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SYNOPSIS 

5 
This thesis describes an investigation to determine 

the impedence of o powered flying control system. 

The first stooge of this project investigated the 

impedence of - hydreulic servomechanism in » rigid 

environment. The impedance wes predicted theoretically 

and measured experimentolly by sinusoidal and rendom 

excitation of the output end and also by sinusoidsl 

excitetion of the valve input. <A qualitative agreement 

has been shown to exist between the theoretical predictions 

and the experimentrl results. 

Following the determination of the impedance of 

the servomechenism in » rigid environment, the analysis 

and experimentnl work was extended to include the: effect 

of e flexibility connected to the output ond of the 

servomechanism. It was demonstrated theoretically and 

verified expcrimentelly thet the impedence of this systom 

may be predicted by combining the impedence of the 

servomechanism with the impedance of tho- flexibility 

using tHe normal’ laws of impedances addition. 

The impedance of the servomechanism hes also been 

determined with its anchor-ge connected to a Tlexibizity. 

The theoretical analysis of this systen produced - result 

of some complexity, but it has been show that as the



  

frequency of excitation tends to zero and also to infinity, 

the system impedence can be readily predicted and these 

predictions hove been verified experimentally. 

The most recent stage of the project has been 

to investigate the effect upon the servomechsanism of 

connecting the servo valve input to a flexibility. The 

anolysis of such a system was found to be difficult and 

the resulting predictions unrelisble. The experimental 

results did not agree with the theoretical predictions 

for this system, indicating that the effect of valve input 

flexibility must be obteined experimentally.
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be found immediately following the chapter to 

which they refer. 

A photograph showing the instrumentation ana 

test rig may be found at the end of this volume.



  

INTRODUCTION,



  

Introduction and Formulation 

of the Problem 

The circumstsnces lesding to the adoption of 

powered flying control systems in aircraft ere described 

and the reesons for determining the impedence of such a 

system given. The main stages in the proposed research 

programme are outlined. 

1.1 Application of servomechanism to aircraft control 

systems. 

During the middle and late 1940's there occurred 

a marked increase in aircraft performance caused in part 

by the development of the gas turbine end in part by the 

impetus to design brought about by the Second World War. 

This improved performance presented the aircraft designer 

with a variety of new problems, one of which being the 

difficulty of controlling the aircraft during high speed 

flight. The reason for this was thet since the eerodynamic 

forces acting on the control surfaces increase approximetely 

in proportion to the velocity of flight squered, the 

increased flight speed led to a situation arising where 

the aerodynamic forces acting exceeded a level that could 
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reasonably be controlled manually. Designers subsequently 

were forced to provide some form of power assistence in 

order thet the pilot soura control the aircraft, leading 

ultimately to the present form of the powered flying 

control system. 

1.2 Flutter. 

Flutter is the aerodynamic excitetion of any part 

of the aircraft structure causing an oscillatory 

instability to occur and in which the flexibility of the 

structure plays an essential part in the instability. 

The energy required to sustain the instability is taken 

from the passing air stream. 

One form of flutter often encountered is that of 

the control surface. In a manual flying control system 

a flutter problem frequently exists put it is accentuated 

by the adoption of the powered flying control. A manual 

control system can be regarded as a simple stiff system 

and classical flutter can be encountered, but with a 

powered flying control system it is sometimes possible to 

encounter unstable conditions caused by the coupling of 

the control surface movement to the servovalve by means 

of aircraft structural distortion. 

To prevent the possibility of flutter in a powered 

flying control system it is necessary forthe system to
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have either no free movement at the control surface when 

the pilot's control is fixed, or a stiffness against a 

moment under these conditions so great that the natural 

frequency of the system is sbove eny flutter frequency. 

Unfortunately, to obtain a system which is both stable 

and stiff presents difficulties, the two properties being 

interreleted such that an increase in one property leads 

to a decrease in the other and vice verse. 

1.3 Operation of a hydraulic servomechanism. 

One type of servomechenism used in a powered flying 

control system is the hydraulic servomechanism of the 

jack type, this servomechanism heving many advantages, 

notably light weight and simplicity of cesign. 

Since this type of servomechanism is frequently 

used in practice, it was chosen for analysis and 

experimental work. The servomechanism is a power amplifier 

and is shown diagrammatically in Fig. 1.1. The jack body 

is connected to the control surface and moves relative 

to the jack piston which is normally fixed to the 

sircraft structure. Integral with the jack body is the 

valve body which contains a four way plate or spool valve. 

Movement of the spool from the neutral position opens 

the ports connecting one side of the jack piston to the 

high pressure hydraulic supply and the opposite side of
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the jack piston to the drain. This ceusesg the jack body 

to move in such a manner thet the ports close, i.e. the 

jack body will follow the movement of the spool. The 

aircraft pilot moves the spool and hence, via the 

servomechanism, varies the control surface DOSZtLOn. — if 

@ force, @.f. an aerodynamic force, acts at the output 

end and causes a displacement of the jack body in one 

direction, then the valve ports will open resulting in 

hydraulic forces acting in the opposite direction. This 

internal hydraulic force, in opposing the applied force, 

gives rise to the impedance of the servomechanisms 

The terms anchorage, output end and valve input 

are frequently used throughout this work and relate to 

various positions relative to the servomechanism, as 

SHOWA PAE 1. 

1.4 Objects and scope of the investigation. 

In order to predict the flutter characteristics of 

g powered flying control system a knowledgs of the system 

impedance is required. Measurement of this impedance by 

tne GiPECt: CxXCltAuOn OF the sirerary. Goncvrol surtace 

presents many practical difficulties making the method 

extremely restricted and unreliable. The control system 

is non-linear and a large excitation force is therefore 

reauired to investigate the full performance range of
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the servomechanism up to conditions of stall. In recent 

years vibrators, having lerge force outputs in the 

frequency range required for flutter investigstions, 

have become commercially available allowing the full 

performance range of the system to be tested. The 

application of lerge forces to the control system, can, 

however, create further problems in the efforts to 

measure System impedence. The most serious of these 

problems is that the excitation of the aircraft structure, 

frequently in a manner not normelly encountered during 

flight, introduces errors and uncertainties into the 

measured impedance. Other unknow factors such as 

anchorage flexibility, free movement in joints and friction 

effects can also introduce errors ofunknown size into 

the impedance measurements. 

In view of these and other difficulties, a new and 

radically different approach to the problem of determining 

the impedance of a powered flying control system has 

been devised. The research project, which resulted from 

discussions with members of the Structures Dept. R.A.B. 

Farnborough, has been sponsored and almost entirely 

financed by the Ministry Of Aviction and during the 

course of the programme contact was maintained with the 

Structures Dept. 

The first stage of the project has been to 

determine both theoretically and experimentally the



impedence of a hydraulic servomechsnism in 2 rigid 

environment by direct excitation of its output end in a 

test rige In this manner it was hoped tht a more 

accurate measurement of impedance than hitherto available 

would be obtained. The theoretical enslysis of this 

system and the resulting predictions are given in 

Chapter IV. The cxperimental programme, which included 

not only sinusoidal but also random excitation of the 

servomechanism and the conclusions based on the experimental 

results, are described in Chapter V. 

An attempt has been made to measure the impedance 

of the servomechanism in a rigid environment by excitation 

of the servo valve input. The theoreticel justifications 

and limitati ns of this method are set out in Chapters Ii 

and IV and the experimental work described in Chapter VI. 

Following the determinetion of the servomechnnism 

impedance in a rigid cnvironment by two differing methods, 

the next stage of the programme wos to introduce 

flexibilities into the system under investigation. The 

effect of these flexibilities hes been analysed (Chapter VII) 

and the experimental work to determine the effect of output, 

anchorage and valve input flexibilities upon the system 

impedence is described. (Chapters VIII, IX & X.) 

It has already becn stated that the principle 

difficulty encountered when attempting to determine the
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impedence of a powered flying control system is the large 

force input to the system required to produce the range 

of servo velve openings which are necessary for 

investigetion of all performance conditions. Exeluding 

the servomechanism, the remainder of the system does not, 

however, require large force excitation and thus if 

the servomechanism was temporarily removed, impedance 

tests on the remainder of the system could be performed 

on the aircraft using a relatively low level 8f forcé 

excitation. The problem then resolves into one of 

finding a suitable temporary replacement for the 

servomechanism such as a spring, a free rigid link or a 

link clemped to the aircraft structure, and then devising 

a method of combining the results obtained from these 

tests with the impedance of the servomechanism measured 

in, or predicted from, laboratory tests. 

This thesis describes the work that has been done 

to date in carrying out this programme. In order to 

teke the project to its ultimate conclusion it will be 

necessary to perform tests upon a control system in an 

aircraft with the servomechanism removed and to predict: 

the complete system impedance from these tests by combining 

the results with the impedance of the servomechanism. 

Finally, notwithstanding the statement at the beginning 

of this section concerning the difficulty of obtaining 

the system impedance in an aircrseft directly, this will
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have to be attempted in a very limited and restricted way 

(both in renge and accuracy) so that a comparison can be 

made bet:een the results obtained by direct excitation of 

the control system in the aircraft and the results 

obtained by the method thet has been proposed in this 

thesis. 

Because of the extent of the main Drojgecu. Japtlec 

time has becn spent in investigating certain interesting 

results which arose during the experimental programme . 

This thesis, therefore, is in the nature of an overall 

survey of the main problem and must inevitably leave 

certain topics unexplored and certain phenomena unexplained
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CHAPTER II 

Impedance Techniques in Vibration 

Analysis. 

The basis of the impedance technique in vibration 

analysis is described together with the related four 

pole anelysis method and using the four pole method the 

internal impedance of a mechanical generator is developed, 

The concept of rendom excitation in vibretion analysis 

is briefly described together with its application to 

the measurement of system impedance. Non-linear systems 

are discussed. 

2.1 Notation, 

The following notaticn is used throughout this 

chapter: 

c Demping coefficient 

ft Force 

4 (-1) 

k Spring stiffness 

m Mass 

+ Time 

(Tea; Force trensmissibility betweer stations i and j 

(tS) Displ. ry C4 Ue tt 
ij 

   



  

  

Di Displacement 

Z Impedance 

O45 52% 5? 

May Four pole parameters 

[355] Four pole matrix 

w Excitation frequency 

The following superscripts are applied to ty.eoand Zs 

B Blocked condition 

F Free condition 

The following subscripts are applied to Z. 

ad Impedance of a damper 

& a generetor 

m 11 7 mass 

S tt tt spring 

abey Impedance between stations i and A 

The following notetion is used in the random analysis. 

B Bandwidth 

G,,(n) Power spectral density of x at a frequency of n c/s 
_ 

G,(n) An approximation to GCA) 

Ge(n) Cross spectral density between x and 2 

Cp (n) Co-spectral density between x and f 

Q-¢(n) Quad-spectral density between x and f 

n . Frequency ¢/s 

p(x) Probability density
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v Averaging time 

IX} Absolute average value of x 

x Mean square value of x 

X Mean value of x 

ais Root mean squ@re value of x 

* An Incremental bandwidth 

O Standard deviation 

0.2 HiSsporical introduction. 

In order to analyse the vibrstions caused by the 

excitation of an clastic system by a sinusoidal force, 

the clessical method is to apply Newton's laws of motion 

tO the system and to solve the resulting dvetersnttal 

equetions. © investigete the effect of natural or 

forced vibrations requires a study, of the complimentary 

function or the particular solution of the differential 

equations respectively, and , in the event of changes 

being made to the mechanical system under consideration, 

the equetions of motion must be reformulated and solved gain. 

At the beginning of the present century electrical 

engineers, when analysing linear circuits carrying 

alternating currents, began to consider the ratio between 

the sinusoidal voltage ocross it this resulting sinusoidal 

Gunceet flow between a pair of terminals. Since the circuits 

were linear the voltage current ratio was demonstrated to te 

independent of amplitude and 2 function of frequency only.
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From this beginning an extensive theory was built up in order 

thet oll forms of passive circuit clements could be’ conneeted 

together and the voltage current reletionship determined for 

the network. fhis ratio was termed the network impedance. --s 

Subsequently the mathematicol similsrity between acoustic and 

electrical circuits was observed and clectrical circuits | ‘a 

were used as acoustic analogucs and anolysed by impedance 

techniques (153% Leter, control engineers adopted the 

electrical analogue approsch to assist in the solution of 

control problems and finelly mechsenical cngincers used 

electrical snslogues to analyse torsionel and lumped parameter 

systems, (2) & (3). A notable step forwerd in the carly 

1940's was the application of impedance methods to 

mechanical systems without recourse tedectrical anslogues (Ly. 

2.5 Impedance 

Impedance is the sinusoidal foree required to produce 

a unit sinusoidal response in a lincar elastic system. The 

response chosen may be cither the displacement, velocity or 

accelcration response depending upon the type of problem and 

the frequency of the applied force. Ata low frequency the 

displacement response form of the equation is often chosen 

since at low frequeneies the stress induced into the systom 
is proportional to displacement. At a higher frequency stress 

tends to become = function of velocity and velocity response 
is of greater significance; the impedence based on velocity 

response has a further advantage in that it can be - 

x A list of references is given on pege 173.
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represented by a simple electrical analogue. When 

inertia forces are the predominant cause of excitation, 

such as in balancing problems, impedance besed on 

acceleration response is frequently favoured perticulerly 

because at all but the lowest frequencics of excitation 

the ecceleration response is more easily measured. It 

can be shown that conversion from one form of impedence 

to another can be achicved by multiplying or dividing by 

the factor jw. 

Instead of considering the ratio of force to 

response, the ratio of response to torce can be used and 

is termed mobility. Depending upon the particular problen, 

whilst either the impedance or mobility approach can be 

used to obtein the solution, one will always require less 

algebraic manipulation and numerical work then the other. 

At the present time no standard nomenclature exists for 

the description of the various force to response and 

response to force ratios, but throughout this thesis the 

ratio of force to displacement response will be termed 

impedence. Thus impedence Z is given by 

Z= £/x 4 (2.2) 

where f and x are complex quantities making Z% complex 

also. The real part of Z is termed the stiffness or 

resistance and represents the stored energy, the imaginary 

ert is termed the damping or reactance and represents Pp J 
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the dissipated energy. In the analysis which follows it 

is assumed that the excitation is sinusoidal and the 

system is linear. In Sections 2.9 and 2.10 the method 

is extended to include the effect of non-sinusoidal and 

| rendom excitation and the effect of non-lineerities is 

discussed in Section 2.11, 

2.4 Analysis of mechanicscl elements. 
  

In a mechanical system the prinary passive 

elements are masses, springs and dampers; the active 

elements being force and displacement generators. Springs 

end dampers are ‘double ended' elements and in a network 

must always be placed either between two other elements 

or between one other element and ground. The element 

displacement must be meesured (Fige Sula) with one end 

blocked or alternatively the displacement must be 

measured across the clement, which is an exact 

equivalent, since the springs and dampers are assumed to 

be ideel and without mass. 

Spring.: Equation of motion f = Kx 

Py Pak Le (2.2) s 

A Cc Damper : Equation of motion f 

hte f-oxp: Jot and xe X exp. jw’ 

xX =. Jox Exp. jot 

i 

   



  

  

  

atin 

f cxp: Jot = Jocx exp. jot 

ea Z f/x = Jwe 2,5) a 

The displacement of oa mass must be measured 

relative to en inertinl frome of reference; hence a mass 

is essentially 'single ended' and must have one end 

connectcd to another clement and one end free ss show 

18. FER, CVS Oey 18) in <a physical system, a mass is 

placed between two springs, then for the purpose of 

anelysis the mass must be considered to be placed in 

parallel with one spring and the spring-mass combinetion 

must be connected in scries with the other spring. 
oo 

Mass 3; Equetion of motion f = mx 

  

if: 2 2 f:exp jot and x = x exp jut 

2 : 
x = Oe CX). Fut tt 

f exp jwt = - wn Cx 00 

= £/x = - mw (2.4) N
 

m 

An elternetive way of considering the impedence 

of passive clements is to introduce the CONCEP Of 

blocked and free impedance. The impedance of an clement 

; : 3 : B ; with the output end blocked is written Z° and with the : 

output end free, Z. This notation is particularly 

useful in the four pole method of anolysis (Section 2.6). 

Applying this notation to the passive clements just 

evaluated gives:- 
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: B 
Hora ppring: 2) = Ke= 2. (2.5) 

F | 
Z, = 0 (2.6) 

For a damper ee jwe = Z (2.2) ch Sy WO a _ _ a 

EF 
Z4 = 0 (2,8) 

For 2 mass Za tends to infinity (27.9) 

ir 2 
Z, =~ mw” = 2 (2710) 

Hence, when springs and dampers are placed in 

a system between elements or with one end grounded it is 

the blocked impedence that is effectively used in the 

cnelysis; for a mass with one free end, the free 

impedence is used. Providing these restrictions are 

observed the superscripts F and B can be dispensed with. 

Pe) Networkvanaly 

  

In order to anelyse a network of mechanical 

components it is desirsble to simplify the system. This 

can be echicved in the following manner. 

Elements connected in series : Mechanical elements are 
  

said to be connected in serics when the same force acts 

through all the components at any instant. 
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Rofering tO Pies cen 

2 2.2/2 % £/&, + X5 + Xz) 

a 1/Z = (x, + X_ + xz)/f 

. L JL 2 AS ek Sa e+ 2+ 6 
Z 25 40 a3 

or in general if there are n elements thon 

1/Z = 3(1/Z,,) where r=1ton f2011) 

Note : A mass cannot be connected in serics with other 

clements unless it be placed st tho free end of a series 

for the reason previously given. 

Blements connected in perellel : Mechenical clements 

are said to be connected in parallel when all components 

have the some displacement between their input end output 

ends. 

Refering to Fig. 2.2b 

£/x = (f, 4 i + f5)/x N tl 

<* BZD, 1 + Z fae Zz 

or in general if there are n elements then 

Z=.4 Z, whore r.= 1 ton (2412) 

Using the perallel ond series connection rules, 

networks con be simplified to dctermine tho impedance of 

the complicte system. In order to further assist in the 

 



  

obs 

analysis of mechanical systcms, 2 number of nctwork 

theorems used in electriccl circuit ansalysis have been 

adapted for usc in the anelysis of mechanical systems. 

2.6 Four pole parameters. 

A method of vibration analysis closely related 

to the impedance technique is the four pole parameter 

method. This method is based on the fact thet the 

relationship between the input and output forces and 

displacements of a linear system having a single input 

point and a single output point can be given by 

wt as 654%. + 512% | 

2 515) 
x, = O54% 5 + 20% | 

where Pi2 X4 are the input conditions, Pos X, are the 

output conditions and the positive direction of force 

and displacement is defined as the direction from the 

input point to the output point. The so-called four 

pole parameters O14? Oro» etc, are defined by this 

pair. of equctions 

Using matrix notation 

Aria 2 fy lito 
i (2,31) 
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This may be written in the form 

4 If the output is blocked x. = 0 2 

fs = 544%, 

ay» S555 

es ee OB. 2B Hence 644 = (f,/f,) = I/(Tp) 55 

2B 2B and 65, = (x,/f,) = 1/275 

where the superscript 2B indicates that station 2 (the 

output) is blocked. 

If the: output is free ff. = 6 2 

Py = 515% 

y= Pon%o 

OF oF Hence 610 = (£5 /x5) = 255 

OF _ oF and S59 = (x, /x,) = U/(T 55 

where the superscript 2F indicates that stetion 2 (the 

output) is free. 

  
 



    

It can be shown thet the force end displacement 

transmissibilitics in opposite directions ere equel. 

Wo ork eB ence (TL)I5 = (Te) 54 

If it is defined that the Stotion to which the second 
cubsceri_t refers is blocked in the force tronsmissibility 
term «nd free. in the cispl-cencnt trensmissibility term 

then the superscripte F and B need not be used, 

Hence (Ti+ = (Te)oy 

It can also be shown that the trensfer impedance between 

two stations in opposite directions is equal. 

2B 1B B oF Le F Hence 255 = 254 = Z50 and 255 = 254 = 219 

Summarising, 

644 = /(Te)45 = TACT Isy (2475) 

O55 = W(Te)o4 = U/(TL)45 (2436) 

645 = a (2527) 

oo. ef (2.18) 21 ie 

Thus the generalised four pole poerameter matrix is 

I(T) 54 in | 
(2.19) 

L/a Pd 
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The perameters may be evaluated for mechenicel elements 

either by supstituting in the basic equations or by 

using the generalised definitions for O49 S45 CEC ¢ 

This gives the following results:- 

  

e a 

Mass: 1 —mu° 
(2420) 

0 4 

Spring:[1 0 
to .24 

1/k 1 | 

jo 7 

Damper;:}|1 O 

(2422) 
1/ jwe 1     

ée7 Network snelysis using the four pole method, 
It hes becn shown in Section 2,5 how systems can 

be simplified by using the method of series end paralicl 

connexions to obtain the system impedenee, A similar 

technique can be used to determine the four pole 

porameters for the system es follows, 

Elements connected in scries: The output force end 

displacement of the first element is equal to the input 

force end displacement of the second element and so On, 

os in Fig. 2e5h6 
. 

Hence fy O53 O50 953 Haz Hoy Ly 

xy 6 
22 01°32 SRL ee 21 

(2.23)     
 



    

   
This can be extended for eny number of elements. The 

four pole parameter method places no restriction on the 

position of the mess clement in the system; eo mass has 

an input point snd an output point in common with ell 

other elements when this mcthod of anclysis is used. 

Elements connected in parallel: If elements are 

connected as shown in Pies 2450; then 42 

As 26 if 

11/591) p 

2(1/65,), 

C= 2 (550/854) 

B i 

r 

l[In this case r = 1 to 3 or generally r = 1 to n where n 

is the number of elements] then it con be Shown thet for 

the combined system 

Oo, = A/B Ce oe 

O19 

{ 

@iC:- B*)/a) 5, = C/e | 

208 Mechanical genecretors. 

A mechanical generator consists of. two basic 

components, an idenl generntor end an elastic system. 

