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Synopsis. 

The thesis describes an investigation of the 

behaviour of a symmetrical two-rotor shaft system 

supported in journal bearings. The rotors are of 

appreciable diametral inertia and overhung from the 

bearings. Oil is gravity fed to the bearings from a 

header tank. 

The thesis is divided into two parts. 

Part one describes a phenomenon in which the 

system exhibits sub-shaft speed resonances while part 

two describes a phenomenon in which the system becomes 

unstable and whirls in contact with the bearings, at 

half the shaft rotational speed. 

To the authors knowledge these phenomena have 

not been reported previously. 

The source of the phenomenon of sub—shaft 

speed resonances is attributed to a rubber flexible 

drive coupling. Treating the coupling as a non-linear 

spring, a theory is propounded which explains the shaft 

behavioure Agreement between theory and experiment is 

quite good. 

The phenomenon of the unstable half shaft 

rotational speed motion described in part two is also 

attributed, though indirectly to the drive coupling. 

The coupling causes the rotors to move in antiphase 

so that gyroscopic couples, arising out of this 

sei os 
 



  

movement, are able to control the shaft motion. The 

appearance of instability is given because the 

amplitude of the motion is beyond that limited by the 

bearings. Neglecting external forces, a theory is 

propounded which, provided the lubricant viseosity is 

known accurately; predicts the shaft speed at the 

onset of “instability! 
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Introduction. 

Vibrations in rotating machinery have 

attracted the interest of research workers since the 

middle of the last century. Although many vibration 

characteristics have been satisfactorily explained, 

the increased complexity and increase in running speed 

has given rise to additional phenomena which require 

further investigation. It has not been uncommon for 

machines which have been tested and approved in the 

manufactures development laboratory to have failed 

due to fatigue produced by some vibration phenemono n 

not encountered under test, when put into service. 

An insight into the behaviour of rotating 

machinery can, to some extent, be obtained from models. 

A vast amount of experimental work has been so performed 

to obtain an understanding of the basic principles 

involved in the vibration of rotating shafts and 

empirical and theoretical formulae have been developed 

to predict the occurence of some vibration phenomenon. 

Usually these formulae can seldon predict the behaviour 

of full seale systems with the same degree of accuracy. 

This is to be expected, because in a model the physical 

significance of some properties in the full size system 

Gee friction, due to relative movement between parts 

and hystersis, flexibility of bearing and bearing 

structure, coupling effects etce can be so reduced as to 

arte



  

have a negligible effect on the vibration characteristics 

of the model. Troubles can arise particularly in the 

case of two machines being coupled, cog. a diesel-electric 

set, when each machine is tested separatelye It is 

practically impossible to subject one machine to the 

same type of loading it incurs when coupled to another 

A large proportion of rotors are supported in 

journal bearings lubricated with oil. Recent investigations 

by other workers have shovm that forces generated within 

the bearing, due to the inherent build up of an oil 

film are capable of producing a condition of instability. 

These oil forces are complex insomuch as they can be 

expressed by a summation of non-linear displacement 

and velocity dependent terms and analytical and 

experimental work has been carried out to determine 

their role in shaft vibrations. Most of the experimental 

work has been performed on models and little work has 

been carried out on full scale rigs, Consequently the 

results have been of limited value to manufacturers. 

This thesis describes the work carried out in 

an investigation of the vibration characteristics of a 

two-rotor shaft system supported in two journal bearings. 

The system is analogous to the rotor of a turbo-charger 

with the exception that the rotor blade-hub assemblies 

have been represented by two symmetrical disks. The 

disks are overhung from the bearings and of appreciable 

atte 

 



diametral inertia so thet the shaft experiences 

gyroscopic couples when rotating. 

A turbo-charger experiences an appreciable 

temperature difference between the compressor and 

turbine stages. This anomaly has been neglected in 

| the investigation although its effect is commented on. 

Also no external stimulas has been applied to the disks 

ieee gas force excitation has been neglected.
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Historical and Technica Review 

The iiterature on the vibrations of 
rotating shafts is extensive and to 
present a historica.. and technica! 
review of all the literature would be 
a major undertaking. The historica’ 
and technical review presented here 
is a review of the more important 

papers,relevant to the investigation. 
The review is cwomposed of five sections 

Vig R 

1. Synchronous Whir’. Produced by 
Out-of-Balanee Forces. 

2, Non-Synchronous Whir’ Produced 
by Out-of-B' ance Forces. 

3. Effect of Gyroscopic Coupes 
on the WZotion of a Rotating 

Sheft. 
lL. Effect of Friction Forces on 

the Motion of a Ratating Shaft. 
5. Effect of O11-Fi’m-Forces on a 

Rotating Shaft. 

and is written with the intention that 

each section follows on from the 

previous one. Because of this writers 

mentioned are not neccessarily in 
ehronologica’ order. Aso, some 

sections contain parts which, striotiy 

speaking do not be.ong there, but, are 

put in to clarify a statement and to 

»~rovide continuity. 

1. Synchronous Whirt Produced by Out-of-Ba'lance Forces. 

The first rational explanation of the vibration 

of a rotating shaft subjected to an unba’ance force was 

given in a paper by Jeffcott('l)pub’ ished in 1919. 

Previous to this workers in this field, notably Greenhill’, 

(2) Chree (3) and Dunker:ey(lL) had based their arguments on 

fallacious reasoning. Jeffcott's theory shoved that the 

critical. whirling speed of a shaft carrying 4 single 

rotor subject to unbalance, arose when the rotational! 

speed coincided with the natural vibratory frequency of 

Ls, 

 



  

  

the system and a perfect!ly balanced shaft could not 

whir?. That this state of affairs was not understood 

was evident from the fo towing quotation from a paper 

by Chree'---- whirling is not really a case of 

coincidence of period »etween a vibrating system and 

disturbing forces----". Morris (5) extended the work of 

Jeffcott to more compiex systems and showed that critical 

whirling speeds arose when the rotating speeds coincided 

with the natural vibratory frequencies of the rotating 

system. The emphasis here being on "natura? vibratory 

frequencies of the rotating system", for if a shaft 

carried disks (rotors) of appreciable inertia the 

natural vibratory frequencies would be lower than the 

natural vibratory frequencies of the rotating system. 

The difference is produced by the gyroscopic couples 

(arising only when the shaft rotates) tending to stiffen 

the shaft. 

It is unfortunate that for the simpler cases of 

shaft whirling (negligib’e rotor inertia and symmetric 

stiffness etc.) the critical whir’ting speeds occur at the 

same frequency as the natura’ vibratory frequency of the 

systen, 

The works of Dunker?ley,Chree ete. all arrived at 

this cone’usion and conseqently the calcu’ated critical 

whirling speeds were numerically correct. 

In 1894, Dunkerley reported his classical 

experiments. In crder te cope with a pu- ley mounted ona 

oe



heavy shaft Dunkericy first calculated the 

critical spoed for the loaded shaft, in which the mass 

of the shaft itse1f was neglected. Calling the 

frequency thus obtained Nand that found for the 

unloaded shaft Ny», Dunkerl.ey deduced a final vaiue N 

for the frequency of the complete system from the 

equation 

oo ee 
co <a NS 

which is an empirical method stiil widely used at presente 

It can be shovm by extending Jeffcott's theory to 

include a shaft carrying more than one load, say two,that 

the frequency obtained by Dunkertey's empirical formula 

for the two loads in combination is !ower than cither 

of the two actual. frequencies of the system. 

Downham (6) in 1957 carried out crtensive 

experimental work using a cantitever shaft carrying a 

rotor of cpprcecinble inertic supportcd in «.-symmetrie and 

asymmetric flexible bearing. Using theory based on that 

of Jcffcott and extended by YJorris, Dovmham obtained good 

eccirelation with experimental resuits. A:so he showed 

that with an asymmetric ficxible bearing the shaft would, 

when running at speeds between the two critical spceds 

(the tvo critical whirling spceds arising because of the 

different support. stiffness in the horizontal and vertical. 

directions) whirl in a reverse direction.to that of rotation 

end at rotational speed. Hult (7) using a similar apparatus 

-—4- 

 



  

as Downham investigated the phase-angle relationship 

of an unbalanced shaft-rotor system supported in an 

asymmetric bearing. He consluded that to fulfill the 

neccessary phase-angle requirements, the shaft would 

either whirl in a forward direction at a third shaft 

speed or in a backward direction at sheft .spgced, when 

running at specds ttween the two critica whirling specds. 

Neither Downham nor Full observed a forward whirl when 

the shaft ran at these speeds. It is interesting to note 

here that a sub-shaft speed forward whirl is theoretically 

possible. 

2- Non=-synchronous Whirl Produced by Out-of-Balance Forces. 

In 1933 Baker (8) explained how a shaft subjected 

to unbalance forces can whir? at a frequency which is 

exactly half or third shaft spced. By sufficiently good 

rotor balancing this phenomenon could be corrected for. 

‘udeke (9) performed work using an cleetromechanical 

analogue to study the phenomenon of sub-harmonic 

resonance showed that SO herkoe resonances could be 

generated by an unbalance force acting on a non=-iinear 

spring. The order of the sub-harmonics depended on the 

non-lincar spring characteristics. 

Unlike the effect obtained by Baker which, as 

already mentioned could be corrected for by good balancing, 

Tudeke showed that the generation of sub-harmonic 

resonances could only be climinated by perfect balancing. 

selies



  

The thcory propoundcd by 'udeke was based on a small out 

of baiance force exciting a non-linear system and therefore 

could have a practical application to rotating shafts 

supported in flexible bcarings and for driven from 4 

Plexible coupiing. The “jump phenomenon, described by 

Stoker,(10) which is charactcristic of all non-linear 

systems was also apparent with the generation of 

sub-harmonics, sce Fig 1. Tudeke pointed out that because 

of the unstable condition during a "jump" the freauency 

of vibration e.g. of a shaft, may jump from that of sheft 

speed to third shaft specd i.ec, omit the sub-harmonic 

resonance ef order half. 

2- Effect of Gyroscopic Couples on the Motion of a 
. 

Rotating Shaft. 

The gyroscopic effects on shaft whirling have 

been recognised for many ycars. Stodola (11) deseribed 

both forward and backward synchronous preecssion. 

Den Hartog (12) indicated possible nonsynchronous 

precessions and Green (13) in eo paper titled "Gyroseopic 

Effects on the Critical Specds of Flexible Rotor" 

published in 1948 showed theoretically that a shaft 

carrying a thin balanced disk was capable of nonsynchronous 

presession. The operative word being precession, for 

Jeffcott had shovm that a perfectly balaneed shaft was 

not capable of whirling. Schulte and Riester (1) 

observed both forward end backward whirl in tests carricd 
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out with 2 shaft supported in two bearings and carrying 

a rotor overhung from the bearings. They investigated 

the effect of mass distribution and used rotors which 

te the diametrai inertia was less than the 

polar.inertia. | 

2. the diametra’ inertia was equal to the 

polar inertia. 

3« the diametra’l inertia was greater than the 

polar “inertia. 

and in a’... cases observed the resonant condition for 

forward synchronous whirl but on’y in six tests out of 

the nine tests performed did they detect the backward 

synchronous whiri. The on'!y exciting force used to 

promote the resonant conditions was that due to 

unbalance. 

Lu. Effect of Friction Forces on the Motion of a 
  

Rotating Shaft. 

In (92h. Kimball? (15) deseribed a phenomenon in 

which a sheft whir'ted et its natural frequency whilst 

running at specds greatcr than thise He ascribed this 

phenomenon to the interna’ friction forces of the shaft 

set up by the hysteretic behaviour of the shaft material. 

Kimbea’l thought of hysteresis as a viscous action, 

and gave a mathematical theory based on the assumption 

that it followed the viscous law.e However, when he 

performed tests to measure internal. friction he showed that 

jhe



    

this assunption was hope'cssly wrong. A quote from 

Kimball's (16) paper rcads as follows"----, It is a 

remarkable fact that the internal friction is nearly 

independent of the speed of rotation, contrary to the 

very common assumption that interne! friction in metals 

is proportional to velocity of strain, like fluid 

friction.----" It is unfortunate thet many vriters 

todey choose to ignore this evidence, and still treat 

friction ferces as being viscous in nature. Robertson(17) 

gives a full explanation of this phenomenon in a paper | 

titled "“Hysterctic Influcnees on the Whirling of Rotors", 

He shoved how a transient vibreation in - rotating shaft 

wou'd be sustained by hysteretic forces, if of sufficient 

magnitude, when the shaft was running above its criticel 

specd and damped out if the shaft was running below its 

critical speed. Robertson included friction forces 

between componcnts of the system eeg. a disk shrunk onto 

a shaft, as weil as interne’. friction forces, in his 

definition of hysteretic forces. Nevkirk (18) showed that 

friction forcea({ produced by rciative movement between 

components of 2 system) were more likely to produce a 

sustained transicnt whir! than internal friction forces 

as they were usually much grenter in magnitude. Downhen 

(19) produccda evidence in favour of Newkirk's work when 

he observed this phenomenon whilst driving a cantilever 

shaft through a split collete When the shaft was given a 

-7-



  

  
  

slight @isturbance, friction forces, produced by 

relative movement bctween the shaft and the collect, 

were sufficient to drive a transient whirl into a steady 

whirl. Downham -lso noted thet the instability was oa 

function of the megnitude of the disturbing force i.e. 

the initial amplitude of the shaft disturbance; this 

was also in agrcement with the views of Robertson and 

Newkirk. 

5- Effect of Oil-Film-Forces on o Rotating Shaft. 

In 1924, Newkirk described experiments made with 

two compressors and verious models. The compressors 

ran on journal becrings and the models on ball bearings. 

Newkirk found that in all. eases the rotors whirled, and 

that the whirl frequencies were equal to the mina? 

frequencies of transverse vibration of the rotors. It 

was thought at that time the phenomena were Lecnticr, 

but later Newkirk and Taylor (2) showed the whirling 

of the compressors was due to action of the oil film and 

that of the models was due to a hysterctice condition 

of the shaft due to shrink fits of the rotors. The 

distinguishing feature of the two phenomena was that the 

hystecrtic whirl became resonant et speeds above the criticel 

specd while the oil-film whirl, or whip, did not become 

resonant at specds below twice critical specd. Newkirk 

and Tayior obtained the first indication of the ceuse of 

this oi't+whir!. phenomenon when they discovered accidentally 

ua



  

thet the whipping was stopped immediately by shutting 

off the oi’ supply to the besrings and could be brought 

back by turning the oi! on again. A theory propounded 

by Newkirk gave a gunlitative explanation of the 

phenomenon based on the fact that the average velotity 

of the oil film was half the velocity of the shaft due 

to its rotation. However the theory docs not exp1.ain 

why the shaft should persist to whip with large 

amplitude at spcecds greater than twice the critical 

specd. Newkirk and Taylor investigated the effect of 

bearing length and beering load and found that whipping 

could be prevented by 

le using a sufficiently short bearing. 

and 2e increasing the bearing load. 

A first attempt to relate this form of instability 

in the hydrodynamie behaviour of jounal. bearings was made 

by Robertson.(21) Robertson shoved by means of 

hydrodynamic theory that, neg'ccting friction forces, 

that resultant film force due to journal rotetion in an 

ides] bearing was at right angles to theo eccentricity 

(of the journal in relation to the bearing) and was 

just balanced by the resultant force duc to whirling 

when the whir’ing frequency was helf the rotational 

frequency. Simons (22) indicatcd that this wes 

true for ‘ightly loaded bearings only. 

