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.SUMHARY

The growth of demand for electrical power has led to large
increases in the unit ratifigs of turbine-generators; typically, maximum
‘2-pole ratings have increased from 100 MW 20 years ago, to 660 MW today,
with 1300 MW units being seriously considered.

The growth in unit output has been made possible by majof improve-
ments in design, particularly the introduction of direct cooling of the
windings, which has allowed the electri; loading to be greatly increased.
The end-region flux densities have intreased in conseqﬁence, and core end-
heating and end-winding forces are major factors to be considered in the
design. It is thus essential to be able to calculate end-zone fields
accurately.

This thesis describes a finite-element method of predicting fields
in the air space, allowing for complexities of boundary geometry. To
economise in computer store, it is assumed that all functions vary sinu-
soidally in the peripheral direction, so that the 3-dimensional problem can
be treated by & "quasi-3-dimensional™ method, involving radial and axial
distances only. The solution is obtained as a scalar potential distribution,
from which the component flux densities can be derived.

Following proving of the method by application to problems for
which analytic solutions exist, flux density distributions have been calcu-
lated for a short-core replica of a 500 MW generator and a production 660 MW
generator. Agreement with test results is good.

Finally, the value of the method has been demonstrated by appli-
cation to problems arising in the end-zone design of superconducting field

and fully slotless generators.
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LIST OF SYMBOLS

(S.I. Units are used)

Iy - vector magnetic potential

ﬁ;,j,m - peak vector magnetic potential gt the nodes of the general
triangle

ir,z,e - peak radial, axial and peripheral components, respectively, of
vector magnetic potential

B - flux density X

Br,z,a - instantaneous radial, axial and peripheral flux densities
respectively

ﬁl - peak load flux density

%n - peak normal component of flux density

ﬁoc - peak open-circuit flux density

%r,z,e - vpeak radial, axial and peripheral components, respectively, of
flux density

ﬁsc — peak short-circuit flux density

¢, _ Xrotor fundamental mmf

: rotor peak mmf

E - induced voltage (rms)

H - magnetic field intensity

f - peak conductor current

Irms - stator winding current (rms)

Ir - rotor winding current

3 - current density

3r,z,6 - peak radial, axial and peripheral current densities, respectively,
in the stator or rotor windings

Kﬁ - distribution factor

K} - winding factor

R - stator resistance

R, - rotor radius



R, - stator radius

Tph - turns per phase

Tr - rotor turns per pole

0] - peak scalar magnetic potential

v’ - instantaneous value of scalar magnetic potential

Ui,j,m - peak scalar magnetic potential at the nodes of the general
triangle

'} — terminal voltage

Xl —~ stator leakage reactance

X — functional in terms of scalar magnetic potential

Xr,z,e - functional in terms of the radial, axial and peripheral
components, respectively, of vector magnetic potential

aij -~ general term in coefficient matrix

d — depth of penetration {% /——2—-}

Holirw

dr - axial length of bent portion of rotor winding

ds — length of straight portion of stator end-winding

dw — @axial length of evolute of stator end-winding

n — number of unknown scalar magnetic potentials

P - pole pairs

T — radial distance

r, ey radial co-ordinates of nodes i, j and m, respectively, of the
yds

general triangle

Fg - unit radial vector

v - ha?monic order

X — distance in 'x' direction

v — distance in 'y' direction

z - axial distancé

Zi,j,m - axial co-ordinates of nodes i, J and m, respectively, of the
general triangle

z - unit axial vector



AU

Ho

Hr

area of triangle

scalar magnetic votential difference

peripheral distance

unit peripheral vector

permeability of free space, 47 x 10™ '

relative permeability of magnetic material or screen

resistivity of screen material

fractional coil pitch

angular velocity
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CHAPTER 1

INTRODUCTION

1.1 General Remarks

The increasing demand for electric power has led to the pro-
duction of turbine-generators of larger unit rating. The dramatic
increase in turbine-generator capacity over the last thirty years is

shown in Fig. 1.1:
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In 1940, the rating of new sets was 30 MW; by 1960 this had
risen to éTO MW, and at present 660 MW units are being commissioned in
the United Kingdom, with serious thought being given to 1300 MW sets.

