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Chapter 1

Introduction

This study examines the use of matrix momentum terms and natural gradient descent in
the online learning of neural networks. Its aim is to create a more computationally efficient
natural gradient descent algorithm for on-line learning. It uses the statistical mechanics
framework created in [24] to describe the evolution of order parameters for this algorithm
in two-layer networks within a student-teacher scenario.

This chapter introduces the tools needed for this work and some of the issues in their

use.

1.1 Neural networks

A neural network is a flexible probabilistic model of an unknown mapping instanced by a
set of examples. A network has nodes, parameters and activation functions. Nodes receive,
modify and pass on (propagate) information. Input nodes receive information in the form
of vectors or individual values from outside. Output nodes modify then pass information
to the user. Hidden nodes modify and pass information between the input and output
nodes, and play the main role in processing incoming data in a network. A network’s
structure (nodes and the layout of links between them) is usually specified by the person
building the network, but there are some algorithms that can adapt the network structure
to best represent the data being learnt.

Each node in a network may have several inputs, either from other nodes or from
outside the network. The values input to a node are termed its activation; the value output
from a node is a function of its activations and is termed its activation function. Activation

functions are specified by the network designer and mostly range from simple summation



of all the inputs to a function of that sum. For nonlinear networks (networks that can
represent nonlinear functions) and derivative-based learning algorithms, the activation
function of the hidden nodes must be differentiable, for example tanh or erf fuctions
(these also squash their outputs into a range between 0 and 1 or -1 and +1).

Networks also have numerical parameters which are used to control the behaviour of
a network and are usually the weights on the links between nodes. the weight on a link
is used to modify any output from one node before it is input to the other. Parameters
can be modified to improve the performance of a network: this modification is known as
learning or training. Learning algorithms adapt the parameters of a network so that the
outputs from it are as close as possible to the outputs given by the system that they are
modelling given random inputs from the same distribution as the examples.

Using a network consists of passing information to its input nodes and reading off the
activations of its output nodes. Although the ability to store examples may be useful, the
main aspect of using a neural network that we will focus on is generalisation: the ability to
summarise information and return consistent outputs for inputs that the network has not
been trained on. This is achieved with a learning algorithm. A learning algorithm adjusts
the parameters ® of a network to fit a set of ezamples, where each example consists of
an input vector £ and the output (# that is expected from the network, given that input
and the system that the network is trying to model(here, u is an index to the example, as
are most superscripts used in this document).

Because networks learn the underlying function that generated a set of examples rather
than the exact connection between each example’s input and output pair, they are robust:
able to learn from noisy or incomplete examples. How well a network is able to generalise
is determined by the user’s choice of network and activation function; tools like cross-
validation can be used to assess the expected performance. Neural networks are most
commonly used to model systems which can produce example outputs or input-output
pairs but whose underlying rules are either unknown or too expensive to model. There
are several varieties of neural network architectures, for instance multilayer perceptrons
and radial basis functions: in this document, only the networks known as multilayer

perceptrons are considered.



1.2 Multilayer perceptrons

The most commonly-used neural networks are multilayer perceptrons, or MLPs. The
nodes in an MLP are arranged into layers : an input layer, then one or more hidden layers
and an output layer, where each layer is fully connected to the next layer in the network.
Connections between layers can only be directed forwards in the network: for instance,
connections can be made from a hidden layer to the output layer but connections from the
output layer back to a hidden layer are not allowed. Although not strictly necessary, the
same activation function is usually defined for all hidden and output nodes in an MLP.

Using an MLP consists of activating the input nodes, propagating that input between
the network’s layers and reading the output from its output nodes.

The most common MLP has one input layer, one hidden layer and one output layer
and is known as a two-layer network (the input layer is ignored when counting the number
of layers in a network). There are some variants of MLPs, for example a soft committee
network or soft committee machine [4] is a two-layer MLP whose hidden to output weights
are not allowed to vary, and are usually set to one, and output nodes whose activation
functions are or are proportional to a simple sum of their input activations. Soft committee
machines are used as example networks for much of this document and preserve most of
the characteristics of general two layer networks [20]. Reviews of other MLP variants and

their learning methods can be found in [5][9]).

1.2.1 Backpropagation learning

In the soft committee machines used in this document, the MLP parameters © are re-
stricted to the input-to-hidden weights J. Before learning occurs, these are set to initial
values which are usually small and randomly distributed.

Learning in MLPs is usually done by backpropagation, which works in two stages.
First, an input £* is propagated (modified and passed on) forward from the input layer to
the output layer through all the hidden layers of an MLP, to produce a network output
o(J,&"). This is the forward pass of backpropagation. The network output o(J, &)
produced in the forward pass is then compared against the expected output ¢# for the
corresponding input £#. This comparison produces a network error e3(£#,(*), which is
then propagated back from the output units to the input units, to give the local gradient
0f for each node i. This is the backward pass which gives the algorithm its name. When

the backward pass through the network is completed, the local gradients §¢' (also known
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as backpropagation delta functions) are used to adjust the network parameters, and the
next forward pass can begin.

The network error e3(£#,(*) is used in the backward pass of the backpropagation
error. €3(£#,C*) is a measure for the distance between the actual output o(J,£*) and the
expected output (* of a network with parameters J which has been given the input &¥.

In this document, this distance is taken to be quadratic:

(€, ¢*) = 3 [0(3,€") — ¢ (1)
In online learning, the network error for just the latest example (£#, (#) is propagated back
through the network in the backward pass of the algorithm; in batch learning, an average
over all the available input patterns D = {(¢,¢")...(¢M,¢M)} is used. This means that
all the examples must be available at every stage of batch learning, but online learning
can process one example at a time.

Although the network error is used in this learning algorithm, the generalisation error
€g(J) is more useful in analysing the performance of a learning algorithm. The generali-
sation error gives the probability that the network will produce the wrong output for an
example that it has not been trained on but is drawn from the same distribution or model
as the training examples; it is defined as the network error averaged over the distribution

of network inputs:

eg(J) = (ea(€",¢")) ey (1.2)

1.2.2 Gradient descent

The errors for different values of the network parameters form an error landscape or
surface, where each point represents the error for a particular choice of parameters and
distances between points measure the differences between the errors.

The error term passed back through the network is not the error at each node, but the
derivative of the network error with respect to the node’s parameters. This is proportional
to the derivative of the nodes activation function, which must therefore be differentiable
for backpropagation to work.

Most MLP learning algorithms adjust the network parameters J by subtracting a

fraction 7 of the error gradient Vyez(&#,(*) from them:

It = J# — nVaea (€",¢") (1.3)
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where 7 is known as the learning rate. This ensures that, for a general series of examples
(&€*,¢*) and an appropriate value of n, the learning algorithm will move the network error,
on average, downhill in the error landscape.

The learning rate n controls the step-size on the error landscape. If it is constant
throughout learning a network’s parameters, then the learning algorithm will either be
forced to take small steps and a long time traversing the landscape towards an error
surface minimum, or larger steps which will overshoot the minimum in the final stages of
learning. These problems can be avoided (or alleviated) by annealing the learning rate:

gradually reducing the value of 5 over time.

1.3 Online learning

Algorithms where parameter adjustment is done as each new example is presented (rather
than for all examples at once) are known as on-line learning or pattern learning. Online
learning is useful when examples are only available serially, the task is nonstationary (the
function that is being learnt by the network is changing over time) or there is less data,
space or time available than is needed to process an entire dataset (group of examples)

simultaneously. This report deals exclusively with online learning.

1.3.1 Online learning and time-varying data

For many of the equations shown below, the input data is assumed to be iid: each input
is uncorrelated with the inputs that went before it. Data for online learning is produced
sequentially or sampled from datasets too big to be loaded completely into a system.
If data is sampled with replacement, then it will not be uncorrelated. Many examples
of real sequential data are from underlying systems whose parameters change over time
which often means that there are weak correlations between successive inputs, and may
imply that older data will be of less value to the learning algorithm and might need to be
forgotten. These factors have not been considered in this report, but may prove significant

when using real data .

'For example, Heskes and Coolen[11] report on the effects of correlation between inputs to two-layer
networks, but this has not been considered here
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1.4 Neural networks as statistical approximators

A neural network models the expected value

(P(le;'})){g,g} (1.4)

of the conditional probability of its outputs  given its inputs £, parameterised by its
weights J and sometimes also parameterised by its structure. Learning in a network is
the process of adapting the parameters J to get the mapping from this model as close
as possible to the underlying rule that generated a set of example input-output pairs
D = {(¢%,¢Y)...(M,¢M)}. Given a prior distribution for the data P(D), this can also be

seen as maximising P(J|D) with respect to J.

