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SUMMARY
The stress distribution in the plates of lap fillet welded

connections is known to be non-uniform.In order to examine
the stress distribution in the plates of a double=cqver-
strap joint with fillet welds,a theoretical model of the
Joint was analysed using the Finite Element method of
analysis.Photo~-Elastic model tests were carried out to
confirm the assumptions made in the analytical model.An
understanding of the Finite Element method of analysis was
obtained by applying this method manually to the solution
of a single plate under uniform and parabolic tensile
loading.A lap weld connection with a very coarse mesh was
then examined wanually in order to determine the most
appropriate method of element and Joint numbering.Using a
computer programme an analytical model of a side fillet
welded connection having equal thickness cover plates and
main plate was analysed by the Finite Element method.The
effect of varying the relative thickness of the cover and
main plate was examined,together with the effect of cutting
a hole in the cover plate and welding the cover plate all
round.Photo-Elastic models were made for the side fillet
welded and the welded all round cover plate cases.The stresses
were frozen into the models and after separation of the
Joint each plate was analysed in a photo-elastic bench.
Graphs and pictorial plots were made to compare the Finite
Element and Photo-Elastic results.The pictorial plots '
clearly show that the stress distribution in the plates
for the welded all round case is far superior to the side
fillet welded case,Results obtained by varying the relative
thickness of cover and main plate indicate that the best
joint is obtained by using a main plate thickness of half
the thickness of each cover plate, and welding the cover
plates all round.

To determine the most efficient joint,further work is
required to obtain the best weld length for optimum plate
and weld stresses.
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I.,INTRODUCTION

The solid mechanics section of the Mechanical

Engineering Department of the University of Aston was,in
1965,about to move iuto the Finite Element field and it was
thought that a suitable area for development and application
of the Finite Element method was in the area of welded
connections,where numerous problems occur in which load
diffuses from one member to another and the analysis of this
type of problem does not normally lead to a simple solution.
Proper joint design is a vital part of a welding
procedure and the designer has to work closely with the
welding engineer and the metallurgist in order to ensure the
quality of workuanship and waterials assumed in his design.
A wajor consideration in joint design is the service for
which the product is intended.The joint way have to operate
under very adverse couditious,such as very high or very low
temperatures,or in corrosive atwospheres.The manner in which
stress will be applied in service,whether tension,shear,
bending or torsion has to be counsidered.Certain joint
designs are suitable only for stress applied in one direction,
while others are suitable for use when applications of stress
are varied or when stress directions are not predictable.
Local discontinuities and abrupt changes in the sectiou of a
meimber cause a concentration of stresses at these poiuts
and are usually called 'stress raisers'.The iuportance of
stress concentrations is dependent upon the ductility of the
material and the type of loading,that is,whether it is
static,iwpact or dynamic for wany cycles.Stress concentrations
should be miniwised,especially in the case of impact,low
temperature or cyclic loadiung.Brittle materials,unlike
ductile materials,will not flow plastically,and therefore
no redistribution of stress occurs and the danger of
failure occuring at points of stress concentration will
result.stress raisers resulting from sharp corners,fillets,
notches,holes etc. wight produce stress concentrations
equal to many times the average stress and,unless these peak
values are held below the endurance liwit ultimate failure
will occur under fatigue loading.Welded joints,because of
their character and shape,are often stress raisers.Basic
formulae used in weld design do not take into account local
peaks of stress or any residual stresses in the material.
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In designing welded connections the designer makes use of
welding handbooks and has to comply with the relevant codes
of practice.

. Palmer(Ref5)had,in the wid 1950's,used the shear lag
theory to deterwmine the stfess distribution in side fillet
welded plates and his results were coupared with experiuental
results obtained by Wade(RefI9)using Strain gauges on
welded Aluminium Alloy connections.

The side fillet welded connection was thus chosen for
investigation and the purpose of the research was twofold:
(I)to help in the development of the finite elewent method
in the Departuent of Mechanical Engineering,University of
 Aston.

(2)to apply the Finite Element method to side fillet
welded plates in order to determine the stress distribution
in the plates.

An experimental method being used to verify the analytical
model used in the Finite Element method of analysis.

In order to fully understand the Finite Element method
of operation a series of rectangular plate probleus were
solved,first wanually and then,as the mesh was refined and
the relevant watrices became larger a coumputer prograume
was used to invert the matrix and determine the element
displacewents.The lap weld comnnection was first partly
investigated manually,using a very coarse mesh,to determine
the best way of numbering the elements and nodes.A Finite
Element counputer programme devised by Woo(Ref2) was used
to solve the lap weld connection,initially with a fairly
coarse mesh but finally with a very fine one.,Resulting from
the initial investigation the mesh was refined in areas of
stress concentration.Simultaneous with the Finite Element
approach an experiuwental investigation was undertaken.

Initially it was intended to use Vybak sheet to make
a model to be strain gauged and then tested.Vybak was
recoumended as a suitable model material by Wallace(RefI®
and extensive tests were carried out on a wide variety of
models.These preliminary yests showed variations of E of
up to 20%. |

The initial computer results were showing very high
stress conceuntration in certain areas of the lap welded
connection and these could only have been determined from
the Vybak model by the use of extremely small and very
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expensive straiu gauges.For the above reasons the experiumental

approach using Vybak for the model was discarded in
preference to a photo-elastic wodel analysis.

The Atlas computer at Harwell was used to carry out the
computation as the Eliot 803 couputer then available at
Aston did not have sufficient storage capacity.Couputer
cards were punched at Aston and then sent to Harwell,

This proved to be very time consuwing indeed,as although
the turn round was very good,liaison was very poor and when
errors occured they took a considerable time to sort out.
Since this work was undertaken the University of Aston has
set up a Computer Centre,installed an ICL I903 couputer and
has a special liaison service for users.Had this been in
operation earlier wmuch tiwe could have been saved on this
project.



2 NOTATION

T Stress components

€.y Strain components.

$¢j Kronecker delta.

W, Component displacements.
TS Stress vector.

L. Body force components..
—TC Surface force components.
N} Unit norwal.

Cy Constants.

€&  Strain,

[ Modulus of Elasticity.
G Modulus of Rigidity.
A Laue Coustant.
N Poisson's Ratio.
© Volumetric strain.
Uw Direct stress component along x-axis.
Jvy " o Vs " y-axis.
J,y Shear stress. :
€« Direct strain along x-axis.
Eyy i " " y-axis.
€xy Shear strain.
qQ, Maximum principal stress.
g2 #inimum 4 i e

Maxiwum shear stress.

)

Displacewent aloug x-axis.
. : " y-axis.

Force. :

Moment,

Deflection.

Load per unit length.

U i S (LS <

Linear dimension,
Breadth.

Thickness.

Diameter,

Relative retardation.

do Tt

Stress optical coefficient.
Unit fringe value.

-

= M o

Number of whole fringes.

2

Fringe order,nornal incidence.

=
()

Fringe order,oblique incidence,
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Wavelength of 1ight

Angle,

Average stress in main plate.

Total potential energy.

Strain energy.

Potential energy due to external forces.
Load

Nodal displacement.

Generalised co-ordinates.

Element stiffness matrix.

Generalised co-ordinate stiffness matrix.

Overall stiffness matrix.

Stress . matrix

Identity matrix.

Boundary load.

Virtual nodal displacements.
Elasticity watrix. -

Virtual displacements within elewent.



II
3.SUMMARY OF ELASTICITY THEORY AND METHODS OF STRESS

ANALYSIS

THEORY OF ELASTICITY

————— e —————— -

Hooke's Law states that up to the liwit of

Proportionality stresses are directly proportional
to strainus,

T =E.e

where E is a constant of proportionality called
the modulus of elasticity.

The above refers to a slender bar uuder uniaxial
teusion or cowplession.

2.2 _Generalized Hooke's Law

The question arises as to what is the relation
between stresses and strains when the stress system is
not'a simple tension or compression.

The state of stress in continuous media is completely
determined by the stress tensor 'Eg yand the state of
deformation by the strain tensor €y  (L]=1,2,3),

It can be shown that T =2 , Ta="31 and = ha

and similarly €,,=€;,, €3=23 and €,,=e3,.

Thus any stress system can be defined by its six
components and siwilarly any strain system can be
defined by its six components.A logical generalization
of Hooke's Law is to make each stress component a linear
fuuction of the strain com:ponents.This was done by Cauchy,
and the resulting law is called the generalized Hooke's
Law,

T =Cu€y +Cpnta + Cae3 + Cis€4s +CisCs +Cipey

—T(: =Ce1€ *+Cer€r +Ce3€; +CcaCs +Ceses +Car€e
wWhere Th=T » Bata y Taa =T 3 7;-37—?1 ' FEI=TS ) R r
(:‘..=E; 3 €u_=6-.,, eg'a,:e:g.-, 26u=e.4-7 Zegr——es, 2e,2= Tt
The above equation can be more compactly written in the
form, :
-T_i_ ::C.;_"le:} (Vi =1,2, .---_a)
The constants Ci; are called the elastic constants,
or moduli of the material.These 36 constants have
the same dimensions as the stress components due to
the fact that that strains e; are dimensionless.
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5.31SOTROPY ALD HOMOGENEITY

A body is said to be isotropic if its elastic

properties are the same in all directions.

Most structural materials are formed of crystalline
substances and although very small portions of such materials
cannot be regarded as isotropic,the entire body may be
. regarded as homogeneous and isotropic without any serious
discrepancies arising between experimental and the theoretical
results.Exceptions to this may occur in cast metals and,
rolled and drawn metals.From the definition of the isotropic
medium,it follows that its elastic properties are independent
of the orientation of co-ordinate axes.Therefore the
coefficients Cij must remain invariant.By introducing new
co-ordinate axes 3h|)xlz xg' obtained first by rotation
of the X,,2G X3 system through a right angle about X, axis,
then by rotation through a right aungle about 2y axis and
finally by rotating through an angle of 45° about the Xiaxis
and considering the transformed stress cowponentsqii,the
generalized Hooke's Law for a homogeneous isotropic body can
be written in the form,

Ty = 280 +2Gey  (L,j=h23).

where AandG are the Lawe Constants.
If the axes i are directed along the principal axes of
strain,then by definition €;3=€ey =e,2=0. °
But froam -the above equation we see that in this casel;=0;=T,=0
Hence in an isotropic medium the principal axes of
stress and strain are coincident. .

. The Lame Constants may be expressed in the form

& (st QE_ x G— = E

A C(+W(I—2V) 20\ +V)
where E is the Modulus of Elasticity and‘Q is Poisson's
ratio.
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3,4SOLUTIONS OF PROBLEMS_IN ELASTICITY

The solution of the general problem is extreumely
difficult and complete analytical solutious are only
available for a liwited number of cases.

The following summarises the tasks involved on solving
elastic probleus.

The stress cowponents’KJ must satisfy the equilibrium

equations S

: SRR T (Lbi=12,3).

throughout a region of the body,and the boundary condition
gE=t R

Since there are six stress compornents and only three
equilibrium equations the problew is statically indeterminate.
In order to solve the problew,other equations are required
and these equations come from the requireuent of geometric
fit of the body after distortion(Compatibility Equations)
Thus to effect a solution there are three basic steps.
I.Equilibrium must be satisfied.
2.The strains iwplied by stress must pe compatible.
3,The stress-strain relatiouships wust be satisfied.

3.5, FULDAMENTAL _BOUNDARY PROBLEMS IN ELASTICITY

Elasticity problems can be classified into three types
according to whether the loading is applied through prescribed
forces or prescribed displaceuents,or both.The stresses and
strains at any one point along any direction can be computed
from six stress components'nh.and six strain components €ij.

The displacement at any omne poiut along any direction
" can be couputed from the three displaceuent components Uy
at the point.

There are thus a total of fifteen uunknowns and

theoretically these will require fifteen equations for a
complete solution.



14
2:6 PROBLEMS WHERE_SURFACE _DISPLACKMENTS ARE SPECIFIED

Express all equations in terms of displaceuwents.
Using Hooke's Law,

= \© S,y +2G e where O =€, = Voluwetric strain

and frowm the strain analysis it can be shown that,
€ =4 (U + v
so that
‘T—i-.i = AWk + G (ug+ Ui

Substituting the values of these stress coumponents in
the equilibrium equation,

T +Fi=0
Gives,
G’UL,jj + (N*+ G Ui, + Fi=0 (Navier's Equatious)
or
GV + (hN+&)8,, +F =0
where Bzein=W,=dv .-

Compatibility equations are not required because
e = 15_(“'»:3 —+ Uj,.) lwplies couwpatibility.

Thus the problem is completely solved &af a solution

is obtained for Naviers Equations subject to the prescribed
boundary displacements.From the derived internal
displacements the strains can be determined and hence

using the stress-strain relations the stresses are
determined.

S+ PROELEMS WHERE THE_BOUNDARY STRESSES ARE KIOWN
Not every solution of the system of three equilibruim

equations FTEJ,j +FL =0 ,corre‘sponds to a possible state.
of strain in an elastic body,because the components
of strain,defined by

4,3 =.L%é3_ Are %% Tk 8¢

must satisfy the e@uations of compatib;lity.



The equations of COmﬁQEibility in terms of stresses,
vz"ﬁj +—|l_:§)—'—j’kk)'\i ;_'Ij_,T Fix 84§ -—-(FL;J '*"FJ:"-)
(Beltrami-Michell equations)
are obtained by inserting equations
€ = L%;L“E§-%f71k5%
in the coupatibility equatious
€ij,kl + €khij — €k, L —€jkr,tk =0
Thus in order to determine the state of stress in the interior
of an elastic body the Beltrami-Michell equations and the
equilibrium equations Tt«'h.'\ + Fi= 0 subject to the
boundary conditious "Jr:j =_"Tﬁ n; wust be solved,

3.8 UNIQUENESS OF SOLUTION
The uniqueness theorem tells us that for the case where

only boundary stresses are known there is a unique solution
of stresses,strains and non rigid body displaceuwents.In the
case where the boundary displacements are known there is a
urniique solution of stresses,strains,and displacements.

3.9 SAINT=Venant's PRINCIPLE

Frequently problems can be solved if the system of forces
acting on a portion of the boundary is replaced by a
statically equivalent systeu of forces acting on the same
portiou of the body.In these cases the principle propbsed
by Saint-Venant is very useful.This principle can be stated
as follows:~-If some distribution of forces acting on a
portion of the surface of a body is replaced by a different
distribution of forces actiug on the same portion of the
body,then the effectd of the two different distributions
on the parts of the body sufficiently far removed frou the
regioﬂ of application of the forces are essentially the saume,
provided that the two distributions of forces are statically
equivalent. |
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3.10 _EXPERIMENTAL STRESS ANALYSIS

Over the past few years the subject of experimental
stress analysis or strain measurement has served an
increasingly important role in aiding designers to
produce not only efficient but econowic designs.
The main experimental techniques in use today are
Photoelasticity,Photoelastic reflective technique,
Brittle lacquers and Strain gauges.

3¢.I1I_PHOTOELASTICITY

This is a model techniQue particularly useful at the
design stage,especially for components having
couplicated shapes and loading conditions,in which

a model of the component manufactured from a suitable
transparent material is placed in the path of a beam
of polarised light.When the wodel is stressed and the
light is arranged to fall on a screen it is found to
be in the forwm of an interference pattern.This pattern
yields immediate qualitative results,i.e. indicates
areas of high stress and,equally iuportant,areas of
particularly low stress where the waterial is not being
used to its best advantage.It can also provide full
quantative results of peak stresses at both the
boundaries and interior of the model.

Although this is especially true of two-dimensional
mwodels the technique can be applied to three-=
dimeusional problems, J :

3.12 PHOTOELASTIC REFLECTIVE TECHNIQUE

This technique is simply an extension of conventional
model photoelasticity described above,but here the
actual cowponent under consideration is coated with a
layer of a photoelastic material.Polarised light is then
reflected off the surface of the compowent and the
resulting interierence is observed on the surface itself
by viewing through an anal&ser instead of by projection
on & screen.An indication of the stress variation

across the whole of the coated area is thus readily



obtained and stress concentrations revealed immediately.
The method is particularly useful for the investigation
of stresses in the field,and in the investigation of
residual siresses introduced into coumponents during
manufacturing processes. '

3.13_BRITTLE LACQUERS

In this technique a specially prepared strain-sensitive
coating is either sprayed or painted on the surface of the
component under investigation.This coating will crack when
the stress in the specimen reaches a certain critical value.
It has been found that the cracks will always occur normal
to the maximum tensile stress on the surface unless the
maxiwuim and minimuw stresses have about the same value,

By the use of a calibration bar(a simple cantilever which
has been coated at the same time as the material under test)
it is possible to determine the approximate value of the
strain which produces the crack,Thus with couplete coating
of a component it is possible to obtain an overall picture
of the strain distribution,and if necessary to plan for
further strain measurements by fixing strain gauges at

the peak positions.Brittle lacquers are very useful for the
quick deteruination of stress councentrations aund principal
stress directions.Brittle lacquers are seldom used for
accurate determination of stress values.

