

The complex spring constant is defined in terms of the steady 

state response to forced vibration (37). The real part, k, is that 

portion of the spring force in phase with the displacement divided by 

the resulting displacement, and the imaginary part, ?k, is that part 

in the quadrature divided by the displacement shown in fig. (7.2354). 

Since real and imaginary refer to the coiipenents of the phasor, this 

approach only has direct meaning for sinusiodal motion. The real 

and imaginary portions of the elastic modulus, (34) (Et and E" re- 

spectively) are derived from the corresponding parts of the spring 

constant in a standard fashion. 

The modulus of elasticity, E', may be defined in terms of the 

stored energy per unit volume: 
rie. 2 es 

eee ee W35. 
24 2 

The imaginary component, E", may be related to the specific damping 

energy, as used, for example by Lazan, in a similar way for small 

damping. 

‘ 

ail 4 ut 

on Fa on ase ae De 
E' k! 

D =*C eR" i 2xz"' 
se N

l
k
 

7.236. Bandwidth. 
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The method is based upon the difference in the two frequencies 

at which the amplitude is the same if the exciting force is the same. 

For a linear viscously damped system, Foster (35) has shown that 

en DE as % 

  

er ae 
aoe 7eld. 

where A f is the difference between the two frequencies at which the 

amplitude is x,, f. is the undamped natural frequency, eae is the 

amplitude at f and ¥ is the damping ratio ¢ 8 shown in fig. 
9° c 

722364. A commonly used criterion is x meld X, OF: 
max 

2f = t AE 4 
JAB 7016. Pe 

Relationships Among Definitions. 

Definite relationships among the various definitions of damping 

may be established only for a linear single degree of freedom systen. 

Comparing the various dimensionless ratios:- 

= 1 a AP ) ='$ Er =i = Le 

Goi.) eg ty. 
o ’ 34B eu 

: Dos Ja 
Then DeAG E sang Laz. 

— Oe 
Ez E 

ed km-2= 2k mer ers c sfim2=2k = 2m . yg : 3 c Wn CqUive 

Cc 

The above relationships are only valid for a linear single degree of 

freedom system with linear viscous damping though most of them are 

approximately so far non-linear damping. 
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7.2376 Energy loss factor. 

The loss factor is a commonly employed dimensional measure of 

structural damping. For a structure vibrating in steady state, it 

is usually defined as the ratio between the energy dissipated per | 

cycle and 2 times the (time-wise) maximum total strein energy 

stored in the structure. For damping that is not too high, say 

H<eOr2 Ca condition that is met in nearly all practical structures) 

the ratio is approximately, 1 =2c/, > Where c denotes an equivalent 
c 

viscous damping coefficient for the structure and frequency of 

interest, and c, represents the corresponding critical viscous 

damping coefficient. The structural decay time over 60 dB can 

readily be shown to be related to the loss factor, Tl, as 

fz ) -1 122.2 : 
60 sec ) 

! 

where f denotes the centre frequency of the band in which measurements 

are being taken. 
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7-5 Damping Measurement Techniques 

751 Decay Rate 

This method is used for special tests in engineering, but is also 

the approach favoured by physicists interested in low stress level 

afrackie The’ technique (36) is to suspend a disc from a wire, twist 

through a small angle, release and record the amplitude compared against 

time. The logarithmic decrement may be calculated from the amplitude 

ratio, a known number of full cycles apart, fig. 7.231B. 
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Many methods have been used to measure the angular amplitudes, but 

the most satisfactory, for simplicity, accuracy and lack of external 

loading, is a plane mirror mounted on the torsional mass. For low 

frequency work, measurements may be made by projecting a beam from the 

mirror on a scale, while for faster decay rates the beam is projected 

on to slow moving film and the results measured after developing the 

fam j 

The main drawbacks of this method are the possible energy loss at 

the fixing and the limitation in the range of frequency and the specimen 

sizes that may practically be studied. Various ingenious shai have 

been used to decrease the energy loss at the ends but these are always 

open to question. 

In making these measurements, the transducers used must not in- 

fluence the results; this is not a serious limitation in decay 

measurements since absolute values are not required, all that is needed 
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is linearity. The weight of a standard vibration pickup such as an 

accelerometer or velocity pickup is usually a Pantheon of that of the 

specimen being measured, depending upon the specimen size. Electric 

wire strain gauges have been successfully used, but are a bit of a 

nel Banke to fasten on, capacitance or variable reluctance devices do not 

have this drawback but usually have more complex electronics, making them 

expensive and less readily available. 

A linear recording of amplitude will seldom allow a dynamic range 

of more then 10 to 1 (20dB). ‘he standard level recorder, used in 

acoustic work, has a logarithmic potentiometer with a range of 300 to 1 

(504B). In addition, the problem of replotting the cycle amplitude to 

form a smooth curve is avoided, taking the small difference between 

large numbers and resmoothing, since the logarithmic decrement is 

directly related to the time slope of the aB curves fie, < 75 Slike 

o et ee Osa) OAR) 
tn dt 

The type of damping may be deduced from the decibel curve. Viscous 

damping gives a straight line; the curve of coulomb, or friction, 

damping is convex upward (negative second derivative), material damping 

in which the danping constant increases with amplitude gives a curve 

which is concave upward. 

ve etme me 

This technique is widely used since it only uses the same equipment 

used for forced vibration driving to determine mode shapes and frequencies, 

It is important to maintain a constant evaluation force by using a feed- 

back system with the aid of compressor, The frequency is then changed 

until the amplitude is a maximum and the two frequencies, lower and 
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higher, at which the amplitude is a given fraction of the maximum are 

found. The damping is then found from 

i 

a 

and Af, should be kept as small as possible to minimize interf'erence 

from other resonances of the specimen. 

7.55 Energy Measurements. 

There are a number of different measurement schemes which are based 

upon a comparison of dissipated energy with stored energy in off-resonance 

measurementse One of these methods is the rotating beam. If the end of 

a cantilever beam is weighted it will deflect vertically, x3 if it is 

now rotated with the weight on, it will have a small horizontal deflec- 

tion, Xr and, for small values of S 

This method lends itself well to the determination of 6 , as a 

Puiseian of frequency and stress level and for finding the effect of 

stress history on damping. For plastics and rubber where the damping is 

high and very frequency dependent, the damping is measured by taking the 

ratio of the stress to the quadrature and in phase components of strain. 

The dissipative elastic modulus is also found by measuring the area in 

the hysteresis loop, see fige 7e1A, on a stress-strain or force 

deflection curve during cyclic loading. 

Similar results are obtained trom the phase angle of impedance 

rather than resonant frequencies, but in this case the primary measure- 

ment is the ratio 
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At resonant frequency one may find the energy input from force and 

velocity measurements. In this case the energy inpub per cycle is, 

ee ey 
ty 

n 

since F and V are ‘in phase. The stored energy is found from the 

effective mass, which in turn may be found from the shape of’ the 

impedance curve, from frequency change due to added mass, or by 

computation. 

2 

Wee tise V 

Thus 

& Ab 2A V 2% FE 7 
S WwW — Wn M esf rt i, Arete os Mey 2 aoe 

Za, 
3 

where Z is the (minimum) impedance at resonance (zero phase-angle) and 

Za, is the specific impedance, 6), Morr, 

7.34 Amplification factor. 
Amplification factor measurements are difficult to use for absolute 

measurement of damping, since the ref‘erence level may be hard to f'ind., 

If the driving force, geometric cont‘iguration and boundary condition is 

unchanged and the resonant frequency does not change much, the ratio of 

the amplitudes at resonance is inversely proportional to the ratio of 

the damping constants. Such a measurement is a rapid way of’ finding the 

effects of changes in damping methods or materials, provided the damping 

is not large enough to affect the vibration shape appreciably. 
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7035 Low-Stress Methods. 

A number of low-stress devices are in use to investigate the 

physical characteristics of various material (38). Since these appear 

to have fundamental limitations which restrict them to low stress levels 

or high damping value, they do not give information oi direct value for 

engineering design. Among these (36) are standing wave measurements in 

travelling wave systems, mechanical impedance bridges and axial rod 

resonance excited by electro=static or electro-magnetic devices. 

74. Technique used for the measurement of damping in the flanged 
  

cylindrical shell. 

7-41 Direct measurement of structural damping. 
  

7-411 From the measurement of logarithmic decrement. 
  

The damping ratio of the flanged cylindrical shell was measured by 

shock exciting the specimen and storing the record on the oscilloscope 

of the filtered response from a piezo-electric strain gauge fixed to the 

skin of the cylinder. An example of such a record is shown in fig. 7.51A. 

The value of the logarithmic decrement was then calculated from the 

measurement of amplitude of the decaying curve. An average of twelve 

readings were taken to arrive at a figure of 0.1390 for logarithmic 

decrement. It was ensured that each time the test was repeated, the 

exciting force and the point of impact were identical. The damping was 

computed from the equation, 

2 2) . 8 = S/fux? +57]? Q) 
where 6 is the logarithmic decrement given by the equation, 

S ae ee be ead > (2') 

mee a): fo
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The value obtained for the. damping ratio is 0.0197. For the 

purpose of this test, the cylinder was placed on point contacts at the 

flanges approximately in the centre of a room lined with sound absorbing 

material that gave reasonably free field conditions, See Appendix 22, 

The damping ratio obtained from this experiment is the result of 

one particular oak on the skin of the specimen. Since many coupled 

modes are associated with the vibration of cylindrical shell structures, 

it would not be simple to deal with them just in a general form. For 

practical purposes it may be convenient to consider the principal un- 

coupled modes only, five of which are shown in fig. 7.51B, because in 

many cases cnly one or two modes are dominantly excited, depending on 

the shape of the shell. The logarithmic decrement for such a mode can 

give a very misleading result; even at such a resonance, a large portion 

of the amplitude may be due to the reactive components of other modes 

very close to it. For the specimen tested, a combination of resonant 

frequencies were obtained as shown in fig. 7.51C, and it was not found 

possible to separate these closely coupled modes to apply the logarith- 

mic decrement method of analysis successfully. For a good assessment of 

damping to be made using this method, one would have had to sample quite 

a number of positions on the structure resulting in lengthy analysis 

time. The limitation of this method was also noticed at higher frequen- 

cies where many very closely linked modes are excited. For detailed 

investigation of damping, the method outlined in Section 7.52 is used. 

7412 From the measurement of bandwidth of the resonant peak. 

The linear damping of a mode widely separated from its neighbours 

can be readily measured from the width of the frequency curve. In 

making detailed measurements of the damping of the modes, the main 
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difficulty arose when the modes of the flanged cylindrical shell were 

found to occur close together in the frequency spectrum of interest and 

their resonant peaks tended to overlap. As an example, consider the 

frequency-response curve measured from an accelerometer placed on the 

a of the specimen excited by harmonic plane sound waves. The response 

curve is shown in figure 7.512A. It will be noticed that the width of 

the peak for some of the modes cannot be measured readily, if at all, 

Furthermore, some resonances are lost in the troughs between the peaks. 

For this particular structure it was not found possible to obtain a 

reasonable value for the damping ratio, for the frequency range of 

interest from the measurement ot the bandwidth and applying the equation 

$+ (2) 3aB 

An attempt was made to separate the modes, by plotting the response 

components in phase with, and in quadrature with, the acoustic exciting 

pressure. The vector response diagram so obtained is showm in fig.7.512B 

and this covers the same frequency range as the response curve of fig. 

7.512A. 

The response of a single isolated mode, when plotted in this way, 

gives a pure circle, centered on the in-phase axis. Several modes of 

different frequencies combine to give the complex system of loops, 

curves and knots of figure 7.512B. Once a resonant frequency has been 

established, the arc is completed to give the single degree of freedom 

resonant circle and the resonant diameter drawn, ‘The origin of this 

diameter represents the displaced origin oi the single degree of freedom 

system, the length represents the response of the mode and the argument 

represents the phase relative to the exciting pressure. The damping 

in the mode is determined trom the resonant circle by measuring the 
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phase angle at two frequencies close to resonance, (8). 

The damping ratio, ° » is given by 

3 (Ue (—— eit 
bs : e, - a 

as illustrated in fig. /.512B. 

The damping ratio of one of the modes shown here is approximately 

0.000). 

It was found that the plotting of the vector response is an 

extremely tedious business and at higher frequencies of interest, it 

was not possible to separate the modes successfully. The limitations 

of this method to discrete frequency response test, and the impossibility 

of separating the modes at higher frequencies, led to other methods where 

the measurement of damping is obtained from the average number of modes 

being excited in a frequency band, 

7sh2 Measurement of decay time and damping of the structure 

in a pressure vessel. 

The method used in the analysis of the loss factor-a commonly 

employed. dimensionless measure of structural damping -was from the 

assessment of mechanical decay times, It was assumed that when the 

source of vibration is removed from the structure, the energy content 

can only be dissipated in two ways. 

(a) By mechanical structural losses. 

(b) By radiating the energy in the form of sound. 
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If all the sound energy radiated is dissipated in the far field, 

one can relate the total loss factor to the structural decay time 

(Appendix 2.1), defined as the interval within which the signal power 

decays by a factor of 60 dB, by: 

% a2 oe 7-18 Tor * ra 
s 60 e 

  

r 

where f is the centre frequency of the band in which measurements are 

taken and qT, 60 is the structural decay time over sixty decibels. 

In a vacuum, the energy radiated in the form of sound is zero, thus, 

oG. eke 7.19 

esc ts 
v 60 

  

where zy ou the structural decay time in vacuun. 

! 

This experiment was carried out in a pressure vessel, 4 feet in 

diameter and 8 feet Las which was lined with one inch thick polyure- 

thane foam to ensure the absorption of the radiated sound energy. ‘The 

structure used for the Er ties was a flanged cylindrical shell, 72 

inches long, 18 inches in diameter and 0.048 inches thick. ‘he cylinder, 

was enclosed by two end plates having the same thickness as the shell, 

The end plates were bolted to the flanges and rubber packings were used 

between the end plates and the flanges to prevent fluid leakage. Since 

internal and radiation damping were the subjects of study, the suspension 

of the specimen had to be such as to isehesine as little damping as 

possible. The specimen was, therefore, suspended by means of two thin 

wires attached to the flanges. 

For the measurement of structural decay times, the vessel shown in 

fig. 7.52A containing the specimen was filled with air at ambient pressure 
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and temperature. The structure was then struck approximately in the 

middle by means of a remotely controlled hammer. fhe transient output 

of eight accelerometers randomly placed on the skin of the cylinder was 

recorded on magnetic tape. ‘The experimental flow diagram is shown in 
qo# 

Li, Leeds 

The pressure vessel was then evacuated by pumping the air out to a 

vacuum of 736 mm of mercury. The whole operation was then repeated and 

the results recorded as before. 

The rate of decay of accelerometer signals recorded on magnetic 

tape was slowed down and recorded on an x,y chart recorder through a 

50 HZ bandwidth filter. The arrangement of the equipment is shown in 

fage (e0e0. 

In the process of filtering the decaying signal, one second averaging 

time was applied to average some of the detailed fluctuations es much as 

possible so as to obtain clear trends in the curve. Steps were taken to 

ensure that the averaging was within reason so that the important trends 

were not averaged out and that the actual signal output to the filter was 

recorded and not the filter characteristic, 

This analysis procedure was repeated with various centre frequencies. 

The decay time over 10 dB was measured from the initial portion of the 

decay curves which contains much of the valuable information. An 

average decay over 60 dB was then computed, the results of' which are 

shown in fig. 7.52D. The total and mechanical loss factors were computed 

from the results of decay times using equations 7.]Q and 7.19 and the 

results are shown in fig. 7.52E. 
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70435 Measurement of decay time and damping of the structure 

in the semi~reverberant room, 
  

This experiment was carried out in a room which was lined with 

sound absorption material and the room when tested had reasonable free 

field conditions, (Appendix 2426) The model was suspended trom wires 

approximately in the centre of the room, to ensure a balanced distri- 

bution of any radiated energy. 

For the first test, the excitation, signal recording and analysis 

techniques used were the same as described in Section 7.52. The results 

were computed as before and are shown in figs. 7.52D and 7.53A. 

In the second case the structure was excited with a wide-band 

random noise level of approximately 100 dB which ian combed for a 

period of time to ensure even energy di bepcbat on in the room before 

cut off, Four loud speakers, having a frequency from 40 HZ to 15k H4, 

were placed in the room at positions such that a steady sound energy 

distribution around the epee umen was maintained. When the sound source 

was cut off, the decay output of the accelerometer placed on the skin 

of the specimen was recorded on magnetic tape and analysed as before, 

The experimental and analysis flow diagram is shown in Pape eo b. 

The decay times and loss factors were then computed for enclosed and 

open cylinder, the results of which are shown in figs. 7.53C and 7.54). 

7-5 Results and Discussion 

7251 Measurement of damping ratio by Logarithmic decrement 

and bandwidth methods. 
  

The values of the damping ratio (>) measured in the cylindrical 

shell by the two methods are not the same. 
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In the first case, although the freely decaying output from the 

transducer was filtered in a narrow band before revedits, the results 

obtained Pe the repeat of identical tests showed a wide variation in 

the value of the damping ratio. It seems that a varying number of modes 

were being excited beak vie the test was repeated and the results were 

being influenced by the number of interacting modes occuring close to 

each other in the frequency band. It is quite likely that the structure, 

when transiently excited, vibrated in many uncoupled modes and the only 

reasonable estisate of damping would have been to make measurements in 

every mode separately and add the values averaged over at least twelve 

tests. The accuracy of the result is therefore based on some of the 

following: 

(a) The number of modes being excited. 

(b) The measurement of amplitude ratio from the freely 

decaying trace. , 

(c) The amount of eee losses at the fixings and to 

the environment. 

(a) The linearity of the system. 