1.5 Neural networks as points in parameter space

Information geometry is the application of techniques from differential geometry to statis-
tical models [13] [1]. It represents families of neural networks as manifolds (k-dimensional
geometric objects which can be mapped onto Euclidean space) in a space (d-dimensional,
where kjd) whose coordinates are the parameters (weights and biases) of the networks, and
each individual network is represented by a point on the manifold which corresponds to its
particular parameters. As an example, a two-layer soft committee network with weights
J1...Jy can be represented as a point on a manifold of soft committee network mappings
in N-dimensional parameter space, and similar networks with different parameter values
would be represented by different points on the same manifold.

The curvatures of the manifolds are described using tensors. A Riemann tensor is
a matrix which describes the curvature of a surface at a specific point in space. In n-
dimensional space, the tensor is an n-by-n symmetric matrix: e.g. in four dimensions, this
is 4-by-4 with 16 elements but only 10 independent components because of its symmetry.
A complete surface is described by placing tensors at different points on the surface, or by
parametrising the tensor so that any point on the surface could be described: the resulting
collection of tensors is known as a vector field, and differential geometry is the study of

their properties.

1.5.1 Applying differential geometry to neural networks

In this representation of a neural network, learning can be seen as moving the point that

represents a particular network closer to a (perhaps theoretical) set of parameters that
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generated a set of given input-output examples. This can be a powerful tool for the
analysis of learning, and it can also be used to create optimal or near-optimal learning
algorithms.

Having described learning as moving points closer together in parameter space, we need
to have a measure of how close two points in that space are in terms of the probability
distributions realised by them. There are several measures ? (for example Kullback-Leibler,
Hellinger, squared and Euclidean) in statistics for the distance between two distributions

p and g, but one of the most natural and useful is the Kullback-Leibler distance

KLp(a),a(o) = [ plo)1og (B2 ds (15)

which for two distributions p((,&;J) and ¢(¢, €;J) of network inputs £ and outputs ¢
parameterised by J is

(G &J)
q(¢,&:J)

We need to apply this to the parameter-space representation of neural networks.

KL(p(6,6:3),0(669) = [ #6639 1og (2287 d€.0) (16)

In information geometry, the Kullback-Leibler distance between mappings realised by
two nearby points in a space is known as a metric : if we are measuring small distances in
parameter space (which is what we expect in online learning) and can ignore higher orders

of dJ, then equation (1.6) becomes
KL(p(¢,&3),p(C, &3 +d)) = 5 JTG(J)dJ (1.7)

where
G(J) = (V5 log P3(¢, &) (Valog Pi(¢, & 3)T ) ipic.e)) (1.8)

is the metric for this space, and is known as the Fisher information matrix. Gradient
descent in parameter spaces which use the Kullback-Leibler measure of distance is known

as natural gradient descent.

1.6 Second-order learning methods

Several second order methods have been devised to speed up learning. Examining the first
few terms of a Taylor expansion of an error €3(£#,(*) about a point J in weight-space
gives [5]:

3(6:0) = e3(6:0) + (3~ DWea(&,Oly + 53 ~ HTHG - J) (19)

*these are all defined through delta-divergences [29][30]
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where

_ [9e3(&,¢) ]
Hﬁ[giﬁ:h (1.10)
is known as the Hessian matrix and
Oez (€,
Vaes(€,Q)ls = ia(jg_—gh (1.11)

is the error surface gradient at J.

Many gradient descent algorithms use the error’s gradient Vyej (€, ¢) to calculate where
to move next in the energy landscape, and ignore any higher-order terms, but an improve-
ment in their learning speed can be had from using the second-order term %{j ~J)THI-J)
too. (Third and higher-order terms aren’t used because they are usually insignificant and

are more difficult to handle).

1.6.1 Newton’s method

The most common second-order network learning method is based on Newton’s method
for finding the minimum of a function[5].
If we assume that the local gradient obtained by differentiating the second-order €3(&, ¢)

estimate (equation 1.9) with respect to (J — J) is zero, then we have
Ves(6:¢)ls + HE - 3) =0 (1.12)

i.e.

J=J-H'Ve(6,0) (1.13)

Since we have ignored higher-order terms in the Taylor expansion, this is not an exact
equation for J, and an iterative procedure must be used (we also focus on online learning

which requires iterative updates). This gives an update equation for the weights J of
Jutl = J¥ — nH ' Vie (£#,¢) (1.14)

7 is the learning rate as before.

Learning with Newton’s method converges faster than first-order gradient descent but
it is very sensitive to rescaling (e.g. normalisation) of inputs, and it needs a lot of pro-
cessing and system space to create, store and invert the Hessian matrix. In addition,
employing Newton’s method makes the algorithm converge towards and stabilise on any
fixed points in the error landscape regardless of whether they are minima or saddlepoints,

and this may result in suboptimal performance in complex learning dynamics.



1.6.2 Approximating the Hessian

Accurately calculating the inverse Hessian H™1 used in Newton’s method requires an
average over all the input data (this is, of course, only available in batch learning), followed
by a (large) matrix inversion, at every step of the gradient descent algorithm. This can
take a long time to calculate, and since the inverse Hessian is a very large matrix, it can
be impractical or impossible to store during calculations. It therefore makes sense to look
for more efficient Hessian algorithms and reasonable approximations to these matrices.
One approximation to the Hessian is to use only some of the input data to evaluate
the Hessian matrix. Where only the latest input is used, this is termed here a single-
step approximation. The calculations used to create the elements of the Hessian matrix
can also be approximated : variations of Newton’s method that use this are known as
pseudo-Newton or quasi-Newton algorithms. Simple approximations to the Hessian in-
clude diagonal approximations and the Levenberg-Marquardt approximation[5]. Diagonal
approximations only contain the elements on the diagonal of the Hessian. they are not
very precise: the off-diagonal elements of the Hessian are significant in many learning
scenarios, and inverting a diagonal approximation of the Hessian differs significantly from
the diagonal of its inverse [16]. the Levenberg-Marquardt approximation depends on the
expansion of the Hessian for a sum-of-squares error €3(§,() = 3 13 (on — ¢n)? into its

components:

ey (5 ¢) doy, aa,, %oy,
83,03 Z aJ; 03, Z( on — Cn) 5303 (1.15)

and ignoring the second term in that equation. This is a reasonable approximation if

(on — Cn) is small. Other algorithms build up the Hessian iteratively from first-order
terms: the most common of these are the BFGS (Broyden-Fletcher-Goldfarb-Shanno) and
the Davidson-Fletcher-Powell procedures.

Other algorithms include approximations to the inverse Hessian [8], but since the
Hessian H is often used multiplied by a vector v, it can be more practical to create
the product Hv directly. Pearlmutter [16] gives an algorithm for doing this efficiently
and exactly by setting J — J = rv in the Taylor expansion above then taking limits as
r approaches zero to give a differential operator which can be applied to a network to

generate Hv.
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1.7 Matrix Momentum

Inverting the Hessian in Newton’s method can be avoided by incorporating it into a matrix
momentum term[15].

Momentum is a method used mostly in batch learning to counter the effect of gradient
descent algorithms oscillating across large gradient changes in one dimension whilst giving
little effort in a gradually-changing but consistent downward slope in another: this is most
apparent when the error surface is a gently-descending valley with steep sides. One way
to ameliorate this effect is to add a momentum term [22] to the weight update equations,
which adds a fraction of the previous weight update into the current one. This reduces the
strength of the oscillation across the surface whilst emphasising the smaller (but consistent)
movement in the other dimension. Including a momentum term into the update equation

1.3 in an online learning scenario gives:
JHHL = JH — Ve (€4, ) + BI* — 37T (1.16)

where [ is the momentum parameter and is usually set between 0 and 1 (e.g. ref [10]
suggest 3 = 0.9) but it may be adaptive in an attempt to speed up network convergence.
Suggestions for speeding up network convergence also include using a separate 7,3 for
each network weight, but using momentum already has this effect.

A simple momentum term (e.g. B = constant) is not terribly useful in online learning
because its effect is merely to rescale the learning rate 7. This is because, for an error
surface with a gradient which is roughly constant near the current network parameters J#
(this is the situation that we expect in online learning), using the update equation 1.16 is

equivalent to using a learning rate of [5] [27]

et = T3] (1.17)

If, however, the momentum term [ in equation 1.16 is replaced with a matrix 8 =
I — kH and the learning rate n is replaced with n = kn, where 1), is a scalar learning rate
which can be annealed (depend on the normalised example index @ = pu/N), the update

equation for the network becomes
JHH = JH — knaViey (€9,¢) + (I — kH)(I* — I+ 1) (1.18)

and the effective learning rate is

Teff = H™ 110 (1.19)
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This is known as matriz momentum: it is important because it gives a way of effectively
premultiplying the gradient by a matrix inverse H™! without having to calculate that
matrix inverse [15]. Matrix momentum has been used by Orr and Leen[15] with the
matrix H set to the Hessian to give Newton’s method without inverting the Hessian.
Note that the constant k is used to balance the contributions from the gradient and
momentum parts of the update equation, and that the matrix momentum equations above

are only valid for large values of k[18].