The increase has been made possible by major advances in design,
particularly in the cooling of windings: this has led to a decrease in
the active weight per unit power, also shown in Fig. 1.1;

The improvements made in cooling have allowed the electric

loading to treble in the last ten years, and normal design methods have

11



132

not always been adequate to deal with the problems associated with the

higher loadings.

Problems associated with the BEnd-region

The higher outputs and electric loadings have created a parti—

cular design problem in the end-region, shown in Fig. 1.2. The main

cause

is the increase in the fringe and leakage fluxes, due to the

larger air-gap and stator currents respectively. The increase in

fluxes has the following effects in the end-region:-

(1)

(ii)

(iii)

The eddy current losses in the stator core end-iron are a conse-
quence of end-region fluxes normal to the core end-surface.

These losses are mainly associated with the toothed region, since
the core-back portion of the laminations is usually protected
from the fluxes by a copper screen, as shown in Fig. 1.2.
Excessive temperatures have occurred in the stator core due to
these fluxes, and in some cases partial rebuilding of the core-
end has been necessary. The losses increase still further on
leading power factor operation, as is now required, at times, for
turbine-generators connected to the 400 kV system.

The end-winding forces, which are proportional to the product of
local leakage flux density and current, and hence to (current)?,
have increased considerably with the higher electric loadings.
The forces exerted on the end-windings of a 500 MW generator,
under short-circuit conditions, can be as highéﬁ3400-kﬂﬁm, which
is abéut 7 times the value for generators built ten years ago.

As & result of these exceptionally large forces, and fatigue
failures associated with the much smaller normal load forces, the
end-winding bracing system has had to be re-designed.

The end-winding leskage reactance contributes about 25% and 15%
to the sub-transient and transient reactances respectively, and
is directly dependent upon the leaksge flux distribution. . It is

important that these reactances are accurately known, so that the
125
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(iv)

to be

maximum switchgear ratings and the system stability can be
determined.

Losses caused by eddy currents flowing in individual strips, and
between strips, of the stator winding will increase as a result
of the higher leakage fluxes.

If the eddy current losses, end—windiﬁg forces and reactances are

controlled, it is essential to derive accurately the flux distri-

bution within the end-region, allowing for the distributed winding,

geometrically complicated boundari;s, different types of boundary

conditions, and internal conducting members, such as screens, clamping

plates, etec.

1.3 Review of Previous Work

1.3.1

1a5.2

General

There are several possible approaches to the solution of the

field distribution within the end-region, viz.:
(i) Analytic
(ii) Analogue

(iii) Numeric
Analvtic

The mathematical approach involves the solution of Laplace's
equation between two concentric cylinders, normaily the outer
casing and rotor shaft. Some examples are described in
Refs. 2 — 9, where the main differences in approach are in the
treatment of the stator and rotor windings and the surface
boundary conditions.

An early contribution was made by Smithz, whose object was
to calculate the end-winding reactance of turbine-generators. He
used the scalar magnetic potential approach, and the winding
currents were represented by current sheets having axial and
peripheral currents only. These currents were simulated by a

potential difference between the surfzce of a magnetically

14.



insulating shell, which divided the end-region into two zones.
The potential difference distribution was fepresented by a double
Fourier series, ;nd the separation of.variable method was used to
solve Laplace's equation for the pofential in each zone. All
outer boundaries were assumed to be infinitely permeable, except
the stator core-end-surface, which was treated as a screen to
magnetic flux.

Honsinger3’4 used a similar treatment t? establish relation-
ships for the end-winding réactance of an "induction motor;
however, all boundaries were treated as infinitely permeable, and
the results were presented in the form of generalised curves. An
approximate allowance was made for finite conductor dimensions.

