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This thesis examines experimentally and theoretically the
behaviour and ultimate strength of rectangular reinforced concrete
members under combined torsion, shear and bending.

The experimental investigation consists of the test results
of 38 longitudinally and transversely reinforced concrete beams
subjected to combined loads, ten beams of which were tested under
pure torsion and self weight, The behaviour of each test beam from
application of the first increment of load until failure is pre-
sented. The effectsof concrete strength, spacing of the stirrups,
the amount of longitudinal steel and the breadth of the section on
the ultimate torsional capacity are investigated.

Based on the skew-bending mechanism; compatibility, and linear
stress-strain relationship for the concrete and the steel, simple
rational equations are derived for the three principal modes of
failure for the following four types of failure observed in the
tests:

TYPE I Yielding the reinforcement, at failure, before crushing

the concrete.

TYPE II Yielding of the web steel only, at failure, before crush-
ing the concrete.

TYPE III Yielding of the longitudinal steel only, at failure, before
crushing the concrete.

TYPE IV Crushing of the concrete, at failure, before yielding of
any of the reinforcement,

This investigation shows that the interaction equation,
(T/Ty) 2 + (V/Vu)2 + M/M, = 1, describes the ultimate capacity adequ-
ately only where the complete yielding of the reinforcement occurcs

For the types of failure above other than yielding the concrete
in the shear compression zone is involved. The stresses in this
zone are combined using Cowan's simplified failure criterion for
concrete under combined stresses. This criterion is simplified
further in order to obtain a relationship between resultant shear
torsional stresses, fy, and cylinder compression strength of con-
crete, fl, independent of the bending stress, fp, as fy = &.f(.

The theoretical solutions are compared with 515 test beams,
including the author's and reasonable agreement is obtained.
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CHAPTER ONE
REVIEW OF PREVIOUS WORK

1.1 INTRODUCTION

The rapid development in modern technology, advance in science
and a reduction in load factors; makes it less justifiable for a
Structural engineer to consider torsion as a secondary effect in
design.

Since the beginning of the second half of this century, a con-
siderable amount of eXperimental data has been accumulated and
different empirical and rational expressions have been introduced
in relation to concrete members subjected either to pure torsion
or in combined torsion, bending and shear. The information
required for the design of structures subject to torsion, still
remains incomplete.

The establishment of ACI-Committee 438, Torsion, in 1958 by

the American Concrete Institute undoubtedly stimulated more con-

cern by researchers and engineers, Two very beneficial contributions

by this committee were the publication of "Torsion of Structural
Concrete', SP-18 [1] in 1968, and the review of code of practice
by committee members Fisher and Zia [2] in 1964. They reviewed
the code of practice for 22 countries and showed fhe scarcity of
knowledge on torsion requirements for the design of concrete mem-
bers,

Various theories are available in the current literature to
check the strength and behaviour of concrete members subject to
torsion. They can be classified mainly into three categories,
The first category is "empirical formulas', which enable the strength

to be determined, based on experimental observations. This method




was initiated hy Turner and Dayies [3] in 1934, The fact that the

establishment of these formulae depends on very limited experi-
mental testsv affects their reliability in practice [4]. The
second category is '"Rational methods'" or sometimes described as
"Gtress methods". The common agreement between these theories is
that the torsional strength of a reinforced concrete member is the
sum of the torque resisted by the concrete based on the elastic
theory, and the torque resisted by the transverse steelé The

main disagreement in these theories is the proportion of the

torque which is carried by the concrete and the proportion resisted
by the reinforcement. A criticism of this method is that it does
not take care of the continual readjustments of strains in the
internal equilibrium brought about by continual propagation of

the cracks in the member [5]. Anderson[6] was the first to intro-
duce this method. The third category is the "Analytical method"

or alternatively known as the "Failure-mechanism method', which
includes the "Truss-analogy method'"., One approach in this method
considers the equilibrium conditions of the external and internal
loads at a failure section, assuming the yielding of all reinforce-
ment crossing this section. This assumption contradicts with many
experimental results reported in literature [6, 7, 8, 9, 10 and 11].
This approach was introduced in 1958 by Lessig [8] in the Soviet
Union. A different approach, however, was developed in 1929 by a
German engineer called Rausch [12], This approach corresponds to
the space truss-analogy concept, where the reinforcement act as

