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Abstract

Future sensor arrays will be composed of interacting nonlinear components with complex

behaviours with no known analytic solutions. This paper provides a preliminary insight

into the expected behaviour through numerical and analytical analysis. Specifically, the

complex behaviour of a periodically driven nonlinear Duffing resonator coupled elastically

to a van der Pol oscillator is investigated as a building block in a 2D lattice of such units

with local connectivity. An analytic treatment of the 2-device unit is provided through a

two-time-scales approach and the stability of the complex dynamic motion is analysed. The

pattern formation characteristics of a 2D lattice composed of these units coupled together

through nearest neighbour interactions is analysed numerically for parameters appropriate

to a physical realisation through MEMS devices. The emergent patterns of global and clus-

ter synchronisation are investigated with respect to system parameters and lattice size.
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1. Introduction

Real biosensor networks, such as the mammalian olfactory bulb as an exemplar system,

and neurally–integrated autonomous communication networks in many nervous systems,

share common characteristics and behaviours which are still not understood. Such systems
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are composed of interconnected relatively simple dynamical systems, but which are nonlin-

ear, or interact nonlinearly and permit dynamical interactions on multiple time scales. Such

systems exhibit a huge diversity of behaviours and produce emergent and macroscopic prop-

erties which are responsive in ways they interact with the environment that are unfamiliar

to traditional engineering sensor design.

For example [1], biophysical models to explain the gamma band oscillation in the olfac-

tory bulb based on coupled subthreshold oscillators have been shown to exhibit synchronisa-

tion and coherence effects when driven with correlated inputs. Similarly, in recent models of

temporal coding [2], competition for coherence driven by increased phase velocity of neural

units in cases of coherent input from the connected neurons leads to different perspectives

on assembly formation in collections of coupled oscillator neurons. This assembly formation

suggests novel mechanisms for pattern recognition. The ability of a network of coupled

nonlinear oscillators to develop emergent behaviour including topological organisation, as-

sociative memory and gamma band synchronisation, has already been used to illustrate a

computational capability for abstract pattern recognition [3].

However, a major query is whether we can learn from such biological sensor and commu-

nication networks to design more robust biomorphically engineered sensor, communication

and computing arrays in recent technologies such as micro and nano-mechanical silicon-based

systems.

Motivated by the examples presented above, we are investigating the effects of Si-based

sensor arrays of coupled microelectromechanical oscillators and resonators. We are interested

in the characterisation and detection of novel self-organising response patterns as prototype

simultaneous sensing and computing primitives in a pattern recognition system. Whereas

traditional design rules would attempt to create an array of isolated and linear-response

sensors, the biomorphic design implies interaction and nonlinear oscillators. This allows

the emergence of a much richer range of behaviours of the array beyond that expected in

a traditional design strategy, including macroscopic and cluster synchronisation, dynamic

pattern flows, extinction, and adaptation. These different modes of operation could in the

future be used for adaptive integrated sensing and computing.
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As a preliminary stage to investigating whether MEMS arrays are capable of exhibiting

and thus exploiting similar ranges of behaviour to the biological counterparts, this paper

focusses on the range of emergent properties of coupled oscillator arrays as expected in real

microelectromechanical arrays where the simple ‘neuron’ oscillator elements are allowed to

interact locally with neighbouring elements. Each neuron element is a simple nonlinear

dynamical system characterised by self-sustaining and damped oscillator.

As already noted, in biological systems of coupled oscillatory devices, the interaction per-

mits macroscopic temporal characteristics such as common locking of the phase or amplitude

into synchronised states. In order to understand and predict the emergent phenomena of

these systems, different mathematical models of chains and arrays of coupled resonators or

oscillators have been constructed and studied [4]. In a strongly coupled system, the synchro-

nisation effects may be observed globally in all elements [5, 6, 7, 8, 9, 10, 11, 12] or locally

in clusters of neighbouring elements [13, 14, 15, 16, 17, 18] (cluster synchronisation).