Reece and Pramanik5 followed & similar approach, but pointed
out inaccuracies in both the Smith ana Honsinger treatments of
the potential difference set up by the current sheet. They
derived the flux distribution within the end-region, using a
scalar potential approach with all the outer boundaries freated
as infinitely permeable; it was mentiorned that the core-end-
surface could also be treated as a screen to magnetic flux. Air-
gap fringing was allowed for approximately by the use of
fictitious coils on the core-end-surfaces.

Hammond and Ashworth6 used a vector potential approach to
give the potential distribution due to "coils" with axial, radial,
or peripheral currents. The windings were modelled from & series
of eylindrical- and disc—shaped'coils, and their individual
fields added to give the resultant. However, in this approach,
all iron boundaries were ignored. Tegapoulos7 extended this work
by allowing approximately for ail containing boundaries.

Lawrenson8 determined the flux density within the end-region
by summing the contribution of small elements of the end-winding,

using the Biot-Savart law. This technique allows the end-winding

15.



1.3.3

1.3.4

shape to be tregted accurately, but it is difficult to take
account of boundaries other than the plane formed by the core-
end-surfaces. The method is essentially a computer method,
since numerous calculations are required to determine the density
within the end-region. Tegapoulosg reduced the number of calcu-
lations required by approximating the shape of the end-windings.
Analogue

Analogue studies have generally used an electrolytic tank or
conducting paper (Teledelto;), but hand fiux—plotting techniques
have been used, for example; by Darrieus1o. Winchester11
modelled the assumption of sinusoidal variation of all functions
around the periphery by & wedge-shaped electrolytic tank, with
source voltages on the sides of the wedge. The screen and
clamping plate were represented, anq losses in the screen were
obtained. Although Teledeltos paper has been used for many years,
Hawley et 8112 were the first to publish any extensive work on
its application to the end-region of the turbine-generator.
Results showed reasonable zgreement with test values.

Oberretl13 improved the analogue representation of the end-
region by simulating the magnetic non-linearity of the stator
core and eddy currents with a network consisting of semiconductor

diodes, capacitors and resistors.

Numeric

" With the availability of large fast digital computers,
numerical methods have tended to replace both the analytical and
the rather cumbersome analogue methods. One of the first
attempts to use the numerical approach for ihe end-region studies
vas made by Sarma et al14. The paper describes a 3-dimensional,
vector potential solution for the distribution of fluxes in the
end-region of & homopolar machine. Although the boundaries and

the excitation windings were represented reasonably accurately,

16.



it was difficult to specify the boundary conditions on the outer
surfaces, because of the use of the vector potential. A major
disadvantage of shis approach was the large number of nodes,
about 12,000, which were needed to reﬁresent the end-region in
detail. This proved expensive because the computer times
involved were large. |

| Okuda15 made use of Winchester's assumption of sinusoidal
variation of all functions peripherally to reduce the numerical
study from three to two digfnsions. This_gréatly reducéa the
number of nodes required to detail the end-region, as only the
radial-axial plane needed defining. A finite-difference approach
was used to determine the vector potential distribution, but the
outer boundary conditions had to be simplified, as in the work of
Sarma et al. This problem was overcome by Nomura16, who formu-
lated the same problem in scalar potential terms.

1.4 Solution Method selected

If larger unit rating turbine-generators are to be built with
confidence, designers must be able to determine accurately the distri-
bution and magnitude of the end-zone fluxes.

Analytical approaches have proved useful in the past, but they
can only deal with problems with simple boundaries, and therefore, in
general, cannot give the accﬁracy required. VWhilst analogue methods
can readily deal with mixed boundary conditions and irregular
boundaries, they tend to be expensive, and an experieﬁced operator is
essential. The numericel method is normally more convenient than the
analogue method, and complicated boundaries and internal members can be
represented without much difficulty. Although the full 3-dimensionzl
numerical solution of the end-zone would be very expensive, substantial
economy can be obtained by using Winchester's assumption of sinusoidal
variation of all functions peripherally, i.e. by & quasi-3-dimenzional
approach. This reduces the problem to a 2-dimensional study.