The ideal generator exerts a sinusoidsl force or 

displacement at the input of the associated Clastic 

structure, as shown in Fig. 2.l. 
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- 2 9 Hence of, = 6,,f) + 65%, (2.25) n 

g = So,f, + 655%, (2.26) be {| 
where the positive direction of force and displacement 

is defincd as the direction from the input of the elastic 

structure to the output. 

carroanging the equetions gives 

f, = (1/6,,)f, - (6, 5/644), (2,27) 

L 5 = (1/6,, )x, - (859/65 )X, (2.28) 

It is not normally possible to separate the mechenical 

source into its basic components and therefore it is 

desirable to describe the generator in terms of the 

qguentitiecs that can be measured, the force and displacement 

at the output point, 

Consider an ideal foree gencrator:- 

If the output is blocked xX, = O and f, = i 

From cquation (2.25) f. = 6..£3 pea ‘ Ss iio 

Substituting in cquetion (2.27) 

= ; fe ty +. (yg/5i 48, (2.29) 

If the output is free t, = © cand XxX = - 

From equation (2.25) f. = 6.x" a 2 

Substituting in equation (2.27) 

F \ t= (85 5/654) %5 - (645/644 )%, (2430)
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Consider an ideal displecement generator:- 

If the output is blocked x, = 0. and a. = a 

: ; B From equation (2.26) KX, = 65,f5 

Substituting in equation (2.28) 

hee B g, & 2 =f. s (655/554 )X, Co 31.) 

if the output is free f_ = 0 and x = x? ; : ° O O 

7 : F From equation (2.26) Ke = 655%, 

Substituting in equetion (2.28) 

F 
fo = (859/654 )%5 - (859/654) X, (2.32) 

Prom equetions (2.25) & (2.26) 

B ae 899/851 = Zon and 615/844 = 255 

Hence for a constent force generator 

oe EF 
ron Fo 7 490% 

(2453) 
a We F 

Oo 7op*s ~. 4be% 

For a constent displacement generator 

B B 
i — 459%, 

(2554) 
B B 

Ty = 450 ~ 250%, 

If the impedance of the generator is measured, cither 

as or ee is measured depending upon the EYDe.. Of 
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exciter under investigation. 

eae F Tee cae Hence, writing 2, = 255 or 250 we have 

B 
= fo - Z xy 

(2.35) 
Decay, xt - ZX 

O 20 gO 

Eliminating fos 

a pe Ze ee P/%5 (2.36) 

Thus the internel impedance of 2 generator can be 

calculeted from a knowledge of the block foree and fre¢ 

displacement. 

2e9 Non-sinusoidal excitstion. 

It hes been previously steted that impedance 

techniques cen be uged to analyse the behsviour of a 

system provided the system is linear send the excitation 

is sinusoidal, Frequently, in practice, the excitation 

is not sinusoidal but takcs the form of either continuous, 

pericdi¢c but non-sinusoidal excitstion or continudsus 

non= periodic random excitation. The former case will be 

considered here and the Latter in Section 2.10. 

If a non-sinusoidal function is expanded in the 

form of a HWourier serics, then provided the initial 

conditions are suitebly chosen the resulting series can 

 



    

be shown to be 

i.e. $ (f) me 

© series of cosine terms, 

ty Cos wt + f5 Cos 2wt + ---~ 

Thus the non-sinusoidal excitation may be considered to 

be an infinite number of sinusoidal exciters operating 

with various amplitudes (2.3 t., etc.) end frequencies 

(w, 2w etc), 

the response of 

excitations is 

the individual 

Hence, 

frequencies w, 

% = £)/2,5 xX, 
system is a wave, having a 

$ (x) s x, Cos wot + x,Cos2wt + --- : 

According to the principle of superposition 

& systcm to several simulteancous 

the sum of the response of the system to 

excitations. 

if the impedance of the system at 

2n etc. is given by 44» Zins then, 

f,/Z, ete. and the response of the 

Fourier series given by 

Cie. 2 

If the Fouricr anelysis of the foree: and 

displacement wave forms is known, the impedence of the 

system can be determined both at. the 

also at the harmonic frequencies, 

fundamentel end 

At the higher 

harmonic frequencies, since the omplitude of the excitation 

and the response is much smaller then at the fundemental 

frequency, measurement of the impedence becomes 

progressively more inaccurate and unreliable,



    

wt = 

eelO. Random exceitation, 
  

A random vibration is one whose instantancous 

value is not predictable. The amplitude of a random 

Signol never repects cxactly but the emplitude 

characteristics of the vibration can be described by its 

probability density function in the amplitude domain 

and by infinite averages of its absolute mean, mean 

square end rms valucs in the time domain. The spectral 

characteristics of a random vibretion are described by 

its powcr spectrum, 

Power spectral density: Given a stationary random signel 

x(t), power spectrol density (PSD) is defined thus 

= 

G,(n) = STENY x; (Heb )at (2537) 

O 

where T tends to infinity and An tends to zero. In 

practice, infinitely narrow frequency intervals and 

infinitely long averaging times cannot be obtained. An 

approximate valuc of PSD can, however, be defined as 

follows: 

rs # | in yet (2.38) 

where An has been replaced by a finite bandwidth B and 

T is a finite averaging time, 

En) 2 (2.39)
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This assumes a flat spectrum within bandwidth Be 

The most commonly occurring amplitude probability 

curve is the Geussian or 'normal! density curve as 

shown in Fig. 2.5. Assuming the mean value of the 

function to be zero (ses equation(2.42)) the function 

is given by 

1 272.2 p(x) = OV (On) exp (- x {26 ) (2.10) 

The ebsolute average of x in the amplitude domain is 

given by © . 

ix} = 2| x p(x)dx 

° 

co 

ix] = STE) | x exp (- x°/20°)ax 

° 

2 2 2 2 Ix{ = ov (ony [--o" emp (3 x"/20 Se 

a. Ix] = 0 V(2/x) (2.41) 

The mean velue of x in the amplitude domain is given by 

£0 
x & x p(x)dx 

eS CO 

co 
= L Cj 2 X= srt exp: x° /207 jax 

~ oC
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X = SiCeny [- o-cxp (- x /20- ye 

ae rs O x (2.42) 

This verifies thet the form of the normal density curve 

chosen assumes the mcan value to be Zero. ® 

The mean squrere value of x in the amplitude 

domain is given by 

a ae 

ee x° p(x)ax 
as ao 

noe @ 
Se a S x" = svar | Xx exp (- x°/2o0~)dx 

- @ 

Me) 1 2 2 2 3 x° = ST (Eny| -x0° exp (-x /20*)-|-0 oxp (-x?/20 jax] 

co co 

tet. Ls. | exp (=x°/207)ax = | exp (-y"/207)ay 
- © - © 

© 0 

ue kore | exp| -(x* - y~)/207 Jaxay 

-O = 

ift. X's * Sings = Y Coes 

OO eR 

eo ree | | r exp (-r°/207)aear 

Oe 

Qn 

oO 

H
 

t! : [-0"exp(~r*/20)] [6]
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ee I = - wW(2n) 

cee 

Substituting for I in the equ-tion for x* gives 

i Sa + oN (2x) ] 2 6t 

08 Xams = 0 
(2.43) 

From equations (2.41) & (2.43), for a normal distribution 

Kame = Y(x/2)\x| for a random signel (2 ol) 

The relationship between x, inch and {x| for ea sine wave 

UB Kia = x/V¥2 ond [x! = 2x/x 

i ae = (x/2V2) |x} for a sine weve. (2.45) rms 

Detecting circuits are designed to measure ix for: @ 

sine wave but by introducing the calibration factor 

n/ov2 the detector will read the rms Value. Ee sucha 

detector is used to measure a random signal then, as 

x _ (random) (2/ftx) X amg (Sine) and { rms 

G,(n) = 2/8 = n|x|5/2B 

or G,(n) = 2 xo /BNTR 4- xe is measured on a sine 

calibrated detector. (2.16) 

Cross power spectral density: Given two stationary 

random signals x(t) and f(t) the cross power spectral 

density (CPSD) function is
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Gp (n) na C, p(n) 1 JQ,.¢(n) - (2.47) 

dh 

where C, p(n) = ol Xap (not) P jy (net) at (2.48) 

O 

mt 

ond Qxe(n) = gg] [RTE (ny tat (2.9) 
O 

The. symbol ]~~~] denotes that x(t) is 90° out of phese 

with f(t). The real part of the CPSD is the co-spectrum 

end the imaginory part the quad-spectrum,. Following 

the same gonersl anelysis as in the case of PSD, it can 

be shown thet 

  

een ee (2.50) 

and Qp(n) = 1k 1£,,/8 | (2,51) 

Relationship between input force and system response: 

It can be shown (5) that the relationship between 

the rendom force acting on a system and the resulting 

response is related as follows:- 

Gp(n) = |z(n)|*a,(n) (2.52) 

@p(n)= 2(n)G,(n) | (2.53) 

Gp(n) = 2(n)G,, (n) (2.5l4)



  

  

Expending cqustion (2.53) gives 

Cyp(n) - JQ,-(n) = [2,(n) + §2,(n)]G,(n) 

Reel part G.(x) xe Zp (n)G, (n) 

Image part - Q-(n) Z,(n)G_(n) x ui x 

if 

To calculsate both the real ond imaginary components of 

the impedance o knowledge of the displacement PSD and 

the force-displecement CPSD is rcquired. The impedance 

modulus can, however, be determined from the PSD of 

force and the PSD of displacement since from equation 

(2.52) 

{2(n)| = ¥[Gp(n)/e,(n)] (2.55) 

Rate of anslysis and statistical accuracy: When onelysing 

rendom signals to obtain ean estimate of the PSD, 

a statistical error will exist due to the finite 

bondwidth and sveraging time of the analysis equipment. 

It can be shown (6) that this crror is given by 

es o= (providing e £ 0.2) (2.56) 

The crror between the measured PSD end the true PSD will 

be = e with 9 confidence factor of 67 per cent. If 

e 2 0.2 the devintion becomes a Chi-squered distribution 

ond this must be used instead of equation (2.56). The
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onolysis equipment uses an RC averaging circuit and thus 

T = 2RC where RC is the detector time constant, Toe 

Spe (providing e < 0.2) ee = ORT proviaing > ° 

If the dete for analysis is obtained from a tape loop 

and TL, is the time length of the record, then 

‘1. kone : @ = TCI) (providing e € 0.2) (2.57) 

It can also be shown (6) that 

  

Analysis rate ‘f ie and as £ <r 
ae 
B 

Analysis rate ¢ -- (2.58) 

2.11 Effect of non-linearities. 

In a lincar system impedance is defined ug the 

ratio of the applied force to the resulting response, i.e. 

fos: 4p 0P.. 26. f/x 

where Z is complex and mey be written Zp + jZye 

In a non-linear system, e.g. f = Ax?, 8 unit 

increase in force will not proguce the same displacement, 

but will depend on the initial velue of f. Under these 

circumstances impedance at ony point along the force-
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displacement curve is defined as the local ratio of 

chenge in force to chenge in displacement, i.e. the 

gredicnt of the force-displecement curve, df/dx. This 

definition ¢ impedence is consistent with that used in 

a linear system, since in a linesr system, as f = Ax then 

af/dx = A and the impedance is constant at a porticular 

PPequency. 

ifs force is applied to a nonlinear system, 

protiction of the response will be complicated by the fact 

that the system impedance is not constant. It will be 

shown th-t for a hydraulic servomechanism the impedance 

at a porticular frequency can converiently be measured 

or calculated for various values of valve opening. Hence 

the impedance can be expressed as a function of 

displscement, in practice a polynomial containing 

even powers of x only is obtained since the function is 

evene 

mn ee let Ze (25 + A + oF Ft See 8 x") 
n 

: 2 4 n 
+ j(b, + Dox” + b) x # os Te ) (2.59) 

where n, the order of the polynominl, is evcn. 

As Z 

ce f=[ AX + 25x°/3 + a, 2?/5 + <---- age /(n+1)] 

+jlb9x + b5x°/3 + b),x°/5 + See pb xtr/ (ns) 

(2.60)
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If the system is excited by on ideal displacement 

generator then x = x Sin otx2xsinMwt etc. 

Expanding the powers of Sin wt 

x8in7wt = x3 (~ Sin} wt + 3Sin wt)/4 

Sin? wt r x? (Sinb wt - 58in Zot + 10Sin wt)/16 

x Sin ‘wt = xd (- Sin7 wt + 7Sin 5wt - 21Sin 3wt + 35Sin wt/6) 

etc. 

Analysis equipment filters the force and displacement 

Signals, rejecting all harmonics ond passing the 

fundamental only. 

Hence, x3 8in7wt filters to x3 (3/4. Sin wt 

Sint filters to x2 (5/8)Sin wt 

xiSin'wt filters to x! (35/64) Sin wt 

end, providing r is odd 

  

q 

x Sint wt filters to ee —- Sin wt 

. [(r+1)/2]$[ (r-1)/2]!2 
where the symbol ! denotes factorial. 

: Ake x n+l 

4 f.2 hee Se x/l + a %2 /8-—~ ~ pees Sin wt 
Reco [(a-2)/2] ![n/2] 22" 

3, + v,x3/8--— — ae t Abe +b o% + bd) --- ————_1 2 ____ Sin wt 
oe up [(n+3/2]![n/2]!2” 

(2,61)
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As n is even, the order of the polynomicl n+l is odd, 

thus the function f is odd also. Hence if f = f,Sin wt, 

t cen be evaluated for a particular value of Xe 

Using the reversion of series technique (7) the 

force f, which, in equetion (2.60) is expressed as a 

polynomiol in x, can be reversed so thet x is given by 

& powcr series in fs The cocfficients of the power 

series are functions of Bos Bos Os Dos Dos b, ClLGe, and 

have been calculated up to the 13th term in C7} 5 SER tie 

system is excited by an ideal force generator, then x, 

con be evaluated for a particular velue of r from the 

reversed serics using similar reasoning to that used in 

obtaining equation (2.61), 

2el12 Experimental determinction of impedance. 

In 2 non-linear system the impedance ah function 

of both the cxcitation frequency ond the displacement of 

the system from the equilibrium position, so in order to 

determine the impedence of = non-lincer system, tests 

must be performed over a frequency ronge of interest and 

at vorious points along the non-linear force displscement 

curve. The frequency range chosen for this investigation, 

5 - 70 c/s, was such ns to include the range in which 

aerodynamic excitation of the control surfeces has been 
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found to occur in prectice. Two methods of measuring the 

servomechanism impedance will be used as follows:- 

(2) Excitation of the servomechenism output end: 

It has been stated thet the impedance is the sinusoidel 

forecc required to produce a unit sinusoidal displacement 

in the system. The servomechenism impedance of interest 

is that measurcd at the output end of the servomechanisn, 

this being the ‘input point' for the purpose of impedance 

measurement, whilst the servo valve input is the ‘output 

point' and must be blocked. Because the ‘input point! 

is at the servomechanism output end, lorge force 

excitation will be required to investigate the full 

non-linear ronge of the system. 

(bo) Excitation of the scrvomechanism velve input: 

An alternative method of obtaining the impedance of a 

scrvomechanism is to consider the servomechanism as a 

mechenicol gencrator and determine the impedence by the 

application of equation (2.36). This method has the 

adventage that the input to the mechanical generator 

is the input to the servo valve, and only a small force 

is required to actuate the velve. The disadvantage of 

this method is thet the analysis developed in Section 2.8 

is bascd upon the assumption thet the system is linear. 

In Chapter IV the limitations and inaccuracies of this 

assumption ere described more fully.
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It has been stated thet the impedance of a 

non-linear system is the local ratio of the chenge in 

force to the resulting chenge in displecement at the 

point on the force displecement curve under considerstion, 

i.e. the gradient of the curve, df/dx. Therefore, to 

determine the impedance of the system under any particulsr 

set of conditions it is necessary to excite the system with 

infinitely sm-l1l oscillstory forces or displacements. 

In practice, however, there is a minimum size of 

oscillation which can be controlled or messured. The 

concept of exciting the system using small oscillations 

hes an application to both the experimental ond 

theoretical determinetion of the impedance of © non-linear 

system. The method, that of smell perturbations, is used 

to anslyse the servo system end is described in Chapter IV. 
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(A) FOUR POLE ELEMENTS IN SERIES 

  

  

  

Bi)       

  

  

  

      

  

  

  

    
          

x, oS X5 

F, ss F, 

62s 
i = 
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CHAPTER III 

The Test Rig, Instrumentstion 

and Analysis Equipment. 
  

The design details of the test rig and the 

associated instrumentation, based on the requirements 

outlined in the previous chaoter, are described together 

with the modifications mzde to completc the various parts 

of the research programme. A description of the principles 

of operation of the analysis system is given. 

3.1 Test rig for the measurement of the impedance of a 

servomechenism by excitation of its output end. 
  

A versatile test rig was designed in order thet 

the complete experimental programme could be peri ormed. in 

one besic rig. The rig, as arranged for the measurement 

of the impedance of the servomechsnism in a rigid 

environment, is described in this section sand the 

modifications to the rig necessary for the completion of 

other aspects of the experimentsl programme are described 

in Sections 3.4 & 3.5. 

To eliminate any structural flexibilities giving   rise to structural feedback and other undesirable effects, 

the test rig wes made extremely rigid. The general 

i  



  

sd 6Fae 

arrangement is shown in Fig. 3.1, the verticel position 

of the servomechanism being chosen purely in order to 

conserve floor space, the vibrator sand servomechanism 

functioning equally well in the horigontal or vertical 

plane. The main frame was constructed of two 2 inch 

thick mild stcel plates, at the top and bottom of which 

anchorage blocks were fixed by means of fitted bolts 

passing through the blocks and plates. Additional fitted 

bolts were passed through the sides of the main frames, 

the frames being held apart by spacer tubes. The servo- 

unit under test wes fixed to the top anchorage block (the 

centre section of which could be lifted out to facilitate 

the easy removal of the servo) by means of a latch which 

inserted into a recess in the piston rod, the salient. 

points are shown in Fig. 3.2. 

The vibrator was connected to the servomechanism 

by means of a rigid link and to avoid the possibility of 

the vibretor supplying a sideways component of force to 

the servomechanism a theodolite wes used to check that 

the vibrator, connecting link and servomechanism were in 

a straight line and in the vertical plane. The centre 

of one of the latch support pins was taken as the 

reference point and the centre line of the Servo, 

connecting link and vibrator were positioned vertically 

below this point. Since all large forces were reacted
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within the — frame of the test rig, it was not necessary 

to secure the rig to the floor. The rig stood in an oil 

drip tray. 

The initial arrangement of the servomechanism 

under test is shown in Fig. 3.3a. The valve was connected 

to a rigid cantilever but on completion of Test Series I 

the velvé was reversed and connected to a cross ber which 

wes clamped rigidly to the servo piston rod. This 

arrengement had the advantage that the earthing points 

of the velve and piston were brought together so that 

any movement of the latch holding the servomechanism to 

the top of the anchorage was of no consequence. All 

further test series' were performed with the vaive fixed 

in this manner as shown in Fig. 3esvs 

A hydraulic vibrator was used to excite the system 

for the following reasons:- 

(a) Force levels of up to 5000 1bf were readily 

available. 

(b) Suitability for work in the frecuency range 

required. 

(c) The ease with which a controlleé static 

tensile or compressive force could be a plied using force 

feedback control. Alternatively, a controlled positive 

or negative movement of the output end of the 

servomechanism could be,obtained using displazement 

feedback control.
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(d) The ease with which the magnitude of the 

constant force or displacement oscillation could be 

controlled by force or displacement feedback. 

(e) The relatively small physical bulk of the 

vibrator mede it suitable for installation in the test 

Bigs 

The vibrator consisted of an equal displacement 

jack controlled by an electro-hydraulic flow control 

servo valve. The valve passed a flow which was 

proportional to the signal input and hence the actuator 

velocity was proportional to the signal input. The 

vibrator was powered by a hydraulic punp unit 

incorporating filters, cooler, accumulator and controls. 

3e2 Instrumentation end associated electronics. 

Measurement of force: The force which the vibrator applied 

to the system was measured by means of a link load ce lal, a 

as shown in Fig. 3.4. The cell, consisting of four 

unbonded strain gauges forming a Wheatstone Bridge, was   
energised by a DC supply. Initially DC power packs of 

verious types were used for this purpose but when the 

vivrator was wcrking under force feedback control, 

instability was experienced caused by small ripples on 

the DC level being fed back and amolified. The problem 

waS overcome by using dry batteries to energise the load 

 



  
  

cell. The signal from the load cell was enplitiea by 

a DC pre amplifier and filtered ; the maximum frequency 

of excitation of the system was 70 c/s and high frequency 

noise was filtered from the system by a simple RC filter. 

The force signal could be connected to the feedback 

circuit end/or the anelysis equipment. For analysis 

purposes a high sensitivity signel was required but since 

instability could occur if the feedback Signal sensitivity 

was excessively high, the feedback signal wes taken from 

the centre tap of a potential divider, thus reducing 

its sensitivity. 

Measurement of displacement: The displacement of the 

jack body relative to the jack piston rod wes measured 

by a Linear Variabie Differential Transformer, Fig. 3.4 

shows the instrumentation block diagram. 

This transducer, in which a core moves relative 

to two sets of transformer windings, thus varying the 

degree of coupling between the windings, has no physical 

contact between the moving and fixed parts. The resolution 

of the transducers was dependent only on the quality of 

the associated electronics and hed no inherent limit as 

would be the case with a potentiometric transducer. One 

winding of the transducer was energised by an oscillator 

and the signal induced into the other winding was 

demodulated to give an output proportional to displacement.
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The signal, which wes filtered to remove any high frequency 

noise by a simple RC netvork, could be connected to the 

enalysis equipment and/or the feedback circuit via a 

potential divider, 

3.3 Control of the hydraulic vibrator. 

The electro-hydraulic Moog valve in the vibrator 

was driven by a servodrive amplifier controlled by a 

Signal generator together with a f:cdback Signal as shown 

in Fig. 3.4. The feedback signal was proportional to 

either force into, or displacement of the system under 

test. The gain (i.e. the alternating signal output) and 

the bias (i.e. the steady signal output) of the amplifier 

were variahle, so that a steady load or displacement, 

together with an alterneting load or displacement, could 

be applied by the vibrator. 