In the second case, extreme care had to be taken to separate the 

modes before measurements were made. The result is for one particular . 

mode only and the accuracy relied on the following: 

(a) The measurement of frequency at either side of the 

resonant frequency W 2-W1 
Wr 

(b) The accuracy by which the modes were separated. 

(c) The linearity of the system. 
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The results from the two methods can only be compared when the 

number of modes in the frequency band contributing. to the energy level 

in the logarithmic decrement is known. 

7.52 Measurement ot decay time. 
  

The results of decay time measurements shown in figs. 7.52A, 7.52D 

and 7.53¢ for various room and structure conditions is very nearly the 

same above 8.5K Hz. Even in the lower frequency ranges, the difference 

is not so high as expected. From the individual decay traces shown in 

fig. 7.62B, it can be seen that, in vacuum, the energy decay shows a 

smooth trace, while, in the air, the trace is subject to many bumps, but 

the decay rate appears to be the same. This seems to be due to the 

reflecting energy being in the form of an echo from inside the cylindrical 

structure or from the walls of the compartment in which the test was 

carried out. Although the test compartment walls were lined with sound 

absorbing material to reduce reflection of sound energy, it seems that 

at some frequencies this did not make much effect. Results of the tests 

carried out in a larger room of semi-reverberant nature show that above 

ee Hz. the decay time is very nearly the same as for the structure tested 

in vacuum. The comparison between open and closed ended cylinders also 

do not show much difference in their decay times above 5kHz. Some 

interesting results might have been obtained if the same structure aa 

tested in an anechoic chamber and a comparison made with the present 

test. On the whole it seems that at higher frequencies, which is the 

range of interest in the present work, there is not a great deal of 

difference in the decay time. Since the structural decay time was 

required as a datum for radiation properties of structure, the test 

carried out in the vacuum was sufficient for the present time. 
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The accuracy of the result is therefore based on the following: 

(a) The energy losses at the fixings. 

(b) The instrumentation and method of analysis. 

(c) The linearity of the system. 

(a) The room conditions, freefield or otherwise. 

7055 Mechanical loss factor. 
  

the mechanical loss factors for different room and structure 

conditions were calculated from the mechanical and total decay times of 

the flanged cylindrical shell. ‘fhis was based on the concept that the 

energy, H, with which a structure of total mass, M, vibrates is expressed 

as E = uv, in terms of mean square velocity és of the structure. When 

the power supply to the structure is "turned off", the energy is assumed 

to decay as of 4: where t denotes the time, then the power is -dE/dt =653, 

In the steady state the power input, P, must equal the power loss so that, 

P = MV = tote uy? 

The structural decay time (Appendix 2.1) T = aes is a quantity 

which lends itself well to experimental determinations. 

e 
i 

At frequency, ®, the power loss factor in the system is given by, 

1526 Ag Wok caer XL) 
b= TO 

fhe assumptions underlying the above derivations are: 

(a) The energy is uniformly distributed over the structure. 

(b) Exponential decay oi energy with time. 

(c) Linear boundary and fluid absorption. conditions. 
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The results are discussed as follows: 

(i) Effects of different room conditions 
  

It can be seen from fig. 7.528 that different roon 

conditions do have effects on the total damping in the structure. 

From the results of the test carried out in the vessel, it can 

be seen that the energy losses to the surroundings are higher 

on either side of the ring, (3778 Hz) and sosneideae (9159 Hz) 

frequencies. Further, the result of the test in the semi- 

reverberant room shows a clear increase in the rediation 

demping beyond 1.6k Hz. Greater radiation losses are due to 

good coupling between the sound field and the structure. 

Below 1.7k Hz the mechanical losses are greater Ceca) 

hence poor coupling. 

(ii) Effects of different cylinder and room conditions. 

Fig. 7.53. shows the results of the effects of different 

cylinder and room conditions from which it can be seen that 

the fluctuation of the total energy losses, (7 +4) is 
ma 

considerable. For the enclosed cylinder, radiation losses are | 

higher above 1.7k Hz, while for the open cylinder the fluctua- 

tion is not so much, though a marked increase in radiation 

damping is seen between 2.5k Hz to 4.5k Hz and 7.5k Hz to 

10k Hz. The enclosed cylinder is seen to be heayily damped 

when compared with the open cylinder except at and on either 

side of the critical (Appendix 2.6 ) frequency (9459 Hz). 

The total energy losses are higher than when the structure 

was excited by an impact, when terhaps only a limited number of 

modes were excited. In the case of the structure being excited 

acoustically, a fair distribution of acoustic energy is applied 
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all over the structure, hence, as a large number of modes are excited 

as a result, energy flow is high. 

A conparison between the mechanical loss factors obtained by the 

two methods is shown in fig. 7.63A. The difference in the results is 

due to the limitation in the assumption and inaccuracies in the ciapetion 

used for calculating the radiation loss factor based on the acceleration 

and pressure spectral densities, the modal density and the reverberation 

time of the room. 

7.6. Comparative Results. 

If different methods are used to meastre damping, one may well 

expect to get different values, all seemingly correct. The relation- 

ship among the various methods have been based on linear, single degree 

of freedom systems with linear viscous Senna: If more than one normal 

mode is involved in the measurement, the effective damping is apt to 

Seine Most types of damping are amplitude dependent; a method of 

measurement which depends on measurements at different amplitudes, such 

as bandwidth, must give different results from one made at a single 

amplitude, such as energy input. A decay rate measurement determined 

from the slope of the logarithmic amplitude curve should be different 

pion one based on the number of cycles required to decay to 1/6 A 

discrepancy based on non-linearities would seem to obviate the results 

since the fundamental assumptions are violated, With a.difference 

which is based on torsional stress in one case and bending stress in 

ater or on solid versus hollow specimens, one would get different 

results for different problems which were not capable of comparison. 

For these reasons one must take the measurements under circumstances 
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which closely resemble those for which the information is needed. 

The simplest way to find the energy loss in a complex structure 

is by means of decay rate. These values may then be used for design 

purposes or +6 edit the effects of other kinds of energy dissipation. 

The raw data so obtained, such as a logarithmic decrement, can not be 

used directly to give resonant amplitude without a great deal more analy- 

sis, although it may be useful, as it is, for comparison. 

ey 

For multi-degree of freedom systems, the energy dissipation above, 

or alternatively the logarithmic decrement of a particular mode, may 

give a very misleading picture of the amplitude to be expected for a 

resonant peak associated with one of the higher modes. This is because, 

even at such a resonance, a large fraction of the amplitude may be due 

to reactive components of mode shapes with natural frequencies close to 

the exciting frequency. These, of course, will be very little effected 

by changes in damping, In a similar fashion, as estimate of damping 

based on the ratio of the resonant peak to the average response, or 

based on the ratio of resonant response to anti-resonant response, will 

over-estimate the damping, often by large ratios, A reasonable estimate 

of damping may be possible if care is taken not to violate the aasumptions 

too drastically. For greater usefulness to other engineers, the size, 

shape and frequency of the specimen should be reported. It seems that 

the simplest form of measurement is decay rate and it should give 

reliable results if the data is carefully reduced. 
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CHAPTIR 7 
Part 2 — Radiation damping in flanged cylindrical shell. 
  

7.7 Introduction 

The radiation loss factor, a dimensionless measurement of damping, 

ee ' 

is defined as the coupling between the sound and vibrations. Its value 

is estimated from a close study of the energy exchange between the 

structure and the sound field. 

The manner in which the vibrating structures radiate noise is an 

important subject in noise control. It governs such effects as the 

radiation from machine housings, air and space-craft panels, submarine 

hull structures, building walls and many sch structures subjected to 

mechanical or sound field excitation. The parameters that govern the 

“sound radiation are the power flow linkage between the structural 

: ! 

vibration and the sound pressures that are transmitted to the environment. 

In the work at present considered, the structure is a flanged 

cylindrical shell subjected to narrow band excitation in the frequency 

anes where very many modes of vibration are contributing to the 

response, or where the appropriate wavelength are small compared to the 

dimensions of the structure. This has resulted in a very complicated : 

pattern of vibration and for this reason, the statistical theory of" 

room acoustics developed by Lyon and Maidanik (11) is used for the 

analysis. 

7.8 Theoretical Considerations 

If a structure is immersed in a reverberant sound field, the amount 

of energy which will flow into it is based upon the degree of coupling 

between the structure and the sound field, an example of which is shown 
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in fig. 7.94. Its value is determined by the thickness of the naterial, 

the geometry and the id hod of construction. The amount of energy which 

the structure will accept in any particular frequency band depends on how 

many modes will resonate in that particular frequency band and accept 

energy from the stimid Peta. Once the energy has been accepted by the 

structure in its modes of’ vibration, it will either be dissipated 

internally or be re-radiated back into the spacee The loss of energy 

is expressed through a total damping which has contributions from 

radiation and from internal dissipation. 

The modal energy of a damped resonant mode at equilibrium was 

derived by Smith (10). His equation is, 

Gee ated |e ee 1) 
2 

Te at } SP) TG ea 
fs Ww * \ L rad 1 

Lyon and Maidanik (11), show that where a structure contains 

several modes of vibration in the frequency bandwidth in which measure- 

ments are taken, the corresponding response equation may be obtained 

from equation (7.31), by multiplying it by the number of modes in that 

frequency band then, 

s,(w) (eS eee 
ee) M f. “ rad *1 mo P 

(7.32) 

In equation Cis323; es ana are averaged over the frequency 

band. 

7.9. Measurement of radiation loss factor in flanged cylinderical shell 

7.91 Direct determination o7 radiation loss f'actor 

It was shown by Lyon and Maidanik (11) that the acceleration 

spectral density on a structure vibrated mechanically is related to the 
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pressure spectral density it produces in the room for curved or flat 

panels by, 

YT wade 7. Co /on, =k, 4/uM , F235) 

and ; s\(w ) SERS Na (W) ¢ 

Raa “|5 Co) a AE aes (7-34) 2 a R Ta 

, S (w) 2766 KR Ne(w)c 
a Tey e or gEoh AD) ©, (7235) 

= ae ie w 

The reverberant time and the modal density of the room were 

obtained as described in Chapter 5. 

For this experiment the cylinder was placed on point contacts at 

the flanges approximately in the centre of the reverberant room. The 

structure was mechanically excited with the driving mechanism being fed 

with white-noise source filtered in 59 HZ bands. The acceleration and 

sound pressure levels so produced were measured at twelve random 

positions from which the mean square values of pressure and acceleration 

spectral density were computed by the automatic space and time averaging | 

system described in Chapter 4. The experimental flow diagram is shown 

in fig. 7.104 and in fig. 7.10B is shown the result of radiation loss ;   factor. 

7.92 Indirect determination of radiation loss factor. 

For the purpose of this test the experimental set-up was the same 

as in ghetib 7e-9- except the structure was acoustically excited, as 

shown in fig. 7.10A. The acceleration spectral density of a structure 

vibrated acoustically is related to the pressure spectral density it 

produces in the room by, 

Lik



  

ae tw) tl u | fe / aT r ad oe \ ser ad be = eee 
( 7 ° 36) porttt, Wiig 2nx?n (w) 

oO 8 

» (8. )blas. 9] 
Since Rad cs Cm eKy, 2 os i =f 

, p S 2Kn, () 

  

o
l
e
 

| (7.37) 

and from equation 7.32, 

8, (w | . J, \! rad we m 

Sr 
  (7-38 ) 

p ; 
where it rad * he = dos8 

. ud 

The results of the above calculations are shown in fig. 7.102A, 

. ! re 

7+.93. Determination of radiation loss factor, from the 
    

measurement of structural decay time. 

The total damping, A was found from structural decay time 

measurements, the relation being 

oes 1 # 13.8/W T. 60 age (7.39) 

In a vacuum the energy radiated in the form of sound is zero, thus 

Ca = ft. (7. 40) 

Vv. 60 & 

: $ 60 V.60 

N 

ieee 

The result of this computation is shown in fig. 7.1034. 
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Se ne ee ae ee 7.10.Estimation of Coupling factor between reverberant acoustic 

field and_the structure. 
ee AR ek nt a a me 

The coupling factors were estimated in two ways, by a method 

suggested in (11), and from the measurement of structural decay times. 

The expression for the coupling factor was derived by Lyon and 

Maidanik (11). 

n Sot (iw) Hw) (7.42) 
Pp 

Cw) m 2K ie Xo . (ud) 
fo 

Te , 
Pw) ss ore (7.44) 

M 

cw 

& 

E 
~
S
 

and li 
tw
 g it 

2 (Ww) 6.” 75. 
2h s ° rad ea 4 esa * Ue (7-45) 

S_(w) M Tie 

er 2 2K n() 6, 
  i P (w) (7.46) 

The values of s() and $C») were measured as described in 

Section 7.92 and the modal density was measured as explained in Chapter 

66 

The second method used for the estimation of the coupling factor 

was from the measurement computer of the radiation and total loss factors 

and equation 7.44, The results obtained from this calculation are shown 

in fig. 7.113. 
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The resujts of some of the tests carried out to examine the coup- 

ling between the acoustic and the structural modes are shown in fig.7. 

12A and 7.128. For the specimen tested, many interacting modes were 

excited and for this reason it was only possible to observe the coupling 

clearly in the lower frequency ranges. 

7.11. Coupling between a reverberant acoustic field and the end 
    

plate of flanged cylindrical shell. 

The equation 7.45 shows that the total radiation loss factor is a 

function of pressure and acceleration spectral density, the structure 

constant and the radiation loss factor of the structure. The expression 

for the radiation loss factor will depend on the geometry and the method 

of excitation. From the expression 7.4J-, the coupling Sushor is seen 

to be dependent on the rahi of acceleration and pressure spectral 

density, the modal density and the structure constants. In order to 

examine the parameters,the structure was excited by pure tone and the 

results of some of the Gizeuakddin are shown in fig.7.12A and 7.123. 

It was observed that at the lower frequencies, the end plate modes 

coupled well with the acoustic modes while around and above the ring 

frequencies the end plates did not seem to matter very much, fhe , 

experimental flow diagram for this test is shown in fig. Ti kece 

7-12. Results and Discussion. 
  

  

7.121 Radiation loss factor derived directly. 

From the results shovm in fig. 7.1033, it is seen that above the 

ring frequency (Appendix 2.5), (3773 Hz), the internal dissipation in 

the structure becomes smaller compared with radiation damping. This 
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means that there was an equilibrium between the maodat energies of sound 

field and the sicuchns, and hence a stronger coupling and larger ex- 

change of energy between the sound field and the structure. Below the 

ring frequency this coupling is seen to be very poor and much energy is 

dissipated internally as is obvious from the experimental result in a 

vacuume 

The accuracy of radiation loss factor calculation is based on the 

assumptions made in the derivation of the equation and the following 

are some of the important ones; 

(a) Diffused field around the structure. 

(b) The modal dehsity and the decay time of the structure, 

the accuracy of which are discussed in Chapter 5. 

(c) Even distribution of energy over the structure. 

In fig. 7.13A are shown the results of total loss factor derived 

by two methods, The difference is due to the error involved in calcu- 

lating the radiation damping, the reason for which are described above. 

7.122 Radiation loss factor derived Indirectly. 

In fig. 7.102A are shown the results of the measurement derived by 

two methods, both of which have a close comparison, The level of 

energy losses are higher when compared with that derived indirectly. 

This clearly indicates that the energy flow is a strong function of 

the number of modes being excited in a frequency band and their coupling 

with the sound field modes. There is a good coupling around the ring 

frequency (3778 Hz). The level of the energy losses are very low above 

4k Hz and this is due to the limitations in the loudspeakers when ex- 

cited in the narrow band (50 Hz). 
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7+-123Radiation loss factor derived from the measurement. 

The accuracy of this result depends on the measurement of decay 

times and the constant 13.8, described previously. A clear indication 

of higher radiation losses around the ring frequency and critical 

(Appendix 2.6) frequency is seen, 

7.124. Coupling between the reverberant acoustic field and the 

structure. 

Coupling factor derived by the two methods are very nearly the 

same as shown in fig. 7.11B. There is a very good coupling around 

the ring frequency as expected. The response above ik Hz is rather 

low and this is due to the limitation in the loud speakers to narrow 

band excitation, but from the shape of the trace it can be seen that 

there is a good coupling around the coincidence frequency. 

From the direct experimental results shown in fig. 7.9A, 7.12A 

and 7.123, it is quite clear that the coupling is dependent upon some 

of the following: 

(a) Geometrical shape of the structure. 

(b) The end conditions. 

(c) The diffusibility of room. 

7.13. CONCLUSIONS. 

The main findings discussed in this chapter are for a flanged 

cylindrical shell undergoing vibration of small amplitude, 
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Mechanical damping is found to be higher below the ring frequency 

and around 6,.5k Hz. 

Radiation damping is,quite high at and either side of the ring and 

critical frequencies, hence, there is a good coupling between the 

structure and the sound field. 

Both the mechanical and radiation damping measurements are 

dependent on the structural geometry and for complex structures, 

measurements must be taken on either a scaled model or a full-size 

structure. 

Different methods used for the measurement of damping ratio and 

damping (loss factor) in the speciment are given in fig. 7.7A. 
! 
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Chapter 8. 

Radiation Properties of Cylindrical Shells to Narrow 
  

Band Acoustic Excitation. 

