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SUMMARY 

The thesis describes a method developed to measure thermal 

contact conductance between metal-plastics surfaces by transient 

experiments. Published literature contains no comparable transient 

experimental technique and no conductance values for metal-plastics 

surfaces. Thermal transients set up by a radiant heat flux in two 

aluminium alloy rods which sandwich between them a thin sheet of 

plastic material are used to evaluate the contact conductance. 

Crank-Nicolson's finite difference scheme is used to 

evaluate the time-temperature history in a three body composite 

system with contact resistance at two interfaces. The details of 

the experimental equipment designed and constructed for this work 

is presented. Dimensionless groups obtained from the heat conduc- 

tion equation, initial and boundary conditions predict the contact 

conductance from experimental data and the limits to the accuracy 

of the measurements of contact conductance. Optimisation techniques 

are used to find the minimum of the sum of squares function formed 

by the theoretically predicted and experimentally measured tempera- 

ture values. The thermal conductivity of the plastic material is 

also evaluated from these measurements. 

The thermal contact conductance values obtained by this 

method at various applied pressures lie in the range of 

40 BTU/hr ft? °F (227.2 w/m? °k) to 200 BTU/hr ft? °F (1136 W/m? °K) 

and the thermal conductivity of the plastic material was 0.1042 

Bru/hr ft °F (0.1803 W/m °x). ‘This conductivity value agrees wih 

that given in the literature. 

The effects of applied pressure and ambient pressure on 

contact conductance are investigated.
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INTRODUCTION 

The objective of this work is to develop a transient method 

to measure thermal contact conductance at metal-plastic interfaces. 

The thesis presents theoretical and experimental investigations of 

the transient temperature in a one-dimensional three-body composite 

system with contact resistance at two interfaces. The method and 

results are of use in the field of plastics technology, in curing 

calculations, injection moulding and other applications where heat 

passes across metal-plastics interfaces. The results will be also 

of interest in comparing the theories of contact conductance 

because the surfaces considered for the present work differ so 

greatly in their physical properties. 

A majority of the previous workers on contact conductance 

measurements carried out theoretical and experimental investigations 

on metal-metal contacts to give information for the thermal design 

of space vehicles (re-entry vehicle, heat shield), nuclear reactors, 

electronic equipment and so on, and have shown that contact resist- 

ance may be significant. The models investigated by them mainly 

consisted of two-body composite systems. For the present work a 

three-body composite system was chosen due to the difficulties in 

measuring temperature in plastic materials, All temperature 

measurements were made in two metal rods which sandwich between 

them a thin sheet of plastic material. 

Previous work has shown that steady state experiments 

need very accurate temperature measurements at several points on 

both sides of the interface. The location of thermocouples very 

close to the interface would cause disturbances in the interface
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temperature and hence the extrapolation of temperature profiles 

becomes inevitable in steady state measurements. Also, it 

requires a very stable sink to maintain the boundary temperature 

value constant. However, for transient techniques the equipment 

could be made simpler and more reliable. Temperature measurements 

have to be accurate but an adequate time-temperature history can 

be obtained with fewer thermocouples. 

Basic concepts of contact heat transfer are discussed in 

the remainder of this section. Section 2 examines some of the 

literature in the field of contact conductance, and transient 

experimental techniques relevant to this work. The mathematical 

model used and the theoretical studies made are explained in 

Section 3, The description of the experimental equipment designed 

and constructed for this work and the experimental procedure 

employed in the measurements are presented in Section 4. Section 5 

gives the results obtained and a discussion of the accuracy of the 

method developed. 

Contact conductance studies are basically concerned with 

the flow of heat near the interfaces of two solid bodies in 

contact. Nominally flat surfaces which appear to be smooth are 

actually rough (on a microscopic level) and make contact at discrete 

points as shown in Figure l.la. (This illustration is representa-— 

tive of metal-metal contact). The bodies touch each other only 

where the peaks touch peaks or peaks touch valleys. The total 

area of contact may be less than 1% of the cross-section area 

and is above 20% only for carefully prepared surfaces [e, 30] 5 

However, in a metal-plastics contact due to the lower hardness of 

the plastic material, the contact spots will be larger in number
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compared to that in a metal-metal contact and hence the contact 

area will be relatively higher. When the contact pressure is 

increased the plastic material will deform into the interstitial 

volume and will increase the contact conductance. 

