Impurity Scattering in Luttinger Liquid with Electron-Phonon Coupling
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We study the influence of electron-phonon coupling on electron transport through a Luttinger
liquid with an embedded weak scatterer or weak link. We derive the renormalization group (RG)
equations which indicate that the directions of RG flows can change upon varying either the relative
strength of the electron-electron and electron-phonon coupling or the ratio of Fermi to sound velocities. This results in the rich phase diagram with up to three fixed points: an unstable one with a
finite value of conductance and two stable ones, corresponding to an ideal metal or insulator.
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Interacting electrons in one dimension are known to
form a Luttinger liquid (LL) characterized by powerlaw correlation functions [1]. This characteristic feature
of the LL has been established via conductance measurements and a scanning tunneling microscopy (STM)
both in carbon nanotubes [2] and semiconductor quantum wires [3]. Embedding a potential impurity into the
LL leads [4, 5] to a universal (i.e. impurity-independent)
power-law (in temperature T ) suppression of the transmission amplitude through the LL and suppression of
the tunneling density of states (TDoS) near the impurity, with the latter fading away with the distance [6, 7].
The electron-phonon (el-ph) coupling in addition to
the (Coulomb) electron-electron (el-el) repulsion in the
LL is known to result in the formation of two polaron
branches with different propagation velocities (see, for
example, [8]). In the present Letter we show that embedding a single scatterer into such an el-ph liquid results in
a rather rich phase diagram: depending on the relative
strength of the el-el and el-ph coupling and on the ratio of
the Fermi to sound velocities, the system can be an ideal
metal (with conductance g = 1 in the units of e2 /h as
in the absence of impurities [9]) or an ideal insulator for
any impurity strength, or to be in an intermediate state
from which it can flow either to the metallic or insulating
limit, depending on the impurity strength.
To show this we consider both the weak back-scatterer
(WS) and weak link (WL) limit, the latter corresponding to a weak tunneling coupling between the two halves
of the LL. In the phononless case the WS and WL amplitudes are known to scale at low energies as εγe− and
εγe+ , respectively. For the repulsive el-el interaction the
exponents γ
e− ≡ K − 1 < 0 and γ
e+ = K −1 − 1 > 0
where K < 1 is the Luttinger parameter. Therefore,
the renormalization group (RG) flows always go in the
direction of stronger scattering (weaker transmission) resulting at T = 0 in the insulating phase for any scatterer
[4]. The el-ph coupling leads to γ
e± → γ± , with each of
the exponents γ± changing sign at different values of bulk
parameters. In the WS limit which has been previously
considered [10], the change of sign of γ− was reversing
the RG flows indicating that the weak scatterer becomes

irrelevant for the sufficiently strong el-ph interaction and
the LL thus remains in the metallic state. But the considerations of both the WS and WL limits presented here
show that the change of signs in the exponents γ± happens at different values of the parameters, resulting in
the rich phase diagram described in detail later.
To get the results, we employ the functional bosonization formalism in form developed in [7]. This allows us
first to include the el-ph interaction which leads to electrons dressing with phonons, i.e. the formation of polarons, and only after that to bosonize the action. Prior
to considering the embedded scatterer we describe the
polaron formation in a pure LL, reproducing the known
results [8] in form convenient for further considerations.
We consider a model of 1D acoustic phonons linearly
coupled to the electron density. The phonon spectrum is
assumed to be linear with a cutoff at the Debye frequency,
ωD = cqD (a straightforward modification for the 3D or
optical phonons will be described elsewhere). Integrating
out the phonon field in the standard way results in substituting the dynamical coupling, V (ξ) = V0 + D(ξ), for
the screened Coulomb interaction V0 in the LL action:
Z
X Z
1
dξ V (ξ) n2 (ξ) . (1)
SLL =
dξ ψ̄η (ξ) i∂η ψη (ξ) −
2
η=±1
Here ∂η ≡ ∂t + ηvF ∂x , the (spinless) electron field is decoupled into the sum of left- (η = −1) and right- (η = 1)
moving terms, ψ(ξ) = ψR (ξ)eipF x + ψL (ξ)e−ipF x with
ξ ≡ (x, t), and n ≡ (ψ̄R ψR + ψ̄L ψL ). We use the Keldysh
formalism [11] implying the time integration along the
Keldysh contour in Eq. (1) and below. The free phonon
propagator D(ξ) in V (ξ) = V0 + D(ξ), can be defined by
the Fourier transform of its retarded component,
D0r (ω, q) =