8.1. Introduction. ne 

Acoustical properties of complex structures consisting of flat 

panels have been studied and some of the most useful papers published 

are given in references 2, 10 and ll. MThere are many structures in 

practical use that consist of curved panels and one would expect that 

in some frequency ranges the flat panel analysis would be adequate for 

such structures, but in other frequency ranges modifications of flat 

panel analysis might be Ssbwekte The nature and extent of this | 

modification has been studied by Manning and Maidanik (2) who found 

that two distinct modifications are necessary, The first is assoc- 

iated with the geometry of the cylinder and the second, with the effect | 

of curvature on the structural vibration. When the effects of curva-_ 

ture on the vibrational field of the cylinder are neglected, the cylin- 

der's radiative properties can be described in terms of an “equivalent 

plate", The equivalent plate is a flat panel defined such that it has’ 

the same dimensions as the cylindrical shell, the vibrational modes in 

the circumferential direction of the cylinder are symmetric and the 

acoustical coupling between the various cells is determined by the 

cylindrical geometry. Because of the symnetry of the circumferential 

vibrational modes and the geometry in the circumferential direction, 

the piston modes and the axial strip modes (Appendix 2) whose strip 

radiators lie along the axial direction are rendered poor radiators, 

The waves that lie below the critical frequency radiate only if it is 
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scattered by a discontinuity such as a boundary. Since no discontin- 

uity in the circumferential direction of a cylinder exists, no radia-~ 

tion can arise from a wave that travels in this direction if its wave- 

eae is shorter than'the acoustic wavelength in the surrounding med- 

ium. Thus the equivalent plate formalism tien account only of the 

radiation from circumferential strip modes that lie along the circun- 

ferential direction of the cylinder, 

In this Chapter a brief description of the method used by Manning 

and Maidanik (2) for the determination of radiation efficiency of 

cylinders is given. The method is then applied to ee the radia- 

tion efficiency of a flanged cylindrical shell. The computed theoret- 

ical results are compared with the experimental results. 

8.2. Theoretical Consideration. 
  

Basic consideration of the analysis of radiation properties of 

cylindrical shells, both theoretically and experimentally are based on 

the modifications of the flat panel theory. The basis of the flat 

panel theory is an equation derived by Smith (10) which states that 

i 
the response of a resonant structure to an incoming sound field is 

governed by the relationship 

| ; 5 
2 a 212 Co "ED w) __rad aE 

( Nae L Bw? L Brop 

Thus the structural energy during vibration is given by a constant 
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times the ratio of the re-radiated power from the structure to the 

total eoake loss which is the sum of the re-radiated power and the 

internal dissipation. By defining a suitable mean square velocity, 

these powers way be defined in terms of the resistances shown in 

equation (1), from which it can be seen that if the radiation resist- 

ance is very large compared to the internal damping (Rrad >> Rmech) 

then the modal energy of the structure will come to equilibrium with 

the modal energy of the acoustic field. (See Chapter 3.). However, 

when Rrad(Rmech, the modal energy of the structure will assume in the 

steady state condition, a value, a function p(w) less than the equil- 

librium value, where 

2 
u (w) = Rrad (Rmech + Rrad) ya 

When the structure is a large complex system as shown in fig. 6. 

2A where many structural modes are present, even in a fairly narrow 

frequency band, it is not practical to consider the response of each 

mode individually. It is:rather more sensible to consider quantities 

such as the acceleration spectra of the structure and how they are 

related to the acoustic field spectra, With the help of some reasonable 

assumptions regarding the modal energy and the modal density distribution 
‘ 

. é 

in the vibration field of the structure, the appropriate extension of 

Smith's equation is made by Maidanik (9). 

If two systems having a given number of modes are coupled together 

then the number of modes in the combined system will usually be equal 

to the sum of modes in each system, but the coupling may change the 

specific motion of the system in the sense that the mode of the combined 
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system may have a motion hdl is common to both systems, and in a 

given frequency band where some modes of one system and the other 

may lie, the modes may combine in such a way that the composite modes 

lie in another Peccutkics bat and vice versa. If the systems and 

their coupling are rather complex, so that the motion of the structure 

is a complicated combination of all parts of the composite system, then 

it is statistically as likely that the modes will combine in such a way 

‘that the outgoing modes in a given frequency band will be replaced by 

the others. Consequently, not only the number of modes merely add but 

also the modal densities add, and this concept may equally well be app- 

lied where more than two systems are couplad. If the structure is com- 

plex and the coupling between its various parts is such that it induces 

energy exchange between them, then equipartition of modal energy may 

be assumed. This would lead to assigning to each part of the structure 

energy in proportion to the amount of modal. density which they contrib- | 

ute to the total modal energy. 

8.21. Radiation Properties of cylindrical shell (experimental). 

The total resistance (Rrad + Rmech) is defined by,   Roe Pa = Rrad + Rmech ; ; 
ToT a i ec 

Ne 

Where Pd is the total power dissipated by the structure including 

radiation. 

The total energy stored in the system (in the steady state 

condition) is given by, 

tL 

 



  

  

E = M¢V2 mae he. 
10n < 7 

The rate of energy dissipation by the structures given by 

=6 £E 
Pe = Ps “por” ? 

where Ps is the energy decay constant of the structure and is 

given by 

ps = 13.8 6 
Ts 

hence R =(13.8 )M 7 
TO? Gs) 

Under the equipartition of energy, the expression for the coupling 

‘factor from chapter(3)is, 

ule) = (sale) 7%, (ORR OF Q 

With E@) =[en (n,(w) Ail )|ore 7 

By combining equations 2, 7, 8 and 9, the expression for the radiation 

resistance (Rrad) when the structure excited indirectly is given by, 

Rrad = sae ee: yr (re (2. [ae Po 10 
sp(w (fs) (pp? ) | [As(e) 

In the case of the structure being driven mechanically by exter- 

nal random forced and the acoustic field being generated by the struc- 

ture only, the relation for the radiation resistance (Rrad) is from 

chapter(3)and expressed as: | 

Rrad = Sp(w) 21° R Mp(w) Co/p 121 
a ) 

Where B is the energy decay constant of the room and is given by 

B = AL 368 

RY 12 R 

By combining the equations 11 and 12, the expression for the radiation 
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resistance is as follows:- 

; Rrad = SPL one nao) Co) 13 

© rare Te 

which gives es radiation resistance in terms of the pressure field 

meee se aera the Ziel ation spectral density and the room 

constant. 

The radiative properties of a structure consisting of flat or 

curved panels is described in terms of the radiation efficiency, or, 

equivalently, in terms of the radiation loss factor (nrad (Reference 

48). These are related by 

Nrad = Po. Coo-= Rrad 1) 
“OMs o M 

By combining the equations 10 and 14 gives the expression for the 

radiation efficiency as (Indirect Excitation) 

tie (tims ee 15 

pte) ) Gree ) Fate) 3 7 

and by combining the equations 13 and 1} gives the expression for the 

radiation efficiency as (Direct Excitation). 

= (Bp(u  aaee ) ( at yo ee) Dp @ ) 16 

(Salo) ) (Tk 

The total decay time Ts and the mechanical decay time Tv of the struc~ 

ture were measured (sce chapter 7). 

8.22. Radiation Properties of cylindrical shell (theoretical) 

The effects of curvature on the vibrational motion of a cylinder 

has been analysed by Smith (10), Arnold and Warburton (14) and many 

other investigators (chapter 2). Smith showed that the curvature 
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tends to tabwcnsh: the flexural-wave speeds, especially oo modes of 

Low circumferential mode numberse This increase in wave speed is 

most pronouced below the ring frequency and tapers off as the frequency 
ae 

increases above and beyond the ring frequency. . This increase causes 

ganda: ones increase in the resonance frequencies of the cylinder 

since the wavelengths are fixed by the geometry and the boundary con- 

ditions only. 

The expressions derived by Manning and Maidanik (2) for the vibra-~ 

tion field of a cylindrical shell are based on the equivalent plate 

formalism ard that near and above the ring frequency (f>fr), the 

radiation efficiency of the eyuivalent plate and that of the cylinder 

it represents are essentially the same. For the equivalent plate the 

resonance frequencies are governed by the expression 

Vv Re B ft, le elaZ. 

while those of the cylindrical shells are governed by the expressions 

derived by He (13), 

  

  
  

2 2 Le. 2 oy 

Vvos8B Cot sie 2) ky / k ) 18 
2 

Where, 8 =h_ = oa 1, (= A2a= (z 4/2 

Asa a Ve CR i-p? ) ; 

Ve =f, “Se 2B = Go? 
ir Cu cP 2 

2 

k = ( ky +k,” V2, n = kya, 

m = ky Ce) ; yess cS ee 

vef =e2NOtea Swed 

fr Cy le k nen. 
8 cake 

12h,



‘ : 

k? =( hn)? + ia} = = 1 (n2. + 7m? ) 
a Ls) Le (y¥? )> 

By: substituting the above expressions in equation 17, the normalised 

resonance frequency equation for the equivalent plate is, 
ore 

\p= & y" E + x “ ‘ 1/2 

! a 19 Deron oN tne ke eel 2 or are & +m 7 | 1/2 

a 

and for the cylindrical shell is, 

2 o2. d 2 12 
vas] bY ‘2 4m 2 | 4fr-v2 min’fns +m? | | 

¥ 

fc 2 ah, vas SL ante? Jota te 
The civcunferential strip modes that radiate in the equivalent 

20 

plate formalism satisfy the relations, 

ak 2 ( % )y ; 21 
Co ) 

When the curvature effects are taken into account, equation (20) 

still represents the denal aon that must be satisfied by a circunfer- 

ential strip mode but he oeule of the curvature there may occur modes 

that satisfy the conditions, k, >k (where k) = 2nCo ) even though 

f<fr<fg and these modes that satisfy the relation in addition to 

that stated in equation (20)are AF modes and is given by the express-.   ion, 

| | 8 of? Akx Sek” Re { (1)? —v§-(4)?)/2} | 22 

For computing the radiative properties, a digital computer 

program appendix (5) was written for an ICL 1905 computer to solve 

equations 19 to 22 for the test cylinder parameters given in chapter 6. 
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The results of this computation are given in a plot of fig. 8.2(A,B) as 

the normalised circunferential wave number ak, (n)\"as a function of 

normalised frequency for various values of the axial-mode numbers a 

In the plot of fig. 8.2, the light dashed lines represent the loci 

of modes of equal axial-mode numbers in the equivalent plate (equation 

12). The triangle gives the locations of some of the modes in the 

equivalent plate. The light solid lines represent the loci of modes 

of equal axial-mode numbers in the cyliader (equation 20). ‘the circles 

give the locations of some of the modes in the cylinder. 

The solution of equation (21) with equality sign is plotted in 

fig. 8.2A. and is represented by the heavy dashed lines. Modes that 

lie to the right of these lines and to the left of the lines of constant 

frequency Ve ( Ye = fg ) are circumferential-strip modes in the equiva- 
fz 

lent plate. The plot of equation (22) with the equality sign is rep- 

resented in fig. 8.2A by the heavy, full line. Modes that are enclosed 

by these curves are AF modes. 

; 
f 

The radiation efficiency in the range of frequency where acousti- 

cally fast modes occur is given by   
Where N¢_ is the number of acoustically fast modes in the frequency 

band of interest and n4,r is the total number of modes in the same | 

frequency band. 

‘The equivalent plate formalism takes account only of the radiation 

from circunferential strip modes that lie along the circumferential 
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direction of the cylinder and thus the radiation efficiency is given 

by the expression, 

1 Oe eg © be i * Sot 2h, 

‘here Nes is the number of circumferential strip modes and G<, is 

the average modal radiation efficiency of these nodes 

Equation (22) is derived on the assumption that the acoustically 

fast modes have modal-radiation efficiencies equal to unity. The rad= 

iation efficiency of the test cylinder was thus calculated using equa- 

tion (23 and (2!) and the result of this computation is shown in fig. 

83C 

8.3.6. Experimental Techniques used for the Measurement of 
é 1 

Radiation Ufficiency of the Flanged Cylindrical Shell. 

The procedure adopted in these experiments follows closely the 

procedure that was used in the measurements of Sa(w)/Sp(w) and 

Sp(w)/Sa(w) explained in chapter 7 part (2). The experimental flow 

diagram and the function of various instruments is given in chapter 4. 

section 4.7. (iii). The direct determination of the radiation effic- 
é 

iency refers to measurements conducted on the mechanically driven   
cylinder and the use of equation (16) for the computation, The indir- 

ect determination refers to the measurements conducted on the response 

of the specimen to a reverberant sound field and the use of equation 

(15) for the computation, The results of the Sp(w)/Sa(w) and Sa(w) 

are shown in figs. 8.3A and 8.3B and the radiation efficiency computed 

from the responses are given in fig. 8.3C. The modal densities and 
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the decay times of the room and the structure were determined as ex- 

plained in previous chapters. 
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Beto Discussion of the Results. 
2 CO OAT OH HE OH GU LE IH NE aw ey RORY He PM te 

The most significant feature of the comparison shown in fig. 

8.3C between analytical results obtained from exciting the structure 

directly and indirectly is the deviation of the latter from the former 

by 4. dB at the ring frequency, 5.5 @B at the critical frequency and on an 

average of 6.5 dB between 800 Hz and 3.5 kHz. The calculation of 

the ring frequency,   
-j 

; 2 | 208 its accuracy depended on 
P=) pL 4 

the material constants and the diameter of the cylinder while the accur- 
  

Th 5 

acy of the critical frequency, Co. I3 E | -1/2 depended on 

p (i-w 
the material constants, the square of the speed of sound and the mat- 

erial thickness. A slight chenge in these parameters could lead to 

deviation in the calculated values for ring and critical frequencies. 
t 

dhe value obtained for the radiation efficiency from the experi- 

mental data and theoretical computation, all show higher values at 

3.450 k Hz and 9.250 k Hz. This indicates that the statistical energy 

approach based on well thumbed assumptions for obtaining the radiation / 

properties df the cylindrical shells are in good agreement with the 

equivalent plate formalism. The modal density obtained from the - ; 

theoretical computation in the 50 Hz frequency band showed that maximun— 

number of modes were excited in the frequency range of 3.450 k Hz to 

3.550 k Hz. This means that a good coupling between the acoustic field 

and the structure existed in this region giving rise to modal energy flow 

from one set of modes to the others, At and near the critical frequency 

on the other hand, there were not as many structural moces that were 

excited but the readiation efficiency is quite high showing that many 
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acoustic modes do. not necessarily have to couple well with the indiv- 

idual structural modes to render energy flow from fluid to the structure. 

To obtain the graph jin figs. 8.3 (A,B,C) the cylindrical shell 

Was excited in frequency bandwidths of 50 Hz. If a wider frequency 

bandwidth (e.g. 200 Hz, 1/3 octave) had been used, the graph would 

have been much smoother because we would then be averaging over a 

wider frequency range and so lose resolution. Figs 8.3 (A,B,C) shows 

that the energy content varies widely over a narrow frequency range and 

by using a narrow frequency bandwidth we are able to pin point with 

greater accuracy the point at which the maximum energy content occurs. 

The experimental results show a close, (1.5 - 3 dB), agreement with 

the theoretical results at and near the ring frequency while at the 

critical frequency the agreement is not so good. Below 1300 Hz, not 

many radiating modes seem to occur hence poor comparison. No attempt 

was made to compute the forced radiation efficiency in this region using 

the approximate theory discussed in reference (2). 

Although the results do not show very close agreement, they allow 

some of the following observations to be made: : j 

a) The measured radiation efficiency falls away sharply from the = 

theoretical values below 1300 Hz. 

b) The radiation efficiency measured from the direct excitation of 

the structure do not agree closely with the theoretical results. 

c) The well defined peaks in the radiation efficiency plots reveal 

much more information that might otherwise have been lost if 

analysis made in the wider frequency bandwidths. 

130



  

  

8.54 Conclusions. 

The experimental results obtained with the aid of automatic ease 

and time averaging systen and the radiation efficiency computed from 

this data aneeed a& reasonable agreement with the theoretical results 

shown in fig. 6.30. Thus a confidence in the instrument is estab- 

lished. Using this technique, a great deal of analysis time was 

saved because the major part of the information had been reduced in 

one frequency sweep rather than having to take point by point measure- 

ment of Sa(w), and S,(w) and then compiling the results after a lengthy 

and tedious computation. 

The radiation efficiency is high at the ring and critical frequen- 

cies showing that a maximum energy flow between the structure and the 

reverberant sound field took place. Above the critical frequency 

where theoretically most of the modes suppose to uncouple and one 

should expect to get the radiation efficiency equal to one but from 

the experimental and the computed results this does not appear to be SOe 
j 

4 f 
' 

The results have shown that it is not necessarily correct to assume 

that many acoustic modes couple with an individual structural mode even 

if the modal density in a particular frequency band is high. 
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CHAPTER 9. 

General. Conclusions. 

The ain of this work was to provide more accurate basic information 
’ 3 ' 

than was hitherto available for use in investigation concerning noise 

transmission in various structures, with particular reference to the 

aircraft industry. 

Attention was confined to plate type-structures formed into cylind- 

rical shells, data regarding the primary factors of which had to be 

accurately obtained. 

The mechanical damping of the cylinder used was obtained from decay 

measurements taken on it in a vacuum; this was done so that the effect of 

acoustic damping could be considered to be negligible. From the results 

shown in the chapter on damping (Chapter 7), it was concluded thet the 

effects of acoustic damping on the structure when placed in the air was 

so small (1 x 107") at frequencies above 8k Hz that they could be neg- 

lected. The technique applied (decay rate) for reducing this data gave 

an insight into the usefulness of the method and will be used in future 

investigations, The prime dineilears gained from the method employed - 

the test was ee etorare on a complete practical structure having flanges, 

welded joints, and enclosed ends - was that only one analysis was needed, 

This work might be extended to include structures on various geometries 

and the effects of damping layers thereon, thus providing information 

which would be most useful as data on the variation of mechanical damping 

at higher frequencies on scaled models which is not readily available, 
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The response of structures to acoustic excitation is dependent 

upon the number of modes being excited but it was vénniple to identify 

these only at lower frequencies (<150° Hz) since at higher frequencies 

the modes were so close together as to make individuel resolution 

impossible. The fens nae to estimate the number of modes at higher 

frequencies was to take the average number which lay within a narrow 

(1,10,50 etc) frequency band. Some of these were determined experi- 

mentally in the lower frequency ranges from frequency against amplitude 

plots. For the cylindrical shell it was found that the modes were so 

close together (even in a narrow frequency band) thet mode counting was 

virtually impossible. Techniques were used in separating the modes bus 

in the lower frequencies (<1500 Hz)only. 