3.4 Modification to test rig and instrunentation for 

measurcment of impedance by excitation of the valve   
input. 

To measure the impedence of the servomechanism by 

exciting the valve input es proposed in Section 2sleb,- the 

test rig was modified as shown in Pig. 3D. A cross 

member (9 in. deep X 3 in. thick) was securely fixed 
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between the mein frames of the rig using the existing 

fitted bolts and locsted by spacers. For the blocked 

output tests the servomechenism output end was rigidly 

connected to this cross member via a load cell and for 

the free output tests the load cell was removed, 

An electric motor, which w-s mounted on top of the 

main frame, drove a lay shaft by a chain drive, At one 

end of the lay shaft wes fixed an eccentric, the throw of 

which could be adjusted (see Fig. 3.6), which was 

connected to the jack valve input by means of a pair of 

long rods passing through the upper anchorege block. 

Since the connecting rods were long compared with the 

cccentricity, the valve was excited sinusoidally. 

The speed of the motor was varied by a controller, 

the controller itself being driven so thet the motor 

spped could be slowly increased over the frequency range 

of intcrest. A tachogencrator, which was coupled to the 

lay shaft, gave a DC output proportional to the lay shaft 

speed, i.e. excitation frequency. This proviéed a reference 

Slane os orn. programming the analysis system to keep 

it in synchronous with the excitation, see Section 3.7. 

The instrumentation block diagram is shown in Fig. 3.7. 

Displacement transducers were arranged to measure the 

valve input displacement end the output end displacement 

during the free output tests.
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5.5 Modificetions to test rig and instrumentation for 
  

measurement of the impedancs of s system consisting 

of a_servomechanism in a flexible e.vironment . 

The test rig and instrumentation were modified 

in the following manner to investigate the effect on the 

y system impedance of the following flexibilities. J 

Output end flexibility: The modified test rig is show 

in Fig. 3.8, the rigid link connecting the load cell and 

servo of the original arrangement having besn repleced 

by a beam type spring. This particular design of spring 

was chosen because in moving the end shackles along 

the beam the stiffness of the spring could we varied. An 

inductiv: type of transducer was fitted into the base of 

the vibrator in orcer that the displacement of the spring 

servo system could be measured in addition to the 

measurement of the displacement of the servomechanism 

atone, (Fig. 3.9). 

Anchobage flexibility: To investigate the effcct of 

anchorege flexibility on the system impedance, the tes 

rig wes modified as shown in Fig. 3.10. The servomechanism 

was connected directly to the load cell and the piston 

rod was connected to earth via the beam spring. The 

instrumentation is shovm in Fig. 3.11, the displacement 

trensducers being arranged to measure the system and 

servo deflexion.
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Valve input flexibility: For this investigation the valve, 
  

instead of being fixed; was connected to the rigid 

structure by meens of a coil spring, as shown in Fig. 3.12. 

The instrumentation is shown in Fig.413. 

3.6 Impedance analysis using a transfer function enalyser. 

This cquipment was primarily designed to measure 

transfer functions. The system consisted of three units; 

a decace oscillator, a reference resolver and a resolved 

components indicator, as shown in Fig. 3.14. The 

function of the resolved components indicator was to 

compare the alternating component of the signal to be 

measured with the four phase reference signal generated 

by the oscillator so that the test signal could be 

measured in amplitude and phase relative to the oscillator 

reference signal. The signal to be measured contained 

harmonic distortion and was filtered by using thermocouple 

wattmeters. The filtering was achieved by connecting the 

reference signel to one arm of the thermocouple bridge 

and the inphase or quedrature component of the test 

Signal to the other arm; it can be shown theoretically 

that the wettmeter will respond to the fundamental 

frequency ofthe input. signal oniy. In precticee a Higa 

degree of harmonic rejection is achieved, better than 

ho db for related and 60 db for unrelated harmonics. The
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complex result was displayed by the wattmeters in certesian 

form but using the reference resolver this complex 

result could be converted to the polar form, the function 

of the reference resolver being to'rotsate' the four phase 

reference signal by adding the same angle to each phase. 

This form of presentation was used during the 

experimental programme in order to facilitate the easy 

division of the complex load by the complex displacement. 

servo drive amplifier in order to excite the system under 

test. Since the force and displacement signals could 

c
t
 not be measured simultancously and the phase of each 

Signal could only be measured relative to the oscillator 

reference signal, measurement of impedance by using this 

type of analysis equipment was a relatively slow process. 

Impedance analysis using autometic mechanical ° 
- 

impedance analyser. 
  

Due to the limitetions ofthe transfer function   analyser when used for imoedance measurements, i.e. slow 

acquisition of data and the necessity to perform 

calculations upon this data to obtain impedance, an 

automatic system for measuring impedance wes obtained. 

The system chosen, a block diagram of which is shown in 
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Fig. 3.15, was built around the concept of trecking 

filters, that is, narrow band filters, the centre frequency 

of which was tuned automatically to the frequency of 

excitation of the system under test. The filters used 

had bandwidths of five cycles although plug-in filters as 

narrow as 1.5 cycles were available. The Shape of the 

filter is shown in Fig. 5 viGs the: filter heving a shape 

factor of four. The rejection of the first harmonic 

frequency using one of these filters is shown 1m Paes Ae 

At 5 c/s centre frequency a rejection of 22 db was 

Obtained, the rejection improving to better than 60 db 

at a centre frequency of 10 c/s and above, 

The force and displacement Signals were connected 

to a pair of logarithmic voltmeter converters and a pair 

of trecking filters (dynamic analysers) functioned 

within the servo loops of the logerithmic converters. 

This arrangement had the advanteges thet the dynamic 

analysers operated on a Signal which was relatively 

constant in amplitude and the logarithmic converters 

operated on ae clean sinusoidal Signel thus giving DC 

Signals proportional to the filtered input signals. The 

dynamic analysers developed constant frequency (100 ke/s), 

constant amplitude phese coherent Signals which were 

connected to the phase meter. The phase meter operated 

very accurately at this one particular frequency end gave
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a DC output proportional to the phase difference between 

the input sipneis. 

The outputs of the logarithmic converters, being 

DC proportional to the logarithm of their inputs, were 

connected to the méster control unit. The function of 

the master control unit wes to perform any differentation 

or integration required, depending upon the form of the 

input signals and to give a DC output proportional to 

the difference between the two logarithmic input signals. 

This retio wes the system impedence, transmissibility or 

mohility depending upon the input signals. A sweep 

oscillator spouses an excitation signal to drive the 

servo drive amplifier, the oscillator being connected to 

the servo drive amplifier via an amplitude servo monitor. 

The amplitude servo monitor continually veried the 

amplitude of the input to the servo drive amplifier in 

order to maintain the force or displacement signal level 

constant by compering a feedback with the output from the 

sweep oscillator; the feedback signal contained the 

fundamental frequency only, having been first filtered 

by a dynamic analyser. The oscillator also provided a 

sinusoidal reference signal for the three dynamic   
analysers end a DC signal proportional to the logarithm 

of the excitation frequency for the master control unit 

and the Y¥ axis of the XY plotter. The DC outputs from 

the master control unit and the phase meter were connected 
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to the X axis of the “Y plotter via a Sampling unit. tne 

unit sempled cach signel and connected it in turn to the 

plotter for a period of about 5 seconds. The oscillator 

could be programmed exturnally by a DC signel proportional 

to frequency. 

3.8 Analysis of random sipnals. 

The analysis system is show in Figs 3.26 i tie 

form of a block diagram. A random Signsl generator, having 

the facility to generate either a wide band of white 

noise or white noise of specificd bandwidth and centre 

frequency, was used to drive the servo drive 
and excite the system, 

amplifier 

Although the input to the servo 
drive amplifier wos a pure white noise up to a frequency 

of 20 ke/s, due to the attenuation of frequencies much 

above 100 c/s the system was not excited by a pure white 

noise. The force and displacement Signals from the 

transducers were recorded on en FM tape recorder and to 

anelyse the recorded signals the Signals were replayed 

on to an endless tepe loop. The recorder end loop deck 

were not compatable and thus it was necessary to 

demodulate the FM recordings and then re-record onto 

the loop deck at a different carrier frequency, The 

Signals were then played continuously from the Loop 

deck and after demodulation connected to a narrow band
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analyser. The bandwidth, sweep rate and averaging time 

constant of the enalyser could be adjusted independently 

-n order that optimum analysis conditions could be 

azthieved. To analyse random signels nsrrow band analysis 

with slow sweep rates and long averaging time was 

roquired, as shown in Section 2.10. The output from the 

anelyser was connected to one axis of an XY plotter. The 

analyser also gave a DC signal output proportional to 

the instantaneous frequency of the analyser. This Signal 

was connected to the other axis of the XY plotter in 

order that a plot of a signal ageinst frequency could be 

obtained. 

3.9 Harmonic analysis. 

A similar system to that described in the previous 

re was used for the harmonic analysis of the Signals. 

The -system under test wes excited by an oscillator and 

the output Signals recorded and transfered to the loop 

recorder: The, signals were analysed by the narrow band 

analyser and the harmonic anelysis was plotted on an 

XY plotter. Because the signals to be analysed were   
periodic the analysis sweep rate wes far more rapid than 

was the case when anelysing random Signals. 
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CHAPT?R IV 

Theoretical Analysis of a Hydraulic 

Servomechanism. 

The impedance cquation for both output end and 

valve input excitstion of the servomechenism is derived 

from considerations of the internal hydreulic pressures 

and flows. Approximate valucs of flow coefficients ere 

obtained and the effect of Coulomb and viscous friction 

analysed. Using the appropriste values for the system 

parameters, the theoretical impedence of the servomechanism 

is evaluated and the results discussed. 

bod Bonet ton, 

The following notation is used in this Chapter: 

A Cross sectional crea of jack piston. 

- Valve flow coefficient 39/dE. 

Cy Valve flow coefficient 20Q/9P,,« 

Cap Leakage coefficient (around jack piston) dQ ,/dP 

Cop “Leakage coefficient (out of jeck) 4q,/aP,, dQ,/aP 

C., = Cy oa Sie + Cop* 

c Viscous damping coefficicnt. 

Ey Initiel or boundary value of E. 

EF Coulomb friction force,  



  

e
 

as
 

K 

fo 

W 

ce) 

wble 

4(-1). 

= AW. 

= Vw/en. 

Leakege constant (sround jock piston). 

Leakoge constant (out of jeck). 

Valve flow constant. 

Mess of moving parts of jeck. 

Bulk modulus of fluid. 

Leakage around piston out of No. 1 chember. 

Leakage oround piston into No. 2 chember. 

Leakage from No. 1 chember. 

Leckage from No. 2 chamber. 

Supply pressure. 

Time. 

Swept volume of jack. 

Energy dissipoted/cycle. 

Initiel or boundary veluc of Xe 

Impedance, 

Impedance of a particulsr system. 

Impedance of a servomechonism with en impedance 

Clement in parallel with it. 

Impedance of servomechenism unit. 

Excitetion frequency.
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Im the following notation the upper case letters 

(left hand column) refer to the steady st»ste condition, 

end the lower case letters (right hand column) refer to 

the small perturbation about the steady state condition. 

Valve error or opening. ty
 oO 

iF if Applied Torce in the darection of Xoe 

® Y Flow into one side of jack. (No.1 chamber) 

Qo Ay Flow out of other side of jack. (No. 2 chamber) 

Pi Py pressure im No. 1 chamber, 

Py Po Pressure in No. 2 chember. 

P, Py Pressure drop across jack piston, (P, - Py). 

roe Total pressure drop across valves, (P, - P,)s 

xX; X45 Input displecement. 

a Xo Output displecement. 

4.2 Introduction end historical survey. 

The equations of motion for © hydraulic scrvomechanism 

of the four way velve end jeck type have been formuletcd 

end solved in several published pepers. A method frequently 

used to solve the non-lincar equstions is to lincrrise 

them by considering small perturbstions about o steady 

state condition. The method woes employed by Conwny and 

Collinson (8) and Harpur (9). Harpur included the effect 

of oil compressibility and developed the equations of
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motion into the impedance form as well as the more usual 

response equation. Sung end Wetanabe (10) followed 

Harpur's approach but expended the equetions by the 

inclusion of various leakage effects ond internal 

friction, Williams (11) obtained and solved the equations 

of motion using the same method as Harpur but included 

the effect of oil momentum forces on the valve. Glaze (12> 

formulated the equetions of motion and included the 

effect of Coulomb friction and leakage, but solved the 

equetion using on analogue computer. In two recent 

pepers Lambert and Devies (13) & (14) investigoted the 

response of a servomechenism connected both rigidly and 

flexibly to an inertial load. The theoretical esnalysis 

of the system which follows is besed on the work of 

Harpur with refinements suggested by Sung and Watanabe. 

4.3 Analysis of a hydraulic servomechenisn. 
  

In the analysis it is assumed thet the scrvomechenism 

is of symmetrical design and there is leakege around the 

piston and out of the jack. The velve has a small 

amount of overlap, i.c. there will be no leakage due to 

under Lap. 

Leakage effects eround the velves have been 

neglected since the enalysis of these leakages is very 

Wh ie Leyes Qe



  

  

much dependent upon the geometry of the particular velve 

uscd. It is assumed thot the sitoply pressure is constant 

end the return pressure is zero. 

Consider the cffect of compressing fle. OF bulk © 

modulus N in e« closed chembcr. 

By derinition, 

N = - V dP/av 

1 
Differentiating w.rct: time, 

SY See 
dt N at 

With reference to the notation defined in Section l.1 

end the diagram of the servomechanism, Fig. h.1, 

Flow into jock through valve Q, = $1 (EB, 2,9 (1) 

Flow out of jeck through other velve Q = bo (Ee Py 

HLOW ImGoO -j2CK 

= (flow to compress fluid confincd to one side of jack) 

+ ( flow corresponding to jeck velocity) 

+ (leakage flow across jack Q. 

4 V, aP, AX, ce By ee ee a 
where OE =D a ee ZS Os j 
wher ss b 41 (Py Py) 6 5 (P5) 

and G4 = $5 (Pz)



  

  

Sea 

Similarly flow out of jack may be written as 

Vp oP, ax. 
Sa FSW cae to eae 40 7 (lt) 

7 Spa { pat — ) = i whe re Q50 bso(Py Py) o(P5) 

i Cae 

The small perturbetion technique is based on 

an approximation obteined from a Taylor scries cxpansion 

of a function. For example, if SY is a small change 

im: Yo then 

2 
#iv a oY) = e(y). + ovet(y) + OEen wy) 

Neglecting higher terms 4 

f(Y + OF) = TY) + bre' (Y) 

It is assumed thet although Y is not really eo constant 

it verics so slowly that it may be regarded as a constant 

The steady state term is f(Y) end the small perturbation 

term is 6Yf'(Y).. In this term f'(Y) is assumed constant 

end thus the perturbation term is a linear function, in 

5Y. Applying this technique to equations (4.1), (4.2), 

(4.3) ond (4.4) and using lower ense lettcrs to denote 

incremental quentities (i.e. y = oY) we have , 

From (4.1) 

09 aQ 
a mak eae es Q, + a, = $,(E,P,) + ae Pi eee e (4.5)



  

and from (4.3) 

  

iP a V at 

a ee ay 744 40% N at 

Cx ag. aQ 
i pate & ‘ 

+h eae eae Pe at (4.6) 
J 

Eliminating the stoady state torms from cquetions (4.5) 

and (4.6) we heve 

  

i oe. 1 oe (4.7) 1 

Ve dO, dQ oe ee =o3. and a oe dP, oF dP, "y 

(4.8) 

Similarly the small perturbation flow out of the other 

side of the jack becomes, from equetion (4.2) 

  

O25 O25 \ 
7 ee a?) 

and from equction (4.4) 

V GO. dQ 
eh 5 ti ee aia | 702 

a5. 3 = Ry Po A ae, aP ee 

(4,10) 

Since the servomechanism is symmetrical 

oO fe) Q) Let 0 5 025 

eT 

(512)  



  

  

ag. dQ. 
le 

dpe GP. 
J J 

ue 
AQo2 i: C849 

mG dP, dP, 

Burthermore, if the 

V, =v, = 

Equoting cquetions (4.7) & (4.8) and 

=60e 

= CG: Lie 46 (4.13) 

= Ig. Bo. (5145) 

piston is in the mid stroke »osition 

V/2 

(4.9) & (4.10) 

and substituting for 2, /0E ete, 

° Vi 6 

eh a ~ QC => — 7 be et : ‘ é 5 q, = C524 + Ce = syd + AX, + C5 oP 5 + ConP a (4.15) 

and 

da = O20) tee 6 as a p 4 Ax + Ooh. = Op (4.16) 
me oe S ane 2 0 Ip 3 op’ 2 

Adding these two cqu-tions 

V BY a ° o 

= Cy (Py =P, ) + 20.¢ = By (Py - Po) + 2hx 4 20 5 Pj 

Con (Py - Po) 

® Olt ne C Neca: Vv f o"e 20.6 p (Cc, + 2C + Qin? = Dy Py + 2Ax, 

Ly ci es po eee AX or 2C.¢ PC, = Sy P5 + 2AX, (4.17) 

where G2 G4 26... 4G 
p p JP Op 

This is the performence equetion for the scrvomechenism



Ol 

and from it can be developed the frequency response or 

impedance equation. 

  

4.4 Impedance cqucetion for a scrvoméchanism excited at 

its output cnd 

Since for impedance testing the valve input is 

Locked, x, = O and thus e = = Xo Considering small 

perturbations 

Eee a 
oO piA 

where rs is the force required to move the jack in the 

GLrection of x 

Substituting for oc end Ds in equction (4.17) we have   
f O Hoy ° e 

-~ c oh ee 8 = — eee oe vv 

20% Ok Cy e OWA HO 2CAX, 

If the exciting force at the output end is sinusoidal 

then the response is also sinusoidal (since the system 

is assumed lincar over the perturbated range). 

| 
. {2 bang a a Be = xe Tyr | Coe Baar f cxP jot X oC kP jut 

and 

Pf, = Jwf exp jwt X, = jwx exp jut 

Hence (jx a 2 55h, C_)x Pe Seon ah es oo 

Writing Vw/2N = K end Aw = K, and since Z, = 

we have   



  

cA r eate 4 ws 
a = ae [ (C.Cf or KK) + J(C AK. = C.K) ] (4.19) 

+ Ky : ¢ _ 

where CS INCIUdGS ~The ertect OF leakare ¢ 

The real part of the equation represents stiffness and 

the imagincry part represents damping. 

4.5 Static stiffness, 

As w tends to zero K. = K. = O and thus 
& 

7 ox : saris Re ; Z,,(stetic) = 280 /C = 24c./(C, < 20, 5 i< OD (4.20) 

The damping is zcro and the cffect of leakage is to 

@Geerease the static stiffness. 

4.6 infinite frequency stiffness. 
  

As w tends to infinity e. and oo become 

Cc 
insignificant compercd to K_ and Ko Thus 

Z,(inf. freq.) = 2AK,/K, = LA N/V (7.21) 

Under these conditions the velve motion is no longer 

significant and the piston is bouncinz on the oil in the 

jack. The damping is zero. 

   



  

ue? Griterion for stability, 
  

For the servo to be stable the damping must be 

positive. 

p 
1406 Clk Ce or CI/C, > V/2NA (4.22) 

The effect of leakage is to increase C,, to Cs and hence 

improve stobility. From equations (4.17) & (4.18) 

C/o. = 2A/2, (static) 

and V/2NA Ul 2A/Z,, (inf. freq.) 

Substituting in cquation (4.19) gives 

Z,,(int. freq.) >2Z, (static) (4.623) 

This is on alternative form of the stability criterion. 

4.8 Locus of the Argand diagram. 
  

It hes-been. shown thet the stiffness of a mn 

servomcchanism verics from 240 ,/C, when @ = © to 2AK/K, 

when w tends to infinity, whilst the damping increases 

from zcro when » = O to a maximum value and back to zero 

when w tends to infinity. The maximum veluc of damping 

can be determined by differentiation of the imaginery 

part of equetion (4.19) w.r.t w. 

 



  

From equation (4. 

oblige 

19) 

OAW) 

  

  

re PAN vos sane So ee 
re are ot CS. Chee : cre ‘ (Vaya! poe oe 

Ss p ON 

A eee w2 Asst oo Cc ; ! VO et ' — Yt <b ae 2AL AC! py lC,, (Sy) o(ay) 20] 
oe a oe dr Gt — Ned dw L oe (ay? ] 

e°s For maximum condition 

nye Vw,2 
Oe? Cibo = a -(aR)* = 0 

ioe eNO /V 0 uf 

Substituting for w in the equation for 40T gives 

A QNAA +2 Mo f = ’ ms a Max. Zo+ Ae Tp C.0] 

p 

K, C. 
e 1 9 aie cmannt «| dam === 

e @ MAX 451 —- A K 6a 

L ? PI 

If it is assumed thet the Argand diogram is part 

of a circle then the coordinates of the centre of the 

circle,C, are given by 

 



  

  

Retcring to Fic. 4.2. 

    

= —“A—(x,c! - KC.) (4. 2h.) 
oo. & “et ear 

p 

as 
end ses (Cc en ae a qr + = 

Cy + Ko 4 a E Pp p 

Pe ee, | ° A e e 2 2 é .. oe = ap ms (CI —~ K Hee 
aie + Ver K, r Pp ? tea p D : ae J 

Squering ond adding equations (4.24) & (4.25) gives 

7 42 
Ww 2 2 oe. 

i + 0 aay — - = 

es r,| 
C K ~_ 

i = * ar nS and as K_/K_ = 2NA/V 
° e £ p Ko p 

Cc, onal Had a ae or ae (4.26) 
Pp 

  

It cen be secn that R end the coordinetes of C 

are independant of w and ere constant provided that 

C ey ae N, V and A are constants. Thus the initial 

supposition that the Argend diagram forms part of a circle 

is shown to be valid. 