ν0−1 αph ωq2
2 − ω2 ,
ω+
q

ωq = cq ,

ω+ ≡ ω + i0 , (2)

where c is the sound velocity, αph is the dimensionless elph coupling constant, and ν0 = (πvF )−1 is the free spinless electron DoS. The form of the LL action in Eq. (1)
implies neglecting the electronic backscattering. This remains justified in the presence of the el-ph coupling for
low temperatures, T  ωD .
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The next step is the Hubbard-Stratonovich transformation which decouples the n2 term in the action (1) and
results in the mixed fermionic-bosonic action in terms of
the auxiliary bosonic field ϕ minimally coupled to ψ:
Z
Z
1
dξ ϕ V −1 ϕ + i dξ ψ̄η (∂η − ϕ) ψη .
(3)
Seff = −
2
We gauge out the coupling term by the transformation
ψη (ξ) → ψη (ξ) eiθη (ξ) ,

i∂η θ(ξ) = ϕ(ξ) .

(4)

The Jacobian of this transformation results [7] in substituting V −1 + Π for V −1 in Eq. (3), where Π = ΠR + ΠL
is the one-loop electronic polarization operator (exact for
the LL [12]), with Πη (ξ) = igη (ξ)gη (−ξ) and the free electron Green function defined via the Fourier transform of
−1
its retarded component as gηr (ω, q) = [ω+ − ηvF q] .
The phase θη is related to the auxiliary field ϕ by [13]
Z
θη (ξ) = dξ 0 gηB (ξ, ξ 0 ) ϕ(ξ 0 ) ,
where gηB is the bosonic Green functions that resolves
Eq. (4). Its retarded component coincides with the free
fermionic gηr (while the Keldysh components are naturally different).
The Green function of the interacting polarons is not
gauge-invariant with respect to the transformation (4)
and depends on the correlation function iUηη0 = hθη θη0 i:
0

Gη (ξ, ξ 0 ) = gη (ξ, ξ 0 ) eiUηη (ξ,ξ ) .
The retarded Fourier component of Uη,η0 is found as
r
Uηη
0 (ω, q) =

2
− ωq2 ) + ν0−1 αph ωq2
ω+ +η 0 vF q V0 (ω+
 2
 , (5)
2 − v2 q2
2 q2
ω+ −η vF q ω+
ω + − v−
+

where v± are velocities of the composite bosonic modes:


q
1 2
2
2
2
2
2
2
2
v± =
v + c ± (v − c ) + 4α v c . (6)
2
Here v is the speed of plasmonic excitations in the
phononless LL, v = vF (1 + ν0 V0 )1/2 ≡ vF K −1 , where K
is the standard Luttinger parameter. Without phonons
(c = 0), one has v− = 0 and v+ = v, so that in this case
(as well as for ω > ωD or αph = 0), Uηη0 reduces to the
usual LL plasmonic propagator.
We assume the parameter α ≡ αph K 2 in Eq. (6) obeying the inequality α < 1 to avoid the Wentzel–Bardeen
2
instability [14] corresponding to v−
< 0 (with the threshold shifted from αph = 1 for a pure el-ph model to
αph = 1/K 2 > 1). Then the velocities v∓ of the slow
and fast composite bosonic modes in Eq. (6) obey the
inequalities v− < c, v < v+ . These modes mean that the
LL in the presence of the el-ph coupling becomes twocomponent, with the effective Luttinger parameters
Kfast = vF /v+ < K < 1 ,

Kslow = vF /v− > 1,

corresponding to el-el repulsion (which becomes stronger
with the el-ph coupling) and attraction. It is the existence of these two modes that leads to a rich phase
diagram when a scatterer is embedded.
Following Kane and Fisher [4] we consider two types
of scatterers (assuming them pinned at x = 0 and not involved in lattice vibrations): a weak backscatterer (WS)
or a weak tunneling link (WL). The WS action is
Z
Sws = λ0 dt ψ̄R (t)ψL (t) + c.c., ψ(t) ≡ ψ(x = 0, t) , (7)
with λ0 being a bare backscattering amplitude.
The WL action contains the tunneling term linking the
two halves of the LL, labeled by 1 and 2:
Z
Swl = t0 dt ψ̄1 ψ2 + c.c., ψa = ψaR + ψaL , (8)
with t0 being a bare tunneling amplitude. We begin with
the WS case, noticing in advance that the WL case is dual
to it as well as for the standard LL [4].
The gauge transform (4) replaces λ0 in Eq. (7) with
λ(t) = λ0 ei[θL (t)−θR (t)] ,

θη (t) ≡ θη (x = 0, t) .