Hogg ,(23) when investigating the behaviour of 2 

-9- 

 



  
  

a vertical pump motor, came to the conelusion that 

with the ideal ease of oil-film whirl iee. with no 

lond, the motion of the journal wes unstable for all 

speeds and would whirl at approximately helt the 

rotational speed of the journal. The pump motor, with 

Oo. self, aligning ball beaning et: tne top anda Tull 

(360°) journnl benring at the bottom was observed 

to whirl"——-—-< in the manner of a pendulum, and from 

a few revolutions to 1200 Soe te tious cop minute the 

whirling frequcney held to-slightly less than half the 

rotational frequency---—" 

It would eppesr, from the forcmentioned 

Litcrature that there were two cases of whirl ° 

instability instigated by oil-fiim forces$ first the 

case as observed by Newkirk in which instability only 

arose when the shaft was running above twice its 

critical speed end secondly, that observed by Hagg in 

which the shaft whirled et all speeds. - It is important 

to note that Newkirk performed work, in the main, with 

a horizontal rotor whilst Hagg used =: vertical rotors 

the bearing load in each case differed appreciably. 

The work of Hagg agreed with the theory propounded by 

poCAEsia” 

Hage carried out tests with diffcrent types of 

bearings and found that with a plain journal bearing the 

journal motion was unstable (oil whip occurring, the 

wie



  

jornal whirling et approximately half rotetional specd} 

whereas with the tilting pad type of journal benring 

the journal motion wes quite stable, even when the shaft 

was struck ablow. A condition for stability arrived at 

by Hogg was 

“1 >s 

whene 2 journcl speed i 

o0= natural frequency of vibration of the journal. 

He suggested that the factor half might be replaced by 

2 smaller one with heavily ‘onded bearings because "----. 

Whirling frequency is reduced by the increased side 

leakage which accompanics high film pressures.---—" 

This statement, taken from Hagg's paper was in 

disagreement with the findings of Newkirk and Tay or. 

“ater, in conjunction with Warner,(2h) Hagg derived the 

conclusions that low lubricant viscosity, ‘ow speed, 

Large bearing clearance and high bearing pressure were 

in the direction of stability. 

Hogg and Warner -ppear to have been the first 

investigators to have treated the oil-film forecs as 

being composed of stiffness and dsmping forces, though 

they do not relate how these might be dctcrmined 

necurately to form 2 critcrion for instability. Attempts 

to measure these properties cxperimentally were made 

by Hogg and Sankey (25) in 1956. Using 2 150° partin! 

-ll- 

 



  
  

pearing Hagg and Sankey dctcrmined the maximum and 

minimum oil-film clasticity and oil-film damping 

propertics on a lincar basis. It was noted these 

propertics of the oil-film brought sbout a reduction 

in tho nature) frequeney of vibration (as caleulated 

assuming knife cdge support). An accurate know!l.cdge 

of the propertics of the oi!-film was therefore essential 

if critica’. speeds were to be evn'’uated.e Using a method 

estabilished by Mil’.cr, (26) Heagg and Sankey were cble 

to predict the critical whirling specds of a horizontal 

flexible rotor supported on tro 150° short journal 

bearings with good accuracy. 

Poritsky, (27) in 1953, verificd the 

conclusion of Robertson that the theory of the long 

full journal bearing indicated instability at all specds, 

However by the inclusion of a radial forec, exerted by 

the oil-fiim on the journal Poritsky derived a criterion 

for stability ase 

M& 

where M = mess of the rotor, 

& = rotation speed, 

k = clastic eonstent of the shaft. 

elastie constant of the oi]-fiinm, 

For relatively flexib'c shafts (kKKk, ) this eritcrion 

wige



  

wos roduced to 

o, > for stability, which was & 
2 ; 

the same criterion arrived at by Hagge 

Newkirk (28) in 2 paper titled "Varicties of 

Shaft Disturbanecs Duc to F'uid Films in Journa’ Bearings", 

pub ishca in 7956 discussed some anomalics which had 

arisen during the course of studics previous!y carricd 

oute Cascs were quoted where a flexible shaft would 

whir) et it's naturel frecuency (resonant whirl) whilst 

rotating at speeds twice and above twice the natura! 

frequency ond e« very stiff shaft which wou'd whir', 

when running ct speeds below the natura! froeaucncy, 

at frequencics somewhat ‘ess than helf the running 

specdse In the inttor case the half running speed whir? 

would usun.|y disappear‘at higher speeds (still below 

the critical speed of the sheft) Newkirk related that 

this occurence wes usually with !ightly ‘ondcd stiff 

shefts end advoecnted for stcbje running large bearing 

clearence, moderste onding and .ow viscosity. 

Pinkus (29) on the other hand observed a ense of © 

rotor which hed deve!oped this non-resonant whirl at 

speeds below twice the critical speed end then 

dove oped into 2 resonant whir’ as the rotor hed passed 

through twice the criticn! specd. He (Pinkus) sdded ° 

thet the rotor became stablc at specds above three times 

the first criticel speed and thet more viscous Oa 

ol Su 

 



inhibited this disturbance. 

Pinkus investigated the susceptibility of 

bearings of various designs to oi” whirl (whip), the 

effcet of some of the numerous design and operating 

Variables on orl whirl end tried to obtainwsa 

characteristic pattcrn of oi! whirl. Among the 

varibtes tested were ‘onding, speed, bearing tightness, 

VISCOSIUY, Unba lance. £lexibality of the shatt<and 

external excitation. The tests includcd circular 

(two and three groove), ellipties:, three tobe 

(symmctriean’. and assyctrical), tilting pad, end sclf 

energising becrings. 

With tests carried out on two shaft rotor 

systems (woighing 187 ‘be and 6h Dp) he reported thet 

with an increasing shsft speed the start of whipping 

was usually characterized by a vibration whose 

frequency wes approximately half the running speed. 

This usually sovered « relatively narrow range of 

speeds and was soon overtaken by a vibration where the 

Erequeney was constant and catial to the first critica: 

speed of the shaft. The transition between the two 

freaucncics of whip occured at speeds caunl to twice 

the value of the first critical specd. This second 

type of whipping (resonant whip) persisted over a 

wide range of speeds but whenever o spced was reached   corresponding to a higher criticel speed of the shaft 

mili 

 



  
  

or othcr resonnnee of the system, rosonent whip tendcd 

to be damped out and the resonant vibration with a 

vibration frequency cqua’. to the running speed would 

preveil. As soon as this region wes passed the resonant 

whip would rcturn. 

In addition to the change of vibretion 

frecucney at the onsct of whip, Pinkus observed a 

sudden change in amp'itude of vibration end in a 

number of tests ™m “inertia cffeet", inasmuch as when 

the shaft was steble there was a resistence to whip 

and an unwillingness to pull out of the whip once it 

had developed. 

Pinkus reported that one of the most cffeetive 

ways of climinating oil whip was to increase the 

bearing loading, '---- with 2 sufficiently high losd any 

form of whipping can be stoppced.---—" The conclusions 

drawn by Pinkus as regards the effect of bearing loading 

were 

Le ata given speed it took . higher load to’ 

stop oil-whip than to prevent it. 

2e The load nececssary to stop or prevent whip 

was higher when the viscosity of the oil was 

LOWC? © 

3e The whip climinating load was not a constant 

but changed with speed snd was determined 

by the degree or "depth" of the unstable 

15.



  

  

state of the shaft. 

He also showed that highcr viscosities and a 

reduction in oil flow tended to climinete Oii-whipe 

This last statemnt showed the COMpPlLexity Of o17 

whirl phenomenr because it appeared as: a 

contradiction; - reduction in oil flow would have 

enused the journal to run hotter, ond would of 

neceecssity decreascd the viscosity. Unbalsnce 

Load es found to have little effect on resonant 

whip although there was en ineresse in amp.itude. 

From tests esrricd out investignting the ceffcct 

of different be-ring designs Pinkus found the thrcc 

tobe and tilting pad benrings were the most st-ble 

ones, while plain cylindrical besrings were the most 

susccptible to whip. Of the two three lobe bearings 

(symmctrie and asymetric) he found the aASYMCtrLeG one 

to be the most stable. The self energising becring 

Woe in A elas by. ttedi fend when suitably Loaded 

would prevent whipping under the most ndverse 

conditions. 

It had been mentioned by previous writers, 

notably Pinkus, thet « shaft-rotor system would in 

some instances behave crratically as the rotational 

speed approached twice the eritiesl speed, the shaft 

would be in a quasi-stable state, "Jumping" in end out 

of . stable condition. This condition was. called 

eis 

 



  

  

"the whirl impending spced" i.e. the lowest speed 

at which the disturbance would build up spontaneously 

during the normal quict running of - well balanced 

rotor. Newkirk and Levis,(30) in order to obtain a 

better criterion for the sefe operction of shafts 

carried in journal besrings, set up apparatus so 

that the shaft could be struck a blow (a blow could 

cause a sevore disturbance’ to build up At lower spedds 

than the whirl-impending specd). The speed at which 

the shaft would recover and scttle dorm to smooth 

ODEPET1On: Artcor this blow (bunp) Wos celled the 

“pumping speed" and would give an indication of the 

sofe operating speed. 

Pron tests using combinations of three rotors 

of different weight and five bermings of different 

clearanec and length, Newkirk end ‘cwis observed when 

& rotor ren with small cecentricty (light rotor) there 

was sometimes a considerable differcnee brtrccn the 

"quiet" whir’-impending speed -nd the "pumping" speed, 

but with large ececntricity (heavy rotor) the two specds 

were identical. When the lightest rotor wes used the 

highest ratio of whirl-impending speed to critienl speed 

was obtcined with the shortest benring and largest 

Clearance. In all cases with the heavier rotor, 

warming the oil increased the range of stabilty and 

in several cases it was noted that slight misalignment 

on 1 Fis 

 



  
  

of the bearings resulted in much higher whirl 

impending ve lucse 

Humme,(31.) who studied the 180° plain journal 

besring, found that 2 mild instability developed with an 

eecentricity ratio less then 0.7. This suggested that 

there might have becn some limiting value of 

cecentricity ratio beyond which operation would alweys 

be stable. Newkirk and “Levis found LNslabilisy witty 

eeccontricity ratios up to @.96, however they noted that 

plots of eccentricity ratio versus whirl-impending 

speed for any rotor=bearing combination frequently 

showed asymptotic appronches to definite values of 

eccentricity ratio, these valucs varying with 

different rotor-bearing conubin-tiongs. 

Hori,(32) working with a flexible shaft 

supported with 2 ball besring at one end and a plain 

Journel bearing eat the other, found for small 

vibrations that if the displacement of the journe 1 

centre f the berring centre was morc than 

Approximately 80°/,, of the radial clearanee of the 

bearing (journal), or if the vertier! displacement of 

the journal centre from it's lowcst position was less 

O A 
than 50 Se of the clearance, the shaft would be stoblce 

Small vibrations were defined ss “=—s={ such vibrations~ 

of the rotor that the amplitude is sufficiently small 

comp>red with its ccecntricity from thc bearing centre", 

sii has



  

Heri also estrblished thet lerge vibrations ("---- 

such that the shaft bends considerably"----") would 

only exist if tne shots ran. ebove: twise its ereticaL 

speed. By considering both small and large vibrations, 

Hori was able to show thet the apparent contradiction 

of statements made by Nevkirk and ‘ewis and by Pinkus 

with regard to the cffest of viscosity on oil whip, were 

just inconsistencics. tow viscosity gave grentcr 

stability for small vibrations and wes thercfore 

effective in preventing the oc@urente of 611 whip, 

whereas high viscosity was cffective in depressing whip 

aftcr it And onee devcloped, 

Hori coneluded thet a rotor=shoft system could 

be stable at any speed if the journcl eccentricity wes 

large enough. This would explain why, in some instances, 

mn shaft would not whip until « speed, in execss of twice 

the critical speed, was reached. Newkirk ond Ucwis 

reported a efse where a shaft did not whip untii 4 

Speed of £ive times the criti¢cel specd was reached. 

The "inertia" effeet observed by Pinkus was 21so0 

accounted for in so far as onec the shaft had become 

unstable (ct 2 spoecd grceatcr than twice the critics. specd) 

it vould not stebilisce until the speed wes reduced to 

below trice the critienl specd. Hori also observed this 

effect, sce Pig.2. 

Holmes,(33) in 2 psper titled "The Vibration of a 

~19— 
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Diagram Showing "Inertia" Effect. 

By Hori.    



  
  

Rigid Shaft on Short Sleeve Bearings" published in 

1960 obtrined the dynamic oii-fi'tm forces acting on - 

journel in two perpendiculcrr directions in terns of 

Lincarizcd velocity dependent and displacement 

dependent terms. These displacement dependent terms 

ere not "elastic" in the sense that Yio Z~ Yo 1 ond hence 

stability considerations nrisce from these terms quite 

apart from those introduced by the velocity terms. 

Holmes found for the short benring thet with ecccntricity 

ratio less than 0.8 the shaft might whirl, cithcer at one 

holf or some other sub-multiple of the rotationel speed, 

whereas the shaft would always be stable with eccentricity 

ratios grentocr than 0.8. 

Morrison (3) produced evidenee to show that 

the theoretical reasoning of the magority of previous 

writers was in crror. A common assumption made by many 

of the carly vriters was to neglect the velocity 

dcpendent tcrms becrusce it wes thought their cffoct would 

be considerably less than the displncement dependent terms. 

This is not the case however, for Morrison showcd the 

velocity dependent terms were not smell and would in the 

majority of cases give rise to forces of the samc order «ss 

those duc to the displacement terms. 

More rceeently, Huggins(36) showcd thet through 

Linesrization of the oil forces ccrtrin modcs of vibration 

vould be overlooked. By maintsining the non-linearity in 

tts



the oil force terms and using an anologue computer to 

solve the equations of motion, Huggins found thet half shaft 

speed sclf-sustained vibrations could exist and, with an 

oe 
exciting force subharmonics were jikcly. 

   



  
PART ONE.



  

PART ONE. 

iL. Summary. 

An investigation of the behavior of a 

two-rotor shaft system supported in two large eclearsnce 

journal bearings is reported. A vibration in which the 

shaft exhibited sub-shaft speed resonanecs has been 

observed, which to the authors knowledge has not 

previously been reported. The source of the 

phenomenon is attributed to a rubber flexible drive 

coupling which prevented shaft support from one bearing. 

Out-of'balance forces cause the shaft to whirl as rigid 

body, rocking about the other bearing. The standard 

theoretical tratment based on Jeffcott's theory assuming 

the shaft to be simply supported on two benrings is found 

to be inadequate. 

Treating the coupling -s a spring, 2 theory 

is propounded, bascd on the work of Tudeke,which expleins 

the phenomenon » Agreement bcotwceen theory end experiment 

is quite good. 

és Description. of Syston ond Beperinentel Tuchnigu: 

Ze. Doserintion of S-sten. 

Photographs of the rotoreshaft assembly cre 

shovm in Pig.3. The shaft and rotors are of mild steel 2 

roi ime diameter x 20 ine long and 7 in. diameter 

22m 
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at Le in. thick respectively. Thus the rotors heve 

“pprecinble diametral inertin. The rotors are - slide 

fit on the cnds of the sheft, the nominal shrft diameter 

being reduced nt ench end for a length slightly less 

than the thickness of - rotor to form shouldcrs. 

Holes are drilled and tapped in each cnd of the shaft to 

take 2, ine B.S.F. screws. One rotor is held Firmly 

against the shoulder by » screw and the other by 2 screwed 

rod and locking nut. The purpose of the screwed vod is 

two fold in that it is also used as an attachment for the 

Penner fl.exible drive rubber eQupling. 

The shaft is supported in two phosphur 

bronze journal bearings (1.015 in diameter nominally). 

The bearings are carricd in mild steel bearing housings 

which sre screwed to a ~ in. thick mild stecl plate. 

This piste has holes drilled and tapped so thet the 

bcorings can be set at differcnt spans and is bolted to 

a cast ipon tebic, 

Oil is gravity fed from a header tank, placed 

12 in. above the bearings axial centrelinu, through . single 

central oil hole drilled - in. diameter vertically through 

the bearing housing and beoring. <A iongitudinal groove 

is chisclled in the bore of the beorings, equel distances 

from the oil hole for » total length of 2 ine along with a 

360° central cirumferential groove (machined -- in. wide 

x 0.080 in. deep) sce Fig.she to nid the Plow of oil within 

“iD Fue



  
  

  

the benrings. Oil flow to the bearings is restricted 

by means of clamps attached to the plastic oil supply 

pipess 

Phe shaft wes driven via the coupling from 

a drive shaft which is belt driven from - Heonen -nd Froude 

dynemomctcr. By means of pulleys of different diemeter 

. specced retio of spproximately 4:1 is obteined between the 

experiments! sheft and the dynamometer. This gives a 

moximum speed spprosching 12000 R.P.M. 