An enlarged view of metal-plastics surfaces in contact 

can be represented by Figure 1.1b. ( 4) F 

Definition of Contact Conductance 

Thermal contact conductance ho is defined as 

Q es c 20 
ho * QC (W/m* ~K) (1.1) 

c c 

where Le = Heat flux across the contact 

Bos Cross-sectional area of the surfaces in contact 

Ar, = Temperature drop at the contact 

The definition of the temperature drop at the contact of a com- 

posite system under steady state conditions is illustrated in 

Figure 1.2a. The temperature profile on either side of the contact 

will be a straight line and At, is usually obtained by extrapolating 

the profiles up to the interfaces. Under transient conditions, 

however, the shape of the profiles will depend on the initial and 

boundary conditions and time, ©. Figure 1.2b illustrates the 

temperature profile under transient conditions if the system is 

insulated and heated at one end.from an initially uniform tempera- 

ture for time @. This is based on the theoretical studies made in 

this work. Direct measurement of AT, (by extrapolation of the 

temperature profiles) will not be required in the transient method.
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Four mechanisms which may contribute to the heat transfer 

between surfaces in contact are: 

(i) Conduction through the contact points 

(ii) Convection through the fluid in the interstitial volume 

(iii) Conduction through the fluid in the interstitial volume 

(iv) Radiation between the contacting surfaces 

The relative importance of these mechanisms depends on a 

number of factors including the hardness and roughness of the 

surfaces, the applied pressure and the properties of the fluid 

between the contacts.



 



LITERATURE SURVEY 

The aim of this section is to present some of the literature 

relevent to the present work including publications on contact 

conductance measurements and transient experimental techniques. 

The majority of the early work published on contact conductance 

was presented by authors who were interested in the measurement of 

thermal conductivity. In the field of contact heat transfer, very 

little work has been published, and no work published so far 

includes any measurements of contact conductance at metal-plastic 

interfaces or of conductance for surfaces of widely different 

hardness. 

2.1 Convective and Radiative Heat Transfer 

The theoretical solutions reported by the earlier workers 

were based on idealised models. Several models are reported for 

the four somewhat independent modes of heat transfer. Most of the 

authors iB; 5, lo, 1s] assumed that the contact points are widely 

distributed, such that the radii of the contact spots are small 

compared to the distance between them and the gap thickness 8, is 

small compared to the distance between them. The model is illustra- 

ted in Figure 2.1. This model for the convective mode, was based 

on two parallel flat plates separated by a distance See Three 

different orientations of the plates were considered by the authors, 

However, they concluded that the convective heat transfer across 

a contact can be safely ignored for any realistic problem. For a 

metal-plastic contact these assumptions may be equally valid. 

Fenech and Rohsenow ho] have estimated the radiative heat
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transfer contribution to the total to be less than 1% for mean 

contact temperatures below 1100°F. Clausing and Chao [5] have 

reported that the radiation amounts to less than 2% of the total 

in the least favourable conditions of their experimental work. 

Moore [e] , in order to estimate the gap radiation, has assumed 

the interface temperature drop ate, to be small compared to the 

mean temperature and obtained the following expression for the 

radiative conductance hy : 

2 2 h, = 45), 0 Tm (2.1) 

in which 

1 (2.2) 

ate ieee tek 
SES 

E) and E, are the emissivities of the surfaces. 

qT) * T, 
Tm = <= and o is the Stefan-Boltzmann Constant. 

Moore also estimated the radiation to be less than 2% of 

2 0, 
the total, even at the lowest conductance of 29 BTU/hr £t F 

he has measured. 

2.2 Fluid Conductance 

The two modes of heat transfer that contribute mainly to 

the resistance are the solid-solid conduction and the conduction 

through the fluid. The fluid conductance hy is defined as: 

K. 
£ 

£ 3 (2.3)



lies 

where K conductivity of the fluid 

o>
 u Effective gap thickness 

Early work [30] reports that fluid conductance may even 

account for over half the total conductance. For metal-plastic 

contact this case would arise only under extremely high surface 

roughness of the metal and very low contact pressures. Equation 2.3 

suggests that the fluid conductance hy can be increased by intro- 

ducing a high conductivity fluid in the intestices. 