17.



The quesi-3-dimensional scalar potential numerical approach is

the basis for the work described in this thesis, with the finite-

element method being pfeferred to the finite-difference method used by

Nomura.

The advantages of the finite-element method are:

(i) Regions of particular interest, such as the stepped portion of

the stator-core end-surface, have to be greatly refined so as to

determine accurately the rapidly varying distribution of flux

densities caused by irregularities in the boundary surfaces.

~
This refinement is not needed in less important regions, and can

be avoided by the finite-element method, as shown in Fig.
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(ii) Non-radial and exial boundaries can be easily represented without

special treatment.

(iii) Iron-air boundaries can be simply represented by allocating the

appropriate permeability to the elements on either side of the

boundary concerned.

1.5 Purpose of Thesis

The thesis describes the development of a method for determining

the distribution of flux densities in the end-region of a turbine-

generator.

considered,

Although vector potential and flux density solutions are

the method chosen is a quasi-%-dimensional scalar potentisal

formulation, solved numerically By a finite-element approach.

18,



Boundaries are treated as being infinitely magnetic or infinitely con-
ducting. Internal regions of finite permeabilitf are also represented.
The method has been tested on problems for which analytical
solutions are available. As a further check, end-zone flux densities
calculated by the method have been compared with some experimental
values obtained on a replica of a 500 MW turbine-generator and a 660 MW
production generator. The variation with power factor of flux density
normal to the core-end-surface of a 660 MW generator is given.

The flux densities normal tg the stator-core end-surface of

superconducting field and fully slotless generators have also been

obtained using this method.

19.
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2.2

CHAPTER 2

THE END-REGION AND ITS MATHEMATICAL REPRESENTATION

General

It was concluded in the previous chapter that a quasi-3-
dimensional numerical treatment is the most suitable for determining
the flux density distribution in the end-region of a turbine-
generator.

Before establishing the numq;ical.fdrm of the electromagnetic

equations, the end-region will be described, and the assumptions needed
to enable mathematical modelling discussed.

End-region Description

The end-region, shown in Fig. 1.2, contains the stator and rotor
end-windings, and is bounded by the stator and rotor end-surfaces, the
shaft, the outer casing, and the end cover. (In this study, the end-
region is regarded as extending into the air-gap, to a position where
the axial flux is zero, i.e. where the effect of fringing is
insignificant.)

The main components within the end-region which influence the
flux distribution will be described in the following sections:-

2.2.1 Stator winding

The stator windings are normally of the 2-layer type, short-

pitched, with two conductors per slot. The coil-ends are

X
Pole pitch

&___ﬂ_:: Rotor E

-

Fig, 2.1: Stator winding end-turn
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2.2,

comvosed of short straight sections where the coil-sides emerge
from the slots, Jjoined by involute sections lying on the surface
of a cone. Fig..2.1 shows a develOped view of a single stator
conductor.

The complete assembly of conductors forms the conical shape
as ghown in Fig. 2.2,

Winding support membefs may be ignored, since they are non-
magnetic and, in the main, non-conducting.

~

Rotor winding and end-ring--

Fig. 2.3 shows the layout of the rotor coils, which are of
the concentric type, lying on a cylindrical surface, and
approximately rectangular.

The rotor end-windings experience large centrifugal forces,
and movement radislly outwards is restrained by a large metallic
cylinder (the end—ring) normally shrunk onto the rotor end; the
other end of the end-ring is supported on a magnetic ring (the
end-ring cover). The end-ring is normally constructed from a
non-magnetic material, to reduce rotor leakage and end-zone
fluxes.