The final drive shaft was supported in 

ball bearings atteched to the seme plate as the journeal 

bemings to cid slignnent. The centre of the finel drive 

sheft is aligned with the centres of the two journal 

bearings. Verticsl and horizontal displacement of the 

rotors are detected by inductive type displacement 

pick-ups. These consist of 2 stecl ense inside of which 

is 2. ferrite dust core surrounded by an insulated coil. 

The coil is surrounded with -n insuletion Material 

(Araldite) and set into the case, ‘The steel ense is 

attrched to the spindle of - micrometer end the whole 

mounted close to - rotor. The purpose of the micrometer 

is to ecnnble the calibration of the pick-up to be made 

in situ. The gap between the pick-up and the rotor is 

arranged so that the expectcd rotor movement is 2 smell 

percentage of the gap. In this way the calibration is 

considered ‘linear end the movement ecsn be determined 

Blinn



  
  

securotely. Tvo pick-ups 180° epart are connected so as 

to form one half of - full wave bridge circuit, the 

other hnif being contained in 2 earrier amplifier. The 

bridge being balanced by inecns of variable inductance 

ond resistor in the carrier amplifier. Thus the 

horizontal, or vertienl displacement is detcrmined 

between the two pick-ups oppsitce to ench other. This 

has advantage over . similar pick-ups of greater 

sensitivity. 

A enrrier signal of high frequency is npplied to 

the pick-ups from « cnarricr=nmplificr. Displacement of 

the rotor alters the "flux" between the rotor and the 

pick-ups and an c.ein.f. is genernatcds. The magnitude ond 

the frequency of e.m.f. is proportional to the rotor 

disp!accment and is superposed on the esrrier Frequency 

to form » modulcted signl. This signel is then 

omplificd snd dcmoduleted in the carricr amplifier to 

produce a signal which is fed to 2 GsRsO. to give a vistcl 

display of the rotor displ-ecement plone. 

Speed mensurement is obteined from 2 proximity 

pick-up pinaced close to the drive shaft. Ten equa liy 

spaced chise! cdgcs screwed into the sheft provide ten 

pulses per revolution of the shaft to the pick-up. The 

sign ol from the pick-up is fed into on electronic 

counter where a visual display of the shaft spced is shorn. 

A block diagram of the apparatus is shown in 

-25—



  

Fig.5. 

Zee. Hxperimental Technique. 

The two rotor-sheft wes first balanced in 

situ. The two rotors were designed with holes 

(2.B,A.e) around the periphcory close to the edge so that 

weights, in the form of screws, could be added to effect 

balancing. Unbalance was detected from chelk marks made 

on the rotors; the shaft was rotated at a constant speed 

and a piece of chalk advanced against each rotor. Weights 

were added in the appropriate places and the procedure 

was repented at different speeds. Rotor displacements 

were monitored on the C.R.O. It was observed that as 

batancing was effected the shnxft behaved differently. 

With large unbalance the shaft exhibited the normal 

out-of=batlance resonance et. the critical speed but upon 

reducing the unbalance the shrft exhibited several 

resonances below the critical speed and no resonance at 

the critical undalance speed... It was: decided to 

investigate this phenomenon and no further attemps at 

balancing were madce 

Recordings of rotor displacements for 

dufferent speed settings were made by photographing the 

traces on the C.R.O. The amplitude and frequency 

analysis of the traces were. then teken from the film. 

The double amplitude of vibration was mensured from penk 

to peak in all eases, including the complex wave forms. 

 



  

Freaucney analysis wes -lso performed manuslly. The 

complcx woveforms were usually of such short GUratLON LE 

was considered thet enalysis by other methods would be 

fruitlcss. Film records wore taken for inercasing and 

dcercasing shaft speeds, the procedure wes to sct the 

shaft speed constant, callow time for any transients to 

subside (duc to aeeclerstion from the previous spce 

setting) and then toke a rccording of the vibretion waveform 

end the sheft speed. The procedure wes repented for 

diffcrent bearing spans, In all the tests the oil flow 

to the besrings was restrictca so that drip feed 

lubrication was obtaincd. The oll fl ov. wes sufficient, 

according to cs!culations beses on o- paper by Sterniicht 

and Fuller for an oil film to develop. 

be Theoretices) Investigations. 

eieAnalyticn! Treatment. Kw
 

Batele The oUt of Balance Whir'ing Condition. 

Consider first the dynamics of a shrft (Fig 6) 
supported in bearings of symnctricel stiffness carrying’ S 

load 'W' of mass 'm' and of appreciable momcnts of inertic 
Oy Oat: Cle Pelng the Beinn womens end 'a' the moment about 
a diaucter). 

In Fig.6 the line 0Z is draw through '0' the 
point of sttechment between the rotor send the sheft pereallel 

to the centre line of the ltearings. The point o! represents 

eet; 
 



  

the disptoced position of '0 thaving coordinates X and Y 

relative to the major (fixcd) axes OX and OY. 

The point G represents the C.G. of the rotor 

assumcd to be displaced an emount th! from Ot in the 

plane XOY,. The motion of the system is considered 

relative to the three axes Gx, Gy and Gz drawn parallel 

to the major axes OX, OY and OZ. 

The positions of the principak axes of the 

rotor in a general displacement of the system arc 

represented by Gx", Gy" ond Gz", the incertias relative to 

these nxces being ayn, and c respectively. The position 

of these axcs is detormined by imagining first a small 

Potation 6 in the yz plane about the x axils, then | 

smoll rotation 6 in the x! zg! plane sbout the displaccd 

y aris (Gy') ond finally - rotation wt sbout the Gz axis. 

The rotation $ and 6 -re assumed to be small 

which would be the ease in practice and w is the angular 

Specd of the shart, 

The instantsncous anguler velocities cbout 

the axes Gx", Gy and Gz" are represented by W1% Ys Wz 

respectively and arc obtained by sunning the components 

of the engulsr velocitics 6, 6 end w in the pienes 

o£" Gy so! o".G amt yt ata respectively. 

Thus considering only first order terms and 

negiccting product terms we have for a torsionelly 

rigid system. 

 



  

®, = 6 cos wt + 6 sin wt 

OW = 6 cos wt - 6 sin wt » Belelet) 

o,  @ 

The angular monente due to the anguler 

7 velocities of cauntions 3.1.1.(1.) are respectively 

AW,» 20, and ow, and therefore the component sngulicr 
Ge 

momenta in the directions y to z, and gz to x are given by 

h, = a0, cos wt - aw, sin wt + cwo 
* s e ti,biS 

and h_ = aw, cos wt + aw, sin wt - ew V ie a: 

substituting for Wy» W, and Oz from (1) in (2) gives 

h, = 28 + CHO 5a Ls ds (3) 

hy = 2b - cwO Se as het) 

The coordinates of G relative to nxes OX and 

OY will be X +h sin (wt +a) rnd Y + h cos (wt + @) 

respectively where (wt +@) is the sngte O'G and Gx and 

a@ is constant. Sinee 'h' is smell it may be assumed thet 

the following forees will act on the shaft ot o! 

(1) An incrtin foree - wl = wh sin (wt + a] 

in the direction of the X axis. 3.1.1.(5) 

(2) An inertic couple - h, =- (28 of oben) 

cbout an exis through 0 paralleak to GX 

in the direction z to y. Sy lede(6) 

(3) An inertia force - aft wh aos (wt + a. 

in the direction of the Y axis. 3.1.1.(7) 

(4) An inertia couple - hy =- (ag - cw) 
1 

about an axis through 0 parallel to 

 



  

Gy"in the direction x to a. 5.1; te) 

The equetions of motion arc therefore 

it sf . t 

X=- aft. —-02n sin Gat 4 @)| yp - (20 - coo i 

it c it ! 
ee nf ~ wh sin (wt +a aay - (no - ewO ) @ 

a
 

it 5 W 1 

Y=- mlY - och cos (wt +a Jy (28 + cw ) 24 

n 
if it f 

Q=- aly ~ wh co (wt + ae - (20 + cwo ) o, 

where ¥14= lLincan- deflection due to unit Lond at the 

“Ss DOING OF cLinchment 

255 anguler defil.cction dus to unit couple at the 

point. of attachment 

244= angular deriection. due to unit. load atone 

point of sttachment 

= onguler deflection due to unit couple at the 

point of attachment 

‘a
va
l eke (4), (10), (1:2) WN
 

a 

A particulsr solution of caustions 

and (12) will be of the form. 

x =X, cos (wt + a) Y=X, sin (wt + a ) 

8 = 6, cos (wt + a) 9 = 6, sin (wt +a) 

and substituting for X,Y, -nd 9, in thesc countions gives 
| 

( m Yi, @ - 2) X, + (a-c) 244 WO siny,, w@h 

eee 2 - 2 a s . 2, 
m Ky W Xo +[(a-e) @,5 W7 = 18.5 =eM ZW h 

from which 

5 : i 
Xo =- mo a[(a-c) (44 07-25, ) we ~ y/o 

— oe 
 



  

¢ —_— vy a end 6, = mw h Z44/ 0 

where 

‘ exit 2 cn A= [(o-e 1811-74) - [(-2) ®, my, |Oo+ 
! 

It foi.i!ows therefore thet 0 wil] describe 4 circle about 

the axis 0Z with stcady motion, 

Also XK jend 8, become infinite when o=C, 

therefore the caquation 

m (2-c \ B  wae ote 2 eo a AE rTP ye ot (a-c) 6, FRY, . | O +10 Belek eo) 

wi’. give. the critical. whirling spccds. 

If 'c' is greater then 'n' which is usually 

the case, then only one veluc of w* piven by cauation 

3e1ele(13) will be positive and hence there w be fH
. 

one critical speed only. It so happens that the 

particuinr solution chosen for cquations 3.1.el. (9),(10), 

(1.1) and (12) gives the critical specd for forward vhirl. 

However if the particular solution is chosen 

of the form 

X-X, sin (wt+a) ¥-X, cos (wt+o ) 

6=0, sin (wt+o) 9=8, cos (wt+2) 

then the critical whirling speed for backward whirl wil’ 

be given when 

noo Pry 841-24, Jo fete), jam, fa? 20 Sila vlad 

( 

In this ense (with 'c' greater than 'a') 

there will be two eritinl speeds. It ean be secn that 

no S En 

 



  
  

the freaqucney ccouction for backward whir! ean s1s0 be 

obtained by repincing (--c) in cqurtion 3.7.1.(13) with 

(atc). Consider now - sheft corrying two symmetrical 

lords (ia) > fae Sys ci), (m,, Qos fos Cy) whose coordinstcs 

are respectively (X,;5 Y,> > O,» hy, a, ) and 

Xs Yo: 95» Pos On)» 

Proeccding as before the equations of motion 

arc 

x X,-w°h sin (wt iv) 4-25|Xo- w°h,ein (wt4a,) 17) -~ 8 3 oi} Nie 5 ; prin] X,-@oh sin (wt + a, Jyy7%o|Xom OThosin (ow 44.5 )1 915 

i! ! it ? te ve a De rage & 5) - (2,0) ~.6, 08, } Z117(25% = C08, ) Z105 

See ee De oe ies A aie an yamag| Sy, why cin. (ater, )) 379, of woh, sip (wes, )) 75, 
if ! it 4 

_ ~¢€,06, ) ~ -€. We x See letl (05%5-€,,08, ) Zoo-(a, 9, €.00)) 2, - (16) 
\ ‘ an > e “ 

ee mS Te | ¥, =n, ¥,-w"h, cos (wt+a, ty, 4-2 70 Dy cos (wt+, ) Yio 
" t " t 

(a, 6, +4049, ) Z. .-(8585+¢,09, ) Z45 ee thy) 

ze 9 2 aa vw : 5 
vom, ou ngcos(wts1y)] vos of, w nycos(wt9a, )) x4 

w ! i? 

-(258,40,09, ) Zno—(91 9) +c, 09; ) 251 Sos 118) 

Dee a t. |X eh 3! ayaa, [ie h, sin (wba) 21-8 h,sin (wtsay)) 21, 
w t 

=("49,-¢,08, ) %4- (2.5 P5-C5 08, ) ®15 5. F519) 

So bees Oyen |it~u h, sin (wt4a9)] zyprm| 3-0 h, sin (wt 0] 201 
it { it ‘ : ato 2) eelin a gy LbLO (%.5%5-c,06, ) G55-(27 9, 0, 08, ) e, a (20) 

ic RD



: i 2 : wv ® “ 
oanm | -0 cos ats, | 24 y-m| You hcos(wtay)) 24, 

i t i? 1 vw ce 
—(a, 6, 4009, ) 81, -(258,4¢,00, ) 5,5 5,141, (90) 

it 2 w 2 

op=nMy [to~w ngcoa(atiae)]| typ-m, [i -a ncoe(wt+e,)] Ay 
f 1 t 

~ (298540500, ) By 5-(2, 0, 46,001) B55 3.14122) 

where ¥j5= ‘inear deflection et point (1) duc to unit 

Lead Ht point th} 

Yo,= lineer deflection at point (2) due to unit 

load -at*point (1) 

Tie. % Fat 

®,5= angutar deflection ct point (1) due to unit 

coup'c at point (2) 

®,,= angu’ar dcf'ecction at point (2) duc to 

unit couple at point (1) 

} -=- —- @ 
2 eo 

Zyo= ongulor def’ection at point (1) due to 

unit lond at point (2) 

= linear def: cction at point (1) duc to 

unit couple at point (2)   25 = angular deficetion at point (2) duc to 

unit lond at point (1) 

= linear def'.cction at point (2) due to unit 

ecoupie at point (1) 

ib oe hee ae 

J349 Yoos P45 P50 Zi4s Zon 2Pens des¢ribcd before. 

 



  
  

A particuinr sol ution of equations 3.1. 19015) to (ee) 

wilt be of the formi 

X) =A, cos(wt+e, )+B, cos(eter Y,#A,sin(ot+1, )+B, sin(wt+1, ) ) 
6, =D, cos(wt++, )+E, cos(wt+a, ) 9, =D, sin(wt+a, )+E, sin(wt+a, ) 

X,=A,cos(wt+., )4B,cos(wt+a, ) Yo=Apsin(ot+, )+B,sin(wt+a, ) 

=D, cos(wt+a, )+E,cos(wt+a, ) =D, sin(wt+a, )+E,sin(wt+a, ) 

and substituting for these vnlucs gives four rclations 

between Ay» Ao» Dis Dy and four between B, » Bas Eas Eye 

The former -2re found to be 

(im ort A +(2,-¢. )Z..0°D. om v1 ,0°A #2, —C., sh m0 14 PN Ne oe oe aoe 1272 

san 9, hyo 

me 2 ee 2. 2 oe, . 2 ii, 2440 ake, C1), ,0 ~b, 4M Z4 50° A arta, ¢, ) 1 50 Dy 

2 
aii 210 

2 2 e 2 M4 Yn 1 Ay +(ay-e, 2540 Di +(m5F 550 —1)Agt (25-85 2550 Dy 

S a 
=—M Vz 5h, 

ae ye wee My ZW A, +(ay-¢, 9,4 wD 1F@p Zo Astfingne, )® 9-1, 

2 
HM, Z57h,o 

ond there wi'l be » simiter sct with BL for Ay 5, for 

Di, B, for A, ond E, for D, on the L.H.S. of 3.1.1.(23) 2 

ee



while the RH. members will be respectively Boy hot") 

2 2 2 : m, ) ! h how ‘rom either stem the NZ oN, > MoVooNoW ys M5255 oe Fr er sy n th 

whirling spceds are given by the dctermincntal 

: 2 
equation inh w-. 

n> Tye" = I (a~c) z, 10° 15 p¥* (n-e)z, 0° 

mn, Zo (ac), ,0°~1 Mp2 90° (a-e) 24 50° . 

m4 Yn 0° (n-0) 2, ,0° MV yo 01 (a-e)z,,0° - 

M25, 0° (a-c)&,,0* MyZyo (2-6) ®,,0°=1 

Beet (Be) 

If the two loads are of caual weight snd moments of 

inertia and ji = —@ z i whi is inertia and if V1i=Voos ®14 2509 2509210 251 which i 

the case when the systcm is symnctrical, then ccurtion 

3e1e!e(2h) can be written, 

Gane )(®1 1-219 )-bay peta, Ph n=e)wt 

-{n(y) 47 yp) + (a-c) (21-8) )}0* + 1| x 
Ces hh 

b fear M4148) 9)=(24 729)" } (ome Jo 
~{n(¥41-¥ 10) + (2-0 )( 8114215) ba” + 1 = 0 

Sty Ls ( 25 )   
If ‘ct is greater than ae then only two values of w* 

given by cquation 3.1.1.(25) wil) be positive end heneec 

there will be two critical Sspecds ony. 