the tension members and the concrete struts between the cracks act

as compression diagonals. Again the customary assumption of yielding the

reinforcement at failure section is assumed in this approach,




In order to ohtain a clear knowledge of the state of research

in this field, therefore; a literature review of the previous work
has been carried out! The plain concrete beams in torsion will

be discussed briefly, not because they occur in practice but
becuase they provide the basis for many of the eiisting torsional
theories. This will be followed by concrete beams reinforced with
longitudinal steel only; The case of fully reinforced rectangular
concrete beams under torsion alone and in conjunction with other
loads is reviewed in some detail later, and is the main concern

of this thesis.

1.2° PLAIN CONCRETE RECTANGULAR BEAMS

When a plain concrete beam is subjected to pure torsion, fail-
ure occurs when the maximum torsional shear stress ekceeds maiimum
tensile strength of the concrete., There are however different
opinions about the distribution of the stress in the section at
failure. Marshall [13] in 1944, proposed that the perfectly plastic
stress distribution could be used to determine these stresses in
the concrete section. Cowan [14] in 1950 recommended that the
elastic theory, based on St Venant's hypothesis and stress dis-
tribution, could be applied to evaluate these stresses,

In general the plastic theory overestimates and the elastic
theory underestimates the strength of plain concrete members in
torsion, since the concrete behaviour is neither fully plastic nor
linearly elastic. To account for elasto-plastic behaviour of
concrete, Turner and Davies [3] in 1934 developed a theory on
the basis of idealized non-linear stress-strain relationship for
concrete in compression. They analysed circular cross sections and

modified the analysis for rectangular concrete sections later.




Iyengar and Rangan [15] assumed that the torque resisted by the

concrete was simply the mean value of the torque capacities as
given by both elastic and fully-plastic theories;

Zia [4] has shown, however; that the Turner and Davies theory
is not valid for rectangular sections when the ratio of the height
to width exceeds 2.5, After comparing the strength obtained from
test results and the stress calculated by plastic and elastic
theories, Hall and Archer [16]V stated that the plastic theory
allowed failure to be predicted in terms of stress parameters which
were approkimately constant for a given concrete,

In the theories above the failure surface is described as
tensile cracks with a fracture forming a helix around the sides
at an inclination of 45° to the longitudinal axis of the beam.
However Hsu [17] from his experimental observations concluded
that failure of rectangular plain concrete section in pure torsion
was one of bending on a skewed failure plane rather than one of
torsion, with a compression hinge forming on a larger side. This
type of failure was first recognized by Lessig [8] for reinforced
concrete members subject to torsion. That conclusion lead Hsu
to develop a theory, assuming a linear stress distribution on the
inclined failure surface, to predict the torsional strength of plain
concrete rectangular beams. Hsu found that the minimum value of
the torsional capacity would occur when the angle of inclination of
the failure surface was 45° with the longitudinal axis of the heam.

Martin [18] in 1973 extended the above theory, using compati.-
bility stress-strain relationship, and resolving moment of forces
about the neutral axis at the failure section derived an equation

for plain concrete rectangular beams in torsion.




The various equations for pure torsion obtained by the dif-

ferent investigators mentioned above can he written in one single
familiar form for torsional shear stress for concrete T with yari-
ation only in the value of torsional factor B for different inves-

tigators as follows:

T = TP/B-B-ZD (1.1)
where
T = maiimum torsional shear stress
Tp = the ultimate toréional strength of plain concrete
B = width of the section
D = depth of the section
B = torsional factor

Marshal [13] suggested that the value of torsional factor B
varies from 0.333-0.500, depending on the ratio of D/B, and can be
calculated from the expression Bp = 1/2<(1-B/3D). Cowan [14] used
St Venant's factor, which varies from 0.200 to 0,333 depending
on the ratio of D/B. Turner and Davies [3], however, presented
an expression which gives a value for this factor lower than
obtained by plastic and higher than obtained by elastic theories.,
It is a function of St Venant's torsional factor, and can be
approximated by the expression Bep = 1,491-86. Hsu [17] found
B theoretically to be a constant and equal to 0.333., But Martin
[18] again theoretically showed that this factor is a function of
the ratio of D/B, and can be found from the expression
B = 1/(3 + /B/D).