Clamping plate and support fingers

The combination of clamping plate and support fingers is
used to compress and hold rigid the stator core, so as to reduce

the core vibration set up by the main fluz. PFig. 2.4 shows the

position of the support fingers, TEEEESS :
which are recessed into the inner . Stator | : Clamping
core 1 t““‘“1)18.1:&

rim of the clamping plate and follow |

l?roi:i:omc:f__"l
the profile of the stator teeth, as “stator |

: slot | ./Support

shown in Fig. 2.5. The fingers are A [fingers

amesev e}

constructed from a non-magnetic
Fig, 2.4: Support fingsr
material, such as Nodumag, and are arrangement
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Support fingers on a large turbine generator

Fig. 2.5

Clamping plate on a large turbine generator

Fig. 2.6:
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extended to the full depth of the stator core, behind the
clamping plate, by thick radial members. |

Fig. 2.6 inJicates the arrangemeﬁt of clamping plate and
support fingers. The clamping plate may be of magnetic or non-
magnetic material. ‘

2.2.4 Screens

To prevent flux.penetration inta the end-laminations and the

clamping plate (if magnetic), a copper screen is shaped around .

~
the clamping plate, as shown in-

1 | Clamping
Fig. 2.7. This tends to deTlect i [l 1 plate
|
the flux away from the stator- iAo
core | Screen
core end-region, and reduces the {'J
overall loss in the structural ' Support
fingers
members, although substantial p——
losses occur within the screen
itself. Fig. 2.7: Screen arrangemen

losses in the clamping plate can also be reduced by a high
resistivity laminated flux diverter. This construction has been
used by Westinghouse, but gives increased end-winding reactance.

2.3 Mathematical Representation of the End-region

2.3.1 General description

The method of end-field determination used in this thesis is
based on the work of Nomura, but is solved numerically by the
finite-element technique.

The reduction of the end-region from three dimensions to two
dimensions is based on the assumption that the excitation
currents, flux densities, etc., are sinusoidally distributed
around the periphery. The validity of this assumption has been
investigated experimentally by measurement of flux density around

the periphery of the end-winding of & short-core replica of a

24.
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Peak Normal Flux Densit

500 MW turbine-generator. The variations of measured flux
densities normal to the inner stator winding surfaceare shown in

Fig. 2.8, and are®reasonably sinusoidal:

. Axial distance ' Axial distance
from core-end e from core-end
= 0.1m g = 0.4m

O X ! - 1 i ey u o
0 90 18" 270" Zzb“ 0 90 . 188 210 0
| 5.5 Per\pheral Distghce [ 2.5
- ~5.0 - -5.0
- =T7.5 ~=Te5

Fig. 2.8: Measured flux densities normal to the
inner surface of the stator winding

This assumption reduces the problem to a 2-dimensional
numerical solution of scalar potential within the end-region

shown in Fig. 2.9:

P T T S S e g _— = =i - E s

Clamping
plate

Stator

: end-winding
Screen

;———— —— o — e —

S

End-ring !

Rotor end-winding

Fig. 2.9: Outline of end-region for solution purposes
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2.3.2

2.3.3

2:5.48

The electromagnétic equations may be formulated in terms of:
(a) Vector potential

(b) Flux density

(c) Scalar potential

Vector potential solution

The vector potential approach was initially selected so that
the excitation windings could be accurately represented, but a
full analysis, given in Section 8.1, brought several
disadvantages to light: th;se are:
(i) Tﬁree solutions are required to obtain the components of
vector potential, which give directly the values gz’ ﬁr and
B .
6
(ii) To calculate Ar, & gradient term, BAz/az, is needed so that
discretisation errors from th? AZ solution are introduced
into the determination of Ar.
(iii) The boundary condition on the external surfaces cannot be
defined in terms of any one.component of potential, and,
unless an iterative scheme is used, approximations are

necessary.

Flux density solution

Formulation in terms of flux density eases the problem of
specifying boundary conditions, but leaves the other
disadvantages of the vector potential approach: this was not
pursued further. A brief description of this approach is given

in Section 8.2.