The backward whiriing speeds will be obtained 

by replacing (a-c) by (ate) 

~45- 

 



  
  

Jeiece The Natural. Vibrations of the Rotating System. x 
  

The naturel vibretions of the rotating 

system arc considered appropriste to the ense where the tL 

forcing duc to the out of balenee his and my! is absent. 

For these there will be a solution of the form 

X,=A,cos(kt+1) Y¥, =A, sin(kt+7) 

X,=A,cos(kt-+a) Y>=A,sin(kt+a ) 

6, =D, cos(kt+2) 9, =D, sin(kt+) 

8,=D,cos(kt+2) Q5=Dysin(kt-+a) 

which constitute circulor vibrations of amplitude A, 

end D5 and frequency x. Inserting these in ecuctions 

Jy. (I5)- to (20) with "Rh! out ecuc? “te sero gives 

[2{(rr¥¥29)()y-8ig)(2) 14219)" Yoga)! 

{1p 4712)+ (area) (8 1-819) + y 

. [>{(71-¥20 )(81 4491 5)-(21 17275 )} (n~ow Jit 
{271 2-Vr2)#(o-e0)(9) 14515) fe + t |e 0 51 2 AT} 

as the frequency equation, I+ may be shovm thet there ere 

eight real roots to this cquation, four of which are 

positive and four negative. This means tht for any 

va'iue of w there will be cight natural free vibrations 

which are circular. The negative roots correspond to 

circular vibrations in the opposite direction to the 

rotation of the sheft and the positive roots to circulser 

vibrations in the same direction. 
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The forwnrd whirling speeds occur when w=k i,e, 

when the forced circu’ar vibration duc to out-of=balnonce 

hes the same frecuenecy as the positive natural Vibrations 

of the roteting shaft end the beckwerd or reverse 

whirling speeds occur when w=-k i.c. when the foreed 

circular vibration duc to out-of-beloenec hes the same 

frecucney as the negetive natural vibrations of the 

rotating shaft. 

2ste5*e The Natura! Vibrations of the Non-Rotsting System, 

The frequenecics of the non-rotating systcin 

ere obtained by substituting w=O0 in ccuntion 3.2.2.(1) 

which gives 

[ (7114972 )(8 4-84 p)- ~(24 74219)" Jor! 
~ {074 479 )40( 911-015 )} + 1] 

x[n{(v, “Vio M8448) 5)-(24 7-215) >} ox! 
~ {74 1-yp)40( 4144945 x? 4 1 = 0 30193.(1) 

be2e Calculsted Results for the Experiments! System. 

Using equation 361.3.(1) in conjunction wit 

the flexibility cocfficicnts obtained from AppCnaix i and 

II the natural frequencies of the non-rotating systom 

WONG (Ca culated, 

The family of curves given by plotting w 

ogainst k for the rotating system Was obtained, with the 

aid of a computer, from couction 3.7%.2.(1) 

By superimposing the lines w=k end w=-k on 

 



  

these curves, the critics’ whirling speeds were obtained 

at the intersections, 

556 “Rigid Body Thcory. 

Consider the erse where the sheft takes up 

the position shown in Fig 7a. In this position the 

shoft is supported by one benring (furthermost from the 

drive cnd) and by the coupling represcntcd as a spring, 

The sheft is induccd to teke up this position beesuse 

of the spring stiffness isc, it is assumed that the 

spring is sufficicntiy stiff to prevent the sheft making 

contact with the other berring. Also it is essumed thet 

the oil flow to the bearings is insufficicnt to build 

up sn oi’ film which might have o controlling cffect 

On any. Vinratory motion of the shaft i.e. the ot) 

forecs may be neglected, 

Beeouse the sheft is more rigid than the 

coupling, any vibretory motion of the shaft will be in 

& rigid body mode of vibration isc, the sheft will 

vibratc, pivoting about the one berring. 

Pixcd axes OXYZ ere set up nt the one bearing 

"O' being at the contre of the sheft and OZ drewn 

para'ie! to the contreline of the coupling, 

The shaft carrics two symiactric rotors 

equally spnccd from the centre of the shaft. The spring 

(representing the coup?ing) is considercd as -ttachcd to 

the gconctric centre of one end of the shreft end the 

spring force acts at right angles to the ecntreline from 

 



  

  

the point of attachment. The point's G, and Gos 

represent the centre of gravity of ench rotor cssumed 

t 
2 

to be displaccd rmovunts "hy! and ‘h.' respectively 

from thcir gconctrie centres. 

The positions of the principlc axes (Fig.7b) 

of the rigid body in « genernl displacement of the 

system ore representcd by Os 0, and O- Sinec hy ts 

Ba! are small it may be essumed that the principle 

axcS pass through the geonctric ccntre of the rotor. 

The position of these axes is doterminca by imagining 

Tirst & smal). rotation 8 in: the y2 plené about the x 
t 

axis and then asmmall rotation » in the x p 
a 

anc about 

the displaced Y axis. The sheft is then assumcd to 

rotate about the On axis with constant enguar spccd 

W. iec. the principle axcs Ox end Oy rotate about oe 

with angular spced w. 

The component angular velocitics sbout the 
! 

axcs Ox, Oy and Og arc represented by @,,; Wo and Qe 

Thus 

6 : ! 
Gis Ss = —— 7 Set] 

1=9 cos 9 W5=9 Ws 8 sin o 5, 301) 

which for small angles 0, ®, reduce to 
t t t 

Wo=6 ae Oe “o> ‘ = 3= 8 @ 3.3.(2) 

The component sngulsr moment rbout these oxes, represented 

by ni» hy and. as are 

h, =Aw, Ny=AW, h,=C (wz +o) Seceto 
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vhere 

A= Monent: of Inertia about. Ox axis 

C= Polar Moment of Inertia 

The external moments about 'O' are due to 

the out-of-balanee and spring forces. About the Ox axis 

the moments are 

(1) due to the out-of-balenec 

moa, sin (wt+e, ) 6-6, 

(2) due to the spring 

ot $6) 

About the Oy axis the moments are 

(1) due to the out-of-belance 

sin(wt+a, ) n) 

mw*(h, cos (wt+a, ) b-h, (wt+a,, ) n) 

(2) duc to the spring 

-1.f(9) 

About the Og axis thc moments are 

The momentum cqunations are thus 

‘. aay 203 -h, 3% = av? |(n, sin (wt+a, ) dD 

-h, sin (wt+a,) n]-1.2(6) 

2 a hy -h 103th z0, = = mw [h, cos (wt+7, ) b 

-h, cos (wt+, ) n|-1.£(9) 

mits 

ZCPO.«



  

  

  

t 

hz #h, Wh, = 0 

Which on substituting the appropriate valucs and 

negiccting product and square terms beeomcs 
it 1 

A® - Cwo= no*[n, sin(wtsa, ) b 

-hysin (wt+a,) n |-1.£(0) 3.3.(5) 
Ag + Cw ~ no fn, cos (ot+a,, ) b-h,cos(wt+1, ) n]-1.2(9) 

563.(6) 
Cn = 0 363«(7) 

From (7) > = 0 ice w = constant. 

The problom is simiplificd if the out-of—balence 

forces in equetions (5) and (6) are writtcn as mw“H sin 

wt and nw°H cos wt respectively. 

The momentum ecquotions then become 
" t 

AS -Cwo + 1.f(0)= mw-H sin wt 50 50(8) 
“tt 1 2 \ Ag+ Cw8 + 1.f(o9)= mw“H cos wt 323%(9) 

i the spring charactcristie of thc coupling 

are noalincar, and arc assumed to be of the form 

£(6) = kx 4 kx 3236(10) 
a 

| f(o) ea Ky 2. ky 36 56() 1) 

Where £:-= ag 

arias y= 1 © 

Equations (8) and (9) therefore become 
it t z 

Ad- Cu +k, Pork, 1467 mw°H sin wt $63.12) 
? 

Ag+ Cw +k, 1° o+k ig mw-H cos wt Se BeiC2S) 3 
Assume solutions of the form 

aide



  

  

6=6, sin (wt) + pd, sin wt 

9 = 8 cos (gt) + p86, cos ut 

where p is small. 

Upon substituting for 6 and o and neglecting terms in 

Pe equations 3.3.(12) end 3.3.(13) become 

- Aw? (1 sin wt + p sin wt)6 4 Cw" (1 sin wt+ p sin wt)6e 
9 = . 3 a 2 

+ k,1°(sin wt + p sin wt )6, 

+ e2K1'(1(3 sin wt - sin wt) +3psin wt(1l-cos 2wt)) 
mn a 2 3 

= mw°Hsin wt Stet Ua 

and 

Aw (1. cos wt + p cos wt)@_+ Cw" (1 cos wt+p cos wt)¢ 
9 - . a ee : 

+k,1°(cos wt+ p cos wt) me 

Ww
 

+01 14(1(3 cos wt - cos wt) + 3p cos wt(1+cos2ut ) a3 ae 2b s Ly a 2 2 

oe | = mw-Heos wt 5e5e(15) 

respectively. 

Use having been made of the idcntitics 

cos-wt = 1. (3 cos wt-cos 3wt) 

sin-wt = 1 (3 sin wt - sin 3wt) 

I
 

ads Se



  

  

o 

- Aw” + Gur 4 ca + 3k1 10° = 0 $05,146) 
9 5 a 

and 

p(-Aw + Ow? 4 oS. “KW (-1 + 3p - 3p cos 2ut )e? 
. Meike 2 2 

ie a =nw” H Se 5h to) 

there will also be simtlar cquations for tcrms in cos 

wt and cos S 

2 
te. Substituting for E170. from equation 

3030(16) in 3.3.(17) gives 

2 P((C-A)w + k,2*)o. 

“4
 

+ ((30-A) w* + ET") (1 + 3p - 3pcos 2ut) 

  

3 9 ioe 2 3 

= mw-H 

Hence 

po, = mw°H = Xk 1? - (A-3C)w“/9) 

1° (A-c)we 5, 3.116) 
where 

X= U(- 1+ 3p - 3p cos 2wt) 
5 eee 2 2 3 

Since 'X' is bounded in value the last part of cquetion 

3230(18) can be made negligible by choosing large valucs 
of We Thus equetion 3.3.(18) becones 

c 

pe = mw Hi 3230(19) 
16: (asta 

ie



It can be seen that for small out-of-balancey as is | 

assumed, neglecting terms contrining p° and higher 

is justifiable. | 

An exomination of equation 3.3.(16) and 

323.(19) shows that the amplitude of the subharmonic 

follows the frequency emplitude, relationsz: 9 of 

the free vibration starting in this case , 

(when 6,=0) at w°=9 (k,1°/ A-30) rether that at 

w°=k,1°/ (A-C), while the amplitude of the oscillation 

having the frequency of the out-of-balance force 

follows the resonance curve of a linear system. 

Equation 3.3.(16) also shows that the sub~harmonic 

vibration (in the form considered) exists only when 

ae 42 eo 27k zh 05 

A-3C 4.(A-3C) 

By generalizing equations 3.3.(12) and 3.3.(13) viz 

AO - Cio +k,1°6 t+----+ i ite = mw°H sin ot 

50 30(20) 

he + Cw + 4176 et ee ere: = mo-H cos wt 

323(21) 

solutions of the form 

@ = 6. sin wt + O0_p sin wt 
— oO 
n 

» = 6. cos wt + 6p cos wt oO 

ahh incae he 
are expected.



  

33-1. Iatnral Vibrations of the Rotating Syatem. 

The natural vibrations of a rotating system 

are considered appropriate to the case where the 

4 
! 

2 

absent. The naturnl vibrations are determined from 

forcing due to the out of balance th! and “h', are 

the following equations 

po ~ 8 AG - Cwp + k,1°0 +k 
3 

ul © 

i? ~ 2 hb 3 

Ag + Cw@ + k,1°9 + gl o? Eee 

343.1504) 

Hqueations . .3el1e(1) may be written as 

'f f 

AO = Cwp + k,1°@ + eeite? 

if { 

Ag = - Qw@ +k 179 + k i+e> 
1. a 

AS an approximation let 

OS On Sam G 
O° 

0 ="0—* cos OF 
° 

then 

. VO8 ae 3 : @= - Cares | = kt 8, - pxst SS Sin Rt 
Ly 

+9 kao? bin act 
—— oy oO 

in 
and 

' 0 : iM a 
Ag = ~— CwRO_ -—- k.1°6 = 3 k.170? cos Q ? 0 E O : 5 %6 t 

5 COS 58 ph 

LN
 

30362262)  



  

  

Intei grating equations 3.3.1.(2) twice with respect to 

time gives 

  

S 2 ee Fe, 6 = l (cure , + k)1°e, + as 6° sin Qt 

3 3k,1 162 sin 32t %3,1,100 

36A2° 

and 

oe > (Cwee, + k Le + 3k,1462 2 cos Qt 
Fe? és i> 

os 3k1 6° cos 32t Se Fat a0 

36ag° 
Hence if the approximation is a reasonatle one then 

O-will be given by the cocfficnt of the sin Rt term of 

equation 3.3.1.(2) sand g by the cocfficnt of the cos Rt 

term of cquntion 3¢3e1.(3) Thus the frequency amplitude 

rclationship becomes ; : os 
AQ™ - Wwl = k,1* + pistes 5a5e1.(5) 

and putting 2 = w gives the frequency-amplitude 

relationship of the harmonic vibration 

  

(A-C) a” = eae + 3k 46 . 

or 
2 42 

Sede Pie ee oe 

oh eee 5.5.18; 

for the sub-shaft speed vibration we have with 2 = w 
> -



  

  

2 
‘A + 3 HH (A-30) i492 

9 O 

or 

o8 ORS 4 age aoe Oo a et Poe 

(A-3C) L.( A+3C) 34341.(7) 

Ke Discussion of Rigid Body Theory, 

A theory has been developed which shows 

how a small out-of—balance force can produce sub—harmonic 

resonances as a direct consequence of the system being 

driven through 2 nonlinear coupling. An important 

issue arises viz. the equilibium position, which it is 

thought requires discussion, 

Vibration may take place about a position 

of equilibrium or steady motion. An CXa. le of the latter 

is mutation of.4 Syroscope, where a small angular 

variation is impressed on a steady uniform precession, 

In the theory, vibration is assumed to take place about 

& position of equilibrium and the forces which bring the 

shaft to this position are neglected, 

If the coupling were represented by a 

Linear spring then the position of equilibrium would not 

be important. This is apparent when the curve of spring 

force versus displacement (Fig 8) is considered. Any 

displacement of the samc amplitude from any equilibrium 

position requires the same force to displace the spring. 

If the coupling is represented by a non-lincar spring, 

sid



  

  

aS was assumed in the theory, then the POSiltion of 

equilibrium becomes vitally important. By considering 

the curve of spring force versus displacement for the 

nonlinear spring (Fig 8) it is apparent that any 

displacements, from any equilibrium position, of the 

same amplitude require a different force to displace 

the spring for each equilibrium position. Hence, 

for accurate theoretical predictions the spring 

characteristics should be known about cach cquilibrium 

position. 