3.14 _STRAIN GAUGES

This is the most widely used technique in industry today.
It involves the fixiug of one or more strain gauges
(lengths of wire or foil of known resistance and suitable
foru cemented to a non-conductive backing) to the surface
of the material whose strain is to be determined.It is
essential that this bonding be done carefully so that
intiuate contact between the material and the gauge is
assured.The gauge will then faithfully record the true
surface strain.Surface preparation is probably the most
vital factor affecting adhesion of the



gauge to the surface,and special cleaning techniques
must be adopted.Assuming that the gauge is correctly
bornded to the surface,any strain in the material is then
transmitted directly to the gauge,which therefore
increases or decreases in length and cross-sectional
area,These changes in dimension are accoupanied by a
change of resistance which can be related directly to
strain by multiplying by a constant known as the gauge
factor.This is provided by the manufacturer and for the
most conventional gaugesis of the order of 2.In wost
strain measuring instruments or strain gasuge bridges
this step is done autowatically and strain is read
directly frow a dial.Strain gauges thus represent a
relatively siuple wethod of obtaining actual surface
strain values provided that points of maxiwmuwm strain
can be pre-determined.Here brittle lacquer plays a

very iwmportant role.There are a nuwber of specially
developed gauges such as pneumatic and self adhesive
gauges.High sensitivity semi-conductor gauges and
fatigue gauges are also available,

515 QTHER EXPERIMENTAL TECHNIQUES

In addition to the above techniques there are'a
number of lesser used technigues,the most important
of which are the grid methods.

The grid method consists of warking a grid,either
rectangular or polar, on the surface of the material
under investigation,and measuring the distortion of this
grid under strain.There are various methods of obtaining
the grid and messuring the distertionfhey may be
obtaiuned by scratching ,machine scriving,ink drawing
or by photographic process.

For strains that remain after the load is
rewoved,measurement can oe made by micrometer microscope,
otherwise photographs of the grid can ve taken before
and during load,and measurements wmade frowm these,

The so-called 'Replica' technique involves the firing

of special pellets frow a gun at the grid both before
and during load.The surfaces of these pellets are coated
with Woods metal which is heated in the gun prior to
firing.0On contact with the grid on the metal surface
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replicss of the deformed and undeforued grids are

obtained.These are then viewed in a vernier
coiparisoa microscope and measurements taken,
- A special foru of the grid method is the Moire
fringe technique, in which the undeformed grid is
superluposed on the deformed grid.An interference
pattern results known as Moire fringes which can be
analystd to yield strain values.This is a very sensitive
method and prouwises to be an extrewmely valuable one. .
A recent introduction has been the Holographic
method,this method has cousiderable potential use in
many fieids,one of these fields being experiumental
stress analysis. |
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4.,FINITE ELEMENT _THEORY

4.I_LNTRODUCTION

The last few years have seen a revolution in the field
of stress analysis.The wide use of finite element
wethods has made possible the analysis of shapes and
loading conditions previously cousidered insoluble.
The principles of stress analysis were well understood
in the nineteenth century and the intricacies of
stress analysis becawe a lifelong playground for many
talented applied mathematicians.The purist would

say that all problems were soluble.Only three
equatious governed the behaviour of a component: the
equations of equilibrium and compatibility,and a
stress~-strain reIatiouship.These equations could be
stated in general form and would,in. theory ,solve

any problem,the only difficulty was in applying them
to the problew under consideration and if this could
be done,in finding a solution. : _

Years of brilliant mathematical work followed:
these iines aud many solutious were based on early
work of Airy(18c2),and his concept of 'stress functions'.

Much work was carried out,especially in
Germany,on the analysis of thin shells but all
progress hinged on manipulatiung couplex differential
equations into suitable form and conceiving an
approximation which would siwplify them and make
a solution possible. ;

Each approximation limited the scope of the
solution so in order to cover a range of problems a
large number of solutions was required and all this
work was limited to very siuple geometries which
did not gryesr ocdcur in practice.

The stress analysts Job was to know as many
classical solutions as possible(or where to find them)
use skill and judgement to select the solution nearest
to the problem he had to solve.The usual method of
solution was to break au asseubly down into
components which were awenable to analysis and to
find forces and momeuts necessary to match components
together.
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The first sign of a new approach to stress

analysis came from Southwell(I946).He examined the
possibilities of approxiwating to the differential
equations with finite difference expressiouns.(First
conceived by Runge(IY08)-dormant for many years).This
method transformed the problem frow the solution of

a differential equatiou to the solution of a series

of linear simultaneous equations.When Southwell
published his method,no digital couputers as we Kknow
them today were available,so the solution of a

large number of simultaneous equations still presented
a counsiderable barrier.Southwell advocated an iterative
method of solution called relaxation.This technique
was extremely labourious and computation was done on
desk calculators.The normal liwit was 30 equatious.
“An independently conceived but special case of this
method is the Mowent Distribution method(Hardy Cross).

High speed couputers came into use in the
1950's and stress analysts saw it as a saviuur from
the labour of the relaxation wethod.

The simultaneous equations were produced and
the computer used in the solution of the equatious.

Stress analysis had thus gone through an
evolution from basic laws,through various mathematical
approximations,to differential equations;these equations
were turned into finite difference form, a set of
simultaneous algebraic equations derived,and solved
by computer,

The tendency was for more and more of the
analysis to be done by the machine.Describe the
general shape to the computer,give it general
equatious in fiuite difference form and allow it to
set up its owu siuwultaneous equations and solve theu,

There was still a tendency to use the
computer to evaluate solutiouns based on approxiwatious
to basic equations.

At this stage,the finite element method
was put forward,but this. was not a new concept.

McHenry(I943) and Hrennikoff(I94I) had
tried to represent plane areas of difficult shape
by a plane frame of equivalent stiffness.

It was seen by Clough (I960) and Argyris(I1962)
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that this was the basis of a method well suited to

digital cowputation.They set about iwproving the
representation of a structure by an asseublage of
small siumple components,i.e. finite elements.

A net of small linear members was found to give
insufficient stiffness,and this was followed by an
asseiibly of small plane triangles joined at the
corners for plane stress-strain problems.There has
been continuous progress towards iwprovement of
the elements and eleaments are now available for
three diwensional solids.

Virtually aany elastiCproblem is now soluble,
the wain restriction being on the size of the
couputor and its speed.The storage capacity of the
computer governs the nuuber of elements which can be
used (hence couplexity of geometry which can be
described) and speed governs the economics of the
solution, '

4,2_THE FINITE ELEMENT METHOD

The finite element method is a powerful
nuwerical technique,largely using matrix methods
for the analysis of two and three-diwensional
continuuam.There are two fundamental watrix wethods
used in structural analysis,namely,Force Methods and
Displacement rethods.The Force Method is concerned with
the solutiou of the equation for unknown forces, the
Displacement iethod,which is the most widely used,has
displacements as the unknowns.The computer prograume
used for the solution of the two diwensional analytical
model of the lap welded connection was based on the
Displacement Method.

A k et’no&

The fiuite elemeﬁ%nis basically one of
breaking down a continuum into a finite number of
finite elements.The contiuuum can then be synthesised
in the form of an asseubled stiffness matrix by
the appropriate superposition of the stiffness
matrices of the individual elements and hence if the
external forces are known a solution can be obtained
for the nodal displacements, _

The wain effect of dividing the continuum into
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finite elements is to relax continuity requirements between
elements except at the nodal points.Thus continuity is only
specified between elements at the nodes,but continuity
between the elements tends to the satisfied over the entire
length of the sides due to the fact that forces required
to produce unit displacements will not be concentrated
forces at the nodes but distributed forces along the faces
of the eleument.

One of the siwplest forms of elemeut is the plane triangle.

Plane. Triangle

-3 nodes.
F =) Fig.4.1

Elewents are described as having a certain number of
degrees of freedou.This is merely the uuwber of nodes
wultiplied by the various ways in which a node is allowed
to wove or rotate.The plane triangle for instance,can take
up any position in the plane by movement of the three nodes
in directions x and y.It therefore has six degrees of
freedom.The triangle is a particularly useful shape as
large nuuwbers of such elements can describe curved boundaries
very closely.

over each eleument a siwple strain distribution is
assumed,inu the siuplest case of the triangle,the strain is
constant.This ensures that lines which originally were
straight rewain straight so that the eleuwent sides remain in
contact when the nodes move.The stress within a constant
straiu element will also be coustant.Where a stress gradient
is anticipated it is advisable to have a nuwber of small
elements so that a more correct distrioution of stress will
be obtained.The virtual work principle is used to determine
the required nodal boundary forces.

4.3_PLANE_STRESS/PLANE STRAIN PROBLEMS

The problem is formulated in terms of displacement
and using the variational principle of
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of total potential energy we obtain

v — u —i—-_fL = Miiniaum

where ( J=s train Energy, J1 = Potential Energy due to
external forces, W=total Potential Energy.

The first task is to divide the region iuto a
fiuvite nuwber of sub regions(elements) of any shape
(e.g. triangular,rectangular etc).

Using a simple triangle.

Fig.4.2

A function (shape function) is chosen to describe

the displacement property of the element ensuring
continuity of displacements between elements

connected together.,

For the triangular elewent we assume the displacements
u and v are given by

U= o, ~+ o, *O‘-:.‘j

<
1

Xy + HAsX +°<6:j

{14 | > ﬂ o o o] feey
or LV} lo Glhe u S LR ] PR
153
deadl
o

{8 =M

Taking the nodal coordinates as the basic unknowns,
theot's are expressed in terms of the element nodal
displacements. |

For a typical element 'e' we have, for each node

taken in turn z-
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Where l__N [ J(q.,-k\: 3¢ +cuj) EI] (q_ + t, x_+c 3\

with Q=X Yy, =34, ‘9 =Y. - H;) Ci= X3—X,

< o A = Element Area.
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The other coefficients are obtainedwcyclic change
of the subscripts.

The{g}elisted refer to nodes I,2,3 for a typical
element.For compatibility we must match the local
co-ordinates to the global co-ordinates.Thus in
assembling all elements together we have,

M= e
) T

in common.

now V= :é% Uis + S

Elemendts,

E{:—B\Jm_ i ELJD——

B U Elements B U
'ﬂn\l\ﬂa ™M

\n Commeon.

To obtain 21&&5_

Um

Ll =%H[G’}t{6} disc: dy.

Hooke's Law is

how

or

I N o
frl=-5z Y :)i{g}:m{&}

(@) Q ;_

s [ii} [’D]LE} e e

B -%; Qo ] {u}
3 EH L: QO —-%—3'

(€} =[N} =3Iy,
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(€} = [2][09,092,09 ] %}% =03 (3 09, 53,
Salle

Substitutiug for[”]i we obtain'-

(€} = [&]{s],

where [B] =EL£; b, 9 Es. = b, 2
o

C-I b. C-,_ bi. C; bg

then Ue = £ | (18307 (20 (218}, doe. chy

which reduces to

G | ST L T

—element stiffness matrix and 81ncei1flis
syumetric © [EJ @(el=Tk]l, is symmetric.

wo e (1],

If at the nodes there haﬁpen to be concentrated

S =—{p3"{u}
and l)A & ""PL

For distributed loading the equivalent nodal applied
forces are determined by application of the principle
of virtual work.

Then for equilibrium,

N ‘bUL'\ }\J’LL

forces, then

h Uy Elenents,

e P e Ll SRR
then Z Z k‘-& ) P" 2 where N =
[

Elemants |
number of degrees of

hav g nNede L

th COomrm ON. freedom,
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If these equations are listed(N of them) and displayed
in matrix forum,we have :-

[<]{u} ={P}

Element kiy of [K] is obtained by adding together
the corresponding k¢3's of all those elements which
provide a connection between node i and node j.

[};] is symmetric and bonded.Thus,

o ki Zero i [ P

Ua
elements : =
]
|
|
I

ro=

|
[ r Equation 4.1
|

|

L_ — 5u“4 i PN

iu} can be obtained by solviig equation 4Jafter
inserting the boundary conditions. Then element deformatiomns
and hence stresses can be evaluated.

In order to obtain a good understanding of the
Finite Elewent method of operation,plates subjected
to uniforu and parabolic tensile loading were

solved manually using a very coarse mesh(Appendix
II and III).Advantage was taken of symmetry and
therefore only a quadrant of the plate needed to be

COIASideI e.d- J .

S

ot 5

Each element stiffness matrix[@L_was written in
extended form.this was necessary for assembling into
the stiffness matrix of the whole structure. .
The &eneralised co-ordinate stiffness matrix[ﬁZ] was
determined for triangular element and from this each

element stiffness matrix was calculated using the
equation,

(- ) O
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Each part of the element stiffness watrices was
assembled into the correct positions in the overall
plate stiffness matrix [}(].

Known zero values of U and F' were inserted in

the equation, {F} g [K] {u}

and the reduced equation obtained
The applied distributed loading was converted to

the equivalent nodal forces using virtual work
principle.These were then inserted iunto the reduced
equation and the unknown displacements(u's)

obtained.

Using the displacement values in the stiress

equatiown {Q‘} =(:S] {S} , the stress values (Tyux ,Tyy,
¢13) for each element were deteruiued.

The above processes were carried Out

completely manually.A swaller mesh was then used
increasing the nuumber of elements froum four to thirty-
six.Although this was repeating the processes it gave
an idea of the size of the problems involved in
producing the matrices and in solving the matrix
equations.Considerahle use was wade of a computer
'Matrix Package' programme(Elliott) for the
inversions, transposition and multiplication of the
various matrices involved and a prograime was written
for use in determiuning the nodal displaceaents.

Mn initial investigation was carried out manually
ouu the welded plate connection usiung a very coarse
wesh in order to determine the best wethod of
nuuwbering the elements and nodes io the main and cover
plates.

A start was made on the writing of a finite
eleuwent coumputer programme for the solution of the
welded connection problem but it was soon realised
that the time involved would be comsiderable and
Woo( 1ef2I) had by now produced a programme that could
be used in the solution of the welded connection :
problem. | ‘
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4 .4COMPUTER PROGRAMME

This programme produced by Woo,is a general
purpose two-dimensional finite element programne which
is capable of analysing any plane‘stress problem in
cartesian co-ordinates.The outline of the programme
is shown in the following steps,

I.Input and output of structure load data

(I)The structure data coutains: a suitable job
title; the number of elements and the corresponding

nodal connections,the wodulus,Poisson's ratio, and
the thickness of each eleuentj;the nuwber of nodes
and the correspondiung nodal co-ordiuates;the nuumber
of nodal coustraints (zero displacements) and the
corresponding location and direction of each
coustraint.

(II)The load date contains:the n.uber of sets
of nodal forces,the nuiber of nodal forces iu each set,
and the location,direction and magnitude of each nodal
force. :

2Foruwation of element stiffness matrices and
assembly of overall stiffness matrix.

The overall stiffness matrix is both symmetrical
and banded,and advantage is taken of this by storing
only the lower band of the matrix in a rectangular
array.The upper half of each elewent stiffness matrix
is generated aund 1iu order to save couputer storage,
it is immediately transfered to the correct location
in the overall stiffuaess matrix.Having dealt with
all the elewents the overall stiffness matrix will
then be assewbled,ready for the solution of the
nodal displacements.

3,Couputation of the unknown displaceuments.
The procedure SYMBANDSOLVE is used to
calculate the unknown nodal displacements frouw
the given nodal forces,the overall stiffness matrix
having been previously decouposed into a lower

triangular band matrix.
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4.Evaluation of strains and stresses
Having couwputed the nodal displacements,
the strains and stresses in each element are then

calculated for each set of nodal forces.
2:0utput of results

The nodal displacements of the couplete
structure,the straius and stresses 1i. each eleument
are printed out in the forum shown in 4.6,
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FLOW_CHART FOR_TWO-DIMENSIONAL PROGRAMU“E

{

” Read Input Data
No.®of elements.

No. of nodes.

Nodal co-ordinates.
Nodal connections.

Nodal coastraints.

Nodal forces.

Qutpu
- —— e = — Input Data |
|
4
1

Generate Element
Stiffness Matrix k

Nelement I
! Transfer k to the

overall stiffness matrix K

|
'
L

—— — . — — —

Generate Force
Matrix F

Call procedure sywbandet

and procedure symbansolve

to deterumiue the displacement

watrix frow the relationship of
F=KS$§

Calculate element stresses
and strains frouw Nodal

displacements.

Qutput Nodal Displaceuments
——Element: . Stresses
Element Strains

(Bxit)

Figid. 5%




PROGRAM nK2/1/1
ANALYSIS UF TWO DIMENSIONAL PROBLEMS BY THE METHOD OF FINITE ELEMENT!

EGIN INTEGER N PROBLEH , PPP!