Scalar potential solution

The attracéion of the scalar potential approach is the ease
with which boundary conditions can be specified, and the economy
resulting from the need to determine only one distribution. A

disadvantage of the method is that current-carrying conductors
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cannoi be as accurately represented as with the vector potential
approach, but it will be shown in Section 3.4.1 that this diffi-
culty can be satisfactorily overcome. This was the method chosen
to determine the distribution of.fluxes within the end-region.

Equation of the end-region

In addition to the assumption of sinusoidal variation peri-
pherally, the following assumptions =re needed to enable the
problem to be represented in a mathematical form:-

(i) Boundaries are represénted as
either (a) infinitely permeable (the Dirichlet condition),
or (b) infinitely conducting, i.e. 8U/an = 0 (the
Neumann condition).
(ii) Surfaces with induced currents are treated as infinitely-
conducting surfaces.
(iii) saturation of magnetic structures, such as the stator core,
clamping plate, etc., is ignored.

Since there are no magnetic sources within the end-region,
the divergence of flux density is zero, i.e.

DivB = O

In cylindrical co-ordinates, this expands to:

aBr Br 1 aBe aBz
AL e e ey 0 et te -
B .’ gl p a0 T Bz , (2.1)
A
where: B = Br sin pé
ﬁ .
Bz * B sin po
A
Bg = By cos pb
P = number of pole pairs

Scalar potential U is related to B by:

Ll

- grad Ui _' .
Ry b )

H

H

td |
It

Holr
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From Egns. (2.2) and (2.3) the following are derived:-

au’
BI‘ = = Holr ar e (2-4)

Moy BU’ '
Be _=: r ae s (2-5)

]

S :
Bz = - HoMlr aaUZ I " e e ana (2.6)

Eqns. (2.4) - (2.6) are substituted in Egqn. (2.1) to give

the scalar potential equation for the end-region as:

2%y’ 1 3w :
“°”'{'ar2 &+ 8r_+‘;§ 362 +-1£F;]‘ = 0 S scas L2

The term popr can be ignored if the region is homogenous,
but in the end-region there are regions of different permeability,
and for generality popr is retained.

The scalar potential, U’, can be written as:

U = U(r, z) sin pb

Eqn. (2.7) can then be reduced to its quasi-3-dimensional

form, viz.:

2’y 18U _ p? .a"*rq
Holtr [érz B T f? U + apt (I F 0 S

=

L=

This is the partial differential equation which describes
the poténtial variation in the end-region.
2.4 Conclusions

The scalar potential approach has been selected to determine the
flux distribution in the end-region because of the ease with which it
can represent boundaries and the economy obtained in having to solve
for only éne component. A quasi-3-dimensional relationship has been
derived for the scalar_potential in the end-zone. This relationship is
to be solved numerically by the finite-element method, and the

following chapter details the development of the numerical equations.
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CHAPTER 3

NUMERICAL FORMULATION

3.1 General

The partial differential equation describing the end-region

scalar potential distribution has been derived in the previous chapter.

This chapter derives the corresponding numerical equations for the

finite-element solution, and describes the treatment of excitation

windings and boundaries.

3.2 Finite-element Theory

e e

Variational prineciple

The finite-element aporoach uses the Calculus of Variations
to establish, from the governing differential equations, an
integral, X, which, when extremised, gives the correct solution.
The integral, which is a function of the unknown scalér
potentials, is known as the "functional".

This can be written for the end-region problem in scalar

potential terms as:

i N
X = /‘/-/‘ : [I‘, el Z, U’ %El -g-[el, 'Ea:_lzj-j s 5 s L B e (3'1)
L

The equation for the function inside the integral is
obtained from the governing differential equations by using
Euler's theoremn.