In the investigations, tests were performed 

with the bearings set at different centres (see Experimental 

Procedure). For each test, therefore, the equilibrium 

position was different. Unfortunately no measurements 

were made to determine the equilibrium position and 

consequently the theory, as presented, cannot be applied 

directly to the experimental system. 

Even so the basic conception is thought to 

be fundamentally correct. <nd an attempt hrs been made, 

by a modification (see Appendix Ill.) ¢o the theory, to 

correlate experimental results with predicted results. 

hel. Calculated Results for the Experimental System. 

The nonlinear spring coefficients were 

obtained by applying a curve fitting technique to the 

spring characteristic curve (see Appendix 1V). Using 

these coefficients and the modified theory, natvral 

li tice



  

  

  

free harmonic and subharmonic resonance curves were 

calculated for each of the different bearing centres 

employed in the investigation. 

2e Discussion of Results. 

5el Natural Frequencies without Rotation. 

Table I shows the comparison botween 

calculated and measured natural frequencies of 

vibration, with no rotation,of the system when supported 

on knife edges. Theoretically the system has eight 

natural frequencies, four positive and four negative 

(see theory: BeCtION 3<legw is Attempts were made only 

to excite the positive natural frequencies and of 

these ‘only the lowest of the four theoretical frequencies 

showed a resonance. Tests were carried out with the 

span between the knife edges set at different values 

and in all cases agreement between the theoretical and 

the measured lowest or first natural frequency was very 

good. 

Theoretical values of the natural frequencies 

show that the frequencies appear as pairs i.e. the two 

lower frequencies are relatively close to each other, 

as are the two higher frequencies. Each pair is 

separated by a considerable frequency range. It could 

be possible therefore for the resonance at the second 

natural frequency to be msked by the first and 

correspondingly the resonance at the fourth natural 

addi Ge



  

  

  

  

frequency by the third. However this does not explain 

why only one resonance should occur,. The peaath is 

thought to be that the higher pair of natural 

frequenctesare of such frequency values that when the 

system vibrates at these fu'cquencies, the shaft looses 

contact with the knife edges, thereby eliminating the 

resonances and invalidating the theory. 

Although experimental and analytical 

techniques exist for determining natural frequencies 

when they are closely spaced, see for instance papers by 

Kennedy and Pancu (36) and Pendered and Bishop (37), 

it was not considered essential to the problem in view 

to proceed any further along these lines, bearing in 

mind also that the natural frequencies of the rotating 

system differ from the natural frequencies of the system 

with no rotation because of the gyroscopic stiffening 

effect. 

It should also be noted that results 

obtained with the shaft Supported in the test bearings 

were identical with those obtained with the shaft 

supported on knife edges. 

Dace  CPiticas Whirling Speeds. 

Attempts to determine the critical whirling 

speeds met with limited success. With a"well-balanced" 

shaft the results were at first surprising if not 

bewildering. As the Shaft speed was increased gradually 
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from zero to its "maximum" the shaft experienced 

several "resonant" vibrations at speeds below the 

calculated critical whirling speed (see,for example 

Fig 11). At low speeds a resonance appeared, where 

the frequency of vibration was the same as the shaft 

speed. As the speed was increased beyond this 

resonance the amplitude of vibration in both the 

horizontal and vertical directions would suddenly 

"jump" to a much larger value. This occured when the 

speed was approximately twice the first resonance and 

the frequency of vibration would change from that of 

shaft speed frequency to exactly half the shaft speed 

frequency. 

Increasing the speed beyond the "jump" 

speed showed that the amplitude of this sub-shaft speed 

vibration decreased. However when a speed was reached 

which was approxim.tely three times the first resonance 

the amplitude of vibration would "jump" from a small to 

a large vibration, and the frequency of vibration w_uld 

change from half shaft speed to a third shaft speed. 

A further "jump" phenomenon was observed at a higher 

shaft speed (in excess of a speed of four times the 

first "resonance") In this case the frequency of 

vibration "jumped" from a third shaft speed to a 

guarter shaft speed vibration. 

Within the maximum speed limitation



  

  

  

imposed on the system (see Appendix V) no other 

"jump" phenomenon was observed. 

At a "jump", the shaft would sometimes be 

in a Condition: or instability e.g. as a speed of 

approximately twice the shaft speed or synchronous 

resonance was approached the shaft would sometimes 

jump from 2 shaft speed vibration to a half speed 

vibration of much larger amplitude and then jump back 

again (see Fig 9d, Ob) ; 

The waveform under these conditions was 

usually complex, consisting of a shaft speed frequency 

wave combined with the sub—shaft speed frequ3ney wave. 

The direction of the rotation or whirl of 

the centre of the rotors was determined from the 

recorded waveforms. The polarity of the inductive 

pick-ups being arranged such that when the vertical 

displacement waveform led the horizontal the rotors 

"whirled" in a forward direction. Conversely, a reverse 

"whirl" would be recognised when the horizontal 

displacement led the vertical. In all the tests carried 

out the rotors only "whirled" in a forward direction 

ieee in the same direction as that of rotation. The 

whirl motion of the rotors was such that the two rotors 

moved antiphase to each other, The mode of Vibration 

was considered to be a rigid body mode, brought about, 

as it was thought at the time, due to the shaft being 
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supported by the oil. spring forces in each bearing, 

the oil spring being less stiff than the shaft. It can 

be shown quite easily that in this case, with the two 

rotors overhung symmetrically from the bearings, the 

Lowest rigid body mode of vibration is one of rocking 

and not translation. Tater it was to be shown that 

this rensoning was incorrect and that the rigcid body 

vibrations were due to the drive coupling. The coupling 

prevented any support at one benring so that the sheft 

pivots about the other. 

Tests were carried out with the bearings 

set at different centres and in all the tests the above 

phenomenon occured, there being only a differenec in 

the "jump" speeds and the first resonance, 

The "jump" speeds were not exact ly 

whole number multiples of the first resonance, the 

half shaft speed jump occuring at 2 speed slightly 

greater than twice the first. The difference in speed 

increasing as a higher order sub speed jump occured 

and being more marked with the longest bearing centres. 

Increasing the out-of-balance of either 

rotor had a most pronounced effect on the generation 

of these sub-shaft speed "whirls". It was noticed that 

the first "resonance" appeared (the amplitude was 

considerably reduced in most cases), with the two rotors 

moving in enti-phase to each other, no "jump" phenomenon



  

  

was produced. Once the first "resonance" had been 

passed the two rotors moved in phase with each other 

ond the shaft ran quite smoothly until the first 

forward out-of-—balanece resonance or critical whirling 

speed was approached. Here the amplitude increased 

with increase of speed and the shaft exhibited a 

normal resonance os the speed was incrensea past the 

critical speed, the shaft whirling in the direction 

of rotation, The mensured critical whirling speed 

agreed very well with theory (see Table 11 ). However, 

no second criticsl speed showed up, the shaft ran with 

very little vibration up to the maximum speed. The 

reasons for this anomaly with the theory cre thought to 

be os previously advanced in the ease of the natural 

frequencies of vibration without vibration, remembering 

that the bearings used in the tests were of large 

diametreal clearance. 

The theory also predicted reverse critical 

whirling speeds, where the shaft whirls in Qa reverse 

direction to the rotation, but no reverse whirl was 

observed. The reason for this is thought to be 

(in the case of the lower of the critical speeds at least) 

due to the critical reverse whirling speed being 

relatively close to the forwsrd critical whirling speed. 

The out-of-balance forces, rotating in the same direction 

as the shaft, would tend to excite a resonance at the 

wibilgos



  

forv.rd critical whirling speed rather than at the 

reverse. 

With a reverse whirl, the shaft would 

undergo stress reversals and these could damp out 

any vibratory motion of large amplitude, such that a 

resonance would not be noticed. 

The explanation of the sub-shaft speed 

resonances presented quite a problem. It was thought 

at the time that the phenonemon was a self excited 

vibration produced by oil forces within the bearings. 

Huggins, as mentioned previously in the Historical ana 

Technical review, had shown that with an exciting 

force (which in this instance would be the rotating 

out-of - balance force) sub-harmonic resonances could ‘DS 

generated by an oil film. However, with the system 

under investigation the results did not show exact 

sub-harmonic resonances insomuch as.the resonances did 

not occur at sheft speeds which were exact whole nunber 

multiples of the lowest or fundamental resonance. 

It was for this reason that the resonances were called 

sub-shaft speed resonances. Also it was found that when 

the oil flow to the bearings was increased, in an attempt 

to clarify the situation as regards the effect of the oil 

forces, the shaft became unstable and the amplitude of 

vibration was much greater than with the sub-shaft 

speed resonances. The frequency of the unstable motion 

-55— 

 



  

  

was exactly half the shaft speed. It was while 

investigating this latter phenomenon which is 

described more fully in part two that the answer to the 

sub-shaft speed resonance appeared. 

As part of the investigation the errect 

of bearing clearances was to be determined. When the 

shaft ran in bearings of 0.001 in diametral clearance 

(previous to this the bearing diametral clearance was 

0.015 in) it seized and the drive coupling sheared in 

half. The bearings were enlarged and the coupling 

replaced with a more flexible one. At no stage after 

this did the shaft exhibit sub—shaft speed resonances. 

After the series of tests were completed various 

measures were taken viz introducing misalignment of 

the bearings, varying the amount of unbalance, reducing 

the oil flow, striking the shaft a blow, in an endeavour 

to repeat the results of the earlier work but all were 

to no avail. 

The only difference between the two series 

of tests was thus found to be the coupling, all the 

other variables having been eliminated. However, for 

sun-shaft speed resonances to occur would require that 

the external constraint i.e the coupling, have a- 

non-linear spring characteristic. This is se because 

of the damping effect of the oil in the bearings 1.6. a 

lineer system which posscsscs denping is incapable of 

whens



  

  

  

generating sub-harmonics. 

Tests were carried out to determine the 

spring characteristics of the two couplings used in 

the investigations. In the first instance a coupling 

of the same rating (Horse Power) and physical size 

as the coupling which failed was tested. Due to 

insufficient time it was only possible to measure the 

coupling spring characteristics in shear for the 

static case i.e. with no rotation, The tests are 

described in Appendix IV along with details of how 

the stiffness of the rotating coupling could be 

measured. The >asi.lts of the first test showed the 

spring characteristics of the coupling in shear to be 

non-linear. Furthermore the coupling was shown to be 

a "soft" spring viz. the stiffness descreased with 

increased displacement. 

The spring characteristic of the coupling 

used in the second part of the investigation was 

found to be approximately linear, there being a slicht 

deviation from a linesr curve at large displacements. 

A comparison of the spring characteristics of the two 

couplings is shown in Fig. 10. 

From the s,ove reasoning it was concluded 

that the vibration phenomenon encountered i.e. 

gsuo-sheft speed resonances was a direct consequence 

of out-of—balance forces exciting a non-Linéas spring 

system. 
—-5/7-



  

  

The theory evolved in section 3.3. although 

limited in use in this instence, for reasons given in 

the discussion of the theory, explains the generation 

of the sub--shaft speed resonances. By considering 

the free vibrations in the case chosen in the theory 

i.e. the coupling had a spring characteristic of the 

forn kx +k,% it can be: seen that vibrations with 
the same frequency as the forcing frequency, Vizs 

shaft rotational frequency, start at 

e 
2 1 

ey ST hoo) 

while vibrations with the frequency of a third sub-shafi 

speed start at 

5 9x51 

(A-3C) 

  

Thus because of the inertia terms in the denominators 

of the two expressions a sub-shaft speed resonance 

should occur at a shaft speed in excess of three times 

the shaft speed of the synchrono:s resonance. In general 

therefore it would be expected that the excess would 

increase with the incresse of the order of the su’b-shaft 

speed resonance e.g. if the third sub-shaft Speed resonance 

occurs at a shaft specd of (3+x) times the shaft spcud 

of the syn@hronous resonance andthe fouth sub: shaft-speed 

resonance occurs at a shaft 
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a of(4+y) times the shaft speed of the synchronous 

resonance, then y will be greater than x. This was 

verified experimentally. 

Experimental results of measured amplitude 

in horizontal and vertical directions are shown plotted 

against shaft speed in Figs. 11 to 30. The theoretical 

natural resonance curves, obtained from the modified 

rigid body theory (Appendix III) are superinposed on the 

experimental results and are shown by the continuous 

curves. It can be seen that for the small bearing 

centres viz. 4.5 in and 6 in, and shaft speeds up to the 

third resonance, the experimental points lie close to 

the theoretical resonance evrves. The fourth resonance 

starts at a shaft speed considerably beyond the 

predicted Value, This is to be expected to some extent 

because the theoretical natural resonance curves are 

calculated using the modified theory which does not 

take into account the polar and diametral moments of 

inertia of the system. Thus, theoretically, the 

sub-shaft speed resonances become gyb—-harmonic 

resonances viz, the first sub-shaft speed resonance 

occurs at twice the shaft speed of the first resonance 

and so on. With the longer bearing spans the discrepancy 

is seen to increase. An explanation of this is offered 

as follows:the natural resonance curves were calculated 

using the spring coefficients obtained from a static 
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stiffness test on the coupling. With rotation the 

coupling should become more stiff, thereby increasing 

the shaft speed at which a resonance occurs. Now, 

theoretically, increasing the bearing span increases 

the spced at which a resonance occurs, this agrees 

with the experimental results, but because of the 

greater speed, which automatically stiffens the 

coupling, the experimental results will be excess of the 

theoretical results. 

The results also show that with the 

longer bearing spans there is a tendency for the 

experimental resonance curves (shown dotte&é) to 

become distorted, especially with the higher orders of 

sub-shaft speed vibrations. The distortion is thought 

to be brcught akout by oil forces within the bearings, 

stiffening of the coupling, and by the out-of-balance 

forces- Although the flow of oil to the bearings was 

restricted there would be a tendency for an oil film 

to develop. This would lift the shaft in the bearing 

and so change the equilibrium position and either 

increase or decrease, depending on the alignment 

between the coupling and the bearings, the shaft speed 

at which a resonance occurs. If the equilibrium position 

is altered so as to approach the zero equilibrium 

position then the spring stiffness increases and there 

will be an increase in the shaft.speed at which the 

~6 Om uy sie Maus Tagen 1 ene



the resonance occurs. The forcing level, due to the 

out-of—balance forces, increases with increase of 

rotational speed and therefore increases the resonance 

"pandwidth". Hence an effect may be observed where the 

amplitude of vibration tends to remain constant. 

This will be more noticeable with the longer bearing 

spans because of higher shaft speeds at which the 

resonances occur. 

Generally, the level of the amplitude of 

vibration varied with each bearing span. This is put 

down to the damping effect of the oil rather than an 

effect of varying the bearing span. The oil flow was not 

measured and could quite easily have been different 

for each test, thereby producing different degrees of 

damping. 

6- Conclusions. 

1, With well balanced rotors the system behaves 

as a rigid body, rocking on one bearing. 

2- When the shaft is driven via a non-linear flexible 

coupling sub-shaft speed resonance are generated. 

3. Agreement between the non-linear theoretical and 

experimental results is very good at low speeds 

(up to approximately 80 c/s). At high speeds 

agreement, as is expected, is not so good. 

4. Increase in the bearing span results in an increase 

ate _ F tire  



  

  

in the shaft rotational speed at which the 

resonances appear. 

5. With large unbalance the shaft exhibits no 

sub—-shaft speed resonances. 

6. Agreement between calculated and measured 

critical whirling speed was only obtained with 

large unbalance. Only the first forward critical 

speed resonance appeared. 

7e No reverse whirl was detected. 

8. Increase of oil flow rendered the shaft unstable 

at some speed. It would appear therefore that 

the motion of the shaft can be controlled either 

by oil forces or coupling forces whichever is 

predominant. In the investigation, the coupling 

forces were predominant. 

ie Recommendations. 