1.7.1 Balancing gradient descent and matrix momentum

If we scale both n and 8 by N and introduce a new variable 2 where
0= N@I4 -3¢ (1.20)

then we can substitute these into equation 1.16 to get an update equation for J of

3 =3 - Lgeeno) + Dot (1.21)

We can then use equations 1.20 and 1.21 to also get an update equation for € of

Qi = pOY — nVes(64,¢) = Qf — nVses (¢, ) + (B — 1) (3:22)

where equation 1.21 and equation 1.22 form a coupled pair of equations.
Using this coupled pair of equations, reference [15], which is restricted to the asymp-
totic regime, suggests an optimal matrix momentum g = I — nyH and annealed learning

rate 1 = n9/a where 7 is an initial learning rate. This gives an effective learning rate of

=
ot = 1 = Ha (1.23)

which is similar to Newton’s method and does not require inverting the matrix H.

An alternative scaling of the 7, 8 terms was suggested by [17], where n and (1 — ) are
both scaled by N. To do this, n and S are replaced by

L) i
g = (-5

k/N

L]

If we now use this scaling and let y — oo, kK — oo with &/ constant, the effective learning

rate becomes [17]

net = K/ (1.24)

18



This holds for # =1 — kH/N and n = kn,/N with large values of k [18], again giving an
effective learning rate neg of

et = Nl " (1.25)

where k balances the contributions of the gradient and momentum terms as before. Note
that, for effective training, the learning rate n should start from a constant e.g. 7o, and
only asymptotically decay as 7, o< 1/c. These results are equally valid for any matrix,
including the Fisher information matrix G(J), and this scaling will be used throughout

the rest of this document.

1.8 Natural gradient descent

Natural gradient descent uses the Fisher information matrix as the natural metric in
parameter space. For gradient descent, the effect of using this metric is to premultiply the
gradient by the inverse of the Fisher information matrix, changing the update equation

for online standard gradient descent from equation 1.3 to
3t = 34— LG (3 Vea(6,0) (1.26)

Useful features of natural gradient learning are that it is invariant to reparameterisation
of the model distribution (e.g. scaling the parameters does not change the efficiency of
the learning algorithm), is asymptotically optimal [2], less prone than Newton’s method
to trapping in symmetric phases (trapping occurs when the algorithm becomes stable at
a saddlepoint or local minimum in the error landscape rather than its global minimum)
and the Fisher matrix G(J) is always positive definite.

The natural gradient descent algorithm requires the inverse G(J)~!(J#) of the Fisher
information matrix. Inverting the Fisher matrix can take a long time. Schemes for cal-
culating this inversion range from exact algorithms like block-wise partitioning and some
data preprocessing to facilitate the calculation [28] to diagonal approximations [2] [21].

In general, these algorithms can be computationally expensive to calculate and calcu-
lating the average <> over all inputs in the Fisher matrix also requires knowledge of all
input data: this may not be sensible or practical for many cases of on-line learning (which
is based on the premise that data is not all available at the same time). This document

concentrates on the first problem: the second is addressed in [25].
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1.8.1 The Fisher information matrix

The loss function L of a network is defined [28] as the negative log-likelihood function

L(£,¢;J) = —logp(€,¢; ) = —log p(¢|€; ) + log p(€) (1.27)

where p(&, ¢; J) is the joint probability density function of the network inputs £ and outputs
¢ parameterised by its weights J.

The Fisher information matrix G(J) of a network is defined from L as
G(J) = [Giaksl (1.28)

where a and 3 are input node indices (1 < i,k < N), i and k are hidden node indices

(1 <4,k < K) and [.] is a block matrix whose elements are

<610gp((|§;.]) dlogp(¢l¢; ) >
dJ; OJ {¢,€}

oL 8L> i’ (1.29)

G <__ =
alicd 03 03k / (¢c.ey
where <> ¢} is an average over the output distribution ¢, followed by an average over

the input distribution &.

1.8.2 Matrix momentum for natural gradient descent (MM-NGD)

Matrix momentum is valid for any matrix. If we use the Fisher information matrix, we
have a learning algorithm that is equivalent to natural gradient descent without inverting
the Fisher information matrix.

The update equations for a matrix momentum form of natural gradient descent (from

now on, abbreviated to MM-NGD) with n and [ scaled by the input size N are

I JE‘—%V&EJ(&CH%Q? (1.30)

Qi = gl —nViea(é,Q) (1.31)
~ Fna

= i (1.33)

where Qf = N(J)' —J f_l), 7)o 18 a scalar learning rate which can be annealed (depend on
the value of @ = /N, the normalised example index), and G(J) is the Fisher information
matrix.

When 7 is significantly larger than g, the learning is dominated by the gradient and
is expected to be very similar to gradient descent. When S is significantly larger than

n, then learning is dominated by the momentum terms and can be expected to depend
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largely on the value of the Fisher information matrix. The next chapter takes this as a
starting point, and analyses the effects of varying the parameters of MM-NGD learning

for soft committee networks.

21



Chapter 2

Analysis of MM-NGD for online

learning

This chapter introduces the tools used to analyse the behaviour of a network’s parameters
and output errors during learning. It gives examples of this and equations for learning in

a type of MLP known as a soft committee machine.

2.1 Statistical mechanics analysis of online learning

Statistical mechanics seeks, in general, to describe a system of many interacting particles
(in this case, network parameters) in terms of a smaller number of order parameters.
These can be used to describe the system only if it is self-averaging : if the parameters
for each individual particle are identical (or very similar to) the average parameters for all
the particles. In the discussion that follows, all the order parameters have very sharply
peaked distributions with small variance, so only their mean values will be analysed.

It is difficult to reduce the number of parameters studied if we are looking at an
individual network, but if we assume that the outputs in the 'correct’ input-output ex-
amples given to a learning algorithm are generated by feeding the inputs into another
network, then we can describe the learning algorithm in terms of the difference between
this ’teacher’ network and the ’student’ network which is learning from the examples. A
covariance matrix can be formed between the student and teacher activations. This con-
tains the overlaps Qi = Ji-Jk, Rin = J;- By, Tnm = By, - By, between the two networks :
each of these overlaps can be used as an order parameter for online learning [24][4]. Note

that the teacher network does not have to produce perfect outputs: it may include some
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noise p on its output, and that the teacher network does not have to exist: it is merely a

construction to give us a better insight into how a network is learning.

2.1.1 Evolution of order parameters

To derive differential equations to describe the evolution of order parameters, we need to
use a continuous time variable . Since u is discrete, « is constructed by setting a = p/N,
which in the thermodynamic limit of N — oo becomes continuous.

Equations for the evolution of network order parameters, derived from the simple

weight update equation given above are provided in [24].

2.1.2 Evolution of generalisation error

The generalisation error €,(J) =< €3(§,() >¢ of the student network can be described
wholly in terms of Q, R and T. Unlike J, the evolution of Q, R and T over time (or
over presented input patterns) can be described deterministically for large values of NV:
the derivatives of the overlaps form a coupled and closed differential equation. In this
case, the reduction in number of variables is considerable: since much of the maths in,
for example, [24] assumes an infinite input size N, the order parameters also have the
advantage of being finite.

Evolution of the generalisation error €,(J) for a network has a characteristic shape:
the error will initially drop rapidly, then sit on a plateau until it continues to drop again.
The plateau is where the network is close to an unstable fixed point of the error landscape
where the network weights have become symmetric : this fixed point is unstable and
eventually the symmetry will be broken and the learning algorithm will continue towards
an asymptotic stable fixed point. Both the length of the plateau and the rate at which the
error drops after it are determined by the system size and the learning rate n : a larger
value of n will reduce the plateau length but will take much longer to run if n-annealing

is used.

2.2 Example networks

To illustrate the efficiency and behaviour of different gradient descent learning algorithms,
the dynamics of their order parameters and generalisation error have been calculated for
a specific type of network. The example networks used in this section are soft committee

machines with erf hidden unit activations.
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Soft committee machines are used as examples here because they can model a wide
range of functions (in fact, they are universal approximators if node biases are included
[26]). A soft committee machine is a two-layer network with positive, unit-strength cou-
plings from its hidden units to a single output unit[4]. The activation function for hidden
units must be differentiable: the erf (error) function is used here because its integral is
not too complicated.

Each network has a fixed number N of input nodes, one output node and weights on
the connections between the input and hidden layer which are labelled J = {J;}1<i<k in
the student network and B = {B, }1<n<a in the teacher network, and J; = (Ji1,...Jin)
is the vector of input-to-hidden weights for the i-th hidden node in the student network.
Note that the number of hidden nodes in the student network K does not have to equal
the number of hidden nodes in the teacher network M.

An input pattern is ¢# = (&} ,...,{Kr) where p is the current input. The pattern output
by the teacher network in response to &£ is (#; training example y is therefore the input-
output pair (£#, ¢#). The activation of the hidden units given an input pattern £ is
x; = J; - €#. Similarly, the activation of hidden units in the teacher network given & is

¥n = By, - £€#. The output from a student network is

K
o(J3,6) =Y g(x:) (2.1)
i=1

where g(x;) is the activation function of hidden unit J;.