READ iNPROBLEM'

“JOR PPP:=1 STEP 1 UNTIL WPROBLEM DO %1

PROGRAM ¥WK2/1 :

COMPUTATION OF DI SPLACEMENT S, STRAINS AND STRESSES OF A COMPLEX
STRUCTURE USING THE Ll SPLACEMENT METHOD'

BEGIN COMMENT THIS PROGRAM USES. A SPECIAL TECHNIQUE TO CONSTRUCT THE
OVERALL STIFFNESS MATRIX BY STORING ONLY THE NONZERO
ELEMAENTS OF THE CONNECTION MATRICES.THE FORCE DI SPLACEH
MATRI X EQUATION 1S THEN SOLVED BY A EFFICIENT FROCEDURE
WHICH OPERATES ONLY ON THE BAND PORTION OF THE OVERALL
STIFFNESS HATRIX'
NTEGER NELEAT,NNODE ,NNODE 2,NZDI SP,NCOND, JOBNO'
READ JOBNO, NELEWT ,NNODE*? :
SRINT ££L147TWO DIMENSIONAL ANALYSIS?,2£L272J08 NO. 2, SAMELINE, JUBNO,
feL 2740, OF ELEWENTS=2,SAMELINE,NELEWT, ££L 2700, OF NODES=?, SAMELINE,D
NNOUE 2: =NNODE » 2°
SEG N REAL E, THICKHWESS, PR,CONSTA, CONSTB, CONSTC, CONSTD'
INTEGER 1,J,V,W, BANDWIDTH'
REAL ARRAY /U,CONST1,CONST2, CONST 3(1:NELEMT ), B,C( 1 NELEMT, 12 3),
DISP(1:NNODE 2), XX, YY (1:NNODE )"
INTEGER ARRAY NODE ( 1: NELEHT, 1: 3)°
FOR 1:=1 STEP 1 UNTIL NNODE DO READ XX(l ), YY(1)'
FUR V:=1 STEP 1 UNTIL WELEMT DO
BEGIN READ W'
IF W=C THEN BEGIN READ E, THICKNESS, PR, W'
CONSTA:=E/( T PRe #2)"
CONSTB: =CONSTAsTHICKNESS"'
CONSTC: =05 ¢{ *PR) END'
“WJ (ItJ ):=PRI
CONST1(W ): =CONSTA'
CJHSTZ(N):=CONSTB'
CONST 3(W ): =CONSTC' .
FOR l: =1 STEP 1 UNTIL 3 DO READ NODE(W,I)

END'

EZGIN INTEGER INTERCHANGE'

INTEGER ARRAY BAND( 1:NELEMT ),NOD(1:3)’
FOR Ws=1 STEP 1 UNTIL NELEMT DO

SEGIN

FOR l:=1 STEP .4 UNTIL 3 DO NOD(I )s =NODE(W,1)"
FOR l:=1, 2 DO

BEGIN IF WNOD(I) GR NOD(l+ 1) THEN

BEGIN INTERCHANGE: =NOD(1I )"
NQD{I):=NOD(1+1)'

NOD (I+ 1): =I NTERCHANGE

ZND

END'

(F NOD(1) GR NOD(2) THEN NOD(1): =NOD(2)"
SAND (W )s =NOD(3)-NOD( 1)’

:ND '

FOR W:=1 STEP 1 UNTIL NELEMT=1 DO
GEGIN IF BAND(W) GR BAND(W+1) THEN
BEGIN INTERCHANGE: =BAND(W )’

CAND (W ): =BAND (W+1)"

BAND (W+ 1): =I NTERCHANGE

cND

END !



SANDWIDTH: =(BAND (NELEWT ) a4+ 3)"

CONSTD: =(BANDWI DTH+ 1) DIV 2!

PRINT EEL 2?0ANDWI DTH=?, SAHEL INE, BANDW | DTH
ZND!

READ NZDISP!
NCOND: =NNODE 2-NZD! SP!
BEGIN lmTEGnR NNF, SUBSCP®
INTEGER ARRAY P(1:NNODE, 1: 2) '
REAL ARRAY @(1:NCOND)'
FOR [:=1 STEP 1 UNTIL WNODE DO P(l,1):=P(l, 2): =1"
FOR W:=1 STEP 1 UNTIL NZDISP DO BEGIN READ I,J' P(l,J):=C END'
Vi=1'
FOR l:=1 STEP 1 UNTIL NNODE DO
FOR J:=1,2 DU IF P(l,J) NOTEQ:(Q THEN BEGIN P(l J)s=V' Vi=V+1 END!
BEGIN REAL AREA, AREA 2, C2AR, SUBP1, SUBP2, SUBP3'
INTEGER uDDI ODDJ , EVEN] , EVENJ *
REAL ARRAY X,Y(1:5),B8,CC,BC( 1: 3, 1: 3),KE(1: 6, 1: 6),K ( 1:NCOND,
1: BANCWIDTH )
INTEGER ARRAY Cl,CJ(1:6)'
PRIUCEDURE bAnDSuLVL(L N,M,V)" VALUE N,M" INTEGER N,i!
REAL ARRAY C, V!
BEGIN INTEGER Jid,LR,I,PIV,R,J" REAL T' LR:=(i+1) DIV 2
FOR R: =1 STEP 1 UNTIL LR=1 DO
FOR l:=1 STEP 1 UNTIL LR-R DO
BEGIN FOR J:=2 STEP, 1 UNTIL « DO
C(R,J=1):=C(R,J)"
C(R,i+1=1 ):=C (N+ 1=R, 1+ 1=1 ): =0
END*
FOR I:=1 STEP 1 UNTIL N-1 DO
BEGIN PlV:=l"
FOR R:=l+1 STEF 1 UNTIL LR DO
IF ALb(C(n,1)) GR ABS(C(PIV, 1)) THEN
Pl V: =R
IF PlV NOTEQ | THEN
BEGIN Ta=V(l)!
V(I):=V(PIV)'
V(PIV): =T
FOR J: =1 STEP 1, UNTIL @ Do
BEGIN T -C(I
,d )2 —C(PIV J)!
C(PIV J)s =T

1, 1)°
T UNTIL M RO
o/ CC, 1)
STEP 1 UNTIL LR DO
BEGIN T:=C(R, 1
=Y (R

V(R):=V(R)=Tev (l)'
FOR J: =2 STEP 1 UNTIL ¥ DO
C(R o= 1) -C(H J) TQC(I nJ)'
C(R 1{1) =C
END!
lF LR NOTEQ N THEN LR:=LR+1
Ea‘lbl
V{N)s=Y(N)/C(N,1)"
Jils =2'
FOR R == STEF‘_ =S SUNT L "1 DO
BEGIN FUR J:=2 STEP 1 UNTIL Ji DO
V(R):=V(R)=C(R,J)eV (R=1+J)"
IF Jii NOTEQ 4 THEN Jil:=Jd+ 1"
Civw

END!



PRUCEDURE P.(IL\.'I'IA (K, N .i)'
VALUE N,
IL\TL.GL... N,
REAL ARRAY K'!
BEGIN I[NTEGER I,J,P,U,V,V12, W’
: EVUJLEAN COMPARE'
IF i LESSEQ 12 THEN BEGIN V:=1' U:=4 END
ELSE BEGIN V:=4 DIV 12' U:=12 END'

V12: =V+ 12!
CIMiPARE: =1 GR V12!
FOR l:=1 STEP 1 UNTIL N DO
BEGIN FOR P: =1 STEP 1 UNTIL V DO
BEGIN PRINT ££L22°¢
We=(P=1)»12'
FOR J:=W+1 STEP 1 UNTIL W+U DO
PRINT SAMELINE,K (1,J)
END ! '
I|F COMPARE THEIN BEGIN PRINT EEL 771
FOR J:=V12+1 STEP 1 UNTIL 4 DO
PRINT CAMELINE, K (I,d)
END
END
EixLC!
EJR le=1 STEP 1 UNTIL NCOND DO

‘-~1 STEP 1 UNTIL BANDWIDTH DO K (l,J): =C"
W:=1 STEP 1 UNTIL NELEMT pO

FOR Ls=1 STEP 1 UNTIL = DO
SEGIN X (1 ): =XX (NODE (W, I))' Y (I )s =YY (NODE (W, 1))
AREA2: =ABS(X(2) oY (3)=X (3) oY (2)=X( 1) &Y (3)+X (3) oY (1)+X (1) eY (2)-XK(2)eY (}
X(4):=X(1)"
£(5): =X(2)"
."'(;'}.’-:Y{'l)‘
i): =\"(2>' X
REA:=(0.5+AREA Z!
"UR le=1 STEP 1 UNTIL 3DO
=GIN B(W, 1 )e= (Y (1+1)- Y(l+a))/nrhﬁ2' C(W,1)s=(X(I+2)=-X(1+1))/AREA 2
I -
FOR 1:=1 STEP 1 UNTIL 3 DO
EURSUSE]. STEPR UHTIL 3 Do
BEGIN BB(I,J):=B(W,I)eB(W,Jd )" Cb(l J)e=Cu,!1)sC(W,Jd)
END'
FOR l:=1 STEP 1 UNTIL 3 DO
FUR J: =1 STEP 1 UNTIL 3 DQ BC(l,J):=8 (W, Il )»C(W,J )"
%1 FOR l:=1 STEP 1 UNTIL 6 DO
FOR Ji=| STEP 1 UNTIL 6 DO KE (I ,J): =KE (J, I) =C'
u£ Rz '-u-.)N&HE(I } HE’.':.:\'
FOR 1;: =1 TEP ALUNTELY -3 [0
BEGIN EVENI: =l 2" UDDI: =EVENI=-1"

FOR J: =l STaP 1 UNTIL 3 0O
SEGIN EVENJ: =Je 2'  UDDJ:=EVENJ~- 1

E (oDDI, dDud].—(uu(l J)+ce (I, d)-coqua(w))-czA

£ (EVENT, EVT id )z =(oC (1,J )+BB(I . )nCONSTB(w))mc AR

:.(JJLJI EV::.NJ): =(BC (I, u)mUéW)H‘}C(J sCONST (W +C 2AR
KE (= VENI yULDJ ): =(EBC (J,1 )sdu(W)+BC(I,J gtC\JNSTB 33¢C2nF<
C.-'\U
End!
FOR! ts= 4 STEP" 1 UNTIL 6 DO
FOR J:=l STEP 1 UNTIL 6 DO KE(J,I): =XE(1,J)"

1 PRINTHMX (KE,6,6)"



Vj =AII

FOR l:=4 STEP" 1 UNTIL 73 DO

FOR J:=1,2 DU IF P( Qb_(u Ly, uuTiQ‘( THEN

BEGIN CI (V ): =P(NODE (W, J)' CI(V):=lwe2td=2" V:=V+1
END' -

FOR js=% STEP 1 UNTILZSV=H DU

FOR J:=l STEP 1 UNTIL V-1 DO
BEGIN SUBP4:=Cl (l1)-Cl(J)' SUBP2:=CONSTD-SUBP1' SUEBEP 3: =CONSTD+SUE 1"
K(CI(1),8UBPZ):=K (CI(J),SUBPZ): =K (CI (1), SU5F2)+AC(CJ(1) CJ (J))
END
END'
%1 PRINTHX (K ,NCOND, BANDWIDTH )'
PRINT ££L 2?EXTERNAL WODAL FORCLSELS5?NUDEESZ?DIRtC]Iuwzss?ﬂACﬂlTch?‘
FOR |:=1 STEP 1 UNTIL nCUND Dy g (i ): =’
READ NNF'!
FOR v:=1 STEP 1 UNTIL NNF DO BEGIN READ [,J' W:=P(l,J)' READ QW)
PRINT £gL?7,1,SAMELINE, ££52722,J,££5422,Q(W) END !
%1 PRINTEEL 220N0ODAL FORCES?!
%1 FOR l:=1 STEP 1 UNTIL NCOND DO PRINT ££L??,SCALED(4),Q(1)"
BANDSOLVE (K ,INCOND , BANDWIDTH, Q)" :
END'
%1 PRINT L£EL 2?NODAL DI SPLACEMENTS?!
%1 FOR l:=1 STEP 1 UNTIL NCOND DO PRINT ££L 2?,SCALED(4),¢(l)"
Ve=1"'
FOR l:=1 STEP 1 UNTIL NNODE DO
FOR J:=1, 2 DO
BEGIN
bUE‘bCE’: =| « 2+J=-2!
L.E l') -J) ndlEc C T {EN
-..Jt.k.{l]'d. UISF(&)U SCP Q{V)I
c=V+ 1

_au ELSE DISP(SUBSCP): =0
ENDY% 1
RINT £EL27?NODAL DI SPLACEMENTS?'% 1
FOR l:=1 STEP 1 UNTIL NNODE2 DO PFRINT ££L ??,SCALED(4),DISP(I )®
PRINT ££L 2?NODAL DI SPLACEMENTS?,££L ?2X DIRECTIONES %?2Y DIRECTION 2!
FOR l:=1 STEP 2 UNTIL NNODE2 DO
PRINT ££L??,SCALED(4),DISP(l ), SAMELINE,££5422,DISP(1+1)"

I

'1

1

v
|

i
0

1

s

1

]

END

BEGIN REAL SUMBODD, SUMBEVEN, SUMCODD, SUMCEVEN ,EXX,EYY,EXY, SIGXX,SIGYY,
SIGXY, SIGHAT, SIGHAZ SIGHA3, CONSTE, CONSTF !
REAL ARRAY EVEMN,ODDN (1: 3)’
PRINT £EL 3522ELEMENTLS162STRAINSES 332STRESSES 2, LEL 1S 132EXXESG 2EYY LSO
F£55251 GMAXXES52SIGAAYY LS5 2SI GMAXY £55251 Q1A 12S62SIGHA 2256 251 Gk

FOR W: =1 STEP 1 UNTIL NELEMT DO

BEGIN FOR l:=1 STEP 1 UNTIL 3 DO

BEGIN EVENN(I ):=NODE(W,|)«2' ODDN (I ): =sEVENN (I )=1
.:.J\IJ /

SuU JJD:=SUABEVEN:=SUHCJDD =SUMCEVEN: =Q'

Fuw s STE P 1 UNTIL i5:DQ

buqln SUNBODD: —5U10JDD+B(N 1 YeDl SP (ODDN(1))"
SUMBEVEN: =SUMBEVEN+B (W, I)-DISP(EVENN(I))'
SUMCIDD: =SUMCODD+C (W, I)oquP(UDDN(i))
SUA?EVEN-=5UMCEVEN+C(U 1).DISP(EVENN(1))

END



EXX:=SUi1BODD "

EYY; =SUMCEVEN'

EXY: =SUMBEVEN+SUMCODD"

S1GXX: =CONST 1 (W) o (EXX3HU (W )sEYY )!

SIGYY:=CONST 1(W) e(1U (W) eEXX+EYY )"

SIGXY: =CONST 1(W )sCONST 3(W )¢EXY'

CONSTE: =0e5¢(SIGXX+SIGYY )'

CONSTF: =SQRT( Qe 25 ¢(SIGXX=SIGYY )ee 2+SIGXY ee2) '

SI1GMA 1; =CONSTE+CONSTF '

SIGMA 2: =CONSTE=-CONSTF'

S1GAA 3: =CONSTF « 2'

PRINT ££L??2,W, SAMELINE, ££53??,SCALED(4),EXX, ££522?,EYY , L5277 ,EXY ,£2Q
SIGXX,££5277,SIGYY,££5227,SIGXY,££522?,S1GrA1, ££5227,S51GHA 2,
££S 222, SIGMA3

C

4

u

£ND
END
“ND ?

_ND'

NO
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4,5.,SPECIFICATION OF DATA PRESENTATION TO THE_COMPUTER
PROGRAMME
The following gives the detailed order required

for data presentation to the cowmputer using the two-
diwensional programme described in 4.4.
(A) Number of jobs to be analysed

Job Title.

Number of elements.

[.uuber of nodes.,

Nodal co-ordinates(in numerical order)

X co-ordinate Y co-ordiuate

Young's iodulus

Thickness group I

Poisson's Ratio

Element nuuber and nodal connections for group I
Element No. Nodal connectious

Young's Modulus

Thickness group 2

Poisson's Ratio

Element number and nodal connections for group 2
Element No. Nodal connections.

(Repeat as many times as there are groups).

Number of zero displacements.
Node number and directions(x=I,y=2) of these:
Node No. ' Direction.
Number of nodal forces.
Node nuwber,direction(x=I,y=2)and magnitude of
: force.
Node No. Direction Magnitude.

(B) Répeat above as many tiuwes as there are jobs to
‘be aunalysed.
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4,6_FORM OF PRINT QUT FROY COMPUTER.

The cowmputer print out frow the two-dimensional

programme was in the form ;-
No of elements.
No of unodes.
Band width,
External nodal forces.
Node Direction uagnitude,
Nodal displaceuwents.
X direction Y Direction.
Element. Strains. Stresses.
Sx Eyy ex_y Tx Tyy Oy o 02



CHAPTER_2 N0

5.APPLICATION OF FINITE -ELEMENT METHOD TO LAP-WELDED

CONNECTION,

5.I. WELDED CONNECTIONS.

Engineering structures and components can be
manufactured by casting or forgiug,or they can be
fabricated from a nuumber of smaller coumponents, by
riveting,bolting,or welding parts together.Riveted or
welded structures are perwanent in so far as they
cannot be taken to pieces without destruction of the
joints.In a fabricated welded structure,the weld
locates the c0mponént elewents together and transmits
the loads which occur under working conditious.
Welding has been referred to as ' the art of joining
parts of the sawe metal in such a way that the
result is a continuity of homogenous material, of
the composition and characteristics of the two parts
which are being joined tdgether'.

Welding processes are usually classified as
fusion welding processes i.e. welding without
pressure,or force weldilng processes.