For, determining the modal densities at higher frequencies (up to 

20 k Hz) resort had to be made to the theoretical expressions developed 

by Arnold and Warburton (329; With the aid of an ICL 1905 Computer the 

equations were solved, the results obtained being shown in figs. 6.32 

(A,B). ‘The computed results of modal densities show thet above the 

ring frequency (3778 Hz), the number of modes that lay in a frequency 

band of 50 Hz were, tats case, approximately constant. This is in 

close agreement with the result of Heckl(13) who performed similar work. 

The result that the modal density is almost constant supports the 

assumption that cylinders vibrate like a flat plate above the ring freq- 

uency. A useful bonus obtained from the computations was the table of 

resonant frequencies given in Appendix 3, 

It was most important to obtain accurate information about the 

acoustic qualities of the room in which the experiments were carried 

out (i.e. whether or not the room was reverberant and/or diffuse in 
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the frequency range of interest.), This was because the theoretical 

expressions (discussed in chapter 3) relating to Sia. einai of energy 

between the structure and acoustic field modes to random excitation were 

based on the assumption that this field was reverberant. If the field 

was not completely heverieeaits the theory will still be useful but the 

results obtained would not be so accurate, It was observed during the 

tn experiments that the type of acoustic field around the specimen had 

strong influence on the test results. This information was obtained 

from the measurement of reverberation and diffusibility, the results of 

which are given in chapter 5. 

The conclusions drawn from these measurements of reverberation and 

diffusibility were :- 

(a) Above 8k Hz the intensity of sound level in some frequency ranges 

_was very small (approaching spur ious signel level) that the 

structure could not be excited effectively. 

(b), Although reflectors were used in the room and loud speakers 

arranged in positions such as to create a reverberant and diffused 

field condition, it was “found that this could not be achieved 

efficiently ahh the room was excited in the narrow frequency 

band (<50 Hz). 

An improvement to the acoustics of the test chamber above this frequency 

could be achieved by replacing the existing wall surface with sound 

reflective material. 

For the experinental work, six loudspeakers were used to excite the 

test chamber with an input source from a signal generator and a maxinun 

noise level of 114. dB only could be obtained. With the chamber being 
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excited with a pneumatic noise generator, - which is now being installed 

@ noise level of: up to 160 dB will be achieved, so improving any 

limitations set by the loudspeakers. An extension of this work - for 

the general definition of room acoustics - is under progress using a 

cross~correlation technique, and further insight into the paraneters 

so far determined will be obtained, 

The parameter thet governs the sound radiation is the radiation 

efficiency, which describes the power flow linkage between the struc- 

tural vibration and the transmitted sound pressure. From a reciprocity 

argument, the radiation efficiency also governs the response of struc- 

tures to sound fields, however, the trans:vission of sound through struc- 

tures is a problem combining response and radiation, 

The radiation efficiency was calculated from the ratio of the 

measured values of the average acceLeration and sound pressure spectral 

densities of the structure. This data was reduced with the aid of the 

automatic space and time averaging system - an instrunent designed and 

developed especially for this work - so avoiding the necessity of carrying 

out point by point measurenents. A better accuracy was thus obtained 

from this since errors due to measurement and calculation were much 

reduced, 

The experimental results are in good agreement with the theoretical 

results (shown in fig. 8.3c) except in the lower frequencies (<1300 Hz). 

atithoush the measurements were carefully made, small errors due to 

instrumentation and analysis were unavoidable even though system calibra- 

tion was done before each test. The theoretical expressions used for 
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obtaining rediation efficiency, however,were based on certain assumptions 

(acoustically fast modes have modal radiation efficiency equal to unity) 

which could not be obtained in practise, and so some disagreement between 

the theoretical results and the practical results were unavoidable; these 
3 

, 5 ' 

differences were, however, small. 

In-the course of writing this thesis an attempt was made to outline 

the nature of the research that has been carried out on the response of 

structures to random acoustic excitation. The knowledge gained from 

this is valuable, in particular with reference to its application to 

noise transmission in aircraft structures and to establishing confidence 

in the methods and an understanding of their linitations, 
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Appendix 1. 

The marie: levels of sound is usually quoted in ‘decibels! 

because the audible sounds cover a wide range of pressure magni- 

tudes. By measuring the noise pressure on a logarithmic scale to 

the base of 10, the enormous range of noise pressures can be con- 

densed to numbers which are much more manageable and less susceptible 

to errors. The human ear also assesses a sound pressure magnitude 

in terms of its ratio to other sounds. In effect, the ear/brain 

measuring system has a logarithmic response, and supplies the senses 

with a signa) approximately proportional to the logarithm of the in- 

coming pouns. pressure. 

The decibel scale is ten times the logarithm to base ten of the 

ratio of two power quantities, or quantities proportional to power 

and one of which is a standard reference quantity. In decibels (dB) 

the sound power level (P \/ L) of the sound source emitting an acoustic 

power of W, relative to another standard reference sound source pitti 

ing a power of W ref is 

PWL=10 log Wo dB re ‘ref. 1. 
“Wreft 

So long as the power of the reference source is quoted along- 

side the number of dB's obtained from this, any value for W ref. 

could be chosen. In the generally accepted decibel P WL scale, 

W ref. is usually taken to be 10713, and in some countries it is 

10714, 
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The acoustic power flow across a unit area is represented by 

the acoustic intensity (I,). Being a power quantity, this can be 

measured on a decibel scale by comparing it with a reference acoustic 

intensity, I ref. 

The intensity level (1L) at a point in the sound field is 

defined by 

IL = 10 log In 
LOL ret. dB re. L ret. «2, 

I ref, is commonly taken to be: 

107? whe ( 107° w/cu? ) 

hence, 

~12 
Ib =10log Lh +120dB reloO § W/i. i, 

10 

The response of a flexible structure depends upon the incident 

sound pressure rather than on the power emitted by the source or the 

acoustic intensity. The intensity is a power quantity and in a rad- 

iating field is proportional to the square of the pressure amplitude 

and is shown by 

Intensity (I) = p# 

fo Co h, 

where p is the r.m.s. acoustic pressure, p* is therefore proportional 

to a power quantity and Po, Co are the ambient density of fluid and 

speed of sound. The sound pressure level (SPL) in decibel for a 

sound pressure p? is defined in the following way: 

SPL = 10 log  P? 
: LO) coe ’ 

Pe ref 5 

= 20 log _B dB re p ref, 6 
P ref 
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The value of p ref is usually taken. to be 0.0002 microbar 

(= 0-0002 dyn/cm? = 0.00002 N/M?) 

and SPL = 20 Log Py + 74 dB re 0.000 2 pbat 7 \ 

Where p, must be measured in microbars. 
’ 4 ’ 

All commercial noise measuring apparatus performs the con- 

version into microbars and also adds the 74. dB to give us the 

actual value of SPL in dB's, 

The value of Pref. was originally chosen as being the minimum 

sound pressure perceptible by a good human ear. The value of Z 

ref. in IL (= 10 ifr) was chosen such that the numerical value of 

IL should be almost the same as that of SPL for plane or spherical 

waves under NIP atmospheric conditions, ‘The relationship under 

these conditions is, 

..§ PL = 1L + 0.2 dB re 0.0002 Pboar 8 

0.2dB is usually a negligible quantity and the values of SPL and 

IL are therefore virtually. identical at NTP, 

To work back from the measured SPL to find the pressure in 

Newton /il? (p, ,y,) the following relationship may be used 

SPL = 10 108, 9 P,, + 94 4B re 0.0002 pbar 9 

If p, is required in Lb/ft ? (PB jw.) 

SPL = 10 108, 4 Py sh, + 127.6 GB re 0.0002 phar 10 

When sound pressures from two independent sound sources add 

together, it is important to remember that the two SPL values are 

not added together to get the total SPL value. If the two indep- 

endent r.m.s. sound pressures adding at a point are p; and p, then 

Be



  

  

the total mean square sound pressure is 

Mt Py ee 11 
‘ 2 2 

So that, SPL total = 10 log,, ~+B db te. bres Pe voh. 12 
2 

If the two sound pressures are equal, so that p, = p 

  

then, SPL total = 10 log 2% a 

10 p? ref. . 

=: SPL, + 3aB re p ref, 
1, 

u or, SPL, + 3dB re p ref, 

The above definition of the dB scales have been applied to 

the swenat sound power and pressure being measured. They can be 

extended to enable spectrum levels to be cuvoted in dB's relative to 

a given reference power or pressure. Suppose the analysis of a 

random pressure shows that in the frequency band of bandwidth Af, 

centred on fo, the pressure has a mean square component of p? Af. 

Then the SPL contributed by that band is 

3 

SPL ag = 10 log p Af db LO peel sic 5 

10 p* ref 

In practice Af is likely to be 1/3 octave or constant freq- 

uency bandwith (10 Hz, 20 Hz, 50 Hz, etc). The spectral density 

of the pressure has the average value of ps /df in the band Af, 

this may be converted into the dB scale by writing 

Spectrum level, S(f) = 10 108, pa, Jaf 

“p? ref. 16 

= SPL 4,5 - 10 log Af dB per unit freq- 
10 

uency Le 
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Appendix 2. 

TERMINOLOGY. 

 2e1. Decay Time /60 db.   

This is defined as the interval within which the signal power 

decays by a factor 10° (4.0. by 60 db, corresponding to an amplitude 

decay by a factor of 10 ) and can readily be shoes to be related to 

the loss factor (7) as 

ee 2.2.| T 60 (sec) Pie | 

where f denotes the centre frequency of the band in which measurements 

are taken, 

2.2. Free Field. 

It tes field in which the effect of the boundaries are neglig- 

ible over the region of interest. The actual pressure impinging on 

an object placed in an otherwise free field will differ from the 

pressure which vould exist at that point with the object removed, 

unless the acoustic impedance of the object matches the acoustic 

impedance of the medium. - A free field room is an ‘Anechoic' Room. 

2-3. Diffuse Sound Field, 

It is a sound field such that the sound pressure evel is 

everywhere the same and all directions of energy flux are equally 

probable. 

2.4. Reverberation Room. 

eo LS an enclosure in which all the surfaces have been made as 

sound reflective as possible. 
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@.5. Ring Frequency (fr) 
  

it is the frequency at which the longitudinal wavelength in 

the cylinder material is equal to the circumference and is given by, 

fr = Cr 

TT. Sas 

2.6. Critical Frequency (fg or fc) 

The wavelength of the bending wave equation 

ie ae Tee mae aes oman 

show that free fluxual waves in a plate have wavelengths which are 

inversely proportional to the square root f the frequency. When 

a plate is excited at frequency f, by a piane acoustic whose trace 

wavelength on the surface of the plate is equal to Az, the flexural 

wavelength for frequency f, there will be complete matching between 

the free and forcing wave. Such a matching is called 'Coincidence! 

When a plate is excited by sound waves, coincidence can occur 

for a certain combination of frequency and angle of incidence provided 

that the frequency lies within specified limits. Consider an incid- 

ent plane sound wave travelling with speed Co, and frequency f, which 

strikes a plate at an angle of incidence,$,as shown in fig. 2.6A. 

The trace waveform over the surface of the plate will then have a 

frequency f, a wavelength d/sine and a trace velocity a/Sine 

Coincidence will occur when, 
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Thus the coincidence frequency is given by, 

feos S*/l.8xhxC, x Sine Hz, 

From the above equation it can be seen that the frequency 

Limits within which coincidence can occur are given by the condition 

O <Sine = 1. The upper limit, f =eCwhen (sine= 0) is not 

in fact achieved because the assumptions for the existance of free 

flexural waves are no longer valid (A3 is no longer compared with h) 

The free upper limit for fe is given by the condition for Rayleigh 

waves. fhe lower limits for fe determines the critical frequency fc. 

fo = Co. = By 

= 

This is the coincidence frequency for grazing incidence sound 

Wavese 

2e/e Sabine Absorption. 
  

The sabin is a measure of the sound absorption of a surface; 
«Sd 2 

it is equivalent of 92.9x 10 M of perfectly absorptive surface, 

The sabine absorption in a room is the sound absorption a! 

defined by the Sabine reverberation-time equation. 

6 = 0.161_V 

a 
60 

where V is the volume of enclosure in cubic meters and a is the total 

Sabine absorption in square meters. 

2.8. Classification of Modes. 

The class divisions are based on the magnitude relative to the 

A2.3.



  

speed of sound Co and the bending-wave speed Cz and the phase speeds 

in the directions of the panel edges ie and cy. The classes are: 

(i) Acoustically fact (AF) modes: C= Co 

(ii) Acoustically stow (AS) mode: Cg < Co 

(a) Strip Modes: either Cx or Cy >Co,°s <1 

(b) Piston Modes: both Cx and Cy<Co, Sy << og 

where es; is the radiation efficiency of strip mode 

w
 

os is the radiation efficiency of piston mode. 

Opis the radiation efficiency of piston mode. 

Boel: .
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APPENDIX 3 
ere 

The Computer Program 

The Algol program printed here was used in all the computation. 

The program computes all the roots of the cubie equation for N 

varying from 2:1:59 and M varying from 1:1:160, ' The value of the 

lowest real cubic root is used for the frequency computation, The 

summary of the procedure is as follows:- 

Solve cubic Equation for M x N, 

Solve frequency equation and 

store in Pe be bees otek e 

3 mn 

Sort F's into numerical order 

y 
Print F's until one of then 

= 20 kHz 

Explanation of the input parameters 

FT = 3214159263 

H = Thickness of cylinder materiel 

A = Diameter of the cylinder 

L = Length of the cylinder 

F = Frequency 

G = Acceleration due to gravity 

SIGMA = Poisson's Ratio 

E = Young's Modulus 
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RHO = Density of the material 

ROOD. =. Root of the sibis equation 

ALPHA = H/A 

BETA = (ALPHA * ALPHA)/12 

N = Number. of ‘circumferential waves 

M = Number of axial half waves 

ML = Lower number of axial half waves 

MH = Higher number of axial half waves 

NL = Lower number of circumferential waves 

NH = High number of circumferential waves. 
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~-" STATEMENT 

tasty te > © ENPUT! O8CRO OUTPUT! O#LPd 
2 *SpACE! 10000 

"BEGIN! 
, TREAL'' PT Hp Arle Fs SIGMA, E, RHO, FREQSTEPsROOTLALPHKA, BETA, SIGMSOrGr 

LAMBDA LAMBDAZ, LAMBDAG N2rLFY 
. ; PENTEGER® Nel eMe ki eMLe MH NL ANH? 

"REAL? "ARRAY! K(013)2 

Fase 22. UPROCEDURE' SHELLSORTC(AIN) J a hi 
ae ‘VALUE! N} pares es 

- SU ENTEGER! TARRAY! Af fous Tstaba? ae 

Es TINTEGER' NG mong pe Wpumatag one TE oS 

=~ VREGIN' eee ae ee ges Se 

TEINTEGER® Pode KeMeW) i “nm Mors ds 

tFOR' Ly=4 'STEP! T TUNTEL! N PDO! Mym2etety 
"FOR! MyEM Mf! 2 MWHILE! M#O "D0! 

R
O
E
O
N
A
M
W
W
A
W
N
 

A
B
O
 
O
C
T
O
 

i 

"BEGINEG 

KrBNems 

LEOR. Je ee tSTEAY 4 SUNTI LEK. UDOt 

"REGIN' as 
"FOR' Fred "STEP! =M TUNTIL!E 1 'OOF 

"REGINE ; : . 

(TEC ACTEM) "GE* ACI) "THEN! "GOTO! Li? 
. Wealth) re 

ACI) SACL HM)] 
AC}éeM) rue 

, q é "END'Y . 

Li: ? : Sobol ls mat ein 

: : "ENDS Sagar s id Ser Raeor cs 

TENN’ : eee ses 

"END'S Bot 

"PROCEDURE! CHABICROOV CPE ROOT)? 
aie tele REAL! "ARRAY! Pp) z: ‘ : oa 

; "REALS ROOT? . ’ Roney 
eee ‘BEGIN! ss : 

nat : "REALS Sete Belo OF .. ss ee aon Be 
S3np(1)/3,03 ; : Fag ce ana caer 

Pgs -  Teesep (4): ; ae noes 
ase ar BraH.5e(S#(T/1,5-P02I)4P03I99 poe Ta ee 
ee : Tr2(THPL2))/3,038 te aie aie Nea STS Ce ee 

cena Cratarart?s : pate 
tees x «te = Zane . OreBere-C} - - - Sete ‘e 

ite Sere : Dr=tIeE! BF0,0 "THEN! ARCTAN(1,0)/4.5 "ELSE! ARCTAN(SQRT(CHD)/ 

ps Sones) oem; ‘snr ABS CBI)/3.01 
ea eee ‘i -- 7 BgeeSorr(T)*S1Gn(B)#2,03 : See ie ee 

C23C0S (0) #8? 
TrE-SORTCO,75)#SIN( 0) 0B90,5#CHS7 

: DreeT-C-24S)} : ' er” 

oo ee aa : > CseCe-S$? : 2 . 
PEOG Coe s:0 100" ULE! ABSCC) PCE: ABS CTD: THEN Fees 
KOOTS"£T3 : 

  
"END';   
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SELECT OUTPUT CO)? 

Plsz3.144159246383 

T:=07 
HS=READ; 

AL=REABS’ 
LE=READ; 
GrFREADS 
SIGMAS=PEAD} 
E:=READ? 
RHOS=SRLANS? 

LFSSREAU? 
FREOSTEPS eREANG 

MLS=REAVY 

MHSEREAUS 

NLSSREAV] 
NHSZ=REAVS 

"BEGIN! 

