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SYNOPSIS 

Practical ultimate design methods in finding bending 

Moment envelopes are explained and examples are given. An attempt 

has been made to find the relation between the ratio of total load 

to dead load with respect to cracking lengths, hyper-plastic moments, 

support moments and efficencies of design. Graphs are plotted and 

tables are presented to verify such relations. 

A new method is developed by using the relation of 

cracking length to span, hyper-plastic moment, support moment against 

the total load to dead load ratio. It is found that standard curves 

can be plotted from which bending moment values could be found easily 

for frameworks. These charts can be used for the reinforced 

concrete members in which redistribution up to 30% of moments can take 

place. This method of analysis is found satisfactory when compared 

with other methods in the analysis of five equal span continuous 

beam.



NOTATIONS 

CP_110 Method 

Area of Concrete 

Area of Compression reinforcement 

Area of tension reinforcement 

Area of tension reinforcement provided 

Area of tension reinforcement required 

Deflection 

Distance from compression face to the point at which 

the crack width is being calculated 

Distance from the point (crack) considered to the 

surface of the nearest longitudinal bar 

Width of the section 

Effective depth of tension reinforcement 

Depth to compression reinforcement 

Static secant modulus of elasticity of concrete 

Modulus of elasticity of steel 

Eccentricity 

Ultimate load 

Characteristic concrete cube strength 

Characteristic strength 

Characteristic strength of reinforcement 

Shear modulus 

Dead load 

Distributed dead load 

thickness of flange 

Second moment of area 

Overall depth of section in plane of bending 

Bending moment due to ultimate loads 

Maximum initial moment in a column due to ultimate loads 

Total moment in a column due to ultimate loads 

Ultimate resistance moment 

Ultimate axial load at section considered 

Axial load on a column corresponding to the balanced 

condition
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A. L. L. Baker 

A, 

A, 

o 
Characteristic imposed load 

Distributed live load 

Characteristic live load per unit area 

Spacing of links along the member 

Perimeter 

Shear force due to ultimate loads 

Shear stress 

Characteristic wind load 

Neutral axis depth 

Lever arm 

Ratio of beam moments with respect of service stress 

in beams 

Ratio of reduction in bending moment 

Partial safety factor for load 

Partial safety factor for strength 

Stain yn concrete at the level considered 

=33. 
S. “bd 
Area of shear reinforcement 

Sum of the effective parameters of the tension reinforcement 

Bar size 

Method 

Area of Concrete 

Area of tension steel 

Area of compression steel 

Width of rectangular section 

Breadth of rib of T - section 

Overall depth of section 

Effective depth of section 

Depth of flange in T - section 

Stress generally 

Value of E for concrete at limit-state of yield L 

Value of E for steel at limit-state of yield L, 

Stress in steel 

Stress in concrete



MMe 
Me My 

nd, 

nd, ond 

Qe 

Sm 
Sk 
GF 

Sik 

Ys 

§m 

Maximum stress in compression steel 

K = M/bd* fc, , in which fc, = Gb* ina balanced section 

K, = Average Compression stress/max compression stress 

K Depth of compression resultant/depth to neutral axis 

K =fe /U, 

4, = Depth to centre of compression steel when tension 

is developed across section 

Depth to centre of compression steel when section is 

subjected to compression only 

Kee e/e,, 

K, = fs/fs, 

Adjustment factor to Yk 

Limit - state of yield of material 

Ultimate limit - state of material 

it 

Bending moment 

Bending moment at limit state L,and L, respectively 

Ordinates of bending moment diagrams plotted along frame 

members 

Depth to neutral axis 

Depth to neutral axis at limit L, andl. 

Characteristic Load 

Design load 

Mean unit strength of material 

Characteristic unit strength of material 

Design unit strength of material <* = Sk/ Yin 

Displacement in direction of action of Xi, when any other 

unknown Xk, assumed equal to unity, acts on frame made 

statically determinate by the insertion of sufficient 

number releases. 

Partial adjustment factors influencing Sk 

Partial safety factors of lead. 

Partial safety factors for strength of material. 

Yk = %s Vm. 

Rotation at any section between limit E and u



Optimum Design Method 

Degree of end fixity f = 0 free ends, f = 1 fixed ends 

Subscript referring to possible mechanism i = 12 

Subscript referring to critical section 

Subscript referring to particular design solution 

Equivalent length over which Mpj = constant 

Number of independent mechanisms (equilibrium) equations 

Elastic envelope moment at section j 

Max elastic moment over all j 

Plastic moment of section j 

Degree of static indeterminacy 

Number of spans of a continuous beam 

Total number of possible mechanisms 

Subscript referring to applied loads 

Total number of applied loads 

Number of critical sections 

Ultimate safety parameter of mechanism i, i/ o 

Efficency index of design k, Vk/Ve 

Volume of flexural steel in limit design 

Volume of flexural steel in elastic design 

Dead to live load ratio, Wy ‘My 

Dead and live load, respectively 

Applied service load 

Ultimate load of the structure 

Yield safety parameter of section j, i5/ MS a 

Kinematic displacement of loads Wg 

Specified overall load factor of the structure 

Relative notation of plastic hinge j
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1.1. INTRODUCTION 

In the last few years considerable developments have 

taken place in the field of structural concrete, particularly on limit 

state and optimum design. Inelastic behaviour of structural concrete 

has played an important part in recent design recommendations both in 

this country and abroad. 

The purpose of design may, perhaps oversimply be stated 

as the provision of a structure complying with the clients requirements. 

In design appropriate attention must be paid to overall economy, the 

safety and aesthetics of the structure. The economic factor implies 

that the investment covering both first cost and maintanence should be 

the minimum consistent with the fulfilment of the clients requirements. 

The safety implies that the risk of failure of all parts of the 

structure should be sufficently small during its specified life. The 

aesthetic factor implies that the complete structure should be consonant 

with its environment and generally pleasing to the eye. In this case 

the economic aspect will be the most important one, but the design 

process entails finding the cheapest solution which is capable of 

satisfying the appropriate safety and serviceability considerations. 

The application of plastic analysis in the design of 

redundant concrete structures is limited by the need for the fulfilment 

of safety conditions as well as serviceability condition. The main 

safety condition is the effective formation of the plastic mechanism 

which depends upon the rotation capacity of plastic hinges, (BAKER, 

A. L. L.3 $951,(40)) The classical methods of plastic analysis and 

design of structural frames assume moment-curvature relations of 

unlimited ductility. The limited ductility of reinforced concrete 

sections had led some authors to base ultimate load design methods on 

such limitations by imposing maximum values of plastic hinge angular



discontinuites and has led others to emphasize the implied ductility 

without explicitly calculating discontinuites at or near failure. A 

more general approach has been developed in which the structure is 

reduced to a determinate form as a basis for both the statical and 

kinematical analyses but without implying that the selected hinges are 

the actual plastic hinges (COHN M.Z., 1962). The limit analysis 

methods, the ductility methods, and the flexibility methods of elastic 

analysis can all be regarded as special cases of this general method 

which is called optimum design. 

Nowadays in this country, limit state design and its 

application by design charts as given in CP 110, part 2, is a very 

popular and useful method. The code of practice (CP 110, 1972) accepts 

a new limitation to redistribution design and new load factors depending 

on the nature of the load and the type of materials. Reasonably 

economical designs result.in this chapter papers on limit design 

methods and practical design methods are discussed. 

1.2. PLASTIC DESIGN IN REINFORCED CONCRETE 

The development of reinforced concrete design by plastic 

methods was based on the inelastic behaviour of redundant steel 

structures and the fundamental principle that a structure will not 

collapse until sufficient plastic hinges have developed to form a 

mechanism. Each hinge is permitted to develop its full plastic moment 

and any rotation of the members rotation of the members on either side 

of the hinge is assumed to have no effect on the development of any 

adjacent plastic hinges. Plastic steel design will be considered valid 

when it satisfies the following conditions. 

a) Equilibrium Condition: Bending moment distribution must be in 

equilibrium with external loads.



b) Collapse Mechanism Condition: A sufficient number of plastic 

hinges must exist to transform either the whole or part of the 

structure into a mechanism 

c) The Yield Condition: Full plastic moment nowhere to be exceeded. 

It is the angular rotation which differentiates between 

plastic theory applied to reinforced concrete and plastic theory applied 

to steel. The permissible rotation value (© ) must be known in addition 

to maximum moment which can be carried by the section. The reinforced 

concrete designer when using plastic methods has therefore to restrict 

not only the number of plastic hinges but also the rotation at each. 

The ultimate strain in tension reinforcement varies from less than 0.5 

to over 2 per cent. To avoid excessive flexural cracking, it is 

desirable to limit hinge rotation for structural concrete even when 

considerable rotation capacity is present after extensive cracking. 

The other important respect in which limit design of 

structural concrete differs is the distribution of moment of resistance. 

By varying the amount and location of reinforcement, the positive and 

negative resistance of structural concrete members at ultimate load 

capacity will be reasonably close to the moment distribution correspond- 

ing to elastic behaviour. It is possible arbitrarilly to choose 

locations and plastic moments for a number of hinges required to form 

a mechanism in such a manner that the equilibrium conditions are 

satisfied. The yield condition may then be satisfied by proportioning 

reinforcement to avoid yielding between the chosen plastic hinges 

1.3.1. Early Investigations on Plastic Design 

It is difficult to trace the origin of the concept of 

plastic design but as early as 1914 KAZINCZY G. VY. (41) suggested the 

development of plastic hinges in continuous structure near ultimate load 

for steel structure. He also conducted in 1933 the first extensive 

test series demonstrating moment redistribution in reinforced concrete



structures He tested ten two-span continuous beams loaded at third 

points (1) and he found that all beams failed when both span and 

support sections reached their maximum moment capacity as evaluated 

by the ultimate strength theory of that period. 

Glanville and Thomas (1935, (35)) conducted a test series 

to verify and demonstrate the redistribution of moments in reinforced 

concrete beams and frames as a result of yield in either the concrete 

or steel. The beams tested were two-span continuous beams loaded with 

concentrated load in each span,no relationship was found between the 

amount of steel used and the degree of redistribution attained. For 

experiments on frames, pin-ended single bay portals were chosen. It 

was found for the former case that the columns fail first and it was 

seen that further analytical and experimental work was evidently 

necessary to enable design engineers to predict, with confidence, the 

safe degree of redistribution in any one particular structure. 

In 1949 A. L. L. Baker (3) put forward a trial and error 

method of computing the amount of moment redistribution in continuous 

beams (1949, (3)). He showed that even in the elastic - plastic stage 

the slope of a beam could be expressed as | if EI values for the 

elastic and plastic stages are used appropriately. He also expressed 

the moment of inertia in terms of the deformation of éoncrete $ig (1-1) 
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If the case of a two span continuous beam symmetrically 

loaded with a uniformly distributed load is considered, the moment 

diagram for the beam is as shown in fig. (1.2.) where Me and Me are 

the free and redundant moments respectively. Applying the moment area 

principle; 

Slope at B= 0 =+ Needs =U) Mise ds. 2.0 0(2) 
e EI € | 
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fig (1.2.) 

For a particular percentage of steel in the support 

section, Ku could be computed for the various sections along the length 

of the beam between the support and first yielding sections. The 

appropriate EI value could then be determined. The correct Mp value 

could be obtained by trial and error so that Equation (2) was satisfied. 

It was shown by this experiment that redistribution of moments due to 

primary crushing of concrete was noe as effective as that due to primary 

yield of steel. 

Following the introduction of the "Plastic Hinge Theory" 

of structural steel by J. F. Baker, A. L. L. Baker proposed the following 

equations which provided that strains at critical sections were checked 

(1951, (4)).
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at plastic hinges. 

In subsequent years A. L. L. Baker and his team developed 

much analytical and experimental data to verify the validity of the 

equations (5, 6, 7, 9, 17, 18, 56, 57). In 1953 A. L. L. Baker introduced 

the trial and adjustment method and at the same time he established some 

safe limiting @ values (1953 (5)). The fundamental principle of the 

method is to assign arbitrary values to & = xX C seeeeeeee eX in Equ. (3) 

and evaluate the values. If the values so obtained are less than 

the safe limiting ones, then the chosen cx »X, se oeewane Xp values can 

be used, otherwise they are adjusted until the values are reduced to 

their permissible magnitudes. Baker's fundamental equation is general 

and applicable to all statically indeterminate reinforced concrete 

structures neglecting fatigue. The main difference between elastic and 

plastic analysis is that, elastic analysis in concerned with the 

behaviour of the structure before elastic breakdown of the materials 

whilst plastic analysis is concerned solely with the behaviour after 

elastic breakdown in certain critical sections .
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where, tp = length of spread of plasticity along the longitudinal 

axis of the member. 

M = Moment at sections along yield length. 

(EI), (EI) ysiue after yield. 

(EI), (EI) value before yield. 

A. L. L. Baker derived and recommended the following 

expressions for © (1956 (8)). 

tye eu FecneHe hides) (5a) 
e= Eu =Esylp (compressive hinges) (5b) 

where ly = length of yield. 

Eu = plastic strain of concrete 

Es = strain of reinforcement on least stressed edge 

kud = the depth of neutral axis at the instant concrete is crushed. 

d = effective depth of the section. 

Baker recommended €u = 0.001, (Eu - €s) = 0.001 and 

ty = das safe limiting values to be used in design which is based on 

results obtained from tests of statically indeterminate members. 

A. L. L. Baker and C. W. Yu demonstrated for rectangular 

frame structures that further simplification could be achieved and simple 

design formulas may also evolve (5, 6, 7, 57). A. L. L. Baker (1956 (20)) 

also suggested that hinges may conveniently be assumed at the intersections 

of beams and columns and he also has shown how graphs can be plotted 

to give © values directly with respect to stiffness ratio between beams 

and columns. The method proposed by A. L. L. Baker is a very lengthy 

process and C. W. Yu (1954 (56, 57)) developed a "Block Relaxations" 

procedure that converges more rapidly.



The actual development of plasticity in the hinge 

sections as established by C. W. Yu was verified experimentally and 

generalized analytically by Chan (1954/55 (17, 18)). Referring to 

Equ. (4) it is evident that the length of yield is a function of 

1) The moment - strain curve of the section. 

2) The shape of the bending - moment diagram due to external load. 

If the length of yield (¢p) is determined from the 

above relationship, then Gis represented by the shaded area of the 

curve as shown in fig. (].3.c). Chan showed that the ultimate strain 

of the concrete could be controlled by placing an appropriate quantity 

of binders at the hinge section to increase the critical shaded area 

in:fig. (1.3.c) 
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It has been shown that the concrete strain can be 

safely increased to as much as 0.01 when suitable binders are added. 

With this high strain it is possible to accommodate all practical and 

economical modes of moment distribution in a redundant structure. 

However cracks and deflections under working load conditions may often 

limit the permissible strains. This analysis is very doubtful, especially 

in a rigidly jointed structure where the sudden increase of rigidity near 

the junction causes a very complex distribution of localized stresses. 

L.H.N. Lee (1955, (43)) suggested that, by assuming a 

stress - strain curve in concrete compression, a relationship could be 

established between moment and curvature which could be used as follows: 

By differentiating the general equation of equilibrium. 
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where 

fc = strain in concrete 

@s = tensile strain in steel 

@c = compressive strain in concrete corresponding fc 

By measuring ©c and &s from beam tests a curve for fc can be traced 

with respect to eo. Strain - stress relationship could be approximated 

by fc = He, - Bets where H and B are constant and equal to (2 a 
cm 

and ty respectively, fcm denotes the maximum compressive stress in 
fom : 

concrete, and fom its corresponding strain. The horizontal force 

equilibrium can be written 

H BXkd 
ke (4 aE — pes Cl =k) (7) 

The moment of resistance can be expressed as 

Mr = peer(s (3 =k): yp ka (4 K)| (8) 

where k = depth of neutral axis 

Aes curvature.
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The relationship between X and M can be derived from Equ. (7) and (8). 

Then the distribution of moment due to plasticity for fixed-end beams, 

continuous beam and other simple structures can be determined in the 

conventional manner. 

G. C. Ernst (1955 (32)) restated moment area theorems to 

include the behaviour of structures in inelastic range. Accordingly, a 

unit rotation diagram is used instead of the conventional M/EI diagram 

for the elastic case (fig. 1.4.) 

if ile 

ie B a ] D 

  

fig. (1.4.) 

For the equilibrium of forces 

pf, = k toe (9) 

and for linear strain disbribution 

Jeon 2 ice 
Er (1) 

The unit rotations at any section = ¢ = (e&, + e,)/d where d is the 

effective depth. From Equ. (9) and equ. (10) 

Die Coupee = 0s lay (11) 
pfs 

where, ©e = Unit rotation at yield stage 

Su = Unit rotation at Ultimate stage 

p = Percentage of steel 

fi = Stress in steel
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fav = Average concrete stress 

k = Ratio of depth of neutral axis to the effective depth of 

beam 

e, = Strain of concrete at extreme fibre 

e, = Strain of steel. 

Evidently do and du can be determined by substituting the 

appropriate values of Oo cece eee etc., in equation (11) and the magnit- 

udes of all the plastic rotations can be determined, 

G. C. Ernsk (1957) conducted a series of experiments to 

investigate the amount of plastic rotation in simulated beam and 

column connections for both slow and fast loading. The primary object 

of the tests was the study of plastic deformation available at failure. 

The principal conclusion derived was that the amount of plastic rotation 

increases with decreasing steel percentage confirming Baker's earlier 

finding that primary crushing of the concrete gave very little redist- 

ribution. 

R. Gartner (1957 (34) recommended a more rigorous method 

of estimating © values obtained by Baker's method. In the light of 

Chan's finding he also assumed that the length of plastic yield is a 

function of the external bending moment diagram (p = pte He 

defined a steel hinge as one in which the concrete commenced to yield Fj 

before the steel. The former ©-= Esbyc - ku)d while for the latter 

S= tulsa. For a section reinforced with particular percentage of 

steel maximum elastic moment (M;) and Maximum plastic moment (Mp) 

evaluated by using the appropriate ku and e values (fig 1.1.) and hence 

the © values can be checked. This evidently is a compromise between 

Baker's and Chan's method. 

W. T. Marshall (1957, (44)) introduced a formula to 

evaluate Oinvolving the elastic and plastic moment of section. He
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where 

Ay = Moment of the area of the free bending moment diagram 

about support B 

E = Modulus of concrete, assumed equa] to 1/,,timesthe modulus 

elasticity of steel. 

Mp = Plastic moment assigned to the hinge section. 

¢ = The length of fixed end beam. 

Me = Elastic moment 

I = Moment of inertia of transformed section. 

According to the formula the elastic distribution of moment must be known 

first before © values can be assessed. 

A. M. Mattock (1959 (45)) conducted two series of tests 

on two span continuous beams designed by an arbitrary redistribution 

method. He reported that, redistribution of design bending moments for 

reinforced concrete continuous beam by amounts up to 25% does not appear 

to affect adversely the performance of the beam either in the working- 

load range or at failure. Cracking and deflections of beams with 

redistributed design bending moments were nok more severe than thet of beams 

designed for the same load, but using distribution of bending moments 

predicted by elastic theory. The factor of safety against failure of 

reinforced concrete continuous beams is unaffected by redistribution of 

the design bending moments. 

In the early 1960's Commission XI of the European 

Concrete Committee (C. E. B.) under Prof. A. L. L. Baker's chairmanship 

initiated and co-ordinated a fairly comprehensive experimental programme 

that was conducted at various research establishments in a number of 

countries. On the basis of this work Baker suggested that (25, 26)
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where tp = aoe d 
z 

Expression (13) was recommended in the report on "Ultimate Design of 

Reinforced Concrete Structures", published by Institution of Civil 

Engineers (1962, (52)) 

& = ( Eu - Ece)_[, (tension occur at 
Rud critical section) (14a) 

p= (Eou - Eco) f, (no tension) 
d 

where Ece = 0.002 

Ecu = 0.0035 (unbound concrete) 

Ecu = 0.012 (well bound concrete) 

] 
bp a kkk, Co q d 

kp = (14 0.5p5) 

Pu = ultimate capacity of the member for axial load when 

no bending moments act. 

P = ultimate axial load for the member (allowing for the 

bending moment when present. ) 

k, = 0.7 (mild steel) ; k, = 0.9 (cold worked steel) 

k, = 0.6 when €., = 41.1 N/mm k, = 0.9 when€Cu = 13.8 N/mm 

After two years Baker and Amarakone (1964 (13)) suggested 

the expression which gives a precise value for €cu,then the expression 

(14) becomes: 

Dp = poe x 0.8k,k, (2) (15) 

Where 0.7<k,<0.9 steel parameter 

0.6 <Cs 0.9 concrete parameter 

k, = (i+ 0.5 pr) Axial forces paramter
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Amarakone in 1966 (14) gives a new expression for 

permissible rotation in his research report which is derived from 

expression (15). He proposed that; 

k,k, = 0.5 

Zz = z =6 

lhe - er - a = 0.8k,K,5 = 0.8 x 0.5 x 6 = 2.4 

then, 

Sp = 0.8 ( Ec - Ec, )k, ks () 
4 

@p=2.4( Ee - &,) (16) 

A. H. Mattock (1964 (33)pp. 143 - 183) tested thirty-seven 

beams involving the following variables; concrete strength, depth of 

beam, distance from point of maximum moment to point of zero moment, 

and amount, and yield point of reinforcement. He proposed a method 

whereby the rotational capacity of hinging region in a reinforced 

concrete beam may be calculated. 

Inelastic rotation = Ou = ( pm - by Mu/My) (17a) 

Diu _ a cc. mada S214 (1.14 F-1)] 1- G2 (17b) 

where, Qu = Yu a 3 Sy= Vy ee 

VuVy being the curvatures at ultimate and at yield 

tu = Total inelastic rotation at ultimate, occuring between the 

section of maximum moment and an adjacent section of zero moment. 

©u = Inelastic rotation at ultimate, occuring within a length d/2 to 

one side of the section of maximum moment. 

tension reinforcement index = P fy/f. 2 

" 

q! = Compression reinforcement index = p' fy/fc
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qb = tension reinforcement for balanced ultimate strength condition 

Pbfy/fc’ 

Mu = ultimate moment resistance 

My = Moment at yield of tension reinforcement. 

A ’ to ‘ : = : s As 
p.p = tension, compression steel ratio respectively “bde cba 

fy,fy = yield point stress of Compression and tension, reinforcement 

respectively, and 

Ecu = 0.003 + o8   (17c) 

W. G. Corleys (1966 (30)) revised Mattock's original 

expression (Equ. 17a,b) in 1966. He conducted a test series of 

forty simply supported beams loaded at mid span at Portland Cement 

association (P.C.A.). He presented a new equation by changing Equ. (17c) 
" Zz 

into €u=0.003+0.02 2 + (5%) (18a) 

and total rotation $ occuring in length d/2 is given by the expression 

d = aE S He also revised the equation (17b) which was found by 
1 

Mattock to give a relation between the ratio Otu/-€u and the degree 

of reinforcement (q - q! Va, 

Stu a 0.4 2 
vou 'tvie a (18) 

This equation represents a family of curves that define the spread of 

yielding as a function of the geometry of the member. 