2.2.1 Input data

For this analysis, inputs must be i.i.d. samples from a Gaussian variable N(0,1). Input
units £ are also assumed to be uncorrelated (ie §; is uncorrelated with &;, i # j) with zero
mean and unit variance (although this is not true for many examples of real data), and
the maths assumes an infinite input size N, although the analysis is still effective for finite
N [3].

2.2.2 Activation functions

Although the input-to-hidden activation function g(x;) is only restricted to being differen-
tiable, the erf function, or more specifically g(z) = erf(z/v/2) = 722? Jo e~t*/2dt has been

used in this section.
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2.2.3 Generalisation error

The generalisation error of a soft committee network with erf hidden unit activations and

normalised inputs has been calculated in [24] in terms of the order parameters:

l [Z arcsin (L) + Z arcsin ( Tom )
3 S VIF+QiivVI+Qik = VI+TpnvV1+Tmm

g h, (\/1+Q§$1+Tm)] (22)

2.3 Analysis of gradient descent algorithms

It is instructive when looking at the evolution of order parameters for natural gradient
descent to have something to compare its speed and complexity against. The obvious
candidates are gradient descent (already analysed in [24]) and the matrix momentum
form of Newton’s method (second-order, fast and analysed in [19][17]). The calculations
used are similar for the various learning algorithms, and are shown for natural gradient
descent in appendix (B).

For the purposes of analysis, it is assumed that all data is generated by another soft
committee machine: to avoid confusion, this is called the 'teacher’ network and the network
that is being adapted is its ’student’. Although the student and teacher networks have
the same structure and inputs, they do not necessarily have the same number of hidden
nodes. For all forms of learning algorithm shown here, the network error is assumed to be

quadratic and the error gradient Vyej(&#, (H) is therefore
o [1(M K .
Vies(€#,¢H) = 37 | 2 D 9(Bn-E*) - g(J; - €) = —of'¢" (2.3)
- n=1 j=1

where

f =g'(Ji- &) (Z 9(Bn - ") - EQ(JJ <‘E“)) (24)
J—.
is the backpropagation delta function.

2.3.1 Gradient descent

Saad and Solla [24] develop update equations for a soft committee network using gradient
descent. The update for a student hidden unit J; in a soft committee network using this
learning algorithm, the learning rate n scaled by the input size N and a quadratic error

function €3(&, () as given in equation 1.1 is [24]:

Jetl = gk 4 %éﬁ‘g*‘ (2.5)



The order parameters for gradient descent are the overlaps between the student and
teacher weight vectors J and B: these are Q;x = J;-Ji, Rin = Ji-Bp and Ty, = BBy
Since the teacher network is constant, T does not evolve and its derivative ﬂdgﬂl is zero.

The update equations for the other order parameters Q and R are:

dQ;

_?ak = n(&xk) + 1 (exi) +1° (5:0k)
dRn o _

i

2.3.2 Matrix momentum version of Newton’s method

For matrix momentum, it is convenient to define a new variable Q' = N(J! —J ?“1).
The order parameters are now the overlaps between J, B a;,nd 2, ie. Q, R, T and
Cit = Qi - Q, Dip, = Q; - B, and Ej = J; - Q. Unlike the overlaps between J and B,
the overlaps with €2 do not appear to have a direct physical meaning.

With J and € both being updated simultaneously, it is important that contributions
towards updating the same quantity occur on the same time scale. This is achieved by
scaling both 1 and . For the Newton’s method calculations, it is sufficient to scale both
nand 1 — B by N (ie. 8 =1—+/N) as described in [14]. For the J, 2 updates given

in equations 1.21 and 1.22 with f =1 — — s = —'11 and a soft committee machine (i.e.
ey (xi#, (#) = —61'¢H), the order parameter evolutions are [18]:
d' -
?:k = Ei+Eg
o
dC;
do:k = kng (0izk + Ok2i) + K*n2 (8:0k) — kY (CimDim + CkmDim)
m
—k ) _(i;Ck; + ar;Cij + bi;Ejk, + b Eji)
J
dDy
T T kna (6iyn) — kD _(aijDjn + bijRjn) — k> CimTnm
7 m
dBy,
e Cik + ki (0kxi) — kY _(axjEij + brjQij) — kY ckmRim
] m
where
0ey(J)

%€¢4(J) 0%¢4(J)
bij = (1+46; 1+ 6;)E I+ D
H ( J) %:( Hc) *5Q:;0Qu anj‘anI ; 5 BQIJBRkn
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2.3.3 MM-NGD with the full Fisher information matrix

As with the matrix momentum version of Newton’s method, the order parameters for
MM-NGD are the overlaps between the variables J, B and 2: Qi = J;-Jk, Rin = J;-B,,
Tiin= By B, Cip = ;- Oy, Disy = 0 - By and B = 3 - ;.

Since this is a toy problem, with the input distribution and the model both known, we
can actually calculate the Fisher information matrix directly. For a soft committee network
and a quadratic error function €3(€,(3), the exact calculation for the Fisher information
matrix given in equation (1.29) reduces to

G(J) == [Gia,kﬁ] ) [;13: <6€Ja(§;f‘]) 6635];;;‘])){5}] (2.6)

where 4, k are indices over the hidden units, a, 8 are indices over the input elements and
o2, is the variance of the teacher output noise p. This is a matrix consisting of K x K
blocks which each contain N x N values. Further manipulation of this equation (this is

given in appendix C) gives

1
G = =1 < Aik(€) > (2.7)
where Aik is
NI M2 N v 3T A1 AT O (3.3 T
Aix = ™" [1 A’k((l + Qk)Jid; + (1 + Qi) Iidg — Qie(Jidy + Ik J; ))] (2.8)
I is the identity matrix and
Ak = (14 Qi) (1 + Qur) — Q% (2.9)

For J, 2 update equations 1.30 and 1.31, with 8 = I—%‘D andn = k—ﬁ;‘l, the equations

of motion for the order parameters are:

d?—c:k = Ej + Eg; (2.10)

B, (2.11)

i o —Jzﬂ—z—\/’jrj[cq—Akij((wczﬁ)EkjEm(1+Qkk)EJ-jEﬁ
_ij(Eijki+EkjEji))]

2k 1
= ; .o [Cj.': = Ej((l"'ij)EijEik + (1+ Qi) Ej; Eji
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“Qz‘j(Eijik+E:ijjk))] + kn (k2 + i) + K0P (6:0%)  (2.12)

dz:n = —Z [DJn ;j((1+ij)Eiden+(1+Qii)Eijjn
“‘Qéj(Eijvin+Einjn))] + kn (0iyn) (2.13)
dBy,
i bt
2k 1
= %: =57 [Eij = Ej((l"'Qﬁ)Ekaik + (14+Qik)E;5Qij
—Qu; (Bj5Qik+Br;Qiy)| + ki (i) (2.14)

The calculations for these are given in appendix B.
There is a more compact form of these equations. If the update equations for C, D

and E are written as

dC;
Wk = —kQTY A — k> (Ai5) T + kn(Oizi + Sizi) + k*n*(8:01)(2.15)
J J
st?n o : L5 g :
o _kZ(AljnJ) By, + kn (diyn) (2.16)
J
dE;x T
= Cix — kI] Y A€ + kn (dkx;) (2.17)

J
then the sum };; A;;€2; can be calculated from

2 1 1
5 A = 2 30— [ = 2 (1 Qua)Bidi + (1+ QuByd; — Quy (B + By )|
3 3 J

(2.18)

and substituted in.

2.3.4 MM-NGD with single-input Fisher information

When the network being analysed is very large, it may not be possible or practical to calcu-
late the full Fisher information matrix for each input to it. A single-input approximation

to the Fisher information matrix which only uses one example is
1
Gir = 5 Aik(§) (2.19)
Im

where A;i(€) is defined as before. The update equations for this have been calculated by
Scarpetta [25] and are

dQix

= Ei + E (2.20)
da
B e D (2.21)
do
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dCik

da = Fmadi — i)zk + (nadk — )z} + kK*((nadi — #i) (nadr — ) (2.22)
Tom = K(nadi — $0¥n) 2.23)
T = G+ k{(ak — )) (224)

where ¢; = g'(x,-)zzjg'(xg')
J

Although the behaviour of MM-NGD with single-input Fisher information matrix ap-
proximations is important for predicting the behaviour of MM-NGD learning when it is
difficult to evaluate the Fisher information matrix, its analysis does not form part of this

report: preliminary results and discussion of this topic can be found in [25].
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Chapter 3

Numerical results

This chapter shows some of the characteristics of the order parameter and generalisation
error evolutions calculated in the last chapter, calculated for soft committee networks with
two-hidden-unit student networks, two-hidden-unit teacher networks and erf activation
functions. Emphasis has been placed on the behaviour of generalisation error over time

for several values of the learning parameters 7 and k and teacher network noise o,

3.1 Learning parameters

The training parameters of the MM-NGD learning algorithm are the learning rate n and
the parameter k, representing the balance between gradient descent and momentum. The
noise variance of the teacher network outputs is termed o2, Other variables that can be
adjusted are the numbers of teacher and student hidden nodes, and whether the learning
rate 7 is annealed (gradually reduced over time).