INTEGERS "ARRay! FREQE1, (MHeML Od) #CNH@NLE4) D7 

ROOT:=0,03 

ALPHASEH/ AY 

BETAS=ALPHAPALPHA/SI 23 

SIGMSQNSSSIGMASIGMAY 

‘FOR? Meant §STEP® TT “UNTIL! wh foot 

"BEGIN' 
LAMRDASEMEPT A/S? 

LAMPODASSELAMADALAMRDAY : 

LAMPDAGS = LAMBDAZELAMBOA2S 
"ENR! NseNl §STEP!' 4 TUNTIL? NH * HOt 

"REGIN' 
N2ssNeNny 

KUO) 121,908 
KODE FLFO, SE CSHSIGMAD HE CLAMBDAZEN2) FBETARGCLAMBDAZER2) 

Faw! 2428 (1 SIGMA *ELAMBDAZEN2) } 
KO ge-Klits 
KE2ZV S20 SH CIKSIGMAD& CLAMBDAZEN2) Pee 8240, 5H (39SIGMAW2e 
STGMSO)ELAMBDAL40, S#(CT-SIGMADENZ+BETAS(0, S#(3-SIGMA) & 

CLAMBDAZEN2S) FARE SHE 2H (TL @ST GMA) &LAMBDAGH(C2"S1GMSQ) 

FLAMBDAZ#EN220, 54 (34S TGMA) EN2ENZEZ2K(T=SIGMA)HELAMBDASH 
N2)3 
KE3V2=0,S#CTMSIGMAD&CIMSEGMAY#CTESIGMA)*ELAMBDAGEO, S# 
CVHSTGMAEBETARCCLAMBDAZEN2) Peel bn2e(4eSIGMSQ)&LAMBDAS 

NSH KBELAMBDAZENPENZH2HEN2aNCHNZ GHEE CT @SIGMSQ) &LAMBDAGS OS 
LAMRDAZEN2HN20N2) 3 

CCS) eee lS 19 
CUBICRUCT (CK ,ROCOT)? 

KF SESORTOCROUT HE EGS CRHOH(CT@SIGMSQ)))/C2ePL HA) 
preted; 
FREQCT) sti 

"eure; 

TENDS; 
SHELLSORTC FOF DO, (NHR L41) #(NNMNL OT) DY 

CROKE NEED USTED ETO. CUNT LEY fi o8 

"BEGIN' 
NEWLENECT)? 

SLEY Nw FF4 FONKTONEN TTHENT NEWLINECT)? 
"TR' N F/T SOMeSQUEN "THEN! PAPFRTKROW; 

Ce Qe Meats Kee VMN TTT VO F000 PRINT CRREQUNGM)5 890) F 

> TRY FREQEN4#1N1>200090 "THEN "GOTO! LI? 

"ENGSS 
PAPERTHROUWS 

'uNDt ; 
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Sables of resonant frequencies of free vibration ot Flanged Cyliniric»] Shell. f = 0,0053 

72 Q4 119 138 155 162 200 2410 221 233 
244 274 2ko 290 297 310 333 347 360 364 
374 394 oy 5 405 422 434 453 458 464 4668 
471 474 402 482 492 505 $23 538 549 567 
567 570 516 584 586 602 626 629 644 656 
656 658 677 479 687 690 696 699 704 709 
ENE 720 128 735 749 759 786 789 795 798 
807 416 819 820 622 827 627 830 635 B46 
860 470 672 R73 680 898 9046 949 924 924 
936 945 Y46 960 963 966 969 974 976 982 

987 1000 1008 1041 1016 1017 1024 1033 4037 10465 
1646 1054 10948 1962 1094 1094 $106 4490 44144 441i 
4118 Ea 1126 1126 4132 1144 4164 4454 4453 1164 
1167 1168 4472 4165 4186 1187 4192 1208 1208 4225 
1229 4235 1244 1249 1254 1256 4262 1263 4279 4265 
1288 1292 1296 1296 1298 1299 $299 4307 1309 4348 
1332 AS Se. 1533 1342 1348 1349 4356 4363 1365 4365 
13668 1368 V3e5 1364 13914 1417 1420 4421 4425 4425 
1435 4446 1447 1458 4463 1466 4469 4470 1473 4477 
1480 1485 1409 1496 4505 1508 4509 1546 4520 $222 

1522 1524 1554 4544 1542 1544 1548 1535 VS5T 1563 
1564 1578 1560 4584 1587 1588 1600 1606 1644 1623 
1637 4638 Ou4 1644 1647 4653 4654 41655 1657 4660 
1661 1666 16714 4674 1675 1677 1684 1685 1696 1697 
1698 1699 S712 1744 4722 1727 4729 4736 1740 4749 
1751 4753 aro. 1763 1766 1768 4774 1780 4785 4796 
4797 4803 1807 4815 1819 1820 1824 4829 1830 4839 
4A40 4842 1954 4855 1856 1864 1866 1867 4875 4875 
1883 1685 1889 4894 1896 1898 1699 4899 4899 4903 
1912 1945 1920 1923 1925 1927 4929 4938 1942 1948 

1955 4965 1769 1969 ATT 1977 1979 1989 4994 4994 
1993 1996 2006 2007 2009 2011 2016 2019 2041 2048 
2051 2052 2033 2056 2059 2966 2068 2068 206? 2073 
2073 2075 2080. 2080 2080 2088 2088 2096 2096 2100 
2110 2112 2114 2414 2116 21246 2124 2439 2440 2446 
2151 2151 2197 2157 2158 2168 2170 2174 2479 2180 
2488 2191 2192 2193 2195 2202 2202 2204 2245 2216 
2219 . 2224 2227 2233 Ceo, ‘Cepe 2262 2252 2255 2256 
2259 2263 2203 2264 2278 2285 2290 2293 2297 2300 
2301 2302 2°03 © 2306 2308 2312 2317 2318 2319 2320 

2322 2324 2326 2332 2334 2336 2340 2364 2346 2347 
2353 2363 2504 2370 2376 2377 2360 2381 2384 2394 
2395 2399 2400 2404 2403 2410 2442 2417 2622 2422 
2424 2428 2434 2433 2439 2439 2443 2448 2459 2460 
2474 2475 247 2478 2480 2483 2484 2489 2494 2496 
2499 2499 2203 2503 2504 2510 2519 2526 2529 2533 
2536 2536 2239 2539 2540 2540 2547 2555 2555 2555 
2557 2560 2566 2569 2569 2569 2570 2573 2573 2573 
2575 2582 25°38 2598 2599 2606 2616 2646 2618 2620 
2624 2626 q 2027 2628 2628 2632 2636 2637 2637 2644 
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266% 

2665, 
2714 
2736 

2778 

2793 
2826 

2256 

2882 
2009 

2940 
2965 
3000 

3027 
3043 
3074 

3094 
3120 

3143 
3164 

3198 
3219 
3251 

3280 
3297 
3315 
5337 
3359 
3373 
3404 

3423 
3451 
$470 
3489 
3510 
sao 
3561 
3583 
3598 
3619 

3437 

3455 
3679 
3710 
3728 
3744 
3776 
3796 
3825 
3845 

Teblus of resonant frequendies of free vibration of Flanged Cylinirical Shell. 

26448 
2697 

Chas 
elas 
Kee 
2124 

2629 

2656 
243s 
294) 

2944 
296 
500¢ 
3030 
S045 
3075 

3094 
3424 

3168 
3173 

3203 
3220 
3251 

3281 
3302 
3345 

3340 
3366 
3376 

3407 

3424 
34514 
3472 
3494 
3514 
3536 

3561 
3583 
3598 

3620 

3639 
3658 
360K4 
3741 
3729 
37514 
3778 
3797 
3827 
3846 

2049 

cota 
et 24 
2b 

efsu 
e7y9 
CBS6 
2°56 
2856 
2916 

2752 
2473 
S003 

5024 
5023 
$076 
3095 
5424 

59:23 
aes 

3604 

3221 
3293 

$282 
$03 
3315 
3343 
3596 
3308 
3409 

3428 
3453 
3402 
3444 
3245 
3237 
3563 
3506 
3599 
3623 

3040 

3663 
3696 
3714 
3430 
3154 

3780 
3749 
3828 
3°54 

2659 
269% 
eres 
2767 
2780 

28058 

2834 
2260 
2A92 
2924 

2953 
2973 
3010 

3033 
3054 
3076 
3102 
3129 

3155 
_ 3184 

3207 
3233 
3255 

3282 
3306 
aa e 
3544 
B367 
3360 
3409 

3428 

3453 
3478 
3492 

Saeed 
3538 
3563 
3589 
+3600 
3623 

3643 
3664 

3689 
3714 
3732 
3759 
3780 
3799 

3829 

3853 

2652 
2699 

eves 
eres 
2782 
2804 
2638 
2862 
2893 
2924 

2953 
2979 
3014 
3034 
3055 
3077 

3103 
3133 

5156 
3184 

3207 
3234 
3260 
3283 
3305 
3323 
5344 
3367 
3387 
3442 

3428 
3454 
3479 
3494 

3528 
3539 

3563 
3590 
3603 
3624 

3645 
3664 

3690 
3741 
S752 
3764 

3782 
3812 
3a34 

3856 

2655 
2706 
2726 
2774 

2786 
2806 
2842 
2863 
2897 
2924 

2956 
2980 

3017 

3034 
3063 
3064 

$107 
3137 

3156 
3166 

3209 
3234 
3263 
3283 
3308 
3327 
$345 
3367 
3388 
3413 

3430 
3454 
3480 
3495 
3530 
3546 
3564 

3594 
"3604 
3624 

3649 
3667 
3690 
$714 

3734 
3763 
3782 
3814 

3836 
3859 
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2658 
2707 
2728 
2774 
2786 

2644 
2845 

2872 
2899 
eee 

2964 
2989 
3021 
3036 
3067 
3083 
3110 
3139 
3159 
3188 

3209 
3235 
3266 
3265 
3309 
3334 
3348 
3368 
3390 
3413 

3431 
3455 
3484 
3505 
3530 
3550 
3565 
3595 
3609 
3625 

3649 

3670° 
3690 
3745 
333 
3768 
3785 
3814 
3837 
3863 

75 

2660 
2708 
27268 
2776 
2786 

2816 
2850 
2872 
2900 
2929 

2962 
2995 
3025 
3039 
3067 
3088 
3413 
3140 
3161 
34192 

3243 
3237 
3266 
3293 
3309 
3333 
3350 
3368 
3390 
3447 

3434 
3458 
3482 
3508 
3531 
3551 
3573 
3595 
3612 
3626 

3652 
3671 
3693 
3745 
3739 
3769 
3768 
3816 
3839 

0.0053 

3866 - 

2668 
74) 
2730 
e777 
2789 

2819 
2854 
2873 
2903 
2933 

2964 
2997 
3026 
30414 

3068 
3092 
3445 
3444 
3162 
3196 

3216 
3243 
3276 
3294 
3310 
3333 
3353 
3374 
3396 
3449 

3440 
34°9 
3482 
3509 
3534 
3557 
3576 
3596 
3644 
3633 

3656 
3675 
3697 
3717 
3744 
3770 
3794 
3818 
3839 
3868 

2684 
e7i2 
2734 
2777 
279% 
2822 
2854 
2880 
2904 
2935 

2965 
3000 
3027 
3042 
3074 
3093 
3116 
3441 
7162 
3198 

3249 
2249 
3275 
3296 
3344 
3337 
3358 
sors 
3404- 
3422 

3444 

3665 
3486 
3509 
3534 
3557 
3576 
3597 
3614 
3635 

3655 
3675 
3709 
3718 
3744 
3772 
3795 
3822 
3839 

* 3876



  

3877" 
3889 
3909 

3932 
3958 
3984 
4002 
4029 
4057 
4078 

4409 
4133 
4161 
44183 
4210 

4223 
4254 
4277 

4297 

4323 

4357 
4378 
4404 
4440 
4460 
4687 

4510 
4539 
4552 
4579 

4611 
4638 
4658 
46914 

4710 
4748 
4772 
4798 
4831 
4854 

4862 
4895 

4931 
4949 
49746 
5011 
5024 

5056 
5092 
54113 

Tables of resonant frequencies of free vibrution of Flanged Cylindrical Shell. 

3879 
3895 
3940 

3932 
3964 

3983 
4002 

4030 
4058 
4081 

4110 
4435 
4162 
4186 
420i 
4224 

4256 

4279 
4302 
4324 

4360 
4380 
4404 
4442 
4465 

4491 
4541 
4539 
4554 
4582 

4612 
6638 
4660 

4694 
4743 
4749 
4773 
4799 

6831 
4852 

4862 
4896 

4931 
4949 
4974 
5041 
$025 
5065 

$093 
5118 

3840 
S893 
59141 

3956 
37464 
S983 
4004 
401 
4062 
4085 

4112 
4156 
4162 
4188 
4242 
4226 
4226 
4209 
4202 
43354 

4562 
4364 

44910 
4446 

4406 

4492 
445 
4540 
4554 
4502 

4613 

4°40 
4661 
4675 
4717 

4750 
4774 
4R07 

4634 
4°52 

4566 
4899 
4932 

454 
4y75 

S012 
503 
5064 

5096 
5123 

++ 

3883 
3493 
3942 
aoe 
3966 

3986 
4005 
404) 

4063 
4086 

4115 

4443 
4165 
4190 

4212 
4228 
4257 

4283 

4506 
4339 

4363 
4381 
4410 
4446 
4467 

4496 
4518 
4544 
4559 
4584 

4614 
4643 
4667 
4697 
4725 
4755 
4775, 
GAYS 
4836 
4852 

4870 
4944 
4932 
4954 
4982 
5013 
$041 
5065 
5098 
5124 

JBRS 

3697 

3914 

3942 

3972 

3986 

4016 

4061 

4064 

4090 

4120 
4443 
4168 
4194 

4212 
4232 
4264 
4284 

4307 
4339 

4364 

4381 
4410 

4450 
4470 
4498 

4519 
4542 
4562 
4588 

4619 
4663 
4674 
46097 
4733 
4755 
4775 
4820 
4837 
4855 

4874 
4912 

4933 
4951 
4994 
5015 
$045 
5075 

$100 
a125 

3RBL 
3897" 
3919 

3943 
3972 
5987 
4020 
4044 
4069 
4044 

4126 
4146 
4169 
4197 
4214 
4235 
4266 

4287 
4308 

4343 

4369 
4390 
4425 
4454 
4474 

4499 
4527 
4543 
4563 
4600 

4624 
4645 
4672 
4698 

4736 
4759 
4780 
4824 
4837 
4855 

4877 
4914 
4933 
4953 
4997 
5018 
5044 
5076 
5101 
5435 

A3.7 

3857 
3900 
3928 
3947 
NA | 
3968 
4022 
4046 
4070 
4097 

4127 
4454 
4178 
4497 

4214 
4236 
4269 
4267 

4344 

4346 

4376 
4393 
4426 
4454 
4472 
4504 
4529 
4545 
4564 
4601 

4623 
4646 
46746 
4701 
4737 
4759 
4783 
4625 
4840 
4856 

48860 
4945 
4936 
4954 
4998 
5019 
5050 
5076 
5110 
$4144 

c% 

3868 
3907 
3929 
3947 
3977 
3995 
4027 
4051 
4070 
4097 

4131 
4154 
4461 
4202 
4217 
4239 
4270 
4290 
4345 
4348 

6374 
4394 

4435 
4454 
4476 
4505 

4534 
4548 
4568 

4602 

46235 
4654 
4678 

0.0053 

4705 
4738 
4767 
4784 
4827 
4845 
4857 

48690 
4948 
4938 
4958 
5001 
5022 
5054 
5082 
$110 
5445 

3889 
3907 
3930 
3949 
3978 
3996 
4027 
4051 

4073 
4098 

4132 
4156 
4483 
4202 
4249 

4243 
4275 

4294 
43517 
4350 

4372 
4395 
4437 
4455 
4478 
4505 

4532 
4548 
4570 
4603 

4626 
4652 
4685 
4708 

4740 
4768 

4787 
4828 
4848 
4858 

4890 
4927 
4942 
4959 
$008 
5022 
5052 
5087 
5110 
5147 

S8BS 
3907 
325¢ 
3955 
3979 
4000 
4028 
4054 
4078 
4106. 