F. N, Panell etal (1966 (48)) proposed a new expression 

from their test results: 

Qin = — + 0.0085 - 0.54, forq <0.17 (19a) 
we 

O im = art 50.17 (19b) 

where qu = Sty = SASIY = 0.833 q 3 Cu= 1.2 fe



Cu 

q 

qu 

" Compressive strength 

pfy/fc’ 

pfy/fcu 

fc' = Compressive strength 

- 16- 

E. F. Burnett (1969 (29)) analysed the results which 

were obtained by Amarakone, Baker and Amarakone, Corley, Mattock and 

Panell etal. 

2 

He drew fig (1.5) and gave the following comments: 

For non dimensionalized moment shear ratios (m/Vd or Z/d) of more 

than 3.0, at least two expressions those of Amarakone and Corley. 
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fig. (1.5.) 

Influence of Amount of tension Reinforcement
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provide comparable values for Cin. 

2° Neither the volumetric proportion of lateral reinforcement, nor 

the spacing of ties has a significant influence on® im. 

3° On the basis of fig (1.5) it would appear that in a quantitakwe 

sense, Mattock's expression is either unacceptable or other 

expressions are extremely conservative. 

4° For z/d > 3 all indicate that the inelastic rotation capacity 

is almost independant of the moment, shear force ratio. 

5° For z/d <3, it would appear that both Mattock's and Corley's 

result conflict with those of Baker and Amarakone as well as 

Chan and Bakers early theoretical expression. 

The expression for values of z/d <2.7 is therefore 

questionable, the diversity of these trends is indicative of the 

complications introduced by non-flexural effects such as shear and 

strut or arch action. 

Cranston and Reynolds (1970) come to the conclusion, 

on the basis of their tests, that shear force has only a marginal 

influence on rotation capacity provided members were designed in 

accordance with the latest British code (CP 110) for structural 

concrete, and they also proposed new expressions for ey 

Ec = KcNuw 5 Es-or tye 28h — (20) 
2250¥me Sag 

The European Concrete Committee accepted limit state design in 1970 

and also its relationship to the classical permissible working stress 

approach which is still likely to be found useful. In this concept, 

consideration is given to safety and serviceability at all stages of 

structural behaviour. Normally three limit states are considered; 

the limit state of ultimate strength, the serviceability limit state 

of deflections and cracking under service loads. The chance of reaching 

the limit state of ultimate strength is made very remote and much
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smaller than the chance of reaching the serviceability limit state of 

cracking. The aim in limit design is to ensure that the chance of each 

limit state being reached is substantially constant for all members in 

a structure and is appropriate to that limit state and consequently 

there is an adequate degree of safety against the structure becoming 

unfit for use. 

In 1972 the structural use of Concrete (CP 110) was 

published by British Standard Institution which accepted limit state 

design, two partial safety factors and a new development to redistrib- 

ution design. Two safety factors were introduced instead of one overall 

factor; enabling the uncertainties in assesing the loads and their 

influence on the structure to be considered separately in design from 

the uncertainties associated with the performance of the constructional 

materials. A detailed method of calculation for cracking and deflection 

was also given in CP 110. Limit state design is very easy to apply 

with the design: chats given in (CP 110. part 2). 

Experimental investigations of the flexural rigidity of 

T beams for frame conducted by C.S. Krishnamoorthy, and C. W. Yu, 

(1973). The moment curvature relationships for various sections and 

the distribution of flexural rigidity (EI) along the beam discussed 

equivalent EI value for T beams to be used in limit design of reinforced 

concrete frames are expressed in terms of critical section properties.’ 

  

— Mux: ~ Mu, (d = x:) EI = ee, = 3, (21) 

where Mu, = Moment of resistance at limit L, 

x = depth of neutral axis 

x, = depth of neutral axis at limit L, 

Ec, = strain at concrete at Limit L, , limiting value = 0.002 

Es, = strain at steel at Limit L



- 19 - 

1.3.2. DEVELOPMENT ON OPTIMUM DESIGN 

The optimum redistribution principle proposed by Valeriu 

Petcu (1961 (49)) using the factor of optimum redistribution. The idea 

of deriving such solutions in a simpler way has also been advanced by 

M. Z. Cohn (1962 (31)) using the concept of yield safety instead of 

redistribution factor. Early developments of the equilibrium methods 

were given by M. Z. Cohn (1965 (21)) along with the classification of 

limit design methods and full redistribution design (F.R.D.) and limited 

redistribution (L.R.D.) Solutions for continuous beams. A simple 

approach to the compatibility of such solutions was suggested also by 

M. Z. Cohn (1964 (33)). The effect of loading history and code 

definitions were studied in 1967 (22). 

Apparently the first paper on optimal design of reinforced 

concrete beams and frames is due to Massonet and Save (1963 (45)). 

Initial attempts to cast the design problem as a set of linear equations 

and inequalities within the framework of the equilibrium (serviceability) 

methods (1965 (21)) resulted in mathematical programming formulations by 

M. Z. Cohn (1968 (23). Cost, potential energy, material consumption 

were some merit functions adopted by Massonet and Save (1963 (45)), and 

by Kalisky (1965 (40)). The linearized merit function (single step 

variation of member resistances) adopted by M. Z. Cohn Etal (1970 (25)). 

Solutions by the kinematic approach were first given in (23). Computing 

techniques were developed by Grierson and eombiwakions of (OLD) with 

(F.R.D.) and ultimate strength design (U.S.D.) solutions were studied 

in (1970 (25)). An extensive investigation on the application of 

equilibrium methods to continuous beams by M. Z. Cohn and Grierson 

(1968 (24)) extends previous results in (1965 (21)) clarifies the factor 

affecting optimal solutions and examines the relationship between OLD 

and FRD solutions. The kinematic approach was generalized in (1972 (47))



aie 

to allow for all major design criteria; including both elastic and 

plastic compatibility. 

A procedure that avoids the difficulties of determining 

the complete set of active constraints in the kinematic approach by 

iteratively identifying the component constraints in the set is due to 

Ishikawa and Grierson (1972 (39)). The role of compatibility condition 

in limit design is still under discussion. An attempt to include it in 

design process under assumption somewhat similar to (1970 (36)) is 

presented by Munro, Krishnamoorthy and Yu (1972 (47)). Talwar and 

Cohn (1972 (55)) demonstrates that the plastic compatibility criterion 

is not a critical consideration for braced frames in current multi- 

storey buildings, and therefore it need not be included in the initial 

phase of the design. 

More recently the techniques of mathematical programming 

have successfully been applied in investigating optimal solutions for 

continuous prestressed concrete structures, and including probabilistic 

considerations in single and multi-stage optimal designs (1972 (27)). 

Some possible code formulations and practical recommendations allowing 

for inelastic effects in structural concrete were suggested in (1970 (29)) 

by M. Z. Cohn Etal. Further efforts are required in order to give 

structural concrete designers full benefit of existing knowledge in 

optimal limit design.



CHAPTER 2. 

A.L.L. BAKER METHOD
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2.1. INTRODUCTION 

The limit design problem of reinforced concrete 

structure involves the derivation of design plastic moments for all its 

critical sections when the ultimate load js known. Plastic 

moments will be correct if they satwfy the basic condition of 

a) Limit equilibrium 

b) Rotation compatibility 

c) Serviceability 

Limit equilibrium and rotation compatibility assure the actual 

occurrence of the mechanism and therefore represent the necessary and 

sufficient conditions for plastic collapse of reinforced concrete 

structures. Limit design methods may be divided into two broad 

classes. Methods of the first class are based on limit equilibrium 

and compatibility considerations with the serviceability conditions 

to be investigated separately. These are called compatibility inethods 

(A.L.L. Baker, Y. Guxon, G. Macchi). 

Methods of the second class are essentially based on 

limit equilibrium with serviceability conditions and competibality 

conditions being dealt with independently. These will be called 

serviceability or optimum limit design methods. 

The process of deriving a design solution requires 

certain basic assumptions and a set of design criteria. Basic 

assumptions define a) the loading pattern, b) the ultimate load and 

Joading history, c) plastic moment design d) the idealized behaviour 

of materials. Design criteria define a) limit criteria (nature of 

ultimate conditions; configuration of structure at ultimate stage 

and specific ultimate requirements), b) serviceability criteria. 

In this chapter the most popular compatibility method 

which may be called the A.L.L. Baker Method is explained and examples 

on beam and frame design are also given.
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2.2 FACTOR OF SAFETY. 

"Load-factor" has been introduced to get over the 

difficulty which occurs when the load-stress relationship is not 

linear and is defined as the ratio of the ultimate load to the work- 

ing load. It thus has a different value from the “stress factor of 

safety". A suitable factor of safety can be determined for structures 

having redundant members or for structures subjected to buckling forces 

by a process of judgement in which the influence of various factors 

on the probability of failure is considered. Basic values of the 

global factor ¥ equal to (Vy =F 13y) 2 for failure due to the concrete 

and 1.6 for failure due to steel may be assumed and adjusted to K8y5 

the value of "K" being obtained by estimating appropriate values for 

adjustment factors as given in Table 2.1. The values selected for the 

"weights" of the adjustment factors should be between a minimum unity 

and the maximum values given. Variations in the strengths of concrete 

  

  

See Description 
¥, 5 Consequence of failure serious (human or 

economic) 

3, 1 High-grade quality-control 

8, 2 Medium-grade quality-control 

3, 2.5 No-warning of failure 

3; 3 No-transfer of load to stronger parts 

% 2 Medium-grade maintenance 

oF 2 No load control 

35 5 Support conditions uncertain 

8, Zz One simultaneous type of load           

Table 2.1 By values by “weighted" factors. 
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and steel can be fully taken into account in determining values for 

the characteristic strengths so that the value of ¥_ can be unity for m 

both materials and that the values of g, and 3K should be 2, unless a 

reduction can be justified by estimating the weights for influential 

factor and applying the expression of 

SF = =Estimated weights 1025 

32 

The value of ¥, for concrete or steel should be between 1.25 and 

2.0 according to Table 2.2 in regard to safety. The full value of 

weighting factor must be used unless conditions are entirely favourable. 

  

Weighting factor 
Factor for most unfavour- 

able conditions 

  

Seriousness of results of failure 
(human or economic) 8 

Workmanship 4 

Loading conditions 4 

Importance of member in structure 4 

Warning of failure 3 

Loss of strength due to deterioration 1         

Table 2.2 Values of weight for different factors. 

The following factors must be considered when 

estimating the values of safety factors. 

1) Design strength = <= <k/yns 

2) The value of < must be reduced when necessary to allow for fatigue 

exceptional wear or corrosion. 

3. The value of Q must be micreaceds when necessary to allow for 

vibration or dynamic effects, unless special calculations are made. 

4) Additional stresses, when significant must be calculated and allowed
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for, such stresses may be due to 

a) the ultimate eccentricity of loads or thrusts 

b) the ultimate settlement of supports 

c) internal displacements due to temperature, shrinkage, creep 

and residual strains due to non-recovery of creep or cracking. 

5) The influence of age, temperature and biaxial or triaxial 

conditions of stress on the value of < for concrete must be 

considered. 

6) Compatibility of stress and deformation must be satisfied in 

addition to the requirements of equilibrium. 

2.3) THE IDEALIZED PLASTIC BEHAVIOUR OF MATERIALS 
  

One spanofa beam, loaded as shown in fig.2.la., 

may be considered under increasing load until failure commences by 

a hinging action at one or both supports. The behaviour thereafter 

depends upon the rotational capacity of the section. If the 

rotational capacity of the section is adequate as in a steel beam 

then deflections increase until a third hinge occurs at or near the 

middle of the span. If it is not adequate extensive crushing of the 

concrete occurs accompanied by considerable loss of strength of the 

hinging section and consequent failure of the beam. 

In order to calculate these rotations it is necessary 

to determine a suitable relationship between bending moment and 

curvature. It has been shown by A.L.L. Baker that a suitable 

relationship is the simple bilinear curve illustrated in fig 2.1d. 

The line OL, shows a linear relationship between bending moment and 

curvature dwhich can be defined as the reciprocal of the radius 

g= + - The equation of line OL, may be written ge KM and, in 

the simple theory of bending
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i ae aM ag epics Ht=t-¢ and Beet 5 fhe et = 

The line OL, implies a constant value for EI up to point Ly. The 

value of EI for the member in compatibility calculations with respect 

to the ultimate limit state at L, is assumed; 

ey =nd or Eq = M(i-m)d 

<c, oS 

From which it is seen that, the term EI has a new meaning which is 

based not just on the properties of the materials and dimensions of 

the section, but on the integrated curvature at a particular 

condition,EI, therefore depends on the stress in the concrete. 

2.3.1) RESISTANCE OF SECTION TO BENDING ONLY. 

Assumptions: 

1) The strain in the concrete and the steel is proportional to the 

distance from the neutral axis for all conditions. 

2) The distribution of compressive stress in the concrete may be 

assumed to be parabolic, rectangular parabolic or linear according 

to the selected condition. 

3) The tensile strength of concrete is zero. 

4) When reinforcement is extended sufficiently beyond a section to 

develop full bond strength, no slip takes place between the 

concrete and steel. The same strain is therefore developed in 

the reinforcement and in the surrounding concrete. 

5) The coefficients of thermal expansion for steel and concrete 

are equal for practical purposes. 

6) Stress due tc shrinkage of the concrete during setting and hard- 

ening are neglected except in special cases such as arches and 

long members.
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The section design for reinforced concrete frame- 

work is best carried out by a procedure of trial and adjustment with 

the aid of a suitable computation diagram which is given in A.L.L. 

Baker's book (1970). A practical method is to assume the dimensions 

of concrete sections and to check their resistance to bending and 

shear in terms of concrete strength or by reference to computation 

charts. 

It is easy to obtain a safe limiting value of the lever arm from the 

limiting values of strain. A safe value of the required area of 

tension reinforcement can then be found. 

Balanced sections have the limiting values of n, and n, and 1, and 

1, . When a section contains less tension reinforcement than the 

value required for a balanced section at 1, and 1,, it is said to be 

under-reinforced for bord When it contains tension reinforcement ee 

in excess of this value and which is stressed below the design values 

it is said to be over-reinforced. fig. (2.2) 
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The equations governing the preparation of computation charts such 

as those given in A.L.L. Baker's book (1970; fig 2.26 - 2.30 and 

fig. 2.33 - 2.48) are tabulated in table 2.3. for beam design and in 

table 2.4. for column design. 
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2) 

a) 

b) 

c) 

q) 

f) 

9) 

3) 

a) 

b) 

d) 

e) 

f) 

<oo = 

BEAM DESIGN BY THE USE OF COMPUTATION CHARTS. 

Specify value of <b* concrete stress 

Calculate M, from structure 

Assume b and d, 

M a Calculate bd? 3 

Find pS 

figes2.22\— 2. 25,) 

from graphs given by A.L.L' Baker's book (1970; 

Calculate Age from values of Act 

Alternatively try La/d, = 0.8 and find Ag from M,and < b* 

by using chart, If the resulting value of <b* is less than 

the specified value, the design is safe and the section is 

under-reinforced. Differing values of é. may be tried until 

the resulting value of <,b* is equal to the specified value. 

The same curves apply to "T" sections, but the 

limiting values of ds/d,, must be observed or compression steel 

used. 

COLUMN DESIGN BY THE USE OF COMPUTATION CHARTS 

Assume b and d, (or b and D) 

Specified b 

Calculate tt and —N— es Coe bd,<)* 

Fine p= Sa from charts given in A.L. Baker's book 

Find Ay from p 

  

The reference strength < a* should be substituted in ps? 

to give M, at 1, in the charts fig. 2.43. to fig. 2.46 which 

is published in A.L.L. Baker's book (1970) 

Values of EI for rectangular and "T" beams may be 

Obtained by using fig 2.52 (A.L.L. Baker's book 1970). By
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: 2 . <a 
reading off EI/bd,“4b corresponding to the values of Som 

obtained from fig 2.26 and 2.27 (A.L.L. Baker's book 1970). 

Permissible crack-widths due to bending should be 

limited top> 0.1 mm in corrosive working condition and to > 0.3 mm 

in well protected condition. 

2.4. DESIGN CRITERIA FOR FRAMEWORKS 

The theory of plastic hinges may be applied for many 

times statically indeterminate structures by establishing simple 

design formulae for a wide range of structures subject to both vertical 

and horizontal loads. The procedure is first to assume the location 

of plastic hinges and values of plastic moments which appear to 

provide the best distribution of ultimate bending moments. A trial 

and adjustment process is then followed until conditions which indicate 

a correct choice of hinge positions is obtained and under working 

load excessive strain and deflection is avoided. The method provides 

a means of establishing simple design formulae for ultimate wind and 

vertical load bending moments for building frames. 

2.4.1) SELECTION OF HINGE POSITION AND BENDING MOMENT VALUES. 

When a set of hinges to be chosen for the calculation 

of ultimate load and hinge rotation; it is best to assume these n 

hinges to be situated at the junctions of members. In an ordinary 

frame, the hinges would be assumed with the experience of elastic 

theory at places shown in fig 2.3. Hinges should be assumed to 

develop at sections at which maximum bending moments occur under elastic 

conditions and, to have plastic-bending moineaivalues which produce an 

economic moment distribution. The assumed positions, plastic bending 

moments and deformability values of hinges are satisfactory if:
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fig 2.3. 

1) The sum of rotations at each hinge due to loads and all plastic 

hinge moments is negative in value. 

2) Sections between the plastic hinges are within the elastic range. 

3) The value of the rotation at each hinge does not exceed an 

appropriate safe value for that hinge in order to avoid premature 

crushing of the concrete. 

4) At working load an elastic condition is obtained at all hinges and 

the strains are small enough to avoid wide cracks and large 

deflexions. 

2.4.2) ANALYSIS OF INELASTIC HYPERSTATICAL FRAMES 

The analysis of elastic hyperstatical frames may be 

carried out by the use of the Miuller-Breslau general elastic equations 

S10 +) XkSik = 0 

where ik = Hank ds and Xk is the kth redundant. If ina 

hyperstatic frame with n redundants are chosen n moments at the n hinge 

positions and the rest of frame stays elastic then; 

Sic +2% Sik +0; = 0 
when ® is the rotation at the imhinge. Strictly in a frame of n 

redundants n+l hinges should form for collapse. The Mo condition can



Spee hes 

be chosen to give the (n+1)th hinge. For example the beam with built- 

in ends shown in fig 2.4 has two redundants (three if axial force is 

taken into account). It may be made determinate by inserting plastic 

hinges at position 1 and 2. If the values of hinge moments are X, and 

X,, the bending moment diagram will be as shown in fig 2.4.b. The 

third plastic hinge value M3 forms at a distance x from the support. 

  

  

a 

(0) 

      

(b) 

  

mM ros 

+—____ %_____y. 

(<) 

fig 2.4. 

position as shown in fig (2.4c). Then 
M (e-x t M+ Mg = My where Mx is the 

free bending moment at point x. 

In deriving the general elastic equations for a 

frame n times statically indeterminate, n frictionless hinges are
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assumed to be inserted in the frame and n unknown equal and opposite 

bending moments X,......... Xn are assumed to act on members on either 

side of the hinges. For the elastic condition the rotation of each 

hinge due to external load and all unknown moments acting is zero. 

Hence for each of the hinges an equation is derived giving n equations 

from which the hinge rotation may be found. For example 

SION Set Xo din FH see see es 5 
$20 + XSa + Xa Sqq + ceeeeeee =0 

MiMk ds 
where Sik = EI » ds being a short increment of length 

along member of frame and Sok = fate ds 

In a frame n times statically indeterminate which has 

  

been loaded until n plastic hinges have formed; the rotations ©, oe 

are the sum of the rotations due to external loads and plastic moments 

acting at each hinge, so that the general elastic equations are 

modified to = Sin , WiSamr rig wettest =-& 
520 + Xb Xeon reece: = - 

from which values of @ and @ ........4. etc., may be determined, 

For economical design the cross-section of the concrete 

would be uniform throughout the beam and the resultant ultimate 

bending moment at mid-span equal to the bending moment at the support, 

so that the area of reinforcement at the support is slightly greater 

than at mid-span in order to avoid excessive rotation of the hinge. 

The required sign and safe value of © for each hinge 

can also generally be obtained with a few adjustments if the following 

rules are observed 

1) Adjust values of € in order of magnitude error starting with the 

largest which is generally the maximum value of €& 

2) Adjust values of @at each hinge by adjusting the assumed bending 

moment at that hinge, so causing the least disturbance to other 

hinge rotations.
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Repeat the process until all values of & are positive and sufficiently 

small. 

If the frame has several stories it is best to complete the 

adjustments one storey at a time starting from the top. 

The resultant bending moment of any section of the 

frame is obtained finally by superimposing the bending moments 

due to the external load and the adjusted values of the plastic 

hinge moment. That is the final value of X which is needed for 

bending moment diagrams of the structure.
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2.5. DESIGN EXAMPLES 

EXAMPLE 1. 

The dimensions of the beam considered, 

sections are given in fig 2.5 

and the assumed 
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If it is desired, for economy, to use a uniform section 

throughout most of the beam, a suitable distribution of bending moments 

would be resultant inside moments at mid-span equal to moments at the 

support. So that x = X= Me 
z 

Substituting in (1) and (2) respectively 2 
Me “geT Oi =3ET and 5 "4EI 

All values of @ are positive, the position of the hinges 

has therefore, been correctly chosen. If the rotations are too great, 

the assumed values of X> X, must be increased, so that when the 

ultimate load acts the moments at the supports are slightly greater than 

the moments at mid-span 
2 

Gk + Qk = 23.50. kn/m Mo =285.x 8" - 188 knn, 

Ec = 25 x 10° N/mmé 
Es = 200 x 10° N/nm® 
I concrete = 5458 x 10° mmé 

_ Me 188x10"x8x10> _ 
&HFET = Geesxl0°xo4saxtoe = 0-0027 

(for section chosen) 

Design strength of Materials: 

Concrete: <b = 23.5 N/mm 

Steel: 9 “a,= 410 N/mm™ " 

Ne 2 188x10 = 0.131 
bd,7<b* 300x450 x23.5 | 

from fig.(2.28)* (Given in A.L.L. Baker Books)* 

  

Shae SONIEE) a Pape 2100138) aon 0.078 

: EI Lo 
from fig(2.52)* bd2&b*  ~ 72 

bdS<b* = 300x450°x23.5 = 6423x10" 

EI = 72x6423x10" = 4624x10'" N.nm™ 

()* A.L.L. Baker Limit Design of Reinforced Concrete (1979)
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N= 0.192 then from fig(3.1)* p = 0.0162 y 

p= 0.0162 Dfrequired = 0.0027 

Then Design will be satisfactory 

p = Ast : Ast = p.bd, = 1053 mm 
1 

Ast provided:1257 nm? 4920 

EI design value = 5458x10°x25x10° = 136.45x10~ N-mm2 1 

EI calculated = 46.24x107 N-mm* 

then ElIprovided > Elcalculated 

(s) * A.L.L. Baker Limit Design of reinforced concrete (1970)



EXAMPLE 2. 