The evaluation of 8. in a metal-metal contact itself is a 

difficult task. In metal-plastics contact, assuming the surface of 

the plastic material to be perfectly smooth, the variation of the 

gap thickness 5, with contact pressure will be very difficult to 

predict. However, the contribution of the fluid conductance, he, 

to the total can be roughly estimated from conductance values 

measured at constant contact pressure and different ambient pressures. 

2.3.1 Solid Conductance 

Solid-solid conduction mode, ho, contributes a major prop- 

ortion to the total conductance ho under normal circumstances. 

The heat flow lines must converge to pass through the contact 

spots. Moore [6] has used the term ‘constriction resistance’ or 

"constriction conductance' for the constriction of heat flow lines. 

A surface will mainly have two types of irregularities: the 

surface waviness which is macroscopic and surface roughness 

which is microscopic. Hence two types of constriction of 

heat flow lines result. Firstly, due to the macroscopic 

waviness the heat flow lines converge to pass through the 

macroscopic contact areas and then converge again to pass through
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the microscopic contact spots. 

Several models are available for the prediction of 

constriction ratio a/b (Figure 2.1) to estimate solid-solid 

conduction mode for metal-metal contacts. They differ in the 

assumptions made by the respective authors. 

2.3.2 Deformation Analysis 

In order to predict the solid conduction mode, a relation- 

ship between the applied pressure and the constriction ratio 

a/b, (Figure 2.1), is essential. when normally rough surfaces 

are pressed together, the actual area of contact between them 

will be a small fraction of the cross-sectional area. Hence, 

the average pressure on a contact spot will be much higher than 

the applied pressure. The softer of the two materials will tend 

to deform elastically or plastically, or both elastically and 

plastically. 

If the deformation is assumed to be plastic and the 

pressure on a contact is equal to the maximum which can be 

sustained by the softer material (called the Meyer hardness 

value M) then using a simple force balance 

P = Applied pressure 

A Cross-sectional area 

a= Actual contact area. 

Hence: 

ol
y 

> 

A 
s 2. ae -f% (2.4) 
c
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If the deformation is assumed to be partially elastic, the 

average pressure borne by an a-spot will be a fraction of the 

Meyer hardness, M, i.e. the pressure on an a-spot PS is: 

Pe = EM Ors 6 <1 (255) 

hence 

ie P 
eu, EM (2.6) 

The above two assumptions were used by earlier workers in building 

up their models. 

2.3.3 Microscropic Contact Models 

Cetinkale and Fishenden [3] used the model shown in 

Figure 2.1 to predict values of contact conductance. The 

contact element was assumed to be a circular cylinder of 

radius b, with a centrally placed solid spot of radius a, 

surrounded by a fluid of thickness See The heat transfer was 

assumed to occur through the contact and through the surrounding 

fluid by conduction. The steady temperature distribution in 

the model was obtained by the relaxation method, controlled by 

the dimensionless quantities a/b and b.K,/6,.K,. They have 

obtained solutions for ten different cases to include practially 

all real cases (including the special case of a/b = 0, in 

which the flow will be linear throughout the cylinder.) The 

authors arrived at the following relationship after some 

"lds 
-1 

s b.K, tan b 
£ B /[ = K,/(h,.5,)| -a 

rearrangements: 

(2.7)
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in which K = harmonic mean of Ky and K, Since hy appears 2° 

on both sides of the equation, an iterative method was used to 

evaluate hy. 

In order to evaluate a/b, the authors assumed the 

deformation of the a-spots to be completely plastic, hence from 

equation (2.4): 

  

Also the authors have suggested means by which the gap thickness 

5, and the heat channel radius b can be evaluated from surface 

roughness measurements and some experimentally measurable 

constants. They concluded that conductances between specially 

smoothened and roughened surfaces can be estimated with 

sufficient accuracy for practical purposes using these 

equations and the experimental values of 6, and b. 