4133 
4160 
6183 
4203 
4220 
4252 
4276 
4295 
4347 
4355 

4372 
4402 
4437 
4458 
4484 
4506 
4538 
4554 
4579 
4607 

4629 
4654 
4687 
4710 
4742 
4774 
4796 
4834 
4849 
4859 

4894 
4927 
4945 
4964 
5010 
5023 
5052 
5088 
$110 
5149



Tables of resonant frequencjeg of free vibritiion ov Flanged Cylindrical Shell. “ = 0.0053 

5153 5155 9125 5154 8159 5160 5163 5166 5168 5170 
5171 5175 S174 5174 S177 S178 5474 5181 5482 5484 
5186" 5149 S194 5200 520s S205 5209 S244 Scv2 $215 
5216 $219 S220 5225 seen 5250 $234 5238 5245 5249 
5250 5251 S224 $2755 5256 5256 5259 5260 5260 5264 
5264 5264 520Y $769 “e270 S273 5279 52862 5290: 5292 
5300 $301 520K $309 S310 5312 55414 5315 5316 5349 
5326 5326 9594 SAAG> . 5$ 56 5547 5343 $368 5353 5357 
5359 5 $40 5500 5461 S364 5303 5366 5369 5374 5375 
5376 $340 5504 5S 3RA S5KA 5388 5390 5407 SO45 5445 

5415 S419 5420 $420 84624 5623 5430 5434 54346 $435 
5439 S444 5450 5452 5453 5453 5455 5464 5465 5465 

5466 S449 5400 Sura 5463 5464 5445 5488 $5495 $495 
5504 5595 52140 5515 $515 5516 5517 5520 $520 5520 
$522 mae a e8 552h e095 5532 aD 5535 S935 $535 

5336 $544 So4a 5550 5556 5557 5558 5562 5569 5579 
5573 5973 SSeS: 5579 5584 S5R3 5584 5587 5590 5593 
5597 5598 5601 5602 SONG 5606 5642 5620 5620 5621 
S622 3623 so2? S652 5644 $636 5638 $638 $640 $644 
SH42 5646 5046 5461 5665 5667 5677 $678 54676 1680 

S482 S6x2 5696 S487 5658 S490 5694 5694 5696 54698 
5709 5799 5713 5715 Sre25 9725 res 5726 Sree 5733 

5744 $742 5443 S744 5765 5746 5746 5748 5756 5756 
5763 $768 Sey were 5776 5785 5785 5787 S784 5792 
5798 5802 SKOd 5R06 58414 5817 5820 $8214 5822 $825 
SR27 5827 S8en $as2.- 5834 5835 5837 5847 5848 5850 
5454 S457 5058 559 SR64 5866 5870 $874 5875 $878 
5R7Y 5BR2 SaKA SHBO 5490 5894 5897 5898 5899 5904 
$903 5906 5907 So te A047, 5918 5920 $921 ave3: S¥er 
2931 5935 55 So3.7 5940 5940 5943 5946 5946 5948 

5948 o7 54 SFaR 595? $959 5963 5968 $968 5974 5972 
$972 5977 SVHK2 SOR8 5ORG 5987 5998 6002 6005 6009 
6011 4016 6065 602A 4029 6930 6032 6032 66033 6036 

6040 6040 6043 6047 ANMB 6049 6049 6050 6052 6056 
6059 6061 6067 6070 6074 6075 6076 6080 6040 6083 
6046 5056 6091 6102 6107 6118 6120 6126 6126 6130 
6131 6142 6140 6144 4144 6145 6146 6148 64149 64154 
6151 6152 6123 6457 A160 6163 6167 64168 6169 6173 
6176 AIRS O1R8 6191. 6193 "6196 6199 6203 6205 6243 
6218 6219 6219 6224 : 4234 6233 6239 6262 6243 6246 

6249 6250 6251 6255 6256 6258 6262 6262 6266 6264 
6268 6268 6270 6271 A272 6273 6276 6280 6280 6285 
6286 4291 6294 6294 4291 6292 6298 63035 6305 6307 
6306 6517 6319 63529 4322 6325 6328 6333 6337 6342 
6342 6348 6320 64555 4362 6362 6363 6366 6369 6369 

6370 6372 63t5 6374 43R0 6384 6387 6388 6390 6392 
6393 6396 6398 6405 4409 64114 6412 6415 6415 6446 
6418 6422 6425 6435 6436 6438 6442 6443 6445 6448 
6449 6454 6409 6475 4476 64768 6481 6484 6484 6482   
6482 6488 6490 + 6497 A5s02 6503 6505 6506 6509 6510 

A3.8 

 



  

6510 
6536 
6579 

6608 
6630 
6654 

6686 

6711 
6729 

6760 

6783 
6816 

6852 
6881 
6905 
6936 
6972 
6999 
7029 
7045 

7071 
7101 
7124 

OX SH, 

7184 
7204 

7239 

7282 
7296 
7324 

7357 
7405 
7420 
7444 

7470 
7494 
7527 

7550 
7574 

7610 

74637 
7470 

7494 
7725 
7758 

4 peed 
7R22 
7B44 

78714 

7900 

Tables of resonant frequenoies of free vibration of Flanged Cylindrical Shell. 

6512 
6540 
6590 

6508 
6633 

6655 
6685 

6713 
6730 
6763 

6783 
6420 
6853 
6884 

6905 

6941 
6974 

7002 
7036 
7051 

7073 
710% 
Tie 

7157 
7185 
eis 
7244 

72K2 
7296 
7334 

'7361 
7406 

7422 
7445 
7473 

7500 
7933 
755% 
7580 
7611 

7638 

7673 
7698 
7729 
7766 

Le & i} 
7824 

7852 
7373 
7905 

6244 
6543 
6573 

6611 
6034 
6655 

6657 
6713 
6°37 
6763 

67%7 
6623 
6954 

6890 
6905 
6¥43 

6x75 
7010 
7022 
7093 

7084 
7102 
7154 

7162 
7189 
7218 

7246 
7285 
7°03 

7335 

toon 
7409 
7427 
7447 

7407 
7902 
7239 
1554 
7592 
7012 

7639 

7677 

7700 
7031 
7768 

7776 

7527 

7°52 
7879 

7908 

6522 
65406 
6593 

66412 
6636 
6656 
6685 

6713 
6740 
6769 

GTI Tt 
6R28 
6455 
6890 
6910 
6945 
6979 

7942 
7033 

7956 

7086 
7105 
7136 

7164 
7194 

7224 
TEN 
7285 
7310 
7344 

7374 
7444 
7429 
7454 
7480 
7506 
7560 
7554 
7587 
7613 

7642 
7677 

7702 

7733 
7764 

7795 

7826 
7457 
7AKO 
7908 

4526 

6549 

6595 
66419 
46638 
6658 

6688 

6719 

6740 

6774 

6803 
6832 
6856 
6894 
6947 
6967 
6980 
7016 
7033 

7956 

7086 
7108 
7140 

7168 
7193 
7226 
7254 
7286 
7343 

7350 

7378 
7412 
7430 
7452 
7484 

7508 
7541 
7552 
7587 
7619 

7651 

7680 

7704 
7736 
7779 
7797 

7829 
7860 
7885 
7908 

6529 
6557 
6602 
6622 
6641 
6662 
6689 

6720 
6748 
6774 

6807 
6833 
6856 
6896 
6920 
6954 
6980 
7019 

7033 

7059 

7093 
viii 
7142 
7170 
7195 
7226 
257 
7287 
7343 
7354 

7385 
7415 
7438 
7458 
7482 
7509 
7541 
7554 
7593 
7620 

7655 
7689 

7710 
7740 
7784 
7806 
7829 

7363 
7886 
7909 

~AZ.9 

6532 
6559 
6603 

6622 
6644 
6665 
6697 

6720 
6754 
6776 

6807 
6834 
6857 
6900 
6921 
6954 
6963 
7026 
7037 

7061 

7097 
7112 
7147 
7172 
7195 
7227 
7271 
7288 
7343 
7352 

7385 
7445 
7438 
7459 
7487 

7543 
7543 
7563 
7607 

7629 

7656 
7689 

7712 
7746 
7784 

7814 
7834 
7864 
7888 

7943 

H 
i 2 0.0053 

6534 
6564 
6604 

6628 
6647 
6676 
6700 

6724 
6754 
6779 

6811 
6837 
6860 
6900 

‘S929 

6958 
6989 

7026 
7040 

7063 

7098 
7332 
7149 
7175 
Aad: 
7229 
7272 
7293 
7345 
7355 

7386 
7416 
7438 
7460 
7492 
7520 
7544 
7564 
7608 
7630 

7664 
7690 
7742 
7749 
7787 
7845 
7834 
7865 
7589 
7949 

6535 
6568 
6604 

6629 
6649 
6679 
6705 

6724 
6757 
6779 

6811 
6847 

6865 
6901 
6932 
6964 
6997 
7026 
7044 

7064 

7098 
7147 
7154 
7479 
7202 

7230 
7273 
7293 
7317 
7356 

7397 
7448 
7439 

7467 
7494 
7526 
7545 
7565 
7608 

7630 

7664 
7692 
ETS 

7750 
7790 

7BN5 

7840 
7868 
7889 
7949 

6535 
6569 
6605 

6629 
6651 
6680 

6705 
6727 
6758 

6783 

6B14 
6850 

6871 
6904 

6936 
6966 
6997 

7027 
7043 

7068 

7100 
7148 
7155 
7180 
7203 
Teor 
7275 
7293 
7323 
7357 

7398 
7448 
7440 

7469 
7494 
7526 
7547 
7566 
7609 
7632 

7666 
7693 
7745 
7754 
TPA 
7816 
7844 
7874 
7890 
7919
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Tables of resonant frequencies of free vibration of’ Flanged Cylindrioal Shell. Tm 0.0053 

7922 7928 7934 7934 7934 7935. 7935 7935 7944 7945 
7946 7950 7954 7953 7956 7964 7966 7967 7969 7970 
7979 7980 7YR2 79B4 79RB 7990 7993 7996 7998 8004 
B04 R006 8007 BO15 A026 6927 8029 8030 8031 8032 
8034 8035 n040 K0G7 7050 6050 8051 8055 8055 8056 
&065 R065 8073 BO7G A075 38078 8078 6079 BOKG 8087 
&087 8097 8098 HOOK 42107 6112 B113 6113 B126 8127 
8130 8130 8155 5136 4137 6139 8142 81446 6146 8147 
8157 B159 5166 8161 R162 8166 84173 6173 8175 8177 
8178 R141 BIBS 8191 ai9s 8196 8210 8212 8216 8247 

8219 A221 8222 6223 P2536 8240 82461 8242 B244 8246 
8247 8248 8220 R257 R257 8259 8272 8272 6273 8276 
8277 8240 nese R2R7 RK? 8268 8294 8294 8295 8295 
8299 6502 6202 85046 6307 8310 8315 8319 8349 8322 
8325 8327 8554 8532 3333 8338 8342 8343 B344 6354 
8352 8356 8527 8357 4558 6359 8366 8369 8370 8374 
8376 837% B55 8388 R394 8395 8395 8395 8403 8407 
8444 8415 8445 8415 5416 8418 8420 8422 8423 5424 
8428 8428 8430 8437 5450 8450 8452 8458 8459 8459 
8461 8461 8406 8467 6470 8474 8472 8477 8487 8494 

8492 BAYS 8497 6506 8506 8512 8514 8514 6515 8519 
8525 8532 8253 6536 A540 8540 8542 BS44 8546 6554 
8555 8555 85957 8557 559 8569 8570 8570 8574 8575 
3579 8582 55°5 5546 KS&7 6544 8597 8603 86046 8606 
8608 8615 8017 8424 R625 5626 8634 8655 B64) 8642 
8643 8645 8658 B4AS9 Ss 4663 6606 8671 8678 8679 8680 
BA82 8685 8605 6687 4689 8692 8692 8698 6704 8701 
8705 8707 8709 i 5714 8712 8714 8717 8722 R724 8726 
8726 8730 6151 8734 8733 5738 8740 8744 87$2 8755 
8757 8758 - &762 8769 A770 8770 8773 8774 8776 8785 

8786 8793 8775 8796 R796 38797 8799 8600 8804 8802 
8811 8812 8K15 BRIE RB19 B24 RB24 8829 RA29 8829 
8830 4836 8537 KK37 ¥838 BK43 8B4S 8854 0853 8855 
BAST 8863 BOb6L 871 #876 BRAD 8880 8881 BRK? © 8887 
BRAD BBBY 8690 BROT R903 8907 5910 : 8914 8918 8922 
8929 B929 8932 893% 2934 6936 8944 8945 8948 8948 
8950 6951 4x54 8957- K966 8967 8967 8974 8980 8982 
8982 8985 O96 RIBS KORY , 8990 RI9U 9006 9006 9007 
9007 9015 9017 9018 9019 919 9020 9028 9032 9035 
9036 9036 9027 9040 9050 9063 9067 9067 9076 9078 

9080 9081 90R2 9085 9085 9086 9089 9090 9096 9098 
9104 9107 9107 9107 9121 91246 9130 CVs 9134 9136 
9437 9138 9140 9143 9144 9147 9168 94168 9149 9157 
9160 9163 9174 9175 9IV7¢ 9485 9187 9187 9190 9194 
9192 9192 9193 9198 ¥193 9198 9200 9200 9206 9208 
9216 9257 Vere 9224 9225 9227 9230 9234 9236 9240 
9242 9245 9268 9249 2255 9255 9258 9259 92646 9266 
9267 9268 9208 PRES Oh G261 9263 9285 9266 9288 9289 
9294 9291 9293 9295 4298 929 9300 9544 o3r9 9347 
9319 9320 Vso F355 YAS7 9338 9540 9350 9352 9353 

43.10



  

Tables of resonant frequengies of free vibration of Flanged Cylindrical Shell. Hi 0.0053 
A 

9355 9356 9397 9361 9364 9365 9365 9367 9370 9373 

9378 9381 958) 9383 9386 9390 9393 9395 9395 9404 

9407 9414 9422 9427 9427 9429 9636 9437 9640 9440 

9446 9444 9446 9444 9449 9454 9458 9460 9666 9466 

9468 9471 9408 9479 9483 9486 9494 9494 9560 9504 

9504 9505 93206 9507 9510 9512 95412 9542 9543 GSi4 

9514 9527 92351 9555 9538 9539 9549 9556 9564 9570 

9570 oars 9Sir$ 9577 9585 9588 9589 9590 9594 9592 

9595 9598 9604 9607 9608 9609 9641 9613 96418 9624 

9623 9624 9O34 9638 9640 9640 9642 9646 9650 9650. 

9650 ° 9653 9653 9656 9657 9658 966) 9663 9664 9674 

9672 9674 9674 9676 9678 9684 9685 9685 9690 9692 

94ee Ce 9700 9704 9706 9714 9745 9717 97419 972) 9727 

97358 9736 9.56 9738 9739 9742 9754 9755 9756 9757. 

9758 9740 9767 9768 9769 9773 9776 9776 9777 9777 

9777 9720 9780 9782 9784 9790 9790 9795 9797 9799 

9R03 9808 9809 9R22 9823 9834 9832 9833 9834 9837 

9R37 9834 9042 ORLY 9846 9a46 9848 9850 9657 9865 

ROY 9d76 9884 9684 9884 9885 9888 9889 9896 9898 

9903 9905 9918 9921 9921 9923 9926 9930 9934 9934 

9935 9936 9941 9941 9942 99462 9942 9943 9954 9954 

9958 9959 9764 9963 9964 9967 9968 9969 9974 9976 

99835 99R4 9997 9999 19004 10904 10004 10010 10010 10044 

10018 10020 100¢7 10039 10040 10042 10050 10051 10055 10060 

10061 10063 10066 10073 19074 10076 10078 40078 10087 10090 

100914 10094 40095 10095 ‘ 19096 10100 40100 10103 40105 10107 

10109 40109 40110 10110 410118 10119 10127 10128 10428 104129 

109136 10134 101355 10140 10148 40153 40158 40158 10159 104160 

10460 10164 10169 40169 10170 40171 10180 10181 10162 404183 

10194 10196 10197 40198 10200 10204 10205 102135 10214 10214 

10214 10215 10220 10221 19222 10234 10232 10233 10242 102464 

10245 10249 40223 10259 49259 10261 40261 10265 10268 40268 

£0275 10276 10276 10277 10277 10280 10282 10284 10288 40294 

102946 10297 10200 40300 40502 10305 10316 10325 10325 10326 

10337 10338 40341 103462 10346 40350 403554 40351 10353 40353 

40353 10557 40504 40363 10365 10374 10379 10382 10382 10384 

10386 10391 10594 10394 19396 10404 10413 10419 104625 10429 

10430 10433 — 104636 10436 19638 10438 10442 10443 40645 10446 

10449 10482 10453 10453 10455 10455 104660 10465 10471 40473 

10475 10475 10404 10490 19496 10497 10498 10502 10503 40544 

10542 10513 10517 40517 19524 40525 10527 40827 10537 40540 

10540 10547 10555 10560 195602 40563 40567 10569 40571 40574 

10573 10504 105%4 10595 40595 40597 40599 10600 10602 10608 

10610 10610 40015 10616 10618 10618 10618 10618 40621 40622 

104622 10626 10°26 104630 19634 10636 10637 10645 10646 40647 

10647 10651 10655 10458 10665 10667 10671 10671 10673 40678 

10678 10641 10693 10665 19686 10687 10691 10694 10699 40704 

10705 10703 10703 10705 49707 40714 19712 10721 40725 10726 

10738 10739 10742 10746 49757 10758 10760 10764 107646 10766 

10770 10771 10773 10773 10775 10784 1078? 10788 10789 10790 

Aj.IT



  

10790 
VOK14 

VOmMO) 

10876 
10949 
109446 

10969 

10942 
11956 
11074 

41100 

Pit22 
414943 
4416) 
41201 

44224 
Tlirbe 

VAARK 
91393 
41540 

11361 
11409 

11428 

11465 
11495 
11524 
11550 
11582 
11617 

11640 

11665 
11696 

TVATS 
11736 
ieee 
41800 

11437 
11859 
V1RSED 

TIRAS: 

11955 
11986 

42013 
12038 
V2075 
12101 
12136 
12174 

12487 
12202 

3 ’ 

Tables or resonimt frequencies of free vibretion of’ Planged Cylindrie xt Shell. 

W795 
Foes 

908645 

YOR sS 

VOVA4 

VNG4G 

VOVers 

VIVPs 

11057 
VAS 

VIG 
VAS 

V1166 
19169 

14201 

11236 

ae 3 > 

14289 

11598 

11340 

41370 

V1410 

14429 
11468 
11498 

V4529 
44558 
14585 
11620 

11642 

11668 
14697 
11716 
41745 
ise 
11610 
14837 

11861 
11492 
Vi9146 

11965 
11988 

12015 
12041 
12079 
12104 
12138 
V23-77. 

12188 

12205 

VU7YAK 

VV 
VuoObLw 

VuKTD 

w9deS 

VOxSN 

VOV7K 
VU996 

110465 
11079 

V1105 

111285 
A147 
411609 

11¢02 

11236 
11275 
V1269 
11916 

11340 

ViSC4 
VA 4 
114354 

114609 
41905 

41352 
411559 

VIS79 
11023 
11045 

11669 
11677 

11716 
919465 
41773 
11619 
11638 
11663 
11894 
V194S 

91765 
11989 

12016 
12046 
12081 

12106 
92144 
1235¢9 

S2vo? 