This theorem, which is derived from the Variational Principle
(Franklinw), states that the volume integral X will have a

stationary value if the unknown function, U(r, z, 6), satisfies

the following eguation:-

%5'“58?3_(%)] '585[3_(%] 56-[-@-)-} T
z

or 06
Determination of the functional for the end-region

The functional for the end-region problem is determined from

Euler's theorem, as described in Section 8.3, giving:
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= 8 /:ff&éi[(g—‘?z +(2_2T +;¥-fg—éqz:]r dr dz d0 .... (3.3)
v g J J i

If correct, this should reduce to the energy equation for
the end-region: this can be verified by recasting Eqn. (3.3) in

terms of flux density, i.e.:

2
%
';ar__j 3§ oMr
2
BUT e
19z _Goprj N
2
L ([ FLR e Py
?Lae “ t#opr‘jz

Therefore substituting in FEgn. (3.3) gives:

Gl S f{' Br + B§ + BOZ ] ¥ &r dz &6
= ) {2Qkorr) T 2(uonr) 2(pope ) |

-
which is the stored magnetic energy of the end-region.

Eqgn. (3.3) is the functional for a fully 3-dimensional
region, whose scalar potential distribution is described by
Eqn. (2.7). However, the assumption made in Section 2.3.1 allows

the end-region equations to reduce to the 2-dimensional form of

Egn. (2:8), giving:

[ (au?  (a0?  p2 .71
ST [{‘%’LL[S—% + gJ +-§7U2J r dr dz R R L

(The term‘/ﬁe introduces a constant, w, in the above equation,
but can be ignored, as shown in Section 3.3.4.)

3.2.3 Extremised functional

The functional, Egn. (3.4), is extremised by differentiating
it with respect to the variable, U, and equating to zero:
oX _ /' dopr O | (BUF  faUP = p? =
au 2 au| |or *azj'*r’-'uerdz‘lr"o
.r8 - LR B ] (3'5)

The problem becomes one of deriving a variation of the
unknown potential, U, in terms of r, z and 0, such that it satis-
fies Byn. (3.5). This variation is solved numerically by the
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finite-element method, and the folldwing sections describe the

development of these numerical equations for the end-region.

3.3 Numerical Formulation®

3'3-1

e

General

The finite-element approach for determining the potentials
requires a longitudinal section through the end-region to be sub-
divided into elemental areas, such as triangles, rectangles, etc.
A potential variation, defined by the corner node co-ordinates
and potentials, is assumed:ove? the elementé. The numerical
representation of the potential distribution is substituted into
the functional equation, (3.4), which is then extremised with
respect to potentials at all nodes, giving the numerical form of
Egn. (3.5). This results in an equation for every node, and the
potential variation is determined by solving 'n' simultaneous
equations with 'n' unknowns.

Element sub-division

The element used to sub-divide the end-region can be of many
shapes, the simplest form being a triangle. This element is
flexible enough to fit most irregular boundary shapes, and finer
elements can be readily used where the potential field varies

rapidly. Because there are only three nodes to consider, the

General
S o triangle
~ i,j,m
Stator d
end-winding =
. Rotor 1
Rotor __
end-winding : :

10]

Fig., 3.1: Sub-division of an end-region by trizngular element
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computational time required to determine the coefficients

associated with the element is less compared with other types of

element. This element is the type used in solving problems

3.3.3

arising within this thesis, and Fig. 3.1 shows the triangﬁlar
sub-division of an end-region.

Derivation of potential variation over an element

It is necessary to assume a function to describe the
variation of potential within the element. This function is
termed the "shape function®, and is represented by a polynomial
of an order consistent with the number of nodes available along
any edge of a triangle, e.g. a linear polynomial requires two
nodes per side, a quadratic three nodes per side. The higher the
order of polynomial, the more complex become the numerical
equations, but greater accuracy is obtained. Therefore, a
balance of cost against accuracy must be achieved, and for a
2-dimensional study with simple boundary conditions, the linear
polynomial suffices,

The linear variation of potential over a triangular element
may be written as:

U = a + azr + a3z W e, (oEd
where a4, ar and as are coefficients related to the nodal
co-ordinates and potentials of the triangle concerned. These
coefficients can be derived by substituting into Egn. (3.6) the
co-ordinates and potentials at each vertex, giving, for the
general triangle of Fig. 3.1, the following:-