Butt aud Fillet welds are the basic types of
weld generally applicaole to all sections of material,
i.e. plate,bars,structural sectious aud tubes.
Typical Butt aund Fillet welds are shown oelow.

Butt Welds_ |

RN AN TR TR

Single V Double V
N
e - RN QoY
Square - | Dohble Bevel.

Fig. 5.1
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Fillet Welds

A A I A e e AR
3 O O

LT

i AP
PN RN N

Tee Pig. 5.2 Lap
One of the main features of properly made butt welds

as cowpared with fillet welds is their continuity
waking thea wore suitakle for dynamic loading.Fillet
welds are the cheapest type of weld to uake,for

no edge preparation is required ana settiug up is
simple.However,since fillet welds do not possess the
continuity of butt welds,they are not capable of
carrying high dynamic stresses.

Design of welded connectiomns.

Besides consideriung the actual welds conngecting
two parts or couiponents of a fabrication,consideration
wust be given to the adequacy of the joint connection
as a whole,otherwise the connection between two parts
that may be amply welded together could fail because
of sowe inherent weakness.The arrangeuent and design
of parts in the vicinity of the welds is of equal
iuportance to that of the welds theumselves.Stress
or force flows frou one component to the other by
means of the welds,and the parts themselves umust
channel this flow to the welds so that the whole
bonnectiop is direct and positive in action.

Stress_Conceuntrations

Local discontinuities and abrupt changes in
the section of a wmember cause a concentration of the
stresses at these points and are usually called
'stress raisers'.The iluportance of stress raisers
and the resulting stress concentrations are dependent
o the ductility of the material and the type of
loading, that is,whether it is,iupact,static or
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dynamic for many cycles.
Welded joints,because of their character and shape,are
often stress raisers.Sharp corners and notches are well
known stress raisers and are obtained with groove welds
having incouplete penetration,at the heel and toe of fillet
welds and at points of undercut or reinforcement.
In the fillet welded assembly shown in fig. 5.3

the load in the main plates well away from the cover plates
is uniforwly distributed.The load diffuses into the pair of
cover plates and then back into the other main plate,The
problem is to-find the stress distribution in both the
cover plates and the main plates.Since the conditious in the
two cover plates are exactly the same,they can,for theoretical
purposes,be regarded as a single plate of twice the actual
thickness.The counection is also symmetrical about two axes and
therefore only one quadraut needs to be cousidered.

It is assuwed that the problem is two-dimensional
so0 that there is no variation of stress across the thickness
of the plate.
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5.2,FINITE_ELEMENT_ MODEL.

In order to determine the best wmethod of
nuisbering the elements and nodes in the finite
eleuwent model,several different models haviung very
coarse meshes were partially analysed by hand.The
final forw of wesh used in dividing up the inodel
lap-welded plates is shown in fig. 5.4 .A siuwilar
uesh was used for both main plate and cover plate,
the wethod of elewent nuuberiug beiung to start at
the centre lines nuwbering first the main plate
element,then the coincident cover plate element and
moving progressively in horizontal lines throughout
the wodel.The nodes were nuubered in a siumilar
manner except that along weld lines the nodes of both
inain plate and cover plate were given the same number,
In the finite element method the external loads are
applied at the nodes.The uniforu load distribution
was therefore replaced by a statically equivalent
system of point loads applied at the nodes.Thus using
Saint-Venant's Principle,the replacing of the unifora
distribution of forces by the statically equivalent
nodal forces will not affect the stress distribution
around the weld area providing the surfacesare
suificiently rewoved from the weld area.It was noted
frow the photo-elastic model described later that
the stress in the main plate was uniform at a
distance of approxiwately -one main width fro. the
top of the coverplate.

In order to ensure that the finite element model
had a siwilar distributiou of stress at one main
plat width frow the top of the cover plate the
external nodal forces were applied at 23 wain plate
widths frowm the tcp of the cover plate.The exact
distance being determined by the convenient mesh sizes.

9¢3.DETAILS OF WELDED CONNECTIOLS.

Five plate connectiou problems were investigated,
four dealing with side fillet welded cover plates and
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in the fifth the wéid was taken all around the
cover plates,

Test .ain Plate Thickness. Thickness of each

(inches) Cover Plate
(iuches)
I 0.1875 B 0.1675  side weld
2 0.I875 - 0.09375 side weld
3 0.09375 0.1875 side weld
G 0.1875 0.1875 side weld.Hole

cut in centre of
cover plate.
5 0.1875 0.1875 Weld taken all
round cover plates.

"No changes in the node or eleuwent nuubering were
required for the first four tests.The chauge in
thickness of the plates only required substitution
of one 'thickness' coumputer card for another.To
siwulate the cut out in the centre of the cover
plates the elements representing the hole were given
a very low wodulus value.

In order to iuvestigate taking the weld all
round the cover plate some of the nodes required
renuibering. '

5.4.ANALYSIS OF CO#PUTER_RESULTS ;
From the couwputer results the stress values at the

edges and at the weld had to be determined.The mean
stress value between two eleiments was taken at the
centroid point shown in the diagram below,

~—
55
53
3
I

Blg 5.5

Haviug determined these values graphs ol the mean
values were drawn and the boundary values obtained
by extrapolation.This process was very labourious
and tiue consuwiug.The non-dimensional values of

(J0; — Q3 ) divided by J average stress in the main
plate are given in the tables on pages 50 10 54 .
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Equilibrium checks were carried out oun the side fillet
welded wodel with equal thickness plates aund the wodel
welded all round the cover plate.For these two

models diagrams showing the overall distribution

of 9_—92 i, both the cover plate aud wmain plate
were dggﬁQZ(Fig.b.7—b.IO)

To coupare the different types of weld connection:
and the effect of varying thicknesses of plate,
graphs(I- 4) were plotted of —%%i%f%;-
along the weld line and the plate centre line,

A diagram(graphgwas drawn to show how the load wes
transferred from the cover plates to the main plate
for the two types of weld connection.
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The followiug tavles indicate the valuesof ﬂ%ﬁig%
at the iutersection of the various lines as shown
in the refereuce diagram.,
€.8.

il = T

2 0250

This indicates the value at the intersection of
line C and line 2.
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5.5 EQUILIBRIUM CHECK FOR 3/, INCH COMPUTER MODEL_ (SIDE
WELD_COVER_PLATE)
})s a verification of the coumputer results an equil=-

ibrium check was made at various sections of the
welded connection.
ALOLG I_é (Graph © )

Cover Plate ZG: =433 |Lf_/&3 SA _-_12:,%:3315_ S
Load carried by cover plate=41.38u§%,zt= I15.521bf
Applied Load=I16.0 1lbf.
¢ Difference=_0.48_ x 100 =37
.16

plong line through elements 201/203(Graph 7 )

Cover Plate S q. =20.168 1bf/in%
Load carried by Cover Plate =20.168 x _I2=7.563 1bf.
32

Main Plate zzcﬂ =45,178 1bf/in>
Load carried by lMain Plate=45.178 x J_=8. 472 1bf.
16
Total Load carried by plates=16.035 1lbf.
% Difference=0.035 x 100 = 0.2I9 %
16

Along line through top edge of cover plate.(Graph 8 )

Main Plate 2 Gx =80.76 ibf/ln
Load carried by wain Plate=80.76 JL_%; = I5.2 1lbf.
Applied Load =I6.0 1bf.
#Difference =_0.8 x 100 =5%
16

Along line through elements 401/402 (Graph 9 )

Main Plate » Qx =85.93 1bf/ in?
Load carried by wain plate =85.93 «_3_ =I6.1I 1bf,
Applied Load=I6.0 1bf." '°

gDifierence =_0.II x _I00 =0.687%
16 v’

L}
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5.6EQUILIBRIUM CHECK FOR CO#PUTER #ODEL(WELD ALL RQUND
COVER PLATE)

As a verification of the computer results on
equilibrium check was made at various sections of the
welded connection.
ALONG Y ¢ (graph 10 ) |
- Cover Plateza_; =42.941bf/in°' SA:JE‘%"%_ n*
. Load carried by Cover Plate=42.94, 3 ,4=I16.1 lbf.
Applied Load=16.0 1lbf. -~
%Difference-ofi = 100=0.625¢%
e _
ALONG line through eleuwents 20I/203 (Graph 1II)
Cover PlateE:g; =30.307 1bf/in*

Load carried by Cover Plate=30.307 x 12 =II.3651bf.
32

Main Plate » gy =24.864 1bf/in*
Load carried by main plate =24.864 x 3 =4.662 1bf,
Total load carried by plates=16.027 1lbf.

Applied load=I6.01bf.

7Difference=0.027 . I00 =0.169%
| 6

Along line through elemewnts 349/351 (Graph '14 )

eever plate S J, =27.681 1bf/in*
Load carried by cover plate=27.681 x I2=10.38 1lbf.
- , 52

Main Plate > @, =30.098 1bf/in*
load carried by Main Plate=30.098 x {%_z 5.64 1bf.
Total load carried by plates =16.02 1bf.

Applied load =16 .ibf.

JDifference= l%ﬁ « 100%=0.125%

ALONG Weld line (Graph 12)-
Cover Plate EE:G; =27.305 1bf/in®
Load carried by cover plate =27.305 x I2 =I10.24 1bf,
Main Plate > Oy =30.702 1bf/in* T
Load carried by main plate=30.702 x7%=5.76 1bf,
Load carried by plates=I6 1lbf.
’pplied Load =I6%
gDifference=0%
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ALONG Line through elements 40I1/402 (Graph 1% )

Main Plate) ( =85.423 lbf/in™
Load carried by wain plate=85.423 x 1%:16.02 162,
Applied Load-Iolbf. .
%Difference:@_i?(ia x 100=0.125%



I

WELD ALL Rou~p CovEe FoAaTE,

CameurTer. REsults,

Equitipaissm CuHeex,

?""T"

|
|
1
|
|

‘IPS' IS‘-(PS' 9*2 S‘f#;
] H

5

137s

| INCrES FAoM PLATE



72

ComputTer  ReEsuLTs.

EauwiLigrium S HECK.

Cover Pleda Values Q‘g_J}.C{g;{-

WELD

ALL Roumny CoVER PLATE,

-Mouﬂ Plada V:L'tumEsG; U:q L

@ Covev Piate .

»  Man Plocte., .

5303 G053 4
| | |

s
YRR Ry

]

ol

|
|
Fidil
g
23

30 3246 2450 1-:3 0393

i f ot s06 FoE 5:?9 Q14 5901
] el
1 | i ;
i _1ast
i [ T‘ 208
1 ! :
| I

1°66

()

& i
x\:’_*-‘@“"-—e—@—
[
i |
HHHEIHRE i
j R e LN
' [ HTH TN
! | ‘ : LN
- | ] : } E *‘-..;
i T
! ’ | i
i | |
47 3 2 | o
! INCHES VRor PLAYTE X.Zl:.

q‘i Lll‘"[.ff\'nl‘



Compurer Results. |

13

' Eaquitigrwm CHECK.

'Cau v Plak

|

{ !

] | |
[ el

$e
i1t
baind
|

{ f.‘\Aur\ Plaﬁ&.Va. We k!

o;»awu.

0... Va \ue_s.

WeLmo

ALL. RaunD Cover PLoaresE.

S S

45’5’ 4&8 ++4:3‘4$754:a

4425 |
I.i

m‘.,c;.,. ; iR

.@ Covor-' qu.'hﬂ;
Pla.‘l:«bﬁ__. .

X r"law\

i
I
|

}750

iy

- _I__'_l.!.;..
HE
ST

L

l LIELUSs LIsDE

RS e T
T il

.3.3» Jot2 2-35’0 z:zo Hese l°7«t~o

’_ﬁ it o

L]

2

|
INC HES f'R-D"\

|

[

I
| | { |
] | |

I

?L.F\“I"E-

X .
il
|



14

| s
_Compurar Resulrs .,

Equiizriun  CHECK.

_WeELn | Pt RounD  CoveR Pz

40

b
5

ol

Punvr VAaLues Oy MQWN-;' 795
- i

Main

x Main PLATE.

|

15é

|
R
|

|
]
|
| Y B
Iu-s‘+ .“'43 FARs ey ‘n-m

| |
|
i Y
it
| o
| q Ox Llhnd
g
| ST R e it i
it it R M R e R | |
| { 141 | T | It $
: I : SN st Edd et bathy ;
B i R R )
| | . 5 | PYRETISUEA EAN YA FRmI -]
’ | I : EERECHIL LR LARRY,
5 | | | EHSREQEREN AURR nGTa R | i
| | 1 { | { |
i ke ! i + .:. 1 - +
’ | it ;
| G | NEERH TR sty purm | |
1 | | . | | . 1 | . !
! I | [ fii | i
a ! 1 ‘: it ik R - : }
! ! : | 2
| i 1 { |
: | \
|

|INC HES FlRaM PLATE

3 2 |



5

CompuTir ResulTs, WELD ALL ROwnD CovER PLATLE,

EquitigravM CHecw.

| l 4471‘-1 444 4407 48T UGS 442
| L e | | ‘l
. R L RE R Ll fas
| L i
Men PuATE \'nm::sﬁ;lhc.[in"— _"7-6\2- !'T-o':.?. AG2N) 3042 2:494- 20120 1°87F V727

(0] C-OWIJQ“" ?I..-Qd'.e... ;
| I I :
x  Moaw ?1..?\.‘]\312..;
| &
| | qi{l-:.{l\.fl'n"‘.-
5
1 4- I
! Il
| | 3 1
. IR
i
HiE [t i
eeatfLits 2
; ! | '
i : | |
i
| !

AT AT Z CTRETIREE AT

: 1 | 1 ? I 4

i) l | |NCHES FReM PLATE X é__

| G'r'ek?\'\'l‘l-' i



76

f
5.7 _DISCUVUSSION OF FINITE ELEMENT_ RESULTS
The overall plot of 9%519; shown on diagrams

AY (MP)
indicates that the stresses in the plates are far
frow uniform.

In the case of the side fillet welded plate
peak values occur'iu both the cover plate and main
plate at A and B.

When the weld is taken all round the
cover plate,peak stresses occur ouly at A.

—A — 'Pig 5.1IT"

—_—

Taking the side fillet weld case,with plates of

-equal thickness as a reference,the table below shows

the precentage change in the peak values offzﬁgﬂE;
AY{(MPF

for the various plate configurations consideredfn)
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PLATE Change in peak values of

¢|-_ G_‘L
Tavene

percentage of values in side
case ,with each cover plate having.the same
thickness as the main plate.

COVER PLATE
e B

Each cover plate
one half of wain +67% + 254
plate thickness. :

Each cover plate
twice the thickness —72.27% —43,64
of the main plate.

Each cover plate

having equal thick=-

ness to main plate —I16.7% —27%
(Hole cut in centre

of cover plates).

Each cover plate

having equal thick-

ness to main plate =4I1.6% —=T19.2%
(weld taken all ‘

round cover plate)

g — %
q-ﬁ\a‘(_m )

Reference Values
for equal thick- 26 2.4
ness plates.

Fig 5.12

as a
illet weld

MAIN PLATE POSITION

A

+84. 54

—23q

+48.5%

—18¢

B

+11%

+437

—76,87

2.8
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The table shows that when each cover plate has a thickness

one half of the wain plate thickness,increases occur in all
the peak values in both cover plate and wain plate.When the
main plate thickness is made equal to half the thickness

of each cover plate a considerable decrease in peak values

in the cover plate is produced while in the main plate one

peak is reduced and the other increased.

Keeping the cover plates and main plate thicknesses
equal,but cutting holes in the centre of the cover plates,
has the effect of reducing the cover plate peaks while
increasing considerably oue wain plate peak and only

marginally affecting the other wain plate peak.
The most dramatic effect is produced when the cover

plates are welded all round,this reduces all the peak values
in both cover plates and wain plate.

Therefore the best result would be obtained by using
a wain plate thickness oi half the thickness of each cover
plate and then weidiug the cover plates all round.The
advantage of this combination is that by usiug cover plates
having twice the thickness of the waiu plate a. considerable
reduction is achieved in the peak values at A in the
cover plate which is the highest peak obtained in the fully
welded condition and also reduces the next highest peak
which is iu the main plate at A.The increase in the peak
at B in the main plate will not effect the overall design
as this value for the fully welded case is only
approximately 604 of the main plate stress, :

A very good connection can therefore be obtained by
usiung cover plates welded all round and en appropriate
ratio of plate thicknesses,
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CHAPTER 6 PHOTO-ELASTICITY

6.1 INTRODUCTIOLN

To provide a check on the theoretical plane
stress model used in the fiuite elewent analysis it
was decided to wmake a photo-elastic wodel of the lap
welded counnections,freeze the stresses into the model
and examine in a photo-elastic bench the resultant
distribution in the plates.In order to carry out
this work it was necessary to obtain a good
understanding of the photoelastic experiwental method
of analysis.

Photoelasticity is an optical wmethod of
experimental stress analysis.Basically,it deals with
the effect of polarised light in stressed transparent
material,the characteristics being used to coumpute
the nature and wmagnitude of the stresces therein.

The origin of the science of photoelasticity
inay be attributed to Sir David Brewster who,in
1816, observed the phenomenon of tewporary double
refraction produced by passing polarised light
through a strained glass plate.Examination of the
strained glass showed that the axes of polarisation
in the glass contained the planes of principal stress.