Laming {is} employed the model given in Figure 2.1. He 

assumed for normally flat, rough surfaces which are only just 

in contact, the a-spots, whether few or numerous, must be 

vanishingly small owing to very small radii of curvature of 

roughness peaks. If the surfaces are pressed together under 

an increasing load, the a-spots will increase in size, firstly 

due to elastic then due to plastic deformation. Supported by 

the previous work, that the elastic deformations are negligible 

except for very smooth surfaces, Laming consequently assumed 

as Cetinkale [3] and obtained: 

4 
ee | Serres a= li : :| (2.8) 

in which N = Number of a-spots per unit nominal area.
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Laming then used the conclusion of Holm [34] that con- 

ductance of a single a-spot is 2 a K- This is based on the 

assumption that the dimension of 'a' is small compared with b, 

the effective radius of the region supplying each a-spot. Then 

those. when 
to account for im cases high loads are applied,where the fluid 

and solid conductivities become: comparable, he modified the 

relation to apply to single finite size a-spot by the use of a 

"constriction alleviation factor’, f, where: 

ihsosats = m (2.9) 

where f is a function of a/b such that f > 1 as a/b > 1. 

Laming approximated (1 - f) to the first two terms in Rosse's 

series such that: 

iS ic tieteas ial (al (2.10) 

He assumed that the surfaces will have a regularly pitched 

waviness in one direction (due to mechining) and the number of 

contact points is equal to the number of ridge intersections. 

Eventually he arrived at the following expression for ho, the 

solid conduction mode, (from equations (2.8) and (2.9)): 

  

4 
ny = “Sp |sima. 7g (2.11) 

Teas || Weenie M 
yy 2 

where 4 and »» are the surface wave lengths and © the angle at 

which the ridges are oriented. Hence, the total conductance 

term ho becomes: 

  

4 
K 2k 

Paget nm Sin o P 
Pory Sp ee lege! |tagehpe M a)
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The remaining unknowns are a/b to evaluate f and the value of 

5, He obtained a/b from the relationship: 

a Pp Be ‘ 
cn! ths (2.13) 

s 

P nS i 
cos 1.41 m- B, (2.14) 

Hence, by eliminating f from equations (2.11) and (2.14) hy can 

be evaluated which appears implicitly. 

Fenech and Rohsenow {ao} approached the problem in a 

similar manner as in fis, 3 and 5] using the model given in 

Figure 2.1. They obtained the expression for the sum of the 

fluid conductance and solid conductance as: 

  

  

Ks oT £5 vd F_| (le?) (4.26/n— + 1 + 4,26/n- +1) + Lele £(€) S+S-) 44.26 e/a ie) oe € € KK, 
7 , > 

(ee) a on + ez 4.26 S141 4,26/n S41 
be XK) K z £ + & | 

1 kK, J 

(2.15) 

= fe where A, = real contact area and A = apparent contact 

area, in which € < 0,1 for all practical surfaces and f(¢)* 1. 

The term. in square brackets in the numerator is referred to as 

the heat flow across the voids and the second fraction as the 

heat flow through the contacts. 

The application of this equation to actual surfaces requires 

three quantities to be evaluated, Ser M and €. For small €, the 

authors develop the following expression for the average fluid
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= or 

thickness: 

  

. ro Sele tie 2 and RAK, (2.16) 

et 

where — = average height of gaps in actual contact. The remaining 

unknowns n, €, a and 5 were obtained from surface profile 

measurements. 

Cooper et al [7] have considered the resistance between two 

solid thick bodies in vacuum. They have compared the existing 

analyses of a single idealised contact and applied it to predict 

conductance of multiple contacts. 

2.3.4 Macroscopic Contact Models 

Clausing and Chao | have demonstrated that for many 

surfaces used in engineering practice the macroscopic constriction 

has a commanding influence on the overall resistance. They have 

presented a model (Figure 2.2) to predict thermal contact con- 

ductance in a vacuum and have obtained results to show the effect 

of surface film, surface roughness, creep and intestitial material. 

Their model suggests that thermal resistance across a con- 

tact in the absence of any conducting fluid may be represented by 

three resistances, R., Ror and Ro in series in.which: 
L 

" macroscopic constriction resistance (or large scale) 5, 
R, = microscopic constriction resistance (or small scale) 

and R ° film resistance. 

= + +R. Hence, the total resistance R RL ee R, 

For microscopic resistance based on the model given in 

Figure 2.1, they derived the same expression as Laming [ag]: 

2_.K .n 
h = a_n* (2-27) 

s 

g (x)
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in which h, = microscopic conductance 

1 
x = (a,/b,) 

g (x)= Rosses' series 

However, they assumed that the asperity deformation is partially 

elastic and hence the average pressure borne by an a-spot, Pa 

is assumed to be a fraction of the Meyer hardness, M. 

den Ee = §E.M 49 < —€ <1 as in equation (2.5) 

hence 
2.P.K, 

h Oe ee Se (2.18) 
8) T.M.E.a, g (x) 

The authors assumed an average value of 0.3 for &. 