(9)

Integrating out all x 6= 0 fields results in the quadratic in
θ(t) action with the scattering term (9) as in the phononless problem [4]. The difference is that the correlation
function is governed by the composite bosonic modes,
Eq. (5), and its retarded Fourier component is
Z
iπγηη0
dq
r
Uηη0 (ω; q) ≡ −
, (10)
hθη (−ω) θη0 (ω)i = i
2π
ω+
where the correlation matrix γηη0 is found from the
straightforward integration above as follows:
γLL = γRR = α
e(Kfast ) ξ+ + α
e(Kslow ) ξ− ,
γLR = γLR = α(Kfast ) ξ+ + α(Kslow ) ξ− .

(11)
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2 −1
Here ξ± = 21 1 ± v 2 − c2 v+
− v−
are the weight
functions of the two modes and
α
e(K) = 12 (K −1 + K) − 1,

α(K) = 12 (K −1 − K). (12)

In the absence of phonons ξ+ = 1 and ξ− = 0 and the fast
mode contribution reproduces the results of [4].
The only change in the x = 0 action which is due to
the el-ph coupling is the appearance of the dimensionless
matrix γηη0 in Eq. (10). Thus the RG analysis for the WS
case is similar to that in [4] but the RG equation for the
backscattering amplitude λ acquires a different prefactor
defined by Eq. (11), γ− = γLL − γLR :

(1 − K)λ(E) , E > ωD
∂l λ(E) =
.
(13a)
−γ− λ(E) , E < ωD
Here E is a running cutoff and l ≡ ln E0 /E with E0 ∼ εF
being the bandwidth.
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FIG. 1. Weak tunneling (γ+ ) and weak scattering (γ− ) exponents as functions of the Luttinger parameter K < 1 for a weak
(a) or strong (b) el-ph coupling, (αph ≶ 1, respectively). The dotted lines represent γ
e± for the phononless LL, the solid and
dashed lines correspond to βF ≡ vF /c = 0.5 and βF = 1.5, respectively. The latter is shown only for the strong coupling where

−1/2
−1/2
the exponent γ+ does not change sign within the stability region, K < αph .
for βF > αph (αph − 1)

The WL case can be treated with the same x = 0 action defined by Eq. (10) (rather than going to the dual
φ-action [4] which is inconvenient for our mixed representation [13]). The gauge transform (4) changes the
P
−
tunneling action (8) by replacing ψa → η ψaη eiηθa and

+
+
t0 → t0 ei(θ2 −θ1 ) , where θa± = 12 θaR − θaL . The RG
analysis of the tunneling term yields the RG equation
(
(1 − K −1 ) t(E) , E > ωD
∂l t(D) =
,
(13b)
−γ+ t(E) , E < ωD
dual to Eq. (13a), with γ+ = γLL + γLR .
The RG equations (13) should be solved with the initial
conditions λ(E = E0 ) = λ0 and t(E = E0 ) = t0 . The
solutions for ε < ωD are given by
 γe− γ−
 γe+ γ+
λ(ε)
ωD
ωD
t(ε)
ε
ε
=
,
=
. (14)
λ0
E0
ωD
t0
E0
ωD
The exponents γ± can be rewritten (with β ≡ v/c) as
γσ = κσ K −σ − 1 ,
σ = ±1 ,


− 12
α
κσ = [1−αδσ,−1 ] 1 +
,
2
√
β σ + 1−α

(15a)
(15b)

while γ
e± are obtained with κ± = 1 in Eq. (15a). In
the absence of the el-ph coupling we have γσ = γ
eσ and
Eqs. (14) reduce to the standard ones, λ(ε) ∼ (ε/E0 )K−1
−1
and t(ε) ∼ (ε/E0 )K −1 , i.e. the backscattering amplitude increases (the WS case) and the tunneling amplitude decreases (the WL case) with ε → 0 for any K < 1.
This shows that embedding an arbitrary scatterer results
in the LL becoming (at T = 0) an ideal insulator.
The el-ph coupling, however weak, changes drastically
the above conclusion leading to the possibility of a metalinsulator transition with changing K.