Frame design 

39: = 

The dimensions of the frame considered, and the assumed 

sections are given in fig (2.6) 
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fig. 2.6. Design Values 

Trial values of X 

X, = 280.0 kum 

X, = 320.0 kin 

X, = 120.0 kun 

X%, = 37.5 kum 

K. = 37.5 kn 

Vertical reactions on columns 

Left-hand external column: 

from fig 2-3 

Total load " 

623.9 kN 

400+260.0-2,310-0. 154%, + OX,+ 0.154%3+ 0.154X,, +:0.154X. 

400+260.0-2,31- 0.154(280,0) + 0.154(120 + 2 x 37.5)
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Left-hand internal column 

from fig 2.75 

400 +580 +23.140.279%, -0.125X, -0.154%, -0.279%, -0.154%,, Total load 

" 1003.1,+0.279(280.0) - 0.125(320.0) - 0.154(120.0) + 

375(-0.279 - 0.154) 

1006. SKN 

Right-hand internal column 

from fig 26 

Total load = 400.0+580.0+0-0.125X, +0.279X, -0.154%, +0. 125%, -0. 154%... 

1014. 6KN 

Right-hand external column 

from fig 2-46 

Total load = 40042604040 (X,)-0.154X, +0. 154%, +0%, +0. 154%, 

= 63.5KN 

Total vertical reaction = 623,9 + 1006,5 +1014,6 +635.0 = 3280KN 

Total vertical load acting = [e + (2%6.5) | 800+4x400 = 3280KN 

HORIZONTAL REACTIONS 

Left-hand external column 

- 30+0+0 - 0.2%, -0.2X,, - 0.2X,= -9.0KN = Total load 

Left-hand internal column 

total load = 0.2X, = 7,5KN 

Right-hand internal column 

total load = 0.2%. = 7,5KN 

Right-hand external column 

total load = 0.2X,= 24.0KN 

Total vertical reaction = -9.0 + 7,5 + 7,5 + 24 = 30KN 

Total applied load = 30KN
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Q) Assumed positions of hinges 
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©) Free bending mements and reaction due be verbical loads 
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3) Free bending moments an 

fig(2.7) 

Resultant final distribution of moments for first trial 

Moment at junction of left-hand external column 

Moment = -150.0+X,+X,+X; = -150+120+37,5+37,5 = 45,0 knn 

Check from horizontal reaction: 

Moment = -9x5 = -45,0 knm. 

Moment at junction of right-hand internal column 

Moment = 320-37,5 = 282,5 kn 

Max'span moment (approximate) in left-hand span: 

Moment = 422,0 - 3(2€0 +45) = 422 - 162,5 = 259,5 kum,
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Max span moment (approximate) incentral span: 

Moment = 640 - 3(320+242,50) = 358,75 knn. 

Max span moment (approximate) in right-hand span: 

  

  

  
  

    
  

Moment = 422. - 3(282,50+120) = 220,75 kwm. 

wll 
X= 

cL soisy Ltt sere ° les x te Jos 

a) moments and reaction due X, 

Xo=1 

Nit 
ye 
> 

° ce dy Mes 
b) moments and reaction due X, 

X32 
i alli 

Vy 

eft 

Tosy Loisy ost — 

c) moments and reaction due X, 

xz 

O27 oe 
nea id {t onstto.i2520-273 Fos 

d) moments and reaction due x
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Xs2| 

ots 0.154 dorsi 0.154 

e) moments and reaction due X,- 

fig 2.8 Moments and reactions due X, , X»» Xoonke 

Sections to be designed at limit (, ESE Ons “ehibe cesigned et timit (, 

Beam sections: 

X, moment = 280.0 ksm 

X,moment = 320.0 knm 

120.0 knm X3 moment 

Column sections: 

X,and X,Moment = 37,5 kam = 1 101 4,60KN 

Sections to be designed at limit L, 

Left-hand external column: 

1 Bending moment = 120,0knm N = 63,5 ky 

Right-hand external column: 

Bending moment = 45 kym N = 623,9 ket 

External spans: 

Bending moment = 259,50 kym 

Internal span: 

Bending moment = 358,75 knm 

The first trial result of bending moment are drawn in fig 2.9
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Strength of Material to be used 

concrete for beams: 

Design strength: <b* = 23.5 N/mm* 

concrete for columns: 

< b* = 14.7 N/mm? 

Cold-worked reinforcement for beams 

Design strength: < ay = 410 N/mm” 

Mild steel reinforcement for column: 

Design strength: <a, = 210 N/mm” 

17.5 for beams Thus <a,*/b* 

<ay* abe 
14.0 for columns 

Design of sections at & and calculation of EI values 

Note: Design figures (i5)* are taken from A.L.L. Bakers Book (1970) 

Hinge X, 

M = 280.0knm d, = 450 mm b = 300 mm 

Ma é 4a,* 
baeb* = 0.192 then from fig(2.28)* Pope = 0.195 

therefore p = 0.011 

* fore = : EI z 
with eae = 0.195 from fig(2.52)* bas abe 7a = 43 

then EI = 28,20 x 10'” Nom? 

and with M,/bd,2¢ b* = 0192 from fig(2.29)* ny = 0.28 

Hinge Xz 

M = 320kyn dy = 450 mm b = 300 mm 

en « gai* 
Bydtab = 0.219 from fig(2.28)* Pour ='0.23 

therefore p = 0.013 

with p <u 32,10 x 10° Nm 
< b* 

and fig(2.29)* n, = 0.3 

0.23 from fig(2.52)* EI
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Hinge X3 

M = 120. kwm dy = 450 mm ov
 n 300 mm 

= 

  BF baap = 0-0806 

from fig(2.28)*  p%2%-= 0.076 and p on 0.0043 

from fig(2.52)* EI = 13,10 x 10'* Nmm? 

from fig(2.29)* no = 0.14 

Internal_columns: 

M = 3.75 kNm N = 101.46 KN b = 300 mm D = 300 mm 

No tension to be likely developed. 

Therefore <b* = 0.8 x 14.7 = 11.76 N/mm? 

N M 
bacoe = 1.0 3 pozzb* = 0.116 

and from fig(2.43)* pHa = 0.2 and ny = 1.025 

use fig(2.40)* which is corresponding chart for limit L,, with a 
corresponding ratio of characteristic strength values. 

  piaie—= 0.2 x LIS = 0.153 
Then a line joining the origin and the point the co-ordinates of which are: 

pea eM ai 
bD<, b¥ bD24b* 

* 

curve for p 43. = 0.153 at a value of n, = 1.08 

= i120) and = 0.116 intersects the 

At this intersection 

M, = 0.105 bD*<* = 0.105 x 300 x 3007 x 14.7 = 510 x 10°Nnm 
Myn,D _ 510x10*x 1.08x300 re a A ae ee eee nee eee ne eee, 

oom 0,002 = 8,25x10'~ Nm 
CG 

Design of sections at L, and calculation of EI values. 

External columns: 

M = 120 knm N = 63.5 KN b = 300 mm D = 300 mm (d,=250mm) 

<b* = 14.7 N/mm” 

=n : M S bd,eb = 0-563 5 hasgpe = 0-425 

and from fig(2.33)* p24 = 0.35
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To calculate the value of EI first adjust the 

  

* 

p Sag ratio for characteristic strength values thus 

<a 2 0,35 118 = 0.268 

Now following the procedure described in the foregoing 

ny = 0.65 M, = 1555 x 10° Nom 
a 

thus = EI = M my )di . LBSBx TOT X(0..35) 250 = 1360 x 10'° Nmm* 

s\ « 

External span: 

  

M = 259,50 knm b = 300 mm d, = 450 mn 

Maes pa tzh = 9-178 

: 4a * ia 

from fig(2.27)* p oe = 0.205 

from fig(2.25)* EI/bd > db = 45 therefore EI = 29,50x10'™ Nmm* 

Internal span: 

  

  

M,=358.75 kum b = 300 mn d,= 450 mm 

M : aye patape = 0-246 from fig(2.27)* p ara = 0.31 
: Bie 

from fig(2.52)* bd,2ab ~ 60 

therefore EI = 39,20 x 10'* Nnm% 

Values of EI for frame 

ag20xi0” aaioxt0” 1310x108 
20x10” % / 3qzuid” L ve 

2gi0K1g? 

B6oxle” 
ezend? baseli : 

13
60
 
x1

0"
 

fig.2.10 EI values for frame in N.mm>
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Values of Sik 

($01)M = -(0.0313+0.0531) } S 
(601)m = - 0.00875 | O1= 0.0313 - 0.0531 - 0.00575 = 0.09015 

) 

$02 = -0.1226 $13 = 3.83x10°? 524 = 4,15x10"° 

603 = -0.13165 §14 = 4.48x107? § 25 = -16.3x10°? 

504 = -0.00905 515 = 3.83x10"? § 31 rong 

$05 = 40.00735 Sa.= S12 $325 $23 

$11 = 16.0x107? 5 22 = 24.8x107? § 33 = 48.7x107? 

O12 = 4.15x10°® § 23 = 83x10? § 34 = 19.9x10> 

§ 35 = 11.65x10° $51 = $15 

Sa = 814 § 52 = 825 

$42 = S43 Nga 035 

$43 = $43 § 54 = S5q 

544 = 48.5x10°? $55 = 56.9x10°? 

045 = 19.9x1079 

General Comments regarding adjustment of values of -€ 
  

The values of & for the various hinges are shown 

in table 2.5. It is evident that for ©, 

the values of Xy and Xe must be reduced. However, if only the 

and ©: to be positive, 

values of X,, and Xe are adjusted, it is evident from the two 

internal junctions that the moment at 1, would exceed that at Ly 

at the same section. 

If X,, and X; are reduced to, say, 20 knm then 

according to the left-hand external span, the support section 

should be reinforced for a moment of 280 knm, at limit La 

(fig.2.11 a) but according to the right-hand external span should 

be reinforced for a moment of 320 - 20.0 = 300 knm. at limit L, 

(fig.2.11 b) and this is not possible. Hence the following adjustments
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are made to the values of the moments. 

AX,= 50 kam 

AX,= 20 km 
AX,= 17.5 kn m 

A Xs= 17.5 kam , 

The resultant values of € are given in table 2.5 second trial 

Checking Rotations: 

for design purposes it is sufficient to use fig(3.1)* 

The neutral-axis depth ratios at limit L, are as follows: 

section 1 n = 0.28 

section 2 n = 0.30 

section 3 n = 0.14 

section 4 n= 1.02 

section 5 n = 1.02 
  

On examining the rotations given in table A, it is 

evident that, the rotations at section 1, 2 and 3 are excessive. 

To reduce these values X > x, and X, must be increased. 

However as before X, and Xx, must be increased simultaneously and 

proportionately in order to avoid sections requiring higher values 

of Mat limit L, than at limit La. Therefore the following 

modifications are made 

AX, = +30 knm 

AX, = +20 kum 

AX; = +15 knm 

The corresponding ajustments to the rotations are 

given in table 2.5 c as well as in the final rotations:
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Using fig(3.1)* the final results are as tabulated 

in the following: 

  

  

Section | n, Sip © req. 

1 0.28 0.0120 |+0.0123 

2 0.30 0.0105 |+0.01098 

3 0.14 0.0190 |+0.01582 

4 1.02 0.0025 |-0.00037 
(without 
binders) 

5 1.02 0.0025 |+0.00646 
(without 
binders)             

Sections 1,2,3 and 4 are satisfactory; in the case of section 5 the 

provision of a small amount of binders will readily increase the 

Bp to required value. 

From table 2.5. the moments of various hinges are as 

follows: 

X = 280 + 50 + 30 = 360 knm 

= 320 + 20 + 20 = 360 knm 

120 +0+15 = 135 kum 

Xx 

X 

X 37.5 - 17.5 + 0 = 20 knm 

\ 

The final distribution is shown in fig (2.12) 

It is necessary to check the EI values to ensure that 

the values which have been used are approximately correct. 

  

  

Hinge Assumed Value| Used Value | Comparis on 
Section El El 

1 35.5 x 10 28.2 x 10 25% smaller 

2 35.5 x 10 32.1 x 10 10% smaller 

3 14.0 x 10 W351; x 10 7% smaller 

4,5 6.4 x 10 8.25 x 10 20% bigger            
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It was seen from result that EI values for columns 

are 20% larger. Because of large difference between the magnitudes 

of the beam and column moments the effect on the column rotation 

of a 20 per cent.
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CP 110 METHOD
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3.1. INTRODUCTION 

Structural design is largely controlled by regulations 

or codes but, even within such bounds, the designers must exercise 

judgement in their interpretation of the requirements, attempting 

to grasp the spirit of the requirements rather than to design to 

the minimum allowed by the letter of a clause. In the United Kingdom, 

the structural use of concrete is largely based on CP 110 (1972) 

which was prepared by a Code Drafting Committee of the B.S.I. 

In the code of practice (CP 110), certain changes in 

the procedure for designing reinforced concrete were made from CP 114, 

New developments on limit state theory and adoption of safety factors 

and international recommendations, which were published by the 

European Concrete Committee (C.£.B. June 1970), were also accepted 

by the Code Drafting Committee. 

In this chapter, limit state design methods, the 

concepts of partial safety factors, characteristic loads and strengths 

are considered and examples on beam and frame design are also given. 

3.2. GENERAL PRINCIPLES OF CP 110 METHOD 

Satisfactory design must ensure the achievement of an 

acceptable probability that the specified life of a structure is not 

curtailed prematurely due to the attainment of an unsatisfactory 

condition or limit state. For reinforced concrete structure the most 

critical limit state is often the ultimate limit state. 

According #0 the code of practice every limit state should 

be considered in the design so as to ensure an adequate degree of 

safety and serviceability. The usual approach will be to design on 

the basis of the most critical limit state and then to check that the 

remaining limit states will not be reached.
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3.2.1) LIMIT STATES 

Limit state design setsoutte achieve an acceptable 

probability that the structure which will not become unserviceable 

in its lifetime, The condition which causes a structure to become 

unserviceable is called a "limit state". The most important of 

these limit states are:- 

1) Ultimate limit state: The usual collapse limit states, collapse 

due to fire explosive, pressure, etc 

2) Serviceability limit states: Local damage and deflection, 

durability, vibration, fire resistance, fatigue and lightning. 

Limit state of collapse 

The strength of the structure should be sufficient to 

resist the design loads taking due account of the possibility of 

overturning or buckling. The collapse may be caused by elastic or 

plastic instability, including the effects of sway. The structure 

should be designed in such a way that the probability of any limit 

state being attained is substantially constant, for all component 

members or the structure as a whole. 

Limit state of impact resistance 

It is necessary to consider the effects of impact, 

explosions or earthquakes (inertia forces) on the structure when 

considering the structural collapse. The exceptional events to be 

considered can vary considerably and include accidental impacts and 

accidental explosions.
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Limit State of deflection 

Certain deformation limits must not be exceeded to 

ensure normal performance under working loads. The safety margins 

clearly need not be as great as for the ultimate state. The designer 

must ensure that deflections are not excessive to preserve the appearance 

of the structure and to ensure that damage to finishes or partitions 

does not occur. As a guide suitable empirical procedures are 

explained in CP 110. To undertake a full theoretical analysis for every 

section would be time-consuming as well as being unnecessary. 

Limit state of local damage 

Cracks are caused not only be flexure but by shrinkage 

and temperature effects as well. Cracks due to shrinkage and temp- 

erature effects are more variable than those caused by flexure. All 

cracks allow the entry of water which causes corrosion of the reinforcement. 

In aggressive environments the attack can be rapid. It may be necessary 

to take special steps to limit these effects. CP110 givesa reasonable 

limit for cracking in clause (2. 2, 3. 2.) 

Limit state of vibration 

Excessive vibration causes discomfort, alarm or actual 

damage, or interferes with the proper function of the structure. 

Acceptable limits to the level of vibration vary according to usage. 

It may be necessary to isolate the source of vibration. 

Limit state of fatigue 

The effects of fatigue should be considered if the 

imposed load on a structure, or part of a structure is predominantly 

cyclic in character. Particular attention should be given to the
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deflections which would occur under repetions of load, to ensure 

that these are within acceptable limits. 

CP 110 also gives rules to ensure adequate durability 

and fire resistance(clause 2.2.4.2 - 3) 

3.2.2) SAFETY FACTORS 

An acceptable probability that the structure will not 

reach an uitinate limit state throughout its specified life can only 

be provided by employing various partial safety factors for loads 

and strengths. 

Some details of partial factors of safety specified in CP 110 

and their application are set out in table 3.1. It will be seen 

from this table that two partial safety factors are involved for 

each limit state considered. The characteristic loads are multiplied 

by a partial safety factor Xf to obtain the design loads, thus 

enabling the bending moments and shearing forces to be obtained which 

the members must be designed to carry. Thus if the characteristic 

loads are multiplied by the value of Xf corresponding to the 

ultimate limit state, the moments and forces subsequently determined 

will represent those occuring at failure, and the section must be 

designed accordingly. Similarly, if the value of Xf corresponding 

to the limit state of serviceability is used, the moment and forces 

under service loads will be obtained. In a similar manner, 

characteristic strengths of materials used are divided by partial 

safety factors for materials (¥ m) to obtain appropriate design 

strengths for each material. Although serviceability limit state 

calculations, to ensure the avoidance of excessive cracking or 

deflection may be undertaken, and suitable procedures are outlined in 

CP 110; it would be too time-consuming, and unnecessary to undertake
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such a full analysis for every section. CP 110 specifies certain 

limits relating to bar spacing, slenderness, etc., and if these 

criteria are met, more detailed calculations are unnecessary. 

Since, apart from the partial factor of safety for 

(dead + imposed + wind) load, all the partial safety factors relating 

to the serviceability limit state are equal to unity, the calculation 

of bending moments and shearing forces by using unfactored dead and 

imposed laods, as undertaken with modular-ratio and load factor 

design, may conveniently be thought of as an analysis under service 

loading, using limiting permissible service stresses that have been 

determined by applying overall safety factors to the materials strengths. 

3.2.3) BENDING MOMENT AND FORCES FOR BEAMS 

By considering the actual conditions at collapse, the 

distribution of moments throughout the structure and the moment of 

resistance of each section can be predicted. The structure must be 

designed so as not to collapse. The design resistance to bending 

shear, torsion and axial load at every section should not be less 

than the maximum at that section produced by the most severe arrange- 

ment of design loads on the structure. The values of the bending 

moments at the support and in the span depend upon the incidence 

of imposed load, and for equal spans or spans approximately equal the 

dispositions of imposed load illustrated in table 3.2. give the maximum 

positive moment at midspan and maximum negative moment at a support. 

When undertaking limit state design according to CP 110, 

the spans carrying the maximum load to produce the critical condition 

at the section under consideration should support a total load of 

(1.4Gk + 1.6Qk), while the spans carrying the minimum load should 

support a load of only 1.0Gk overall spans and for imposed load of
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(0.4Gk + 1.6Qk) acting only on those spans that will cause the 

maximum moment to be induced at the section being considered. As 

required by CP 110, for maximum support moments the spans on each 

side of the support only, and for maximum span moment, the span under 

consideration and all alternate spans will be loaded. 

TABLE 3.2. Critical Loading 
  

incidence of imposed load 
  

To produce max. bending 

  

  

  
  

moment at span CD fame (Genet (een rl 
& & Ss & oS 
B ic D E F 

To produce max. negative ceyion ccc ie ae 
moment at support D 6 & B 75 f 

8 Cc D € &     
* According to CP110 loads on spans CD and DE only need be taken 

into account for the second loading condition. 

** For service - load design, consider a dead service load of 9 
and an imposed load dy 

KK For ultimate limit state design, consider a dead load of &, and 
and an "imposed ultimate load" of (0.46, + 1.6Q,) 

  

Table 3.2. Critical loading 

3.2.4) CP_110 REQUIREMENTS FOR FRAMED STRUCTURE 

It is unnecessary to carry out a full structural 

analysis of the entire frame as a single unit. Each floor may be 

considered as a separate sub-frame formed from the beams at that 

floor level together with the columns above and below, these columns 

being assumed to be fully fixed in position and direction at their 

further ends. 

dead load of 1.0Gk and variable load of 0.4Gk + 1.6Qk. 

The loading condition can be adopted by choosing a 

The individual 

beam may be considered separately by analysing a sub-frame consisting 

of the beam concerned together with the upper and lower columns and 
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adjacent beams at each end. These beams and columns are assumed 

to be fixed at their further ends and the stiffness of two outer 

beams is taken to be only one-half of their true values. The 

sub-frame should be then analysed for the combination of loading 

previously described. 

If the frame also provides lateral stability the 

following two-stage method of analysis is recommended by CP 110, 

unless the columns provided are slender. Firstly, each floor is 

considered as a separate sub-frame formed from the beams comprising 

that floor together with columns above and below these columns 

being assumed to be fixed at their further ends. Each sub-frame 

is subjected to a single vertical ultimate loading of 1.2(Gk + Qk) 

acting on all beams, simultaneously with no lateral load applied. 

Next, the complete structural frame should be analysed as a single 

structure when subjected to a separate ultimate lateral wind load 

of 1.2Wk only. In certain cases, the combination of dead and wind 

load should also be considered when lateral loading occurs. The 

code handbook suggests that this is only necessary where it is 

possible that the sleuckre may overturn as for buildings that are 

tall and narrow or cantilevered. 

3.2.5) DESIGN OF THE BEAM SECTION 

After drawing the bending moment envelope for the 

ultimate limit state the section properties, namely breadth, depth 

and quantity of steel reinforcement have to be determined. CP 110 

gives formulae and graphs from which beam and column sections may 

be designed. The values obtained by design graphs will be more 

accurate than by the simple method, since the parabolic stress 

distribution in the concrete has been used, and the stress in the
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compression reinforcement is aE These graphs were 

developed from the relationship of M/bd* and »x/d to 
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b) Doubly Rentrees Beam 

Rigess2. 

To use the graphs it is necessary 

1) Estimate (b) and (d) to determine M/bd? 

2) Choose fcu, fy and d'/d and find the graph from CP 110 part II. 

3) Read the total area of tension steel 100As/bd from the graph 

which depends on choice of 100As'/bd. 

4) For (T) and (L) beam check that x<h¢
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3.3) REDISTRIBUTION OF MOMENTS 

An extension of the elastic analysis method which is 

permitted by CP 110 is the "Redistribution Method". It is 

permissible to redistribute the elastic bending moments provided 

certain conditions are satisfied. The arbitrary reduction of the 

elastic bending moments at the supports, initially calculated using 

the elastic theory leads to a reduction in the congestion of 

reinforcement at the support sections; this in turn makes better 

compaction of the concrete possible and enables detailing of 

reinforcement to be simplified. 