Another factor that affects the learning algorithm outputs, if we have noise on our
inputs, is the point at which learning rate annealing is started. It should be noted that
all times are described in terms of o, and that the interplay between the values of o and
the number of datasteps used for each stage of learning is also significant to the efficiency

of the learning algorithm.

3.2 Initial conditions
All order parameters are initially zero or sampled from Gaussian distributions:

Qi ~ N(0,0.5),i =k; Qix ~ N(0,0.001),: # k
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Rin ~ N(0,0.001)
Cit ~ N(0,0.001),i =k; Cyp =0,i #k

Eyx = 0
Tom = tinit,n =m; Tam =0,n ?‘" m

where the teacher covariance matrix is set to the same values as T, and tj,;; is set
to 1 if there is no teacher noise o2, and 0.5 for a teacher noise of 0.01. All the order
parameter derivatives were initially set to zero. With these initial values, the networks
were initially symmetric. The same random seed was used for each algorithm so that
when their generalisation errors are compared in this chapter, their initial conditions are

identical.

3.3 Phases of learning

In these output plots, the generalisation errors follow a characteristic curve in time. First,
an initial phase where the generalisation error drops rapidly to a value. Then, a symmetric
phase where the generalisation error stays at that value for some time (this is known as the
symmetric plateau), then a drop to an asymptotic phase during which the error reduces
gradually. In the plots, the initial and symmetric phases are shown for €, against o; the

asymptotic phases are shown on a log-log scale.

3.4 Comparing standard, natural and MM-NGD learning

algorithms

Figure 3.1 shows the expected generalisation errors of optimal (with respect to the learning
rate) standard gradient descent [23], optimal natural gradient descent and MM-NGD
gradient descent algorithms, with the optimal learning rate (n = 0.144855) for the example
network and k = 10 in the MM-NGD algorithm (note that « is written as alpha in these
graphs).

The natural gradient descent algorithm reaches a plateau less quickly that the standard
gradient descent algorithm as it reweighs the gradient in all directions reducing the strong
difference between gradients in standard gradient descent which drives the system very

quickly towards the symmetric fixed point. The plateau height for the standard gradient
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Figure 3.1: MM-NGD vs NGD and optimal gradient descent

descent is much higher than the natural gradient plateau: this occurs because although
gradient descent moves quickly towards a minimum in the most significant gradient di-
rection, it does not move much in the other gradient directions and will therefore be at a
higher level in those smaller directions when it reaches the symmetric phase.

The difference between the MM-NGD and natural gradient plateaux is discussed in

the next section.

3.4.1 MM-NGD without teacher noise

Figure 3.2 shows the symmetric-phase performance of natural gradient descent algorithms
on a two-hidden-unit network (K = M = 2) when there is no noise on the teacher network
outputs (02, = 0). In this plot, all algorithms have a learning rate of n = 0.15. The solid
line is the generalisation error of the natural gradient descent (NGD) algorithm, and the
dotted lines (from right to left) are MM-NGD with & set to 0.5, 1.4, 2.1 and 10.

As the value of k is reduced, the length of the plateau in the MM-NGD error curve
approaches the plateau length of the NGD curve. Experiments with larger values of k (up
to K=100) show that the MM-NGD curve approaches the NGD curve without reaching

it, and with diminishing returns for larger values. Since the number of datapoints needed
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Figure 3.2: Symmetric phase behaviour of MM-NGD (teacher noise=0)

to calculate these error curves increases with k and k = 20 is not visibly very different
from k = 50 or k = 100, none of the plots shown here use a larger value than 20 for k.

If MM-NGD and NGD are equivalent for large values of k, then the curve for large
k should be very similar to that for NGD. This is not the case: although the plateaux
lengths are similar, the MM-NGD and NGD algorithms have different plateau heights. It
is not certain why this should be the case: the plateau height should be determined by
the n? terms in the order parameter update equations but experiments with these terms

have proved inconclusive.

3.4.2 MM-NGD with teacher noise

Figure 3.3 shows the asymptotic behaviour of NGD and MM-NGD with teacher noise
variance set to o2, = 0.01, the teacher covariance matrix T set to 0.5 on their diagonals
(Tran = 0mn0.5 where d,,,, is the Kronecker delta). The upper dotted line is the (theoret-
ical) optimal gradient descent bound: gradient descent learning is much worse than this,
and outputs from this algorithm have not been shown.

The lower dotted line is the Cramer-Rao lower bound: this shows a theoretical limit
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Figure 3.3: Asymptotic behaviour of MM-NGD for noisy teacher (o2, = 0.01)

on the speed at which all algorithms can learn, and is defined as
V> LgE)t (3.1)
—_— M it

where G(J) is the Fisher information matrix and M is the number of examples available.

Since natural gradient descent algorithms are asymptotically optimal, they should be
expected to approach the Cramer-Rao bound: this is seen in the plots, where the lower
solid line is the generalisation error for NGD, and the other learning curves are for MM-

NGD and (from top to bottom) k = 0.3, 0.7, 1.4 and 10.

3.5 Varying other parameters

The results shown in this chapter have all been for optimal or near-optimal values of
the learning rate n and different values of the momentum balance parameter k. This
reflects our interest in the momentum parameters and the fact that the behaviour of
generalisation error with different values of 7 has been well studied elsewhere. However,
before this algorithm is applied to real data, it is interesting and perhaps prudent to note
what happens to the generalisation error evolution when we vary #: since online learning

is sensitive to parameter settings, this might provide some clues to what might be amiss
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Figure 3.4: Generalisation error evolution for various 7 values

with them.

Figure 3.4 shows the behaviour of mm-ngd generalisation error for several values of
(n = 0.01, 0.02, 0.04, 0.07, 0.15 and n = 0.73, 0.7, 0.6, 0.5, 0.3: note that n is written as
eta in the graphs) with k = 8, 02,=0.01, and tin;; = 1. For decreasing values of 7 below the
optimum value n = 0.144885 (n = 0.15 is used as an approximation to this in figure 3.4),
the initial phase before a plateau is reached is longer, and the symmetric plateau height
increases until the initial phase and symmetric plateau appear to be part of one smooth
curve. For increasing values of  above the optimum value, the initial phase decreases in
time, and the symmetric plateau height increases until at about n = 0.5, learning is not
possible.

Also of interest is the behaviour of generalisation error with different combinations of

values of 1 and k, but this has not been studied here.
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Chapter 4

Using MM-NGD on real data

The matrix momentum form of natural gradient descent works well with toy examples,
but its potential value is in its application to real data. To this end, the datasets used for
matrix momentum with standard gradient descent have also been tried with MM-NGD.
The networks used here are multilayer perceptrons with linear hidden to output con-
nections and tanh hidden-layer activation functions. The learning algorithm used was
online learning, using sampling of the input data with replacement. Code was written in

both Matlab (to fit into the Netlab framework) and C++.

4.1 MM-NGD for MLPs

The parameter update equation 1.30 with g = I — %9)- and n = k—}{;‘l was used here. This

gives a parameter update equation of

J©F - et (4.1)

Ot = 0F — - Voer(6,¢) + (1- o)
where © is the set of network parameters {Jjj,b;,aj0,¢o} for a multilayer perceptron
with input-to-hidden weights J;;, hidden unit biases b;, hidden-to-output weights a;, and
output unit bias ¢, for 1 <i < N, 1< j < K, 1 <0< W, N is the number of input
nodes, K the number of hidden nodes, and W the number of output nodes. Note that

the notation is changed slightly since we are no longer just updating the input-to-hidden

layer weights J.
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4.1.1 Calculating the Fisher information matrix

The empirical Fisher information matrix G(©) for a multilayer perceptron with parame-

ters ©, network output o, expected output ¢ and a loss function for the network of

L(cle;9) = 5(0 = ¢ (42)

is G(®) = A(®), where

T
6L OL OL OJL 0L 0L 9L OL
Rt o B = DR

The components of A(®) are calculated in appendix C and are

3Lg“ Bt gt ed d

e O Jigtel + )& (4.4)
i ]

oL -

o = %00 QO JGE + ) (4.5)
j 1

oL

. g(;J;;eﬁb?)ako (4.6)

QLM

ack; 2

where o is an index over output nodes, 7 is an index over input nodes, j is an index over
hidden nodes, g(z) is the hidden-layer activation function for the network and ¢'(z) is
its derivative, d;; (double index) is the Kronecker delta function, d is an index over the
examples that are available to calculate the Fisher information matrix with, and p indexes

the current input example.