Any particular value of torsional factor B, given by a parti-
cular investigator above, appears to be valid, as long as a rea-

sonable value can be obtained for ultimate torsional strength T,




Classical theories interpretate T as maximum principal ten-

sile stress, which is appro&imately equal to the uniaxial tensile
strength of concrete fto Iyenger and Rangan using a failure
criterion for concrete under compressive-tensile stresses found

a relation between f and ft“ which was a function of the ratio of
fé/ft' Hsu however used reduced modulus of rupture (O°85'fr)°
Since modulus of rupture tests are rarely performed in practice,
therefore, he latter expressed fr in terms of compressive strength
fé. To obtain the relationship, he performed a more elaborate
approach, by making use of the straight-line simplification of
Mohr's theory, and some of his test results, The expression is

a function of the dimension of the cross-section as well as féo
The nature of it is complicated and needs to be revised in a more
logical way. Martin believes that the failure of a plain concrete
section will occur when t reaches the modulus of rupture of the
concrete.

It seems there are still different conceptions concerning the
magnitude and the distribution of ultimate stress at failure. A
logical equation, therefore, which gives a value of torsional
strength of a rectangular plain concrete member higher than the
value obtained by the elastic theory and lower than that obtained
by the plastic theory will be acceptable,

Cowan [7] appears to be the first to consider the strength of
plain concrete rectangular section under combined action of bending
and torsion. Assuming the maximum tensile stress criterion for
failure, the elasto-plastic stress distribution for moments, and
a full plastic stress distribution for torsion, he developed a
theory which considered the interaction of bending and torsion.

This interaction equation can be written in the following general




non-dimensional form;

(T/T )% + M/M)2 =1 (1.2)
P P
where
T = torsional moment in combined torsion and bending
Tp = ultimate torsional strength for plain concrete rectangular
section, in pure torsion, using fully plastic theory,
M = flexural moment in combined torsion and bending.
Mp = ultimate flexural strength of plain concrete rectangular

section in pure bending, which is equal to 1/4023BD’2ft°

Walsh et al [19] in 1966, using plastic stress distribution
for both torsion and bending, compared some of their test results
with the principal tensile stress and principal shear stress
criteria. They concluded that the principal tensile stress
criterion was an adequate failure criterion for concrete under tor-

sion and bending, and suggested the following interaction formula;
T/T ¥+ M/M_ =1 1.3
(/p)2 /p (1.3)

Zia [4] showed theoretically that for plain concrete members
the presence of torsion reduces the bending capacity, and like-
wise, the torsional capacity is rapidly reduced by the simultaneous
action of bending.

Using skew-failure mechanism, Martin [18] appears to be the
first to derive theoretical equations for the three modes of
failure, namely modes 1, 2 and 3 for rectangular plain concrete
members in combined torsion and bending. The interaction equation
obtained by Martin is in the same form as Equation (1.2), but
with different values for Tp and Mp° Martin obtained a reasonable
agreement between the strength predicted by his theory and those

recorded from the experiment for a considerable number of test




results,

1.3 CONCRETE MEMBERS WITH LONGITUDINAL STEEL ONLY

Many investigators [3, 6; 14; 15; 19; 20] deduced that the
strength of rectangular concrete members reinforced with longitudinal
Steel only, and subject to pure torsion, was no different from
those of plain concrete beams. In some cases higher strength [21,
22] for reinforced members have been reported. Hsu [23] suggested
that beams reinforced with longitudinal steel only may be conserv-
ately considered as plain concrete members when calculating the
strength., This suggestion, however, appears to be unsafe, since
lower strength is also apparent [24]. Cowan [14] suggested that,
by adding the transformed area of the reinforcement to the concrete
area, the higher strength may be accounted for. Iyengar and Rangan
[15] showed that the capacity increased only by 12%, and therefore
suggested that the contribution of the longitudinal steel to the
torsional capacity of the member was small.