For macroscopic constriction analysis, the authors assumed 

the contacting portion to be of radius ta," and the heat channel 

radius to be "bs The contacting region was assumed to consist 

of a large number of contact spots, each of radius ta,’ (Figure 2.2) 

and obtained the relationship: 

= (2.19) 

  

in which ee a/b, 

h, = macroscopic conductance. 

They assumed the macroscopic resistance to be governed by 

the elastic deformation of the contacting members. In order to 

predict the macroscopic contact area and its variation with 

applied pressure, the flatness deviation of the contacting solids 

was simulated by spherical caps of radii r, and ry (Figure 2.2). 
a 

They eventually obtained the following expression for x? 

b,| % 
x, = 1.20 JF. =| for x, < 0.65 (2.20) 
L m 4, 

in which qa = a, + a, = total flatness deviation.
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En = harmonic mean of the two modulii of elasticity 

E) and E, 

The dimensionless group (P/E,,) (b /4,) was designated as € and 

called the conformity modulus. 

Hence, from equations (2.17) and (2.18) 

  

= 6 (v) (2.21) 

in which 

2 x 1.205 4% g(t) = ——= (2.22) 
m g(1.285 ¢5) 

', 
ec 2S 7G oS, (2.23) 

T g(1.285 25) 

  

and the ratio of microscopic conductance to macroscopic conduc- 

tance becomes: 

  

2 b STi me (25), (DIM: fotegese L (2.24) 
hy T MAO) a, EG (x) 

in which for a given material of known geometry and load, the 

quantities P, M, € and b, are known. They estimated a,-6.9 (x) 

by assuming ra is independent of the load and the average size 

of the microscopic contact area is of the same order as the 

surface roughness. 

They have indicated from their calculations that micro- 

scopic conductance is of secondary importance for many engineering 

surfaces. 

Popov and Yanin [29] have reported heat transfer studies
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between surfaces with waviness. Their model for the macro- 

deviation is basically the same as that used by Clausing and 

Chao {5 ae They conclude that the wave height and the equivalent 

out-of-flatness are the governing factors that affect contact 

resistance. No experimental method is presented but the 

theoretical values are reported to be in satisfactory agreement 

with experimental data. 

Sanokawa [23] has presented theoretical analysis of a 

model of contact. The presentation consists of four parts 

including the effect of the shape of surface roughness and the 

waviness, He has performed experiments on waviness model and 

shown that the contact resistance is roughly the sum of the 

resistances due to roughness and waviness in series. Also, he 
avoid 

states that unless extreme care is taken to,waviness, there might 

be many cases in which the resistance due to waviness might 

exceed that due to roughness. 

2.3.5 Comparison of Contact Models 

The theories available include: only the prediction of 

contact conductance hoy for either rough-flat surfaces or 

smooth-wavy surfaces. Theories on surfaces with a considerable 

amount of roughness and waviness are yet to be published. The 

mechanisms suggested by Centinkale and Fishenden, Laming, and 

Fenech and Robsenow are applicable only for flat-rough surfaces. 

Out of the work carried out on the microscopic contact model, 

Laming's method requires less information. Fenech and Robsenow's 

needs much effort to evaluate some of the parameters but is more 

accurate, Clausing and Chao's work on macroscopic contact model
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will be applicable in preference to the others in cases where 

the surfaces will have large scale waviness. Their experimental 

results and theory agree for cylindrical specimens with spherical 

ends (Figure 2.2), but there is no information regarding the 

applicability and accuracy of the solutions for practical cases. 

2.4 Transient Methods 

Beck (2) has described a procedure for using transient 

experimental data to determine simultaneously, several physical 

properties appearing in certain partial differential equations. 

The properties were estimated by making the temperatures calculated 

by finite difference approximation to match the measured temperatures 

in a least-squares sense. 

Beck {27] also describes a method using non-linear esti- 

mation procedure to evaluate contact conductance as a constant or 

as a function of time. He suggests that the dimensionless number, 

B, where 

po = bet (2.25) 

in which L = specimen thickness 

ho = contact conductance 

K = thermal conductivity. 