In Section 4.7 the stability critcrion for the 

system was discussed and it was shown that for stability 

the damping must be positive, a corollary of this being



  

thet the static stiffness must be less than the infinite 

frequency stiffness. This critcrion crn be shown on the 

Argend diagram, Fig. 4.3. Here it is shown that as the 

stetic stiffness is increased to a value greater than 

the infinite frequency stiffness, the radius of the 

circle becomes negstive causing negative damping. 

4.9 Impedance of a system consisting of a servomechanisn 
  

with en impedance connected to it in parallel. 

This analysis is an cxtension of that Fiven- in 

Section 4.4. In the system which is shown in Fig. 4.la, 

the servo velve is rigidly connected to earth ond thus 

x4 = O- and..c°= = Xoe Considering small force 

perturbations, 

t5 aoe pA + ZX 

where 25 is the impedence in parallel with the servo. 

Substituting for P. and e in equation (4.18) and assuming 

the excitation and response to be sinusoidal, etc, 

(733 4 ot) (-8 ~ *p%0) = 2(jAw + 6. )x J ON or \ "7 a SNe e/*o 

Writing Vw/2N = K. and Aw = K, we have 
p 

if: Z, ae 
! i wah oon ty? i ae (Cy + JK) = = 2x [(C, + BE Cy) + i(K, + an)



  

Since Z, = oe. 

oe fief (6-0) + EE) € HOOK, = ORY ee S aie . Ke ep =o o's ek p 

Pp ’p 
27) 

or ag = 4y * Ss 

where Z,, is the impedance of the servo unit. 

Thercforc, it is shown that when a servomechenisn 

is connected in parellel to another impedance the normal 

rules of connecting impedance in parallel, as discussed 

Gy eOCtTLOn 2.5 5 ADDL. 

  

4.10 Impedance of a system consisting of a servomechanis™ 

- with an output mass, 
  

The system is shown in Fig. 4.lb. From cquation 

(427), ae Z., == mu, 

Te me (4.28) 
Ss 

4 il Impedance of a servomechanism including the cffcct 

of viscous damping. 

One cxample of the presence of viscous damping 

is the valve damper which is arranged as shown 

diagrammatically in Fig. 4.4c. Since the valve is



  

rigidly connected to earth the demper will effectively 

be in perallel with the servomechenism, Henec 25 =) juC 

end from cquetion (4.27), 

6,75 a, joc (4.29) 

Even if the servomechenism is not fitted with 

2 velve demper, there will be some viscous demping in 

the system due to seal friction, etc. The effect of 

this doemping is to increase the stability of the 

servomechenism. 

4.12 The impedance of a servomechsnisnm including the 

effcet of Coulomb friction, 
  

To include the effect cf Coulomb friction into 

the encelysis of the system the effect of Coulomb friction 

must be linesrised and an equivalent viscous damping 

coefficient determined. Two methods of producing this 

equivelence sre as follows: 

(a) Equsting cnergy dissipeted: The enelysis is bascd 

on that given in (13). The equivelent viscous damping 

cocfficient cen be obtained by equating the energics 

dissipated by each form of demping. 

If demping is smell the motion will be 

approximetely sinusoidal, ‘hus x2 x,Sin wt 

Viscous damping force = CX,
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»°e Energy dissipated/cycle, 

Ws= é CRax | Or 0 

r2n/w ° ° 

= | (cx, )x dt 

O 

2D 5 BP at 5 

= ec w(cos<wt )d (wt) 
O 

: oe ae 
sive Wee ROWS 

Coulomb damping force F, (sgn x.) 

-°e Energy dissipoted/cycle, 

on ow 
Wee F_(s¢ c W F, (sen X,) x dt 

° ron ° 
= X, F (sgn x_)(Cos wt)d(wt) 

: @ {I ce
 

+ ty
 

Q 
ha 

Bquating the energy dissipated, 

| Pe oe nowxs 
G-9 oO 

| 

| 
oe = WP WX ‘ Cc I o/f A 

Henee c is the equivelent viscous damping. 
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(b ) Fourier Analysis : If a Coulomb damper is excited 
  

by a sinusoidal force, Bo will always oppose the motion. 

Thus the force will be a square wave and the Fourier 

expension for such ea wave having en amplitude of Bo is 

given by:- 

KE
 

sin 3 wt + ab sin 5 wt ----) F, (sin wt + 4 - £(F,) ae 3 

Neglecting all terms but the fundamental 

- 4 vas t(?,) = + F sin wt 

Approximete Coulomb damping force 

by 
So Basi Ot 

2x8. rf 

Viscous damping force 
© 

= Cx 
O 

= Cwx,sin wt 

Equoting damping forces 

4 
= F sin wt 
Ks 

cox sin wt 

ca 8 UF /wox, ul 

It can be seen that neglecting ell tcorms but the fundamental 

term ine Fourier expansion is tantamount to equeting 

energy dissipation and leads to the seme result, 

Cc = UF /wx, (4.30)



  

-/l* 

This velue for c may now be substituted into equation 

(4.29) giving 
LF 

222. +j-— (4.31) 
O 

Therefore Coulomb friction increases the stobility of 

the servomechsnisnm. 

4.13 Evaluation of leakegc coefficients. 
  

Approximate volues of the leakage coefficicnts 

mey be obtained as follows: 

Assuming lemine flow conditions, 

  

tte TO 
a aes 

dQ. 
° : ° C : == oo : e ip * OF, 8 (4.32) 

whe qQ04 
Qo1 *KOPy hence Bo ope 6 

AQ, 
ks 02 fe 

and Qo0 == KP hence “ap, K, 

ag ag 
° 0 Olive: O2 an. 

. ° Cop ae aP, = dP, Sane K, (4,33)



  

oyee 

hel Approximate eveluation of the servo valve 

coefficients. 

Approximete velues for the valve coefficients 

C. and e may be obteined thus: 

Na one J ae F OPO iz + t+ an: —y As Q, 2 KEV (P. P,) where K, is a constent of the 

valve. 

and since P_ - P, = P/2 K(P, P,) : 8 cf Vv 

aE Ry (P,/2) (3h) 

( ) a K Raf p 

2 i V p 

82 
xg KP, and since P, = Pé8 

2%, 
5 Kal (? /2) 

(4. 34b) 

From equations (4.34a) & (4. 3b) 

  

aQ aQ ‘ ee <: 6. = as ao K.. Y(P he) (4.35) 

0Q 
mr oe a e ger Bt eGa = ay) 

aQ KE 
phe cae 

onl "OF, ONE Lfe (4.368)



  

  

020 KE 
ee A -. 
5 3 NEO) (4..36b) 

From equations (4.36a) & (4.36b) 

0Q aQ E 

we Cos-at= =n + a (4.237) p aP, ~ 8P, 2N(P,/2) 

Note: As P, - P, = Pele end P, = Bote 1 a 

Orle s O89 ae 22, 89 - 2 0Q (4 38a) D. ee, a Oke eee ey Be ea S v v 

Similarly a 

pe an aQ / ae Gs = == = = 2 5— (4... 38b) mM oP alee oP, / ! 

Combining cquations (4.37) & (4.38) 3 

82 aq KE oo a ae v | 
a, Eee a EEE) (4.39) 

4.15 Experimental cveluation of the serve valve 

coefficients. 

In equetions (4.11), (4.12) & (4.38) C, and C,, 

are defined as follows, 

Co = 0Q/dE and C, = 8Q/6P, = 28¢/aP., 
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As ET = - Xo» then C. = 89/OX,« Under these conditions, 

however, Q is a negetive quentity so thet 7. will remain 

positive whether x, or E are positive or negetive. Hence 

we moy write C. = 0Q/OX. 

To obtain values for these coefficients the 

reletionship between the velve opening ond the resulting 

flow, end also between the velve pressure drop end the 

resulting flow is required. The valve flow characteristic 

agoinst valve opening for lines of constant valve 

pressure drop is shown in Fig. 4.5, which is based on 

experimental data supplied by the valve manufacturers. 

Hence, the gradicnt of these lines at any point represents 

8Q/8X,» LC. Coe Similarly, Fig. 4.6, which is a cross 

plot of Fig. 4.5 using the same date, shows the flow 

charecteristic against valve pressure drop for lines of 

constant velve opening. Thus the gradient of thsse lines 

at any point represents 8Q/EP_,» ise C/2. These 

coefficients Say and Cy heve been plotted against vaive 

opening and pressure drop, Figs. 4.7 and 4.8. From 

values taken from these graphs a plot of C ageinst 

C, is obtained showing lines of constant valve pressure 

drop and valve opening, Fig. 4.9. Also shown are lines 

of constant C./C,, rotio. In equation (4.20) it wos shown 

thas 

Z,, (static) = 2A0.,/C,, 

 



-/5- 

AO Z,, (static) «2 0./C,, 

Hence, regions of high and low static stiffness con be 

indicated in Fig. 4.9, Regions of high and low stability 

can also be indicated in Fig. 4.9, sincec from equation 

(4.22), the criterion for stability is given by 

C/C, > V/2NA 

b.16 Relationship between velve opening and valve 

pressure drop. 

It has been shown in the previous two sections 

that Cc. end c ere both functions of velve opening snd 

velve pressure drop. Valve onening and valve pressure 

drop arc not, however, independent variebles end thus the 

relationship between them must be established by 

considering the basic equetion of motion for the 

servomechanism. 

From equation (4.17), 

V ° e 

' _ os 2C.e - P,o, = oN P, + 2AX, 

With the velve input locked for impedance testing



  

Lf the jack outout 6nd is ecxeited sinusordalily 

Xo = X,€Xp jot and P; = D5eXp jwt. O 

Hence, =. 200. 4. JoAte “= 1(0 -# J Yo) p 
. 28 p on’ P5 

Writing K, = Aw ond K, = Vw/2Nn 

  

    

  

    

then ee eee ite ce ss ee ike ee 
x 12 2 Cre ep =p C2) 

O C + K 
Dp Dp 

From which 
ce | 

es 2 e 12 2 Ea art (Ce + K)/ (C4 a KJ 

aP. : ey cae ae. 2 oe oe OV INGE + HAIG the 

As P, Ps ~ Py end: =.= Xo 

. dP. io 
BAe ey 2 2 12 2 oe x, | = |e = ec ONL (Ce + KC, + KJ 

{dP . aP 
Vv 2 ce 2 Z 

and \-ae = ah = atl (Ce + KA (CS + K,)4 (4 40) 

      

The effect. of leakage is included in Ca 

These equetions relate valve opening end valve 

pressure drop in a differential form. The equation can 

be solved, however, by means of a step by step integration 

% 
process in conjunction with the information contained in 
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Pig. 4.9. Before the intcgration process can be commenced 

initiol or boundary conditions must be Specified, «lhe 

most obvious initicl condition is thet when theo velve 

opening is zero the full supply pressure acts ecross the 

velve. Under these conditions, in the absence of leakege, 

C, and Ce theoretically tend to zoro, as cen be seen 

from Fig. 4.9. Indeed, under static conditions the 

equetion relating valve. opening snd velve pressure drop 

becomes indetermincte. <A further difficulty arises from 

the fact thet the values of C., and C., aré not known for 

velve openings of less thon 0.002 ins, see Pir, isd. 

Because of these difficultics a compromise 

solution hea to be chosen. It is assumed thet when the 

valve opening is 0.002 in., the pressure drop across 

the valve is equal to the supply pressure. Volues of 

C, and Ce corresponding to the initiel condition were 

obteined from Fig. 4.9 and, using the approprinte 

velues of K, and Ko AP /aX, was evolueted. Thus the 

chenge in valve pressure drop for a given incremental 

chenge in valve opening was known. Henee , 2: pair. of 

corresponding values of Py and Xo were obtained and the 

integration process could be recommenced and continued 

indefinateiy. A curve releting xX, end ng for a particular 

set of conditions can then be plotted on the C/C,, 

diagram. A fomily of these curves for verious frequencics 
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is shown in Fig. 4.10. In order to clarify the diagram 

lines of constant C,, C., and var’. have been omitted. 

Using the Xo ~ o relationship for a porticular 

set of conditions the impedence of the servo can now 

be calculsted by using the appropriate pair of G. and o. 

values applicable to the specific conditions of valve 

opening ond valve pressure drop. 

Using the technique described above the 

impedence of the servomechsnism has been celeulsted and 

the cffect of v rying sclected paremeters is described in 

the sections which follow. The values of the verious 

system parameters used ere given below. 

Ae O.623 

K, + K/2 = 8X 107° in?/lbfsec. 

N = 120,000 1bf/in® 

: P, = 3,000 lbf/ins 

V = 1.63 in’ 

“ul? Bifect of bulk modulus. 

_flthough the bulk modulus of the hydraulic fluid 

used, DTD585, was nominelly 190,000 Ibf/in’, due, to. the 

effects of acration and dilation of the jack body, it 

was possible thet the effective bulk modulus wes in fact 

lower than this. Lembert and Davics (13) used « bulk
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modulus of 50,000 lbf/in? after meking allowances for 

acreticn end dilsthon, Velues ef-8 = 190,000 1neene | 

120,000 Wbe/ine and 80, O00 lbf/in? were used to determine 

whet effect the bulk modulus hed on impedonce. 

The effect of bulk modulus on stiffness and 

damping is shown in Figs. 4.11 and 4.12 respectively. 

It has been shown in cquetion (4.21) thet at en infinite 

frequency the stiffness tcnds to 2aK./K, (= LA°N/V) 

1.00 the piston 16 bouncing on the oil :iIn the jeckw. A 

sufficiently high frequency for all other cffects to 

be neglected provided that the valve opening is small is 

70 o/s. Thus, 1n Pie, U.1t, the flav portion of the 

7° c/s curve is equal to the infinite frequency stiffness 

for the particular veluc of bulk modulus used. In 

Section 5.9 it will be shown thet the stiffness obtained 

experimentally at a frequency of 70 c/s wes approximately 

115,000 lbf/in. providing that the valve opening was 

smcll. This corresponds to an effective bulk modulus of 

120,000 lbf/in? which wes the value chosen for all 

further theoreticsl calculstions. Also shown in Fig. 4.11 

is the static stiffness curve which is uneffected by 

verictions in bulk modulus. The effect of bulk nodulus 

on damping is shown in Fig. u.l2. The slight negotive 

damping when the valve opening is small shows the 

presence of instability which disappears when the valve 
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opening increases and the damping becomes positive. The 

curves in Figs. 4.11 end 4.12 use a boundery value of 

x, =:0.002 in. and itis assumed that there is no 

leakage or Coulomb friction. 

4.18 Effect of boundsry conditions, 

It has been previously stoted thet Pp. =" 5OOO lpf/in< 

end Xo = 0.002 in. wore chosen as reesonable boundary 

conditions for the stcp by stcp integration. To 

investigete wht effect these essumptions have on the 

resulting impedence, boundary conditions of 

Py 

X 

3000 1bf/in? ; X, = 0.005 in, and P, = 3000 1bf/in‘ ; 

0.0005 in. were also tricd. In order to locate O 

the approximate starting point of the integration on 

the C/C, diagrem for the lattor assumption, the linc 

corresponding to x, = 0.0005 in. was found by 

extrapolating along the line corresponding to 

P, = 3000 lbf/in’ from X, = 0.002 in, 

The influence of boundsry conditions on stiffness 

is shown in Fig. 4.13. The static stiffness curves 

produced by various assumed boundery conditions, are of 

the samc shape, but es cach curve starts at a differcnt 

initial valve opening the curves arc displaced relative 

to each othcr along the Ky axis. A> high frequency,



  

70 c/s, the effect of boundary conditions is much rc@uced. 

The curves are coincident when the valve opening is 

small, end only when the velve opening increases do 

smell differences in the curves become apperent. 

Similarly, boundary conditions heave very Jittie erfoet 

on the damping curves at 70 c/s, see Fig. hell. 

  

4.19 Effect of using spproximetions for C and. Ca = 
C p 

In equ-tions (4.35) & (4.39), it was shown thet 

approximate values for CO. and C. may be obtained and are 
- Jy 

. oe given by C= KN (P,/2) 

oh KE end C= . ve Day Wea i 7 

These epproximetions do not meke the theoretical 

enelysis easier since the velue of KX is not know. 

Under static conditions, however, 

Static stiffness = AC ./C., 

and substituting the approximate velucs for C, and Cy 

gives 
Static stiffness = 2AP_/E 

Under static conditions the equation releting PY end E 

simplifies to 

zi as ey ap /dE = 2¢./C.,
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end substituting for C. and C gives 

ap /dz = 6 2P_/E 

O If the boundary conditions P, = P, and E = EB, ar 

assumed then 

. 
Ss By 

Thus Ps p(B /E)- 
a Sp 

This valueot Py may be substitutcd in the impedance 

equation giving 
2AP Be 

Static stifinoss:. =o 
R- 

or ‘i 

ZAP Xo 

Static stiffness = -—-~-=— 
x 

O 

The static stiffness was evalusted using this equation 

for various velve openings, an initial or boundary value 

for Xo being first assumed. 

The static stiffness obtained using the 

aoproximetion Cas = Poh and the relationship 

P, = P,(X,/X,)° is shown in Pig. 4.15. It can be seen 

thet o good agreement exists between the “mpedance 

coleuleted using the epproximation approech and the 

impcdence obtaincd using the step by step integration 

method for the seme initial or boundary velue of Xoe
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Whilst this approximation leads to a result which is 

easily computcd and quite accurete, the effects of 

leakage and frequency cannot easily be introduced, 

restricting the value of this method. 

20. Brfect: of lenkace. 
  

Ft Ags been shown thet the effect ot leakage ac 

+o modify the valve: flow cocfricient C5 by the addition 

of the term (20. C é 
. (20 + Up) 

From equations (4.32) & (4.33): 

Cm 
JP J 

a ad ae and. Cy — Ky 
p 

Hence OC aes at Oe he 
JD Op Aj 0 

Thus Ce is modified by the addition of two constent 

ecoerficients. Lf we weite 

Ko K, 
c WT — T ee 3 oe eC 2K, + K, = 2(K, + 5) then K. + —5 may be 

referred to as the leakage cocfficient. 

Lembert. and Davies (13) used a value of 

K, = 3.9 X 107° in?/lbfsec. During impedance testing the 

jack was excitcd over a small displacement in virtually 

6 
one position over = long period of time and 5% 10° is
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e conservative estimate of the number of reversals the 

jeck hes cxperienced during the present testing 

progromme. Teking this foct into consideration and also 

the, cumilaAtive ettect the Intiluence of K/2 will have 

2 leakege coefficient of 8 X 107? in?/lbfsec. was chosen 

as being representative. 

The stiffness curves for various frequencies without 

and with leckage respectively ere shown in Figs. 4.16 

and 4.17... It is seen thet the effect of leakage is to 

reduce the stiffness when the valve opening is small. 

The effect of leakage, which is significant at low 

frequencies, becomes progressively smallcr as the 

excitetion frequency is increased, until et about 40 c/s 

and above the leakage has no significant effect at all. 

Similarly, the e: fect of leakege on damping can be obtsined 

py & comperison of Figs. 4.18 end 4.19, which show 

damping curves for various frequencies without and with 

Leakage. respectively. The leakege, which has a 

stabilising eifceet, greatly reduces the amount of negetive 

damping present when the valve opening is small. As the 

frequency decreases the negative damping increases under 

conditions of small valve opening. This trend does not 

continue indcfinetely, however, as Fig. 4.20 shows, 

a greph of damping against excitation. The damping 

reaches ac peak negetive velue at oa very low frequency
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and then increases to zero. It is shown in Fig. h.20 

thet the effect of leekage is to reduce the amount 

of negetive damping and -lso to chenge the freauency at 

which the moximum negative demping occurs. 

4.21 Effect of negiccting K, and x in the step by step 

integration, 

aa K, end K, were neglected in the equetion 

(4.40) the amount of labour involved in the step by 

step integration would be greatly reduced. In order to 

dctermine the effuct of this assumption the impedance 

was calculated for cortain conditions using velues of 

C. and Co obtained from the static oe - Xo relationship. 

The results obtained sre shown graphically in 

Figs. 4.21 and 4.22, The effect of neglecting Ky and Ko 

when obtaining the ey - Xo relntionship appears to be 

relatively small when the finel impedence is calculeted. 

Comparison of Figs. 4.17 and 4.21 shows that the 

basic shape of the stiffness curve is unaffected. 

Similerly, Figs. 4.19 and 4.22 snow thet the basic shape 

of the damping curve is unaltered.
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4.22 Impedance cquation for a servomechanism with valve 

input cxcitation, 

This anslysis is bascd on the method of 

obtaining the servomecheanism impedance proposed in 

Section 2.12b. 

Output _cnd blocked condition: Refering to Fig. 4.23b, 

since the output is blocked Ko = O and thus e = X45 

oe Now Py = Po/A 

B 
where <. is the blocked output force. 

Substituting for e and Dy in equation (4.17) and 

assuming sinusoideal excitation and response 

B 
[ 1B . Vw oe Ee B 

(ced a 7 = 2Gex, 

Writing Vw/2N = K, 

B : ioo.4 PRS 
X, = te Geico) 

abe he C 

fe 

Tee 2A BoB 8 
etic ec (018) Z Ke [CS p J Ce KJ (46443) 

p p 

It has been shown in Sections 4.14 and 4.15 that 

Ve and Cs are functions of valve opening and velve 

pressure drop. Thus this reletionship between valve 

opening and volve pressure irop under blocked output 

conditions must be established. The technique for doing



ato 

this is similar to thet previously used for determining 

the required relationship under output end excitation 

conditions. From equation (4.42) and substituting 

ts p5A gives 

    

O 

(c!? 4 3K) 
rae Sa 

i 268 5 
e 

205 
oe Pp. = xs 

B oe ee 2C 
° oO oe - J = eC 

: aS me dx, & ¥[ (o'®) < K-] 

p D 

B dP 2c 

oF, De ee ee (146) - HAG) + Ki] 

This equetion reletes valve input (i.e. valve opening) 

with pressure drop in a differential form and can be 

solved using a step by step integration process in 

conjunction with the information containcd in Fig. 4.9. 