To extend these recent activites and also to link to recent mathematical work on cou-

pled oscillator array systems, in this paper, the collective behaviour of alternating Duffing

resonators and van der Pol oscillators elastically coupled in a square lattice is numerically

studied with typical MEMS parameters. The fundamental study of coupled nonlinear oscil-

lators is important in understanding the emergent behaviour of complex dynamical systems

and developing novel M/NEMS devices [19, 20, 21]. The analysis of a simpler case as the

building block can help to gain insight into larger complicated systems [22, 23]. Among

the building blocks studied in the literature, the essential elements are either self-sustained

oscillators (van der Pol oscillators) or dissipative oscillators (Duffing-type resonators) and

the most intensively studied cases are the coupled van der Pol and the coupled Duffing os-

cillators [24, 25, 26]. To the best of our knowledge, less has been done in a dynamic system

consisting of a Duffing-type resonator coupled to a self-excited oscillator. For instance, the

dynamics of such a system was numerically studied using three control parameters, namely

two damping coefficients and a coupling constant in [27] where three different synchronisa-

tion phenomena were found and a chaotic state was clearly identified in the phase diagram.

The dynamics of such an undriven system was also studied in the form of a van der Pol
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oscillator with a nonlinear restoring force coupled to a Duffing resonator through a mixed

velocity and displacement coupling condition [28] and an inertial force condition [29]. Ana-

lytic solutions of stable oscillation states were derived in both cases and a chaotic behaviour

was also observed. This paper is an extension of the results in [30] concerning a system of

driven Duffing resonators coupled to van der Pol oscillators. More complex dynamics could

appear in such an externally driven nonlinear system of two elastically coupled oscillators

of different types of attractor.

Therefore, the dynamics of such a system externally driven by a periodic force will

considered first in section 2 followed by a description of the architecture of the square lattice

of resonators and oscillators in section 3. Some characterisations of synchronisation will also

be described and the effect of parameter variation on the behaviour of the system will be

discussed along with different configurations and sizes of the lattice in the latter section.

2. Single unit of a Duffing resonator coupled to a van der Pol oscillator

In this section, the behaviour of a periodically driven Duffing resonator coupled to a van

der Pol oscillator is discussed. A good understanding of the behaviour of those two coupled

elements is necessary as they consitute the building block of a more complicated system

such as a square lattice of Duffing resonators coupled to van der Pol oscillators which will

be investigated in the next section. An analytical treatment of the two coupled elements is

possible due to the small size of the system. This can be done through the multiple time

scales analysis [31] which is derived from perturbation analysis. The linear stability of the

system can also be analysed through the eigenvalues of the Jacobian matrix of the system.

The study of the presence of chaos in the system can be conducted through bifurcation

analysis or through the computation of its maximum Lyapunov exponent. These different

aspects of the analysis will be discussed in the following.

The motion of the coupled dynamical system in dimensionless form is described by the
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following set of equations:

ẍ1 + γ1ẋ1 + x1 + δx3
1 = κ(x2 − x1) + fd cos

(ωd
ω1

τ
)
, (1a)

ẍ2 + γ2(x2
2 − 1)ẋ2 +

(ω2

ω1

)2

x2 = κ(x1 − x2) (1b)

where, x1, γ1, ω1 and x2, γ2, ω2 are the displacement, damping coefficient and fundamental

frequency of the Duffing resonator and the van der Pol oscillator respectively. fd and ωd

are the amplitude and frequency of the external driving force. δ is the nonlinearity of the

Duffing resonator and κ is the coupling stiffness between the two coupled elements. When

κ diminishes to zero, Eqs.(1) uncouple to yield a driven Duffing resonator and a van der

Pol oscillator whose limit cycle is determined by γ2. For the case of fd = 0, Eqs.(1) can be

considered as mutually coupled Duffing resonator driven by a van der Pol oscillator.

Usually, MEMS resonators and oscillators are working in a high Q scenario while they

are driven into their resonances with a small force. However, if the Duffing resonator and

van der Pol oscillator are working at different fundamental frequencies (the nonresonant case

ω1 6= ω2), it can be proved that the dynamic systems are uncoupled and the time evolution

of the amplitudes is the same as the classical driven Duffing resonator and van der Pol

oscillator. In the following section, we consider only the case where both the internal and

external resonances coincide (ω1 = ω2). As the coupling stiffness varies across a large range,

we deal separately with the system of weak coupling (κ� 1) and strong coupling (κ� 1).