Redistribution usually means "Reduction", so if 

the calculated elastic moments at the support are reduced by 

10% - 30%, then this means providing a resistance moment at that 

position which will be capable of resisting less than the total 

elastic moment it can get. So at this position the member will 

become plastic and yield with resultant rotations. After 

reduction at the support, the other values of the bending moment 

diagram will be re-established according to the new support moments. 

If we consider the behaviour of a beam which has 

fixed ends carrying a total uniformly distributed load W at the 

ultimate state. (fig.3.3) 

It should be noted from the elastic analysis of the 

bending moment diagram that the total depth of the bending moment 

diagram is ah and that the bending moment at the support is exactly 

twice the bending moment at the centre of the span. As we know the 

design would be better if the bending moment at the support and at 

the centre were more nearly equal. This is permitted and the effect 

of 30% redistribution is shown at fig(3.3.b) The support moment now 

becomes 0.7L and moment at the centre of span becomes ey - oe
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Fig 3.3. 

The percentage by which a moment is reduced from the 

elastic value is a measure of the rotation of the hinge. When the 

elastic bending moments eutelee the points of contraflexure in the 

member change position fig(3.3.c). If the bending moment diagram 

after redistribution is used to curtail bars, there would be a 

sagging moment in length X in the elastic stage, at the service- 

ability limit state length © is a hogging moment. The design of the 

section must cover both eventualities. Ultimate load conditions 

require no reinforcement in this region and very wide cracks would 

develop here. Supplying reinforcement to carry at least 70% of the 

maximum elastic moment means that the structural response will 

remain roughly elastic at loads equal to or less than 70% of the 

total ultimate load. The loading corresponding to the service- 

ability limit state is always less than this and thus the possibility
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of wide cracking is ruled out. 

Earlier it was stated that if we make some reduction 

in moment at a section we will get rotation and the section design 

must cater for this. The amount of rotation which any section can 

undergo depends on how under-reinforced it is. If the reinforcement 

reaches its yield stress at the same time as the concrete reaches 

its ultimate strain, little rotation can take place. If the rein- 

forcement reaches it yield stress long before the concrete fails, 

then considerable rotation can take place. The depth of neutral 

axis at failure gives a reasonable estimate of the rotation capacity. 

With a large neutral axis depth, the concrete will fail before the 

reinforcement yields, whereas with a small neutral axis depth, the 

reinforcement yields first. The code states that where the resistance 

moment at a section is reduced the neutral axis depth Xx, should not 

be greater than 

x = (0.6 - Bred)d 

where Pred is the ratio of the reduction in resistance moment to 

the numerically largest moment given anywhere by the elastic maximum 

moment diagram for that particular member, covering all appropriate 

combinations of loads. 

The condition concerning the neutral axis depth will 

rule out the possibility of reduction in moments in a column unless 

the axial load is very small. The plasticity occurs ina beam rather 

than in the column. From that reason we have the singular position 

in frame structures that if we redistribute the beam moments at the 

junction with a column we can not adjust the column moments and in 

consequence we shall not get balance of moment at the junction. Where 

structural frames provides stability for a building, we are restricted 

to a 10% reduction in moments if the frame is more than four storeys 

in height.
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EXAMPLE 1: DESIGN OF THREE SPAN BEAM USING CP 110 METHOD 
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Loadings: 

Dead Load (G,) = 20.0 kw/m 

Imposed Load (Q) = 3.75 kn/m 

Variable Load ==0.4 Go 1.60, = 8.0 + 6.0 = 14.0 knm 

Total Load = 34.0 kN/m 

Material Properties: 

Concrete: Characteristic strength = (fa) = 20) N/mm 

Reinforcement: Characteristic strength = (f,) = 410 N/a? 
y 

Section of the beam chosen 

120 mm 

  

      

      
-HOQOmm4 

0.7 x 8000 
en 300 Effective flangebreadth= ~ x 0.7L +b = 

= 1420 mm 

d = 500 - 25 - 10 - 15 = 450 m 

Elastic Design of the Beam 

Structural analysis of the beam is done by use of a 

computer programme for different loading conditions and the results are
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tabulated on table (3.3), a graph of the elastic and redistributed 

bending moment envelope (10% at midspan, 30% at support) is drawn on 

graph (3.1) 

BEAM DESIGN WITHOUT REDISTRIBUTION 

  

SPAN AB 

Mmax = Map = 193.0 kum (Load case 1) 

s 2 in = 25.0 N/mm 

d = 450 mm 

b = 1420 mm 

he 150) , 476 M, = 0.4 fyybhe (d - a= ) = 0.4 x 25 x 1420 x 150 (450- —5-) x 10 

= 798.75 kna 

Bi = 798.75 > 193.0 knm 

Oe Comp. zone 0.K. 

M 193.0 x 10° 
= —— = 0.671 

Bdt ~ “T420x 

CP 110; design Chart 2. 

* 0.19 x 1420 x 450 2 
100 As As. = = 1214 mm SS op maha 0.19 ——> TOO 

2 
As provided = As. = 1257 mm 4Y20 

by equating compressive force to tensile force 

= Asfy 
bzx0.4 ty = aie 

_ 1257 x 410 4 
gy Oa IX Ralstonee (roe 

9 = 6155 She = 150 mm. 

SPAN BC 
ag 6 

Mmax = 99.8ken; pur = -qgoO* 00 = 0.347 from design chart 2 

JOP AS = 0.10 5 As. = 639 mm?



Fee 

and use 3920 at mid span As prov = 981.7 mm = 3920 

Max. support Moment is at B in load case 3. 

Mg = 231.40 kam 

  

ne 
a See 3.80 3 From chart 2 (CP 110) 

TORS 24,36 5 Asi = 1:86 4 300X480 1956 mn? 
  

As provided = 1964 mm? = 4925 

BAR CURTAILMENT (C1.3.11.7.1) 

SPAN AB : if we curtail 4920 to 2920 

Max shear at A = 114.44 kn 
3 

flexural bond stress = fbs = stor = We ly00 = 2.02 N/mm 

Assuming deformed bars, type 2; allowable stress is = 2.8 x 1.2 = 3.36 N/mm 

So 2920 bars are satisfactory for local bond (2.02 < 3.36) 

Moment of resistance of beam with 4920 can be calculated by using Chart 2 

(cP 110) 

As = 1257 nm@ (4920) 

IOGRASMee 100 xu 257 eer OEM 
“pd =~ 1420 450 > pe = 

Mu = 201.28 kwa 

Moment resistance provided by two bars 

= 2. l00tAsH = Mu _ As = 628.3 mm” ; eee = 0.098 from chart 2 hae 0.35 

Mu = 100.64 knm. 

The theoretical curtailment point occurs where the maximum elastic 

bending moment is 100.64 knm. Examination of the elastic envelope 

shows this to occur at 1.05m from A and 2.2m from B. In both cases 

the curtailed bars must be continued beyond this point the absolute 

minimum continuation must be the greater of the effective depth, 0.45m, 

or twelve bar diameters, 12 x 20 mm = 0.24 m. Therefore the bars must



oe 

be continued to 1.05 - 0.45 = 0.60 m. from A and 2.20 - 0.45 = 1.75 m. 

from B. If, however, these points fall within tension zone further 

check must be made. 

These are: 

(1) The bending moment capacity of the continuing bars must be twice 

the maximum bending moment which can occur at that section. The 

bending moment capacity of the section with continuing bars is 

100.64 kum. Therefore, the four bars should continue to the point 

at which the maximum bending moment is 50.32 knm which occurs at 

0.45 from A and 1.60 m from B. This rule gives a longer extension thay 

that above and this position will be used unless one of the following 

checks gives a more economical result. 

(2) The shear capacity of the section with the continuing bars must be 

at least twice the maximum shear force where the bars are curtailed. 

Shear capacity is given by 

Ve = Wpbd + 0.87 fys Asud 

  

Su 

Joo As _ 100 x 628.3 _ 0.505 
bd 300 x 450 : 

from table 5 (CP 110) ve 0.50 

stirrups are 10mm at 270 mm pitch .*. Ase = 157 mn? 

vee 0.50 x 300 x 450 i 0.87 x 410 x 157 x 450 
com T0* 270 x 10% 

V.= 67.5 + 93.34 = 160.84 KN. Noa = #0uz ee 
Cc 

Max shear force at A " 114.44 kN. for load case 1 

Max shear force at B = 162.93 ky. for load case 3. 

for load case 1 shear force 80.42 occurs at 

114.44 42 = 1.00 m. from A. 

for load case):shear force 80.42 ky occurs at 

162.93 - 80.42 
3H-6 = 2.42.m. from B.



as 

This rule cannot improve economy because shear force increases 

towards the end of the bar. 

(3) The bar may be extended by a bond length beyond the theoretical 

curtailment point. 

bond length = O87 x HO x 70 = 0.72 m. 

bars to end at 1.05 - 0.72 = 0.33m from A. 

and at 2.20 - 0.72 = 1.48m from B. i 
The bending moment rule therefore gives the best answer 

i.e. 

Curtail bars marked II at a distance 0.45 from A and 1.60 from B 

in AB Span. 

From bending envelope extreme point of contraflexure is 1.20m 

from B and extend bars marked I Until the support centre. 

SPAN AB = HOGGING SIDE 

Curtail 4925 to 2925 

Moment resistance provided by two bars 

As = 982 mm@ WOOAs 100 x 982 _ 9 ayy 
bd 300 x 450 . 

.. from chart 2 MY = 2.25 

Mu = 137.7 kwm, 

Examination of the elastic envelope shows this will occur at a distance 

0.65 m from B. 12d = 12 x 25 <¢ 0.45 m. 

Then the bars must continue 0.65 + 0.45 = 1.10 m from B. 

(1) Apply bending moment rule. 

My = 68.85 knm will occur at 1.25 m from B. This rule gives a 

longer extension than the above, and this position will be checked 

by applying the other two rules.



(2) 

(3) 

(1) 

(2) 

75s 

Shear rule. 

Shear capacity is given by 

  

1 0.87 fy. Asud vo = vcbd + 7 

HODTAS Se 00kuge2 | 
“bd ~ 300x450 : . . from table 5 (CP 110) 
Uo 0557, st = 270, As = 157m for 10mm stirrups 

= 0.57 x 300 x 450 0.87 x 410 x 157 x 450 _ VooF 10? a SOIT? = 170.0 kn. 

3S = 85 kn. which will occur at 16295 285.0 = 2.29 m 
from B. which is not an economic result. 

Bond rule. 

bond length = O87 410 x 25 = =.0°902 mn. 

extend bars beyond the theoretical curtailment point 

0.65 + 0.90 = 1.55 m. 

Therefore bending moment rules give the best answer, and 

curtail bars marked 5 at a distance 1.25 m from B. 

Contraflexure point occur at 2.15 m from B and extend bars marked 

4 at a distance 2.15 + 0.45 = 2.60 m from B. 

If top tension steel is reduced to 2916 and compression concrete is 

ignored, lever arm Z= 450.50 = 400 mn. 
Mu = 402 _x 0.87 x 410 x 400 957.4 vin: 

Mu. = 
= 57.4 kwm occurs at 1.40 m from B. 

1.40 + 0.45 = 1.85 m < 2.60 m. 

Moment rule. 

Mu 7 = 28.7 knm occurs at 1.70 m from B. 

Shear criterion 

100 As _ 100 x 402 _ A DO ede een age Be eee. 5(CP 110)
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0.37_x 300 x 450 » 157 x 0.87 x 410 x 450 _ 
  Oc 0.37 then Wes 03 370 

Ve = 49.95 + 93.32 = 143.27 kn. 

Ve/2 = 71.61 kw occurs at 162:938 = 71-61 _ 5 67 m from B. 
34 

then stop 2925 at 2.60 m from B. 

Lap length for 2016 bars = 1.25 x 52.5 x 16 = 1050 mn 

Lap 916 1.05 m. 

SPAN BC - BOTTOM SIDE 

curtail 3620 to 2920 

As = 628.3 100 AS = 0.098 from chart 2 Mu : bd ; Byer 0.35 

Mu = 100.64 kam 

From the elastic envelope 100.64 will not occur on bending moment 

envelope, but max moment will occur at centre of span, which is equal to 

99.80 kNm. Therefore the bars must be continued to 4.0 - 0.45 = 3.65 m 

from B and C respectively. 

(1) Bending moment rule: 

Mw = 60.32 occur at 2.20 m from B. This rule gives a longer 

extension than above. 

(2) The shear rule: 

_ Ase + 0.87 fyu 
NG ee oe Ycbd 

JOO-AS = 0.505 from table 5 (CP 110) Wc = 0.50 

10 mm stirrups at 270 mm pitch .*. Asw = 157 mmm? 

V. = 160.84 kw. c 

V 
Ce 2 w= 80.42 

Vmax = 145.19 kN. (Load case 3) 

Ve 145.19 = 80.42 
Ae 80.42 occurs at a 3 = 1.90 m. from B.



  

a7 = 

(3) Bond rule: 

u OS87 x24 10Ex 20. + 
Bond length = aoe. 0.72 m 

bars will be stopped at 4.0 - 0.72 = 3.28 m from B. 

3.28 <3.65m and 3.65 not satisfactory, then curtail 3920 to 

2920 at 2.20 m from B. 

TOPSIDE - (HOGGING SIDE) 

Mu = 137.7 kn for 2925 as calculated before. 

Mu = 137.7 ktm occurs at 1.55 m from B. The bars must extend 0.45 m 

(0.45 > 12 x 0.025) from that point. Then bars must stop at 1.55 + 0.45 

= 2.0 m from B. 

(1). Apply bending moment rule. 

MY = 68.85 knm will not occur on diagram. ” 

(2) Apply shear rule. 

Vi 17.00 km as calculated for support B. 

Xs = 85.0 kn occur at 148.19 7 88.0 = 1.77 m from B. 

(3) Bond rule. 

« (0.872% 410 x25 
Bond length = —AaeOnc co 7 0.902 m. 

Curtail bars at 1.55 + 0.90 = 2.45 m from B. 

Then curtail 2925 at 2.20 m from B. 

|® 2.60 j2 220 Cc 
i 2. d1G-Mb3 fieey + | 

    

  

  

  
    

. 425 4 j 

| | 
3! \ : a N s y 3 5 

I % | | 2gze-mey 4 ledes-Hes 4 I 

j [T  zo@2s-mes a 

| © 2$25-Mky 

+ 2 | | 
ot - L its + as ei 

are] (1 ee ! 
2g20-MkI : : 

2$20~ Mee | aibseztlts: | 

20-4 

Curtail Diagram
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SHEAR 

Min. area of effective reinforcement is 2920 at support A 

TOOA, _ 100x628.3 
x 0.465 ; from table 5 Vc = 0.45 

Minimum area of Tinks: AS% = 0.0012 bt = 0.0612 x 300 = 0.36 mm@/nm 

Maximum spacing of links: 0.75 d = 0.75 x 450 = 337.5 mm 

Says sw = 275 mm then, Asu = Sw x An = 275 z 0.36 = 99.0 mmé 

Use @ (Asw = 10/mm? ) 

Shear stress resistance of links = gv O87 fy = oe x a x 

= 0.436 N/mm 

shear stress at which reinforcement needed is 0.436 + 0.45 = V 

& = 0,886 N/mm? 5 so V = wbd = 0.986 x 300 x 450 = 119,61 

SPAN AB. 

Max V = 16293 ks. 

i wee ee 1.27 trom B 

SPAN BC 

Max V = 145.19 kw 

ae 1AS.19 Segoe ols 0.75 m from B. 

SPAN AB 

162.83 x 10° 7 2 
é = 1.20 N/mm Max shear stress at B = 

2925 As. = 981.7mt OURS. = 0,727 

from table 5 Yc = 0.56 W— We = 120 - 0.56 = 0.64



iO 

Using 48 links Sw = Ase x 0.87fyu _ PARRA 
yuc ='187.6 

Su = 198 mm 

Use $8 at 196 mm pitch stirrups 

SPAN BC 
3 

Max.shear stress at B = an = 1.07 Nin 

Vc = 0.56 (same as above) 

V-Vce = 1.07 - 0.36 = 0.51 

  

  

Ra Astex0. 87 fy , lel arxeio hee ae 

$8 of 235 mm centres stirrups 

| | 23 0-75 lors 

| Elm fae 
am ae val 

ae 000m $ 000mm , 
t 

Serviceability limit state 

L _ 26 (basic) 
qd 
1OOAS| _ 1100x1259 _ 9 196 

bd 420x450 . 

fs = eB gee (Elastic) 

oe 0.58x910x1182  _ 223.62 N/mm? 

from table 10 multiplying factor = 1.67 

ae = 7 = 0.211 5 multiplying factor = 0.8



Minimum depth = ea ey = 230.3 mm 

CRACKING 

for fy = 410 and zero redistribution 

Max, distance between bars = 185 mm 

185 
Max cover = ee 92 mm (0.K.) 

Desian of Redistributed beams (30% at supports) 

SPAN AB 

Mmax = 197.0 kem 

6 M 197 x 10 2 
sy = SERIO 20.485 Fromichark2. Ais = 1257 nm? = 4920 
bd 1420x450 

Support B 

Max support moment = 162.0 kwm 

Xie a = 0.3 

6 M _ 162.0x10 100As 
eo = 2.55 From chart 2 ie 0.82 

bd@ 300x450" 

As’ = 1107 mm@ As provided = 1257mn% ° 4920 

SPAN BC 

Mmax = 110.0 knm 

6 M 110x10 100As 
0.382 from chart 2 = 0.105 

bd® 300x450" bd 

As’. = 670.95 mm? As .provided = 981.7 - 3920 

BAR CURTAILMENT (cl 3.11.7.1) . 

SPAN AB 

If we curtail 4920 to 2920 we will have 2920 at section A. 

Max shear force at A = 120.92 kN.



eo 

flexural bond stress = fbs = soa Bonen 
Ss 

= 2.138N/mm2 

Assuming deformed bars, type 2, allowable stress is = 2.8x1.2=3.35 N/mm? 

So 2920 is satisfactory for local bond (2.138<3.36 N/mm?) 

Moment resistance provided by two bars = 110.67 kwm (same as elastic curve) 

It will be seen from the bending envelope that there is not any difference 

between two diagrams. Curtail bars same as elastic case. 

Hogging Side 

Curtail 4920 to 2920 

Moment of resistance of 2920 

100 ASE, = WOON 28-3 = 0.415 From chart 2 a? = 1,55 

My = 1.55 x 300 x 450° x 10°° = 94.16 kum. 

Mu 94.16 knm will occur at 0.65m from B,extend bars 0.45m from 

B. Then stopped bars marked 4 of a distance 0.65 +0.45 = 1.10m from B. 

1. Bending moment rule 

Mu/2 = 47.16 knm occur at 1.20m from B. 

120>1.10m 1.20 satisfactory 

2. Shear rule 

Vevenachder o:8ixfyexise-d 

i 100 Ast _ 
Ve = 0.50 from table 5 for ——7- = 0.505 

Sw = 270, Asu = 257 mmm? for 10mm stirrups, 

Ve = 160.84 Vmax = 156.24 for load case 3. 

Be = 80.42 will be occur at ee = 223m 

from B.
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3. Bond rule 

bond length = 2-62x00x28 - 9.72m 

Then curtail 2020 at 1.20m from B 

Contra-flexure point occurs at 2.08m from B and extend bars marked 4 

at a distance 2.08+0.45 = 2.53 2.55 m from B. 

Lap length = 1.05m for 2916 which will satisfy. 

Moment resistance required on hogging side. 

SPAN BC 

Sagging Side: 

Curtail 3920 to 2920 

As. = 528.3; 100 BSE = 0.098 Mu = 100.64 from chart 2. 

from bending envelope 100.64 will occur at 3.10m from B. 

extend bars 0.45m = effective depth (0.457>12d) 

3.10 - 0.45 = 2.65 m from B 

1. Bending moment rule 

oe = 50.32 kum occurs at 1.90m from B. 

2. Shear rule. 

100 As» _ 100x628.3 
Bde 300x450 

cu 0.505 from table 5, wc = 0.50 

Asa = 157mm; Sw = 270 for 10nm stirrups at 270mm pitches. 

0.87 fystAsud 
Ve = wcbd = 

Sw 

Ve = 160.84kN 3 Vmax = 142.93 kN. 

Ve 142.93-80.42 _ 1.84m 
se 80.42 kn will occur at
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Bond rule 

0.87x416x20 
Bond length = STON = 0.72m 

3.10 - 0.72 = 2.38m 

then curtail bars at 1.90 m from B. 

Hogging Side 

Mu = 94.32 for 2920 will occur at 0.85m from B. 

0.85x0.45 = 1.30m. Curtail 2920 at 1.30m from B. 

Bending moment rule. 

oe = 47.16knm which occur at 1.80m from B. This rule gives a 

longer extension that above this position will be used unless one of the 

following checks give more economical results. 

Shear rule. 

Ve = 160.84 Kn for 2020 + 10mm stirrups at 2.70 mm pitches. 

Vmax = 142.93 kn 

Lees = 1.84m from B. ¥ = 80.42 will occur at 

Bond rule 

0.87x410x20 _ 
ore 4.72 m bond lengths = 

0.72 + 0.85 = 1.57m 

Then curtail bars at 1.80m from B.
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Curlalment Diagran 

  

          
  

  

  

    

R 
| 5 2h -Mky ce 

| Zow- MKS 

2p16~Mes 2.50 ; 2fto-Mes 2 h20-mb5 | 

: Sa ster 
| eas ! 

Q pets Z Ny if 

| | | 
2$20-MK\ . | 

J . [ 2$10- Mer : be a = I, 

eat Teo Tae I 

: Lea pes Hee | SHEAR: — | 
| 

SPAN AB: 

Min.area of reinforcement 2920; Hs = 0.465 we = 0.465 (from Table 5) 
S _ 156.24x10° | 2 

shear stress at B = —oaso- C= 1.14 N/mm 

w-uc = 0.675 N/mm using 8 links Asw = 104.0 mm*, 

= 0.87 fyweAse _ 101%0.87x910 _ 477.99 
ae b(v=ac 

shear resistance of links ($8) = 0.436 N/mm? 

0.436 + 0.45 = 0.886 

V = ubd = 0.886x300x450x10"9 = 119.61 KN 

Ppeelsoec cal ce leet 

in span BC 

Vmax = 142.93 KN 

gee eet 0.70m. 

142.93x10° goatee = 1.05 
IX! 

we = 1.05 - 0.465 (%c = 0.465 for 2920) 

= 0.585 N/mne 

— 0.87xfywxAsw _ 0.87x101x410 _ Sw = “h(a POOR SSES 136.85 mm
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a c 

$8 of 245 ume |e ggal 245 re 
[fedtee Peake] [eal 

+ s00g nM. | gooomm 

SERVICEABILITY LIMIT STATE 

Deflection: 

Basic span = 26 
Effective depth 

for mid span 

_ 0.58xfyxAsreq. 1 
fos ks prov. a By 

B, Sor = 0.93 

As. .req. = 1342 As .prov. 1443.8 

foe Cre = 237.66 N/mm? 

by interpolation from table 10 

100 As _ 100x1443.8 a * 5 0.22 

Modification factor for tension steel = 1.50 

‘ 4 " flanged beam = 0.8 

Minimum effective depth = $000 = 256 mm 
+» 9XCOX0.
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CRACKING (3.3.9 and 3.11,8.2) 

From table 24 max clear distance between bars = 185 mm. 