U. = a4 + azr. + azz.
i 1 st b
U. = aq + Qzr, + 033 _

J J

U = @1 + Q2T + 0z3%
1 2m Bm

5



Solving for a, gives:

U ., Z
i i i
U T z
J J J
U x Z
m m m
a4 =
1 P z
i i
1 r. z
d J
1 r z
m m
Therefore: $
U(zr. -2zr )+ Uf(z.r -2r)+0(z.r. -2.0r,)
&' s im Shanss m i o i 1 39
zm(rj - rgj + zi(rm - rj) + zj(ri = rm)
a U, +a.U.+aT
e B 479 m m
= 2A
where: A = area of the triangle
i [zm(r'j - ri) + Zi(rﬁ - rj) + zj(ri - rm)f
= 2
a =0 T =gy
i m j m
a. & B5.r — 2.p
J im m i
a = Zr,6 - ..
m J X )
Similarly for @z and as:
bU. + b.U. +b U
T TR 1 _mm
= 24
where: b, = 2. -2z
i 3 m
b =B e
Jj m 9
b = Z, = 3
m i 5
and :
e U, e, el
el i 3 s m m
2A
where: e =Pl ep
mn J
C = A, - R
J i m
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Thus, if a4, @2 and a3 are substituted into Eqn. (3.6), the
potential distribution within any triangle becomes:

Kai #{b i ciz)Ui + (aj 4 bjr + cjz)Uj +—(am-rbmr-+cmz)0ﬁi

- oA
Vel kS
{a + b+ cnz)
where the terms >A are called the shape functions
(n=1i, j or m). <

Numerical equivélent of the extremised functional

The numerical equi%alent of Eqn. (3.5) is obtained by sub-
stituting Egn. (3.7) into the functional equation (3.4) and
extremising with respect to potentials at all nodes. Thus
extremisation at node 'i' of the general triangle in Fig, 3.1 is
obtained by differentiating with respect to U&, summing similar
equations formed from connected triangles with node ti*, and

equating to zero, i.e.:

ox°
Y '5-[]_'- = O " s e e (3-8)
st 1

where 2: represents the summation of all connected triangles.
The following example illustrates this:
Consider node 'i' in Fig. 3.2, then the complete variational
equation for this node is: |

0X4 0Xs 0Xs 0Xo X4z 9X=0

o0, Yo T en t oy ten T am
i o 9 i i i

aze
ou,
3

Fig. 3.2: Element array
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_The variational becomes, when expanded:

E:_ax“’_ E[/M 2U_8 (au)  gu_3 (au)
= oOHr ~‘ !
au, i or au; jer | © 0z dU; B2
e
+-1'i—:UaU r dr dz

which gives, when substituting for U from Egn. (3.7):

Z Tl j/:/‘%[r (b, U, + bU, + b U ) bi.

e
+r(c,U. +cU,+cU)ec, +2(a, + bur + c.z)
i1 JJ mn’ i rvi i i
X [(ai+bir+ciz) e (aj+bjr+ cjz) UJ.
+(a +br+cz)U7}drdz
m m m m_j

+ the contributions from the other associated triangles

= O LR (3! 9)
The integral over the area of the triangle is evaluated, as
described in Section 8.4, and leads to the following numerical

equation:-

e
i :

+ pzci‘? S+ 2p° b, a8 + 2p? a, ¢, Q+ 2p2bi c; z )

xU. + (b, b.rbrec, .7 A+ pPe,a. W
i s R b b | 19

-tr1:121311:;._'_"1':-’3+pzcic;jS+p?a.j biA +p2aibjﬁ

SH |

2 i 2 : 2
+ p bichA+p cibj A+ p© c, aJ.Q

2 —ﬂ. _b 2
+ p aich)Uj+(bibmr Hie, €. T +pai&mw

2 =Y 2 2
: A
+ p bibmr&+pcicms+p biamA+p aibm
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