When the van der Pol oscillator is weakly connected to the Duffing resonator, we rewrite

Eqs.(1) as follows:

ẍ1 + εc1ẋ1 + x1 + εαx3
1 = εβ(x2 − x1) + εF cos(Ωτ), (2a)

ẍ2 + εc2

(
x2

2 − 1
)
ẋ2 + x2 = εβ(x1 − x2), (2b)

where γ1 = εc1, γ2 = εc2, δ = εα, κ = εβ, fd = εF,Ω = ωd

ω1
and ε is a small parameter.

The response of the system driven near the primary resonance for small dissipation

and driving can be calculated from Eqs.(2) using the standard two time scales method
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[31]. Briefly, we introduce the slowly varying complex mode amplitudes A1, A2 using x1 =

<(A1e
iτ ) and x2 = <(A2e

iτ ), substitute into the Eqs.(2), and retain the only near resonant

terms. This reduce the Eqs.(2) to

2A′1 + c1A1 − 3iα|A1|2A1 + iβ(A2 − A1)− i

2
Feiστ1 = 0, (3a)

2A′2 + c2(|A2|2 − 1)A2 + iβ(A1 − A2) = 0. (3b)

We have introduced the frequency detuning σ to characterize the closeness of driving fre-

quency to the fundamental frequency, given by Ω = 1 + εσ and the derivative are with

respect to the slow time scale τ1.

Expressing the slowly varying complex mode amplitudes A1 and A2 in polar form:

A1 = a1e
iθ1 , (4a)

A2 = a2e
iθ2 , (4b)

The amplitude response of the steady-state motions of Eqs. 3 are given by the following

set of algebraic equations,

(
a1(β − 2σ) + 3a3

1α−
a2

2(β − 2σ)

a1

)2

+

(
a1c1 −

a2
2c2

a1

(1− a2
2)

)2

=
1

4
F 2. (5a)

(β − 2σ)2a2
2 + c2

2a
2
2

(
1− a2

2

)2
= a2

1β
2. (5b)

The corresponding frequency-response curves, for the variation of the amplitude A with the

frequency Ω, of the Duffing resonator and van der Pol oscillator are shown in Figure 1, where

the coupling strength κ = 0.002. Equation (5b) shows Duffing-type behaviour of the van

der Pol oscillator, provided that the coupling and damping coefficients are not zero. If the

coupling effect diminishes, then equation (5a) will be reduced to the frequency-amplitude

modulation of a normal Duffing resonator.

If the coupling stiffness κ is not the same order of magnitude as the other parameters,
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Figure 1: Frequency-response curves of the driven Duffing resonator (red curve) weakly coupled to a van
der Pol oscillator (blue curve). The unstable branches are drawn in dashed lines. The system parameters
are γ1 = γ2 = 0.001, δ = 0.005, κ = 0.002, fd = 0.003.
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the above analysis does not hold, so a modified analysis considering strong coupling is given

as follows. When κ is larger than 4.5, for example, 1
2κ+1

is less than 0.1. Therefore, We

choose ε = 1
2κ+1

and assume all other coefficients are small as defined above.

Then Eqs.(1) can be rewritten as,

ẍ1 + ẍ2 + εc1ẋ1 + εc2(x2
2 − 1)ẋ2 + x1 + x2 + εαx3

1 = εF cos(Ωτ), (6a)

ε(ẍ1 − ẍ2) + ε2c1ẋ1 − ε2c2(x2
2 − 1)ẋ2 + x1 − x2 + ε2αx3

1 = ε2F cos(Ωτ). (6b)

Applying the standard two-scales analysis, we found that the Duffing resonator and the

van der Pol oscillator are still completely synchronised in the first order approximation when

they are strongly coupled. The Eqs.6 reduces to the following equation by imposing secular

conditions:

4A′ + (c1 − c2)A+ c2A|A|2 − 3iαA|A|2 + i
1

2
Feiστ1 = 0. (7)

For the steady state solutions, we obtain the following algebraic equation describing the

amplitude response of the system:

a2
(
− 4σ + 3αa2

)2
+ a2

(
c1 − c2 + c2a

2
)2

=
1

4
F 2. (8)

The corresponding frequency-response curve of the system is shown in Figure 2, where the

dashed lines correspond to the unstable branches and the solid lines are the stable branches.