Although this suggested a means of stress
measureuwent by optical methods ou transparent
models,it was not until aluost a century later that
the science became fully developed.This was due to
the fact that glass,which was the only available
transparent material of necessary strength, was
not very sensitive to the optical effect and in addition
was difficuylt to wachine.With the advent of celluloid
as a photoelastic wmodel material,however,these problems

were overcoiue,with such success that rapid progress
was made in establishing this method of stress
measurement.

Considerable work was done by Coker and Filon
early in the twentieth century in cowparing
experiumental results with theoretical analyses for
plane-stress problews.The publication of their findings
resulted in the first comprehensive text on the subject.
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The improvement in two-dimensional Photo-Elasticity since

the 1930's has been confined mainly to improvements in
apparatus,materials and techniques.Polaroid was introduced
in the I930's and this led to the manufacture of large
field polariscopes without the expence of Nicol's prisms
and elaborate analysing systems,

At the sawe tiwe new Photo-Elastic materials began to
appear,the earliest being Bakelite and in the I950's Epoxys
provided materials with wmuch better Photo-Elastic properties.
These iumproved waterials led,in recent years,to the
developuent of the 'frozen-stress' wethod whereby
examination of stresses in three dimensions can be carried
out,The introduction of low modulus materials has led to
the extension of Photo-Elasticity into the fields of
dynamic and iwpact loading.

Much of the present day research is directed towards
the production of an automated Photo-Elastic bench.

6.2 .NATURE OF LIGHT

Initial investigatious as to the nature of light had,
by the end of the seventeenth century,resulted in twb
distinct theories being put forward.That by Newton considered
light to consist of a shower of particles,or corpuscles,
emanating from a source,the characteristics of corpuscular
motion varying with the type of light source.The other,
propounded by Huygens,considered light to be propogated
by waves in the ether,or medium through which it was’
travelling. i

Additional weight was later given to the validity of

the 'ether-wave' theory by Clerk-Maxweél whose investigations
led hiw to believe that light was a disturbance produced
by a train of electromagnetic waves,the disturbance being
that produced on an ether particle in a direction normal
to the direction of wave propogation.

Howevey,in uwore recent years,the quantuim theory has
given rise to the possibility of light being of some form
of corpuscular wotion, '

Whatever the true nature of light may be,the transverse
wave theory gives a satisfactory explanation of the optical
phenomena encountered in photo-elasticity and this theory
is applied in the following analysis.
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6.9. TRANSVERSE WAVE THRORY OF LIGHT

As the motion of any particular ether particle in the
path ofalight wave is periodic,the light wave may be
represented oy a sinusoidal wave traiun,

The magnitude and direction of the displacement of an
ether particle from its original position can be
represented at any instant by a vector,called the light
vector.If the plane containing the light vector and the
direction of propogation remains fixed frou instant to instant,
the light is said to 'plane polarised'.The iuclination of
the plane of polarisation relative to an arbitrary reference
plane is termed the azmuth of polarisation.Plane polarised
light may be obtained by passing white or monochromatic
light through a type of transparent material,termed a
polarizer,which determines the plane in which the vibrations
of the ether particles take place.

If the light vector at any point reumaius of constant
awplitude while continually altering its aziuuth in such
a way that its extreumity traces out a circular path, the
light wave is said to be circularly polarized.The light wave
travels forward iu a circular helical path,which may be
either right or left handed,according to the propogation
and direction of rotatiou of the light vector.If the ext}emity
of the light vector traces out an elliptical path,the light
is elliptically polarized.In general,the resultant motion
of the ether particles when disturbed by two utually
perpendicular plane polarized light waves is elliptical,
When the two couwponent motions are equal in amplitude and
out of phase by quarter of a wavelength the resultant
motion is circular.Conversély any elliptical or circularly
polarized wave way be regarded as the super position of two
wutually perpenéicular plane polarized waves.

64, POLARIZING MEDIUW

crystals such as tourmaline and herapathite have' only
one optic axis,that is,light can only pass through in one
-direction;perpendicular to the optic axis,light 1is absorbed.
Therefore,ordinary light falliug on to one of these substances
is resolved into components,that pass through aloung the
optic axis and components that are stopped, thus
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resulting in plane-polarized light emerging.An artificial

dichroic polarizing filter widely used in photo-
elastic work is Poiaroid.This givec extrewely good
polarizing properties as the absorbiion along the

axis of polarization is very low whilst the absorbtion
along the other axis is very high.In addition,it can
be made available in large sheets,is relatively cheap,
and gives good polarizing properties for all of the
visible spectruuw.

6.+ DOUBLE REFRACTION_OR_BIREFRINGENCE

Double refraction is a property of certain
transparent substances such as calcite and wmica,whereby
light entering the material is split iato two
refracted components known as the ordinary and extra-
ordinary rays.These rays are plane polarized in
perpeundicular planes and owing to a difference in
refractive index in these two planes there is also
a difference in the velogity of light passing through
the substance.The extra-ordinary ray has-.a greater
velocity than the ordinary ray and therefore on
emerging froum the material there is a phase difference
or relative retardation,between the two rays,which
is proportional to the length of the optical path or
thickness of the material.This effect is tewporarily
produced in certain materials when they are subjected to
stress. \

6.6 WHITE LIGHT AND MOMOCHROMATIC LIGHT

Phite light consists of vibrations of different
frequencies,eabh frequency giving the sensation of a
different colour. '

Monochromatic light consisting of vibrations of
one wavelength,may be effectively obtained frou a
sodium(yellow) or wercury vapour(green) source in
conjunction with suitable filters to give consiétancy

of colour.

6.7 _QUARTER-WAVE PLATES

A piece of material which is doubly
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refracting and has a thickness related to the
wavelength of the light used such as to produce a
phase difference,or relative retardation of a quarter
of a wavelength between the ordinary and extra-
ordinary ray is known as a quarter-wave plate,

 If the axes iu the plate are arranged at 45° to
an incoming plane-polarized ray,then the amplitude of
the resolved components,which are the ordinary and
extra-ordinary rays,will be equal,and circulary
polarized light will result.For photoelasticity,mica
is the waterial frou which quarter-wave plates are
generally wade., :

Circularly polarized light is used ia the

examinationu of the fringe patterns in photo-elastic
models. '

6.8 THE PLANE _POLARISCOPE

This consists of two devices for producing
plane polarized light,say two sheets of Polaroid,placed
one behind the other,and a light source.The polarizing
device nearest the light source is termed the Polarizer
whilst the other is termed the analyser. Fig. & ¢
shows two possible arrangeuments for the plane
polariscope:

(a) where the polarizing axes of polarizer
and analyser are parallel in which case the plane
polarized wave froiu the polarizer is completely
transuwitted by the analyser,and

(b) where the polarizing axes of polarizer
and analyser are crossed resulting in coumplete
extinctiou of the light behind the analyser.

6..9 _THE CIRCULAR POLARISCOPE.

If two quarter wave plates,of the required
thickness for a particular monochromatic light source,
are inserted between polarizer and analyser of the
plane polariscope and their axes suitably orientated
relative to the axes of the polarizer,a circularly
polarized light field will be obtained between the

quarter wave plates.Such an arrangement is termed
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a'CIRCULAR POLARISCOPE'.

There are three possible arrangeuments of .the
plates and filters for photo-elastic measurements
and these are shown in Fig. 6.6

(a) STANDARD_OR_CROSSED_CIRCULAR POLARISCQPE

The axes of the first quarter wave plate are
set at 459 to the axis of the polarizer,so producing
circularly polarized light.With the fast axis of the
second quarter wave plate parallel to the 'slow'

axis of tre first,the second quarter wave plate exactly
undoes what the first quarter plate did,nawely to
transait plane polarized light vibrating in the same
plane as the plane wavé from the polarizer.The axis
of the analyser is crossed with the axis of the polarizer
so producing cowplete extinction or a dark field behind
the analyser. ‘
(b) PARALLEL CIRCULAR POLARISCOPE
Circularly polarized light is obtained by

placing the axis of the first quarter wave plate
at 45° to the axis of the polarizer.The second quarter
wave plate has its 'fast' axis parallel to the 'fast'
axis of the first.Hence,the light transmitted by the
second quarter wave plate will cousist of two
component waves,mutually perpendicular and having a
relative retardation of half-a-wavelength resulting
in a plane wave vibrating in the plane norwal to that
of the wave transmitted . by the polarizer.Thus,with the
axis of the analyser parallel to the axis of the
polarizer,couplete extinction or a dark field will
result.

(c) CIRCULAR POLARISCOPE WITH LIGHT FIELD

This arrangement way be wade when it is

desired to transwit light through the analyser i.e.
when a light background is desired.Either(I) place the
polarizing axis of the analyser in Fig. ¢, eparallel

to that of the polarizer,or (II) cross the

polarizing axis of the analyser in Fig. 6.ewith that
of the polarizer.Whether a light or dark background

is desired will depend upon the particular examination
that is being carried out in the polariscope.In
general,if fringes near the bouudary are being

studied,a light background will be more satisfactory
since the edge of the wmodel will show as a dark line
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against the light background.In addition,better alignment
of the edge of the model can be obtained with a
light background.

6.I0 EFFECT OF LIGHT ON STRESSED TRANSPARENT MATERIAL
-TEAPORARY DOUBLE REFRACTION

If a plate of mnormally isotropic transparent
-material such as araldite is stressed in its own
plane and placed in the path of a light ray with
noriwmal incidence,the effect is analogous to that
produced by a birefringent crystal in which the optic
axis is perpendicular to the incident light.That is,
the incident ray on the araldite is split into two
plane polarized component waves travelling at
different speeds through the plate and vibrating in
mutually perpendicular planes.Iu addition,it has been
found frow experiment that the planes of polarization of
the transmitted waves coutain the priucipal planes of
stress 1u the strained araldite,

Since the cfhdition oi plaue stress on the araldite
can be removed,or altered at will,the phenomenon of
double refraction so exhibited is said to be
teuwporary.Experiumental .evidence has also shown that
the degree of retardation between the transuitted
waves is dependent upon the difference in magnitude
between the priucipal stresses in the strained -
material.Thus the relative retardation between emergent
waves is dependent upon the material,the thickness of
the material and the principal stress difference in
the material and is giveu by the relationship

R=c.t(m _""q-z>
If the relative retardation can be weasured,for a
plate of given waterial and thickness,the difference
between the priuncipal strésses,(qﬁ"ql),can.be
determiued.It is possible to do this incrementally by
having the analyser placed behind the plate and
crossed with the polarizer.such that only the
coumponenis,in the plane of polarization of the analyser,
of the waves euerging from the plate are transmitted. ‘
If the couwmpoiLents are out of phase by I,2,3 etc,wave-
lengths,no light will be transmitted by the analyser.
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Thus when a stressed wodel is located in a plane
polariscope with a monochroumatic light source
extinction of light takes place at the analyser when
the principal stress directions coincide with the axes
of the polarizer and analgser(lsoclinics) or when the
relative retardation at a point is zero or an integral
number of wavelengths.Since the changes inJ and 03
will,in general,be gradual,the locus of all points

at which the relative retardation is the same integral
nunber of wavelengths will be as a series of dark
lines,or 'FRINGES',iuterspaced with light bands haviug
the sawe colour as the uwonochromatic light used.

If a white light source is used,the black Isoclinics
appear agaiust a coloured Isochrowatic pattern i.e.
all friuges except the zero order fringes will appear
coloured.To distiuguish between the Isocliuics and

a zero order fringe,the polarizer aud analyser are
coupled together and rotated,the isoclinics move out
the zero fringe does not.This is the normal
polariscope arrangeument for plotting Isoclinics.

6.I1 ELIMINATION OF ISOCLINICS

If the stressed umodel is placed in a circular
polariscope the Isoclinics are eliwinated as the light
entering the model has no directional properties and
oul, the friuges appear black.In the crossed;circular
polariscope an integral number of whole fringes jire produced
whereas in theparallel circular polariscope au integral
nuwber of half friuges are produced. -

6,12 PHOTQ-ELASTIC MATERIALS

REQUIREMENTS FOR AN IDEAL PHOTO-ELASTIC MODEL MATERIAL

The following list gives some idea of the properties
which an ideal photoelastic material should possess,

It wmust be transparent.

It must exhibit the property of bi-refringence under
load.

It should be relatively colourless.

It must be free from initial stresses when unloaded
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or be capable of some annealing process by which such
stresses can be removed.
It should be optically semsitive i.e. the fringe orders
obtained up to the elastic liuwit should be sufficient
to produce reasonable accuracy without resort to
special iustruwentation.
It should be easy to wmachiue.
The stress-strain and stress-fringe relationships
should be liuear. i
It should be relatively free frou creep.This aspect
will be counsidered iu detail later as will the next
requireuent. :
Time-edge effects should be sumall.
It should produce reasounable fringe orders for relatively
siwall deformations thus wmaintaining model shapes.
It wust be sufficiently hard so that it can be clamped
during wachining and testing without becoiing stressed
or distorted in the process.It wmust,however,not
be so brittle as to produce chipping difficulties
during machining.
It must be of uniform properties throughout and waintain
these properties under uwoderate changes in teuperature
and amnbient conditions.
It should be capable of casting in block form for
construction of three-diwensional models. _
It wust be reasorably inexpensive and readily available.

6,15 [40DEL MATERIALS-ADVANTAGES DISADVANTAGES AND
APPLICATIONS

The followiug are soie coumonly used Photo-Elastic materials

ARALDITE C_T,=200

Advantages:Like Bakelite - it , approaches closely

the ideal material. |

Easily cast.

Suitable for 'stress-frezing' analysis

Easily machined

Sensitive

Not brittle

Readily available

Reasouable price
Can be joined using Araldite adhesive,the joins being
practically invisible on the fringe pattern.
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Disadvantages:Although simall castiug,maching or
tiwe-edge stresses can be easily aunealed heavy
stresses are aliwost iwpossible to remove.

Applications:Used extensively in the U.K+ for all two
and three-dimensional photoelastic studies.
Especially useful in the casting or machining frou
large blocks of complicated models.

COLUMBIA RESIN CR=-39

Advantages.Good transparency
tvailable in sheet form up to % in thickness with
exceptionally good quality surface finish.
Can be cemented to itself using the viscous liguid
frow which it is prepared the join being invisible,
Can be used for 'frozen-stress' studies
Disadvantages:Siuce it is forued under pressurs there
is a marked residual stress distribution through
its thickness. i
This has no effect on the fringe pattern however,
if wodels are carefully aligned to the light path.
i.e.Norwal incidence readings are possible,
separation of the priancipal stress values using
oblique incidence readings are not possible.
Quite brittle,requires care when machining.
Applications Frozen stress investigations where a
relatively low optical sensitivity at the softening
teuperature is an advanfage.
Occasionally used for general two-dimensional work.
BAKELITE BT=893

Advantages: Approaches closely the ideal properties
listed previously.
Easily machined.
Lot too orittle.
Sensitive.
Isotropic.
High Young's modulus,
Linear stress-strain and stress-fringe
relatiouships up to quite high levels(6,000-7.0001bf/13)
Can be used for three-dimensional studies. '
Disadvantages:Expensive
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At medium temperature i.e., above 859the fringe
value and Young's modulus change considerably.They
are,however,constant to within about 2 at
normwal working tewperatures.
Time-edge effects can be troublesoue.

Applications : Can be used in practically all
photoelastic applications.It is used extensively
in the U.S.A. r

- POLYURETHAMNE. (PHOTOFLEX)

Advantages:Very seusitive,
Low Young's iodulus.
Useful for hand models.
Easily wachined using standard procedures
described later,
Excellent clarity.
T'ree froum creep and time-edge effects.
Range of E values possible but Poisson's ratio
constant .
Disadvantages .Fasily deformed.
Normal testing alwost iumpossible owing to high
fringe orders produced at support points.
Applications: Demonstration hand models.
Soil Kechanics iodels.
Can be used as a mediuw to even-out loading across

a large area i.e., to produce uniforuly distributed
load conditious accurately. 3

Dynamic or wave propogation studies where low
wodulus is an advantage.

Multi-layer problews requiring differeut E values.
Gravity dam investigations using mercury to
simulate hydrostatic pressures.

Tunnel and mining cavity problems again

rquiring different E values to simulate different
rock strata. )
Investigation of support aud ouilding foundation
pressures, '

Qualitative analysis of the deflected shape of
structural members e.g. portal frames.

Since the material can be easily drawn or printed

on,complete displacement fields can be easily
obtained frow Moire grids printed on the surface.



91
6.14 CREEP AND TIME-EDGE BEFFECTS

CREEP :
The wajority of photoelastic waterials exhibit a

certain awount of optical creep which is siwilar in
nature to the wechanical creeﬁfﬂhich extensious of
ietals increase with tiwe under a coustant load
especially at high teuperatures.