The process is entirely similar to that given in Section 

si O.. 

Qutput _end free condition: Refering to Fig. l.23a, since 

F the output is free P; = Ps = 0 sande X; - Xe 

Substituting for e and Py in equetion (4.17) and assuming
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Sinusoidal excitation and response 

F iW : F 20, (x, - a = j2Awx, 

writing Aw = K 
e 

os 
Ge ee 

te 4 eter x 
(4.45) C 

8 

Yee ee 
Pe tha ee) 

oF . oo (4.46) i (C.) + %, 

the function es, can be evaluated for various valve 

openings by using the appropriate velucs of Coe These 

can be obtained from Fig. 4.7 since the valve pressure 

drop is known and is equal to the supply pressure. 

Eliminating x, from equations (4.43) & (4.46) gives 

B B f 2AC 
FS ToEe ioe [Cate + ROK) + Ree K ce) Xo l(c, "+ Ke, P P P . 

(4.047) 
: Book ‘ From equation (2.36), Z = cada and hence equation 

(4.47) gives the impeéance of the servomechanisn. 

Ef the vaive and 1 © akege coefficients were 

constants then 

B 
Gr ss 

Dp 

and C 

O
 w
w
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then equation equation (4.47) reduces to the normal form 

of the impedance expression, as given in equation (4.19). 

This method of determining the servomechonism imnedance 

produces a result which, whilst of the same form as 

equetion (4.16), is not its equivalent since 

B 
CG! CG. 

p é Pp 

B EF 
and. C Z~ C. Zz C, 

In Chapter VI the problems involved in attempting 

to measure the experimentel ratios f/x, and fm are 

discussed and the experiments1 work described. 

The real and imaginery parts of the eye: ratio 

heve been calculated using equation (4.44), the 

information contained in Fig. 4.9 end the appropriate 

system parameters. The results of this are shown in 

Figs. 4.24 and 4.25, where a leakage coefficient of 

a x 107° in?/lbfsec. has been assumed. Similorly, the 

real and imaginary parts of the <5 ratio have been 

evaluated using the information contained in Fig. 4.7 

and the, results, are shown in Figs. 4.26 and W.27.. “if, 

for a perticuler valve opening and excitation frequency, 

tes is divided by R/ ks, the servomechanism stiffness 

and damping mey be determined, as shown in Figs. 4.28 

and: 11.29%
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A comperison between Fig. 4.17 and Fig. 4.28 

shows thet a good agrcement exists between the two sets 

of stiffness curves produced by each method of analysis, 

166. GXCItoOtiON of the servomechanism output end: and 

excitation. Of the serve velve input; Only ata, high 

frequency docs the valve input excitstion method lead 

toa result. which is significantly different from. that 

produced by the direct.approach. 

A reasonable agreement exists between the system 

demping as predicted by the two rethods of anelysis, 

this is shown in a comparison between Fig. 4.19 and 

Fig. 4.29. When the valve ovening is large, however, 

the damping predicted by the valve excitation method 

was slightly positive and did not reach the positive 

value predicted by the normal method. 

4.23 Effect of exciting the output end and the valve input 

simultaneously on the servomechanism impedance. 
  

In Section 4.4 the impedance of the servomechanism 

was developed essuming the valve input was locked and 

the excitation applied at the output end. In this 

section the analysis is extended to investigete the effect 

of exciting the valve input and output end simultaneously.



  

OTs 

From equation (4.17) 

Mee > 4 Gin. 4 DAs? a ee he BO 
2N bea oO Co S 

Let x, = x,exp jut, D5 = Pjoxp jot ond x, = x,exp j(wt + 6) 

where 8 is the phesc angle between x, and X_» 

Substituting for Xo X; and P; and writing 

Vw/2N = Ky and Aw = K, gives 

(3K, 
Eo 

’ + az a ss : 
+ CP + 2(C, + Ue 1% Es 20 x, exp j0 

AY . ‘ 
(C, + JK, )P 5 + AiG. rr JK, )%5 2C x, (Cos * j Sine) 

As DA = - f, and writing x, /%, sr, then 

2 = pot [{(c_ - Cr Cose)o! + (K. - C_r Sine)K} uU~ qe eC a e Pp © e cae C5 + KD 

: . q “A : I{(K, - Cor Sine )c! - (C, - Cor Cosé)K.}] 
c 

7 a ee ? iss ; t a 

ay = ae 5 [1C,c, + KK, re, (6, Cose@ + % Sino)} 
C + pat 

e 

- ey. ae t . ss an ~ + H{K,C) C.K, ro. (Cf Sine - K Cos6) }] 

Hrtect of varyine 6 

dz. 2b [ 

ae qi ‘ Ke 

Pp p 

pe is ’ 7 } Cos rc. ( a Sine + us 036) 

+ ji- r0, (Cj Cos® + K, Sine) }]



  

Ole 

For meximum ond minimum velues of a dz, /d0 = 0 

For the real part of the equation 

a a ' i S Se, rC  ( C. Sino + K Cosé) = O 

et Tane = K On 

. »/ Op 

For the imaginory part of the cquation 

= PO 0" Cose K. Sind) =o r at D 0 + Ko ) 

.. 23 } => = ' Se Leno = C /K, 

Substituting these two values of TenO into the 

impedance equation gives: 

i 2A ng ' + 12 2y\) ‘ Pore Z4= aes a S.C,, + KK + r6,N (C) + p+ J(KCf C.K] 

a es 

os 2A t +f; t ee aE 12 2 ‘= 5 pL (0,054 RK.) + JARO, ~ OK, * rCa1 (0s +K)y] 
C + K : 

Dp Dp 

It can be secon that when the stiffness is 2 meximum or 

a minimum value the demping has its normel value and 

when the damping is © maximum or © minimum value the 

stiffness has its normal value. 

A brief reference was made to the effect of 

exciting the valve during impedance testing in o paper 

by Watson (15).
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CHAPTER V 

Experimental dceterminetion of the impedance 

of eae servomechanism in a rigid environment 

by excitation of its output end. 

  

The experimental work done to determine the 

impedance of the servomechanism by the excitation of its 

output end is described send the results discussed. A 

comparison is drawn between these results and the 

theoretical predictiorf made in the previous chapter. 

5.1 CGalibretion of trensducers and iaateraekas Poe 

Load cell: The load cell was calibrated in a Denison 

2000 1lbf tensile test machine, The calibration, which 

included the gain of the DC pre amplifier, ves found to 

be 0.352 mV/ibf. 

Displacement transducer: The transducer was calibrated by 

means Of a micrometer head mounted integrel with it. The 

celibration was set at 5 V/in. 

Amplitude and phase response of the instramentation: A 
  

signal from an oscillator was fed into tac force circuit 

DC pre amplifier and the output from th: circuit was 

compared with the oscillator signal to ascertain that 

the amplitude response was constant an¢ the phese lag was
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zero in the frequency range DC to 100 c/s. This was 

found to be the case. The test was then repeated to check 

the response of the displacement measuring circuit. It 

was not possible to check the response of the 

oscilletor/demodulator and consequently the test signal 

was fed into the filter. The test showdthat the 

amplitude response was constant and the phase lag zero. 

5.2 Large amplitude low frequency excitetion tests. 

In order to investigate the behaviour of the 

servomechenism when excited at she output end with the 

velve input locked, very low frequency tests were 

performed. Initially an attempt was mede to messurse the 

static stiffness of the servonechanism but this was 

found to be virtually impossidle in prectice because of 

creep which was due to leakage. Lambert and Davies (16) 

have shown that the combined effects of valve overlap, 

Coulomb friction, leakage ani silting up of the valve 

clearances can cause a low frequency instability or 

relaxation oscillotion. 

To overcome this difficulty the servomechanism 

was excited at a very low frequency with a large displacement 

amplitude , the force/displicement relotionship being 

displeyed using the X-Y plates of the eectiiosdeaes A 

scries of still photographs were taken, a selection of 

 



  

-95— 

which are shown; Figs, 5.1, 5.2 & 5.3. 

5.3 Measurement of Coulomb friction. 

(a) Static tests: Coulomb friction within the jack was 

measured in the following manner. The jack was fixed to a 

base plate and the valve locked in the fully open position. 

In order to make seal friction realistic, the seals were 

pressurised by the hydraulic supply which wes connected 

to both the inlet and exhaust ports of the valve at half 

the normal supply pressure. <A weight hanger was connected 

to the piston rod by a cable passing over a low friction 

pulley. A displacement transducer wes fixed between 

the moving piston and carth. Since both sides of the 

equal area niston were pressurised equally, the | 

externally applied force had only to overcome the friction 

force to cause motion to teke place. Using an ultra 

violet recorder a trace of displacement against time 

was obtained for various applied loads. A graph of load 

against velocity was drawn, the intercept on the force 

axis representing Coulomb friction force. The test 

was repeated for verious supply pressures. The 

force/velocity graph is shown in Fig. 5.4. 

(bo) Dynamic tests: Using the experimental rig as 

described in Section 30.1, low frequency tests were perform
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on the servomechanism. The servomechanism, which had 

the valve locked fully open and the fluid supply at a 

pressure of 1500 lbf/in®, i.e. half pressure, connected 

to both the inlet and exhaust, was excited at 0.2 c/s 

over a smell displacement; the output signals from the 

load and displacement transducers being displayed against 

time on the oscilloscope. The displacement signal was 

Sinusoidal, but the force signal was trapezoidal in form, 

i.c. a distorted squere wave. Variation of the input 

displacement in the range 0.006 in. to 0.028 in. peak 

to peak, had virtually no effect on the force which 

romaincd constant with an amplitude of 150 lbf. peak to 

peak, i.e. a Coulomb friction force of 75 lbf. 

(c) Large amplitude low frequency excitation tests: This 

experiment has been previously described in Section 5.2. 

A horizontal overlap, caused by the effect of friction 

forces is shown in Pigs. 5.1, 5.2 and 5.3, the load 

increment representing twice this force.. The valuc of 

this force scaled off the diagram was found to be 

approximately 160 lbf., i.e. a frictional'force of 

80 lbf. 
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5.4 Measurement of impedance by means of small 

perturbations, 

Experiments were performed with the servomechanism 

piston in the mid stroke position. Before tcsting 

commenced it was necessary to select either force or 

displecement feedback. In the force feedback mode the 

force avplicd to the servomechanism could be controlled 

between zero and the maximum force output of the 

servomechanism, 1860 lbf., but in practice a force or 

more than about 80 per cent maximum was not applied 

to the servomechanism since with larger forces there was 

a danger that the valve would suddenly become fully open. 

Wnen this occurred damage to the valve could be caused 

since with force feedback there was no position control. 

This restriction presented no difficultics because the 

prohibited region could be investigated in the displacement 

feedback mode. In this mode the displacement across the 

servomechanism was controlled. 

When Test Series' I to V were originally 

performed the Transfer Function Analyser described in 

Section 3.6 was used to measure impedance. When the 

Automatic Mechanical Impedance Analyser described in 

Section 3.7 became available, Test Series' I to V were 

repeated to verify that both analysis systems gave the 

same result. Test Series VI was analysed using the system 
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Tests were performed in the frequency range 

nibs 

described in Section 3.8. 

5 - 70 c/s, the oscillatory force applicd to, and the 

oscillatory displacement across the servomechanism being 

measured under various conditions as follows:- 

Test Series I : The valve was locked to earth using the 

centilever extension fixed to the main test rig as shown 

in Fig. 3.3a. Controlling the vibretor with displacement 

feedback, tests were performed with static valve openings. 

in the range 0.002 in. to 0.050 in., perturbetion 

= 0.002 in., > 0.00% in. cod 2 6-010. in. emplitudes of 

being used. Tests were also performed with the valve 

opened 0.030 in. and 0.040 in. using » perturbation 

amplitude of £ 0.020 in, 

Tes eries : These tests were identical to those 

performed in Test Series I except that the valve wes 

locked to ecarth via the cross bar on the piston rod for 

this and all subsequent tests. During these tests selected 

force and displacement signals were recorded on tape for 

hermonic analysis using the enelysis system described 

in Section 3.9, 

Test Series III : The vibrator was controllcd by force 

feedback and tests were performed with a static force 

verying from O to 1550 1lbf. applicd to the servomechenism 

and a perturbation amplitude of 200 lbf. and 500 lbf. 

 



  

Test Series 1V : Test Series Il ‘was repeated with a 

non-return valve fitted 2 ft. from the servo valve inlet 

port. 

Test Series V':.:In order to examine the effect. of 

operating the servomechanism with the jack piston not in 

the mid stroke position, the piston was offset by a ~ inch 

making the ratio of the chamber volumes equal to 9: 4. 

Under these conditions Test Series II was repeated. 

Test Serics VI : The system was excited by a random signal, 

the vibrator being controlled by displacement feedback. 

Tests were performed with a valve opening of 0.040 in., 

in order thet a comperison could be made between the 

impedance measurements obteined from the power spectral 

anelysis of the random signels and the impedance measurements 

obtained from sinusoidal excitation of the system under 

otherwise identical conditions. 

Test Series VII .: The system was excited by a random 

Signal, the vibrator being controlled by displacement 

feedback. Tests were performed with the static valve 

openings in the range 0.002 in. to 0.050 in. The force 

and displaccment signals were not enalysed to obtain the 

signal power spectral densities, insteed average levels 

were measured using a valve voltmcter. Average 

perturbation amplitudes of =. 6.002 Atte, = O.0Gt ine “ane 

£ 0.008 in. wore employed. 
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55 Discussion of results obtained from static tests. 

The ean Pachece curves for the servomechanism 

obteined at three diffcring cxcitation frequencies, 

Figs. 5.1, 5.2 and 5.3, all exhibit certain hysteretic 

effects. In Section 5.3c the cause of the vertical 

separation when the valve opening was large has been 

attributed to the effect of Coulomb friction force present 

between the jeck piston and body, but the cause of the 

horizontal separation is difficult to explain in a 

satisfactory manner. It may be caused by a valve overlap 

effect but the phenomena will have to be the subject of 

further investigation before a definite conclusion can 

be’ reached. 

The force-displacement curves show that the 

By - Xo relationship varies with excitation frequency, 

the Bo - Xo curve becoming more rounded as the frequency 

increases. From this it mey be deduced that the 

Pye Xo relationship will be varied also, since 

BO/A - (FP - P.). This verifies the prediction made in 

Section 4.16 where it was shown that the Bap adn 

relationship varied with frequency. 

A comperison of the diagrams obtained working 

under force or displacement feedback control show no 

Significant differences. Under displacement feedback 

control the horizontal parts of ths curves were controlled, 
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the servomechanism tending to 'jump' between the two 

controlled conditions. In the force fecdback mode the 

vertical sections of the curves were controlled, the 

servomechanism becoming unstable outside of this range. 

This problem has already been referred to in Section 5.4. 

5.6 Discussion of results obtained from the measurement 

  

of Coulomb friction . 

The Coulomb friction present between the jack 

piston and body has been measured by a variety of methods 

as previously described. The results are summarised 

thus: 

(1) From static test riglSect. 5.3a] = 18-30 lbf 

Dependent on pressure, 

(ii) From dynamic test rig [Sect. 5.3b] = 75 lbf 

BO ibe {| (iii) From static stiffness sest [Sect. 5.3c] 

Note: (ii) & (iii) - Tests performed on same jack. 

(i)- Test performed on jack of sarie design and type 

as tests (ii) é (iii). 

The following velues of Coulomb friction have been 

used by other workers: 

Glaze (12) Breakeway 15C - 200 lbf 

Running To Poe be 

Dependent on pressure. 
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Lembert and Davies (13) 150 lbf 

Lembert end Davies (16) Breakaway 200 lbf 

Running LOO 204 

Although these figures refer ho dieeewigs designs 

end sizes of jack, they are, with the exception of Gs 

of the same approximete magnitude. The lower values 

obtained by experiment compared with the figures used by 

other workers may be due to the combined effects of a 

smaller jack and the use of low friction seals. 

The experimental investigations show thet 9 

Coulomb friction force of 50 lbf approximately was present 

between the servo piston end body. This is, however, 

clearly an over simplificetion of the situation since 

the force acting between the piston snd body would be 

composed of a varicty of components. Thesc would include 

Coulomb friction, scal deformation and viscous CErSCUS , 

etc. The investigations do serve, however, to give an 

epproximation to the size of the friction force which 

might be expected. @ 

5./ Effect of the method of velve carthing. 

A compsrison of rcsults obtained under similer 

conditions during Test Series' I and II shows thet a 

good agreement was obtained. This indicated thet the 

two methods of locking valve to earth ( described in 
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Section 3.1) were cqually suitable. Furthermore, since 

one method connected the valve directly directly to earth, 

i.c. the rig, whereas the other one connected the valve to 

earth via the piston rod and latch, it may be concluded 

that the cffect of any flexibilities in the latch or 

enchorege was negligible. 

5.8 Harmonic analysis of the force end displecencnt 

signals. 

The harmonic analysis curves for typical force anag 

displacement signals obtained from Test Series II are shown 

in Figs. 5.5 & 5.6. It is scen thet the components of 

frequency of the second and higher harmonics were very smal. 

compered to the fundamentel. This demonstrates the 

unsuitability of an attempt to measure the impedence of 

the system at frequencics other than the fundamental 

frequency of excitation. Attempts hove been made to do 

this but even the usc of the third hermonic frequency 

results in errors of up to 50 per cent compered to the 

value obtained from exciting the system at the frequency 

of the third harmonic and teking values of force end 

displacement from the fundamental components. The 

harmonic anelysis curves show that only relatively small 

emounts of distortion were present in the Signels analysed.
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5.9 Discussion of the results obtained from the 

measurement of impedance. 
  

It hes already been stated that tests were carried 

out with the vibrator controlled by a feedback signal 

proportional to the force applied to, or the displacement 

across the servomecheanism, depending upon the region of 

the Bo - x, curve under investigation. It should be noted 

that when the system was being controlled by force 

feedback the static force applied to the system was 

accurately controlled and known. This force, however, 

caused a valve opening in the region of zero to 0.005 ino 

Thus, the results obtained under force feedback control 

can be considered as an extension of those obtained under 

displaccment feedback. 

The stiffness curves under four different concitions 

are shown in Figs. 5./ to 5.10 inclusive. The mecasuzed 

stiffness was adjusted by adding an appropriate may” 

term to compensate for the inertial forces in the linkage 

connecting the vibretor and locd cell to the servonechanism. 

Tf Figs. 5.7 and. 5/8 or Bigs. 5.9 and 5.10 are tomared 

with Fig. 4.17 it is seen that the basic shape of the 

experimental end theoretical curves are in agreemmt. At 

low frequency the stiffness, wiether measured unde» force 

or displacement feedback control, never reached the large 

value predicted by the theoretical anelysis. In faci,
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when the vibretor was controlled by a force feedback 

signal, i.e. the valve opening was very smell, the 

difference between the stiffness obtained at 5 c/s and 

70 c/s wes sO small that due to experimental errors the 

meesured velues of stiffness at verious frequencies showed 

no trends, the results being completely intermingled. 

For this reason the graphs show the band in which the 

results lie. 

‘The experimental damping curves are shown in 

Figs. 5.11 to 5.14 inclusive. Comparison between Figs. 

5.12 or 5.14 and Fig. 4.19 shows thet the experimental 

curves are of the same shape as the theoretical curves 

although the experimental peak damping for a given 

frequency tends to occur at a smaller valve opening than 

thet predicted in the theory. The large negative damping 

which is predicted in the theoretical analysis when the 

valve opening was small, did occur in practice, but 

was much reduced in amplituic. fess of the amount 

of negative damping present in the system when the valve 

opening was small and excitstion frequency was low, was 

found to be difficult and the negetive damping apparently 

vericd considerably from tect to test for verious reasons. 

It is possible that this varietion in damping was caused 

by fluctustion in some parameter in the system which wes 

not controlled or measured, e.g. hydraulic fluid 

temperature. Alternatively, the amount of damping may 
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not vary and the apperent variation might be ceused by 

inaccuracies in the measurement of such quantities as 

phase end valve opening. A small error in phase measurement 

could heve a considersbic effect upon the measured damping 

and the accurate measurement of the valve opening when 

this is smell also presents problems as expleined below, 

A comparison between Pig.,5513 and Fig. 4.19 shows 

that the predicted negative damping was present in the 

system when the vibrator was controlled by a force 

fecdback signal, thus meking the valve opening very small. 

When the perturbation was decreased, Fig. 5.11, the negative 

damping disappeared, this phenomena may have been caused 

by a valve overlap effect. 

A generel comparison between the theoreticel and 

experimental results shows thst only a qualitative 

agrecment cxists between them. One of the reasons for 

this must be due to a difficulty already mentioned, that 

of debermining the steady state velve opening when the 

velve opening was small. In practice it was difficult 

to meosure this because the velve neutral OP zero position moved 

due to the low frequency relaxation oscillations within 

the overlap range as indicated by Lambert and Davies (76), 

In Section 4.18 it is expleined that the 

theoretical curves are calculated essuming an initial or 

boundary valuc of the valve opening Xope It was shown 

thet the effect of this assumption was not to change the 
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Shape of the resulting impedance curves but Merely FO 

move their position along the Xo axis, and hence to 

introduce an error into the theoretically predicted 

impedance at any given valve opening. Another possible 

source of inaccurscy in the theoretical analysis involves 

cr
 he values of the coefficicnts we and Coe These were 

evalueted from the velve flow characteristic curves, which 

themselves were determined experimentslly and thus 

subjected to errors, for stcady state conditions OnLy. 