The shark’s thin shape of the curve is typical of a single driven Duffing resonator.

And the general solution of the strongly coupled Duffing resonator and van der Pol

oscillator in the first order approximation is given by

x1 = x2 = (aei(Ωτ+γ) +
1

16
ε(α− c2i)a

3e3i(Ωτ+γ) + cc), (9)

which shows that in the case of strong coupling, the van der Pol oscillator is completely

synchronized to the Duffing resonator and their oscillations are also locked to the external

driving force by a phase lag. This is confirmed numerically, for a coupling strength κ = 8, by

the phase portraits of Figure 3 where the trajectories of the Duffing resonator and van der
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Figure 2: Frequency-response curve of the driven Duffing resonator strongly coupled to a van der Pol
oscillator. The system parameters are γ1 = 0.1, γ2 = 0.05, δ = 0.3, κ = 8, fd = 0.2.
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Pol oscillator are plotted in phase space. Figure 3(a) and 3(b) show the early complicated

behaviour, also called initial transient, of the Duffing resonator and van der Pol osccillator

during the first hundred periods of oscillations. After an initial transient of 2000 periods,

the Duffing resonator and the van der Pol oscillator become complete synchronised as shown

in Figure 3(c).

The frequency-response curves obtained previously showed the steady state approximate

solutions of the coupled systems given by the multiple time scales analysis. For the weak

coupling case, the system can be driven into multiple states as shown in Figure 1 where

the stable (solid lines) and unstable (dashed lines) branches of the coupled system. The

stability is obtained through the analysis of the Jacobian matrix. As can be expected, the

lower branches, in red colour, of the hysteresis for the Duffing resonator and van der Pol

oscillator respectively are unstable for the system parameters that have been chosen. One

can then expect that in a lattice of such a unit, more complicated behaviour can appear and

it is therefore interesting to investigate their collective behaviour. The system also displays

interesting phenomena such as an anti-resonance at Ω ≈ 1 and a shoulder in the curve

which is due to a stagnant reponse of the van der Pol oscillator. For the strong coupling

case, the system behaves like a driven Duffing resonator as shown in Figure 2 where the

middle branch is unstable. A further study of the dependence of the system dynamics on its

parameters was conducted using a bifurcation analysis [32]. Now that some insights about

the behaviour of the two coupled elements have been gained, a new topology in which the

Duffing resonators and van der Pol oscillators are coupled alternatively in a square lattice

will be considered in the next section.

3. Collective behaviour in a square lattice of driven Duffing resonators coupled

to van der Pol oscillators

The global and local synchronisation of a square lattice composed of alternating Duffing

resonators and van der Pol oscillators coupled through displacement is studied in this section.

The lattice acts as a sensing device in which the input signal is characterised by an external

driving force that is injected into the system through a subset of the Duffing resonators.
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Figure 3: Phase portraits and time series of a driven Duffing resonator (red) strongly coupled to a van der
Pol oscillator (blue). The system parameters are γ1 = 0.1, γ2 = 0.05, δ = 0.3, κ = 8, fd = 0.2. Both
elements show an early complicated behaviour, also called initial transient, during the first hundred periods
of oscillations (3(a) and 3(b) ). After an initial transient of 2000 periods, the Duffing resonator and the van
der Pol oscillator become synchronised as shown by the time series in 3(c).
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The parameters of the system are taken from MEMS devices. The effects of the system

parameters, the lattice architecture and size are discussed.

In studies of the collective behaviour of oscillatory systems, when some elements share

similar temporal characteristics such as the phase or amplitude, they are generally said

to be synchronised. The synchronisation effects may be observed globally in all elements

[5, 6, 7, 8, 9, 10, 11, 12] or locally in clusters of neighbouring elements [13, 14, 15, 16, 17, 18].

In this section, the collective behaviour of alternating Duffing resonators and van der Pol

oscillators coupled through displacement in a square lattice is studied. The architecture of

the lattice of resonators and oscillators along with some characterisations of synchronisation

will be described first. Then the effect of some parameters on the behaviour of the system

will be discussed followed by different configurations and sizes of the lattice.