Actual clear distance = , (300-2x35-2x25-2x16) = 74 mm 

Max.distance from corner = is = 92 mm 

Actual distance = (35412,5)V2-12,5 = 55 mm 

Note: In this design fire resistance has been ignored but, if a 4 hour 

resistance were required; the minimum concrete cover would be 65mm 

the actual distance for the corner is now (65% 12,5)V2-12,5=96 

mm. 96mm>92nm 

check cracking using Appendix A3.2 for service load. 

For service load 

Ms ax = 145.92 lum 

from table 1 E_ = 26kti/mm?; E, = 200x2 kov/nm® 

Es 200x2 ee mige wo Syoter =) 18,38 
Cc 

Sphee AaGA3t8 ee 
Peta = azoxy = 0-002 

Coe = 0.0022x15.38 = 0.034 

(p)* = 0.00115 

X 2 -xep + Vi (ep)"+2xep 

=  -0.034 +\V0.0011 + 0.068 

Ke X. 0.228 

X = 102.6mm < 150mm 

x = 103 mm



aT 

Z 1 1 gel- 3) = 1 - (0.228) 

= 1 - 0.074 = 0.926 

Z = 450x0.926 = 416.7 mm 

s 145.92 x 10° fs = 425 ss 242.54 < 0.87 fy. : : 

fs _ 242.54 Clear eae 2 10,0012 
s FS 200x10° 

at corner of beam 

_ hex _ 500-103.0 E,-ae & = ae 0.0012 

g, = 0.0013 

Emh = & oe = 0.0013 - ee nie 

0.0013 - 0.000304 

mh = 0.0010 

crack width = ae = 
Tei gee ona, 

ac = 96.5 

Cain = 65 mm 

_ 3x96..5x0.0010 

965-65 0,289 142 (sear eee = 0,25 
ere: F138 

W 

0.25 <0.3 mm 

then cracking will be 0.K.
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Example 2 Design of frame by CP110 Method 

5m. 

aL fe Ae Beer ge eM 
| t 

Loadings 

a) Limit state of collapse (1.4G,+ 1.6Q¢) 

b) 

a) 

b) 

Dead load (Gk) = 36.65 kni/m 

Imposed load (Q,) = 30.00 kn/m 

Variable load (F) = 62.66 kN/m (0.46, +1 .6Q)) 

Total load = 99.32 kti/m 

Crane load on each column = 533.28 kN 

Serviceability Design 1.2(Qk+Gk+Wk) 

1.2Gk + 1.2Qk = 80.0 kn/m 

1.2 Wind load = 30.0 kN 

Crane load on each column 400.0kN 

Strength of Materials 

Beams: 

Steel design strength fy = 410 N/mm 

Concrete fey = 25 N/mm? 

Columfs + 

Steel fy = 250 N/mm? 

Concrete fcu = 25 N/a
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Section chosen 

  

  

Soom 
Zo0omm 

          
  

f Sedma pee 

Beam Column 

BEAM DESIGN WITH 30% Redistribution at supports. 

SPAN AB 

Mmax = 319.0 kNn; = 500-=5-10-15=450mm; b = 300 mm 

6 
M_ _ 319.0x10 = 5.25 

bdo 300x450 

from chart 21 

100 As. _ 1g. 100 As | eee 19: ae - = 0-5 

As .req. = 2.565 mm As = 3217 nm? - 4932 

Ast.req. = 675 mime As? = 981.7 mm? ~ 2925 

SPAN BC 

Mmax = 407 kwm 

No redistribution at midspan 

6 
M  _ 407x10 - 1OOAs __ 4 ce = WOxTS0- = 6.70 from chart Vie Ovens 

WOO AS, 45 

Ag = 2:22X300x450 pene 1 SAROONISO 5 gape we? 

As .req. = 2997mm?; As‘. = 2025 mmé 
req. 

2 
As provided = 3127 mm° - 4932 As ' = 293249725 = 2098.7 mim?
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SUPPORT B 

- = 0.3 (30% redistribution) 

Mmax = 388.0 kym 

6 
M 388x10 2 = 6.38 from chart 21 

bd? 300x450 

2862 mm;  lOOAS = 4.50 As * = 1687.5mm° 100 As. | ek SOR ee ae a 

As .prov. = 3217mm? - 4932; AS proy, = 2336 mm (293242920) 

2932 + 2932 2932-+ 2920 

BAR CURTAILMENT (CL 3.11.71) 

SPAN AB 

Bottom side 

Curtail 4432 to 2632 

Max shear at A = 296.42 kN (Load case 2) 

Vv 
flexural bend stress = fbs = tase 

EZ us = 2x100.5 = 201 mm* (Bottom bars are in tension) 

3 = 296.42x10" . 93.97 N/mm? 
fbs a 

Allowable shear stress for deformed bars type 2 = 2.8x1 .2=3.36N/mm@ 

3.273. 36 so 2032 are satisfactory for local bond. 

Moment resistance of As = 1608mm2 and As ' = 981.8 mm? can be calculated 

by using chart 21 (CP110) 

100 As = 100x1608 _ 1.19 
pda SO00xT50— [ 

100 As’! = _ 100x981.8 _ 0.727 bd 
bie Oxt50 :



=193 

Mu = 221.73 knm and Muyo = 110.86 knm, Mu = 221.73 will occur 

at 1.20m from A and 2.00m from B,in redistributed envelope 

12d = 12x32 = 384mm<450mm (effective depth) 

extend bars 0.45m from theoretical cut-off point then curtail bars 

marked II at a distance 2.00 - 0.45 = 1.55 m from B. and 

1.20 - 0.45 = 0.75 m from A. 

1. Use full bond length rule: 

-3 
0.37xBfy _ 32x0.87x410x10 : 

ete aT KT 1.154 full bond length = 

Bars to end at 2.00 - 1.154 0.845 m from B 

1.25 6)1.154 0.096 m from A. 

2. Use shear rule: 

Shear resistance of 2932 and 10mm stirrups with 270mm pitches can be 

calculated by using equation 3(CP110) to form 

i Aswx0.87fyud 
Vc = webd + ao 

100 As 
Bc = 0.688 for —-A-- = 1.19 (from table 5 CP110) 

Asw = 157 mm? = su'= 270 mm 

Vee 0.688x300x450 157x0.87x410 = 93.83 + 92.88 

10 270x10 

Vc = 186.21 kN; Vmax = 375.82 (Load case 2) 

Ve = 93.10 kN will occur at 2 2.84 from B



3 

SPAN 

from 

a 

Bending moment rule 

m = 110.86 kum will occur at 0.55m from A and at 1.3m from B. 

Then curtail bars at 0.55m from A & 1.35m from B respectively 

AB (Hogging side) 

Curtail 4932 to 2632 and 293242920 to 2932 respectively. 

As = 1608, 5mn@ As’! = 1608.5 mm? 

100 As _ Kien, hd ae Ag and na 0.3 

100 As * _ cc aoeaee celeto 

chart 21 ; Mu. 3.6 Mu = 218.70 knm 
bd@ 

218.70 knm occur at 1.00m from B in span AB 

12d = 0,.032x12 = 0.384m<0.45m. Then extend bars 1.040.45 = 1.45m from B. 

Bending moment rule: 

af = 109.35 kwm occur at 1.95m from B. which gives a longer extension 

Bond rule 

bond length = Oro fee = 1.154 for 432. 

stops bar at 1.10+1.154 = 2.254m from B. 

Shear rule: 

100 As) _ tf 
ht 1.19 and from table 5 (CP110) Vc = 0.688 for 2932 

10mm stirrups with 270mm pitches arranged.
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9 iG = 157x0.97x410x450 + 0.688x300x450 
IX 

Ve = 186.21 kn 5 Nias = 375.84 load case 2. 

e 93.10 kN will occur at ee = 2.84m from B. 

Then curtail bars at 1.95m from B. 

Extreme point of contraflexure will occur at a distance 3.185m from B. 

and stopped bars marked (4,4') at 3.185+0.45 3.65m from B. 

SPAN BC (Sagging side) 

Curtail 4932 to 2032 and 2932 + $25 to 2932 

100 As _ 100x1608 21019 
“pd 300x450 ‘ x 

100 As ' 100x1608 1.19 
bd x45 ; 

from chart 21 ue = 3.6 
bd 

Mu = 218.70 will occur at 1.70m from B and C respectively. 

12d = 0.032 x 1= = 0.30m<0.45m (effective depth). Then curtail 

bars at 1.70 - 0.45 1.25 m from B. 

1. Bending moment rule: 

ue 109.35 kwm will occur at 1.30m from B and C respectively. 

2. Shear rule: 

100 As) _ 1100x1603 _ 2 — pr = (FOOMO 1.19 from table 5 Vc = 0.688.



SPAN 

=06 = 

  

Su = 270 and Asr= 157.0 mm for 10mm stirrups with 270mm pitches. 

Asw.fyw.0.87 _ 0.98x300x450 157x0.87x410x450 
Ve = webd + = + 

q ot 10° 270 x 10° 

Vc = 186.21kN 

= ky 
Vinax Soc o ae % = 93.10 will occur at 

SR ap = 3.06n from B. 

Bond rule: 

6.87x410x32 
bond length = Soe = 1,154 = 1.15 

bars stopped at 1.70 - 1.15 = 0.55m from B and C respectively. 

Then curtailed bars at _1.30m from B and C respectively 
  

BC (Hogging side). 

Mu = 218.70 kum which calculated occur at 1.50m from B. 

1.504+0.45 = 1.95m. Then curtail bars at 1.95m from B. 

Bending moment rule: 

o *  109.35kNm will occur at 3.20m from B. and C respectively. 

Shear rule: 

Ve = 186.21 kw as calculated for 2032 + 10mm stirrups with 270m 

pitches. 

Vay = 93:10 RN occurs at 27-28 29.10 | 3.6m from B. 

Bond rule: 

bond length = 1.154m for 932 

curtailed bars at 1.154 + 1.50 = 2.654m from B 

Curtailed bars at 3.20m from B.



  
  

  

  
  

A ee a 
| 
| 2625-73 te . 20 | 

{ ul 
v 

p 5 ; % te 45 
| | 2 $32 —mKs afsrnes| | 

| _ 2gse—ees : 

| E&Se | 2.632 ~rikF | a e = 

3493 MEE ee = ay) 2¢32-Meb 17 lee 

fee p12 3 t so 

shear stress resistance of links 

2G2S-MkO 

Curtailment Diagram 

SHEAR 

Min.area of reinforcement in span AB is at Support A is 

As = 1608mm (2932). 

100 As. _ 1100x1608 _ 1 49 
“od x45 : 

from table 5 Vc = 0.70 

Min.area of links = at 0.0012bt = 0.0012x300 = 0.36 

Max. space of links = 0.75 d = 0.75x450 = 337.5 say 275 mm. 

Ase = 0.86x275=99.Omme 

Use 610 (Asu = 157.8mm?) stirrups. 

Ass . 0.87 fyw _ 157x0.97x410 
Seo Spe eee yoxs00 

= 0.68N/mm 

= 0.7040.68 = 1.38 

V = vbd = 1.38x300x450x107? = 186.3 KN 

Vay = 375.82 kN (in span AB Load case 3) 

x= 375.82-186.3 = 1.90 

in span BC
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SPAN 
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x = 411.47 = 190.35 
= 2.22m 

AB 

Shear stress at B: 

Max shear (Load case 3) = 375.82 kN 

3 
Shear stress = S75 ben0 2.70 N/a? 

300X450 

: ny 2. 100 As: _ 100x3217 
tension steel at B 4932 As* = 3217mm"; se aS 

LOU AS 5 2.38 ; (table 5) Sc = 0.87 

W-e = 2.78-0.87=1.91 

~_157,28x0.87x410 
rae = 97.90 100 mm using $10 links Sw 

Using $10 at 100m centres 

BC: 

Max shear at B = 411.47 kN (Load case 3) 

3 
shear stress = v= ns 3.04 N/inm? 

We = 0.87 we = 3,04-0.87 = 2.17N/mme 

_ Aswx0.87 fy _ 157.28x0.87x410 _ 
Spey BOP 
Se = 90 mm 

Using ¢10 at 90 mm centers.
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A B SC 

| hioal 245 | $io- Nowa) $10- Gomn | fo -270mm | $0 Joma 

| 4QGO Mo | ene | 22z0me 35tomm | 2220ma 

J 6500mm 1 8000 mm 
t T     

SERVICEABILITY DESIGN 

1. Deflection (3.3.8) 

Basic span a 
effective depth ~ eb 

for mid span 

_ 0.58x fy xAsreq. 1 
fs = As prov. x B, 

g, = max.moment = WE 0.93 
b ~ resistance moment 531.56 = 

= 0.58x410x3591 L 2 
OC = 238.80 N/mm fs 

100 As _ 100x3845 = 2.84 
7): CS 

Modification factor for tension steel = 0.78 (cen table 10) 

Modification factor compressed steel 

100 As‘ _ 100x3217 = 2.38 
bd x45 Fi 

Modification factor = 1.44 (compression) (tablere) 

Min effective depth = ye~—00, = 273.94 

effective depth 0.K.
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CRACKING (3.3.9 and 3.11.8.2) 

From table 24-max.clear distance between bars = 185 mm. 

Actual clear distance =} (300-2x35-4x32-2x30) = 31 mm 

Max.distance from a corner = ae = 92 mm 

Actual distance = (351 x )V2- 2 = 56 mm. 

In this design fire resistance for four hours is required the min.cover 

(min) would be 65 mm, the actual distance to corner is now (65+16) V2-16 

= 98.5 mm 92mm 

Check cracking using appendix A32. in CP 110 for service load 

Ms pax = 285.43 knm 

from table 1 for fcu = 25 N/mm Ec = 26.0 b/nmé 

Es = 2x200kN/mm 

Ereeesy Sexe racy Gt rae ett 3) 
fi aa ; ed.) maNASO) a 

“URS see S045 ee 5 a ee 
P= ose “eapae 8028 5 Bhs “bee seoee | 9-028 

For double reinforcement beam section 

% = [reps (we-1)p']+ VEvept(we-1)p']° + 2fsep+(ve-1)p' 5 J 
  

% = ~ [0,43+0.324] + \ 10.4340, 329)? + 2[0.43+(0.329)0.11] 

% = 0.465, x = 0.465x450 209 mm 

Zar. 4d % =1- § (0.465) = 0.845 

380.25 N "
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Average surface stress at bottom of the beam 

  

6 ihe 2e0vagix io? | 2 
1S Kez ~ eroxsoo «* 199-35 N/mm 

fs 195.35 es = = = 0.00097 

ES 200x10° 

at corner of the beam 

  

  

        

_ hex _ 500-209 i €, = ge & = az (000097 = 0.00117 

eee uk Sarl seb tee eee __1.2x300x500 mh = Eh Ie 0.00117 ~ 

Emh = 00.00105 

at corner of the beam 

a. = 96.5 mm 

crack width (i) = ———3acEmh 3,98, 5x0.00105 
ch Acr-Cmin\ ~—s- 5 f98.5= 

Mean 142(So5ez0y 

= 0.252 <0.3. 

0.K. 

Design of Columns : 

yookN ook) qooty) 

BO.0kN Ww 

e| 

a 

S 9 ° & 

\ igh) \ g.om : 6.5" 1 
  

x 10 
a3
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Limit state of collapse 

b = 300 mm 
a 300 mm 

_ bh? 64 
I a 67.5x10 mm 

: - 6 
Column stiffness at 875x10" _ 135x103 

beam stiffness 

bh? 
Ae 

3 
= 300500" = 3125x10 nm! 

beam stiffness 
6 

beam stiffness =+ = ae - 480,76923x10° (external beams) 

6 
Tt 8i25x10 3 
p> 30- 390.625x10 

crito Equation 21 Ze = £0 (0.85 + 0.05 cmin) < Lo 

ZTE 
Sey = 3175 = 0.216 

ogmin = 0.216 
= eG 

Cy = 

Ze = £0 (0.851+0.05x0.21) 

= 0-860820 = 0.8608x4500 = 3873mm 

3873 = =p 12-91 > le, slender column. 

Ze = 3878 mn.
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Column Reactions for Limit state of Collapse and Limit state o¢Serviceability 

  

  

  

  

  

  

  

  

Support Reactions End Moment 
Load Member fu. kunt 
Case No. +X 4Z Lert Right 

CASE 1 2.1 0255 595.17 2.74 0.0 

4.3 10.59 1106.85 Gecg 0.0 

Se CASEAZ.) 221 15.98 818.36 79.94 0.0 
wv GY 

ayes 4.3 18.88 | 1040.32 44.12 | 0.0 
nun + 

se & 
peta SE CASE 3572.1 10.44 780.27 Deuee 0.0 
=o = 
pear ie 4.3 1.18 | 1349.35 9.04 | 0.0 

‘ 
CASE 4 8.7 19.51 635.48 -97.58 0.0 

4.3 -13.86 846.60 -69.33 0.0 

CASE 5 8.7 -0.439 892.63 -44.19 0.0 
> 

or 2 4.3 -8.83 481.11 -2.19 0.0 
pr + 
S38 Ss 
Co es CASE 6 8.7 ~6.51 1060.35 #32..55 0.0 
Pe 

Bow 4.3 -9.97 485.57 | -49.84 | 0.0 
on oa               
  

External column 

Max total axial load = N = 1060 kw (CASE 6) 

Moment into column: Mmax = -97.58 kam 

a) Bending moment 

Nominal eccentricity B.M. = 0.05 Hing N = 0.05x3.00x1060 = 15.9 knn. ; 

15.9 <. 97.58 

M =0 M, = 97.58 
es 

M; = 0.4M, + 0.6 Mo = 0.6x97.58 = 58.54
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Me = Mi + yey 32)? (1-0.0035 42) 

M, = 58.54 + 1060x300 (q2,91)? (1-0.0035 x (12.91) x 107° 

M,, = 58.54 + 29.07 = 87.61 kw 

M, = 87.61 Kwon 

Reinforcement 

Ge SD) | a 
ho) 300 oe 

3 
fou = 25,0 Nfont N= JOGOKIO 11.77 nm? 

wae Me See 5 ay 
es hae soc au 

Asc _ We whe. 2 Adopt 100 9S¢ = 4.75 Asc = 4.75 x 300° = 4275 nm 

Provided 6Y32 Asc = 4825 ties ASC jp = 2412 mm 

ee Nuz - N 
Nuz-NbaT 

Nuz = 0.45 fcu Ac + 0.75 fy As’ 

= (0.45x25x300x300 + 0.75x250x2412)/300x300 

Nuz = 11.25 + 5.02 

= 16.27 N/mm? N Balance = 7.5 N/mm? 

No. Bo 

fe les27 le 77m ee 20
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Design of internal column: 

Nnax 

Mia x 

1349.0 kN 

69.33 KNm- 

d 240 ... 
i toss Oe 

N_ _ 1349.0 x 10° 
bh = 14.98 

300 

M _ 63.33 x 10 oe, ee 
bhé 300 

fou = 25 N/mm? Ss 100 Asc = 5.70 

  

fy = 250 

Asc = 5130 wm? 

4940 = 5026 

2920 = 628 

Asc = 5,654 

> 
 



CHAPTER 4. 

OPTIMUM DESIGN OF REINFORCED CONCRETE
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4.1. INTRODUCTION 

Optimum limit design (OLD) methods aim at structural 

solutions that minimize or maximize a chosen merit function (the 

optimality criterion) and satisfy the criteria of limit equilibrium, 

compatability, and serviceability. The method is presented here by 

first deriving solutions that comply with equilibrium serviceability 

and optimal criteria and subsequently verifying the satisfaction of 

the compatibility requirements. 

It has been shown that it is possible to formulate 

the limit design problem so that the solution can be truly optimal 

in a mathematical sense i.e., the solution minimises the chosen merit 

function which relates to the cost of the structure or the amount of 

material used. 

It is now possible theoretically to formulate problems 

that satisfy simultaneously the condition of limit equilibrium 

serviceability and rotation compatability, along with an optimality 

criterion and elastic continuity conditions. However practical 

design applications appear simpler when limit equilibrium and 

serviceability conditions are only considered initially. Recent 

investigations already show that the economy of such solutions compares 

favourably with that of truly optimal design. In this chapter, 

optimum design solutions of reinforced concrete frameworks by 

M. Z. COHN etal (1968) are described and examples are also given. 

4.2. ASSUMPTIONS. 

a) Reinforced concrete can be idealized as an elastic-plastic material 

with limited ductility, fig. (4.1.)



b) 

c) 

d) 
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Members resist forces by bending. Axial and shear forces as 

fig 4.1 

well as instability phenomena are of no concern. 

Live loads may have any possible location, so that the worst 

combination could be taken into account for a particular section. 

Each critical section may be the first to yield for a particular 

arrangement of the live loads. 

Dead and live loads vary proportionally between first yield and 

collapse for any loading arrangement. fig. (4.2) 
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fig 4.2. 

BASIC CONCEPTS OF OPTIMUM LIMIT DESIGN. 

The complete design of a reinforced concrete structure 

involves the derivation of the plastic moment for all its critical
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sections. A critical section is located at each support and in each 

span. The total number of critical sections iss=m+n=N+n; 

where m is the number of the elementary mechanisms which is equal to 

the number of spans N. The number of the redundancies isn. The 

problem is to derive a distribution of plastic moments that fulfils 

simultanously the optimum criteria accepted. The limit criteriafexpressed 

with m= N available. Limit equilibrium conditions and n additional 

serviceability criteria equations. The number of the equations to be 

determined (s) can be expressed in terms of N and the number of 

fixed ends (f), s = 2N + f - 1, for symetrical beams s =N + f/2. 

4.3.1. GENERAL EXPRESSION OF PLASTIC MOMENTS. 

If we consider bending moments of any critical 

section (j) vadera particular arrangement of load causing the first 

yield of section j, 

a) In the working range the elastic moment is 

My = ayGL + by PL (1) 

b) At first yield section j, only the live load increasing from 

Ptoq,. P 

Mp = ajGl + bij PL (2) 

c) At the collapse of the span the ultimate live load being 4oP 

Mpj = ajSl + by doPL (s) 

which 

G and P = dead and live load respectively 

L = length of span 

a; »bj = absolute values of constants defining the max elastic 
moment at section j under action of G and P respectively. 

Ais = yield load factor. 