These conditions do not exist in prectice. 

The variation in stiffness and damping with 

frequency is shown in Bigs. 5<25 to:5.16 inclusive, using 

the same data as used to construct Pigs. Gv? to: S39 

inclusive. A plot of valve Opening against excitation 

frequency; Fig. 5.19, shows the region of stable and 

unstable operation of the servomechanism., The boundary 

condition, which was cxperimentally determined, is shown 

in this diagram, 

5-10 Effect of perturbation amplitude, 

Experimental results show thet when the valve 

opening was large the measured values of damping and 

stiffness decreased with increase in perturbation 

amplitude as shown in Figs. 5.20 and 5.21. When the



  

-108-. 

alve opening was small, however, this effect was not 

clearly defined, i.e. under some conditions the stiffness 

end damping increased with incresse in perturbation 

amplitude ond sometimes decreased with increase in 

perturbation amplitude, 

One possible explanation for these observations 

may be deduced from the theoretical analysis of the 

effect of Coulomb friction on the impedance of the 

Scrvomechenism. It is shown in equation (U631) that 

the effect of the Coulomb friction force is to increase 

the damping component alone by WE / EK, As Xo9 the 

perturbation amplitude, decreases, UP /RX, increases and 

so the measured value of damping increeses, Since, when 

the valve opening is large theo damping due to 9 small 

chenge in valve opening is small, the effect of a change 

in perturbetion amplitude will virtually only change 

the value of UE /RX, » When the valve opening is small 

the chenge in damping due to a small change in valve 

opening can be large, hence a chenge in the perturbetion 

amplitude under these conditions cen couse a positive 

or negative change in truce damping irrespective of the 

change in UP STK, « Thus, although ideally the smaller 

the perturbation, amplitude the more accurately can the 

damping be measured (since ideally demping and stiffness 

is the limit of OF ,/6X, as 6X, tends to zero) in practice
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this will cause the term LE /RX, to become large which 

results in misleading values for the system damping. It 

should be noted that LF /RX, con be very lerge, e.g. if 

F, = 50 lbf., X, = 0.002 in. then WEF /RX, = 32,0001 bf/7im 

The experimental results depart from the 

theoretical predictions, however, in that the stiffness 

as well as damping is affected by perturbetion size as 

previously stated. The vector diagrams for some 

conditions of valve opening end frequency have been drawn, 

Figs..5.22 & 5.23. The méasured velué of impedence is the 

Veclor. sum of the “true impedance vector plus the- friction’ 

Tence .VECLOL. LE /RX,° Thus the extremity or tip of the 

measured impedance vector should lie on the friction 

force vector. The measured impedance vector tip values 

lie quite close to the friction force vector as shown 

in Figs. 5.22 and 5.23 (broken line in diagrams). Hence 

as the perturbation amplitude decreases, the vector 

LE Q/EX, increases and the mcasured vector is rotated 

away from the true impedance vector. It is seen thet 

the Coulomb force vector, which should be 90° out of 

phese relative tothe stiffness vector,-is in practice only 

abot: LS? ‘out. oe phase: Gute indtendee ene 

friction. force 1s composed of components other than 

Coulomb friction. This fact has already been referred 

to, Section 5.6. The possibility that other
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non-linearities cause the variation in stiffness and 

damping with perturbation size cannot be excluded. 

5.11 Discussion of the variations in stiffness and 

damping occuring at a frequency of approximately 

30 c/s. 

The variation of stiffness and damping with 

frequency is shown in Figs. 5.15 to 5.18 inclusive. It 

is seen that as the valve opening is increased the system 

damping peaks up above the general level at a frequency 

of 30 c/s. Similarly, the stiffness decreases at 25 c/s 

and increases at 35 c/s to a peak value before decreasing 

to the general level. 

It has already been stated, Section 5.7, that 

the method of valve earthing hed no effect upon the 

measured impedance. Thus, this unvredicted variation 

in stiffness and damping does not appear to have been 

caused by any factor in the mechanical cnvironment. 

When the tests were repeated with a non-return 

valve (NRV) in the hydraulic supply line, it wos found 

that the verictions in stiffness and damping occuring 

in the frequency range 25 - 35 c/s disappeared, sec 

Figs. 5.24 and 5.25, suggesting thet the ceuse of the 

varistions Was the hydraulic pot antie than the mechanical 

environment. 
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by 12. Discussion Of the erlecy.of the non=return Valve. 

As Test Series' II and IV were identical except 

for the non-return valve (NRV) in the fluid supply line, 

a direct comparison can be made between these tests 

to determine what effect if any the presence of the 

NRV had upon the impedance of the servomechanism. Apart 

from the effect discussed in Section 5.11 the NRV was 

found to have very little effect upon the system 

impedance, When controlled by displacement feedback 

neither the stiffness nor the damping was significantly 

affected although the system stiffness was merginally 

increszsed as shown in Figs. 5.24 and 5.26. The damping 

curves are 6hown in Figs. 5.25 and 5.27. 

  

Belo ‘Bffect of offsetting the servomechanism piston 

from. the midstroke position. 

Test Serics' II and V were identical except 

that in Test Series V the scrvomechsnism piston was 

offset from the midstroke position ty a PAG oN 

comparison between the measured veltes of the servomechanism 

stiffness and damping obtained from the two sets of 

experimental conditions shows that offsetting the 

servomechanism piston had no effect on the system 

impedance e
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5.14 Comporison of random and sinusoidal excitation 

of the servomechanisn, 

A typical peir of power spectral density curves 

for force and displecement obtaincd from the random 

anelysis system are shown in Figs. 5.28 and 5.29. A’ 

comparison between the values of impedance obtained 

from random cxcitation and sinusoidal excitation of the 

servomechanism is shown in Fig. 5.30. Apart from the 

type of excitation the test conditions were in all 

other respects identical. It is seen thst at low 

frequency the random excitation of the system gives a 

lower impedance value then thet of sinusoidal excitation, 

whilst at higher frequencics the situation is reversed. 

The most likely explanation of this phenomena is that 

although the signel generator produces a pure white 

noise signel, due to the sharp attenuation of the 

vibrator response with increase in frequency, the system 

under test is not excited by a pure white noises Thus, 

at low frequency the scrvomechanism is excited by a 

rendom displacement which has a larger overage amplitude 

in the frequency bandwidth at a low frequency than at 

high. This is cquivalent to sinusoidel excitation with 

a lerger perturbetion size at low frequency than at high, 

resulting in 2 lower impedance velue at low frequency 

than at high for reasons given in Section 5.106 
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5.15 Wideband impedance. 
  

By means of sinusoidal excitation of the 

servomechanism both stiffness and domping ot various 

frequencics have been determined, as previously shown. 

The same result could be obtained by cxciting the system 

with e random signeal and analysing the force and 

displacement signels to determine their power spectral 

densities (PSD) and cross power spectral density (CPSD). 

Ef the force “and displacement PSD's alone are determined, 

then information releting to phase is lost from the 

analysis ond thus only the impedance vector value can 

be determined, In this investigstion the CPSD could 

not be measured due to the inadequecy of the analysis 

equipment, for this reason the impedance (as opposed 

to stiffness and demping) was determined for various 

frequencies, as discussed in the previous section. 

If the system was excitcd by a random signal 

and the average valucs of force and displacement measured 

using detectors having long time constants and wide 

band frequency responses, then the mean impedance of 

the system within the bandwidth of the excitetion and 

the detectors can be determined. This has been done 

in Test Series VII, using an cffective frequency 

pandwidth of 20 - 100 c/s and the results are shown in 

Fig. 5.31. If the wide bend impedance is plotted 

 



together with the corresponding impedence determined 

using sinusoidal excitation at discreet frequencies, 

Figs. 5.32 ond 5.33, it is secn thet » good agreement 

exists between the two methods of excitation and analysis. 

This is of significance since it suggests thet as the 

impedance varies more with velve opening then with 

frequency, random excitation provides °®. rapid method of 

investignting the impedance characteristics of the 

servomechanism by the measurement of the wide band 

impedance for various velve openings. 

Excitation of the servomechanism during flight 

conditions is rendom in nature. The close comparison 

between the results obtained by random and sinusoidal 

excitetion suggests th t the results obtained from 

sinusoidal testing in the leboratory are appliceble to 

flight conditions. 
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CHAPTER VI 

Experimentel determination of the 

impedance of e servomechenism in a 

rigid environment by excitation of 
  

its velve input, 

The experimental work done. to determine the 

impedence of the servomechanism by exciting its valve 

input is described end the results discussed. A 

comparison is made between these results, the 

experimentsl resuits obtsined from the output end 

excitation tests and the results from the theoretical 

aneolysis of the servomechanism, 

6-1 System under test. ath osama atm 

The system under test, a servomechsnism excites. 

at the valve input, was described in Section 3.4 and 2 

shown in Pigs, 9.5 .4anG" 5. 7. 

6.2 Problems involved in the experimental investigeticn xp Bev 
  

: B ; 
Whilst Po/%s can be measured experimentelly for 

varjous valve openings by offsetting the servo valve, 

iH ‘ ; 
se [Xs cannot be measured experimentolly for various
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velve openings since when the output is free the servo 

e&lve will centre at the neutral position. 

If the servomechenism valve wos excited with ea 

lerge amplitude displacement when the output end was 

free, then tke would be measurcd snd if this were 
differcntiated axe /aX, i.e, a would result. 

Consequently = fe can be obteined but the 
effective valve Opening or error would not be known. 

Furthermore, differentiation of at, would make the 

Measurenent of 7k, insccurste. For these reasons it 

was decided not to attempt to measure the free output 

response but to use the theoretically predicted values 

of n/t together with the experimentally obtained 

Veaiues: of Sf to obtain the impedance of the 

servomechanism, 

6.3 Calibrations of trensducers ond instrumentstion. 

The losd cell and displecement transducers were 

e°libr-ted in the moenner described in Section 5.1. The 

celibr-tion foctors were as given in this section. The 

valve input displacement tronsducer calibration-“was set 

at 50 V/in. 
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6.4 Excitstion of the servomechenism velve input. Output 

end pilocked, 

The tests were carricd cut with the servomechanism 

piston in the mid stroke position and the servomechenism 

output end blocked, so that no movement of the output 

end wes possible. Tests were carried out in the frequency 

renge 5 - 70 c/s. The valve input displacement end blocked 

output force signals were fed into the automatic 

mechenicel impedance anclysis system in order to measure 

the fe ratio. To tune the analysis system to the 

frequency of excitation of the valve input (in these 

tests the oscillator in the anslyser was not providing 

the excitation signel) use was made of the facility for 

programming the oscillator end in consequence the 

complete analysis system. The tachogenerator, which 

was connected to the electric motor driving the valve 

ImpuUc: SCCeNUPIC, provideda DO Sipnals proportional oO 

the excitation frequency. This DC signel was attenucted 

using = potential divider so th-t when the motor excited 

the velve input at « particuler frequency, the oscillator 

and the enalysis system were tuned to th-t frecucncy 

also. Fine adjustment of the pctential divider was 

mede by compsring the valve input displ-cent and the 

oscillator output signals on an oscilloscope. In this 

manner it was possible to tune the anslysis system to
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within 1 c/s of the excitation frequency. 

Test Scrics VIII: The valve input was excited with 

a perturbetion amplitude of + 0.005 in. and with valve 

openings in the range 0.002 in. to 0.040 in. The ratio 

ae was measured using the automatic mechanical 

impedance anrlysis system as previously described. 

6.5 Discussion of results. 

The experimental curves for the real and imaginary 

perts of the eye: ratio are shown in Figs. 6.1 and 6.2. 

Compsring these with the theoretical predictions for the 

real.ond imaginery parts of this function, Pigs. 4.2h 

and 4.25 respectively, it is scen thet the experimental 

curves sre of the same shape and size as thc theoretical 

curves. It may be noted thet the experimental values 

of the real part of the function do not incrcase with 

increasc in valve opening bcfore decreasing -s do the 

theoretical curves. : This: cheracteristic has already 

been observed when compsrisons heve been made between 

experimental: and« theoretical stiffness curves obtained 

when considering excitation of the servomechanism at its 

output end. The experimental values of the imaginary 

perts of the function elso show this characteristic. 

Although the experimentol values et the higher frequency 

increase with increase in valve opening before decreasing,
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this is not apparently relsted to the effect under 

discussion. 

The experimental curves for stiffness and 

damping, which wore obtained by the division of the 

experimental veluecs of ele by the theoretical values 

ae ees ere shown in Figs. 6.3 ond 6.4. If a compsrison 

is mede between these curves and the theoreticaliy 

predicted curves, Figs. 4.28 and 4.29, it is seen that 

only a general agrcement cxists in the form of the curves. 

A more significant comparison, however, can be 

made between the experimental curves for stiffness end 

demping measured by valve input end servomechsnism output 

end excitation. The reason for this is thet it hes 

alrendy been shown in Chapter V that the theoretical 

enolysis does not give a satisfectory prediction for 

the imped-nce of the servomechanism even in the more 

dircet case of servomechanism output end excitation. 

A compsrison between Figs. 6.3 and 5.10 shows 

thet © reasoneble agrecment cxists between the two sets of 

stiffness curves except thet when the valve opening is 

sm.ll the velucs of stiffness measured for a velve input 

frequency of 20 c/s and above sare too small compared 

with the vnlucs measured using output end excitation. 

This is probably due to the unexpectedly low values of 

the imoginsry part of the £o/%; retio obtained 

experimentally. At a low frequency, the velve input
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excitation method gevs a value of stiffness which was 

high comp:rcd with the velue obtaincd by using output end 

excitation of the system. A compsrison of the damping 

curves obtained using the two methods of system excitation, 

Figs. 5.14 and 6.4, shows th-t the valve input excitation 

method apparcntly measures . considerably greeter amount 

of negstive damping in the system then does the method 

of output end excitation of the servomechsnisn.
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THE IMPEDANCE OF A SYSTEM CONSISTING 

OF A SERVOMECHANISM CONNECTED TO 

VARIOUS FLEXIBILITIES.
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CHAPTER VII 

Theoretical anelysis of a system 
  

consisting of a hydraulic servomechenism 
  

connected to various impedances. 
  

The effect of introducing output end, anchorage 

and velve input flexibilities on the impedence of the 

servo system is analysed, the snelysis being an extension 

of thet given in Chapter IV. 

Volo Notation. 

In addition to the notation defined. in: Section lic 

the following notetion is used in this chapter. 

c Coefficient of viscous friction in the valve. 

j me C : 2 2 ee G Oil momentum force factor, 20H / (Zip + Zar). 

Hy Oil momentum force cocfficicnt, OF, /8P5. 

Hg Oil momentum force coefficient, dF/3Q. 

I, Modified value of or To include effect of 

Jy Modified velue of BH output end impedance. . 

k, Anchorege stiffness. 

Ky Valve input spring stiffness. 

Ky Output end spring stiffness. 

Modified valuc of C- To anedude. the effect. of 

s
o
 

Modified velue of K anchorage impedance. 
a
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Mass of moving ports of anchorage. 

Mass of woving parts of valve spool. 

Modified value of C a To include the effect of c 

  

Modified value of C valve input impedence, 
1 

Pp 4 

Modificd value of K., Oil momentum force coupling 

Modified value of KS 

of C4 To include the effect ofvelve 

of valve end spool. 

Modificd v-lue 

input impedance. Viscous 
Modified value of K 

e friction coupling ete. 
Anchorcge impedence, 

Valve input impedence. 

Output end impedence. 

Impedance of a particul-r system. 

In the following notetion the upper case lctters 

(left hena column) refer to the steady state condition, 

ond the lower case letters (right hend column) refer to 

the smoll perturbation about the stecdy state condition. 

Oil momentum forces at erch velve port, 

Viscous friction force onthe valve. 

Anchorsge displ-cement. 

Displecement of » perticulsr system,



ished 

7+2 Introduction. 

In Chapter IV the equations of motion for a 

hydraulic servomechenism have been formulated and the 

impedance cquotion developede The anolysis was then 

extended to include the effect of en impedence placed 

in parallel with the servomechanism so th-t the cffect 

of the mass of moving parts, viscous damping and Coulomb 

friction could be investigstcd. In this chepter the 

anelysis is furthor extended in order thet the effect 

of en impedence pleced in series with the sorvomechanism 

can be investigeted. Two further conditions ere 

analysed, the effect of connecting the servomechanism to a 

non-rigid anchorage whilst the valve is rigidly connected 
to earth, ond the Opposite situction, where the valve 

is connected non-rigidly to carth whilst the anchorage 

is rigid. 

In the anslysis which follows the dcerivetion of 

equations (4.15), (4.16) & (4.17) is assumed, these 
equations being restated end renumbered thus, 

se pa oe ; te ea a ee ee a a, 
Gc Obes fs eo ee b + Ax $0. Dye Gow (7.2) 

2 we BPs on 2 0 jp° j op* 2 : 
V ° e 

om = ' — sae 20.0 PsC) = oF Ps + 2Ax, (73) 
here C' =¢ BOs C . Br et at
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73 Impedance of 2 system consisting of a servomechenism 

connectcd in scries to an impedence ot its output 

end . 

The system is shown in Fig. 7.la. The valve is 

rigidly conncctcd to earth and thus x; = O onde = - Xoe 

Considering small force perturbctions: 

‘> = Pa ® (x, > X5)(Zop + 325) 
and thus 

neh hee f£/(Z5p + JZ,7) 

where ZoR and Zor arc the reel ond imaginary parts of 

Z. TSspectLively. 
Oo 

Substituting for P52 Xy and e in equetion (7.3) 

ond assuming the excitation and response to be 

  

sinusoidal 

(oF 43 a Fo © 210 4 jh )ix “9 ) a 2 oe e "4 5 

Writing Vw/2N = Ky end Aw = K, 

[(C! + Ria es ) + j(K, + 2 2 = 8(C. #-9e )x p Z5R + J4Zo7 Ky ZoR + JZ 4 A e e’° 8 

  

fs 2A(C Zp + KZ57) 3 
as + 5 5 + “VP + 5 5 t 

a Zorn + 257 Zon + Zor J 

= 2(C 

  

2A(KZ op - Soton)| | 
A 

e IK, )*, 

 



    

(Ot ee Be) 
Wetting To 3 CG! 2p etna Om 

D P (Gee a) 
OR ol 

(KO ee 8) 
and teh Ba CE D D (z° Pe Ze ) 

OR ol 

Ze = Te. 

500. we. ape (OE oe He Vie DET OFS) an) Ss 12 i; xe ep ep ep ep - 
D p 

It can be shown that the equation can be rearranged 

Into the Lonmm 

an
 

Be
 N
 {I g 2 3/4, + 172, (7.5) 

ni wie aecleies t sfir at Z. = 3 5 L(c,¢} + KK.) + J(K,0,, - C.K,)] 
oo: Kn 

= 

¢ 4 si 35 and Z5 = 2 + J4, 
OR af 

This demonstrates thet the normsl lews of series 

additions of impedences apply to this system.
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7.4 Impedance of o system consisting of 2 scervomechsnism 

connected in serics to a flexibility at its output 

end. 

This system, which is shown in Fig. 7.lb is a 

Simplification of the system analysed in the previous 

section. 

In this case 25R es Ky and Zor =O) 

Ss = t A\ The. I, oe + 240 /k, 

a A i and J, = K + 2AK/K, 

Substituting for I, and J, in equstion (7.4) gives: 

2alKC, (G5 + 2aC,/k,) + K(K, + 2aK/k b+ J(C{K,- CK) | 
; 2 2 (6 + 240 ./k,) + (K, + ObK /k_) 
  

Ss 

or alternotively from equation (7.5) 

fa =e, + 7 

Static stiffness: If K. Es K = 0 then, 
t 

sis 

7 pes a ee ' A 4 (static) = 240 / (6 * PAG fc.) 

Infinite frequency stiffness: As w tends to infinity, 

C and C_ become insignificant comprerced with K. end Ky 

Pa Z(inf. freq) = 2K. (Ky 4 2ak /k,) 

Stability criterion: If the system is to be stable the 

damping must be positive. Thus, 

ee tay wz 
CK. > C5 Or Pn > /Ke



  

ie y= 

The output cnd flexibility hes no cffcect on the system 

stebility. It can be shown th-t an altcrnative form 

of the criterion is 

Z,(inf. freq) > Z.(static) 

7-5 Impedence of a system consisting of a servomechanism 
  

  

connected in scries eat its output end to a 

spring/mass combinotion, 
  

The system is shown in Fig. 7.2. This system 

was chosen for anslysis since it was the prectical system 

used for investigation of output end flexibility, (see 

Chepter VIII). Although primarily concerned with the 

investigation of output end flexibility, it was found 

impossible to design © spring having sufficient strength 

and stiffness without including a significant mass into 

the system. 

It hes been shown in Sections 4.9 end 7.3 that 

en impedance placed at the servomechsenism output end 

an parsllel end in series can be enelysed using. the 

normal laws of impedance eddition. Thus, it is possible 

to predict the impedance of this system by combining the 

theoretical impedence of the servomechanism with the 

impedance of the springs and masses. In Chopter V, 

however, it was shown thet the theoretical anslysis of
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the servomechanism did not give © value of impocdance 

which compercd closcly with the mcasured impcdance of the 

servomechanism. Hence, to determine the impedence of 

the servomechenism output end flexibility system, it 

would be more realistic to use the experimentally 

determined velues of stiffness and damping for the 

servomechsnism as a starting point for the impedence 

calculations. This hss been done and the results are 

discusscd in Chepter VIII, 

7.6 Impedance of 2 system consisting of a servomechanism 

connected to « non-rigid anchorage , 

Although primarily concerned with "a system 

contcining anchorage flexibility, initiclly to meke the 

onclysis more general, the case will be considered where 

the onchor-ge hes an impedance 2 = Zon + JZ.7° Tne 

system is shown in Fig. 7.32. The analysis of the motion 

of the jack will be unaltered except that equetions (7.1) 

& (7.2) will be modified thus: 

Ave 9 ° ° 

eae a Ge Neen Vs hones a r 

wy > oP eee ht ON eae A(x, x,) : C spP 5 * CopP i 
ao C V ° (x x ) 

Gg. “phat Vet Fe oe Boh A ee C ipP 5 a CopPa 

Adding these two equations together gives 

pe op ot = Leg. 4 ents ox} (7-6) c Jp one ° a
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The valve is locked so x; = Oande=-=-X.- Considering 

small force perturbsetions 2,.%. = Py =- D A 

ee X= f/Z, and Py = t/a 

Substituting for D5s X, end e in cquetion (7.6) and 

assuming the cxcitation snd response to be Sinusoidal, 

Ot wo 2 i 20 ee +. 32h x te Pp ZN’ A e°-0 Oo Zon + Dor 

Writing Vw/2N = kK, and Aw = K 
e 

[OF + 3K 4 see's) “0 = 210. & 4h Je 
Pp p ZaR + JZ + Seine e e700 

      

r( : otat , ( CAK Zip 12 ’ ) 
PAG a + j(K. + =a ae ee ee a p 2 2 0 2 ee A S C76 £ 77. 