3.1. Experimental setup

The architecture of the network of oscillators consists of a square lattice of alternating

Duffing resonators and van der Pol oscillators in a checkerboard configuration as shown in

Figure 4. The dimensionless equations governing the coupled systems are:

ẍ+ γẋ+ x+ δx3 = κ(xi,j+1 + xi,j−1 + xi−1,j + xi+1,j − 4xi,j), (10)

ẍ+ γ(x2 − 1)ẋ+ x = κ(xi,j+1 + xi,j−1 + xi−1,j + xi+1,j − 4xi,j), (11)

where γ is the damping of the Duffing resonator and the van der Pol oscillator, δ is the cubic

nonlinear spring constant of the Duffing resonator and κ is the coupling strength between

the resonators and oscillators. The element xi,j represents the displacement of the resonator

or oscillator located at the i-th row and j-th column in the square lattice.

Since the array of oscillators will act as a sensing device, it is usually subject to some

external signal that can be represented as a driving force or energy for the array. The

equations for the driven Duffing resonator and van der Pol oscillator respectively are therefore

given below:

ẍ+ γẋ+ x+ δx3 = Fd cos(Ωτ), (12)
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and

ẍ+ γ(x2 − 1)ẋ+ x = Fd cos(Ωτ), (13)

where Fd is the normalised driving force.

D D

D D

D D

D D

V V

V V

V V

V V

Figure 4: Square lattice of alternating Duffing resonators and van der Pol oscillators.

In this section, the synchronous behaviour of the resonators and oscillators in the square

lattice will be characterised in terms of their global and local synchronisations. In the first

case, the resonators and oscillators will mainly be considered as one group whereas the

elements in the array can be gathered in different subgroups in the second case. The global

coherence of the array will be measured by a synchronisation index based on the normalised

entropy [33]:

ρ̃ =
Smax − S
Smax

, (14)

where S = −
∑N

k=1 ρk ln ρk is the entropy of the distribution of the instantaneous phase or

the amplitude of the oscillators, which is given by their respective histograms from which

the probabilities ρk are computed, and Smax = lnN , where N is the number of bins of the

histogram. 0 ≤ ρ̃ ≤ 1 and ρ̃ = 0 means that the array is not coherent or in total disorder,

whereas ρ̃ = 1 indicates that all the oscillators in the array are perfectly synchronised.

Besides full synchronisation it is also interesting to consider another aspect of synchronisation

namely the cluster synchronisation where the oscillators involved in the same cluster have

identical temporal dynamics and completely synchronise between each other. Unlike the

global synchronisation case, no cluster synchronisation index is available yet. Therefore,
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only a visual inspection of the displacement and phases of the elements in the lattice will be

carried out. To this end, phase images and polar plots of the elements of the square lattice

will be produced. The phase and polar plots will be complementary as the phase images

will help to locate the resonators and oscillators within the array while the polar plots will

display both the amplitudes and phases of the elements. In the following, the color scale in

the phase images lies between −π and π and the polar plots are normalised in amplitude

which means that the maximum amplitude corresponds to a distance of 1 in the unit circle.

3.2. Parameter effects

In this section we investigate the effect of different parameters which have an impact

on the behaviour of the lattice of oscillators and resonators. These include the normalised

coupling strength κ between the oscillators, the amplitude Fd of the driving force that is

injected from one side of the lattice and finally the quality factor Q of each element of the

lattice. It should be noted that the quality factor Q of the oscillators and resonators is

directly related to their damping γ through the expression γ = 1/Q. It is also important to

stress the fact that only the Duffing resonators are driven since they absorb energy whereas

the van der Pol oscillators are self-sustained.

In the following, the parameters are given in their dimensionless values. In the context

of MEMS devices, the coupling strength κ ranges from 0.001 to 1000. The amplitude Fd of

the driving force is assumed to be in the range 0.3 to 30. The quality factor Q lies within the

interval [10, 10000], where the lowest and biggest Q values correspond to the devices being

in air and in vacuum respectively.