Ultimate load factor. >
 ° n 

Since according fo assumption (a) the plastic moment is
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invariable from first yield to collapse, from equation (2) and (3) 

it follows that: 

Ae =u = pais 2 pe bly = bdo or by = bjt = by (4) 

x being called yield safety parameter. Therefore the plastic 

momentata critical section can be written as 

Mp; = %j = a6 + b,j A,wL (5) 

It can also be defined as 

Mp} = xjaolp, (6) 

where Mp; is the elastic envelope moment duel service load for 

section j. 

4.3, OPTIMUM CRITERIA AND OLD PROCEDURES FOR CONTINOUS BEAMS. 
  

The best limit criterion for continous beams is to 

ensure the same ultimate safety for all possible elementary 

mechanisms. Ideally the best serviceability criterion is that all 

critical sections of the beam are provided with the same yield safety. 

Limit equilibrium condition. 

In this condition no collapse mechanism may form prior 

to the specified ultimate load for the structure. For a structure with 

the possible modes of collapse and r applied loads, this condition 

may be expressed as: c 

Sa Anjo; 22ZA SiN = ee pg 2s. nn) yy 

where, @ij is the inelastic rotation of critical section j in the 

mechanism j in the direction of the collapse load Ag "q. 

Serviceability. 

Serviceability conditions -require: that, plasticity 

will not occur and desleckions and crack widths will remain within 

allowable limitation. These requirements are satisfied if the yield 

load factor for each critical section is less than a specified lower 

limit Aq
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lee. Aij>A, Therefore as xj » Me and this condition becomes 

AT : 
x; x 0 (j= Wie. s) (8) 

Assumption (e) places an upper limit of Ao on the yield load factor 

for each critical section j or: 

Se 120 (daa (2ecte. s) (9) 

FIRST OPTIMUM PROCEDURE (full redistribution design) 

This particular approach to the equilibrium method yields 

designs for which all possible mechanismsmay form at the specified 

ultimate load. The object of the equilibrium method is to find the set 

of Xj values for the s critical sections of the structure that satisfy, 

equations (7) , (8) , and (9). To do this, s independant design 

conditions must be specified. The ultimate safety is the same for all 

mechanisms, the corresponding limit equilibrium equation having the general. 

form: 

= Bik Ti = G, (GL +AoPL) (10) 

where X ik is a parameter defining the location and contribution of 

the plastic hinge j of mechanism k, and dkiga dimensionless parameter 

defining the max. free bending moment of the span corresponding to 

mechanism k. Substitution of Xj values from equation (5) result in 

= (a) Sik GL + bjx; Sik AoPL) = ¢k(GL + AoPL) ~ (11) 

Dead loads and live loads may be considered separately in any equilibrium 

relationship and considering the live loads only 

Za; Sik Gl = fuse (12) 

and equation (11) simplifies finally to: 

ds Z bjx; Sik = ok (13) 

which is the basic limit equilibrium equation for qth mechanism. The 

limit equilibrium condition, equation 7 becomes:



eS 

xj AonjO;; = 72 MG Siq (5 = 162 .msq= 1,2 ...r) (14 

Two full redistribution (FRD) approaches may be formulated depending 

on the serviceability criteria adopted to establish the remaining 

n = s - m conditions which are necessary for solution. 

FRD - Equal Minimum Yield Safety for Support Critical Sections 

This criterion results in designs for which all support 

critical sections have equal and minimum %j. To determine this minimum 

value set the %} values equal in each of the equations (14) in turn. 

Take the minimum xj value thus obtained from the equations: 

: wn| | (15a) 

Se Agi Si 4 x; = min ENN (jr =" 52 en) (15b) 

x” " 

or 

Erp - Equal Minimum Design Plastic Moment for Support Critical Sections 
  

As Mpj = xj A oly = constant is provided for all 

support critical sections, the minimum Mpj is to be found. To determine 

this value assign the minimum xj value permitted by serviceability to 

the support section having the largest elastic envelope moment Mj max; 

i.e. for Xj oe 

Ao 

and Mpj = >jAoMj then: 

Mpj = Aina (16) 

By assigning Mpj values from expression (16) to support critical 

sections n additional conditions are provided. The resulting xj 

a. (. ) MNinax / M3 (17) 

The following steps are involved in practical derivation of the design 

values are 

plastic moments based on the first OLD procedure.
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a) Derive aj, bj for all spans and support critical sections: 

b) Select the support yield safety parameter xX from tables according 

to the specific data of the problem. 

ce) Select aconvenient span yield safety parameter. 

d) Apply equation (7) to find required plastic moment for all 

critical sections. 

SECOND OPTIMUM PROCEDURE (limited redistribution design) 

In this procedure equal yield safety for all critical 

sections of the beam is acceptedastserviceability criterion. 

xj = xo = constant (18) 

Accordingly the limit equilibrium equation (13) becomes a set of 

inequalities of the form: 

Be = bjx dik> (19) 

Obviously the solution of the set (equation 19) verifying the 

serviceability conditions (Equation 20)is_given by 

De bk 2co = max Xk = max = yikb (20) 

Criterion (20) must be considered only ideally, since to have better 

service conditions which will be preferable to provide larger x 

values for span than for support critical sections. It will be seen, 

however, that providing x} (Equ.18) separately for span and support 

sections along with limit condition (Equ.19) yields a most simple and 

efficient solution for design of reinforced concrete beams with equal 

spans. 

OPTIMUM LIMIT DESIGN (OLD) 

This particular approach to the equilibrium method results 

in designs for which the material consumption is minimized, subject to
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the limit equilibrium and serviceability constraints. A suitable 

economic criterion for design of reinforced concrete continous beams 

is to minimize the volume of flexural reinforcement. This criterion 

implies that the concrete cross-section is constant and that the 

longitudinal reinforcement alone is varied to provide the required 

Moment capacities. Under this condition a linear objective function 

can be formulated as 

Vk = = mpiG = eajlni4 Greer)! (21) 

where Vk is the total volume of longitudinal reinforcement for the 

structure, Cj is the equivalent length over which the flexural rein- 

forcement for section j prevails constant and subscript k refers to the 

particular design considered. 

Relations (7), (8),(9) and (21) enable the (OLD) 

problem to be stated as follows: 

  

Minimize: 

Vk = 45 Aomits (= Ie2eseesye (21a) 

subject to . 

5 x5A, Mi 15> twa Siq (J = 1.2.....s3q = 1,2 «...r) (21b 

and 

AI gxj < 1-0 j= yo << (3 = We2iees-s): (21c) 

OLD - Equal yield safety for support critical sections 

Because xj = Aij/Ao, this criterion implies that equal 

xj is to be provided for all support sections. This can be achieved 

by adding the following constraints to the general (OLD) formulation: 

Xj =Car (22) 

where now subscript: j refers to all support critical section.
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OLD - Equal design, plastic moment for support critical sections 
  

The criterion Mpj = xjAomj = constant for all critical 

sections can be satisfied by adding the following constraints to the 

general OLD formulation 

mid, hi = Xaee. ( A Mie ) (23) 

Efficency of limit design solutions 

A measure of the relative economy of a limit design and 

the elastic design is the efficency index ™ which is defined as the 

ratio of the volume of the flexural reinforcement resulting for limit 

design and elastic design from equation (21) 

2 Vike a And Ae Y= ye = Se (j= Wi2ae5-s)) (25) 

where Vk is the steel volume for the limit design by the approach k 

and Ve is the steel volume for the elastic case. 

4.5. DESIGN OF FRAMES 

Reinforced concrete frame design for maximum economy 

depends on an initially selected elastic design. Against the plastic 

collapse of the structure and for the first yield of the section! same 

load factors are used. It is assumed that in bending action inelastic 

rotations are concentrated at critical sections as in simple plastic 

theory. Furthermore inelastic rotations remain within permissible 

limits to take the advantage of the inelastic strength to simplify the 

optimum design for concrete frames. 

General Design 

A design solution for the frame is found when a set of 

Ij, + Mpj, - Mpj is assigned to all critical sections of the frame such 

that the following conditions are satisfied.
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A) LIMIT EQUILIBRIUM 

The frame will resist any load combination of less 

intensity than the prescribed ultimate load Wu and will collapse 

plastically for a load +W/ > Wo 

B) SERVICEABILITY 

The critical sections of the frame will remain well 

within the elastic range for any combination of the service loads and 

hence will have a safety factor against first yield above a specified 

value 

C) OPTIMUM 

The design will result in the largest possible overall 

moment reduction versus an initially selected elastic design. 

A design solution is feasible when it is safe and 

serviceable and it is optimal when it is safe, serviceable and 

economical at the same time. The plastic moment for critical section 

j can be shown t, be 

Mpj = Xj Aottj = XjbjWul (25) 

The value of the yield safety parameter xj implies 

better serviceability when it is large, and small Xj values correspond 

to better economy. Optimal solutions will place the design plastic 

moments and Xj values at levels consistent with both requirements. 

The serviceability condition requiring that no 

plastic hinges form at working load implies Aij>] or xo for 

ONY 4 Peleus ee nek oe s. Moreover, for the yield load factor or any 

critical section to be no less than the specified minimum value A : 

It is necessary that dij>Ay or xj> aS . Also because a structure 

can not collapse prior to yield at its critical sections Ao adj 

or xj <1. Hence Xj is bounded from above and below 

a ade A (26)
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A limit equilibrium condition is associated with each 

possible mode of collapse of the frame. Energy dissipated by the 

plastic hinges (Ui) will be bigger than external work (Ei) done by 

the ultimate load corresponding to the mode of collapse 

UWe>E; (27) 

Let, angular displacement (-6-j) = Mij-€-, Linear displacement 

( $id) = wije lb and loads doing active work in the ith mechanism 

Wj = Q5W, where 

oF = an arbitrary rotation. 

M,. ij and nij are constants. 

U; = <iipiO-d = %-xjbj A ollL pi5O and Ey, = SAMS Aj = 

By Ain vigel 

so that after substitution and simplifications, Equation (27) becomes: 

a aid egy) ee ses ee (28) 

In which aij = bj Rij and, = = 43 55 

The optimum criterion requires the over-all moment 

reductions over the elastic design to be maximum, i.e., the area 

between the elastic moment envelope and the design solution to be as 

large as possible. If Y, is this area it is required that: 

Yo = J ABM, = Wi )ds = Ao 40 - *j)ds = 4, wy 5; (1 -*j)ds = Ma 
J 

(29) 

or alternatively if Y, is the design plastic moment area. 

%, = Fy es = do fry sds = yn I, by yds = Nin (30) 

in both expressions the integrais are extended over the whole frame. 

If we summarize the optimal design problem within the 

accepted assumption and limitations consist of determining the Sj 

values for s critical sections of the frame to satisfy the optimum 

criterion (Equ. 29 - 30), the limit equilibrium conditions (Equ. 28)
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and serviceability conditions (Equ. 26) with Aij > 0 and Cj >0. 

This is a typical linear and non-linear programming 

problem depending on the nature of function Y, and Y, . The general 

problem is complex because the merit function Y, (%j) or Y, (%j) must 

be expressed analytically. 

Feasible solutions can be obtained by using the 

kinematic theorem of plastic analysis which states that the collapse 

mode corresponds to the smallest kinematically admissible multiplier 

(Equ. 26). Application of the theorem to equation (28) indicates that 

the actual collapse corresponds to the particular mode satisfying the 

condition 

ii Min 2, aU (31) 
J C; 

While the number p of the limit equilibrium conditions Equation (28) 

is usually very large, only a limited number of collapse modes are 

critical, in the sense that many modes can not occur for any 

combination of design values *Jj or z *j2ij/C,>1. 

Frames with equal yield safety: 

A particular but important solution can be obtained 

by assuming that Xj = X= Constant for all critical sections. In 

this case as “Jj ae = Constant a design is achieved in which the 

elastic moment envelope for the ultimate load is reduced by the same 

amount for all critical sections of the frame. The solution for this 

particular case follows from Equation (31) 

  = Max % = Max a (32) 
J 

The design value (Equ. 32) is obtained by equalizing all ™%J(Equ.28) 

in turn to get Jj = Ci/ 23515 and then by selecting the largest iz 

thus obtained overall possible mechanism. Obviously this corresponds 

to a safe upper bound Mpj values because U>E in all but the critical
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Mechanism associated with Equation (32). 

A more efficient solution may be found by trying to 

obtain Xj<X for critical sections not involved in the critical 

mechanism, Substitute wherever appropriate the value of X* in the 

limit equilibrium equations and find again the largest X obtained by 

equalizing the yield safety parameters for sections not entering in 

the critical collapse mode. The process can be continued until each 

critical section of the frame enters at least once into the limit 

equilibrium equation. 

Partially Elastic Design: 

The design problem can be considerably simplified in 

cases in which ~j values are specified for various classes of 

sections. If we assume same yield safety parameter at beam support 

sections and oe the corresponding picid safety parameter. Similarly 

the span sections have the same yield safety parameter and column 

sections are designed for the same yield safety parameter Z3: 

It was shown by M. Z. COHN (1968) that, the problem can 

be reduced to a bidimensional one for the particular conditions. 

1) Elastic span sections Z, = 1. No redistribution of moments 

permitted for span sections. 

2) Elastic column section Z 1. No redistribution of moments 
2 

permitted for span sections. 

3) Elastic column section Zz, = 1. No redistribution is allowed for 

the column moment (similarly to the strong column-weak beam design 

in steel). 

Design solutions based on the serviceability methods 

should be checked for the satisfaction of rotation compatability. This 

condition is satisfied and the design is correct if the inelastic 

rotations @ij at any critical section j under any loading conditions 

(collapse model) does not exceed the rotation capacity -@pj of the section.
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ij < Oi 
Determination of ©pj is object of extensive 

experimental research and determination of ij can be done by 

A.L.L. Baker approaches. 

Example 1) A five-span reinforced concrete continuous beam with equal 

spans under the action of uniformly distributed load with 

reference to fig. (4.3.): 

s=9,n=4,m=s-n=5, _ i.e., number of span. 

Because of symetry s reduces to 5 and n to 2 and thus m = 3, 

1) ELASTIC BEHAVIOUR. 

M = ajG + bj APL = 

Values of a, and b ‘can be found from handbooks or by calculation 
5 

(fig. 35/41 - vit) 

  

  

  

  

The uniform dead load = Wp 

The uniform live load = Av 

and V = G/P = Wp/Wy 

Critical 
Sections 1 2 3 4 5 

aj 0.078 0.105 0.035 0.079 0.046 
Fig. (4.3) (vi) (vi) (vi) (vi) (vi) 

5 0.098 0.120 0.079 0.111 0.079 
fig. (4.3) (ii) (iv) (iii) i) (v)             
  

NOTE: a) for the live loads it is assumed that the critical section 

occurs at midspan for convenience finding values for ee 

b) The actual load distribution for the first hinge to form at 

any critical section depends on the Wp/Wi ratio, which is 

usually known, and also the moment of resistance of the
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various sections which are not known. 

The plastic moments are (as per eqn. 5) 

-X, = (0.078 + 0.098 xo) L 

%, = (0.105 w+ 0.120 x wl 

~X5 = (0.033 Wy+ 0.079 x AoW) ¢ 

%, = (0.079 Wy+ O.mt xadoliL) € 

-Xy = (0.046 Wy+ 0.079 x,A,H) L 

COLLAPSE CONDITION: 

Consider the equilibrium of each elementary mechanism, 

jt being assumed that each mechanism has the same collapse bound 

applying the principle of virtual work to small motion of the 

appropriate mechanism. 

1 2% +R, = (Ny tAOWL)L 

ID ¥+ + K, = q (Hy thom YL 

Hl 2+ He = (WtoW, )L 

and only considering the contribution from the live loads, the work 

equation will be 

(note: in this work equation all the terms have positive sign) 

I 2x 0.098%, + 0.120%, = 0.25 

II 0.120%, + 2 x 0.079%, + 0.111%, = 0.25 

III 2x 0.111%, + 2 x 0.079%s= 0.25 

To find ¥. consider the equalisation of all *; in each mechanism 

  

in turn 

1 = So = 0.791 

11 Xl O58 = 0.643 

m1 3) 118-25, = 0.658 

The minimum value Me 0.643 == xe, n= 2 therefore 

n+ 1 = 3 and it so happens that for this particular case three equal
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values are obtained from mechanism II and the remaining s = (n+1) 

values for *j are obtained directly by substitution. 

0.885 

0.678 
f
y
 

ox 
and = X=%,= 0.643 

The values for X may be calculated using these values 

for Xi 

\ 

(0.078 + 0.098 x 0.885 Ao)H,L 1 
os
 " 

a
 " (0.105V + 0.120 x 0.643 Ao)l,L 

\ 
\ ><
 

w 
" (0,033V + 0.079 x 0.643 Ao)W,L 

i
 

" (0.079V + 0.111 x 0.643 So)W,L 

1 ><
! 0 (0.046V + 0.079 x 0.678A0)WL 

Consider the case when at working loads the dead and 

live loads are equal and Ae ee 

X, = (0.078 + 0,0865 x 2)HL = 0.251W,L 

X, = (0.105 + 0.077 x 2)ML = 0.259N,L 

-Xq = (0.033 + 0.051 x 2)WL = 0.135W,L 

X, = (0.079 + 0.071 x 2)ML = 0.221N,L 

=X, = (0.046 + 0.0535 x 2)M,L = 0.153MLL 

and the bending moment can be plotted (fig 4.4) 

@-259) ub (0.221) wb 

  

: (0135) mb (0153) WL 

( 0.251) Wb 

fig (4.4)
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Note: For Ao = 2 and 4 2A > the lowest value for A = 

2 x 0.643 = 1.286 which is greater than 1 and the working load 

behaviour is always elastic. If a value of A< 1.56 (ie. a) 

is used the working load criteria will not be satisfied, which means 

that the total increase in load from working load, i.e., 2h > to 

collapse load, which equals 2. 56M or less, is too small to allow both 

the collapse mechanism to form and the working load conditions to be 

satisfied; to design a beam for these conditions would be an 

uneconomic or non-optimum solution. 

USING SECOND OPTIMUM APPROACH 

Substituting *“j = Ait in Eqn.19 

S_ Vig vj Aig > dk do (a) 

Mechanism I 2x 0.098A, +0.120A¢, > 4Ay 

Mechanism IT 0.120 Aq + 2am 0.0793 0.111Agu > qAs 

Mechanism III 2x 0.111 cy 

An= Ate Ays and Ags Mw and Ag Z Aq 

for each mechanism Eqn (a) 
1 ) y ‘ 

¥6 bo Aap + ¥.b dy + 2b, Ap > Bro 

2 2 2 £ 
X, b, Nei se bh, + Yb, Avg >$'A 0 

¥ Oey ae 
2g Qj + a 2jtl 

since Aig = Aya = Aqg; 
and Ay = Nas = AaiH a safe solution is given by: 

k 
Ano = MAX GK Ay - tn beds (b) 

Weabeae be 
| Ayr 2)x2
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reference to equation (b) 

0.25 No - 0.196\x1 
Os cOiae Ie Aq > : 

me Aa, y 22 No= 0.1684r 
. ec 0.12040. 

‘ 0.25 Ao - 0.158 
Me A > jae 

Aye 2 and choosing a value for Mie 1.766 (which will give 

a value for Ant/ Ao = 0.883, which was the value for Z, in the other 

approach). 

1: Ad = 1.286 or Noro » 0.643 i.e. maximum 

I: Aq, > 0.956 or Aw/\, 2 0.478 

Il: \yp 0.996 or Yr2/ Ao > 0.498 

a2 Aq = 1.286 

Nar = dg = Ag = 15766 

Applying Equation 5 (ajGL + bj*j AoPL) and V = # =] 

=% = (0.078V + 0.098 x 1.766)W, x L = 0.251W, x L 

xX, = (0.105V + 0.120 x 1.286)W, x L = 0.259W, x L 

= = (0.033V + 0.079 x 1.766)W, x L = 0.172H, x L 

Ki, = (0.079V + 0.111 x 1.286)W, x L = 0.221W, xb 

=X, = (0.046V + 0.079 x 1.766)W, x L = 0.185W, x L 

the results are drawn on fig (4.5) 

Example: Optimum design of 3 span frame which was shown on fig (4.5) 

For simplicity it will be accepted that the load factor 

applies to the total load as in A.L.L. Baker example. The optimum 

design applies as the dead load would be negligible versus the live 

load. However, all the possible partial loadings will be considered. 

The maximum (minimum) elastic moments are first derived
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fig 4.4.2) 
second optimum design 

and the moment constants are tabulated on table (4.1) for five cases 

(fig 4.5. a,b,c,d,e) The elastic moment for the factored load are 

dwided by 10" ‘am and from the loading combinations indicated in the | 

parantheses the moments were found to be: 

My, = -0.736 (b) 

Mg = 4.47 (b+e) 

M,; = 4.79 (d+e) 

M, = 4.63 (d) 

Me = 6.40 (c) 

Mg = 2.68 (dte) 

M, = 1.94 (d) 

Mg = 4.47 (b) 

Mg = 1.08 (b+e) 

M, = 0.98 (be) 

My = 1.03 (cte) 

These are the envelope moments used in elastic design if selection are
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proportioned according to the ultimate strength theory and illustrated 

  

  

  

on fig (4.6) 

2 WR Moment /10° knm. 

Lei AB } BC cB cD CE EC EF | EG GE GH 

a ).486 -0.486 |4.114 0.052 +4.164 |4.166-0.054-4.114 |0.486+0.486 

b D.736 +0.736 {1.738 +0.593-1.149 | 1.1450.593 -1673 0.736;0.736 

c F0.249 0.249 12.375 P.645 +3.02] |3.021-0.645-2.379 +40.24910.249 

d P.382 +0.38% /4.545 P.085 +4.630 |2.556-0.614-1.944 +40.124/0.124 

e +0.355 0.35% 10.258 |-0.395) 0.134 |0.136-0.394 0.254 10.354+0.354                                 
TABLE (4.1) 

For limit equilibrium equations can be written, corresponding to the 

three beam mechanism and to the panel mechanism available. With 

Y= 0.5 (since span plastic hinged assumed at mid spans). Equation 

> 4 iG My = Mok are: 

I 0.5 x 0.735 x + 4.47%, + 0.5 x 4.79X3 = 4.22 

II 0.5 x 4.63%, + 6.40% + 0.5 x 2.68%, = 6,40 

III 0.5 x 1.94%, + 4.47%, + 0.5 x 1.08% = 4.22 

IV 0.735%, + 1,08 Xg + 0.98 %ip + 1.03%, = 1.50 

Balancing in turns the unknown equation results in %, = 0.583, 

y= 0.631, a 0.735 and y= 0.636. Substitution of minimum 

value X= X,= X= 0.583 result in 

I X, = 0.585 

I 5 = 0.667 

Ill %o = 0.747 Y 

Iv Xp = X, = 0.646 ; 

All x values are smaller than 1 than design will be 

successful. The final plastic moments Xi = 2c 5M, and
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The 

= 0.736 x 0.583 = 0. 

= 4.47 x 0.585 = 2. 

= 4.79 x 0.583 = 2. 

= 4.63 x 0.583 = 2. 