The first series of experimental results and theoretical
solution, in torsion and bending for longitudinally reinforced
beams was presented by Nylander [25] in 1945, 1In this work, he
assumed that the applied torsional moment was resisted partly by
the concrete in the uncracked zone of the section, and partly by
transverse shear forces in the longitudinal steel, He also assumed
that at failure the steel reached its yield strength under the
action of combined stresses produced by shear stress due to torsion
and direct stress due to bending., Nylander combined these stresses
according to Huber-Beltramis' criterion. This theory in some cases
overestimates the torsional strength because the condition is not

always guaranteed.




Gesund and BRoston [22] deduced from the examination of their

tests. that failure of concrete members without weh reinforcement
occurred due to dowel action, The effect of this dowei force is
to spall the concrete cover to the steel at the corners, and
eventually to produce failure. The theoretical solution was com-
plex, and is applicable only to the type of beams containing the
type of steel used in their tests, Difficulties were ekperienced
in determining the spalling force, which is an important factor
in their equation,

Failing to obtain a rational method to calculate the torsional
capacity of members with longitudinal steel only, in combined
torsion and bending, Walsh et al [19] in 1966 confirmed that the
torsional strength, for design purposes, could be estimated by their
empirical equation for plain concrete proposed earlier [26]. The

equation can be written in imperial units as follows;
T = 1075-82-(D—B/3)wfé (1.4)

Hsu [27] in 1968 developed an interaction curve for torsion
and bending empirically. He found that interaction between torsionand
bending occurred in the range of O°5<M/Mu§}00, particularly for
square sections. Hsu, therefore, defined the interaction curve
for concrete beams without web steel, conservatively by three

straight-lines, as:

T/T = 1.0 for M/M <0.5
T/T, + L4=(W/M ) = 1.7 for 0,5<M/M <1.0 (1.5)
M/M = 1.0 for T/T <0.,3

u u

Where Tu was the ultimate strength in pure torsion and cal-

culated from his equation for plain concrete [17], Mu was the




ultimate strength in pure bending, obtained from the ACI Code

318-63 equation for rectangular beams with tension reinforcement
only;

Analysing a large number of quarter~séale test'reSults; Mirza
and McCutcheon [28] decided that for rectangular members under
bending and torsion the shape of interaction curve depended on
the proportion of longitudinal steel, Also this interaction may be
enveloped by a rectangular curve as T/Tu = 1,0, and M/Mu = 1,0,

Martin [18], using skew-failure mechanism method and adopting
two different approaches, obtained a rational interaction relation-
ship between torsional and bending moments for this type of con-
crete member . In the first approach he assumed that the failure
was controlled by the reduced compressive strength due to combined
flexural stress and torsional shear stress. A dowel force was
assumed to act at a right angle to the tension steel to balance
shear force due to torsional shear stress in the compression zone,
Later he combined the direct bending stress and the torsioﬁal
shear stress using Cowan's failure criterion of concrete in com-
pression. The resulting general interaction equation can be expre-

ssed for mode one as:
2 ) 2 _ ) .
(Tl/Tul) + (“Ml/Mﬁl) (SMl/Mul) 1 (1.6)

where
Mul = ultimate bending moment in pure bending, which is
y . . o £
equal to (2/3) B dn1 la1 fC
Tul = ultimate torsional moment in pure torsion, and is
equal approximately to oaz-pal
Involved in Equation (1.6) is the depth of compression zone

dnla By resolving the forces in the skew failure plane, assuming

10




linear stress distribution and linear stress-strain relationship
for both the steel and the concrete, he obtained an expression to
find dn . Comparing this equation with some test results, he

obtained a mean value of T /T f1.01 with coefficient

test’ “theory

of variation of 5%.