Indeed, it follows from Eqs. (13)–(15) that RG flows
can change directions depending on the values of K, αph
and βF ≡ vF /c. It is easy to verify that κ+ (K) ≤ 1 while
κ− (K) ≥ 1 which results in γ± changing sign (see Fig. 1)
when the interaction strength K equals K± , with
γ+ (K+ ) = 0 ,

γ− (K− ) = 0 ;

K− < K+ < 1 .

(16)

Then for K+ < K < 1 both γ± change sign so that
the WL amplitude t(ε) increases while the WS amplitude λ(ε) decreases with ε → 0 in Eqs. (14), indicating
[15] that adding a single scatterer does not change the
metallic nature of the pure LL (where the dimensionless
conductance g = 1) – in contrast to the phononless case.
Decreasing K (i.e. increasing the el-el interaction), we
enter the region K− < K < K+ , when the WL amplitude still decreases – as in the phononless case, but also
the WS amplitude decreases – opposite to the phononless case. This indicates that a strong scatterer (i.e. weak
link) results in the insulating behavior (the g = 0 fixed
point) while a weak scatterer leaves the LL in the metallic phase (the g = 1 fixed point). Thus there should
exist an intermediate unstable fixed point with a finite g,
separating the metallic and insulating regimes.
Finally, for a strong enough el-el interaction, K < K− ,
the RG flows in Eqs. (14) remain for both the WL and
WS amplitudes qualitatively the same as for the phononless case, so that any scatterer makes the LL insulating.
Explicitly, we find K± for αph  1 as follows:
i
1
v
αph σ h
δσ,−1 −
,
βF ≡ F .
1 − Kσ ≈
2
(βF + 1)2
c
This means that in this limit there exist all the three
regimes described above, see Fig. 1(a).
When the el-ph coupling is not weak (which is the
case for carbon nanotubes [16]) our considerations are
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FIG. 2. Phase diagram: the dotted line is the boundary of
the stability area, αph = K −2 , the solid and dashed lines correspond to K∓ , respectively. The light-grey area represents
the insulator (both γ± have the same sign as in the absence
of the el-ph coupling). In the dark-grey area (where only
γ− changes sign) there exists a line of unstable fixed points
separating the metallic state for a weak scatterer from the insulating phase for a strong one. The hatched area (reachable
<
∗
, as illustrated by some αph
) corresponds
only for αph < αph
to the purely metallic phase where both γ± change signs.

−1/2

bound by the stability requirement, K ≤ αph so that
for αph > 1 the Luttinger parameter is confined to the
−1/2
region K ≤ αph . In this case there is an essential dependence on βF . It is easy to see from Eqs. (15) and

−1
−1/2
(16) that K+ > αph for βF2 > αph (αph − 1)
so
that for such βF the purely metallic regime (with both
γ± changing sign) is no longer accessible, as illustrated
by the dashed lines in Fig. 1b. On the phase diagram
(Fig. 2) all the three regimes
described above exist only
p
∗
for αph < αph
≡ 21 + 12 1 + 4/βF2 .
There are other properties of the LL strongly affected
by the el-ph coupling. First, γ+ is also the edge exponent of the TDoS at the boundary (edge) of the wire,
νedge ∼ εγ+ , the TDoS also experiences, depending on
the parameters, a transition from vanishing to divergent
with ε → 0. Then, transport properties of the LL with
resonant or antiresonant impurity [17], or of the disordered LL [18], or of the LL out of equilibrium [19] also
experience qualitative changes with allowing for the el-ph
interaction, as we will show elsewhere.
To summarize, we have shown that the el-ph coupling
qualitatively changes the phase diagram of the LL with
a single impurity. The change is not reducible to a redefinition of the Luttinger parameter K: the existence
of slow and fast polaron modes with different weights in
different regimes results in different RG flows for a weak
scatter and a weak (tunneling) link. The resulting phase
diagram (Fig. 2) has, depending on the parameters of
the problem, regimes corresponding to purely metallic or
purely insulating behavior and an intermediate regime
with two stable fixed points (ideal metal and insulator)
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