= 6.40 x 0.667 = 4. 

= 2.68 x 0.583 = 1. 

= 1.94 x 0.583 = 1 

= 4.47 x 0.747 = 3 

= 1.08 x 0.583 = 0 

= 0.98 x 0.646 = 0 

= 1.03 x 0.646 = 0 

salad = 

429 

627 

792 

699 

268 

562 

2131 

1339 

-629 

+633 

-665 

  

  

  

5.
0m
. 

  oe 

final moments are also specified in fig.4.6. by dotted line. 
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INVESTIGATION OF THE EFFECTS OF VARIATION 

OF STRENGTH OF MATERIAL AND 30% RULE IN CP 110
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INTRODUCTION 

Redistribution of design bending moments in continous 

reinforced structures is widely recognized as a most useful tool in the 

hands of reinforced concrete designers. The arbitrary reduction of 

bending moments at supports, initially calculated using the elastic 

theory leads to a reduction in congestion of reinforcement at support 

sections. This in turn makes better compaction of the concrete possible 

and enables detailing of reinforcement to be simplified. 

The code (CP 110) requires that the ultimate moment of 

resistance provided at any section shall be not less than 70% of the 

bending moment at that section taken from the elastic bending moment 

envelope. Reinforcement must therefore be checked at every place where 

the 30% redistributed bending moment envelope givesa lower value than 

70% of the elastic bending moment envelope. This rule affects the 

curtailment of bars in some places. The difference between the red- 

istributed bending moment and modified elastic bending moment is 

slight but, can be critical particularly near the points of contraflexure. 

It is obvious that if elastic behaviour continues beyond the loads at 

which the design method indicates plasticitiy; tension can occur in 

sections which are not designed for it and large cracks possibly leading 

to failure can result. The length over which cracks can occur is very 

critical in design and can be called the cracking length. In this 

chapter, cracking length, Hyper plastic moment and efficiency of design 

relations are discussed, and a new method for redistributed 

bending envelope is proposed and a comparison of various methods is done 

by giving examples.
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fig.5-1. 

Hyper-plastic Moment: At the critical points 70% of elastic moment is 

numerically bigger then the plastic moment; the moment which occurs at this 

stage is called Hyper-plastic moment and the length over which that 

Moment occurs is called the Hyper-plastic length. 

Cracking length: The length between contraflexure points of the plastic 

and elastic moment. i.e., the length over which the hyper-plastic 

moment may havea sigaopposite to that indicated by plastic ee 

Notations: 

A = Ratio of Max. hyper-plastic moment to max plastic moment 

B= Rotio of Min. hyper-plastic moment to min plastic moment 

Cc n Ratio of hyperplastic length to span 

D Ratio of cracking length to span 

STEPS OF THE ANALYSIS 

Limit state design calculations were cacvied ovt for three, 

four and five equal 8m spans for continuous beams and frames which were
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subjected to uniform loading (fig. 2 - 3). Three ratios of imposed 

load to dead load namely x = 0.75, 1.0 and 1.5 are considered. 

Ist. Step: Beams and frames were loaded by - 4, i 1.0 variable. 

Loads with dead loads 20 KN/m. and the ratio of total load to dead 

load (F/G, ) was) taken 154).1.5,. 1.7,. 1.8,-2.0,) 262;02.4s1 0.55 220 3.0, 

3.1 and 3.8 respectively. 

2nd. Step: Elastic end moments of the beams were calculated by using 

a computer programme for the likely critical loading conditions. 

3rd. Step: Elastic moment, 70% Elastic reduced moment, and redistrib- 

uted moment were calculated by using the computer programme written by 

A, W. Astill. This reduction was taken as 30% of the max. elastic support 

moment. 

4th. Step: Elastic and plastic bending envelopes were drawn and 

effective points of 70% elastic bending moment envelope were plotted 

on graphs (Appendix 1 - 72) 

5th. Step: From the drawn graph hyper-plastic moment/Max plastic 

moment, cracking length/span for sagging and hogging side and hyper- 

plastic length/span with design efficiencies are tabulated on table 

(1.- 3). Span moment/FL/ 8, support momentfL/8 for both sides are 

tabulated on table (5 - 8). 

5.3. ANALYSIS OF BEAMS r 

Investigation of the CP 110 method for beams and frames 

show that the differences between the redistributed bending moments and 

modified elastic bending moments are critical near points of contra- 

flexure. From the elastic and redistributed bending moment envelopes 

which are given in appendix I the following attempts were made to find 

a relationship.



Sspan beam 

2 

= 132: = 

ay 
  

Tt 
4 Span beam 
a 
  

  

  

  

  

      
        

8 nN iy 

5 span beam 
Z 5 8 u hy 17 

3 span Frame 

> ee ao yo 

2 by b 

Wt 

aad 4h at ob 

4 span Frame 
+? ¢— g ie Iz—- \5—- ote 

€ 
s 
% 

Z s 8 u 1y ie 

€ 
ev 
SF 

et ee 1 ree 3) Ne 

5 span Frame 

Le Lyle yte Leu Les “eer 
5 ¢ Ss 12 ‘Ss 18 

a 5 8 Ht 1h 14 

10 12 16 
mr th tL T7 Wi ae 

23om a Bom 8.0m 6.07. . 8.0m. 

a -  



= 133 = 

Cracking Length: 

Cracking length is tabulated from elastic and redist- 

ributed bending moment envelopes by dividing it by span length on 

tables (1 - 3) Column D. It can be seen from table 4 that, the critical 

cracking length/span values are within (0.0) to (-0.03) for 3,4 and 5 

span beams at end span beam and (0.0) to (-0.08) for five span beam 

on sagging side. It can also be seen from table (4) that these values 

for the hogging side are within (0.0) to (-0.03) for three span (0.00) 

to (0.04) for four span and (0.0) to (0.045) for 5 span beams at end 

spans. 

For interior span at hogging side (0.0) to (-0.10) for 

three span beams, (0.0) to (-0.07) for four span beams and (0.0) to 

(-0.07) for five span beam respectively. 

In the second part of the study cracking length/span 

relation are traced against F/G, ratio on figures (5:4) 5. (5-5). (5.6) 

for 3 spans, 4 spans and 5 span beams for sagging and hogging side. 

It was found that; there is a relation between cracking length/span 

ratio with F/G). ratio which gives a curve for sagging and hogging side 

as shown in figures (5.4) - (5.6). It will also be seen from the result 

that cracking length is bigger at inner spans than End span at sagging 

side. Cracking length increases with F/G, ratio on sagging side but 

decreases on hogging side. It will also be seen from figures 

that curve is flatter at high F/G, ratio for sagging side. 

Hypersplastic Moment 

From the same bending moment envelopes, the values of 

the ratio of maximum hyper-plastic moment to maximum plastic moment 

are tabulated in columns A and B of tables 1 to 3. Column A contains 

the figures for sagging side and Column B contains the figures for the 

hogging side. Hyper-plastic moment/FL/8 values also tabulated on
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We aya o 

ze|ee| 22| #2 ae fleet ae res 
seas] 2(2* | Be] & 

2-5R |20.0 | 8.00 28.0 1.4 0.862 - 0.786 0.23 | -0.03 

5-8R i a “ 0.797 - 0.356 0.40 | -0.10 

2-5R |20.0 | 10.0 30.0 1.5 0.856 - 0.420 0.18} -0.02 

5-8R * . " 0.786 - - - - 

2-5R 120.0 | 14.0 34.0 17 0.846 - 0.106 0.05} -0.01 

5-8R " " “ 2 0.772 - - - 

2-5R |20.0 | 16.0 36.0 1.8 0.340 - 0.56 0.03] -0.01 

5-8R ‘ : > = 0.764 - = 2 

2-5R 120.0 | 20.0 40.0 2.0 0.834 - 0.00 0.00} 0.00 

5-8R ” * # E 0.754 0.0 - 0.00| 0.00 

2-5R |20.0 | 24.0 44.0 2.2 0.829 0.0 - 0.0 | 0.0 

5-8R y 2 " 0.744 0.150] - 0.04] -0.01 

2-5R__|20.0 | 28.0 48.0 2.4 0.325, 0.090] - 0.03} -0.01 

5-8R . u " " 0.739 0.231] —- 0.06] -0.02 

2-5R |20.0 | 30.0 50.0 2.5 0.822 0,125] - 0.04} -0.01 

5-82 s i s e 0.729 0,243] = 0.06} -0.03 

2-5R |20.0 | 32.0 52.0 2.6 0.823 O13 3) 0.03] -0,01 

5-8R * . o 4 0.730 0.261} - 0.06] -0.03 

2-5R _|20.0 | 40.0 60.0 3.0 0.813 0.207] —- 0.07] -0.02 

5-8R . : “ . 0.722 0.354 - 0.09] -0.04 

2-5R |20.0 | 42.0 62.0 3.1 0.811 0.219 - 0.07| -0.02 

5-8R " e : " 0.721 0.544 - 0.14] -0.05 

2-5R__|20.0 | 56.0 76.0 3.8 0.817 0.284 - 0.10] -0.03 

5-8R . is : = 0.711 0,734. = 0.14] -0.06                       
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Table 2 4 Span Beam 

No.of] Dead \Variable Total |Tot.load |Effici- 

span | Load} Load Load fa'g oad} ency A . c p 

(G,) (V) (F) 
2-5 R {20.0 | 8.00 28.0 1.4 0.856 - 0.840 0.21 |-0.04 

5-8 L " * " " 0.815 - 0.376 0.20 |-0.07 

2-5 R |20.0 |10.0 30.0 125 0.853 - 0.116 0.05 |-0.015 

b=8 L % x ‘i : 0.812 - 0.26/ 0.17 |-0.065 

2-5 R 120.0 114.0 34.0 le7 0.842 - 0.0 0.0 0.0 

5-8 L ‘i ¢ 4 2 {0.798} - 0.094 0.11 |-0.05 

ak z , . s 0.091 - 0.13 |-0.015 

2-5 R |20.0 |16.0 36.0 1.8 0,838 - - - = 

6-8 L = i Z 4 {0.787} = 0.u0 0.00 | 0.0U 

wok a * . " 0.177 - 0.04 |-0.01 

2-5 R 120.0 | 20.0 40.0 2.0 0.833 <= a cs - 

5.8R = u . £ 0.782 0.272 - 0.U8 |-0.03 

2-5 R 20.0 | 24.0 44.0 Cae 0.823 0.0 - 0.0 0.0 

5-8 R i u f 7 0.752 0.421 - 0.12 |-0.05 

2-5 R |20.0 | 28.0 48.0 2.4 0.822 0.062 - 0.03 |-0.U1 

5-8 R " } r x 0.772 0.456 - 0.14 |-0.05 

2-5 R | 20.0 | 30.0 30.0 Ze 0.821 0.100 = 0.04_|-0.02 

5-8 R . a 2 . 0.776 0.442 - 0.14 |-0.06 

2-5 R | 20.0 | 32.0 52.0 2.6 0.819 0.105 = 0.04 | -0.02 

5-8 R " 4 : " 0.765 0.475 = 0.15 | -0.06 

2-5 R | 20.0 | 40.0 60.0 3.0 0.815 0.189 - 0.06 | -0.02 

5-8 R ‘ i - Me 0./57 0.555 = 0.18 | -0.07 

2-5 R | 20.0 | 42.0 62.0 Se 0.809 0.189 - 0.09 | -0.02 

5-8 R ‘ f 4 c 0.753 0,558 r 0.21 | -U.07 

2-5 R | 20.0} 56.0 76.0 3.8 0.804 0.263 = 0.U9 | -0.03 

5-8 R a a “| ie 0.746 0.657 3 0.22 | -0.08    
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TABLE 3. 5 Span Beam. 

of |tsed flood |uoad | Me fips | * | 8 |e |? 
Span |(G,) F 

2-5R 120.0 | 8.0 28.0 1.4 0.894 - 0.786 0.26 | -0.045 

5-8L : 3 " s 0.818 - 0.377 |-0.14 | -0.07 

8-11R # Z 0.797 2 0.221 0.09 | -0.03 

\2-5R {20.0 |10.0 30.0 125 0.855 - 0.260 0.10 | -0.04 

p= 8b “ » e 4 0.784 - 0.272 0.13 0.065 

8-11 3 ‘ f 0.787 - - - - 

2-5R 20.0 |14.0 34.0 7, 0,843 - 0.330 0.07 | -0.025 

5-8L a " 4 ft (0.768) - 0.033 0.07 | -0.04 

5-8R . if . y - 0.02 0.005 

8-11R x iz : s 0.770 | 0.102 = 0.03 | -0.01 

2-5R 20.0 |16.0 26.0 1.8 0.838 - 0.081 - -0.020 

5-8. ay : Z Y - 0.00 0.00 | -0.00 

5-8R {20.0 Ms i i 0.762 |0.125 - 0.04 |~-0.015 

8-11R |20.0 ! : 0.763 | 0.165 is 0.04 | -0.02 

2-5R |20.0 |20.0 40.0 2.0 0.834 - 0.063 0.01 0.00 

5-8R 4 iH E :. 0.751 | 0.226 - 0.07 | -0.075 

8-11R ' a : . 0.751 .).0.s250 - 0.07 | -0.030 

2-5R |20.0 |24.0 44.0 Qe 0.827 |0.00 - 0.00 0.00 

5-8R c i , * 0.741 | 0.358 = 0.11 | -0.04 

&11R . " 4 x 0.739 | 0.370 S 0.12 | -0.0425 

2-5R 20.0 |28.0 48.0 2.4 0.824 | 0.070 - 0.03 |-0.01 

5-8R 5 e ‘ . 0.734 | 0.451 - 0.13 |-0.04 

8-11 " i . _ 0.732 | 0.471 - 0.13 | -0.04 

2-5R 120.0 |30.0 50.0 Pas 0.821 | 0.107 - 0.04 |-0.01 

5-8R 5 . " 4 0.730 | 0.495 > 0.13 | -0.05 

8-11R 4 s . y 0.729 | 0.510 - 0.14 | -0.055 

2-5R 120.0 |32.0 52.0 2.6 0.820 | 0.119 = 0.04 | -0.01 

5-8R . ‘ e ¥ 0.729 | 0.531 - 0.16 | -0.06 
8-11R f ss : 1 0.726 | 0.572 = 0.16 }'=0.05 

2-5 20.0 |40.0 60.0 3.0 0.813 | 0.190 = 0.07 | -0.02 

5-8 . 5 5 u 0.719 | 0.684 - 0.20 | -0.065 

8-11 ‘ " . i 0.716 | 0.720 - 0.21 | =0.07 

2-5 e420 62.0 Oail 0.812 | 0.194 - 0.07 | -0.02 

5-8 i ‘ Y r 0.718 | 0.714 - 0.22 | -0.070 

8-11 y s : A 0.715 | 0.742 = 0.22 | -0.075 
2-5 “156.00 76.0 3.8 0.806 | 0.276 ee 0.09 |-0.03 

p-8 a ie a e 0.707 | 0.884 = 0.28 |-0.075 
5-1) " “ ii “ 0.704 | 0.927 eS 0.28 | -0.08    
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TABLE 4 
  

SAGGING SIDE 

Kriticed Ceouking 1erytl/ Span Values. 
HOGGING SIDE 

Crtical C tacking heog tl Span Velwes. 
  

(ss) 
INTERIOR SPAN 

(3-5)] 
INTERIOR SPAN 

  

  

  

    

NUMBER END SPAN (2-5) END SPAN(2-5 
OF SPAN 

Min. | Max. | Min. | Max. Min. | Max. | Min. | Max. 

3 Span 0.0 | -0.03} 0.0 -0.06} 0.0 | -0.03} 0.0 -0.10 

4 Span 0.0 | -0.03 | 0.0 ~0.08} 0.0 | -0.04} 0.0 -0.07 

5 Span 0.0 | -0.03] 0.0 -0.07] 0.0 |-0.045] 0.0 -0.07                    
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tables 5 to 7. These results are then plotted against F/G, ratios 

in figures 5.7 to 5.12. The variation of the points at which the 

maximum and minimum values of hyper-plastic moment are also tabul- 

ated in table (8). It may be seen from these graphs that: 

a) Hyper-plastic moment is bigger for inner span than end span at 

sagging side. 

b) By increasing load hyper-plastic moment decrease at hogging side 

and increase at sagging side. 

c) Maximum hyper-plastic moment at sagging side gives nearly the 

same result for end span. (0.205 FL/8 for 3 span, 0.185 FL/8 for 

4 span and 0.195 FL/8 for 5 span.) and they will be equal to 

zero at F/G, = 2.2 

Efficency of Design: 

Relative economy can be measured by an efficency index 

for elastic and redistributed design. Efficency can be defined as the 

ratio of the volume of flexural reinforcement resulting from elastic 

and redistributed design. It was suggested by M. Z. Cohn (1970) that 

the volume of flexural reinforcement for plastic case (Vk) can be 

formulated by Vk = MpjLj and similarly for elastic case 

Ve = MeeL,. And efficency index will be Wk =) ¥K =}- MpsLd 
E Ei-j VE ie 3b 

JJ 

where Me = Elastic bending moment 

Mp Mp = Plastic moment 

Li 1 Span length 

That equation may be applied by taking redistributed 

values of bending moments instead of plastic values. Then efficency 

index of redistributed design will be; 

we SMihy 
> es;



SAG 

For example: Efficency index of the beam shown on figure (5.13) can 

be calculated by applying the equation above. Efficency index = 

287 x 8 + 287.0 x 8 + 218 & 8.0 = 0.731 

397.0 x 8 + 397.0 x 8.0 + 289 x 8.0 

Efficencies of the redistributed bending moment designs 

are calculated by applying the same way for all loading conditions and 

tabulated on tables 1 to 3 and on table 9. Reciprocal of efficencies 

against F/G. are plotted in figure 14, It may be seen from these 

results that: 

a) There is a relation between ratio and 1/Efficency. This is 

due to the fact that an increase in F/G. generates an increase in 

1/Efficency and its maximum value occur at maximum F/G. ratio. 

b) Reciprocal of efficencies is bigger for inner span than end span. 

c) Maximum reciprocal of efficencies nearly equal at end spans for 

3 spans (1.223), 4 span (1.243), 5 span (1.240) respectively. 

d) For 5 span beam, reciprocal of efficencies are nearly the same for 

the centre span and inner span. 

7 394.0 

207.0 
287-0 

  

  

: 
1218.0 (8-8-1) 
1 

289-0 (elastic 8M) 

Figs: 5313
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Table 5 3 span Beam 

  

  

     

  

    

  

span [Total |e tele, bata ELASTIC CASE REDISIRIBUTED 

no. fload | 6, | HT 7g | FT 7g eee Nea eee a 

2.5 R | 28.0] 1.40 -  |0.459 | 0.834 10.687 | 0.524 p.727 

BEG ARi | Mmuaiite40nal ee 410.356 1. 5105816 u ).415 

2-5 R | 34.0] 1.70 - |0.063 |0.849 |0.709 | 0.595 0.725 

GeoRef - - " 10.306 "0.404 

2-5. rR |36.0/1.40 | - |o.039 |o.8s4 0.215 | 0.897 [0.728 

B-eR] "|" - - w\'0.379 "0.402 

2-5 R | 40.0] 2.0 - | 0.0 0.868 | 0.721 | 0.609 0.718 

peoen ta ieeal 0.00 | - "| 0.396 "19,390 

2-5 R | 44.0] 2.2 0.u0 | - 0.869 | 0.730 | 0.613 0.717 

Bee Role" 0.058 | - " 10,420 "0.349 

2-5 R | 48.0] 2.4 0.060] - -  |0.736 | 0.872 0.716 

aes Gel inl 0.08/ | - - | 0.435 " — |o,388 

2-5 R | 50.0] 2.5 0.090] - 0.882 | 0.736 | 0.617 {0.715 

Bs R | "|" 0.120] - 210.437 "10.382 

R-5 R | 5z.0| 2.6 0.095] - 0.887 | 0:742 | 0.877 |u.716 

B-sr]|o“ |" 0.140] - "| u.448 W038 

R-5 R | 60.0] 3.0 0.140] - 0.891 | 0.891 | 0.622 ]0./12 

Bsr jo" |" v.190 | - "| 0.464 | O27 san 

L-5 R | 62.0] 3.1 0.152] - 0.890 | 0.754 | 0.623 |0.712 

Beer Gel ee 0.207] - Be 0.472 "10.376 

P-5 R | 76.0| 3.8 0.205] - 0.893 | 0.763 | 0.625 |0.710 

p-srR] "|" 0.276 | - "| 0.496 0.375                     
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TABLE 6. 4 Span Beam 

  

  

  

  
  

  

ict. e Side, Side, ; Elastic Case Redistributed 

NO. |Load Go rer7e | FT 78" ee spe Supp ule 

2-5R 28.0 | 1.40 - 0.517 | 0.883 0.669 | 0.616 | 0.714 

5-8R : Ls - 0.231 | 0.656 0.343 | 0.459 | 0.464 

2-5R 30,03) 1.50 - 0.072 | 0.887 0.675 | 0.620 | 0.712 

5-8R " . 0.00 0.166 | 0.666 0.352 | 0.466 | 0.458 

2-5R 34.0] 1.70 - 0.0 0.893 0.691 | 0.625 | 0.709 

5-8R Z 4 0.041 0.059 | 0.687 0.367 | 0.481 | 0.448 

2-5R 36.0128 me a 0.899 0.694 | 0.628 | 0.710 

5-8R 4 # 0.078 | 0.0 0.697 0.375 | 0.489 | 0.440 

2-5R 40.0} 2.0 = = 0.903 0.706 | 0.631 | 0.709 

5-8R 4 : 0.118 - Ore 0.384 | 0.50 0.434 

2-5R 44,0] 2.2 0.00 = 0.909 0.713 | 0.636 | 0.707 

5-8R : i 0.151 0.724 0.390 | 0.508 | 0.427 

2-5 5020! 2.5 0.07 - 0.915 0.722 | 0.640 | 0.705 

5-8R . : 0.186 = 0.740 0.405 | 0.517 | 0.422 

2-5R 52.0] 2.6 0.074 - 0.918 0.729 | 0.642 | 0.705 

5-8R ‘i td 0.200 = 0.749 0.491 | 0.523 | 0.418 

2-5R 60.0} 3.0 0.129 - 0.920 0.735 | 0.645 | 0.704 

5-8R 2 4 0.229 = 0.758 0.418 | 0.531 | 0.412 

2-5R 62.0] 3.1 0.136 = 0.921 0.737 | 0.645 | 0.699 

5-8R " " 0.230 - 0.762 0.419 | 0.534 | 0.411 

2-5R 76.0] 3.8 0.185 - 0.929 0.748 | 0.649 | 0.700 

5-8R x 2 0.264 - 0.777 0.432] 0.544 | 0.402                   
   



  

ev les > 

  

  

  

  

                

TABLE 7. 5 Span Beam 

Co HOP wt ELASTIC REDISTRIBUTED 
SPAN | F F/G, |ee | 78 
NO. Supp.Mom} Span M}Supp.Mon}| Span. 