Optical creep is observed when the fringe pattern

in a model under constant load changes with time.
Generally this forum of creep is very noticable in

the firét I0-I5 miwutes after load application,the
‘elfect decreasing thereéfter and becoming practically
insignificant after half an hour or so.For consistent
results therefore: this latter period must be

allowed to elapse before photographs are taken or
investigations commenced

Creep effects increase with increasing stress levels
When load is reimoved creep effects may be réﬁined for
sowe period depending on the magnitude of the stresses
involved.Thus a material way not return immediately
to its uanstressed state when unloaded.This is a

great disadvantage under cowditious of repeated loading
where a new zero load datum may exist for each
application.This is also an argument against
preliwiunary investigations followed too closely

by accurate investigations after re-application of
loads. '

Iu addition to optical créep the majority of photo-
elastic materials also exhibit ' mechanical creep.

TIME-EDGE FFFECT

All photoelastic materials are to sowe exteut wmoisture
absorbent.If woisture is absorbed-around the edge

of a model this causes swelling of tre wodel along

the edge and induces local coupressive stresses.
Couversely in a differeut huwmidity condition moisture
liay be lost aloung the bouundaries producing tensile
stresses.Both types of edge effect are time-

dependent and are therefore teruwed'time-edge' effects'.

In general the edge effects do not penetrate far into
the model so that triumming of the edges will generally



produce a streséﬁlree boundary.

Time edge effects are seen in unloaded models as
fringes which run parallel to the bouudary.In
frozen-stress models they are seen as sharp changes
in contour or sudden zigzags of the fringes near the
boundary.

Cn a coupression edge fringes will cut back omn
thewselves whilst on a tension edge they will tend
to flatten out.

Time edge effects can be overcome usiug any of the
following procedures.

a) Perforuing the test iumediately after machiniug
the wodel

b)Where the above is not practical rough shape the
model sowe tiwme before it is to be used and trim the
edges to size imwmediately prior to testing.
¢)Maintaiu the wodel at a fixea huwidity both before
and after wachining so that the moisture coutent in
the material remaiuns in equilibrium with the atmosphere .
d)Suear the edges with a water-proofing agent to
prevent moisture eumwission or absorption.

In addition to the precautions taken above the
cousequences of the time-edge effect are as follows;
Since the majority of photoelastic investigations
involve the determination of boundary stresses,and
since maximum stresses frequently occur at boundaries
it is essential that ti.e-edge effects are eliwinated.,
Permanent records iu the form of photographs or
boundary stress values must therefore be taken as soon
as possible after machiniug.

6.1 PHOTOELASTIC MODEL JAKING

—_———

It is essential that the photoelastic
model is an accurately scaled reproduction of the
prototype,the method of model manufacture depending
on the shape of the model to be produced.Models
may be made from precast sheets,cast to finished size,,
machined out of castings or manufactured frou various
materials iu composite form. '
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6.IﬁREQUIHEMEHTS FOR_A _GOOD PHOTOELASTIC MODEL

In addition to the tact that models should be
prepared frou suitable materials(the ideal
requirements for which have been stated previously)
the following further conditions are essential:-
The dimensions of the cowponent under test must
be accurately reproduced,scaled up and down where
necessary.
The edges of the model must be perpendicular to the
faces of the material(two-dimensional models) and
should be machiued to a reasonably swooth finish.The
use of ewmery cloth to polish the edges is not advised
since this will inevitably'round-off' the corners,
The surface of the model should be free frou
machining scratches,chips,etc.
The edges should be free from wachining stresses.
The model should be free frou r¢sidual stresses.
In order to achieve these requirements the
following general procedures should be followed:-
I.Accurate diuensions.
For two-dimensional models these are vest
achieved by the use of a wetal template which has been
accurately produced frow steel gauge plate.The
waterial is theun fixed to the template using double-
sidedadhesive tape and the edges machined using a
side will with the teuplate guided against a pin which
is approxiwately 0.005 iun larger than the mill for
the preliminary roughiung operation and a secoud pin
which is the same diameter as the mill for the
final cut.
For three-diumensional wodels the same machining

operation is normally used on the wodel as is used

on the couwponent under test.The use ol Araldite

C.T.200 wakes this possible since this material can

be shaped by any conventional machining process used

on materials e.g. milling,grinding,turning in a lathe,etc.
The general machining rules are;:- ' ;
Fast speed,low feed,negative rake,sharp tools,

(Tungsten carbide or diawmond tipped if possible)

pleuty of coolant and finsl cuts as small as

possiole.
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In general, correct counditious are achieved

when swarf{ comes off in riobons,using these conditious
the surface fiuish achieved will norwally be
coupletely acceptable aunl edge stresses produced in
the wachining operation will be very small and can be
easily annealed out if necessary.
2.Perpendicular,smooth edges(Two-dimensional models)
These are autowatically achieved usiug the systeum of
a vertical milling cutter as stated previously.lo
polishing of the edges is required with this systenm,
the final cut being sufiiciently swall to leave a good
surface finish-provided_that the cutter is sharp.
3 Surface free frow scratches '

The sheet frow which two-diiensional models are
prepared shpuld be inspected prior to machining and
handled carefully to keep the surface in good condition

’ny scratches present will act as stress concentrations
and should be avoided.

4.
Machining stresses

These are kept very low using the systeus
wentioned previously of sumall final cuts and are usually
negligiole.If not,they can be easily annealed out.
O
Residual stresses. ,

If these are present in the model material they
must be annealed out prior to teating using the
following annealing cycle:- ,

Lay the models on a sheet of glass plate
horizontally in the oven and temperature cycle as
follows:

Raise teuperature at 5°C/hour to I40°C

Maintain at I40°C for approx. 8 hours.

Reduce to room teumperature at 5°C/hour.

(Complete cycle - 56 hours)

This cycle applies to two-dimensional models
with thicknesses up to %in

For thicker wmodels or three-diuwensional imodels
special cycles should be used depending.on their
diwmensions.
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CASTILG PROCEDURE FOR ARALDITE SHEETS AND THREE-
DIMENSIONAL #ODELS.

Casting Araldite C.T. 200 sheets using Duralumin Moulds

With new_moulds.

Coat moulds with Releasil 14 and heat to I40°C
overnight.

Remove surplus releasil from the hot mould by
polishing with a dry cloth.This prevents one type of
surface defect. -

THEREAFTER

Assemble Moulds using Releasil 7 grease to seal
Joints if metal strip spacers are used.

Pre~heat moulds to I40°C.

Heat Araldite Resin to I40°C.

Heat Hardener to I40°C(in whistliung kettle to prevent
spitting)

Mix Resin and Herdeuer-stir thoroughly-filter.

After I0 minutes pour mix into the pre-heated moulds.
with thin plates,return the 'would and wix'back into

the_oven for rehesting at intervals when the mix shows

a significant increase in viscosity.

When pouring is complete reduce oven temp. to I10°C
and allow the moulds to stand in the room until the
tewp. of the mix has also fallen to this value.
Return moulds to the oven and allow resin to gell for
16 _hrs, at II0°C before reducing the temp. at 5°C per
hour down to the room teup.(say 20°C)

(Cowplete cycle =34 hrs,)

ANNEALING:

Rewove partly cured sheets from moulds,lay them-
horizontically upon a sheet of paper placed upon a
glass plate in the oven and teap. cycle as follows:-
Raise teup. at 5°C/hour to I40°C.
Maintain at I40° for 8 hours,
Reduce to room temp. at 5°/ hour.
(Complete cycle=56 hrs.)

TOTAL CYCLING TIME(PARTIAL CURIKG AND ANNEALING)'J:: 90 hrs



102
6.17 CONVERSION OF STRESSES MODEL TO PROTOTYPE.

Stress distributions obtained photoelastically
can be used directly for any material which follows
Hooke's Law since the distribution is practically
unaffected by the relative magnitudes of the elastic
moduli.

Provided that the model is geometrically similar

to the cowponent aud loads are similarly applied then
any stress in the coupouent (¢ is given Dby

2
q_c_, = E:m x LC-TE XTM

where . = a force applied to the component.
Fa= & force applied to the model.
L= & linear dimension of the coupouent.
Le=@ linear dimension of the wodel.
This equation will only apply when model and
component thicknesses are egual.Where this is not true
the equation becouwes

G:_'-TFC"XI_MXJC’MXG_M
Fe Le = Le

where t@ and'tm are the component and wodel thicknesses
respectively.
Model and cowponent strains are related by the foruwula.

F
Ce = FC. =, L—M % EM ,\e

if the thicknesses are equal.If not, then

_ec.._..'[:::. xl—m xtm XEM \‘ew\.
Fm L-r_ tc. Ee

Precise similarity between coumponent and model
distributions also requires that the value of Poisson's
ratio for both materials are equal.It is thus

fortunate that Poisson's ratio for most photoelastic
materials lie in the range 0+3 to 0.36 and are

therefore quite close to the values for structural
waterials.Those photoelastic materials used for three-
diwensional studies,however,have a uwuch higher poisson's

ratio approaching 0.5 and this has been shown to account
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for small discrepancies in model and component stress values.,

Scale Effects
Although ndminally there should be no errors due to the

scaling down of component size care uust be taken to ensure
that model similarity is waintained.e.g. ensure that radii
much reduced do not introduce stress concentrations not
really present.

Thick walls reduced to thin in the case of structural
members may fail in a different wode i.e.buckling instead
of crushing etc.

There are exceptions,however,as in the case of
cylinders in contact,where stresses under the point of
contact can vary widely frow the theoretical if the
thickness of the cylinder is less than 4 or 5 tiues the
contact width.Thus iu this case a thin model would not
exhibit siwilar stress conditious to those existing in long
cylinders in contact.

CALIBRATION OF FRILNKGE PATTERNS

In order to carry out a photo-elastic analysis it is
necessary to establish the lirnk between the relative
retardation,or fringe order,and the principal stress
difference.In a photo-elastic model the fringe pattern is
known everywhere and if at a certain area in the model the
stress can be calculated then the priucipal stress difference
corresponding to the first order fringe,which is known as
the model fringe value,can be determined.In other cases it
way be possible to calculate the stress at any point in the
wodel and iu order to deteramiune the friuge value a siuple
specimen is cut frouw the same sheet of waterial as the
models and loaded for the same length of tiue,

If a test piece or rectangular cross—section,width b,
thickness t is subjected to an axial tensile or compressive
load P which produces a retardation of|4k‘ where, Alis'the
wave length of the light then the stress in the specimen
is .{% and the stress equivalent of the first order friuge-.

i St
s 3



104
In coamparing different materials it is often more

convenient to state this value for a plate of standard
I
thickness,so that this unit fringe value E is

SR L e T
F ol n\b

The material unit fringe value can therefore be
deteruined without actually weasuring the thlckness
of the test speciuwen.The wavelength of the light
used in the calibration experiwent must always be
stated.

Although siwple in principle,a tensile or
coupression test piece is rather incomvenient in
practice because oi the difficulties of ensuring
precisely an axial load. The most satisfactory
calibration test piece is a siuple disc loaded in

: 500 ot the centre

diametrical compression.The principal stress difference ,of

=

the disc is given by :- P

o

(6 —5)- 5 -

"
Figqb-% =
The loading equipment for this test is very siuple,
accuracy of loading is easily achieved,and a sufficiently
large nuuber of friuges can be developed for accurate
. geterwination of the iriuge order at the centre of the
disc.

6 16 ANALYSIS TECHNIQUE

Two dimensional wmodels are surveyed in a circulsar

polariscope and the fringe value couputed at points of

interest.

There are various methods of couputing the fringe order
at a poiut.Usually the whole fringe 1s obtained by counting
from a known value(e.g. zero fringe) 'to the point under
consideration.Frequently it is necessary 1o determine the
fringe order at a point lying vetween whole fringes and
therefore a weans of determiuing fractional fringes is
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required.The Tardy method,described below,is the wost often

used¢ wethod for this purpose,another method was devised by -
Senarmount. Alternatively a digital coupensator way be
used,this giving the fringe order plus the fractiou.

IG
6. TARDY METHOD OF CCPENSATION

Usiug a circular polariscope first deteruwine the whole
fringe values either side &6f the point under consideration
(this can be achieved by using the simple compensator
described in Ref II ) The quarter wave plates
are then removed,the polarizer and analyser being crossed an
and coupled so that they rotate together.

Using a white light source the coupled polarizer and
analyser are rotated until a black isoclinic appears over
. the point where the fringe value is required.The ¢quarter
wave plates are then inserted at 45° to polarizer and
analyser to eliminate the isoclinic and give a dark field.
Polarizer and analyser are uncoupled and the analyser is

rotated until a fri.ge appears over the point where the
fringe order is required.The angle turned through by the
analyser is noted (9') .The fringe order at the chosen
point is then given oy either(h.+ﬁ§g)ifr\,the n?arest
lower order fringe moved to the spot or (nl-_g%,>

ou
if n, ,the nearest higher fringe moved to the spot.

The fringe pattern gives the principal stress difference . .

in the plane of the wodel( 0, — J. ).0n a free boundary

- either T or U, is zero,and this allows the magnitude of the
principal stress tangent't6 the boundary to be
determined.There are various wethods of determiniug the
sign of the principal stress and a very good wethod is
described in Ref 1L '

In order to determine the wagnitude of stresses within
the model separation techuiques are required.One such
technique is the method of l'Oblique Incidence'.This
involves viewing a model under normal incidence as
shown in ﬁig. ©.9 aud obtaining the friuge order n,.
at the point where the separate principal stresses are
required.
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wodel

Fig 6}9 :
The model is then turned through soue angle O about

the axis of one of the principal stresses at the

point and the fringe orderne at the point again
determined.The separate values of the principal stresses
can then be determined using Drucker's equations:-

For rotation about the 0, axis:=-

d, = Cosel[rﬂw ==\, cqu{]jL

g\nﬂ. BI i

C

SO

0 =—l [nai cos b —noJ_%

Siwilar equations,slightly wodified,exist for rotation
about the d, axis.

To achieve no refraction at the surface of the model,
the model is iumersed iu a tank of liquid whose
refractive index watches that of the disc material.

It is always adviseble when making oblique incidence
measurements to scribe lines on both surfaces of the
model at points where measurements are required.

When viewing under norumal incidence these . lines will
coincide but under oblique incidence they will appear
separ:dated and the fringe value required is that at

the centre of the two lines i.e. at the wmiddle surface

of the specimen.
Noronal Obhgue.
Fig 6.10

ISOCLILICS AND STRESS TRAJECTORIES

Isoclinics are sets of lines which appear black
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agalust a coloured isochrowatic background when

viewed in a plane crossed polariscope using a white

light source.At any point on one of these liues the
directious of the principal stresses are co-incident

with the directious of polarizer aud aualyser.Thus with

& standard crossed polariscope a series of isocliuics

Can be obtained for various angular positions of ;he
polarizer and analyser.Stress Trajectories are sets of
orthogonal lines which can be constructed from the
isoclinics to show the actual directious of the principal
stresses at any point.

6.21 STRESS FREEZING

The discovery of the 'stress freezing phenowenon'
led to a big surge forward in the use of
photoelasticity.It wade possible the examination of the
stress distribution in : very cowplex three dimensional
Structures and allowed the stress patteruto be
frozeu into fabricated wodels,such as the lap welded
counection being analysed.,

If a wodel coustructed froam certain photoelastic
waterials is loaded and heated to above its so-called
"stress—ffeezing" temperture it will elastically deforu
at this teuwperature and the deformation will remain when
the loaded model is slowly cooled.When load is removed a
major part of the deforwation rewains and a photoelastic
pattern corresponding to the elastic state of stress
freezing teuperature will be obtained in the model
when it is viewed iu a polariscope.

Very significantly no stress relaxation occurs
when the wmodel is cut.This allows a three-diuensional
wodel to be cut into slices thin eriough to be
cousidered as efiectively two-dimensional models.

These slices are taken at particular poiuts of interest
and in such a wanner that conventional two-diwensional

techniques can be used for analysis in all but the most
couwplicated cases.

The naume of "Stress-Ffeezing" arises because of the
analogy of a spring loaded in a beaker of water, see
Fig. . LIIf the water is now frozen the load can be. removed
and the spriug will be held in its stressed state by the
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ice which surrOuﬁds it.Presumning that a cutting operation
were possible without generating sufficient heat to melt the
ice +the spring and ice could be sliced for examination.
Two further analogies exist,however which explain
the process more correctly.

SBRING IN WAX ANALOGY

Consider an unloaded spring enclosed in wax.
When load is applied there will be a swall strain
produced as shown in Fig.6.12,1f heat is now applied to
melt the wax the spring will extend and the strain
therefore iucrease although the load rewmains unchanged.
Cooling of the systew will solidify the wax with the
eéxtension and hence the straiu rewaining unchanged.
When load is removed a slight relaxation of strain occurs
but the majority rewains "frozen" in.
Thus when load is applied to a photoelastic
model at room temperature a swmall elastic deformation
takes place.When the temperature is raised above the
critical or stress-freezing temperature there is a
considerable lowering of the modulus of elasticity
of the waterial and hence an associated large increase
in extension &, .Cooling of the model to roou
temperature and rewmoval of the load will produce a
recovery of the suall elastic extension § but the large
extension or deforumation 8§, will be retained.