The coupling strength between the elements of the array has a counter-intuitive effect

on the global coherence of the amplitudes of the resonators and oscillators. The lower

the coupling the more coherent is the system as shown in Figure 5. This is due to the

fact that the value of the normalised entropy is maximum only when all the elements have

the same value, or in other words, when there is only one cluster. However, when the

coupling strength is high the Duffing resonators and the van der Pol oscillators evolve into

two different clusters as shown in Figure 6. This implies that the higher the coupling strength

the more synchronised are the Duffing resonators between themselves and so do the van der
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Figure 5: Coupling strength effect on the global coherence of the square lattice. The phase coherence does
not seem to have a direct relation with the coupling strength although for a very high coupling (κ = 1000)
the phases of the elements of the lattice tend to converge faster. On the other hand, the amplitude coherence
clearly depends on the coupling strength value: the higher the coupling strength, the quicker the convergence
into a stable state. It should be noted that the normalised entropy is low when the coupling strength is high
because the Duffing resonators and the van der Pol oscillators evolve into two different clusters as shown in
Figure 6. The normalised entropy is maximum only when all the elements have the same value or in other
words when there is only one cluster.
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Figure 6: Phase and polar plots of a square lattice of 32 by 32 x-coupled alternating Duffing resonators
and van der Pol oscillators driven from the top edge with an energy whose amplitude is Fd = 0.3. The
figures are plotted at t = 3600 with different coupling strength values. At low coupling (κ = 1) both the
phases and amplitudes of the resonators and oscillators seem to be random. For high coupling (κ = 100)
the resonators and oscillators on odd rows are synchronised between them and so are the resonators and
oscillators located on even rows. This is an example of distributed cluster synchronisation where there is a
division into quasi-independent sublattices.
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Figure 7: Phase portrait in an array of 32x32 x-coupled alternating Duffing resonators and van der Pol
oscillators. The notation vdp(x, y) and duff(x, y) indicates the selected locations (x, y) of a van der Pol or
Duffing device. An energy, whose amplitude is Fd = 0.3, is injected from the top edge of the lattice. The
coupling strength between the oscillators is κ = 1. The figures show that small coupling induces different
types of complicated behaviours.
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Pol oscillators, an observation which cannot be captured by the value of the normalised

entropy in this case. The value of the coupling strength has no clear relation with the global

phase coherence of the elements although the global phase coherence of the system tends

to converge quicker with higher coupling values. More detailed information regarding the

cluster synchronisation of the elements in the lattice are given by the phase and polar plots

in Figure 6. It can clearly be seen that with low coupling (κ = 1) the behaviour of the

elements is more like random. However, with high coupling (κ = 100) the phases of the

resonators and oscillators located on odd rows, and respectively on even rows, are mutually

synchronised. These two distinct clusters are shown in both the phase and amplitude spaces

by the polar plot of Figure 6(d).

Regarding the dynamical properties of each single element, it can be noticed from the phase

portrait plots in Figure 7, where the displacment x is plotted against the velocity v, that

different types of complicated behaviours of the elements appear with small coupling (κ = 1).

As the coupling strength increases, more homogeneous behaviours between each type of

element are observed.
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Figure 8: Relation between the quality factor Q of the elements of the square lattice and its global coherence.
It can be noticed that the lower the value of Q, the worse the phase coherence. A possible explanation of
this observation is that for low Q values, the separation between the behaviour of the Duffing resonators
and van der Pol oscillators is clearly seen as depicted by Figure 9(c). In contrast, the amplitude coherence
of the lattice is improved as the value of Q is decreased.

The global phase coherence of the lattice is not sensitive to the value of the quality factor.
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Figure 9: Phase and polar plots of a square lattice of 32 by 32 x-coupled alternating Duffing resonators and
van der Pol oscillators driven from the top edge with an energy whose amplitude is Fd = 0.3. The coupling
between the elements is κ = 10 and the figures are plotted at t = 3600 with different values of the quality
factor Q. The figures show that when Q is small (Q = 10) the Duffing resonators (red circles) and the van
der Pol oscilators (blue circles) have two distinct behaviours. However at a high quality factor (Q = 1000)
they tend to synchronise between them.

19



However, for low quality factor value (Q = 10) the global amplitude coherence of the system

displays better synchronisation behaviour than higher values of Q as shown by Figure 8.

In contrast to the previous full synchronisation results, more distinguishable amplitude and

phase clusters appear in the lattice when the quality factor value is high (Q = 1000) as

can be seen in Figure 9. It should be noted however that for small Q values, the Duffing

resonators and van der Pol oscillators have two distinct behaviours.