4.1.2 Approximating the Fisher information matrix

The Fisher information matrix is calculated by averaging over all the input data. One
approximation for the matrix is to only calculate it for a single input (usually the current
input). The equations for each input can be reduced for special cases of the input distri-
bution, but, unlike the Hessian matrix, no other approximation or simplifications appear

to have been developed.

4.2 Small datasets : the Iris dataset

MM-NGD was run on some small datasets to check for obvious errors and test the effects
of varying the learning parameters n and k before a large dataset with long learning-times

was used (some variations of o,, were also tried).
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One dataset chosen was Fisher’s iris plants database [6] from the UCI repository[12],
because it is well known, easily available and fairly small. The iris dataset consists of four :
measurements and a classification for 50 examples of each of three different classes of iris
plant, with no missing data values.

The network architecture used is four input units, five hidden units and one output
unit. This does not seem to be the optimal architecture for the problem (better results were
obtained with seven or eight hidden units) but provides a network with just 31 parameters
to study. The Fisher information for the Iris network and all other small (less than 1000

parameters) networks was calculated in full from all the examples in the dataset.
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Figure 4.1: Iris data, n, = 0.16, various k

Figure 4.1 shows generalisation errors ¢, for the iris data with a learning rate 7, = 0.16,
for gradient descent (solid line) and mmngd with k = 0.1 (dash-dotted line), k = 0.25
(dashed line), £ = 0.5 (dotted line). Here, the values of ¢, for mmngd either drop to a
roughly constant value of about 0.1 which is below the gradient descent curve and remain
near that value (k = 0.1, kK = 0.5) or continue to drop to lower values (k = 0.25). After
presentation of most of the dataset, e, for the gradient descent algorithm is a roughly
constant value of 0.1. Another features to note is that the initial descent to ¢, = 0.1 is
faster for increasing values of k. The behaviour of mmngd with & = 0.5 may be explained
by the fact that the algorithm is becoming unstable at this point: for values of £ = 1 and
above (not shown on this plot), €, drops rapidly for the first few datapoints then rises
again and settles on a value near ¢, = 0.33. There does not appear to be a symmetric

plateau: there are slight kinks in each of the mmngd plots at ¢, values between 0.25 and
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0.35, but they are not significant enough to draw any conclusions.

4.3 Medium-sized datasets : wine classification

The wine recognition dataset is taken from the UCI repository[12]. It contains the quan-
tities of 13 chemical constituents for three types of wine. There are 178 examples and no
missing data.

The network architecture used is 13 input units, 13 hidden units and 1 output unit,

which gives 196 network parameters.

0.4 T = o T e v T
A \ \ _ gradient descent
A \ R e gl Y mmngd, k=0.1
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0.35¢ . L o I | (Tt mmngd, k=0.5 |
TS 1 \ i\ AT mmngd. k=1

03

E
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Figure 4.2: Wine data, varying k

Figure 4.2 shows ¢, for gradient descent (solid line) and mmngd with k£ = 0.1 (rightmost
dot-dashed line), k = 0.25 (dashed line), k = 0.5 (leftmost dot-dashed line), k = 1 (dotted
line). For values of k above k = 1, ¢, is very similar to the k¥ = 1 line, with increasing
jitter around it until k = 2, where the algorithm breaks down and €, diverges to infinity.
For all the lines shown, €, drops rapidly to a value (e, = 0.27, datapoint=3 for gradient
descent), then drops at a slower rate to a second value (¢, = 0.19, datapoint 14 of gradient
descent) and finally drops to a value near ¢, = 0.11, and stays near ¢, = 0.11 for the
rest of training. This appears to be some form of plateau, but the behaviour with k is
not as expected: the plateau height increases with increasing values of k and, although
the plateau is reached at earlier times (datapoints) for larger values k, it is always left at

approximately the same time.

39



4.3.1 wvarying 7,0 definitions

2 T T T T — T T T
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Figure 4.3: Comparing MM-NGD algorithms

Two equations for 7 and @ that both appear to give an equivalent learning rate of

G(©)'nq are

") kG(®)  kna
and
A kG(®) i
p=1-20), & (4.9

These have very different learning behaviours. Figure 4.3 shows generalisation errors for
the wine dataset with mm-ngd learning and these two 7, 8 equations and 7, set to 0.13.
The four lines shown are k set to 0.1 with equations 4.8 (solid line); k set to 0.1 with
equations 4.9 (dashed line); k set to 0.5 with equations 4.8 (dot-dashed line); k set to
0.5 with equations 4.9 (dotted line, just visible at left of plot). It is seen that while
the generalisation errors for learning using the first algorithm (equations 4.8 behave as
predicted in chapter 3, the behaviour is very different for the second algorithm (equations
4.9) and, for larger values of k, the generalisation error diverges (this is not shown in figure
4.3 since the divergence is rapid and not on the same scale). It is easy to confuse these two
sets of 3, n equations: all other mm-ngd plots in this document use the first set (equations

4.8).
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4.4 Large datasets : speech (phoneme classification) data

MM-NGD as also run on a large dataset to check for practical problems with scale, learning
times and resources.

The database used is taken from [14]. It consists of 9000 71-element vectors in a training
set and 1000 71-element vectors in a test set, where each vector contains a phoneme class
label (1 to 39) and 70 perceptual linear predictive (PLP) coefficients.

The network architecture used in [14] was a standard fully connected feedforward
network with 70 input nodes + 1 bias, 70 hidden nodes + 1 bias and 39 output nodes.

This has also been used here.

4.4.1 Large Fisher information matrices

The first problem encountered was one of size: for reasonably large networks, the Fisher
information matrix can be larger than the available computer memory. In the speech data
example, there are just under 8000 parameters (weights and biases) in the network, giving
a Fisher matrix with 8000 x 8000 elements, which was impossible ! to store. Storage space
can be reduced slightly by calculating half (the upper or lower triangle) of the matrix,
but 8000 x 4000 is still large, so the Fisher matrix was created implicitly by storing the
multiplication (I — %(%_—1)(‘1{‘ — J*71) instead of the Fisher matrix.

One question arising from this treatment of the Fisher matrix for large networks is
whether a scheme similar to Pearlmutter’s algorithm [16] for fast multiplication of the
Hessian by a vector could be devised. Examination of [16] suggests that this might be

possible, but it has not been attempted here.

4.4.2 Slow learning times

The next problem was speed: although the learning algorithm ran reasonably quickly in
single-step mode (only calculating the Fisher information of the last input seen rather than
all inputs), it took a very long time to run if the full Fisher matrix was calculated. Results
from this dataset have not been shown here because it was impractical to do enough runs
of the algorithm to be confident that the algorithm was working or to show the effects of

adjusting the learning parameters k, 4.

18000 x 8000 x 64 bits = 4 Gbytes is not practical in any normal computer system
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Chapter 5

Conclusions

Natural gradient descent learning is algorithmically more efficient than (will reach a small
value of €, faster than) standard gradient descent but is computationally expensive because
of the average over all input data and large matrix inversion in its calculation. Matrix
momentum can be used to invert the Fisher information matrix used in natural gradient
descent, to give a matrix momentum form of natural gradient descent (MM-NGD).

MM-NGD is computationally more efficient (needs less computer operations to cal-
culate) than natural gradient descent and algorithmically more efficient than standard
gradient descent algorithms. Natural gradient descent is asymptotically statistically ef-
ficient (its generalisation error curve converges close to the Cramer-Rao lower bound on
the algorithmic efficiency of learning algorithms) when it uses an exact Fisher information
matrix: MM-NGD’s generalisation error plots converge close but not exactly to the corre-
sponding natural gradient for large values of the momentum-gradient balancing constant
k. It is not known why this is not an exact match, but it may not be significant as we
are more concerned with the symmetric plateau length and asymptotic behaviour of the
algorithm.

MM-NGD with exact calculations for the Fisher information matrix has been used with
real data. It has been found to be computationally very slow for large datasets, spending
most of its computation time in the calculation of the Fisher information matrix. No exact
algorithms to reduce this caculation time have been found, although it may be possible to
adapt fast algorithms for calculating the Hessian matrix to this task. It was also impossible
for our (and most current) computer systems to store the Fisher information matrix for
the large (8000 parameter) network that was used, forcing the algorithm to calculate the

Fisher information matrix implicitly instead.
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5.1 Possible extensions to this work

This work has raised many questions about MM-NGD and natural gradient descent with
real-world data.