“ae investigation was initially to determine 

the behaviour of a two-rotor shaft system supported in 

two journal bearings, and to this end a test rig was 

designed. The system was driven through a rubber 

flexible coupling. Little attention was made to the 

actual choice of soupling, it was considered that the 

coupling. was sufficiently flexible to allow transverse 

displacement of the rotor and sufficiently rigid to 

drive the system. However, the cause of the sub-shaft 

speed resonances encountered during the investigation 
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was traced to the coupling. Fortunately or unfortunately 

therefore, the choice of coupling was wrong, 

fortunately because it has been shown that the choice 

of coupling is very important and unfortunately 

because of the external constraint imposed on the 

shaft. 

The phenomenon is most likely to occur 

in practice when a light machine is Plexibply 

coupled to a much heavier one and when the oil supply 

to the bearings is restricted ieee where the heavier 

machine forms a rigid attachment for the coupling and, 

because of the restricted oil flow, the coupling forces 

predominate and control the vibratory motion of the 

li ‘13 machine. It was found that the phenomenon did 

not occur in the presence of large out-of—balance 

forces, but this cannot be recommended as a preventive 

curve if the system is to be run ata speed near or 

above the critical whirling speed because of the 

large amplitude of vibration. A more reasonable 

remedy is to ensure that the spring characteristics. 

of the coupling are linear, so that, because of damping, 

no sub-shaft speed resonances occur, Although a 

synchronous resonance will appear, by having a floxible 

coupling this will occur at a relatively low shaft speed 

and can be quickly passes through. Also, it is thought 

with good balancing the amplitude of vibration at the 
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resonance will not be so excessive as to cause concern. 

Because of insufficient time it was 

not possible to investigate the full signifieance 

of the phenomenon and therefore such questions as: 

1. To what extent does out-of—bnalance effect the 

phenomenon? 

2e What is the effect of misalignment of the 

coupling. 7 

3e What is the minimum oil flow neccessary before 

the coupling forces predominate and control the 

vibratory motion of the shaft.? 

4. What types of coupling are liable to produce 

this phenomenon. ? 

have not been answerod,. 

~6li~ 
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Table I_ 

  

Natural Frequencies without Rotation. 

  

  

  

  

Bearing lst. and 2nd. Positive Measured 

Centres Calculated Natural Nate Froquency 

LNs Hreg «wa thout Rotn. Without Rotn. 
c/s c/s 

! ! 

4 %S se 09, 

12 94.3 120 950 

10 80.0 +15 81.8 

8 VeeS 96.1 7306 

6 67,0 82.0 65.3 

U5 64.0 760 63.5           

  

 



Table If 

Critical Whirling Speeds. 

  

  

  

Bearing Calculated Critical Measured Critical 

Centres Whirling Speeds Whirling Speeds 

in. Forward Reverse Forward Reverse 
c/s c/s eye -ofe 

Oy] + Gf, oO} &, Wy 1] Wy | Oz Oy 

1? 126°5| 196-5] 78:0 | 110-0 a ~ a _ 

10 97-3 | 4-4] 70-0 | Wo | Wo] - ~ - 

8 843 | 115-5] 65-0| 83-5 | 85-0] - - - 

6 THO | 95:5 | GOO | 75-0 | 7-2 | - a ~ 

4.5 G73 | 78 155-0 | 66-0 | 683] - - |-                   

  

 



  

PART TWO.
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Notation 

Hydrodynamic oil forces 

hadius of bearing 

Total external -lLoad 

HCCGNtPicity: ratio 

Radial clearance 

Angular velocity 

Attitude angle 

Tubricant film pressure 

Bearing length 

Length of shaft between benring centre 

Diametral moment of inertia of system 

Polar moment of inertia of system 

Angular velocity. of precession 

Arbitrary angle 

Precession angie 

Viscosity reyns 

Mass density 

O11. film thickness 

Angular momentum 

Instantaneous angular velocity 
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PART TWO. 

1. Summary. 

During the investigation described in part 

one a phenomenon was observed where, as a result of 

increasing the oil flow the shaft became unstable. 

An investigation of this phenomenon, where 

the shaft was observed to suddenly whirl in contact with 

the bearings, the two rotors moving in antiphase at 

half the shaft rotational speed, is reported. The 

source of the phenomenon is attributed to a rubber 

flexible drive coupling which causes the rotors to 

move in antiphase and the gyroscopic couples to take 

control of the shaft motion. 

When "instability" arose at shaft speeds 

above the lowest out-of-balance critical whirling 

speed, two resonances of small amplitude were observed. 

The first resonance was found to be a reverse whirl 

and the second a forward whirl. In both cases the 

resonance occured at shaft speeds in good agreement 

with the calculated out-of—balance reverse and 

forward critical whirling speeds. 

Neglecting external forces, a theory has 

been propounded which, provided the lubricant viscosity 

is known accurately, predicts the shaft speed at the 

onset of "instability", 

—-66-



  

Le Description of System ond Experimental Technique 
2el. Description of System. 

The shaft-rotor assembly and drive system 

described in section 2.1. of part one is used for 

the second series of tests. With no restriction on 

the oil flow tests are carried out to investigate the 

effeot.-or, 

sks bearing clearance. 

on bearing geometry (oil grooving). 

and 56 viscosity. 

on the shaft behaviour. 

Bearings 1 in. long ana nominally 1 in. 

diameter of diametral clearance 028003 ine, 0.005 in. 

and 04010 in. are used.The 0.003 in. diametral clearance 

bearing is machined with a central circumferential oil 

groove 0.080 in. deep by 0.125 in. wide. Two sets of 

bearings of 0.005 in. and 0.010 in. diametral clearance 

are manufactured, one set machined with a single central 

circumferential groove as with the 0.003 in diametral 

clearance bearing and the other nmachinca with a’ sincle 

axial groove 3/4 in. long by 0.125 in. wide by 0.080 in. 

deep along oni equal Icnzth both sides of the oil inlet hole. 

The axial groove bearings are mrncfactured by fipet 

boring the inside diameter of the bearings oversize and 

inserting a sleeve in which a slot (axial groove) is 

machined. The bearings are then bored to the required 

“67.



  

dimension. After tests with these bearings a central 

circumferential groove was machined in the axial 

grooved 0.005 in. and 0.010 in. diametral clearance 

bearings and the tests repented. The oil inlet hole 

for all the types of bearings is 0.125 in. diameter 

and positioned 45° from the vertical on the unloaded 

portion of the bearing. 

Fig 31. shows a plot of the viscosity-temperature 

relationship of the different oils used in the tests. 

Oil temperatures are obtained from Chromel+Constaintin 

thermocouples close to bearing in the inlet and outlet 

oil pipes. Recordings of the oil temperature in 

millivolts are taken from a Pye Thermocouple Test Set. 

These recordings are converted to degrees Centigrade 

from a temperature millivoltage calibration of the 

thermocouples. 

Measurements of rotor displacements are 

obtained using the inductive type displacement 

pick ups described in section 2.1. of part one. 

Attempts to measure the shaft displacement within the 

bearings met with failure. Inductive type pick-ups 

consisting of two coils wourm on ferrite dust cores 

inserted in 3/8 in. B.S.F. scrcevs were made. 

ah The coils were so positioned in the screws as 

to give maximum sensitivity and to be approximately 

linear over the small shaft movement within the bearings. 
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Calibration was performed in situ with the pick-ups 

screwed into bearings flush with the bore by 

supporting the shaft and rotating the benring 

through 180° on the shaft. This ensured that the 

pick-ups were subjected to a displacement equivalent 

to the bearing clearance. 

The sensitivity of these pick-ups was 

considerably less than that of the rotor pick-ups. 

It was found that a low attenuation of the carrier 

amplifier was neccessary to. obtain a trave oF 

sufficient amplitude for recording purposes. 

Because of the low attenuation, balancing 

(electrical ) of the pick-up-bridge system was 

critical. Fine balancing could not be effected and 

the waveform of displacements as observed on G.R.O 

consisted of a trace representing the shaft 

displacement and superimposed on this, a trace of 

frequency equal to twice the frequency of the carrier 

signcl from the carrier amplifier. It was neccessary 

therefore to filter out this high frequency signal. 

A filter was required which besides reducing the 

level of the high frequency signal, would not attenuate 

the signal representing the shaft displacement. 

To this end a twin-T filter was considered 

to be most satisfactory and was accordingly designed 

(Sce Appendix VI) for the system. 
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However when tests were carried out with the 

pick-ups in position they failed, presumably to 

shock loading. No further time could be spent on 

modifications and only rotor displacements were 

recordeds During tests carried out in part one 

the time spent on recording and developing film of 

rotor displacements was found to be excessive. A 

considerable reduction in time was obtained when the 

waveforms were recorded with an Ultra Violet Recorder. 

Pislic ‘Broer taehtal Techique. 

Recordings of the rotor displacement 

waveform and oil temperature were taken at constant 

shaft speed settings. The shaft speed was increased in 

increments, recordings being taken at each increment 

of speed until the shaft was observed to become 

unstable. The speed was then increased to determine 

the speed range,if any, of the unstable motion. 

The shaft speed at which the stable motion resumed, 

upon decrease of speed, vas also.recorded. 

Once the general behaviour of the shaft motion 

had been observed, efforts were concentrated on 

accurately determining the oil temperature just before 

the shaft became unstable. The aim being to establish 

a stability criterions This involved running the 

shaft at a speed where it was considered likely to 

become unstable and taking continuous recordings of 
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temperature until the shaft became unstable. With 

the Pye Thermocouple Test Set it was only possible 

to record one temperature at a time and therefore a 

temperature difference could arise in the time 

taken between the first recording and the last, 

(six temperature recordings were required). 

However it was considered the method of repeatedly 

taking temperature recordings would to a large 

extent obviate this possible source of errors 

A technique which enabled a frequency 

analysis of the rotor displacement to be performed 

with a wave analyser was to record the signal from 

the pick-ups on a Tanberg tape recorder and then 

transfer the signal to a Southern Instruments 

multi-channel, record-playback loopdeck system. The 

signal was then fed into a Bruel and Kjer wave analyser, 

where a frequency analysis was performed automatically. 

However, because of the level of the signal 

voltage required to record a signal on the tape recorder, 

it was only possible to use this techique with a 

Signal of the unstable motion. 

Thus it was more convenient to analyse 

the waveforms manually from traces obtained with the 

Ultra Violet recorder. The main issue being in 

determing the frequency and direction of whirl of the 

unstable motion. 
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ay Analytical Treatment. 

3ele Determination of Oil Film Forces. 

The oil forces acting on the journal are 

determined in two perpendicular directions using 

Reynolds equation and Ocvirks (39) short bearing 

approxinations 

Reynolds equation, as derived by Shaw and 

Macks (4c) ror a journal whose centre position 0 

(see Fig 32) is time dependent is 

' ! 

1a jue +0 (nap) = 6u(0-29)dh + l2uen cos 0 
Rd6( Rd OZ OZ 08 

3.12(1) 

where it is assumed the lubricant viscosity is 

constant throughout the oil film. 

As a first step towards obtaining the oil 

forces, it is neccessary to determine the pressure 

distribution in the oil film. Equation .3.1.(1) is 

insoluble for p in closed form and therefore cannot 

be used directly. For short bearings i.e. whose 

length to diameter ratio is 1 or less, Ockvirk has 

shown reliable results may be obtained by ignoring 

the first term of the left hand side of equation 

This approximation is based on the assumption that if 

the effect of the oil flow due to the relative motion 

a



  

of the surfaces is considered large relative to that 

due to the action of the pressure gradient, the 

neglect of the latter is justified. 

Equation 3.1.(1) thus becomes for short 

bearings 

: ee 

Oh + 12ucn cos 6 Se teake) cee 

t 

a (hep) = 6u(w-29) 
OZ OZ 0 

Integrating twice with respect to gz and putting p=0 at 

z=0 and at z=1 gives, 

p= glsei Alicia cos 6 = ibeerece sin 6) 

2¢?(1encose)? 

301.(3) 
use having been made of the substitution h = e(1l+ncosé) 

A double integration of equation 3.1.(3), with the 

appropriate limits will give the force exerted on the 

journal by oil film. However o difficulty arises here 

as to the extent of the oil film. Integrating between 

the limits 6=0 ond 6=n i.e. assuming the bearing 

clearance to be completely filled with lubricant, 

gives rise to a pressure distribution which is 

positive over the converging region (shown shaded in 

Fig.32) and negative over the diverging regione 

Experiments tend to show for oa plain journal bearing 

having no pressurized oil supply, that although oil 
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may exist in the diverging region it will be 

discontinuous, air having segregated from solution 

or been entrained due to the existence of 

sub-atmospheri® pressure. 

Ocvirk has demonstrated that for a stable 

journal centre a convenient and reliable simplification 

is to assume that no oil exists over the diverging 

reorons. 

Hence, assuming the oil film pressure to be 

positive and exist only over the converging region 

i.@€.e 6=0 to O=n, by resolving parallel to the displacement 

of the bearing centre (F,) and perpendicular to the 

former (F,) the oil forces are obtained as follows. 

l K 
; 5 

Fy = R[ [cose déedz 3.12€) 
° lo 

ee 

F,, = Rf [ psine dedgz Sulet 5) 
© JO 

Consider cquation 3b1.(4), integrating by parts gives, 

{ ton 

Boe R | (psino)’ dz - Rf [ap sin® dédz 
°d96 

Now 

P=Oat @=Oand0=n% 

therefore 
Cx 

he -R{ ap siné dédz 
© Jo dO 
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—_ Differentiating equation 3.1.(3) gives, 

{ ! 

ap = Suz(z-1) -(2cnsino - (w-20)en2086) 
  

  

  

ps 207(1 + ncos@)> 

t6ustoet Merasen - (w-20)en6ind)3nsine ) Ss1s{b) 

207(1 + neos6)+ 

Hence Ys 

Fj= [| Sun(sz2)| -(2ohesne " (iieogJoncos6? 
o 49 Sue 3 

(l+ncosé) 
{ 

+ (2cneos6-( +20 )cncin® ) nsine| -sinddodz-° 

(14ncose)4 : 

Ss is) 
Use is now made of the Sommerfekd. substitution 

(seeLBarvicl1(0)) 

Substitution in equation Sade 7) given upon performing 

the first integration 

F, = sp fa -2n(n-cose -cosq ) +(-29)nV(1-n?)(1-cos29) ) 
(1-ncosq) l-ncos@ 

x 3n(1-n* )(1-c0s*@)(1-n?)2/2 dg 

(1-ncos@)*(1-ncose) 
rn 

+uR1 |(-2nV(1-n2)(1-cos29) slion2p n(nécose)) 
eCr } L-necs@ l=ncoso 

- : 
x §(1-n )U-cos*9)(1-n2)1/2 do Salat od 

(1-neoso)* 

ie



  

Upon integration, equation 43.1.(8) becomes, 

t. < > p on?(w-20) + x(142n2)n) 519) L 5 B,D 35/2 2Qe¢ (1-n“) Llen y= 

Similarly it may be shown 

P, = —— oon | 3.1.(10) 
sue 2(1-n2)3/2 (1-n?2)2 

Equations 3.1.(9) and 3.1.(10) are the same as those 

deduced by Hol 1es (33) and Huggins (35). 

The assumptions made in arriving at these oil forces 

are, 

1. The bearings are sufficiently short to allow 

the first term of the left hand side of 

equation 3,1.(1) to bé nerlected. 

2. There is no pressurized oil supply to the 

bearings. 

3e The viscosity is constant throughout the 

, lubricant film, 

4. The lubricant film is of 180° are. 

5- The inertia force of the lubricant may be 

neglected. 

6. The oil film thickness is small and the effect 

of the film curvature may be neglected. 

fe The variation of pressure across the film 
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thickness is negligible. 

8. The oil flow in the bearing is laminar. 

9. Oil forces due to viscous drag are negligible 

compared with the pressure forces. 