The system is not sensitive to initial conditions (plots not shown).

3.3. Size effects
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Figure 10: Lattice size effect on the global coherence of the elements. The figures show that the smaller the
lattice size, the quicker the convergence and the better the higher the normalised entropy of the phase and
amplitude of the elements in the lattice.

It is also interesting to be able to understand the change of behaviour as the size of the

lattice varies. From the plots in Figure 10, it can be concluded that the global phase and

amplitude coherence of the lattice decrease as the size of the lattice is increased. In the

cluster synchronisation case, it can be noticed that the bigger the lattice the more clusters

are present (Figure 11).

4. Conclusion

The behaviour of a Duffing resonator coupled to a van der Pol oscillator with MEMS

parameters as two coupled elements and in a square lattice have been discussed in this paper.
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Figure 11: Instantaneous phase and polar plots of a square lattice of 32 by 32 x-coupled alternating Duffing
resonators and van der Pol oscillators at a coupling strength of κ = 10. The array is driven from the top
edge of the lattice and the figures are plotted at t = 3600 for different sizes of the lattice. It can be observed
that for small (8x8) and medium (16x16) array sizes, the phases and amplitudes of the Duffing resonators
and the van der Pol oscillators are in synchrony. In particular, the smaller the lattice, the better is the
synchronisation.
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The two coupled elements display rich behaviours such as an hysteresis, anti-resonance, stag-

nant response and multiple branches in their frequency responses which have been obtained

using the method of multiple time scales analysis. The stability of the system has also been

investigated where two unstable branches of the Duffing resonator and van der Pol oscillator

respectively have been found. Moreover the system also displays interesting transient and

asymptotic behaviour. The bifurcation analysis also revealed an abrupt transition to chaos

of the system.

The global and local synchronisations of a square lattice of alternating Duffing resonators

and van der Pol oscillators has been studied numerically. Such a lattice can serve as a sensing

device where the input signal is simulated with an external driving force that is injected to

the Duffing resonators. The parameters of the resonators and oscillators that have been used

come from real micro-electro-mechanical system (MEMS) devices. The effects of different

system parameters have been investigated. It has been found that the higher the coupling

strength value between the elements of the lattice the more synchronised they will become.

In contrast, when the amplitude of the driving force is increased the elements of the lattice

tend to have a random behaviour. It has been observed that with high quality factor value

the synchronisation between the elements is favoured whereas a low quality factor value will

result in two distinct behaviours of the resonators and oscillators.

Besides the effects of the system parameters on the behaviour of the coupled systems, a

different architecture has also been investigated. More precisely, a permutation of the lo-

cation of the resonators and oscillators has been carried out, resulting in a square lattice

of alternating van der Pol oscillators and Duffing resonators. The behaviours of the ele-

ments in those two types of lattices are different in that the resonators and oscillators can

be synchronised in the former case while they evolve independently in the latter case. The

behaviour of the elements in the lattice is also dependent on its size. In particular, different

clusters of synchronisation can be observed with different array sizes composed of even num-

ber of elements. However, no distinguishable clusters of sycnhronisation appear when the

dimension of the lattice is odd. This suggests that the unit composed of a Duffing resonator

coupled with a van der Pol oscillator represents an important entity in order to have rich
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synchronisation behaviours.

The square lattice has been driven in two different ways: from the top edge and the top left

corner. It has been observed that in the first case, the resonators and oscillators tend to

synchronise by rows provided that the coupling strength is high enough. In the second case,

a symmetric behaviour of the elements of the lattice can be seen where the axis of symmetry

is given be the diagonal joining the driven Duffing resonator on the top left corner and the

last Duffing resonator on the opposite corner. Different initial conditions have also been

used but the system is not sensitive to them at all.

The global and local synchronisation studies can give totally different results and one can

notice that cluster synchronisation aspect provides more useful information than simply

looking at the full synchronisation especially for a lattice of heterogeneous systems as in

this section. Nevertheless, no cluster synchronisation characterisation is available to the

best of our knowledge as opposed to the case of global synchronisation in which various

synchronisation indices can be used.
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