One of the problems with running MM-NGD on large datasets was the long time that
the algorithm took. It would seem sensible that to reduce the training time for large
datasets, an algorithm similar to Pearlmutter’s algorithm for Hessian matrix calculation
be found for the Fisher information matrix. Other possibilities are approximations to the

Fisher information matrix and single-input or few-input calculations of it.
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Appendix A

Variables and notation

The appendices to this report contain mathematical proofs and notes that support the
main report but would interrupt its flow if included. Where possible, all variables and
notation are standardised and follow the notation used in [24]. This section contains a list
of those variables and an explanation of notation where it is deemed necessary.
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A.1 Variables

Network inputs

M

7
D = {('.c0) (e 0%

Number of example input-output patterns
index over example set

example set

input pattern p

input data, consisting of all input patterns
expected output pattern p

expected output for output node n, input £#
variance of noise on input-output example pairs

Multilayer perceptrons

“g Nz

hc-

n e
Ll —Teen il

Co
on(Ja &p)
@)? — {Jija bj!a'joa CO}

number of input nodes

number of hidden nodes

number of output nodes

input-to-hidden weights

bias on hidden node j

activation function of hidden nodes
activation of hidden node i for input £*
hidden-to-output weights for hidden node j,
output node o

bias on output node o

network output for output node n and input ¥
network parameters for i*® input node,

pt* input pattern

Soft committee networks

N
K
J

9(z)

xi‘_—_Ji.gﬂ

o(J,&#) = TK, o(xf)

number of input nodes

number of hidden nodes

input-to-hidden weights, and the only network
parameters

activation function of hidden nodes

(usually erf(zi/v2))

activation of hidden node i for input £
network output for input &£*

Soft committee “teacher” networks

M
B
yh =B, - ¢
p~ N(0,0%,)

¢* =T, glyl) +p*

number of hidden nodes in teacher network
input-to-hidden weights in teacher network
activation of hidden node n in teacher network
output noise in teacher network

output of teacher network

and expected output of student network
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Error functions

e3(&*,C*) error function for example x4 and network
parameters J

€3(€#,¢*) = 3[o(J,€P) — ¢H)? quadratic error function

€g(J) = (e3(€*,¢")) ey generalisation error

Learning parameters

a=4%
1

Tlo

TNe

o
Viez(EH,CH) =

de
r= [ac]

Normalised pattern index, used as time variable
learning rate

initial learning rate

learning rate at timestep «

effective learning rate

momentum parameter

momentum variable

Q for pattern yu, hidden variable ¢
momentum parameter used to rescale 1 —
Balance between gradient descent and
momentum terms

backpropagation delta for hidden node i
gradient at J

Hessian matrix

G(@), G(J ) (Gia,k8] Fisher information matrix
Giaks = <B—ffg(§5ila%-(%—l>{ﬂ element of Fisher information matrix
Gk block of Fisher information matrix
A(J) Matrix whose elements are proportional to G’s
Aix block of A(J)
A_., Used in the calculation of A ;i
P(¢|&;T) Probability of output ¢ given input &
L(&,¢|J) Loss function for input &, output ¢
KL(p(z),q(z)) Kullback-Leibler distance between distributions
p and g, parameterised by x
dab Kronecker delta
Order parameters
Qix = (xixx) = J; - I order parameters
Rin = (Xiyn) =J
Thm = (Yny'm) =B, -Bn
Gait Diagonal values for Ty,
Cik = ;i -
Diy = Qi By
Eixk = Ji - O

A.2 Notation

The notation in this document is fairly simple.

Notations that the reader may not be

familiar with are (A)(s denoting an average of A over variable { and [A] denoting a
block matrix. Occasionally an Einstein summation convention where A;B; is shorthand
for »°; A;B; might creep into the calculations but this should be noted when it is used.
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Appendix B

Analysis of MM-NGD for soft

committee machines

This appendix contains the workings needed to create the update equations for the order
parameters of matrix momentum for natural gradient descent. The order parameters are
Qi =313, Rin =3B, T, =B B,,, Dy = /B, By= 30 and Cy = A1 0.
The update equations used here are for MM-NGD with n and g scaled by the input size
N. Assumptions made are that the input size N is infinite and that the inputs are taken
from a normal distribution so that <§T§> =N

Expanding out the update equations for J and € given in equations 1.30, 1.31 with

an error gradient of Vyey(£#,(H) = —8'¢H, we get
k
T2 e ¥ Iz gt
b 3t N2 s + [ (1 NA J)) ]
- e L T - e
=) JI»‘ k'r; i Q# 9]
= W+t + Sal+

o = N@ -3

= N@T+Raplety Z( B A - 37

& Y et sy A 1 1 ti=
= Nt +Nn*‘ NEZA“ 0
Al Iz ﬁ Al o+
% = O + Nﬂ‘sfﬁ‘“ N ZAf} 5

where z; = J;ff, Yn = BZ& 2 = 93‘5 and

Ak (14+Que)d:iIT + (1 + Qi) IkIT — Quk(IJIT + 3:IT))] (B

wm—” .

One term that crops up frequently in the update equations is the sum 3, A4;;Q;.
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Expanding it out gives
> Al = Z \/zr[" ‘K, (14+Q;5)3:d] + (14+Qa) 3,37 — Qi (337 +3,37)))2
J

= _Z \/K[nj A (1+QJJ)E$J‘] +(1+Q33)EJJJJ Qij(EjjJi+E£ij))]

Using these definitions, the equations of motion for the order parameters are:

Q#+l = Jf+1TJ“+1
= (374 B gugur 07 +0(55)) (3 k”aﬁ'# S0 +0
- i N2 ,& + + FE k + £ chesiip
= T34 Jﬁ‘TIL—Q;, + NQ?J'}: + 0(%)
- w 2l yaT T i e
= k+N[J Qi + 073 ]+O(N )
“%’" = I+ Q3 =Ei + By
R:.l:l = J,;J+1TBﬁ+l
k 1
— uT | B0 sueut T =
— puT =T 1
= J B,.+Nn B, +O(N2)
dR;
da" = 0B, =D,
Dg+1 = Qg+1TBﬁ+1
k
= (Q“T N2 (asan)T + qa,%'e“') B
& k
= E; Ai;ﬂ;‘ B+ —I\—rndﬁ‘yn
dDin
=7 T _kZ(Aijﬂj) B, +kn <6iyn)
= k(zz L[ﬂj & L((1+Q.fj)EijJi + (14 Qi) Ej;J;
T VA Y
T
—Qi; (Ej;Ji+E;i;J;) )D B + kn (6iyn)
2 1 1
5 —k(;;—,&‘fj[nin— A_j({1+Qﬁ)EiJ’Rﬂm+(l+Qii)E R
—Qij (EjjRin+Ei;R;n) )]) + kn (0iyn)
T
S

- (JfT + %5;‘&” + %n?" +0 (Wlé-)) (9“ - = ZAEJQ;‘ 5#5»)
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dE;
do

u1
Cik

¥ i T T T
b [ o J“ ZALQ;‘JF J“ n5"§“+Nn nk+o(N2)

EX + 5 (nTn % ZA“ Q + kJ*"-’"ms;‘g#)
QT — kIT D A Q; + kn (es)
J

2 1 1
Cir — kJT(; ZJ: \/_&,_J [Qj - E( (1+ij) Ekj-]k = (1+Qkk) EjjJ_f

—Qk;j (BjjIx+Eg;J;) )D + kn (6kz;)

Cux — k(2 3 < B 5 (14Q) By + (14Quo) B,y

—Qk; (Eji Qix +Ex;Qij) )D + kn (drzi)

T
Q:_-H'l n£+1
(Q'“T NZ(A )"+ = J“.s*ﬂ")( ZA“ Qj + néi‘ﬁ“)
k
QT - fT T AL QT Dot - 5 30 (45)" 0 + st Ty

N2q26#EpTJH£p+O( )

Ch + [ Q“TZA” Q- k(A4 Q)T Qb 4 kndlzt + knotzl + kzqﬁafaj:]

i3 ° %
1
+0(3)

- kQT ZA;‘,Q, =ik Z (Ai; )7 Q. + kn (62 + 6ize) + K207 (8:%)

J

_kn‘{( Z \/_[ ch((l-Fij)Eijk+(1+Qkk)EjJ'JJ'
—Qui;j (EjjJx +Ex;J;) ])
2 1 1
— k|- —_— 1+ E;jd; + (14+Qi) Ej;J;
(”;\/57:[ ({ QJJ) J ( Q) 17
-Qij (Ej;di+E;;J;) )D Qi + kn (6pzi + 0izi) + k*n® (8:0%)

2 1 1
k= ; T [Cij = Ac_j( (1+Qj;) ExiExi + (14 Qi) E;; E;i

—Qyj (Ej;Exi+Ei;Eji) )]
2 1 1
B ; VAa;j [Cjk’ Ay ((1+Qj;) Ei;Eit + (14 Qi) Ej;Ej

-Qij (Ej;Eix+E;;Eji) )] + kn (6kzi + 6izi) + k*n? (6:0k)
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Appendix C

The Fisher information matrix

The Fisher information matrix is used in natural gradient descent, but it is also used in information
theory and in the calculation of the Cramer-Rao bound Tr(G~'(J)) on a network’s performance
(the Cramer-Rao bound gives a minimum distance between the network’s estimates of a parameter
value and the true parameter value. Tr(A) is the trace of matrix A.