When less than or equal to 0.5, the location of thermocouples are 

not critical. 

When B > 0.5, some thermocouples have to be located as near to 

the interface as possible, but outside the disturbance layer. 

Moore [6] has presented solutions derived for a class of 

boundary value problems for transient temperature distribution in
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a one-dimensional, two-layer composite rod. These solutions were 

an original contribution to the field of contact heat transfer. 

The theoretical analysis includes four different cases. In the 

section of Literature Survey, he presented a tabulated review of 

most of the existing publications on contact conductance studies 

and closely related topics, categorised by the type of information 

to be found in the various references. 

He has reported an effective method of locating thermo- 

couples on the surface of the test specimen (explained in Section 4). 

The experimental program of Moore consisted of six phases. The 

experimental conditions were approximated to the boundary conditions 

used for his theoretical solutions. These six phases of the 

program differ in the initial and boundary conditions, applied 

pressure and ambient pressure. The test samples used included a 

large range of thermal properties. 

50% of the experimental results obtained deicerered to be 

within 10% of the predicted values while 20% of them differed from 

the predicted values by more than 20%, 

Moore recommends a much stabler source block, larger number 

of thermocouples and careful surface preparation for future work.
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THEORETICAL 

3.1.1 Principle of Transient Method for Thermal Contact Conductance, he 

As stated in the Introduction, the work of this thesis 

concerned measurements of thermal contact conductance by a transient 

method. In the method a constant heat flux causes the temperature 

of a composite rod containing a plastic sheet sandwiched between 

metal sections to increase, and sets up thermal transients in the 

rod. An illustration of the geometry of the composite rod is given 

in Figure 3.1. 

  

  

          -, SS 
x=O x= x=] x=L 

Figure 3.1 

All three regions of the rod are assumed to be one-dimensional 

with constant thermal properties. The system is well insulated 

to reduce the radial heat loss. The temperature distribution in 

each of these three regions is assumed to obey the one-dimensional 

transient heat conduction equation including the correction term 

for the surface heat loss.
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3.1.2 Heat Balance over an Element of the Composite Body 

    

oT 7 
- KA a - KA St 

xt+Qx 

x x+Ax 

Figure 3.2 

For the element (Figure 3.2) x to x + Ax, whose cross-sectional area 

is A and perimeter P 

Rate of accumulation = Rate of input - Rate of output 

A.dx.p.c Be ee KR aa -p. Ax £(T-T,) p 30 Ox 
    x x+Ax 

(301) 

in which £(T-T,) is the rate per unit area of (convection) heat 

transfer from the surface of the rods. 

Taking Limit Ax > 0, 3.1 becomes 

  

or. a2 == <= - F(t-9,) 30 PeCae One i 

or pgae EGR een) (3.2) 
ae ox? 7h = 

Appendix 1 discusses the experimental determination of the value of 

F(T-T,) by recording cooling curves of the rods, from which 

* ares F(T-T,) = Q(T-T,) (3.3) 

in which Q is a constant.
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3.1.3 Mathematical Model 

Initially, all three regions of the composite rod are at a 

uniform unitial temperature T,. At time @ = O, the end x = 0 

(Figure 3.1) is suddenly exposed to a constant radiant heat source 

and it receives a constant radiant heat flux Fo The flow of heat 

across the interfaces x = a and x = b are assumed to be continuous 

and no heat flows across at x = L. 

Hence, the process can be represented by the 

following mathematical model: 

For the first metal rod: 

a 2. 

2) SH pteon,)2) nia 1 OS xe a (3.3) 
os Lod ic Re 

For the plastic rod: 

oh + (tt)? = a, et, 1 agxgb (3.4) 
ae ax? 

For the second metal rod: 

a 3 
73 + g(rjT,)? = a, 3, bex<h (3.5) 
e x2 

At time © = O: 

Ty (x, 0) = Ty, (3.6) 

T(x, 0) = Ty (307) 

T3 (x, 0) = T, (3.8) 

At x =0 

Bote hy | (3.9)
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At x = a: 

K fe = hi(?,-T,) = x, a (3.10) 
Lo poco a 2 iz ie 

ox ox 
a a 

At x =b: 

K ar, = hj(T.-T) = K er (3.11) 
2 lox | aes 3 de | dp b 

At x =L: 

eos lee ea so (3.22) 
ox Jy, 

The contact conductance, h, is assumed to be independent of 

temperature and its values at the two interfaces are assumed to be 

equal, i.e. h 

  

3.1.4 Finite Difference Approximation 

The composite body is divided into eleven finite regions, 

with eleven nodal points to describe the temperature distribution. 