It is evident that in addition to the chaﬁfgelfoﬁtt}}.
wodel there will also be au associated change in area.
If we cousider a test piece of origiual length 1 and
area A the Young's Modulus at roou teumperature is
defined as

* ELTERE B it

straln A S

. At the critical or stress freezing teaperature
however the modulus is defined in terus of the deformed
geouetry of the test piece and residual straln after the
stress freezing cycle

E -P,L - effective stress at the critical teuperature
% iy e résicual stirali
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SPONGE_A}D_TAR ANALOGY

It can be seen froi the previous analogy that the
materials wrnich exhibit stress freezing properties uust
possess two types of molecular bond each affected in different
ways by tewperature changes.This diphase system can be
represented again by two separate materisls provided that
they are "mixed howogenenously".Cousiaer therefore a
sponge which will act as the coutinuously elastic
medium throughout the process couwpletely filled with
tar which will be solid at room teuwperature.At the
elevated or"stress freezing" teuperature,however,the
tar will becoiue liquid and will carry no load the whole
of the load then beiig taken by the sponge which consequ-
ently deforus.This deliormation will be retained during
the cooling or "freezing" process and when load is reiioved
a system of stresses is set up within the cowmbination in
which the forces set up by the sponge trying to relax
are balanced by and opposite forces exerted by the tar.
It has been proved that the magnitude of residual
deformation achieved iu this process is independent
both of the time taken and of the maxiuwuw teaperature
reached in the thermal cycle.TFurther,it has been
verified that the deforuations correspond to the
elastic strain distribution asseciated with the
applied loadiug.If the stress frozen model is
sub jected to an annealing cycle in which it is once
more heated above the stress-freezing teumperature,
whilst unloaded,both the deforwation and the
associated fringe pattern will be rewoved leaviug the
model coumplete}y unustrained and stress free.It
therefore follows that the frozen stress phenowenon does
represent linear ELASTIC behaviour rather than plastic
as could be imagined at first sight.

CEEMICAL EXPLANATION OF THE FROZEN STRLSS PHENOMENON

Not all photoelastic materials are subject to the
stress freezing efiect.One group of plastics which are
sensitive to it,however,are the epoxy resins.These are
composed of long chain molecules which are cross
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linked during polyuerisation when covalent bonds.are formed

betweeu the euds of the short side arus attached to the

main molecular chain.At roou temperature the whole of the

chain structure will be elastically deforued by the

application of external loads.At the elevated or stress

freezing tewperature the primary C-C bonds become free

to rotate.This results in a considerable reduction in the

resistance to deformation and large strains result.The

material behaviour however,continues to be linear and elastic.
When the temperature is reduced the C-C bonds are retained

in their strained position and provide a mechanical

restraint against recovery of deforwation when load

is rewoved.

FRINGE MULTIPLICATION

Three diumensional photoelasticity using the frozen
stress method often leads to the taking of thin slices
frow the photoelastic model.These thin slices
frequently exhibit broad low order fringes covering the
whole field.Fringe multiplication can be used to
increase the sensitivity of measureuwents,provide a graphic
view of the stress field and the method is vefy guick
and not as highly subject to huwan error in data %teklug as othe
methods.The fringe multiplication instrument consists of
two partial mirrors slightly inclined to each other,the
frozen stress slice being placed in an iwwersion fluid
(of the correct refractive index) between the wmirrors.
Figl3 shows an exploded view of the components in a fringe
multiplication polariscope.

Frnge, m“\t‘almahov\ -qétﬂwnent' lens
/

MY inght
. - 4
it Fig.6.13
Polovisar

l’ﬁ_u ave :\ oﬁa

YaMuvs plate,
N Analysew

AMter passing through the system the light converges to
a series of foci all in one plane.If a card is placed in

this plane a series of light spots of diminishing
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intensity can be observed.These constitute an iuwage stack

of odd order.Light converging at one of these spots
(e.g. that marked"times 3" iu fig. 6,17 has passed m
tiwes(3 tiwmes) through the specimen and observation of
the corresponding image shows the corresponding multiplied
fringe order.The pitch of the iumage stack should be as
smwall as possible so as to ainimise errors due to path
spread, without causing image overlap.PhotOgraphs of the
image cau be taken with a cauera positioned to collect
the appropriate light rays and focused in the norual
mwanner,the cauera leus being screened off by a plate
containing a single central hole.Satisfactory
multiplications of I7 tiues for slices exhibiting low
initial birefringence have been obtained but normally
one works in the range up to 9 tiues.
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CHAPTER 7

APPLICATION OF PHOTO=-ELASTICITY TO LAP-WELDED CONNECTIONS

7.1 _INTRODUCTION

Having carried out model tests using Vybak and
strain gauges (Appendix I ) it was decided that the stress
distribution in the plates for comparison with the
computer results could be better obtained using a
Photo-Elastic model.Soume preliminary models were umade
and tested to determine the best method of producing the
model,welding it and loading to ootain a good
symimetrical pattern with a reasonable number of fringes.

7.2_MODEL MANUFACTURE

The Photo-Elastic model was made froum ¢ inch
CT200 Araldite sheet having diweusions as shown in
fig. 7.1 page '11I5

The method of wanufacture fiunally adopted was to make
two templates of § inch gauge plate steel 3 inuchx 5 inch
and 4 inch = ¢ iauch ,In order to cut the model plates
the Araldite sheet was attached to the gauge plate
teuwplates with double sided tape and a Sharples model
waking kit( Photograph I ) used to cut the wodels
to size.The Sharbiéé model maker counsists of a special
milling machine with a ¢ inch diameter high speed .steel
cutter,a 0.I35 inch diameter roughing plug and a
0.125 inch diaweter finishing plug.The roughing and
finishiug plugs can be fitted into the cast iron base
plate,centrally under the willing head.This method of
imachining ensures that the umodel is free froum edge
stress and that the edges are perfectly square.
The roughiug plug was first iuserted in the base plate of
the wachiue.The teuaplate was guided against the roughing
plug,thus eunabling the wodel to be cut within 0.005 inch
of the finished size.The above procedure was repeated
with the finishing plug replaciug the roughing plug.
A1l sheets were examined in the polariscope to make
sure they were free frou stress. The cover plates were
clamﬁéd in position ou the main plates.Several methods

of simulating the weld connections were tried.One of the
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Sharples uodel .aker

Photograph I

Sharples I5 iuch Diameter Diffuse

Light Polariscope

rhotograph 2
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early problems was the seepage of adhesive between the

cover and amain plates.This was overcoue by sumearing areas
where adhesion was not required with silicon grease.The
best wmethod of fixiug the plates was found to be as follows,

Suwear the nou adhesive areas with silicon grease and
insert a piece of 0.003 iuch shiu covered with silicon
grease 1in the gap between the main plates.

Clawp the cover and main plates together and then clauip
the whole assewbly to a 45° angle plate using a dial gauge
to ensure that the edge of the cover and wain plates were
level.Dams were forumed at the ends oi the cover plate
usiug the silicon ruover.The final assewbly is shown
in photographs 3 & 4  on pages 118
An araldite mixture was poured into the daumed area and
allowed to set for twenty four hours.The other three
welds were prepared in a siwilar manner.The whole was then
heat cured at I35°C in an oven for I4 hours.Eight quarter
inch holes were drilled in the ends of the maim plates
for loadiug.Four end .plates were manufactured and then
bolted to the main plates,the bolts being tightened to
give a friction grip between the end and main plates.
(Photography page IIS ) :

The whole asseibly was inspected in the photo-elastic

bench to ensure that it was free from initial stress and
loaded to ensure symmetry. .

7.3 STRESS FREEZING

The asseuwbly was then suspended in a Sharples
Photo-Elastic oven and a load of 7 1b hung frou the
weight haager attached to a pin through the end plates
(Photograph 7 page 120 ) '

The oven was controlled by an Ether Coatroller
(Photograph 8 page I20 ) A stress freezing cau
was fitted to the controller and this gave the following
programiue,

24 Hours to raise temperature to I40 °C

8 Hours to soak at I40 oC

24 Hours to bring oven tewperature back to room temp.
After removing from the oven the wodel was viewed
norually in the photo-elastic bench to wake sure the
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Plate connection set at 45° for formation
of weld

Photograph 3

Pouring araldite mixture to form weld

Photograph 4



Assenbled test specliuep

Photo graph 5

Preliwinary viewing of assewmbled test specimen

Photograph 6



Model iu stress freezing oven
Photograph 7

ETHE#R

Oven Control unit,

Photograph 8
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Separated test speciluaen.
Photograph 11

Isochromatic patterns in the

separated wain aund cover plates.
Photograph 12.
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pattern was sywmetrical (Photographs 94%I0 page I2I )
The welds were then very carefully cut away using a
very fine handsaw,cutting through the weld as shown in
Tias Tai2

Saw. 3 ”
SO RN \\;q Fig 1.2
350 AT SR ST A

The separated pieces are shown in photograph II on
page 1227

Cover plates and end plates were examined in the
photo-elastic bench to see that the patterns in
corresponding plates were siwilar and symmetrical.

A typical set of isochromatic patterns for a cover
plate and a wain plate are shown in photograph 12 page 722

T.4ANALYSIS OF ?RINGE PATTERNS

A quarter inch square mesh was scribed oa the surface
of the main and cover plates.Fach plate in turn was exauined
in the photo-elastic bench,A I5 inch diffuse light
polariscope was used for the analysis.Photograph 2
page 116 .

The face and edges of the cover and main plates were
smeared with aan Araclor/ Ligquid Parafin mixture,having
the same refractive index as the model material, to
give a smooth surface ou the plates.This has the effect
of producing clearer friunge patterns.Each plate was placed
in the polariscope and the fringe value plotted at each
mesh point with the aid of .a wicroscope.The Tardy uethod
of cowpensation was used iu the analysis,

The results are listed iu tables 1-2=7.%n pageS 127-I30.
The —%%;;ﬁ%%— values were plotted pictorially to give
an indication of the overall shear stress distribution in
the plates,

The model of the joint having a weld all round the
cover plate was tested by Mr Shipman under wy supervision,
The method of construction of the photo-elastic model
was siuwilar to that previously described. :
The results are listed in tables 7,§-7150n page [37-I44,
The LGy pictorial plot is shown on page 1438/9.

Tav (ne)
It was also decided to coimpare the separate 0, and T

values i.. the model.The separation of the principal
stress values was accowplished using the oblique incidence
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Oblique incidence attachment

Photograph I3

Diauwond wheel used for subslicing plate on grinder

Photograph 14
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technique and by subslicing(PhotographsI3«14 page 124)
Fringe wmultiplication photographs were also taken of the
cover awd main plates (Photographsj5&15age 125 ) and these
results coupared with those obtained by the Tardy method.

7.5RESULTS Lap-welded counnection(Side Fillet Weld)

The results giveu iu the following tables are

referenced as follows:-

045 2

C B A

The value at the intersection of line B and line
2 in the reference diagram is 0.65
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7.6 RESULTS Lap-welded connection(Weld all round cover plate)

The results giveu in the following tables are
referenced as follows:=-

0354 3

& B A
The value at the ‘intersection of line C and line
3 in the reference diagram is 0.354
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<7.7 Ecuilibrium Check for Ye inch Photo-Elastic #odel
(Weld all round cover plate)

Along

Cover Plate

q
sliles O p
Tooss 586

Load carried by cover plate = 6.88x_3 x I x 4
: 2 16
= 0.161I G_,-w(,q,)
Load carried by weld(taking stress at cover plate edge).

load = I.0 *® 2 —— 0.008 q-m(nr)
256
Total Load Carried = 0.169 ThAv(med
Applied Load = 0.188 T (me)
gDifference = 0.0I9 x I00 = 1I0.I%
0.188

Along E; (Reference Diagram Page I42 )

9. =3.27
ZG—W(MP) I

Load carried by cover plate = 3,27 I x4 = 0.I532 Gy
’_‘I‘%“I? et

Cover Plate

Main Plate

L PR G T )
Thw(mr)

Load carried by main plate = I1.082 XT%'xf%'x 2 = 0.0254Tymp

Load carried by weld(taking stress at cover plate edge).
Load = E).bIz % 2 — 0.0048 QHW(MF)

250
Total Load Carried = 0.I83 Taymp)
Applied Load = 0.I1I88 Uav(me)
4Difference = 0.005 % I00 = 2.7%

0,168
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7.8 DISCUSSION ON _PHOTO-ELASTIC ANALYSIS

Results show clearly the peak stress poiunts in the

joiants and cowparison of the two joiuts testeéd indicate the

advantage of taking the weld all round the cover plate.

The peak value of( ﬁ'—-ﬂ;) in ooth connections occurs at

point A in the cover plate,The separated
J, values are shown in the graph I

on page 1500 .These graphs indicate
that the peak (, value also occurs in

the cover plate at A,but is considerably —-

lower that the (0, —4J7 ) value at this
pOiLt .

a
o~

and
r‘h—..._._-fﬁ
A A
Amm—

L

o £ >

Fig7.18

The friction loading between the end plates and wain

plates gave a very uniform loading in the maiu plates.

Symmetry of loading in the inodels was good,as was seen

frow the fringe and isoclinic patterns in the separated

plates.

The siwulated weld successfully transfered the load

between the plates and the use of a thin saw blade to cut

through the weld in order to separate the plates proved

to be excellent,although rather tedious in operatioun.
The wost difficult area to analyse was along the weld liue

in the main plate,where the surface was rough and sometiumes

slightly pitted.

Except for the above point the analysis of the model

plates in the large field polariscope was straightforward

using the grid marked on the model as reference points

for friuge measurement.The model was viewed through a

microscope and the Tardy method used to deteruine the

fractional fringes,the fringe brought to the intersection

of the grid liaes.

Good friuge wultiplication photographs were

obtained for the plates and the results froun these coupared
favourably with those obtained by the Tardy wethod.

The pictorial diagraums give a clear indication of the

( 0y —QJ, ) stress distribution iu the two conunectious,

the distributiou being much wore uniforw in the welded all’

round case.

The photo-elastic models proved very successful iu

verifying the analytical nodel.
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"8 DISCUSSION_AND CONCLUSIONS

The Pictorial plots clearly indicate the non-uniformity
of stress distribution in the plates.It is also seen from
the finite element results that the relative thicknesses of
the cover and wmain plates has a bearing on the stress
distribution in the plates.

TablesS:l1Zshow the effect of variation in relative
plate thicknesses on the peak stress values in the plates.
The beneficial effect of welding the cover plates all round
can be seen by coiaparing the pictorial plots for side fillet
welded and welded all round cases(equal thickness cover and
main plates).

The peak values of L.—S%_ j; the two cases are:-

cr—*'w(ﬂl')
Cover Plate Main Plate
A B A B

Side Fillet Weld 3.6 2.4 1.95 2.8
Weld All Round Cover 2.1 0.5 1.6 0.65

plate

The pictorial plots of -—%%?25&1— obtained from the

AV (M)

photo-elastic results and the finite element results show very
good agreement.Experimental and analytical results are very
siuwlilar and the peak values are shown to occur in the saie
positions in the connectious. . '

The graphs comparing the photo-elastic and finite
element results along the X and Y centre lines again show
fair agreewent.The difference between the results at point
A in the main plate is probably due to errors in the
photo-elastic value at this point.It was difficult to
determine an acéurate photo-elastic value in the wmain plate
at' this poiut due to the uneven surface left after plate
separation.

The Photo-elastic results obtained by fringe
wultiplication are coupared with the results obtaiued by
Tardy coupensation in the graphs on pages (4546 .The
difference between these results is quite swall but the
fringe wultiplication results give a smoother curve of
stress distrioution.

The separate principal stress values @] aud a5



for welded all round caégaare coaipared with the fiunite
element results in graphs oun pages I%o0-152 .,The values
coumpare favourably and it is noticable how close the
agreement is in the sign change of the J, stress.

The experimental results fully justify the analytical
wodel used in the finite elewent analysis.

It is interesting to note frowm the graphs on page 63
how the load diffuses through the jcint frow the cover
plates to the main plate.In the welded all round case the
greater proportion of the load is always taken by the cover-
plates,whereas with the side fillet welds the change over
in the percentage load taken by cover plate and main plate
occurs at about the mid position between.the W’é, and
the extreme edge of the cover plate.

For the connections tested it is seen that the best
connection can be obtaiuned frou using coverplates of twice
the thickness of the wain plate and welding the cover plates
all round. ] ]

The length of weld will affect the peak stress values in
the plates and this could foru the basis for further work
on the connection.It would also be interesting to carry
out a three diwmensional analysis of the connection to

determine the effect of weld throat depth on peak stresses.
The effect on the peak stresses of tapering and shaping

of the cover plates could also be usefully iuvestigated.
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APPENDIX I 16l

PRELIMINARY TESTS ON VYBAK 236/2 SHEET

In order to verify the analytical model used in the Finite
Element analysis it was initially decided to exaumine the
possibilities of using a strain gauged plastic model.The
plastic chosen for preliuinary testis was Vybak.Vybak rigid
sheets(Bakelite Liwited),are available in most 0.0I in
increments of thickuness frow 0.0I in to 0.25 in and are made
frow vinyl chloride acetate and poly viwyl chloride resias.

A paper on .‘Structural Model Analysis with
Thermoplastics' by G.Wallace,published in the magaziue
'Strain',advocated Vybak as a good material for model
analysis.It was thought that this waterial might be usefully
used for the analysis of a weld connection and a set of
preliwinary tests was initiated with this waterial.
Subsequent to these tests,it was decided that a photo-

elastic model would give a better overall stress pattern
for couparison with the computed results.For umany weld
connections there are-very high stress concentrations and
it was thought that without the use of very suall,costly
temperature coupensated gauges,these peaks could not be
measured.However preliminary work was carried out and it is
briefly described here.