This chapter gives some notes on the maths used to calculate the Fisher information matrix
for a soft committee network and multilayer perceptron. These calculations are taken/ based on

Magnus Rattray’s notes and [2].

C.1 Exact Fisher information matrix for a soft committee
network

The Fisher information matrix for a neural network is given as G(J) = [Gia,xg], where Giq k3 is

alogm(cm|s)alogm(cmm) Ae <6‘EJ<€1CJ) &;.(g,g-.)) (C.1)
{&}

G; = —-—
el < OJia AP {Cm €} gL A ia OJkp

It is useful because it is invariant to re-parameterisations of the input space £.
To derive the Fisher matrix for neural networks, we first take the log of py ((m,&) as defined
in [18]:

- <y 2
pi(Cm;§) = \/2102 exp ( L zaf" ) ) (C.2)
mK :
—logps ((m,§) = [Cm - Z 9 (Z J .-aéa)] /202, + consts (C.3)
f=1 e

Substituting this into the above definition of G;, g gives:
v B X * o & ;
Giaps = ey <m [Cm - Ey (Z; J.hf-r)] - P lCm - EQ (; Jta&s)l > (C.4)
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which, since 29.?_;., [Cm - 2:{:1 g (27 Ji’?f‘r)]z = —26,9' (Z,Y Ji'rfﬂr) [Cm = Zf:; g (ET Jj-rf-r)],

becomes

Gmm——<ea£gg (ZJWE-,) g’(;am) [cm Zg(zsncﬁf)} > (C.5)

j=1

3 K . K & 2
and, since (m = Zj=1 g (Z'r J,».,ET) + p which means that [Cm = zj=1 9 (Z., Jj'rE‘r)] = Opm,
this reduces to

1 /
Giap = 5 (Eabsg (x0) g (<)) (C.6)

If g(z) = erf(z/v/2), we get (moving into matrix notation):

Ga = (00764 (7O &tl)y, (c.7)

- L2< €atTe Mt LT)—> (C.8)
T {€}
12 d€ 4T AT +3,37

= = =¥ ISk o F (C.9)

(2m)

s 1 T

e o= o= Ang T :
o f = oy (C.10)

where [ d¢ =[], [ déa is a nest of integrals over d€,, Aix =1 + 3,37 + 3, 37F is a scalar and §a£g
is an N x N matrix.

[7] theorem 10.5.1 states that
o0 oo o0 g i
G = / / / (2'Az +z'a+ aa}e_(" Bets b"'b“)d:cld:rg...d:r
—00 J —00 —00
= %ﬂ,nfz|Bl—1f28(1/4)b'3—1b—bo [tT (AB—I) = bIB—la + %b!B—lAB—lb + 266

which is

(]
I

oo o0 o0 M
[ / f (z'Az) e (= Bz)dz,d:cg...dzn

Lx"/2(BI~/2 [or (AB™)]

fora=ap=b=b =0.
We can get G, xp into this form if we multiply it top and bottom by |A;!| and modify
‘fa:fy:

Cians = / —%ETA.-J,EEQE;{
211') |A1k
§ap = ET/—‘uaE
Ap = biadjp
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Gia ks

\/|A;k fETV te- 36T At ge

{2:‘T) |A3k

12 1431 1 _
= —=. ¥ = CotlAs il A (An)
o-?“ mw (271')N lA‘_k11 2 [ ( )]

From [18]: G(J) = A(J)/o2,, where A(J) = [Ai] is

Ag = n;&_ [I - ((1 + Qi) 3T + (1 + Qi) T IT — Qi (3:IF + JEJ?))] (C.11)
2 23,37

As‘i =, m (I - m) (012)

Ax = (14 Qi) (1+ Q) — Qi (C.13)

C.2 Exact Fisher information matrix for a multilayer per-
ceptron

The loss function of a neural network can be defined as

1 1
L1(¢l& ) = 3 =y == *2;5—( o —()* (C.14)
where p = (¢ — () is the teacher error, o2, is the model noise, ¢ is the expected output of the

network and o = 0o, <,<w is the output from the network, calculated as
of= Z x4 ajo + Co (C.15)
J
Here, o = x(3_, &' J}; +b}) is the activation function of hidden unit j for input datapoint p, with
derivative z/".

The elements of the Fisher Matrix are constructed from the partial derivatives of the loss

function with respect to the network parameters. These are:

oLt _ _ P gp gt e
a3~ g2, 9o S
oL1#4 LB
av’; o2, 30
aL144 .
o, T T
oL1#4 p
R

k m

where L1%4 is the loss function for output unit o, datapoint u and example d, J;; is the weight
between input unit i and hidden unit j, b; is the bias on hidden unit j, aj, is the (constant)

weight between hidden unit j and output unit o, ¢ is the bias on output unit k£ and 4;; (double
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index) is the Kronecker delta function. Note that there are now two indices over datapoints : u,
which indexes the example (datapoint) being processed by the learning algorithm, and d, one of
the input-output example pairs that the Fisher information matrix is being created from.

Since the Fisher matrix is an average over 57~ where 8; is any of the parameters {J;;,aij, b;},
and each element of the matrix contains p? ~ N (0, 02,), this can be simplified [28] to G(J) =

—A(J) where the elements of A(J) are constructed from

m

oL

53", = aj,7} nEe (C.16)

aai? = (C.17)

85: e (C.19)
where LF(C|&; ) = %(a ¢y

The matrix A (J) is created from an average over outputs and examples of these partial derivatives,

T
A(J)=< Al a_LD ©20)
{6}

and is

8Ji;’ 0b;’ daj,’ e, dJi;’ 9b;’ aj,’ Be,
If J, b, a, ¢, x and x’ have already been calculated, then A(J) can be calculated in (2+ N) x M x
W x P? x D+2 flops (floating point operations) where N is the number of network input nodes, M
is the number of hidden nodes, W is the number of output nodes, P=NxM+ M+ M x W + W
is the total number of parameters and D is the number of patterns used to calculate the Fisher

information matrix. For the speech data with a 70-70-39 network architecture (N = 70, M = 70,
and W = 39), this is between 2.07 x 10'7 flops (for D = 9000) and 2.3 x 10'* (for D = 1).

C.2.1 Reducing the calculation time

The number of flops used in calculating A(J) can be reduced by calculating the average of the
second partial derivatives of the loss function directly for each pair of network parameters rather
than multiplying together two sets of first derivatives then taking the average of the resulting
matrix.

For the network described above, the second partial derivatives of the loss function with respect

to the network parameters averaged over outputs and examples are:
a*Lyd
YNGR £a£ ”j ! £ a; oa (021)
<aJ;‘jank L Z - Z e
&2 L > b ( )
— = zi x} Z alaf, (C.22)
<3b§6bi‘ L &
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>od i
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- = T (C.28)
<ab;}3aﬁk > i § B2
H2Lud ;
<ab'fa°c“ > = ia; (C29)
J k od
> LK 4 Oka
= g e (C.30)
<3a}‘k60‘; >Od T w
This operation uses
(D + W +5)N2M? + (5W + 5)NM? + (3W + 3)M? + SWNM +4WM + W (C.31)

flops. For the 70-70-39 speech data network, this is between 10'! flops (for D = 9000) and 10°
flops (for D = 1). If the entire dataset is used to calculate the Fisher information matrix, then
most of that effort (for the example given, this is 99.9 %) is in the calculation of <5_"?i%%:>a¢:
precalculating Y, £4€4 can reduce this from (D + W + 4)N?M? to D + (W + 4)N>M?, giving
an A(J) calculation of 10° flops for both D = 9000 and D = 1 (for D = 1, this reduction is
insignificant). Precalculating 3, a_‘;-'oa’,’:o reduces the expected number of flops to calculate A(J)
again to

D +5N2M? + (4W + 5)NM? + (2W + 3)M® + 3WNM + 4W M + 2W (C.32)

flops. This is 10® flops for the speech data example with D = 9000 or D = 1. A summary table of
the predicted flops to calculate A(J) for the 70-70-39 speech data network and the percentage of

2 ¢ ud
that total which is used to calculate the <5_-?p%°ﬁr> term is given in table C.1.
ai%pk [od

Further reductions in running time can be had from precalculating the sum 3", €4 but anything
beyond this is either expensive in storage space or insignificant: further improvements in calculation

times must be algorithmic.

56



D=1 D = 9000

no precalculations 1.15x 10? flops,93.93% | 2.17x 10! flops,99.97%

precalculate Y, §g£§ 1.12x10° flops,93.8% | 1.12x10° flops,93.8%
precalculate Y, 5565 and ), a?oa;'a 1.76 x 108 flops,68.1% | 1.76 x 10® flops,68.1%

first derivative-based algorithm 2.30x 10'3flops 2.07x 10" flops

Table C.1: Speech network calculation times (in flops) and dominant calculation sizes (%)
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