10. The lubricant is incompressible. 

Of the assumptions, numbers 3,5, and 8 are 

most likely to suffer from practical considerations. 

It is unlikely that the lubricant viscosity is 

constant throughout the lubricart film. Under test 

conditions it is possible to allow the bearing to 

reach a steady running temperature, but even so the 

temperature (and thus viscosity) of the lubricant in 

the bearing will vary along the are of the lubricant 

film. However the assumption is neccessary in order 

that Reynolds equation may be formulated. 

Attempts have been made therefore to obtain 

an expression for the cffective viscosity (constant) 

of the film lubricant in terms of the lubricant 

temperature. One such expression, propounded by 

Cameron, which gives reliable results is, 

Thee = Ti + 0.8 cr - T,) 

where 

Tore = effective temperature of lubricant. 

qT; = inlet temperature of lubricant to the bearing 

v 
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Ty = OUGLeb temperature of. lubricant fren 

the bearing. 

It is usual engineering practice to use 

bearings whose diametral clearance is calculated as 

being 0.001 in./in. diameter of the journal. 

With modern day turbo-z nerator scts, journal 

diameters of 20 in. are not unusual. This wovld 

normally mean using bearings with a diametral clearance 

of 0.020 ine The inertia forces arising in such an 

oil film of such a benring could be appreciable 

(the magnitude depending largely on .the rotational 

speed) and could invalidate assumption No.5. 

The rotational speed range for laminor flow 

is detcrmined from Teylors (41) criterion viz. 

R, =oVe_ 
LL 

whore 

Oo =— 0Cnsity Of lubricant. 

wu = viscosity of lubricant. 

Ve= relative velocity of journal to bearing 

z= eritical Reynolds number. 

ec = radial clearance. 

However, becausc of bearing geometry 

(oil grooving ctc) it is possible that the speed range 

of the laninar flow regime will be considerably reduced. 

7



  

Thus the dcsign running speed of a particular 

machine could be in the turbulent regime if this is 

the case the theory will not hold true. 

For this investigation all the assumptions 

are considered to be valid. Treatments on the effect 

of inertia forces can te found by Barlow (39) and of 

a journal operating in the turbulent regime by 

Constantinescu. (40). 

Rigid Body Thcory-Stcady Uniform, Precession. 

Consider the case where the shaft takes up 

the position shown in Fig.33a. The only external 

forces are thosc due to tke: oil film, i.c. the shaft-rotor 

assembly is considcred to be perfectly balanced, any 

spring force arising from the drive coupling is 

assumed to be negligible compared with the oil forces. 

Also the shaft is assumed to be rigid and the two 

rotors to move in antiphase to each other. 

Fixed awes OXYZ are set up at midspan, 

'O' being at the centre of the shaft and OZ drawn 

parallel to the centreline of the bearings. 

The positions of three mutually perpendicular 

axes in a general displacement of the system (sce Fig 

336) are represented by Ox, ee and oe: and are 

determined by fumptntne first a rotation B in YX plane 

t 

about the Z axis and then a rotation 6 in the yZ plane 

about the displaced x axis. The shaft is then assumed 
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to rotate about the ; axis with angular velocity w. 

These axes are principal axes because of the 

geometric symmetry of the rotors and move so that 

Oz is always coincident with oe and Ox remains in 

the plane Z0Oz. 

The component angular velocities about the 
{ t 

axes Ox, Oy and Oz represented by W19 Wo and Oz are 

t t t t 
®. 2° 9 W, = Bsinée Oy Beosé 

The component angular momentum about these AXeS, 

represented by hy; h, and hz, are 

h == AG) 1 9 5 hz = 0 (w, +w ) 

The external moments about 'O! atise fron oil forecs only, 
t 

About the Oy axis the moments are 

- (Q,cos9, + Q,sing,)b + (F,cos@, + F, sing, )b 

and about the Ox axis the moments are 

- (Q,sing, + Q,c089, )b + (F, cos, + FP sing, )b 
2 

! 

About the Oz axis the moments are zero. 
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The momentum equations are thus, 

it ‘ : 

AG - (A=C)B“sindcose + CwRsind = 

- (Q,sino, + Q,cos@, )d + (Fj cose, + F,sing, )b 

5.2.03] 
i ta t 

- A®sin@ = (2A-C)B6cos6 + Cwé = 

rs (Q,coso, + Q,s8ing, )b + (Fcoso, + F, sing, )b 

3eet2) 
t oe uw 

C(w + BOsinO + Bceos@) = 0 

322.(3) 

If the angular velocity w is constant and the shaft is 
t 

assumed to perform steady uniform precession then 6 

and 6 are also constant. Thus equations 3.2.(1)and By26¢29 

become, 

ai to t 

- (A-C)6“sinécos® + CwBsine = 

- (Q,sing, + Q,c0s9, )b + (F cose, + Fsing, )b 

3.2.(4) 
and 

O=- (Q, sing, + Q,c¢08@, )b + (F, cose, + F, sing, )b 

5.2405) 

Consider equation 3.2.(5). 

At some stage during the shaft motion see Fig. 34 

Pp = 04 a % 

Hence 

O= (F)-9, )bsing, - (Q,-F, bcos, 

.2.(6 oe 3.2.(6)



  

Therefore 

t i ° 2 ang. = — 
Oye Q, 

Oo | Now when 9, = U5 

tang, =e 

Hence equation 3.2.(6) becomes, 

ous 9 F, + Fo = 4, + Q5 3.2.(7) 

Substituting for Py oF 59, and Q5 gives, 

roman, ~- 1 — t 

5 { >. t 1 ! | 

2nz(w-20,)-+ n(1+2n) )n, + My (w-20,)' + unjn, 
  

  

_ Gent)” (a= )?/? I ailen=)9/? “(1-n2ye 
aman ; 

r vet 

Yee 

t ar emo 

2 < 

9 : : 2! t ' 
ans (w 29.) £ n(1+2n. )n,, # m,, (w 20.) + Lnn 
      | a. o | (an§)? (1enZ)°/2] | 2(1-n8)3/? (1-n5)7) 

S.celo? 

from which 

t 1 { 

We 29, ana nh, = ny so 
a 1 

Thus the shaft must whirl (precess) about the bearing 

centreline at half the rotational speed since °. = 8 

1e€e the equilibrium position lies along the bearing 

centres. 

The amplitude of the precessional motion 6 can be 

found by substituting 

! f { 

A ae 295 and no =n, = 0 

in equation 3.2.() 

aoe



  

15 1 

- (A-C)6“sinOcosé + CwBsine = C 

  

t 

ALSO Osa" 26 
{ 

Therefore cosé = 2008 to 

(A-C)8 

Hence ee 

cos@ = ec 342.(9) 

Sods the LoulLlibrium Position. 
  

By cquating the static load upon the journal, F 

  

  

  

and the static parts of the oil reactions By and Bo 

’ ! 
Re mons i + Bsc 

where 

t 
FP, =“ WR1?(2un° ) 

20°(1-n2)2 
O 

and 

E 5 Fo = wR (xwn +) 

2072(1-n2)3/? 

hence 

3 2 2 2.1/2 a uwRL on (x - (x -16)n°) 

Be" ( lene \* 
oO 

also 

! 

FB 
tang, = 2 

a 

= Mase 1/2 is 

2 “SB eSebi). 
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3-4. Calculated Results for the Experimental System, 

3.4.1.Critical Speed. 

The static eccentricity ratio no Ls finest 

calculated from equation 3.1.(l4) appropriate to the 

case when 2, = 45° vize 

when 

O° 

The shaft speed is then calculated from equation 3.2.4(10) 

with the substitution for no ViZk 

P= 2Mg = 1.u1yR1w 
2 

Cc 

Or 

5 ) 
ee Se lia tet 18 

LeluRI- 

Equation 3.l1.1.(1) gives the shaft speed at which the 

shaft precesses at half the shaft speed. 

Ze4e-2. Amplitude of Precessional Hotlon. 

The amplitude is calculated from equation 3.2.(9), 

which for the system under consideration gives 

~~ 

2 
=OR 

COSO = 14528 

2? (IPRS) 
where 

R. = radius of rotor = 3.5 in. 

L = length of centre of rotor to midspam of shaft 

10 in.



  

hence 

cos® = 0.279 

whence 

Oo ! 

© = 73° 50 : 

The amplitude at the rotor is thus given by bé. 

4. Discussion of Theory. 

The theory has been propounded assuming the shaft 

to perform steady uniform precession. Half shaft speed 

precession is predicted for a static eccentricity ratio 

of 0.618 which corresponds to a shaft speed of 

5 

O..= 2Mige~ 

1.41yR1° 

The amplitude of the motion is given by bO where 

b=10 in. and @=73°50 . For the system under investigation 

this implies that the shaft will make contact with the 

bearings such that the theoretical amplitude will 

never be realized. Thus once the half speed precession 

is initated the shaft can be considered as being 

unstable i.e. at all shaft speeds above the ‘critical’ 

speed the shaft will precess at half the shaft specd 

and remain in contact with the bearings. 

ie it is assumed that each variable can be varicd 

alone e.g. increase of bearing clearance does not alter 
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the lubricant viscosity, then equation 3.4.1.(1) 

predicts the stable range can be increased by, 

ie Decrease of lubricant viscosity. 

2e Decrease of bearing length. 

3. Decrease of bearing radius. 

4. Increasing the bearing load. 

5. Increasing the radial clearances 

5- Discussion of Results. 

Figs (35 and 36) show plots of amplitude and 

frequency of vibrations versus shaft speed for bearings 

of 0.005 ine and 0.010 in. diametral clearance 

respectively. The amplitude is representative of 

vibrations in both the vertical and horizontal directions. 

It can be seen that as the shaft speed is increased 

the amplitude of vibration remains approximately 

constant until . specd of frequency 65 ¢/s is approached, 

where a resonance appears. From an analysis. of the 

waveforms (sec Fig 37) at this speed, it was concluded 

that the shaft whirled in a reverse direction to that 

of the rotation, at sheft speed i.e. the vibrations 

in the horizontal direction led those in the vertical 

direction. The shaft speed at which the amplitude 

of the whirl is maximum agrees very well with the 

calculated speed (Sec Table II Part One). 

Further increase of shaft speed shows a resonance 
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to occur at a speed of frequency 85 c/s. An examination 

of the waveform (see Fig 38) showed this to be a 

forward whirl. Agreement between the observed and the 

calculated forward critical speed (see Table II Part 

One) is very good. 

The fact that the amplitude at the reverse and 

forward critical speed (of the order 0.0015 in.) is small is 

indicative of a well belanced shaft-rotor system. 

As the speed is increased beyond the forward 

critical speed the amplitude decreases and then at a 

shaft specd of 110 c/s for the 0.005 in. diametral 

clearance bearings and 117.c/s for the 0.010 in. 

diametral clearence bearings the sheft becomes unstable, 

the amplitude being limited by the bearingss At these 

‘critical’ specds the frequency of vibration changed 

from that of shaft speed frequency to a half smft speed. 

Further increase of speed showed the enplitude 

to remain approximately constant and the frequency to 

remain at exactly half the sheft speed frequency. 

Upon decrensing the speed the amplitude of vibration 

decreases slightly until o speed of 72 c/s is reached 

where the amplitude drops suddenly to a much smaller 

level and the frequency of vibration changes from a half 

shaft speed to shaft speed frequency. 

Results from all the tests showed that the shaft 

speed at the onset of “instability” was always greater 
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than the sheft speed at which the shaft became stable 

again. The speed range between the speed of onsct of 

instability and stability was found to vary with 

the "depth" of instability i.e. the speed range 

would be small (of approxinately, 5 c/s ) if the 

shaft specd was reduced immediately the shaft became unstatle 

while if the shaft .specd wns increased further efter the 

instability, or allowee to remain seonstant for a time 

at the specd of onset of instability, the specd range 

would be considerable (See Fig.35 and 39). This 

phenomenon appears to be similar to the "inertia" 

effect described by Pinkus and Hori. The explanation 

offered here is, 

For a given set of benring conditions the 

speed of onsct of .instability is dependent on the 

viscosity of the lubricant. Now, once the shaft has 

become unstable the oil tenperature increases 

(the viscosity decreases) because of the reduced oil 

flow when the shaft whirls around the bearing and 

therefore the speed must be reduced, bringing about an 

increase in the oil flow, until the viscosity is such 

that the shaft becomes stable. Increasing the shaft 

specd beyond the speed of onsct of instability reduced 

the oil flow further and increased the "depth" of the 

instability. Hence in this case the shaft speed must 

be reduced considerably below speed of the onset of 

hie



  

  

instability before the shaft becomes stable. 

In the majority of the tests the shaft became 

unstable at shaft spceds, below the first calculated 

forward critical whirling speed, see Table III, it 

being only possible to exceed this speed by slowly 

increasing tie shaft speed, This indicates that lower 

viscosity gives a higher stable operating region since 

the oil temperature will increase more rapidly the 

slower the increase in specd. 

Table III shows 2 comparison between the 

measured and calculated critical (onset of instabilty) 

speed for the different types of bearings used. The 

effect of the different type of grooving appears 

merely to regulate the oil flow. Bearings with a single 

central groove were found to give the least oil flow, 

while bearings with the axial and circumfcrential 

grooves the greatest. This is shown by the value of 

the viscosity of the lubricant. 

The effect of increase in the bearing diametral 

clearance is diguised to a large extent by the 

corresponding increase in oil flow which enables the 

bearings to run cooler, thereby dccrensing the -viscosity 

of the lubricant. Thus no comparison can be made 

directly between tests with bearings of different 

clearance. In some instances the onset of instability 

with larger bearing clearance occured: 4t-a lover shaft 
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speed than the onset speed with the smaller bearing 

clearance and vice versa. Generally though, where the 

viscosity of the lubricant is approximately the same 

for both types of bearing the onset speed is greater 

with the larger clearance bearings. 

Agreement between the measured and the calculated 

speed of onset of instability is very good, considering 

that errors can arise in the measurement and dctermination 

of the effective viscosity of the lubricant. Temperature 

measurements were taken "just before" the shaft became 

unstable and because of the technique (see Experimental 

Technique) it is most likely for there to be a difference 

between the measured oil temperature and the actual oil 

temperature. 

It was observed with large unbalance that no 

half shaft speed vibration (precession) occured below 

the out-of-balance critical speed. No records were 

taken with large unbalance for the amplitude of 

vibration was so great as the critical speed was approached 

that the system was shut down for safety. 

Table IV shows the specd of onset of instability 

when the shaft was run in bearings of different 

Giametral clearance. Good agreement was obtained with 

the results calculated for the larger bearing (4ee.the 

bearing with the higher lubricant viscosity). It would 

appear therefore that viscosity has the major influence 
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on the instability speed. Hence, with different 

clearance bearings an accurate knowledge of the 

oe Ss lubpricanbh.vi scosi ty=or. the 

two bearings is required before the instability speed 

can be predicted. 

A frequency analysis of a recorded waveform 

during instability is shown in Fig HO. A shaft speed 

frequency component has been analysed, which in this 

instance is expected as the shaft speed is close to 

the lowest critical whirling speed, although the 

waveform consisted mainly of half shaft speed frequency. 

The anplitude of the half order harmonic is approximately 

4e2. times the amplitude of the harmonic component. 

Fig 41 shows a film record of the whirling motion 

during instability at a shaft speed of 60 c/s. It can 

be scen to consist of one frequency only, namely half 

shaft speed frequency. 

1. With well balanced rotors the system is capable 

of performing uniform precession at half the 

shaft spec. 

ee When the shaft precesses it becomes unstable 

3- The shaft speed at the onset of instability 

an be predicated quite accurately from 

theoretical considerations based on the : 
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assumption that the shaft is perfectly 

balanced and supported by short journal 

bearings. 

The stable operating region can be increased 

by is increasing the bearing clearance 

ii. decressing the lubricant viscosity. 

These findings agree with theoretical predictions 

and therefore it is reasonable to assume that the 

stable region can also be increased by 

and 

be 

is increasing the load on the bearings. 

ii.e decreasing the benring length. 

iii. decreasing the bearing radius. 