12608 

: 

10798 

10819 
1OR6N 

VORBO 

10925 
10953 
10979 

11000 
11065 
11080 

11106 
14128 
14150 
VATE 
11203 
11242 

11269 
TAe21 
11319 
415461 

TIS79 

14413 
11438 

41471 
19505 
T1555 
11563 

11601 
11625 

41645 

11670 

11703 
TULA 
Konse 
tS 
11825 
14648 
11869 

11896 
Vi9tS 

11967 
V19R9 
12022 
12054 

12965 
12110 
12149 
121860 

12192 
12218 

N80 

Be! 
16860 
165598 
10936 
10958 

19979 
11006 

11053 
41085 

44444 
14954 
14156 
41972 
11203 
41242 
41264 
11296 
44324 
14344 

S577 
411418 

11448 

14474 
41505 
44552 
141576 
11601 
11626 

11648 

11675 
41705 

11720 
$2738 
41779 
11824 
11849 

11876 
11896 
41930 

11967 
12005 

172023 
12064 
12087 
Fete 

12152 
12180 
Veyos 
12219 

10803 
VOR22 
1OR64A 
10901 

10935 

10959 
10980 

41905 

10:55 
11090 

TES 
ATES2 
11157 
AVA TS. 
11206 

41242 
11264 
11298 
11526 
11543 

£73594 

11418 

11449 

11475 
11506 
11538 
11576 

11604 
11626 
11654 

11679 
141705 
11724 
14.755 
TALIA 

11824 
VVR49 

11881 
ViK99 

11942 

11967 

12007 
12027 
12004 
42087 
"2Vi3 
12156 
12160 

12395 
12220 

A3.I2 

1OBOS 
108356 
10868 

10902 
19937 
10960 
1O9R4L 

11010 
41057 

11092 

VA-19'S 
44135 
41957 
41484 
11216 

41242 
4272 
113504 
41326 
41346 

11397 
41419 
11452 

11476 
11508 
41538 
11577 
11607 
11629 

41655 

11682 
11709 
41725 
41764 

41794 
11825 

41850 
19884 
44901 
VI94G 

419714 

12007 
12036 
12065 
12090 
2023 
12458 
12184 
12197 
12225 

H 0 
R 7 940053 

10808 
10832 
10870 
10903 
10937 

40963 
10968 

41011 
41060 
11092 

PATS: 
11435 
11159 
11186 
11215 
44264 
11279 
41305 
Vise7 
41351 

41404 
41421 
114546 
11479 
41596 
11538 
44578 
11642 
41633 
11656 

11662 
W474 
VEEe9 
11764 
41792 
11832 
11850 
41682 
11901 
11945 

11976, 
12010 
12037 
12065 
12094 
12427 
12462 
12961 
12497 
12231 

108412 
10834 
10872 

10912 
10942 

10963 

10990 

44019 
41062 

41094 

419146 
11136 

41459 
Vi1R9 
11216 

V41264 

94284 
41310 
Tae" 
ShS55 

41402 
114626 
41655 
11480 
hitches 
V1543 
T1579 
19644 
11638 
41657 

11693 
VWV714 
41733 
41765 
411796 
41835 
41854 
41883 
11907 
ViI9G? 

TTY 
V2012 
12037 
12074 
12095 
12134 
12170 
12184 
412200 
12234 

40813 
10844 
108673 
10914 

10943 
10967 
10990 
41034 

11073 
11095 

444419 
$9139 
41160 
{41192 
41224 
44248 
41266 
Vise 
#333 
£4360 

14406 
11426 
41466 
44480 
11523 
141546 
41564 
41645 
11640 
41664 

14698 
V47946 
41737 
44766 
V4799 
14835 
44852 
41884 
441992 
44950 

19980 
42012 
12038 
42074 
42100 
12136 
412170 
42185 

42201 
“N2ess



  

12236 
12266 
12267 
12328 

12362 
12375 
12404 
12436 
12469 

425114 

12534 
12567 
12586 
12626 
12659 
12686 
42705 
12739 
42759 
42779 

12312 
12846 
12868 
12909 

12938 
12966 
12997 
13025 
13053 
15086 

43120 
43451 
13177 
13202 
13236 
13255 
13294 
13324 
13338 
13358 

13384 
13428 
13457 
13499 
13515 
13536 
13570 
13604 
13639 
13671 

12237 
12266 
12294 
12329 
12562 

12578 
12405 

12438 
12475 
12545 

12537 

12567 
12592 
12632 
12663 
‘42687 
12715 

12739 
12760 
12781 

12824 
12847. 
12875 

12909 
12940 
12969 

12998 
13026 
13056 

13087 

13122 

13153 
13177 

13203 
13236 
13259 
13294 

13526 
13339 
13362 

133587 
13428 
13458. 

13499 
13521 
13536 

13571 
13607 
13642 
13675 

12237 
Veer 
12298 
42331 
12304 
1236) 
42410 

124666 
12408 
42244 

12536 
12567 
12609 
12034 
12663 
12608 
12714 
420468 
12767 

12770 

12826 
12049 

12877 

12912 
429464 

12470 
12998 
13091 
13027 

13087 

13126 

43195 
43180 

13212 
13237 
43200 

13299 
43327 

13340 
133594 

13398 

13431 
13459 

13200 
13°22 
155464 
13576 
13609 

15068 

13676 

12254 
12268 
12298 
12338 

12367 

12388 
12414 

12451 
12484 
12516 

12539 
12568 

12613 
12636 

12663 
12690 
12714 
12749 
12769 
12792 

12832 
12850 
12878 

Vaore 
12944 

12970 
13000 
13036 
13058 

13087 

13129 
43165 
13185 
13204 

13237 
13263 
13300 

Ts 529 
43340 
13367 

13398 

13431 
43461 
13503 
T3522 
13548 
13580 
13613 
13648 

13682 

12254 
12269 
12299 
12347 
12372 
12392 
12417 
12452 
12490 
42517 

12541 
12570 
12616 
12647 
12667 
12694 
42721 
12753 
12771 
Vares 

12835 
12853 
12882 
Ve912 
12944 
42973 
13001 
13037 
13065 
13090 

43132 
43165 
43193 
13218 
13239 
13269 
13302 
13330 
4354) 
13371 

13402 
13432 
13464 
43504 
13923 
43556 
43582 
13615 
13649 
13686 

12255 
12272 
12301 
12346 
12373 
12395 
12424 
12460 
12494 
42520 

Ves ce 
12570 
12617 
12652 
12672 
42697 
12722 
12754 
12772 
12797 

12837 
42R54 
12888 
12916 
12947 
Lear's 
13002 
13039 
13074 
13091 

43434 
43166 
43194 
43227 
43242 
43269 
43306 
43332 
13344 
13376 

13407 
13444 
13474 
13507 
13525 
13557 
43583 
13617 
13657 
13689 

A315 

Tables of resonant frequengies of free vibration of #langed Cylindrical Shell. 

42260 
12276 
42347 
42350 
T2523 
12398 
12425 
124665 
12499 
42524 

12555 
Vea? 
12618 
12654 
12676 
12698 
Aztecs. 
12754 
412773 
12799 

12842 
12856 
42890 
VEVeo 
12949 
12975 
43003 
13047 
43073 
13107 

13142 
131668 
45196 
43229 
43247 
woere 
43311 
43335 
43347 
13377 

13411 
13446 
13474 
43507 
93525 
13559 
135914 
13619 
43664 
13696 

H = 0.0053 

12265 
12276 
12321 
12351 
42374 
12399 
12429 
12466 
12501 
12525 
12556 
12582 
12624 
92655 
12683 
12699 
12726 
12754 
$2775 
12805 

12642 
42860 
126946 
12925 
12951 
{2977 
13008 
13048 
13080 
43491 

13449 
43471 
13196 
13232 
13249 
13272 
13342 
13335 
43351 
13378 

13420 
13447 
13481 
13508 
1355346 
13559 
43591 

“aout 
13664 
13697 

12264 
12276 
12322 
42354 
12374 
12401 
$2435 
12467 

12503 
12529 

12560 
12585 
12624 
12656 
12683 
42701 
12728 
12756 
12776 
12809 

42842 
42863 
12903 
12928 
12960 
42978 
43010 
13049 
43083 
13125 

13150 
13472 
13198 
13234 
93250 
13282 
1357 
13336 
13352 
43378 

13426 
43449 
13486 
13542 
13535 
43560 
43597 
13634 
43645 
13697 

12263 
42281 
42327 
42356 
{2374 

42402 
$2435 
424668 
42541 

425350 

12564 
12586 
42625 
42659 
12686 
42702 

12736 
Tero. 
42777 

12810 

42664 
42867 
12908 

12932 
12966 
42989 

43025 
43053 
13083 

VS119 

V3154 
43476 
13200 
43235 
43252 
43265 
133526 
V3337 
43356 
T3570 

13427 

413455 
43486 

43543 
AS 9S9 
43563 
13598 
43638 
43674 

43700



  

Tables of resonant frequencies of free vibration of Flanged Cylindrical Shell. = 0.0053 

13705 13708 13708 13710 13712 $3743 43716 Tero: 13719 43720 
13720 vote? 43034 43739 13742 15744 43747 13751 ‘arss 43761 
43762 13762 435770 S372 13772 43782 43783 43783 13784 43785 
13785 13726 15789 413789 13790 13790 13792 13794 13800 13800 
43802 43808 45810 13817 43825 13826 43828 43829 13833 13839 
13642 13642 45043 13247 43849 43850 43852 13852 13857 435869 
13871 13471 13876 13875 13876 43884 13882 43868 13892 43893 
13897 43898 13900 13902 13907 13907 13909 13943 43916 43945 
13916 13918 43919 13922 43923 13926 43951 13934 15934 #3935 

13935 13941 13948 13948 139546 13955 43959 13963 43965 13969 

13974 13978 13983 13985 13985 43994 13992 14000 44000 140046 

44010 : 14042 14013 14017 14021 14025 14026 14030 14030 14032 

14032 14035 14023 14062 14044 14044 14045 14047 14055 44057 
14057 14067 14073 14079 14080 14084 14087 14087 14093 44093 
14103 14103 14106 14105 44112 14413 14416 14421 V4122 14124 
14424 14126 14429 14137 14437 14438 14440 14445 14156 44158 

14158 14166 44107 14167 44170 14174 44176 144176 14479 44479 
44183 14187 44194 14194 14194 14197 14199 44201 14202 14209 
44242 14244 14214 14247 14220 14222 14226 14235 44242 $4249 

44254 14254 44295 14256 44257 14264 44269 44270 44284 44286 

14286 14266 14269 14291 14296 14545 44317 14318 14348 (4319 
44320 14524 14324 146324 14324 94325 14330 14337 44339 *h342 
14543 14544 44345 44355 14356 14357 14358 44359 14362 44362 

14365 14569 V43le2 14373 14376 14376 14378 14379 14350 44380 
44585 14585 14365 14386 44390 14398 14398 14403 14409 44645 

14415 14416 14416 14417 144648 14424 44422 Cee 6 14626 44432 
44432 14643 44448 14445 44661 14462 14466 16468 14472 14473 
44479 44480 14654 44482 14482 14483 44692 14498 14500 94502 
14504 14504 14904 14510 44519 14521 14526 14528 14529 44531 

14533 14936 ° 142939 14541 14542 14545 14545 14547 {4549 44554 

14552 14553 14554 14554 14556 164559 14560 14563 14575 14579 
44581 14561 14504 V45KR 94595 14600 14603 44610 146410 14617 

14619 14621 44024 44622 14626 14630 14634 44631 14637 14638 
1446461 14642 44063 14646 14648 14649 14653 16653 44658 14674 
145676 14681 14653 14694 14699 14709 44712 14714 44746 14747 
V4719 aT ACE | 14025 14726 14726 44730 44734 44735 44735 14742 

14762 T4743 555 44045 14747 14747 14750 44754 44753 14756 44757 
14757 14758 14767 14767 14768 44772 14776 14776 14783 94785 
14791 44795 14808 14809 14814 14813 14816 44817 44818 44819 
14823 14830 14833 14835 (4637. . 14840 14846 44847 14860 94865 

14865 14870 14872 VGR74 14878 14882 14888 14889 14896 14898 
14898 14903: 14905 14908 14914 14917 14924 14926 14927 14927 
14929 14933 14935 14935 44936 14936 44938 14939 44944 44943 
14943 14964 14948 14949 449514 94953 44953 44957 14966 14967 
14967 14967 14469 16972 44974 44978 44979 14986 44989 14994 
14995 14996 14999 15000 15000 15002 15006 15020 15020 T5025 
15025 1$027 15052 15035 15037 15040 45041 150462 15049 15050 
150514 15051 15093 415058 150462 15064 15067 15067 450746 45074 
15076 15079 15080 15084 15087 15094 15099 15100 15108 45108 

15110 15144 15115 15118 15120 15127 15134 15435 15137 015164 

A3. Th.



  

15142 
15164 
15204 

V5223 
15254 
45276 
15320 
(asor 
V5S7S 

454614 

15440 
15477 
15504 
15534 
15558 
415581 
15641 
15632 
15654 
45683 

15712 
15748 
45784 
15808 
15826 
15866 
15892 
15922 
15960 
15994 

16016 
16044 
16087 
16120 
16442 
16459 
16188 
16215 
16233 
16268 

16295 
16329 
16366 
16386 
16418 
16437 
16475 
16508 
16539 
16573 

Tables of resonant frequencies of free vibration of Flanged Cylindrical Shell. 

15143 
159161 
15204 

429 
15254 
15278 
453525 
15597, 
15374 

15420 

15441 
15479 

15505 
45534 
45563 
15583 
156146 
15634 
15659 
15684 

is712 

45750 
48785 

15809 
15832 
15869 

15900 
15929 
15976 
15995 

16017 
16047 
16095 
16121 
16144 
16161 
161914 
16215 
16237 
16268 

16303 
16329 
16367 
16389 
16625 

16439 
16478 

16514 
165463 
16574 

V5443 

15102 
15¢06 

roe 32 
15202 
45285 
15327 
153504 
15304 

15423 

45445 
15454 

15507 
15540 

15563 
15593 
1.5645 

45034 

15663 
15678 

"5725 
TST 
15787 
45811 
15834 

45870 
15909 

A932 
15777 

15998 

16019 
160467 
16097 
16123 
16197 
16162 
16¢01 
16215 
16247 
16202 

16909 
16329 
16508 
16390 
16426 
16444 
16454 
16218 
16546 
16505 

15143 
15179 
15206 

15232 
15264 
15288 
15561 
15362 
15380 
15425 

15448 
15485 
15508 
15564 
45565 
15584 
15617 
15635 
45665 
15700 

157246 
15765 
15792 
158413 
15842 
15870 
45944 
15933 
15985 
15996 

16021 

16053 
16099 
16425 

16447" 
16167 
16206 
16218 
16257 
16273 

16309 
16329 
16374 
16400 
16430 
16447 
16487 
16520 
16554 
16575 

18146 
45184 
15206 
15239 
45265 
15289 
45354 

15363 
15390 
15427 

15449 
154685 
15511 
45542 
15569 
15586 
15618 
45637 
15665 
15700 

(S731 
15772 
15796 
15815 
15842 
15875 
45912 
15952 
45985 
15998 

14026 

146058 
16104 
16130 
16148 
46172 
16207 
16220 
16260 
16275 

16310 
16334 
16375 
16403 
16430 
16449 
164687 
16524 
16556 
16578 

15352 
45183 
15206 
15243 
45268 
15289 
15354 
15365 
15390 
154627 

15450 
15487 
155413 
15543 
45570 
15597 
15624 
15637 
15667 
15702 

15737 
45774 
415796 
15824 
15843 
45877 
15917 
15952 
15987 
16000 

16028 
16066 
16106 
164314 
16449 
16473 
16207 
46224 
16260 
46279 

16316 
16350 
16376 
16405 
16434 
16454 
16489 
16524 
16558 
16582 

A315, 

H x2 0.0053 

15454 
45491 
15247 
15268 
45276 
45301 
45352 
15366 
15392 
15430 

15462 
15488 
45524 
45545 
{5573 
15598 
15625 
15667 
15676 
15704 

15739 
15780 
45804 
45823 
15846 
158846 
15948 
45957 
15989 
16012 

16035 
16073 
16116 
16433 
16452 
161684 
162410 
16232 
16264 
16282 

16326 
16352 
46377 
164146 
16433 
16469 
16696 
16533 
16559 
16589 

{5156 
45494 
V5222 
15254 
15276 
45543 
45353 
45372 
15401 
43430 

45472 
15500 
45527 
45549 
{5576 
1560? 
45627 
45654 
45678 
15709 

(5767 
45780 
15804 
45825 
15846 
45886 
45920 
45959 
45994 
46013 

46037 
16080 
16415 
16435 
46457 
16486 
16293 
46233 
16264 
162846 

16324 
163546 
46376 
16417 
16434 
16473 
46500 
46537 
16564 
46592 

45457 
45194 
V5222 
45256 
15276 
(5316 
45354 
oats 
15403 
45431. 