ZaR ts Say 2 x Gat 

2AK Z 
Ef we write a oh + eal 

Pp P zo + an 
aR al 

2AK Z 
end Moos Kk 4 os 

P a +b z° 
aR ey Lk 

ee + KM) % ICR Ow te) S 2 2 Cap CED e7p c Pp s tf 5 
ees 
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7e?f Impedance of a2 system consisting of » servomechanism 

with anchorage flexibility, 

This system is show in Figs 7s3b; ond ie a 

perticuler ceso of the system previously annlysed. Thus, 

ol a me Zop = kK, ond Z. = 0 

° ee ! nnd a A ee L, = Cy and M,, = K * 2AK,/K,, 

tt \ : : ts eae 17 ee 2Al{ CC) + K, (K+ 2AK,/k,)} + J{OpK, Ch 2ak./k, )} 
° ° ie ore 

p 

  

2 + (K, + 2AK./k, ) 

Stotic stiffness: If K. = Ko = QO then 

Z., (static) = 2480/6. 

Comp-rison between this cquetion end Cquation (4.20) shows 

thot the enchorcrge flexibility hes no effect on the static 

stiffness of the system. 

Infinite freguency stiffness: As w tends to akraneihayhaaiy 

t 9 oF i oD 5 5 5 5 rat 9 > a cm and C. become insignificsnt compered to Ky nd K., 

<s Z. (int. Treas) = 24K / (Ky + 2AK ./k, ) 

Rearrenging this equetion gives 

1 oD 
Z, (inf. freq) 2AK , 2 

From equation (4.21) Z., (inf. freq.) = 2Ak./K,    
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“i 1 1 
Pe r ; = > e of Z,(inf. freq.) Z,,(inf. freq.) Kk. 

Thus, as the frequency of ecxcitetion tends to Ine maby: 

the impedence of the system can be enleulated by combining 

the impedence of the scrvomechenism in 2 rigid cnvironment 

and the impedence of the anchorage flexibility using 

the normel laws of impedence. 

Stebility critcrion: For the system to be stable the 

demping must be positive. Hence, 

t Cok > C.(K, + 2AK./k.) 

The mergin of stability is decreased by the anchorage 

flexibility. It can be show thet en alternstive form 

of the ceri terion is 

Z., (inf. freqs) >: 3 (etatic) 

7.8 Impedance of a system consisting of 2 servomechanism 

connected to an anchorage flexibility ond mess. 

This system, which is shown in Fig. 7.lk was the 

prectical system used for investigation of the effect of 

anchorage flexibility. As previously mentioned, it was 

found impossible to design © spring heving sufficient 

stiffness and strength without introducing a significent 

mass into the system. The effect of this mass is to 

modify k, to (k_ - mw) in the impedence equation 

 



  

developed. Using the technique of step by step 

integration the relationship between valve opening snd 

velve pressure drop could be determined and the impcdance 

equation evaluoted in an identical manner to that 

already described in Chapter IV to investigate the 

impedence of a servomechanism in a rigid environment. It 

hes been shown in Cheptcr V that the theorctical analysis 

of the servomechenism in a rigid environment did not 

produce = value of impedencc which closely compared 

with the measured value. Hence, it is unlikely that the 

impedence equation, which includes the effect of 

anchorage flexibility, will give = closer estimate of 

the impedance of a system with anchopage flexibility 

than did the basic equation from which it is developed 

give an cstimate of the impedence of a scrvomechanism in 

Ba Pigid envi ronment. 

in View or those. Gifiticultics 15 Was decided bo 

assume that the low frequency impedance of the system WAS 

equal to the low frequency impedance of the servomechanism 

measured in a rigid environment, ond to calculate the 

high frequency impedence of the system using the high 

frequency impedance measured in © rigid environment 

combined with the impedsnce of the anchorege flexibility 

using the normol laws of impedance addition. This has 

been done and the results are discussed in Chepter IX. 

 



  

7.9 Impcdence of » system consisting of a servomcechenism 

with its velve input connected non-rigidly to earth. 

Introduction. 

Before en enlysis of the system shown in Fig. 7.5a 

can be undertaken it is necessary to decide whet forces 

are acting on the valve spool in order .to:excite the 

subsystem consisting of the spool and impedance Z5° The 

forees acting on. the Valys spool may be Classified thus: 

(i) Oil momentum forces. 

(ii) Viscous friction forces acting betwen the 

valve spool and body. 

(iii) Coulomb friction forces acting betwee 

the valve spool and body. 

In the sections which follow the impedance of the 

system willbe developed £or .the first and second form 

of excitation force on the valve, The analysis necessary 

to develop the impedance. equation for a system with 

Covlomb friction excitation of the velve will not. be Biven 

since the resulting equations are extremely complicated. 

Furthermore, since the effect of Coulomb friction must 

be linearised to be included into the analysis, the 

resulting equetion would be of doubtful value.



ah 

7.10 Impedance of 2 system consisting of a scrvomechanism 

with its input connected to earth via an  impedrnecc. p 
  

| Oil momentum force excitation of the valve spool, 
  

This analysis is based on (11), in which the 

effect of oil momentum forccs acting on the servo valve 

ore analysed. Equetions (7.1) & (7.2) will be unchanged 

and so equation (7.3) gives 

Vi ° oc 

= oy Ps + 2AX = 4, + Ip 20 (x, wie) = pO j 
a O dead 

Now Fl = $5 (Q,P,) 

where By and Po are the oil momentum forces acting at 

each valve ports 

Taking small perturbations 

  

oF oF 
iL. - 

Lo ee a eo eer 
is 024 1 oP, de 

oF OF 
2 2 

and fe Ca + = fa) 4 Y 2 025 2 0 5 2 

Assuming the valves are symmetrical 
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ety + fo = Hy (ay % a) - H, (Py - Po) 

Substituting for (i q, + a5) from equation (7.3) gives 

poe oe = Hoy (p, + De) + Soe H, (py - Po) 

‘ ao. ° ee 

~ (2,4 32, 7)%; Ss Hl Gy) Dp; + 2Ax, ] = HP 

Substituting for X5 from above in equrtion (7.3) and 

assuming the excitation ond response to be sinusoidal 

; = : 
(C5 acs OW) Dy = 2(C, + jAw)x, 

Sa GAe 
JH | (a) p. + 2Aw x, ] - HAPs 
  

  

  

  

+ 20. J ee | (252 + 27) oF 

Substituting for Py end writing Vw/2N = Ky and Aw = Kos 

ava! 7, 7 a 17, 2 ) 

re . J2C HK (Zip J it? - Me Ht, (Zip J4iy/ | fy 
ers ep $2 hone ee | x 

[| hae eee ee ae 4 

| C 2K Bree ew al 
ed one 6 eek. ee Cogn tek eel 
lee ws e 2 

i “iw ha i 
c A: LE . 

f iz se? ‘aaa Cc r } Ff r y, “I a is Ss 2,720 HK, 2 Ho Zip | a 20H, K 424 p+ 26 ell, 2 ie 

Soe ce Pe ge ; ie 
\ dit Shy oe “Hn Say i 

  

| ( 2 Ake: 1 [ 20 _K Z.—H : a aa j ‘ eS ma . 

a 2x0/4 o, + 5 es st ee ose 3 | Bb 
| get aa oe aa 

 



  

      

2 2 =e 
As H =. en then H = eer Ko = HC ee Qn °° OFS ap 

TheEreLove., 

(ye a ee) i CD oy te Bs 
Ob Ht ene e HX, $ 20 Hee ea 

[A ie tee ra ae 

g 2K C_H "} f 20 KH 2, = cS cn ae a. j ; > 

O go ge | be « a | 
Le iR ils iR ss 

Writing 20:H /(z*. + Z°_) = 4G, then 
3 6.74; iR Le ee 

' ~- ee fC) (2520, - Zaz K,)} + i{K, + G(Zi pK, + 2510,)}) 72 

= 2x1 (C, + GK, Z 257) + J{K, + GK, 2, “UR 

a8 ee x sis If R, = C5 G(Z, 20, 251%) 

S = a : K + G(Z; ,K + 31°s) 

R, = C, + GK,2,7 

wn SE z 8, = K, + GK,2,> 

Then the system impedance is given by 

2A F ; ; Ze, = ere (RR, + 8.8.) + J(SR, = a 

Pp p 

(7.8, 
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Yell The impedence of a system consisting of a 
  

servomechenism with its input connected to csarth 
  

  

via _an_ impedonce. Viscous friction force excitation 

of the’ vadve spool. 

Consider a damper (in this sytem, the veive 

spool - valve body combinetion) connected in serics to 

en dnipedaence 2. = 2). +92, 4 OER L 

i alt iL 
a se oe a jwec Zip + J257 

Z = PSX, where f., is the force applied to the 

valve body and Xo is the displecement of the output end 

of the servomechenism, i.e. the displsecement of the valve 

body. 

| (— Z, we + JweZ, p)X, 

Vv Zip + j(Z5 4 + we) 
  

As C/A - x.) = juwc 

  

  

i 

eT te 
P Seraie ete? Mee x 

O° + jZ;p 7 (255 + we) O° 

TAGCRCLORG:, 

eee 2 : 
t - jZ. 3 : (Zo p + Zey + Z. 10e ) JZ, pwe 

See 2 2 2 a 
| Zip + Zp, + 2Z,,we + (we ) 

As f. = jwe(x. - x, ) 

¥ 2 7 WN Ries meee ER (oe) + Jwcl 25, + Ze, + Z, we J 
= 5 x 

2 o 
45p + 447 + 24s
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t. hie p4A + ry 

Substituting for p., ty and. © in enqus 
J 

tion. (7.3) and 

  

  

  

essuming the excitection end response to be sinusoidal 

gives 

F 2 se 2 | iF 41 0 Zz mrs {ven fy : Zp (we) + jwo [255 + oa Z we | : 
p ON ae f 2} [L [(Z,, + we) + (25,) 1A 

an © z° Lie WO Ve Te 
= 2Ajox, + oe be 5 es ai 5} in’ J x, 

| (Z.5 + wie)” + (Z, 2) | 

Writing KO = Vw/2N and K, = Aw 

  

c ie 2 f il Z. woC ) Ee 1 oo (C} + JK, )z° =2x, | jex,- — 4 oft AE 
Pie Aeig Mere Z, in| U2 + wc)*4 Es 

fs ar 3 2 2 . Loew (Ge) + Juche. Be ey 
- (C) + JK, )x,| iR oe a 

Al (Z, 5 we)? + Sa! 

If we write T, = CZ 

U e 

The system impedance is given by 

ee 2A | 

8 Ge — “2 

we ) | 447 

ag in + 247 + Z, we) /L (2,5 + we) +252 

(Z, wed, )/[ (2,5 

ee eS 5K) + dU, C, - TK] + 

ae 

+ we )* + ee pd 

Zap 

Fae 

    

(we )* 

a
e
 

cr 

Z / * Kz, ,+ we)* +25 p| 

-) o QO
 

re
n.
 

n
l
l
 

Y 

“ 

eae me 

vial 

: 
2



  

  

The effect of the last two terms in this cquation is small. 

and thus may be neglected. The resulting impedance 

equation is given by 

  

ee 
s 

2A m ss to iy mC DG) + UK) + J(U,C}, TK)] (7.9) 
12 p 

Cy, + K, 

712 The impcdance of - servomechanism with its valve 

connected to earth vie a spring. 

The system, which is shcwn in Pig, 7.5b is a 

perticuler case of the system which has been previousiy 

anclysed, and the two hypotheses to account for the 

velve excitation now simplify es follows: 

Oi] momentum force excitetion of the velves In this casc 

ce ; - oe eS Zyp = Kk, ond 2,, = 0, G = 20 B/S 

  

iT 

20H C,, 
° , © R = CG Fe 

D D kK, 

a0 Es 

S =<=K +—— H+ 
P P ky 

R,=C., 
~ ce 

20H K. 

5. = Ke i E, 

Ze may be determined by substituting these velues in the
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following equ-tion, (7.8). 

_ athe te r a 4 Mes x 

Ze eee 2 L (RR, . 5.8.) * J(SR,, R55) ] 
Ro + So z : 

Static stiffness (cil momentum force excitation of the 

valve): From the above equ-tion it can be shown thot 

WRN Os 0; 

  

CCH. 
t ae ie \ Ss ey Z,(static) 2: 2A0,/ (6. E, ) 

Infinite frequency stiffness (oil momentum force 

excitation of the valve): As w tends to infinity C. and 

same. Smad compercd, to. Ks and K.. 
Dp c Dd 

Z,(inf. freg.) = 2aK/K, 

Stability criterion (oil momentum forces excitation of 

the valve ): For the system to be steble the damping must 

be positive. 

20 0H 
< Li ge toenails Vo Sag Tee ci 

Be K(C,, k, ) > KP e 

An alternative form of this expression is 

mn a
 

3
 ot
 

[
+
 

Q 
n
e
 Z,(inf. freq.) > Z ( 

Viscous. friction force excitation of the valve: In this 

Ase 4 bs se IAC, Fie ca 1s 45R i iT 9



  

  

© oO # 

  

Z. may be determined by substituting these values in the 

following equation, (7.9). 

— (to! (U at As — es WK iL aeT C o ere 

gee eae p? tH, - TER) K 
Pp 7 

Static stiffness (viscous friction force excitation Of 
  

the valve): From the above equetion it can be show 
ah 

That. when o-= 0 

Z (static) = 2ac 70" 
S o 

Infinite frequency stiffness (viscous friction force 
  

excitstion of the valve): As w tends to infinity Ge and 
  

c! are smell compared to K. and K 
be 

Lf - 

Soop lliLy Criterion (viscous Tricerlon LTOrce Sxeltataon 

of the velve): For the system to be staple the damping 

Must pe Posturve. Hence. 

 



2 
® t WC te t WC t . 3 0K Ei coc, | #2 + Ro, 7 &K, 

The effect.of the valve input flexibility assuming 

viscous friction coupling between the valve body and 

spool, is to increase the stability of the system provided 

We 
K, | > C. 

2 
or Awe > Cok, 

thet 

7.13 The impedence of a servomechcnism with its vzelve 

input connected to earth via a spring ond mass. 

The system, which is shown in Fig. 7.6, wos the 

precticel system used to cerry out the experimentel 

investigstion upon the effect of velve input flexibility. 

The effect of the mess could be included into the 

enclysis by modifying k, to (ky ~ myo"). In practice it : 

wes found th-t m, was sufficiently small to be neglected. 

Comparing the two hypotheses used to develop the 

imped-nce equetion, it crn be seen thet both of these 

hypotheses result in sn impedence equation of some 

complexity. Either of the imped-nce equ-tions could be 

solved by first obtaining the relntionship between velve 
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opening snd vrlve pressure drop by means of ea step by 

step integrotion process. As previously explained however, 

in the discussion of the effect of onchorage flexibility, 

Section 7.8, little purpose would be served by this 

because the equation developed for a rigid system is not, 

in itself, sn accursate method of predicting impedence. 

The analysis of the effect of valve input 

flexibility shows thet depending upon the type of force 

exciting the velve spool, impedence equations lending to 

significently different results sre obteined. Hence, 

prediction of the servomechrnism impedance under these 

conditions cannot be mede unless it is known which force, 

if sny, predominetes, since the forces which mey be 

acting on the valve spool, e.g. oil momentum, viscous 

and Coulomb friction, produce effects which might act 

in conjunction with, or opposition to esch other from an 

impedence consideration. 
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CHAPTER VIII 

Experimental determination of the 

impedance of a system consisting of 

a servomechanism connected at its output 

end to a flexibility. 
  

The cxperimental work done to determine the 

impedance of a system consisting of a servomechenism 

connected to a flexibility at its output end is described, 

A comparison is made between the measurcd impedance and 

the impedance calculated from a knowledge of the 

impedance of the servomechenism alone, combined with the 

impedence of the flexibilities using the normal laws of 

impedance addition. 

8.1 System under test. 

The system under test, e servomechanisn with 

its output end connected to e flexibility, wes described 

in Section 3.5 and shown in Figs, 3.8 @ 3.9. «The 

flexibility, which can be represented by two springs and 

three masses and the complete servo-spring-mass system 

under test, are shown diagrammatically in Piss Tee 
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8.2 Calibration of transducers. 
  

dhe calibration of the load cell and: the 

displacement transducer measuring the deflexion of the 

servomechenism was cerried out as described in Section 

5ol, and the values of the: calibration factors. were as 

PrEVLOUSLY: Piven: insthis. seculon'. 

The displaccment transducer in the hase of the 

vibrator, which measurcd the displacement of the vibrator 

ram, i.¢. the displaccment of the complete system under 

test, was calibratcd by mcasuring the output from the 

trensducer when calibrated blocks were inserted botween 

two faces, one of which was fixed to the vibrator ram 

andthe other to-the. vibrator ¢asing, i.é. carth. In this 

menner a calibration of the transducer was obtained and 

was set to 5 V/in. 

8.3 Measurcment of output end spring stiffness. 

The stiffness of the beam spring, which was to 

be connected to the output end of the servomechanisnm, 

was obtained by measuring its dcflexion when loaded in 

both tension and compression in a test machine. The load 

deflexion reletionship for the spring was found to be | 

linear, and the spring stiffness equal to 39,000 lbf/in. 
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Since the double beam spring was heavy, the 

effect of the mass of the moving parts of the spring 

was included into the impedance analysis. To simplify 

the system it was assumed that the mass of the beams 

was concentrated at each end and in the middle of the 

beams. The mass concentrated at the middle of the beans 

was added to the mass of the connecting lirks, and the 

mass concentrated at one end of the beams added to the 

mass of the shackles joining the beam extremities. In 

this manner the actual spring system was reduced to the 

Simpler system shown -in Pig, /.2% 

8.4. Measurement of system impedance. 
  

Using the technique of small perturbations the 

impedance of the system under test was determined. Testis 

were carried out in the frequency range 5 - 70 c/s, the 

vibrator being controliecd by a feedback signal 

proportionel to servomechanism displacement. The 

servomechanism was operated with its piston in the mid 

stroke position. The force applied to the system and 

the displacement across the complete system were 

measured and fed to the automatic mechanical impedance 

measuring system to determine the system impedance. 
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Test Serics IX : Using a perturbation amplitude of 

= 0.005 in. tests were carried out with e static valve 

opening varying from 0.002 in. to 0.030 in. Output end 

spring stiffness = 39,000 lbf/in, 

6.5 (Diseussion Of results‘. 

The varietion of stiffness and damping with 

frequency for the system under test is shown in Figs. 8.1 

and 8.2. If a compsrison is made between the measured 

values of stiffness and damping and the theoretically 

predicted values obtained by combining the impedance of 

the servomechenism with the impedance of the springs end 

masses using the normel laws of impedance addition, a 

reasonably close agreement exists between the two scts 

of data. This: 1s2shown in, the tabulation. which followe,; 

  

  

  

Freq.’ Valve Stiffness ‘Damping 
c/s | Opening |. lbf/in lbf/in 

ine Predicted} Actual | Predicted} .Actual 

5 0.002 27,900 32,000 | ~1,650 -~5,000 

0.020 954460 7,000 Ts 990 8,000 

70 0.002 2,200 O 3190 6,000               0.020 -20,4400 ~21s000 | 50,500 40,000 
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As may be expected, when the stiffness or damping is 

changing most rapidly with respcct to frequency and/or 

valve opening, the greatest inaccuracy exists between the 

measured and predicted values of these functions, This 

is shown in Figs. 8.3 end 8.4, the greatest inaccuracy 

existing when the valve opening equals 0.020 in. and the 

frequency of excitation is 70 c/s. When it is considered 

hat the predicted values of the system stiffness and 

damping are dependent upon experimentally determined 

values of these functions for the servomechanism atone: 

the results may be considered to be a satisfactory 

demonstration of the fact thet the normal laws of 

impedance addition msy be applied to a system consisting 

of a servomechanism with output end Tiexipil ity. 

This part of the experimental programme had the 

additional function of allowing experience to be gained 

in the design, operation and control of a test system 

which included flexibilities. This experience wes of 

great velue when anchorage flexibilities were investigated 

as described in the chapter which follows.
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CHAPTER IX 

Experimental determination of the 
  

impedence of s system consisting of 
  

  

a servomechanism with its anchorage 

COONECTCO CO" a tr roecTp ld Luvs 
  

The experimental work done to determine the 

impedance of a servomechanism with anchorage flexibility 

is described and the results discussed. A compsrison is 

drown between the impedence of this system; the 

impedence of the system predicted from a knowledge of 

the impedance of the servomechanism and the impedance of 

the anchorage T12exibilitys and the. impedance of the 

servomechanism in a rigid. cnvironment. 

9.1 System under test. 

The system under test, a servomechanism 

connected; toa flexibility; was described in Secuion 

4.5. and shown ins Bigs, 3.80 and 5,11, Une sysucm as 

shown diagrammetically in Fig. 7.l.