Wom instability erose at shaft speeds above 

the lowest calculated forward critical whirling 

speed the shaft would exhibit resonances at 

the calculated lowest reverse and forward 

critical whirling speed. 

With large unbalance the shaft exhibited no 

half shaft speed precessional motion. 

Unbalance forces therefore, if of sufficient 

magnitude, tend to give stability, although it 

was found in the investigation that the 

amplitude of vibration was excessive as the 

critical forward whirling speed was approached, 
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le Recommendations. 

The theory propounded was based on the assumption 

that the shaft performed tniform precession. The 

precessional motion was thought to be instigated by 

the flexible drive coupling vize when the hydrodynamic 

oil forces become zero the shaft should be supported 

by the bearings, the hydrostatic oil forces which 

would normally support the sheft are in this case 

negligible, but because of the coupling support the 

shaft is inclined to the horizontal axis so that 

gyroscopic couples which arise because of the inclination 

take control of the motion and the shaft precesses,. 

The amplitude of the precessional motion was found to 

be excessive, the shaft behaved as though it was 

unstable. The reason for this was boeatibe of the 

relationship between the moment of inertia about a 

diameter at the midspan of the shaft (A) and the polar 

moment of inertia (C) of the system. For the system 

under investigation, with the two rotors overhung 

from the bearings. 'A' was much greatcr than 'C' and, 

as the theory predicted, this tends for a large 

precessionnl angle. Hence for a system such as the 

one investigated the choice of the coupling is extremely 

important. 

According to the theory and verified experimentally, 

this phenomenon occurs only with an eccentricity ratio 
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of 0.618 and therefore it is essential to prevent the 

shaft from taking up this position if the phenomenon 

is to be avoided. 

It has been shown the main contributory factor 

in preventing this type of "instability", or rather,. 

extending the stable region, was lubricant viscosity; 

the lower the viscosity the greater is the stable 

operating region. Also it was observed that unbalance 

forces can prevent the system from becoming unstable 

although the amplitude at the criticsl speed could 

be excessive. 

In designing e shaft-rotor system where it is 

neccessary for the rotor to be overhung from the 

benrings ¢@e@e a turbo-charger, it is recommended 

1. the shaft length between the bearings should be 

as small as is practicable. 

2e the length of the overhung shaft should be as 

small as is practicable. 

56 the radius of the rotors should be large. 

4. the bearings should be narrow. 

5s the radius of the bearing should be small. 

6. the diametral bearing clearance should be large. 

fe A low viscosity lubricant should be used. 

Recommendations 1,2, and 3 will ensure that the ratio of 

the diametral moment of inertia to the polar moment 

of inertia is low and so reduce the amplitude of any 
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precessional motion. Recommendations 4 and 5 will, 

besides increasing the stable region cffect an 

increase in the journal load which will also tend for 

stability. Recommendations 6 and 7 will give a 

greater stable opernting region although it was found 

in the investigation that a large bearing clearance 

tended for high viscosity, because of the corresponding 

greater oil flow, and hence a reduction in the stable 

resvon. 

The system under investigation wee analogous 

to a turbo-charger, which im practice would experience 

a considerable difference in temperature between the 

turbine and compressor stages. Thus onc bearing would 

run much cooler than the others This effect has been 

investigated to some extent by running the system in 

two bearings of different dinmetrnal clenrance. It was 

observed that the viscosity of the oil in onc bearing 

was much greater than in the other, which would be 

expected in the practical case of a turbo-chargcr., It 

was found that the speed of onsct of instabilty could 

be ecnlculated from the berring with the higher Viscosity. 

Hence in a system where a temperture differcnce between 

two bearings is expected it is advisable to ensure that 

the cooler bearing has a high stable operating region, 

Due to insufficient time it wes not possible to 

investigate the signifiance of thc effect of varying 
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the length of the besrings. It is considered 

however, that this is on important factor as, 

theoretically, the spced of onset of instability is 

3 proporational to 1/(bearing length)” and therefore 

should have a considerable influcnce on the stable 

ODCROVINE “onion. t 
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The Rigid Body Condition. FIG. 33a 
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General Displacement of Principal Axes. FIG.33b 
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Bre. Clearance Viscosity Measured Gxiewintad 

Diametral Reyns x10! Speed of Speed of 

ie Brgo Brg. Onset of Onset of 

aE 2 Instability| Instabslity 
c/s c/s 

0.003 50 53 6u, 60.6 

0.005 75 78 110 i266 

116 112 eer 68.45 

108 id 7 {hee 69 yy 

120 120 70044 67.6 

11,2 LLL.0 64.65 62 

130 137 639 644.6 

180 165 49.2 50.3 

0.02.0 275 290 at] Tae 

350 360 91.3 97.0 

412 IVER) 769 80.0 

500 5S 61.2 66.7 

61.0 680 50.4 5235 

Table rv. 

0.010 568 : 
6261 60.8 

0.005 390 
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The calculation of equivelent Weight of Shaft. 

The energy method. 

In this o...10d an equivalent system is 

calculated having the same kinetic energy when 

vibrating transversely as the shaft-rotor system under 

consideration. | 

Let v be the transverse velocity at a given 

instant at the free ends of the shaft, and assume that 

the shape of the curve into which the vibrating shaft   deflects, is the same as the static deflection curve 

of the sheft loaded at each end. 

At a distance x from one end, the velocity is 

given by 

V = Mie L (x) - a 
where y = deflection of shaft at position x 

and 6 = deflection of the shaft at the free ends. 

The kinetic energy of an element of length dx is 

-— . 2 * : 

Llwdx(vey) (w = wt./ unit length) io) 
Kelis Pomc ca 2 Sa. +) 

and for the whole shaft the total kinetic energy is } 

ee 9 ae 9 Lte 

Bue fy°ax + w° y-ax (3) Ke Bie = eC) ° ee 2 le 

298 226 

Tn! where ‘c’ represents the length of the overhung portion 

and '1' represents the length between the supports. 

et tie 

 



  

  

From strength of materials 

3 yo wee oe (x-c)? + (x-1l-c)? +3e(x+1) ~c*(3142c)) 

So W,.. o-(zised) 
6EI 

Upon substitution into and integration of cquation 

(3) the total kinetic energy of the shaft becomes 

  

.m, . We 20(330c7 +. 33.3501 + 343501°) es 
2g. 350(91° + 12cl + le) 

t= _3.3501> (11) 
  

26.350(91° + 12cl + lie2)10c° 

The kinetic energy of a light shaft loaded at the 

free ends is 

K.E. = Qu v (5) 
2g 

Equating equations (4) and (5) gives 

W=w o( 33 ec + 33 1leCe + ai) > 3 (6) 35 EO 
20CG 

  

(91° + 1201 + he*) 

= equivalent weight of shaft. 

It should be noted that equation (6) is only applicable 

for a symmetrically supported shaft. 

-98-—



  

2. The Dunkerley Method. 

Another method which is often easier to 

apply with relatively good results, is an extension 

of the Dunkerley empirical formula for a a shaft carrying 

a number of loads. 

Dunkerley's empirical formula 

Pee he oe oe (1) 
2 2 
ee 

Applying this to the uniform beam shovm in section 1   of this appendix, gives for a section distance x from 

the origin, width dx 

xX (2) 

Where t* deflection at x due to unit load there, 

The natural frequency of the shaft is therefore given 

by 

7 oe fox (lix) dx + W fx (1-x)? dX. 

a 3EIg°° 3EIg’ ° 

the last term of R.H.S. of equation (3) is obtained by 

treating the centre span alone as a simply supported 

beam. Integrating equation (3) gives 

= ae? (41 + 3c) + watt (4) 
w 36ELg 90EIg 
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For a massless shaft carrying an equal load at each 

end Dunkerley's formula gives as the natural frequency. 

1 = 2H o% (140) (5) 
we 3EIg 

Equating equations (4) and (5) gives 

W=W (c(h + 30)/ 10 + 14/60) 

aS (l+c) 

A comparision between the equivalent weights 

obtained by the two methods is show in Fig.42 Also 

shown are the equivalent tip loads treating the overhung 

portion as a cantilever beam and the equivalent central 

load when only the length of shaft between the bearings 

is considered. It is interesting to note that with the 

bearings set less than 8 in. apart, the equivalent tip 

load for the two rotor system lies close to the tip load 

calculated assuming the overhung portion to exist as a 

cantilever only. Above 8 in. bearing span the two 

curves deviate as the length of shaft between the 

bearings becomes more important and the overhung portion 

Less’ so. © 
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Appendix II 

Details of Expcrimental Rig. 
  

Length of Shaft ~ 24020. 14 

Diameter of Shaft od 

Weight of Shaft = e375 ldp 

Diameter of Rotor = eee 

Thickness of Rotor = bye ahi. 

Weight of Rotor = 250575 1d_ 

Length of Bearing se A205 

Diamcter of Bearing (Nominal) = Lane   
Deflexion Coefficicnts. 
  

1. = length between bearing centres, 

ec = length of overhang. 

6 9 
E = Youngs Modulus (30;x 10 Ib,/in*). 

I = Second Moment of Area. 

c°(c+1)/3EI i a 
914 = 255 = 1+3¢/3EI 

241 = 255 = c(21+3¢c)/6EI 

1s = Yous le*/6EI 

G5 =") = -1/6EI 

Zyo ="Z5 = 1c/6EI 

Using appendix £ and II the family of resonance curves 

Pic«.43 1s piotted, 
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Appendix IIT 

Approximate Method of Determining Natural Resonance 

Curves of the Rigid Body Theory. 
  

Because of the difficulty of obtaining 

representative resonance curves (as mentioned in 

Discussion of Rigid Body Theory) it was decidcd to 

represent the experimental system as an equivalent 

mass-spring system. 

The equation of motion was determined, using 

the coupling spring cocfficients found in Appendix IV, 

as 

mx + kyx - Kx? = kx? + k xt = F sin wt (1) 
1 e o Ly 

wherc F sin wt represents the out-of+balance forcing 

funetion. The frequeney-—amplitude relationship of 

equation (1) of the harmonic natural free vibrations is 

2 2 w- = iy ~ uk, * (2) 

m 3m 

Using equation (2), the equivalent mass m was calculated 

from the experimental results for each bearing span, by 

inserting the value of the frequency of rotation of the 

first resonance when x=O i.e. 

m= ky, (3) 

The frequency-amplitude relationship was then obtained 

for the harmonic resonance by calculating the valués of 
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w for given values of amplitude x from equation (2). 

Resonance curves for the sub-—harmonic vibrations 

which are represented by an equation of the form 

  

Where n is the order of the sub-harmonic vibration, 

were obtained by multiplying the frequencies of the | 

harmonic resonance by the order of the sub-—harmonic i.e. 

W, = 205 

where W5 is the frequency of the harmonic resonance and 

Wy = frequency of half order sub=harmonic resonance. 

A family of resonance curves thus obtained is shown in 

hy
 

ig. hh 
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Appendix IV 

Determination of the Coupling Spring Cocffictents. 

le Without Rotation. 
  

A photograph of the jig designed to enable 

the stiffness of the couplings to be measured is shown 

in Fig.(45). The two end plates are constrained to 

move parallel to each other so that the coupling only 

deflects due to shear forces. One plate is clamped to 

a solid foundation while the other is used as a means 

of loading the coupling. Weights are added to the 

plate in small increments and the deflection for each 

increment and the deflection for each increment of 

load noted. Tets were performed with the coupling in 

different angular position i.e. after one test the 

coupling was rotated and another test performed, to 

check for stiffness assymetry. 

Fig.(1O) shows the average curve or spring 

characteristic obtained by plotting load against 

deflexion. 

By applying a curve fitting technique to the 

stiffness curve of coupling A used in Part One, a 

spring characteristic of form 

kjx - oo aa 3 

was obtained, where 

k I 1 hiu 1bp/in. 

Ky 2.618 x 104 1b,/in. 

wit Oh



  
Jig For OtirrNess Measurement of Coupunas 

PlG, 3



  

  

6.59x 10° Ibp/ine yy
 

Ww 

i} 

9.l.2x 10? 1b,/in. 

2- With Rotation. 

Due to insuffacicnt time it was not 

possible to determine the spring charactcristics of the 

couplings when rotating. It was thought, that the 

characteristics obtained for the static case> would 

suffice for qualitive explanation of the generation of 

sub-shaft speed resonances. 

A method which at first sight seems suitable 

to determine the spring characteristics of the rotating 

couplings is to arrange for the coupling to be attached 

to an end of a drive shaft. The free end of the 

coupling is then supported by a spring balance 

attached to the outer race of a ball bearing, the inner 

race of which is fitted over the end of the coupling’. 

The coupling can be loaded by weights, also attached 

to the outer race of the bearing, the deflection of 

which can be determined from a clock gauge. Two 

difficulties which could arise are, 

1. Unbalance causing the coupling to vibratc, 

making accurate readings difficult to obtain. 

and 2.- Ensuring the free end of the couplings. to 

dcflicct parallel to the fixed end. 
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APPENDIX V 

‘ Details of the Couplings 

Rubber 
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Appendix VI 

Limiting Rotational Specd of System. 

The bursting spccd of the rotors are first 

calculated using a theory propoundcd for rotating 

thin disks and applying Tresea's yicld criterion 

(sce later) for failure of the rotors. A safety factor 

of 3 is applicd to the bursting spced to give a speed 

which is considered to be the limiting specced of 

operation. 

From the rotating thin disk thcory, sce page 

286 of "Strength of Matcrials" by Ryder, the radial and 

hoop stresses at some arbitrary radius are: 

radial stress rs aur (3+A) (R? - r*) 

8g 

hoop stress es eo Re (34+A) = r° (143A) 

8g 

where 9 = mass density lb/in?. 

Ww = rotative speed rad/sec 

R = outside radius of rotor in. 

r = radius of section considercd from axis 

of rotation in. 

A = Poisson's ratio 

@ =. 32.2 Ib in/sce*, 

For a solid disk the maximum stresscs occur 

at the-centre i.e. r=0.. Thus 

~LOT= 
. t= 

te aie ae Be eve se ae yt ee ans es Gee te) ka aa es ee) a Se ee  



  

Z ® =< ne (300) # P = po + 

A 2 2 &6 = pw” (354A) R 
Be 

A criterion of failure which gives good 

agreement with ductile matcrials, the rotors being 

of mild stccl, is that duc to Tresca. Now Tresea's 

yield critcrion implies that failure will occur when 

to % the maximum shear stress 'q' in a complex system 

reaches the value of the maximum skteoar in simple 

tension at the elastic limit, ‘ise. 

G6) Cf. at ye Pe 
: = Beak 5 

where fist, are the principal stresses 

and f is the tensile stress at the elastic limited in 

simple tension. 

Applying this critcrion gives 

A 
f=f=6 

thus f = we 4+A Re 

8g 

Which upon inserting a value of 0.3 for Poisson's 

ratio and rearranging, leads to the following equation 

for the bursting specd, 

N = 8h - Rote Me 

R p 

Introducing the appropriate values for R,f and 0 gives 

N = 28,800 R.P.M. 

The limiting speed is thus sect at 

Ny = aa = 9600 R.P.M. or 180 c/s 
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Appendix VII 

Design of Twin — T Filter 

A°twin - T, RO network is designed to filter a frequency 

of twice the frequency of a carrier signal viz. 6Ke/s. 

Using data given in a paper by D.R-Bocast (41) the 

following design was reached, 

    

  
  © 

    

: = C al S* 

ae | — 

                WY 

    
    

where Rs = LOO Ko R, sil MS 

Ro e340! KE yy o= 0 = LOO. Ke 

= 2-2 M2 Re la KS Ry 2 2 1.3 

@ = 180 pF c = 60 pF 

Cy = 30 pF oe 15 pF 

, =: 4 = wn Tit GC, 60 pF oS 15 pF 

The above filter was adjusted to give an 

attenuation of 66db at the rejection frequency. 
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