Figure 3.3 illustrates the model. 
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L L 

1 M a 2 
es —- ee Seas) 

lst interface 2nd interface 

Figure 3.3 

The length of each modal divisiong in the regions 1, 2 and 3 are



=08 = 

Ly M and Ly respectively. 

Crank-Nicholson's finite difference scheme Bg] is used 

to approximate the time-temperature history in the system. This 

is an implicit method, where the average of the finite difference 

approximation for 3*7/dx* at time @ and @e + Ae is used, 

2, 2, 2, 

ie. 3 =: (3) + #5) (3.13) 
se x x 

e+4 e e+he 

The finite difference approximation for 0*r/ ox? is: 

or nse Ol oy Ouse 156 
nen |e z (3.14) 
ox" /4,0 ox 

and for 0T/90 is: 

x Ty 
OTs) es n,@ + Ae n,@ (3.15) 
te ke 

Hence, the one-dimensional heat conduction equation (3.2) in the 

finite difference form will be: 

2 -T Sor a F 
n,@ + Ao net Ott gp AOU =! Sta 1,6 

Ae 2 

2 yoe Tn ele tn tety @ RSA  “g nyr oe Ae) | 

gs 10 (3.16) 

Assuming 

m se = The # ho Te (3.17) 
n,@ + — 2 

Equation 3.16 becomes:



ee Oe 

48-7. 6 Oe Ko 4 Z(n - 1) T, - 1,6 + de + (4 X(n) + Q.Ae 

Mee) ee) Bert hem 1) a nso ae + Ne 

i ip eae 2 = 4 Rin) - Q.Ae [r fers cures 7] (3.18) 

in which the arrays X, Y, Z and R are defined in pages 30-32 

Hence, will depend on the temperature values at 
7,8 + Ae 

the adjacent nodal points at previous (@) and current (@ + Ae) 

time steps. Equation 3.18 leads to eleven non-linear equations 

with eleven unknowns, T n=1toll. These equations 
n,@ + Ae’ 

were solved by Newton Raphson's iterative technique to evaluate 

the temperature profiles. The technique converges in two 

iterations. The equations, the method of solving them and the 

computer program written in Fortran IV for the evaluation are 

described in Appendix 2. 

3.1.5 An Alternative Method 

The eleven non-linear equations could be made linear with 

respect to a if we introduce TT, ° instead of T 
’ 70 + Ao n,@ + Aoe/2 

into the correction term in equation 3.16. Hence, these equations 

could be represented in matrix form AT = R, in which A is a 

tridiagonal matrix (11 xf) and T and R are vectors. R contains 

known constant values and temperature values in the previous 

iterations qT, The assumption seems justified on comparing the °° 
, 

temperature profiles obtained using either of these methods for a 

given heat flux Fo and contact conductance h-values. 

The nodal equations obtained using this assumption in the 

matrix form is:
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aa 

x(1) ¥(1) 

Z(1) X(2) ¥(2) 

\ a 

\ ‘ \ 

  
ns 
Z(9) x(10) 

Z(10) 

in which: 

For I= 1 to 3 X(I) = 2 

x(4) = 2 

x(5) = 2 

Ae) = 2 

KU) 2= 2! 

x(8) = 2 

and for I = 9 to ll X(I) = 2 

¥(1) = -2B, 

x(2) = -B, 

¥(3) “#85, 

¥(4) = 28, /Ny 

y(5) = ~28, 

¥(6) = -B. 

        

Te — 

Ti ,e + de 

T° + Ae 

> | 
viey T10,0+A0 

X(11)) Ti,e+he 

a ie zs 

+ 28, 

+ 28, + 28, /N 

+ 28, + 28,/N, 

+ 28, 

+ 2B, + 28,/N5 

+ 28, + 28,/N 4 

+ 2B, 

Z(1) = -B, 

Z(2) = 8, 

2(3) = ~ 28, 

Z(4) = ~28,/N, 

2(5) = -B, 

Z(6) = -28. 