  

’ -150- 

9.2 Calibration of instrumentation and transducers » 

The cclibration of the load cell and servomechanisn 

displacement transducer wes described in Section 5 él 

and the cclibration of the trensducer in the base of the 

vibretor was carried out as describcd in Section 8.2. 

The vealucs of the celibration factors were as previously 

given in these sections. 

9.5 Measurement of the stiffness of the anchorage 

  

The measurement of the stiffness of the anchorage 

springs was performed in the rig. The servomechanism 

wos replaccd by a rigid link and controlling the vibrator 

by a feedback signal proportional to force, a load was 

applied to the spring end its deflexion measured by a 

clock gauge. In this manner the spring stiffnesses were 

determined end were found to be 60,000 1bf/in. and 

20,000 lbf/in. The load deflexion rel»>tionship was 

linear for both springs. The springs and connecting 

links were weighed and it was assumed thet helf the 

mass. Of ‘the individual springs added to the mass of the 

moving parts gave their effective mass. 
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9.4 Mersurement of system impedance. 

Using the technique of small perturbations, the 

impedence of the servomechenism-enchorage spring system 

was measured. With the vibretor controlled by a 

fecdbeck signel proportional to system displacement 

ond with the servomechenism operating with its piston in 

the midstroke position, tests were carried out in the 

frequency. renge 5 - 70 c/s. The force applied to the 

system ond the displacement ecross the complete system 

were measured and fed to the sutomatic mechanical 

impedance measuring system to determine the impedance 

of the system. 

Test Series X : With an anchorage stiffness of 

60,000 lbf/in. end a perturbation amplitude of > ©.005: ina: 

tests were carried out with « static valve opening 

varying from 0.002 in. to 0.040 in. 

Test Serics XI : Using an anchorage stiffness of 

20,000 1lbf/in. Test Series X was repeated. 

9.5. Discussion. oF results. 

The families of stiffness curves for a 

servomechenism rigidly anchored and also anchored by 

the two differing rate springs, ere shown in Figs. 9el, 

9.2 and 9.3. It is scen that the cffect of anchorage 
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flexibility is to reduce the stiffness of the system. 

In Section 7.8 it was shown thet as the frequency of the 
servo-anchorage flexibility system tends to EntInity 

the system stiffncs3 con be predicted by combining the 
impedance of the servomechenism with the impedence of 
the enchorage flexibility using the normel laws of 
impcdence addition, 

In order to verify this, the stiffness of the 
system under test was predicted by combining the 

experimentally determinca values of stiffness and damping 
for the scervomechenism elone with the impedance of the 
anchorege PLOXIDL Li ty using the normal laws of impedance 
addition. Tho tabulation which follows shows the 
difference between the value of stiffness predicted La 
this manner and the measured value of stiffness for the 
servo-anchornage Spring systen. 

      i Valve Spring rate 5, ov 70 ¢/s 
S
r
 A
 

ok 
ae 

a 

Opening 

  60,000 lbf/in. ; 0.002 in. 45,900 (115 x){5,300 (35.2%) 
| GeO 20% in, oo (1) 1,600 (4 x) 
    

‘ad 

20,000 1bf/in. ! 0.002 in. 23,200 (25.7%) 900 {1)             0.020 in. | 6,500 (7-2 X) {1,400 (1.5 x) J       
  
  

Note :* The figures in brackets refer to the ratio of 
the error to the smallest error for a particuler Spring 
POC « 
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From this table it is secn that the crror between 

the stiffness predicted by combining the experimentally 

determined values of stiffness and damping for a 

servomecheanism alone with the impedence of the anchorage 

flexibility using the normal laws of impedance addition 

ond the measured veluec of the stiffness for the servo- 

enchorege spring system is not significsnt except when 

the valve opening is small and the excitation frequency 

is low. 

In Chaptcr VII it was shown thet at very low 

frequencies the stiffness of the servo-anchorage 

flexibility system tended to that of a rigidly anchored 

servomechanism. To verify this prediction the difference 

between the stiffnesses obtained experimentelly for the 

two systems are tabuleted below. 

  

  

Valve 

Opcning 
5 o/s 70 c/s Spring rate 

  

60,000 thf/in.| 0.002 in,} 14,500 (Gi.5 = x)1 59,000: (59 x) 

0.020 in.) 2,000 11) 10,000 (10 x) 
  

20,000 lbf/in. | 0.002: in.}| 58,000 (29 x) 88,000 (44 x)   G,026. in. 1: 6,000.43 =) z,000 (29         
From this table it is secn thet the differences 

in stiffness betwecn tho rigidly anchored servo system ond 

the flexibly anchored system is small at low frequency.
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It should be noted that when the anchorage stiffness is as 

low es 20,000 lbf/in., a frequency of 5 c/s cannot 

really be considered a low frequency, the tabuleted 

stiffness differcnee when the valve opening is equal to 

0,002 in. is still large. From Fig, 9.4, however, it is 

seen thot at 5 c/s the curves relating to the 

servomechenism with enchorage flexibility do tend to 

the curve applicsble to the rigidly anchored servomechanisn. 

Also shovm in Fig. 9.4 arc the high frequency predictions 

obtained by combining the servomechanism and anchorerge 

impedences using the normal laws of impedance addition, 

In Chapter VII no prediction was made with 

respect to the demping in © servo system with snchorage 

flexibility, since in all servo systems the damping is 

zcro when the frequency is zero or tends to infinity. 

The expcrimentel results ohteincd, Figs. 9.5, 9.6 and : 

9.7 do show however, thet the prescnee of anchorage 

flexibility tends to decresse the amount of damping in 

the scrvo system and henee to decrease the Sbebiiltiy or 

the system. If the difference between the damping 

measured in © servo system with enchorage flexibility 

and the demping predicted by combining the expcrincntally 

determined velues of stiffness end damping for the 

servomechenism alone with the impedance of the 

enchorege flexibility using the normel laws of impedance
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addition is obtained for vzrious velve opening and 

frequency conditions, the differcnees may be tebulated 

as shown below. 
  

Valve 

Ovening 
Spring rote 5 c/s 70 c/s 

  

60,000 1bf/ine} 0.002 ins} 47,000°(39 x).1 2)300,01.9 =) 

O.020 “iin. 3,500 (2.9 x)}i 1,200: (1) 
  

  20,000 1bf/in.| 0.002 in.| 39,600 (14.1x)j 2,800 (1) 

0,080 ins; 5,900 (2.1. *).-9,100- tue x)         
  

Inspection of this table shows similar results 

to those obtained when considering stiffness, i.c. a 

small difference betwecn the demping in © scrvomechanisn 

with enchorage flexibility ond thet.using the normal laws 

of impedance addition except when the frequency of 

excitation is dow end the valve cCpenine is smali. 

The effect. of anchorage. flexibility on system 

stability is shown in Fig. 9.8. As previously stated 

the presence of anchorege flexibility is to decrease the 

system stebility comporcd with the rigidly anchored 

servomechsnism thus incressing the region of instsbility.
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CHAPTER X 

Bxperimcntal determinetion of the 
  

impedance of a system consisting of 
  

o servomechenism with its velve input 
  

connected to a flexibility. 
  

The experimentol work done to determine the 

impedence of a servomechenism with its valve connected 

to e flexibility is described end the results discussed. 

Reasons cre given to:show why the results from these 

tests cannot be applied to the generel case of valve 

input ficxibility end arc valid oniy for.the particular 

cese exomined. 

10.1 System under test. : 

The system under test, a servomechonism with its 

valve connected to a floxibility, wes described in 

Section 3.5 and shown in Figs. 3.12 end 3.13. 

10.2: Calibration or-trensaduccrs » 

Mhe Ccadipration.ef the “ood ¢eéli- end athe 

scervomechenism Gisplacement transducer was carricd out 

as deseribed in Section 5.1. The valve spool displacement 

 



  

    

trensducer did not heve a micromctor head mounted integrel 

with it end consequently had to be removed from the test 

rig and mounted into a jig for periodic calibrations. 

The jig wes a device in which the transducer body wes 

rigidly held whilst the core of the transducer 

was moved under ths control of a micrometer, thus 

enabling oa calibration to be meade. This calibration was 

set to 50. Vit. 

10.5 Measurement of impedance. 

The impedance of the system was measured in 

the Pant pence by means of the small perturbation 

techtique. The tests were carried out in the frequency 

range 5 - 70 c/s by measuring the force epplied tc.and 

the displacement across the servomechonism. The automatic 

impedance mensuring system was used to determine the 

system impedance and the vibrator was controlled by a 

signal proportional to the servomechanism displisecemont. 

To determine the vrlve opening it was necessary to 

subtract the displecement of the valve spool, measured 

by the valve displacement transducer, from the 

displacement of the servomechanism body. In practice it 

wes found thet as the servomechanism was moved in order 

to open the valve, friction between the valve and» spool, 

, 

Poe



  

-158- 

caused the spool to move also against the action of the 

valve input spring. To overcome this ‘locking! effect 

the system wes excited for a few seconds at a frequency of 

70 c/s in order to free tre spool and allow the spring 

to take up an equilibrium or stable position. It was 

then possible to measure the valve opening as previously 

described. Tests were carried out as follows: 

Test Series XII: With a valve input spring stiffness of 

1,520 lbf/in. and a perturbation omplitude of + 0.00517. 

tests were corried out with a static velve opening 

varying from 0.002 in. to 0.040 in, 

Test Series XIII: Using a valve input spring stiffness 

of 560 1lbf/in. Test Series XII was repeated. 

10.4 Discussion of results. 

Compsring the femilics of stiffness curves 

obtnined when the vsalve wes connected to earth rigidly 

and also by the two springs of differing rotes, as show 

in Figs. 10.1, 10.2 and 10,3, it is soen thet the effect 

of the flexibility is to decresse the stiffness of the 

servomechsnism. If the stirfness curves obteined from 

the rigidly and flexibiy connected valve tests for a 

perticulsr valve opening sre plotted together, Pig. 10.4, 

it is seen thet the decreose in stiffness is greatest when
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the valve opening is small and the excitation frequency is 

low. As the valve opening increcses tho effect of the 

flexibility becomes less sirmificant until when the valve 

is opened by 0,020 in the flexibility hes no apperent effect. 

At hirh frequency end smell viive opening the flexibility 

reduces the stiffness but by a smaller cmount thun at low 

frequency. Again, as the vaIve onening is increased the 

effect of the flexibility tends to become insimnificant. 

Meking = comprrison between the families of 

damping curves ss shown in Figs. 10.5, 10.6 ond 10.7, 

it is seen that the damping in the servo system increases 

when valve flexibility is introduced thus improving the 

stebility of the system. 

If 2 comprrison is mede between the results 

obtained experimentally and the theoreticsl predictions 

besed on the assumption of oil momentum force excitation 

and also by means of viscous friction force excitetion of 

the valve spool, it is seen that neither assumption 

appeers to be vrlid. For exnmple, -s the excit*tion 

frequency tends to zero the oil momentum Forse excitation 

hypothesis predicts on increase in the servomechmism 

stiffness; viscous friction force excitation hypothesis 

predicts no chenge; whilst the experimentsel1 results give 

© decresse in the servomechonism stiffness, compared with 

the stiffness of the servomech-nism when the velve input 

1S CaOt GS
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During the experimentsl programme, however, it 

was observed thot the metion of the servomechsenism and 

the motion of the valve spool remained sensibly in phase 

for all valve openings tested in the frequency range of 

interest. This observetion suggests that the coupling 

force cnusing the excitation of the valve spool was some 

form of dry friction or stiction force. It seems likely, 

thet due to imperfect alignment of the valve spool snd 

spring, high lntcral forces were caused to act on the 

valve spool snd the spool valve ond body were thus coupled 

together. The subject of axicl ond laterel forces acting 

on spool valves has been discussed et length by Blackburn 

(17). If the servomechrnism is excited by © perturbetion 

Amplitude of = 0.005 in., then for the spool valve to 

heve the same displacement it would be necesssry for the 

stiction force to overcome a spring force equnl to 

2.8 1bf. ond 7.6 lbf. in the case of the 560 1bf/in. and 

the 1520 lbf/in. springs respectively. In view of the 

possibility of misnlignment of the spring valve system 

end also such fectors cs wear on the valve and dirt in 

the hydraulic system, the essumption of » coupling force 

of up to 8 lbf. does not seem unrealistic. At high 

frequency this force oapperred to break down so th-t the 

amplitude of excitation of the spool was attenusted, 

Thus we are forced to the conciusion that friction
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forces sre the dominant coupling forces present in this 

perticulsr servomechsnim-valve flexibility system. It 

should be noted thet the results obteined ere velid only 

for the p»rticulsr servomechonism under test using the 

perticular arrangement of volve flexibility. It would 

be extremely dangerous to attempt to drew generel 

conclusions for other servomechenisms with valve input 

flexibility where other forms of coupling, such as oil 

momentum forces, mey be predominant. It would eppesr thot 

the only relisble method of determining the effect of a 

perticulsr valve flexibility on » porticulsr servomechenism 

would be to cerry out messurements of impedance on 

each and every case.
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PART IV 
CONCLUSIONS AND PROPOSALS FOR 

EXTENSION OF THE PROGRAMME.
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CHAPTER XI 

Conclusions. 

These conclusions summarise the more detailed 

discussions of results which are to be found within the 

TEX, 

11.1 Impedance of a servomechanism in 2 rigid environment. 

The results obtained from the theoretical analysis 

of the servomechenism show thet when the excitation 

frequency is low the servo valve characteristics, together 

with the leakage rate around the jack piston, are the 

Significant parameters of the system in determining the 

impedance of the servomechenism. The effect of leakage is 

to decrease the stiffness of the servomechenism when the 

valve opening is small and to decrease the amount of 

negative damping predicted in the analysis, thereby 

improving the stability of the servomechenisn. 

When the excitation frequency is high (ideally 

tending to infinity, although in the context of this 

discussion 40 c/s and above mey be considered to be high 

providing the valve opening is smell) the bulk modulus 

of the working fluid becomes the significant system 

parameter. 
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The theoretical analysis shows thst the effect of 

Coulomb and viscous friction in the system is to increase 

the damping in the servomechanisnm. 

A qualitative agreement has been shown to exist 

between the theoretical predictions and the experimental 

results obtained for the servomechanism impedance. The 

measured stiffness does not, however, reach the large | 

values predicted theoretically at low frequencies and small 

valve openings. The negative damping, which was predicted 

theoretically under conditions of small valve opening, 

occurred in practicé but its amplitude was much reduced. 

The experimental results showed that the perturbation 

amplitude of the excitation affected both the measured 

stiffness and damping of the servomechanism. One possible 

explanation for this may be due to the effect of Coulomb 

friction within the servomechanism, 

The presence of a non-return valve in the fluid 

supply line does not have a significant affect upon the 

servomechanism impedance. 

Offsetting the servomechanism piston from the 

mid stroke position has no affect upon the impedance of the 

servomechanisn. 

Since only a qualitative agreement exists between 

the experimental and theoretical results, it seems that at 

the present time the only reliable way of determining the 
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impedance of the servomechanism is to measure it in a 

laboratory test rig. With the experience gained from 

these tests the measurement of the impedance of any 

servomechanism could be readily accomplished providing 

the excitation force required was within the capability 

of the exciter available. 

11.2 Random excitation of the servomechaniane 

The impedance of the servomechanism obtained by 

random excitation of the system followed by analysis . 

of the resulting force and displacement signals to give 

their power spectral densities and hence the system 

impedance, shows a good agreement can be achieved with 

the impedence obtained using sinusoidal excitation of 

the system. In view of this it woulda appear that random 

excitation of the system may well offer a rapid and reliable 

method of measuring the impedance of the servomechenism. 

This method has certain attractive advantages since the 

form of the excitation would often be encountered in 

flight. 

It has also been shown that random excitation of 

the servomechanism offers an opportunity to measure an 

average value of its impedance within any bandwidth under 

consideration. In this manner wide band impedance for'a
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particular valve opening or applied force can be obtained 

from two simple measurements, providing that phase and 

frequency information is not required. 

11.3 Meesurement of servomechanism impedence by excitation 

of the valve input, 

The experimental results obtained in attempting 

to measure the impedance of the servomechanism by exciting 

the valve input, gave only a general agreement with the 

results obtained for the impedance of the servomechanism 

by direct excitation of its output end. 

Although the results obtained up to the present 

time cannot be consideréd satisfactory, this method of 

determining the servomechanism impedance has certain 

adventages, particularly in that only a low level of force 

excitation is required and also that the method is closely 

related to frequency response testing. 

11.4 Impedance of 2 system consisting of 9 servomechanism 

connected at_ its output end to a flexibility. 

It has been shown theoretically and demonstrated 

experimentally that the impedance of a system consisting 

of a servomechenism with output end flexibility can be
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calculated by combining the impedance of the servomechanism 

measured in the laboratory test rig with the impedance of 

the flexibility using the normal laws of impedance addition. 

11.5 Impedance of a system consisting of a servomechanism 

with its anchorage connected to a flexibility. 

The theoretical analysis for a system composed of a 

servomechanism with anchorage flexibility produces an 

impedance equation of some complexity. It has, however, 

been shown theoretically and verified experimentally that 

as the excitation frequency of the system tends to Zero, 

the stiffness of the system is equal to the stiffness of the 

servomechanism alone, i.e. the anchorrge flexibility has no 

effect upon the system stiffness. Also, as the excitation 

frequency of the system becomes high the stiffness of the 

system may be calculated by combining the impedance of the 

servomechanism measured in the laboratory test rig with 

the impedance of the flexibility using the normal laws of 

impedance addition. The stiffness of the system will 

vary between these two limits, and thus will always be 

equal to, or greater than the stiffness predicted using 

the normal laws of impedance addition.
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11.6 Impedence of 2 system consisting of 2 servomechanism 

with its valve input connected to a flexibility. 

The theoreticnl analysis for » system consisting 

of 2 servomechonism with valve input flexibility can only 

be meade if the form of the force exciting the valve spool- 

input flexibility sub system is known. In practice, more 

then one form of force may cause the excitation and unless 

one force predominates the analysis cannot be resdily made. 

The experimentel results obtained for this system sre of 

limited value since they are valid only for the particuler 

conditions which existed in the test rig.
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CHAPTER XII 

Proposels for Extension of the 
  

Programme. 

12.1 Introduction. 

In order to.complete the investigation proposed 

in Section 1.44 the fcllowing parts of the project remain, 

(i) An investigation to determine whet mechaniccl 

element, if any, mry be used to replace the servomechanism 

in the powered flying control systcm whilst tests are 

carried out on the remainder of the system to determine 

its impedance using ea low level of force excitation. 

(ii) An investigstion to determine the impedance 

of = powered flying control system in e limited and 

restricted manner by direct excitation of the control 

system in. the aircraft in order that a comparison can be 

made betwecn these results and the results obtained by 

the method proposed in Section 1.4. 

In: eddition to these projects the investigations 

which follow may be undertaken.
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12.2 Measurement of impedence using random excitation of 

the systcm. 

This would be on extension of the work already 

carried out (see Chapter Wace che investigetion would 

extend the work for more varied conditions of valve 

opening end perturbstion amplitude ete. The analysis of 

the force and displacement signels could be performed 

using the automatic mechnniccl impedence anolysis system 

working in the power spectreal density mode. This system 

would give a better snolysis of the signrls thon would the 

system previously used and described in Section 3.8. In 

the event of analysis equipment capable of producing the 

cross power spectral density of two functions becoming 

available, the work could be extended to cover this aspect 

of the anelysis. 

12.3 The impedence of » servomechenism with valve input 

PLSXPO TL La ty 

In Chepters VII snd X the problems involved in 

predicting and obtaining reliable results for the 

impedance of a servomechsnism with velve input flexibility 

hove been discussed. The results obtsined, however, were 

of restricted value only end the work could be usefully 

extended to obtain more experimental inform-tion for 
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various values of flexibility and designs of valve (see 

also Section 12.7). 

12.4 Measurement of impedence of 2 servomechenism using 

Valve impub excitations 
  

In Chopter VI the work done in attempts to measure 

the impedance of the servomechsnism using velve input 

excitction was described. The results obtsined from this 

work did not- give a good measurement of impedance compered 

to those obtained by direct excitation of the servomechonism 

output end. The method does, however, have certain 

adventeges end it seems desirable thet further efforts 

should be made to overcome the problems, particulsrly 

the measurement of mf tE, in order to meke the method 

workable. In this manner the merssurement of the 

servomechsnism frequency response and impedsnce can be 

closely linked. 

12.5 &ffect of large input forces and displscements on 

the servomechznism , 
  

BHxperimentsl work is required to determine the 

force displacement rel-tionship for the servomechanism 

when the input force or displacement is largo. Theoretical 

predictions can be made cither by using 2 digital computer 

 



e117 t= 

to solve equation (2.61), see section 2.11, or by using an 

anelogue computer to simulste the form of the impedance- 

valve opening relntionship using diode function generators. 

12.6 -Effest of exciting the servomechenisn output end 

end _ velve input simultencously,. 

This effect has been analysed theoretically in 

Section 4.2%. These predictions enn be checked 

experimentelly provided thst the necessary excitation and 

onxlysis equipment is available. The autometic mechenical 

impedance anclysis system would require slight modifications 

in order to carry out this work, 

12./ Impedance measurement on various servomechanisms. 

By measuring the impedance of severnl servomechanisns 

of differing designs the ecffoct of various paremeters 

such es jack piston area, swept volume and valve 

charecteristics could be established. This investigetion 

could be carried out simulteneously with Section LES See deo 

would also be of interest to vary leakage retes across 

the servomechanism ram by artificial means to study the 

effects experimentally. 
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12.8 Analogue simuletions of the servo system. 

One use of an onoelogue computer elrendy suggested 

is to simulste the effect of a large force and displecement 

input to the servomechanism, see Section 12.5. The 

computer might also be used to simulate the system when 

attempts are made to combine the impedance of the 

servomechanism determined in the laboratory test rig with t 

the impedence of the remeinder of the control system.
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