FL Fue Fe FC/B 

(2-5 (28.0 | 1.4 - 0.477 ‘| 0.870 0.611]. 0.607 | 0.718 

e561) |/ee" . - 0.229 | 0.705 0.371] 0.491 | 0.450 

8-11 u “ - 0.108 - 0.457; - 0.508 

2-5 |30.0 | 1.5 - 0.161 | 0.875 0.679] 0.612 | 0.716 

5-8 * # - 0.166 | 0.716 0.389] 0.50 | 0.441 

8-11 . : - - - 0.472; - 0.500 

2-5 134.0 | 1.7 - 0.081 | 0.882 0.694] 0.617 | 0.713 

5-8 " * 0.015 |0.064 |.0.735 0.419} 0.514 | 0.433 

8-11 « * 0.049 - - 0.498) - 0.485 

2-5 136.0 | 1.8 - 0.050 | 0.888 0.701] 0.621 | 0.711 

5-8 * 0.054 | 0.00 0.743 0.430] 0.520 | 0.430 

8-11 z " 0.078 - - 0.507} - 0.479 

2-5 140.0 | 2.0 - 0.0052 | 0.893 0.709] 0.625 | 0.712 

“5-8 4 W 0.090 - 0.756 0.450] 0.531 | 0.421 

oat | * H 0.129 - - 0.525] = - 0.468 

‘2-5 (ad. | 2.2 0.0 - 0.897 0.718] 0.627 | 0.710 

58 " ‘ 0.149 - 0.769 0.465| 0.536 | 0.417 

8-11 . . 0.161 - - 0.539} - 0.463 

2-5 48.0 | 2.4 0.049 - 0.903 0.723| 0.632] 0.708 

5-8 a * 0.185 - 0.778 0.481] 0.544} 0.411 

8-11 if * 0.205 - - 0.551 - 0.455 

2-5 150.0 | 2.5 0.063 - 0.905 0.727| 0.633| 0.707 

5-8 " s 0.198 - 0.782 0.487} 0.547| 0.410 

8-11 i" £ 0.231 - - 0.557] - 0.452 

-2-5 2.0 | 2.6 0.084 - 0.906 0.730] 0.634] 0.709 

“5-8 a * 0.218 0.786 0.492] 0.550] 0.408 
8-11 ‘i ii 0.257 - 0.562} - 0.449 

2-5 60.0 | 3.0 0.134 - 0.912 0.739] 0.637 | 0.706 

5-8 i a 0.275 - 0.797 0.510] 0.558.) 0.402 
8-11 u . 0.290 - - 0.579] - 0.441 

2-5 62.0 | 3.1 0.137 - 0.914 0.743] 0.639] 0.709 

5-8 ‘ * 0.286 - 0.803 0.517] 0.564} 0.400 
8-11 " f 0.300 - - 0.580] - 0.439 

2.5 76.0 | 3.8 0.194 - 0.919 0.751| 0.643) 0.703 

| 5-8 « a 0.345 - 0.815 0.536] 0.570} 0.393 
8-11 2 Z 0.398 - - 0.600 0.429   
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TABLE 9 

: 1/Efficency 

ne End Span jInner sparCentre spa 

3 Span 1.4 1.160 1.254 —— 

4 Span 1.168 1.226 oS 

Span 1.157 1.257 1.254 

Span ee 1.168 Leeke —-— 

4 Span alee? deesl —_ 

Span 1.169 VES 1.270 

Span V7 1.182 1.295 se 

4 Span 1.187 ees —_— 

Span 1.186 1,302 1.298 

Span 2.0 1.199 1.326 we 

4 Span 1.200 1.278 ee 

5 Span 16199 1.331 1.331 

3 Span we 252 1.206 1.344 wee 

4 Span Tet 1.307 — 

Span 1.209 1.349 1.353 

Span 2.5 1.216 M37 aa 

4 Span 1.218 1.305 — 

5 Span 1.218 1.369 1.371 

Span 3.0 1.230 1.366 —_— 

4 Span 1.226 1.321 was 

Span 1.230 1.390 1.396 

Span 3.8 1.223 1.406 na 

4 Span 1.243 1.340 —— 

5 Span 1.240 1.414 1.420        
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Span and Support Moments: 

Span and support moments are obtained from elastic and 

redistributed bending moment envelopes (Appendix 1) and the ratios of 

Me /FL/8 and H,/FL/8 are tabulated in tables 5 to 7. These results 

are also plotted in figures (15 to 20) against F/G), ratio. It can be 

seen from these values that 

a) Support moments are bigger at penultimate support than inner support. 

b) Support moment increases when F/G, increase but there is not a big 

difference between minimum and maximum values. 

¢) Span moment is bigger at end span than inner span. 

d) Elastic span moment increase and redistributed span moment decrease 

by increasing F/G ratio, and they will also intersect each other. 

PROPOSED METHOD 

A new method can be developed by using the relation of 

cracking length/span, hyper-moment/FL/8, support moment/FL/8 against 

the F/G, ratio. It can be seen from figure 17 for the 5 span cases that 

redistributed support moments are within the range (0.610)FL/8 - 0.65 

FL/8 for penultimate supports and within (0,49 )FL/8 - (0.570)FL/8 for 

inner supports respectively. If the fixed bending moment values of 

0.65FL/8 is adopted for penultimate support and (0.57)FL/8 for 

inner supports so that 30% reduction from elastic moment is not exceeded 

for every value of F/G) from 1.4 to 3.8. Redistributed bending moment 

envelopes can be drawn using the following procedure based on the method 

outlined by A. W. Astill (1973). 

First dealing with the maximum load case set up the 

fixed end moment values for the two supports of the span being considered 

i.e. for the penultimate span of the 5 span beam 0.65 and 0.57. From 

these two points draw the parabolic bending moment diagram for maximum
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n
j
 

load F so that at the mid-span the sagging bending moment is 1.0 - 

(0.65 + 0.57) = 0.39 as shown on figure 5.26. From figure 5.6 the 

maximum cracking length is 0.075L and from fig. 5.12 maximum value of 

hyper-plastic moment/FL/8 is 0.35FL/8. Using these two values the 

limiting line for 70% elastic bending moment can be drawn for the 

sagging side as shown on figure 5.25. The outer line shown is for 

F/G, = 3.8 and if it is used to determine the bending moment envelope 

for lesser values of F/G, a conservative, oversafe design will result. 

Other lines for other values of F/G, are also shown, It may be noted 

at this stage that, the 70% line does not occur for values of F/G, gle 

approx. At this stage the design envelope for the sagging side is 

complete. The remainder of the diagram for the hogging side is drawn 

in a similar way but separate lines must be drawn for each value of 

F/G In this case the 70% line does not occur for the values of kK 

F/G, > 1.8. These envelopes are drawn for 3,4 and 5 span beam, by 

following the same procedure on figures 5.21 - to 5.27. 

Example Using charts 

A beam of five equal 8m spans is loaded with & = 20.0 

and F = 60.kN/m. Draw the bending moment envelopes for end, inner and 

centre span respectively and design the reinforcement to CP 110. 

Procedure of the Design 

a) Trace the Gy = sy curve for end span, inner and centre span. 

Figures (5.25, 5.26, 5.27) 

b) Calculate the end moments and span moments from formulated values 

End moments: 

0.65 = 0.65 x 60.0 x 32 = 312.0 kN/m. 

FL 8.0 " " 0.57 a 0.57 x 60.0 x Bo 273.6 kW/m.
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Span moments: 

0.702 FE = 0.702 x 60x = 337 knm. 

0.390 F = 0.390 x 60x 8 = 187.2 knm. 

0.43 FE = 0,43 x 60 x $ = 206.6 km. 

c) Trace the redistributed curve by using the ratio of the distance 

for contraflexure points from support to span, and maximum moment 

values (figures 5.28 to 5.30). 

d) Plot the 70% length and figure 5.12 for hyper-plastic moment values 

for top and bottom of the beam, 

5.4. ANALYSIS OF FRAMES 

The same method which was used for beam analysis was 

extended to frameworks by including columns above and below the beams 

used. If we considera 3span frame which has end beams loaded with 

total load to collapse and middle span loaded with dead load only 

fig. 31,a). The unloaded span with its column may be considered as 

separately as shown on figure 31,b). It can now be seen that the 

tendency for the unloaded span to hog. is reduced because the columns 

will assist in resisting the ultimate moments Mu and Mu from adjacent 

spans. When analysing the subframe shown on figure 30b); it must be 

remembered that the beams at levels above and below may be loaded 

differently. The worst case for hogging of unloaded beam would be 

when the loads were placed so that the centre span of the three was 

carrying total load (F) and the two sides were carrying (6) as shown 

on figure (32.) 

The difference between the redistributed bending moments 

and modified elastic bending moments are also critical near points of 

contraflexure, Cracking length, hyper-plastic moment, design efficiencies 

are tabulated from the elastic and redistributed bending moment diagrams
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TABLE 10. 3 Span frame analysis 

NO. | Dead |Vari- | Total E Effic- 

of Load Jable Load “Gy ency A B c D 

Span Gi. LoadV, | F 

2-5 20.0 | 8.0 28.0 1.4 0.869 - 1.0 0.24 | -0.02 

5-8 20.0 | 8.0 cs 2 0.842 - 1.0 0.25 | -0.03 

2-5 20.0 | 10.0 30.0 es 0.865 - 0.131 | 0.04 | -0.01 

5-8 : 4 e a 0.839 - 0.069 | 0.06 | -0.02 

2-5 20.0 | 14.0 34.0 ¥./ 0.860 = = = = 

5-8 20.0 | 14.0 My i 0.832 - 0.024 | 0.02 | -0.01 

2-5 20.0 | 16.0 36.0 1.8 0.857 - - - - 

5-8 * e . 5 0.825 - - - - 

2-5 . 20.0 40.0 2.0 0.856 - - = - 

5-8 et S e 0.820 S i is = 

2-5 . 24.0 44.0 eee 0.852 - - - - 

5-8 . : i e 0.816 o = = Ss 

2-5 28.0 48.0 2.4 0.851 - - - - 

5-8 . e a . 0.813 - - - - 

2-5 iy 30.0 50.0 C5 0.850 - - - - 

5-8 " a , 2 0.807 = - . - 

2-5 " 32.0 52.0 2.6 0.849 - - - - 

5-8 . e He a 0.806 - - ~ - 

2-5 " 40.0 60.0 3.0 0.847 - - - - 

5-8 : - . a 0.803 |- = - - - 

2-5 = 42.0 62.0 Sal 0.845 - - - - 

5-8 . : - ‘s 0.802 - - - - 

2-5 ‘ 56.0 76.0 3.8 0.842 - - - - 

5-8 E 5 " : 0.797 - - - -                     
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TABLE 11. 4 | Span frame. 

i 

Span |Dead Wariabl¢ Total F Effic- B c D 
No, |Load Load Load ae ency 

2-5 }20.0 8.0 28.0 14. 0.861 - 1.00 0.19 | -0.01 

5-8 | " i ! e 0.844 | - - - - 
a-5 4 10.0 30.0 To 0.860 - 0.004 0.01 | -0.01 

5-8 , “ 0.842 S = ts - 

2-5 £ 14.0 34.0 17 0.859 = - = = 

5-8 14.0 : Ne7 0.841 = = - SS 

2-5 a 16.0 36.0 1.8 0.848 - - co = 

5-8 + u f 0.838 if = 2 = 

2-5 “ 40.0 2.0 0.856 = = = - 

5-8 ‘ iQ 0.833 = - - - 

2-5 * 44.0 222 0.841 = - - 5 

5-8 : a 2 0.817 - = 3 = 

2-5 ‘ 50.0 2.5 0.848 = o = - 

5-8 ig i. u 0.825 = = - ee 

2-5 4 52.0 2.6 0.836 - - - + 

5-8 x " M 0.809 o = Ss Ss 

2-5 : 60.0 3.0 0.843 - - - - 

5-8 i " . 0.819 - - es Gs 

2-5 i 62.0 3.1 0.842 - = - > 

5-8 a * " 0.818 - - - . 

2-5 : 76.0 350 0.841 2 *S - 2 

5-8 x “ « 0.817 ot o = = 
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TABLE 12. 5 Span Frame 

NO. | Dead |Varia- | Total Effic= 
of Load |ble Load F/G, ency B G D 

Span, Load 

2-5 20.0] 8.0 28.0 1.4 0.870 1,00 | 0.25 |-0.03 

5-8 8 2 zi : 0.841 0.106] 0.05 |-0.02 

2-5 20.0} 10.0 30.0 VES 0.864 0.337] 0.11 |-0.03 

5-8 a ae 5 . 0.836 - - - 

2-5 20.0} 14.0 34.0 lay 0.860 = = - 

5-8 s * 2 x 0.829 - - - 

2-5 20.0} 16.0 36.0 128 0.859 - - - 

5-8 oes : i 0.826 = : - 

2-5 20.0} 20.0 40.0 2.0 0.856 - = = 

5-8 x S 2 Me 0.820 - - e 

2-5 20.0} 24,0 44.0 as 0.852 - - - 

5-8 2 7 i a 0.813 - - = 

2-5 20.0} 28.0 48.0 2.4 0.850 - 

5-8 5 a . v; 0.805 = 

2-5 20.0) 32.0 52.0 2.0 0.848 - 

5-8 . 2 + : 0.808 - 

2-5 ¥ 14050 60.0 3.0 0.844 - 

5-8 eae » ‘ 0.800 - 

2-5 4250 62.0 Sal 0.843 - 

5-8 * . y ‘ 0.800 ss 

2-5 Hal 56.0 76.0 368. 0.840 - 

5-8 ; . . & 0.793 -                     
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TABLE 13 

Number of F I/Efficency 

Span a End spans Inner spans 

Span 1.4 1.150 1187 

4 Span E 1.161 1.184 

5 Span “ 1.149 1.189 

Span Loo) 1.156 1.194 

4 Span : 1.162 1.187 

5 Span “4s iS? 1.196 

Span Va 1.162 1.201 

4 Span " 1.164 1.189 

5 Span * 1.162 1.206 

Span 2.0 1.160 1.219 

4 Span 1.168 1.200 

Span 2 1.168 1.219 

Span 2e0 1173 1.225 

4 Span x 1.170 VWe211 

5 Span « 1.173 1.230 

3 Span On 1.176 1.239 

4 Span % 1.179 12i2 

5 Span i Vz7 1.231 

Span 3.0 1.180 1.245 

4 Span * 1.186 16221 

Span & 1.184 E250 

Span 3.8 1.187 1.254 

4 Span a de139 e223 

Span 5 1.190 1.261     
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given in Appendix I figures (A33 - A72) on tables (10 - 12). It 

will be seen from figures and tables that: 

a) 

c) 

4) 

e) 

9) 

5.54 

Critical points appear only for small variable loads (i.e. bs ig 

0.5, 0.6, 0.7 for 3 span frame; at = 0.4, 0.5 for 4 span and 

5 span frame). 

There ae no / critical points © for the: bottom side of the 

frame. 

Maximum cracking length/span is equal to (-0.02) for 3 span frame, 

(-0.01) for 4 span frame and (-0.03) for 5 span frame on the top- 

side for end spans. 

Maximum cracking length for inner span is equal to (-0.03) for 3 

span and 5 span frame (-0.01) for 4 span frame. 

Design efficency is bigger at the end span than the inner span. 

The number of spansalso influence the efficency of the design. 

Efficency has -q. relation with F/G, ratio because arrieay 

increase proportionally against F/G, ratio (fig. 3.6, table 13). 

COMPARISON OF VARIOUS METHODS “FOR THE DESIGN OF CONTINUOUS BEAMS 
  

For the purposes of illustration the example of a 5 

span continuous beam will be considered in Fig. (38a) but the discussion 

will be kept as general as possible. 

a) 

b) 

Elastic Design (Limit State Design) 

Limit state method was employed to find the bending moments of 5 

span beam, Bending moment envelope (fig. 38b) as drawn from the 

bending moment values of elastic design (Table 14). 

A, L. L. BAKER METHOD (Limit design method) 

It is assumed that, the beam has constant flexural rigidity and 

the total load of (6, + A Q) which equals (W + \ u)p = 3W



So 

in the example. The compatibility equations at sections 2 and 4 are 

as follows: 

me. 29 ls (Ta 
Re 213 3 Mo tog + Gk = 702 ET 

2 1s as ee = 
At 4 - 3 Mo eres + Xx t+ ek =-@ EI 

©; must have the same sign as X, (i.e. positive here). In 

order to obtain small values for ©; obviously large values of Xi should be 

used and maximum.allowable ©; may be obtained by using the min. value of X; 

A. L. L. BAKER recommended the following rule which states 

that "in coninuous beams of approximately equal span supporting uniformly 

distributed load the support moments (except penultimate) may be assumed 

equal to the mid-span moments provided the permissible value of @ for 

0.16 Mo 
E 

the support section is greater than and for external span 

oe Mo". j.e. at all support sections and internal 

span sections the moment of resistance equals Be and at external 

does not exceed 

span the moments of resistance is equal to Filo, and for these values: 

O= rol and Gi, = Mot ©, and ©; ae 

are assumed to be <Gpi 

SOAR) = oo) MO! Swade 
Be tee 3 NG eo ae 

3 XS More 9 |. 42 
1° 4 Z wl 

Redistribution method: The example which is shown on fig. 38a also 

designed by this method and results are tabulated on table (14) by 

using the computer programming. 

Optimum Method 

Values have been determined for both the moment of 

resistance at each critical section as well as the minimum working load
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Moments possible at each section. These values are tabulated in 

table (13 - 14) with the results of the other methods. 

COMPARISON 

It is seen from table (13 - 14) that elastic solutions 

are very conservative. Apart from the external spans the values are 

at least 27% greater thah redistributed values and 33% greater than the 

equivalent optimum vales. For the external spans this is down to 5% 

for redistributed vales and to 9% for optimum values. This elastic 

solution satisfies both working load and ultimate load conditions. How- 

ever it is seen that the A. L. L. BAKER method solution, although 

satisfying all the ultimate load criteria does not comply with the 

condition that at working loads the behaviour should be elastic every- 

where refering to fig. 38 not only at section 2 but also at section 4 

(i.e. at all support sections). Plastic hinges will occur according 

to the plastic theory of structures. 

The optimum solution satisfies all the criteria of both 

working and ultimate load conditions. The essential difference between 

those two methods is that:- the optimum solution considers all loading 

conditions (i.e. Working, first yield at all hinges and ultimate load) 

and the rotation compatibility is finally checked. The A. L. L. Baker 

method depends purely on ultimate load criteria and an independant 

rotation condition the working load criteria being checked finally. 

The A. L. L. Baker method has the advantage that the variation in 

maximum hogging and sagging moments may be reduced to a minimum so 

that a uniform section may be designed. In reinforced concrete this 

advantage is not very important, however, without varying the concrete 

section, quite a range of moments may be coy’ered by varying the steel. 

The disparity in sectional properties is such that at 

supports the moment of resistance varies between 10% to 21% less than
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TABLE 14. Comparison with Redistributed Method 

f Sections 

Design Method 1 3 3 4 5 

Limit State Design] 0.277 0.342 0.191 0.299 0.217 

(Elastic Design) (5%) (43%) (27%) (43%) (31%) 

A. L. L. BAKER 0.281 0.1875 0.1875 0.1875 0.1875 

METHOD (6%) (-21%) (24%) (-10%) (413%) 

0.251 0.259 0.135 0.221 0.153 
OPTIMUM DESIGN (-4%) (8%) (-102) (5%) (-4%) 

Redistribution 
Method 0.264 0.239 0.150 0.209 0.165 

Proposed 0.263 0.243 0.146 0.213 0.161 

Method (-0.3%) (41.6%) (-2%) (41.9%) (-2%) 

Gynt 20 kN/m L = 8.0m 

* (Momgnt values were divided by 
GkL© in tables) 

TABLE 15. Comparison with optimum design method 

eae d Sections 
Design Metho 71 2 3 4 5 

Limit State Design| 0.277 0.342 0.191 0.299 0.217 

(Elastic Design) (9%) (33%) (41%) (36%) 33%) 

A. L. L. BAKER 0.281 0.1875 0.1875 0.1875 0.1875 

METHOD (12%) (-28%) (39%) (-15%) (23%) 

OPTIMUM DESIGN 0.251 0.259 OF135 0.221 0.153 

Redistributed 0.264 0.239 0.150 0.209 0.165 

Method (5%) (-8%) (10%) (-5%) (+7.8% 

Proposed 0.263 0.243 0.146 0.213 0.161 

Method (44.7%) (-6.1%) (+8%) (-3.6% (+5.2%               
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redistributed values and 12 to 39% greater than optimum values. 

However, the plastic rotation criterion for optimum design at the 

support section may be less than the maximum permissible value and it 

will also be much less than the A. L. L. Baker method values. As 

regards economy there will be little to choose between them. The fact 

that the greater bending moment values occur at the support section 

where as the change of moment is greater at mid-span is advantageous; 

overall rotations and deformations are less which is a point in favour 

of optimum design. It will be seen from table 14 that Redistributed 

Support moment values are smaller than optimum design values (5 to 8%) 

and the redistributed span moment is 4 to 10% larger than optimum 

design values. This is a point in favour of redistributed design. It 

was also shown by A, W. Astill (1973) that redistributed design is 

quicker than others. It was also shown in tables (14 - 15) that there 

is a small difference between redistributed values and the proposed 

method values (-2.0) to (+1.9) percent), This is reasonable in 

application as the proposed method may be quicker and simpler by 

using the given charts.
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CONCLUSIONS 

(i) 

(iii) 

(iv) 

(v) 

(vi) 

Cracking length, hyper-plastic moment is dependant on the 

F/G, ratio. Cracking length and hyper=plastic moment increase 

at sagging side but decrease at hogging side by increasing F/G) 

It was also seen that cracking length and hyper-plastic moment 

is bigger for inner span than end span at sagging side. 

Support moment /FL /8 values for different F/G, nearly gives a 

straight line, and there is not a big difference between the 

minimum and maximum value which can be accepted as constant 

depending on support section (penultimate, inner) and number of 

spans (3 span, 4 span, 5 span). 

Elastic and redistributed span moment /FL /8 also gives a 

relation against F/G. Elastic moment /FL 78 increase and 

redistributed bending monent/FL /8 decrease by increasing F/G) « 

Reciprocal of efficency index will be increased when F/G) 

increase and it is give a curve against F/G, 

Cracking length and hyper-plastic moment was not very critical 

for frame design for the ratio of beam to column stiffness 

considered. Reciprocal of efficencies gives a curve against 

F/G). 

Using the information obtained the standard Bending moment 

curves of Fig. (s.2tto 533) can be plotted so that for normal 

values of F/G, ratios and 3 span or greater are full structural 

analysis is not necessary for each case. The standard charts 

can be used for the design of reinforced concrete beams with 

up to 30% redistribution of moments thus achieving the economies 

of materials without the eccessive costs of a full analysis.
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