  

(3.19)



R(1) 

R(2) 

R(3) 

R(4) 

R(5) 

R(6) 

R(7) 

R(8) 

R(9) 

R(10) 

R(11) 

in which 

¥(7) = -285/N, 

¥(8) = -28, 

BS) a= Bs 

y(lo) = -B, 

(2 281) -Ti 9 =H 28 iT 

Z(7) 

2(8) 

2(9) 

2(10) 

+ 2,0 

ar 

Si 

~28, 

ob. 
— eS 2 Q.Ae (Th T,) 

ie bs = 2 By-Ty 9 + (2 - 2B))-T, 5 + By-T3 9 - Q-A0-(T)  - 7) 

- r= a 2 
Bieta opt ate tao | ye aves ean ts ee 2) 

281 -T3 15 + (20— 28, = 28, /N)T, 9 + (2B) N)TS 5 

2 - Q.Ae. Tyo = T,) 

(28 /N2) Tg co NS 285 - 28,/N))-Ts 9 + 2BoT6 6 

e 2 -Q.Ae. (Ts 6 T,) 

2 Bo-Ts 9 + (2- 28.) Te 0 + Bo-T7 6 - Q.Ae. Tee - T) 

285-76 9 + (2- 2B, - 28,/N5) -T 

(284/N4) a7 + (2 ~ 28, - 

8 
+ (28,/N3) “Ty 9 

2 - Q.Ae. (T 9 as T,) 

28,/N4) *Ty 9 + 2B5-T9 9 

» 4 2 Q.he. (Tg 9 tT) 

2 83-7, 9 (2 = 283) -Ty 6 + 83-Tio,e Q.Ae. (T 6 T,) 

85-7 6 + (2- 28.) “Tho, 

2b3710,6"" 

+R eT 
8 6251270) 

2 
- 9-10. (TiO g - T,) 

2 
(2 = 283) -Ti1e oo 9-00. (711 5 - T,)
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A computer program= written in Fortran IV to evaluate the 

temperature profiles using Gauss-Jordon's elimination technique {ag} 

is given in Appendix 3. Appendix 3 also includes the comparison of 

the temperature profiles predicted by the two methods. 

3.1.6 Dimensionless Analysis 

The differential equations (3.3 to 3.5) and their boundary 

conditions contain a considerable number of experimental variables 

(@, T, x, h etc) and thermophysical properties (a, c, p etc). So 

as to display the interrelation of these quantities, and hence to 

help the interpretation of experimental time-temperature curves, 

the equations have been expressed in the dimensionless form. Three 

dimensionless groups were obtained by writing in dimensionless form, 

the equation and the boundary conditions. 

This leads us to the following dimensionless groups on which 

the solution to the system will depend. 

Le Dimensionless temperature = K.T/(F,.L) 

2. Dimensionless time = 0.0/L” 

Ze Dimensionless contact conductance = he L/K
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The groups chosen with appropriate parameters for the interpretation 

are: 

Dimensionless temperature = (K,.T, )/F_.d (3.20) 
12,80 

Dimensionless time = a, .6/a? (3.21) 

Dimensionless contact conductance = hg d/K, (3.22) 

in which o is the thermal diffusivity of the material in region 1 

(Figure 3.1), d is the thickness of the plastic material and 

other quantities are defined before. 

From the theoretically predicted temperature profiles using 

the computer program given in Appendix 3, a family of curves of 

dimensionless temperature against dimensionless time can be plotted 

for given values of FS and the initial temperature distribution. 

The curves obtained were found to take the shapes as shown in 

Figure 3.4. These curves suggest the limits to the accuracy with 

which the experimental method can measure thermal contact 

conductance, h. 

Figure 3.4 also suggests that w& conductance values greater 

than V 500 BTU/hr ft? Op (Dim.h 49.9) will be indistinguishable, 

since the curves corresponding to conductance values in this range 

of values lie closely together. At lower values of conductance he 

the accuracy will be limited by: 

(i) the accuracy of the temperature measurements 

(ii) the agreement of the experimental temperature profile 

with the general shape of the graph. 

If the circular points in Figure 3.5 represent a set of experimental 

points and the continuous lines represent a plot of dimensionless
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