Details of The Tests Carried Qut Were As Followsﬁ

A template was already available for the manufacture of
photo-elastic test speciuen and this was used to make a
Vybak speciuwen.Details of this speciuen are shown in
figureAL).Two'Tinsley’ electrical foil strain gauges
haviung half an iuch length were cemented to the centre of
the test speciuen using the following procedure.

Preparation of Plastic Surface

The plastic surface was lapped using a strip of Silicon
Carbide Paper(400 grit)dipped in Metal Conditiouner(Welwyn
Electric).The residue was removed using a clean paper
tissue.
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The above procedure was repeated.

The strain gauge position was marked using a SH pencil.

Metal Conditioner was applied to the gauge position using a
cotton swab and then removed with one stroke of a clean tissue.

The gauge was then placed face up on a clean surface and a
terminal strip positioned at the end of the gauge. Cellophane tape
was applied over the top of the gauge and terminal strip. The gauge
assembly was lifted fram the working surface and the back of the
gauge cleaned with a cotton bud‘moistened with neutralizer. Using
the cellophane tape, the gauge assembly was positioned on the
specimen. Starting at one end of the cellophane tape, the gauge
assembly was lifted leaving the other end attached to the specimen.
A thin film of blue 910 catalyst was applied to the back of the gauge
and terminal strip and allowed to dry (approximately one minute).

Eastman 910 adhesive was applied to the géuge area of the specimen.
The gauge and tape were fed onto the surface, holding the free end of
the tape above the surface with one hand and using a ball of tissue in
the other hand to quickly force the gauge assembly into place with one
stroke. A thumb was used to apply pressure to the gauge, this pressure
being maintained for approximately one minute. After five minuﬁes, the
cellophane tape was removed from tﬁé top of the gauge surface by peeling
it back across the surface avoiding excessi&e lifting action.

All other gauges were applied using the above procedure.

Copper jumper wires were soldered between the gauge and terminal

and lead wires soldered to the terminal strip.

= Fig AI.2

A protective coating of Gagekote (Welwyn) was applied to the gauge

surface.
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The test specimen was placed in the loading frame of a Photo-

Elastic bench and the load applied through a lever arm.

The active strain gauges were wired with the appropriate dummy
gauges in a Whetstone network such that the readings due to bending
of the specimen were eliminated. A Tinsley strain gauge bridge typePd

was used to record the strain readings.

All work was carried out in the metrology laboratory which had

the facilities for temperature-and humidity control.

The load was applied in 10 1b increments up to 100 1b and the
strain gauge readings noted. Graphs were plotted of load against
strain gauge readings and the value of Young's Modulus for Vybak

determined. Test 1, 2 and 3.

The values of Young's Modulus were up to 35% higher than the

value of O°+47 x 106 lbf/in2 quoted by Wallace in his paper.

Mr. Wallace was contacted and he suggested that the type of
specimen used was not the best and forwarded one of his specimen

for testing together with some of his Vybak sheet.

The Wallace specimen was strain gauged using 0°'5 inch Budd foil

temperature compensated gauges. (Test L.)

Specimen dimensions are shown in figureAIL.l., The value obtained
for Young's Modulus was 20% higher than the value quoted by Wallace.
A similar specimen to that used in Test 1 was manufactured using
Vybak sheet supplied by Wallace and from the tests carried out a
value of Young's Modulus similar to the previous figure was obtained.

(Test 5.)
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The Wallace test specimen was strain gauged with ordinary 0+5
inch foil gauges (Tinsley) and tested using a Tinsley and a Peekel
strain gauge bridge. (Test 6.) The value of Young's Modulus was
again evaluated. In order to ensure that the strain gauges were
recording the true strain, a grid in the form of two gauge lines was
scribed on the surface of the plastic and microscopes used ﬁo measure
the movement of each line. The experimental arrangement is shown in

photograph 17 . (Test 7.)

The above arrangement was found to be very difficult to use and

consistant results could not be obtained.

A more successful arrangement involved the use of a small loading
frame from the photo-elastic overhead projector rig and the toolmakers

microscope from the metrology laboratory.

The proving ring on the loading frame was first calibrated using

dead loading.

A test specimen having dimensions shown in figure AL.l was
manufactured from Vybak sheet and two Tinsley 0°5 inch foil gauges
cemented to opposite surfaces. Two gauge lines were also scribed on
the surface. The test specimen was loaded in the frame which was
placed on the table of the toolmakers microscope. The strain gauges
were wired in a Whetstone network to eliminate bending and at each
increment of load the strain gauge reading was noted together with

the change in the distance between the gauge lines. (Test 8.)

In order to discover the effect on Young's Modulus of Vybak due
to the surface being ground, a test specimen whose surfaces had been

ground was strain gauged and tested. (Test 9.)
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From the results obtained, it appears that Vybak is a suitable

model material having a linear stress-strain relationship within the

range tested, (up to 1 800 1b£/in?).

The very thin foil gauges used recorded the true strain value
in the plastic there being no evidence of a reinforcing effect and
the current through the gauées was kept low to avoid heating effects
of the gauge. Similar results were obtained for the compensated and
non-compensated gauges, but it is advisable to use compensated gauges

in order to eliminate thermal effects.

The variqus tests gave an overall variation in the value of Young's
Modulus of about 20% and the minimum difference with the value quoted by

Wallace was about 1L%.

From the results, it appears that the E value can vary quite
considerably, even in the same sheet and this would be quite a

disadvantage in using it for model analysis.



Lever ratio (load arm) = 6

Area
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CALGULATI

QNS

,

il

crogss-secbion of specimen

For tests | .2 andl.

Test 1

Test 2

Test 3

Test L

Test 5

Test 6

1l

]

i 55 "2
0=3965 3 550 x 10-6
A b 2" 2 .
0:3985 1 650 x 106
5% 6 a2

0+3985 2 650 x 10-6
=8

0+0319 1 640 x 10-®
TOE B 2

0+33 L, 850 x 10-6
112 55 2
0-0319 1 260 x 10-6

Il

3:113 x 0128 = 0+3985 in®.

1

6107 x 10° 1b£/inZ.

o

6 1bs/in2.

o

+6205 x 10

6

046363 x 10° 1bf/in®.

0:566 x 106 1bf/in®.

6

0+57 x 10° 1b£/in®.

0+557 x 10° 1bf/in®.
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Test 7
E= 106 . 6 = 0623 x 10° 1b2/in2,
0-0319 3-2 x 103
Test 8
B 5 e Bl gl = 0-5} x 108 1b£/in2.
388 x 0*06L5 1 775 x 10-6 ,
Test 9
E=188x6 o = 0837 % 10% 1h£/4n2,

55— I 0= 0%
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APPENDIX II

In order to fully understand the finite element method
a single plate problem under uniform and parabolic
tensile loading was analysed manually using a coarse
mesh.

Due to the syumetry of the problem only a quadrant of the
plate was used in the analysis.The plate quadrant was
divided up as shown in fig.All,this diagram also shows the
elewent and node nuwbering.
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There is no self straining and no temperature effect
hence for eleuwents we have

iere i {k],_ {g}e_ (1)
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where Lk?:,,_

For /\ eleuents we can write (I) in a slightlyextended
form which is necessary when assembling the stiffness
matrix for the whole structure.
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Determining .the e'ij

Now [k 1-= / [e]’ [ﬂ[@{{ Tl

Deteruwining (FE]

U | o Y (0] O & 'm’_l h
Now { } =
v BB R S e = O R

e {1} = M @

Let the generalised co-ordinates {ot} be related
to the nodal displacemeuts {S} by,

6] - (A
Then (4] is obtained frow (2) by writing {¥}={S}

-

el n - AR T T N (o,
UL _
Gy \ DC T I e o ) oLy
: — ol
{(Sz = WU, \ 2 \d”‘ o a (@] J 5»
Yo r o o Q \ XL Hi 4
V.i O O o | Xy b1 g
Vin o Q o 1 X Y ¢
- P I — L o

Then ] :[A]-l{g}
and H} “‘[M:H_A.]Hi{g}
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Now i}i][ﬁﬂ = .3_ Q I
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O | O (w)
=10 o} o o
o} o} I o
Then ]
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o
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Stress datirix

| A I @] o
{c}-PlE=E \,z{ ‘ OJ {F—%}
o o '1%?- Wy

o (o =[IE][A]1s]

Element Stiffness Matrix

F} =[KI{s)

~ Let nodes have'virtual displacex ert{S}' then from
virtual work,

53R J {E}@*}A | / (Gl {59@][@[&] 5} dool.

Vol

fF) = ((m"f (M@J“ 0e] 4“‘)@@“‘) )

o LTS
rere (K] = (5T (11~
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Generalised co-ordinate stifiness umatrix,

%] <) [

For A eleuwent

(K] = Area .t.[8] [»][E]
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e

watrix was inverted and the element stiffrness

matrix deteriined frou,

For elements (I} and (3).

r-i';?_ -—1 lr-\))
2ot R
-0-¥)  +(=¥)
2o Zal*
-1 o

=(+V)  +(-V)

2‘0‘:" 2a*
+V o
a'!_
H=V) —(-Y)
2at 2a*
For elements (2) and (4)
*'_11“”) O~
2o
o *L
a‘l—
==V} L)
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.. Boundary Conditions

Assumning V=03 we
r11:-"’_“— (4128
Fl.1;, '0'35
o) +0'3
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= > = —"l
N © [ oo
o Q
O (@)
ok B

18I

Vi‘_".. Vs ] VS-:L&g:UQ_".'-O

obtain the reduced equations for the

—-03§8
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4435
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4038
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ue o
(o) =
-045 +03S
2T = ey
07 427
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0 +03 —-035 t3§
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—-0'35 O‘ Vz .
+068 O < Ug b
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+27 -o38] | V4
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Once the Usand Vs have been deteruined above,we may

calculate the reaction force at the remaining nodes from:-
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O (@]
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_| 403§ —0tS

Since ultimately we wish to determine the stresses in the

elements,we do not really need this calculation.




Determining the stress matrix for an eleiient.

(o} =311
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{(r} LS]{%} where[S:] = the stress watrix
It relates the stress couponernts t. within an element to its

nodal displaceuents.
Finding the stress in:- the. elements
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To obtein the stress matrix for the whole plate
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\r'l =Nz = Vg =WUs =L (=0

Reduced Stress Matrix Equation for Whole Plat
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Vector of applied nodal forces.

Let the applied boundary tractions be the

G

To find equivalent nodal applied forces.

Let boundary nodes receive virtual displacements{gla then
{'F}is a virtual displacement field within the eleuwent
(and along its boundaries),so that

j [Pl {sed = {53 (Fu) (A11.2)
*w.t{lig =[m]{zf =[m](A17(F}

thaw § § }t j (Lﬂ] "‘)t [‘_M]t {Lds =38 }t{""-'ﬂrf‘-}

the, {F“P?\} -_-f (LQJ_D#[M]t{31 t.ds,
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Parabolic loading
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this cas¢/ =0,
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Uniform Tension

- Substituting the following values

Fg\z.q;,oﬁl_ Fuz='52-%§%- in the reduced equation(AII.l)
3

for whole plate we obtain the following displaceuments,
WU o= all= VY o (+2:1982) W = C*U'*Ez)’“) u;@-z-ms‘s-)
= .

Vo= N \)1> G.OC*o-Zz‘??O) e a (1 :Q"‘-z q’; (_+|.oq'g"—l>

E =
uq_:a(l ) 7o (+1-0989) Ny = a(i=V) o (- (~02297)
2
it (1P g, oD

: E <5 : ; : s ;
Using the aocove displacements in the reduced stress uatrix

for the whole plate we obtain, _
e (o v L) e 1

Element (I)

|t

q-‘ﬁ = A (O-?»Lln"”un_ —O-3UL3_>

O
Ty =, (—o3s4, +035U) = O

Tz T (U —Uy +03Va) 3+ T
q&:. T (o@uL—o%q4-kV+)7= o Eleuent (2)

Ty= To (+035Va= 035Uy +035Ug —0:35V4) = O

T = To( Uy +023V4)=+To

'G'% - QT'QCD-&U% +V4-) =0 . Element (3)

Ty = Co(-035U3+035sUa) =0

Q_.x —— q_acudr- + 0:3 Vﬁ) ZG_“
G_U - U—;(O-ZW} +V6) =0 : Element (4)

Toyz G(+03sV4—-035V) =0
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Parabolic ILoadiug

Fu, = Toob.S.  and Fu,=Tat L. gupstituting these

values in the reduced equation for the whole plate@AII.l )
we ootain the following displaceients,

Ui=alv =3 ¢ (+ 1.—5'33:2) We = Q%i’il T (+13470)
E ‘

Vo = q(_l -—0"2 e (..... 5'2206) Ay ‘:Q(l -V (ro(-r 0-7670)
= =

Uy = (1= v T (= o-‘r%é) Vi = ol ":\?1) To (—o-z:zzs;’)
E.. =

Ve = o (1= Q) T (""OQIZ&)'
B
Using the above displacements iun the reduced stress matrix
for whole plate we obtain,

q‘){_: -+ OS5 00 <T'¢,

3
i

+ 00121 T, Element(I)

5

— 008270y

Tz + 058387,
3= —00138 T Element (2)

Ty —0- 0242 T

U=z + oM1506d;
Txyz — 0+0249T0
= + 0622, T,
Tuy= — 0: 003T7T, Eleuent (4)

Ty=—0-003¢T,
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Rectangular Plate (Fine wesh)

Considering again one quarter of plate.

34
o 24 20 16 i ' 4+ ..T
@@ /| ®
27 23 @lﬁ @l§ @u @ 7 @ 2
88/ |@ @ S5
26 @n ®|q @)m- @ao ®6 @ a3
/18 /|1a/|@ @/
@ /e/8 /0|/8|/0|
:ii 5] 6;:: q 5 ~j De

This wes a repeat of the previous problem using a fine mesh.
The element stiffrness matrices were similar to those
in the previous problew.The waiu work involved

assembling

was in
the plate stiffuness and stress matrices.

A couputer prograume was used to ianvert the large
matrices and solve the matrix equatious.
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@]
The reduced wmatrix qu:fZOu for the whole plate was
obtained frou the watrix equation for the whole plate by
insertiung the known bouadary couditions V,=vs=vq = V3
=Vi7=Vy=V2s= 0804 Uzg = Uz = Ugy = Uzg = O
into the equation. :

The element stress uatrices were similar to the
previous example and these were asseubled into the stress
matrix eguation for the whole plate in the same wanner
as in the previous exauple. ‘
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gniforu Tension
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e
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/®®' A

By applying the virtual work principle we obtain the

following equivalent noaal forces.

— s (s)
T UBQit)
= (n@ﬁa

)
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Paracolic ILoadiug

5 i |
@a__ ia
—
@ 3
®' ®3 rq
[
@
a0 | i
5 q.

As in the previous exauple -{8}‘;{§} _
In this exauple X= QBO"‘E'EI-31> and V=0

e {qz(: ~ 3%15)} o [dres).
{F} S @ +H = %
= -
Sl
(@) ()
O O

Applying the above equation successively between I and 2,
2 and 3, 3 and 4, we odbtain the equivalent nodal forces.

Section I-2
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v T"ﬁ_—_ﬂj +£ 1—2.—.
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Section 2-3

22a S

{F} a0 = {(l =y E%;T)} by =-Ta™
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Eouivalent nodal forces
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In order to solve the reduced equatio;.{'l:} =[;'r<:|{3}
theﬂ<]matrix was inverted using an Eliott 803 satrix
Package. -

For inversion oy the Matrix Package the stiffuness
matrix data was fed into the cowputer row by rWo.
The invertedD(] watrix was printed out in the form
shown an page 20I.

==
[S=[x]{F}
The only non zero forces are Fg,)ﬁh_th3 and Fu, and we

therefore only require columns I,2,4 and 6 from the

inverted matrix to solve for the displacements.
The following Eliott Algol programme was used to

deterwine the nodal displacements.

PLATE DISPLACEMENTS HILBORNE MECH ENG'.

BEGIN REAL A J ,( A Didl ],DLJP!_.
) 'IL GER l;L\-l.r..l-Fl
:J"JrIT'li :;HJ:—vlan !
READ N' COUNT :=0!

EACI\ ;\L_rID J )_., ;r}
DISP1 i=.91% (I +2%B+2* L_.-.-D

DISP2:=(.91/54) *(53%A. U”‘DTQ*”CT.J’D)'
PRINT LuL?Q,DiS.i,Lib&??,qﬂhELln_,lePc‘
COUNT s=COUNT+1?

IF COUNT LESS N THEN GOTO BACK!

END!

The displacement values obtained were then used in the
stress matrix equation to solve for the eleuweunt stresses.
For the uniforw tension case all elements had stress
values of 0x =05, Ty=0 and Tay=o0

The stress values for the parabolic loading case are
shown in the diagrams on page 203 and the Tx values
were compared with the values quoted in Timoshenko and
Goodier page I70.
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