454675 
15506 
45530 
45550 
45580 
15610 
19629 
45654 
45680 
15794 

15747 
45782 
{S807 
45825 
45866 
45894 
45920 
43960 
45994 
16014 

16040 
16084 
46518 
16138 
46458 
46187 
16213 
16233 
46265 
46294 

46326 
16356 
46383 
16447 
16436 
16474 
46505 
16538 
16565 

» 465946



  

Tebles of resonant frequencies of free vibration of Flanged Cylindrical Shell. - = 0.0053 

16598 16599 16606 16412 16613 16619 16622 16622 16640 16640 
16641 16642 16044 16645 14645 166468 16648 16668 146653 16654 
46657 16663 166464 164665 14670 16674 16676 16677 16679 $6683 
16683 16693 16/712 16718 14719 16726 16729 16729 16730 46734 
16732 16732 16/33 16735 16735 16736 16738 16740 46745 16746 
16748 16752 16°54 16756 146757 16759 16759 16759 16766 16766 
16767 16770 16776 16776 16776 16776 16788 16790 16793 16796 
16798 16800 16801 16807 16810 16813 16816 16819 16820 16824 
16824 16825 16827 16833 16838 16843 16850 16851 16857 46858 
16859 16866 16068 16872 16873 16875 16875 16877 46879 16880 

16883 16889 16894 16892 16892 16896 16895 16897 16904 16905 
16910 16912 16914 169145 16918 16922 16922 16920 169246 {6927 
F695 7.03: 16938 16940 16944 46965 16946 46950 i GD aa 169514 46952 
16964 16969 16470 16974 14977 16980 16984 16984 16986 46987 
16988 14996 17000 17000 17004 17018 17028 17029 17031 {7034 
17035 17037 17042 17046 17046 17049 47051 47053 17056 47060 
17064 17066 17066 17067 17071 17072 47075 17089 17090 47090 
170914 17093 17094 17095 17099 17102 V7103 174104 47105 47444 
47414 17114 47417 TT es 17128 17429 174135 171357 47441 1? b2 

“$7985 17148 Wave 417153 17454 17454 17164 47166 174167 474168 

47172 17173 47184 17185 Nae) oa: 17197 47204 17203 17204 ATES 
17240 172135 17216 17247 Less 17218 17220 17223 17264 17246 
V7244 17264 V7246 17255 17258 17262 17265 47268 17270 47279 
17280 17285 17294 17246 17297 17298 17299 17301 ; 17308 47309 
47315 17314 47545 17315 47323 47323 47325 1iaer 47329 17332 
173595 17336 17343 17343 17343 V7344 17347 17350 7594 17354 
17356 17356 A7395 17363 17364 17374 47373 17374 47379 47380 
17382 £F365:;; 17367 17390 17393 17396 17400 47402 17404 47410 
“47411 17444 17424 17623 17427 17628 17428 17428 47429 47432 
17438 17439 17439 17462 17443 47444 17648 17468 17456 17459 

17466 17471 47416 17478 17478 17687 17490 17492 17492 17498 
= 47305 17502 17508 417509 17510 17544 17513 17520 17526 47525 
17529 17535 17239 17562 17542 17543 17544 175465 47545 17548 
17548 17548 17549 17549 17554 47558 17560 17564 47561 47570 
17570 17571 17502 17572 47578 17586 17589 17590 17590 17596 
17597 17600 47604 17604 17608 47624 17621 17624 47622 17627 
17627 17652 17657 17657 17658 17658 17660 17662 47668 17679 
17679 17680 — 17660 17681 17682 17684 17687 17688 17688 17690 
17692 17694 17700 17710 17710 17710 17716 17795 47717 V7749 
17720 17725 17036 417745 17748 17750 47750 VZtoN 47761 17766 

17769 17769 17770 Wa A) 17771 17772 477746 17775 47777 17779 
17783 17784 17786 17788 17794 17796 47799 17844 17844 178418 
17821 17827" 17827 17830 17834 17834 417835 17839 47843 47846 
17847 17852 17953 17858 17864 17863 17868 17878 47879 47884 
17883 17883 17886 17887 17889 17894 17893 17898 47899 47942 
17916 17918 17916 17924 17922 47923 17923 17926 17926 17927 
7959 17949 17756 17958 17963 17969 17974 US 17986 47985 
VITO e V7994 17995 17996 17996 18001 18002 18007 18008 18009 
18012 18012 18016 18016 18019 18019 48020 48020 48021 18024 
18022 18022 180¢2 18024 18025 18025 18027 18030 18039 » 18040 
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18052 
18075 
48101 
18426 
18160 
48188 

18229 
18241 
18273 
16305 

18333 
48363 
18398 
48437 
18466 
18490 
‘oon? 

18534 
48581 
18621 

18457 

18672 

48695 
18714 

18739 
18764 

14792 
188534 
45860 

18886 

18918 
18944 
18970 
19008 

19939 

19063 
19094 

19128 
194166 
19487 

19221 
19247 
19288 
19342 
19336 
19358 

19390 
19416 
19434 

19482 

, ‘ . 

Tables of resonant frequencies of free vibration ot slanged Cylindrical Shell. 

1R052 
18080 

18102 

18133 
18162 
18200 
18232 
18242 
18278 

18305 

18336 
18370 
18399 
18438 
18468 

VRA9S 

1Aa519 
18537 
18584 

18623 

18658 
VH673 

18695 
18718 

18740 
18765 

18802 
18832 
1RKA1 

18889 

18925 
18945 
18973 
419010 

19045 

19063 
19094 

19128 
19166 
19195 

19222 
192468 

19290 

12Sy5 
19338 

193462 
19397 
19416 
19438 
419485 

44055 

VHORG 

16103 

18156 

18163 
18c08 
18232 
18220 

18278 

48209 

16336 
16304 
18400 

16440 
16403 

18502 
T6225 
43541 
18505 
16°27 

18658 
18675 

18701 
18719 

18045 
48779 

18806 
1BB34 
15069 

16894 

16925 
18945 
18977 
19010 

19048 
19070 
wine 
19156 
19166 

19¢00 

19225 
19276 
19294 
19319 
19340 

v9 S982 
19403 
19916 
19438 
19407 

18059 

18086 
18107 

18139 
18165 
18212 
18233 
18254 
18284 

18311 

18362 
18375 
18406 
18454 

18475 
18503 
18526 
18547 
18588 

18632 

18664 
18677 

18703 
VR724 
18744 

18780 
BRIG 

18857 
16H72 

18902 

16926 
48949 
48981 
19010 
19050 
19074 
19110 
19444 
19467 
19203 

19227 
19259 

19293 

19320 
19340 
1936? 

19405 
19416 
19442 
19492 

18059 

16090 
484114 
VA144 
VK167 
1R221 
VA234 

12260 
18287 
V8s13 

VR34G 
1A382 
48408 

18456 
15477 

18507 
{A527 

VASS2 
18588 
19634 

42661 
18680 

18704 

18725 
14753 
16785 

14807 
18844 
1BB74 
445902 

1R929 
18963 

18932 
49012 

19052 
19076 

191.13 

499155 
19167 
19207 

19233 
19269 
193500 

193522 
49350 
19365 

19405 
194623 
19646 
19492 

18065 
18093 
184144 

184145 
18168 

18222 
18235 

18264 
18287 

18317 

18346 
18383 
18410 
16459 
18479 
18507 
18527 
18552 
18592 
18645 

1865 
18689 

18704 
18727 
18753 
18768 

18R13 
18849 
18875 

18905 

18930 
18963 
18968 
19013 

19052 

19083 
19116 
19156 
19166 
19208 

19235 
49274 
19300 

19326 
§9552 
19568 
19407 

19425 
49454 

19492 

A3.I7 

18065 
48096 
48115 
18153 
16971 

18222 
18235 
18264 
18288 
18318 

18348 

{R383 
18412 

18464 
484683 
18509 

48528 
18562 
18601 
18645 

16666 
18689 
187046 

18729 
48759 
16788 
48813 

18854 
18875 

18944 

18935 
96965 

18998 
19014 

19054 
19084 
19419 
19157 

19173 
19208 

19237 
aece, 

19303 

19326 
19353 
19370 
19407 
194625 
19455 

194697 

H 
Te 0.0053 

18065 
18097 
164115 

184157 
18176 

18223 
18236 
18267 
18295 
16320 

18350 
18384 
18413 
18462 
18486 

186513 
18530 
18564 
18607 
18651 

18669 
18689 
16705 

187314 
18760 
18769 

18815 

18853 
18678 

18993 

18941 
18967 
19000 
19016 
19055 

19085 
49119 
19160 

19178 
#9234 

19242 
19280 
19304 

19330 
19356 

19375, 
19407 
19427 
19468 
19498 

“18069 
18099 
184115 
48158 
48182 

18226 
18237 
18268 
18302 
18326 

18353 
18392 

18616 
48463 
18487 
18514 

48530 
48572 

18608 
18654 

18674 
18690 

16744 
18735 
18764 
48794 
18819 
18854 
18879 
VH914 

{ao42 
16968 

49005 
19033 

19056 

19086 
99423 
19162 
19484 
19215 

19242 
49284 
19307 
aa Soe. 
19357 

1937S 
19646 

994629 
19475 
19498 

18073 
18100 
18116 
48158 
18482 
48227 
16240 

18270 
48305 
48328 

$8358 
48395 
48437 
18463 
48490 
18514 
18531 
18575 
186418 
18654 

48672 
18693 
18742 
18737 
48764 
43791 

18834 
16857 
18884 

18916 

18946 
18969 
19006 
19036 

19062 

19087 
19126 
19465 

49183 
19224 

19247 
19284 
49309 

19332 
19357 
19355 
19445 

19434 
194684 
19499



  

: , 

Tables of resonant frequencies of free vibration of Flanged Cylindrical Shell. + = 0.0053 

19499 19500 19204 19507 19508 19509 49544 419511 ASS 43 49547 
19524 19524 19224 19525 19528 19529 19532 19533 49539 49543 
49543 49545 19546 49548 19562 19565 19568 19572 19574 19584 
49585 19587 19508 49599 49605 19607 19611 19612 19622 19625 
19426 19628 19028 19429 19635 19636 49638 19645 49648 49649 
19653 19655 19657 19664 49661 19663 19666 19674 49672 19672 
49673 19675 196/75 19682 19682 19686 19689 19689 49692 49692 
49696 19707 49708 19709 19710 19718 19725 19730 19738 49739 

19742 19743 V9ELG 19746 19746 49747 49752 19752 49754 49757 
19758 19765 19766 19768 19770 419770 49784 49783 19784 49787 

49794 19200 19802 19203 19804 19806 19814 19819 19819 19824 
TOR BES oe A9835 19O43 19854 19857 19857 19862 19863 49868 49874 

{9872 19875 19877 19480 19884 19882 49885 19B86 49888 19892 
19893 19694 19894 19898 198698 19899 19906 19909 19944 19914 
WISTS 19917 19917 19920 19928 49936 19937 19940 19942 19942 
49943 19967 19758 19964 19964 19967 19966 19969 19970 99984 
19986 19991 T7935 19994 19995 19998 49999 19999 20005 20006 

TOTAL MILL TIME 143 secs, 
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APPENDIX 4. 
me Se nee es Ge me aes 

Oo am eon eee one ee eS eas GU aD et OD SA OER cs SP ceey OO Se) COD OO CD OUR GED GD GD HP SA CO GAM UD HD SS GRO KD CHD SU Oe GON? UE Wt SY CONE WD OP OED MD Om oD ew ean Ce can ae eo OH Oo OO nd ww uD ems Ome er new 

cae ae OS Oe See Se ONE SE Oe NE ET EES LD HEA ee Sh Ge ee LT ND SS EN dS "cen aE HR ON nw nen MD ue HO 

M = Axiel - mode numbers = I: I : 100. 

N = Circumferential - mode numbers = 0: I: 39. 

MU = Poissons ratio = 0.29. 

E = Youngs modulus = 30,000000. (2.092 x 10° x base ) 

RHO = 0.000735 a constant, 

ch = Speed of sound = 13050 in/sec. (331.4611/sec.) 

L = Length of the sylinder = 72 ins. ( 1.8288 if) 

H = Thickness of the material = 0.048. (1.2192 x ae ) 

A = Radius = 9 ins. (0.2286 ii) 

PT 23541159256. 

V1V2.,V35 = Normalized frequency steps. 

CL = Longitudival wave speed. 

VP Equivalent plate resonant frequencies. 

V = Cylinder resonant frequencies. 

AK .X I = Relation that satisfy circumferential strip modes, 

AKX 2 Relation that satisfy acoustically fast modes.



  

   
          Bat Sal eo =06/02/70= =F=COMPILED -BY.-XALT MKy = (Eo et 

f STATEMENT ; rf : Aoi Se 
E ST LIBRARY! =(ED,SUBGROUPSRE?) 

"BEGIN! : 
-VINTEGER! NN MyNG : : ETT 2 = 

REAL! MUrE+RHOWCArLi He ADV V2sV3sPrPIrChy C+C2eVGrNUC, GAMMA, QyNUU, 

ri : GpVPGAKXT AKK2,h20V9 

   

   

   
    

  

    
    

  

    
   

  

    

   
    

                                                    

   
    

      

       

    

  

     
    

      

TREAL' FREQSTEP,F,FF+F1,¢RATIOsLOGRATION 
SSS INTEGER' "ARRAY! COUNT1,COUNT2(111000]7 ain gta PS ee 

TPROCEDURE' ONC(N)S 
PUVALUE' Np (ooS* Soe Resea 
“VINTEGER! NG aa 
SV EXTERNAL'? 

    

    

“YREAL' PROCEDURE! ALOG10(X)} 
S."VALUE* X} ae PO ERS 
"REAL' X3 
YEXTERNAL'S rie 

ONC9)? 
“SELECT INPUTC(O)3 
“SELECT OUTPUT(O); 

=" MULSREAUS 
~ ESSREAD; 

Se RAO BREAD YT 
i oo CAs CRE ALS 

““LrsREAD; 
H:=READ;: 

ALE READ? 
“Vie sREAD; 

“= V22SREAD; 
“V3 :2READ; 

SoS. FRE@STED:=READ? 
 PysteMUeMU; 

“CLLESQRTCE/(RHO*P)) 3 
eras, 14159263; 
“pseSQRT(P)? 
Cr2CA/CL 

=="C222C eC? 
VGSEC2]eSQRT(12) #A/HG 
NUCSEC2*A*3,G64/H3 

~ GAMMAS=A/L3 
“-Q1s(C#GAMMA) 'ee" G/(NUCHENUC)S,- ~ Sree ee ae ee 
“FOR! Ve2V4 "STEP! V2 "UNTIL! V3 ‘po! : 
'BEGIN' Spee ae eee eae es 

a ~ “NEWLINEC(1)3 ar 
SSE t21eV/VGs Sees SSS Se 

TAFT t2>4 ETHENT "GoTo! ENDLOOPY. 
= AKX1y8V/C; : : SSS TSE he See 

AKX2:2P=VeSORT(1=L2)3 _ = : 
SEO aAKXes0, Os UT NEN TS 
bit ope be i 

oA KR e TEU 01s 
; ‘GOTO! outs 
TENDS SS : 

      

         

  

Al, 2



                  

   
   

        

   

            

   

                  

   

            

eet ARK AT SAKK IM SORTLAKK 22 F 
OUT ee PRUNE Sie) ; 

APU SEE PRINT 'CAKX1 9896) 8 2 ee eR SE 
~ PRINTCAKX2+87/6)3 

=" ENDLOOP: ; 
"END"? = WN rs1007 fo ae ee ee 

'FOR' Ms34 "STEP! 1 "UNTIL' 1000 'DO! COUNTICM) 1" COUNT2(M} 280) 
seeeecate: SLO PORP AM 2B 1 STEP Tf. tUNTILE 100. (DOt Fr ee vege es 
Se ekaee "BEGIN' : aia? 

sv haiiecn tr) serie : PAPERTHROWS : : corres emer ee pa =e E at 

Pea NUUL=MeM#9 , 87753 : : 
== e0OR' Nea0 SSTEP FP TUNTILE NN D0t Se 

"BEGIN! é 
Gr=N#N/(GAMMA#GAMMA) #NUUY 
Gr=G*G; 

VPr=SQRT(QG)} 2 EATS See 
_  VieSQRTC(Q#G)+PHNUUMNUU/G)I 

rs NEWLINE C4) 3 : 
Ga EB VPVGrCT HENS 

"BEGIN! — 
NNeNwd7 
‘GOTO! TOOBIG! 

"END': 
PRINT(M,3,0)3 
PRINT(N+ 8/003 
PRINT(VP 181603 _ 
PRINT(V+8s6)3 ed 

“RreVeClL/(C2*pleaAds = re ca ae ; = oh 

FF:=F '/' FREQSTEPS13 
AKX113V/C} ecie ones : 
"TR" N<AKX1 'THEN' COUNTICEF I EBCOUNTICFF IOV? 

co ees AKX2:=P=V¥SQRTCV#V/VG)E 
ak AKX2:2'1F" AKX2<0,0 'THEN!' 0,0 "ELSE! AKXTASQRTCAKK2) 1 

eee 'ITE' N<AKX2. 'THEN! COUNT2CFFIsSCOUNT2UFFIONI eee Ss Newel é 

- TOOBIG: "TF! NNO 'THEN' 'GOTO' NOMORE? = 
a "END'? . 

=.= NOMORESPAPERTHROW: 
ee F1220; 

“Rr2VGRCL/(2*PIeA)? ; Free cre, es 
TEOR! N:50 'STEP' FREQSTEP *UNTIL' F 100! | 

= "BEGIN' aes et 

      

   

  

NEWLINE (4)3 
“ PRINTOCN, 6-093 

PRINTCH(29)3 
-- PRINTON+FREQSTEP 162003 > 

. SpACE(5)3 Ses 
PVR VAT : 

; MALTETOSFORWATE) Ceewansdé 05 GOUNTICR LAAT 
“SS WRITECO,FORMATC'C'@NNNDSSS!')?) ,COUNT2Z(F1))3 se 

RATIOS='IF* COUNTI(F1)20 'THEN' 0,0 'ELSE® COUNT2CF19/ 
= Bene : fee roe : : COUNTICFII2 

    

“PRINTCRATIO+1 +503 
“LUGRATIOS®'IF* COUNTICF1220,0 "THEN! =99999,99999 'ELSE! 

ape cc 10, O#ALOGIOCRATIO)) 
< PRINTCLOGRATIO, 5/5) ses =: 

= - PAPERTHROWS © Se. ee ee ee es fees 

  

iN: 5