An alternative form of failure was based on the yielding of
the reinforcement. He assumed that failure occurred when the
steel reached its definite yield strength. In this approach
account was taken of moment of forces about two perpendicular
axes passing through a point in the concrete compression zone,
assuming that the tension steel is subjected to a direct stress
due to flexure and a shear stress produced by the dowel action in
the steel. Using the Huber-Von Mises-Hencky shear distortion
strain energy criterion for steel, he combined these two stresses,
and obtained an equation which related torsion to bending. The
final general non-dimensional interaction form in mode 1 was

expressed as:

2 1 32 -
(Tl/Tyl) + (Ml/Myl) 1 (1.7)
where
Myl = ultimate bending capacity in pure bending, and is
al to 2-A% fg _+La _,
equ y 1
Tyl = ultimate torsional capacity in pure torsion, and can

be obtained by Myl//g_

Comparing this equation with 14 test results he obtained a

/

mean value of T of 1,17 with coefficient of variation

test Ttheory

of 11%.

When torsion is predominant, however, the torsional load does
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not increase beyond the yalue of the first crack, but decreases
gradually as more cracks develop; Therefore he suggested that it
was reasonable to calculate the ultimate torsional strength of
concrete members without web steel; using the ultimate strength
equation for plain concrete members in pure torsion, as in section
1.2,

Series of beams were designed and tested in combined torsion,
bending and shear by Birkeland [217 in 1965 to supplement Nylander's
work. Using a more practical reinforcement ratio, and varying the
beam length, he studied the effect of shear span to depth ratio
as well as the effect of extensive cracking oﬁ the diagonal tension
failure under combined loading, He deduced from the tests that
the shear span to depth ratio did not affect the existing inter-
action relation of torsion and shear., For members without web
reinforcement, which fail by diagonal tension failure, this inter-

action can be described as a circular arc defined by,

(V/V)? + (T/T)? = 1.0 (1.8)
where
V= applied shear force in combined torsion, bending and
shear.
Vu = ultimate shear strength in combined bending and shear
only.

Two years later this equation was confirmed by Mattock et al
[29] after analysing a number of beams tested in torsion, bending
and shear. They concluded that the strength of this type of
beams in shear gradually reduced as torsion increased, and
conversly the torsional strength reduced as shear increased, They

also observed that the interaction between torsion and shear was
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not influenced by the magnitude of the moment to shear ratio, and

can be expressed in the same form as Equation (1.8), No e&pressions
are given to calculate Vu or T , since they use direct test value
for Vu and extrapolated value from the interaction curve for Tu;

Hsu [27] realized that the two-dimensional torsion shear
interaction curve, proposed earlier, can not truely portray the
actual combined strength behaviour of members under three different
types of loads (i.e. torsion, bending and transverse shear). The
interaction must, therefore, be expressed in three-dimensional
rectangular coordinate system, each axis representing one type of
applied load. The strength of a member exposed to a combined
torsion, bending and shear force is then represented by a point
on an interaction surface. This surface is defined by the three
mutually perpendicular axes, representing the nondimensional para-
meters, T/Tu, M/Mu and V/Vu° The intersection of this surface
with T/Tu, M/Mu plane is the torsion-bending interaction curve,
and with M/Mu, V/Vu plane is the combined ultimate strength equation
in shear and bending proposed by ACI-ASCE Committee [30].

Having adopted torsion-bending and shear-bending interaction
curves, the interaction surface is then described by a series of
torsion-shear curves between these two boundaries. This enabled
Hsu to express a series of interaction curves by one general

equation representing the interaction surface, which can be expressed

as:
(/T )" + (Vv )" = 1.0 (1.9)
where
m,n = exponents to be determined from the tests
Tp = ultimate torque in combined torsion and bending
Vcb = shear strength based on cracking strength in combined
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shear and hending.

Depending on a number of other's test results; Hsu suggested
a conservative interaction surface for design purposes; with m = 2;
n=]VﬁrMNh§L& wdm==Lrl=2fm?&5<Mm@ﬂﬁo This
means the parabola for the former and the circle for the latter,
with a discontinuity in the surface at the plane of M/Mu = 0,5,
This discontinuity may be considered as a criticism.

Mirza and McCutchoen [28] deduced from the study of tests on
small scale specimens that the longitudinal steel in rectangular
members under that type of loading had a significant effect in
increasing the flexural shear strength, whereas its effect on
torsional strength was small, Following Hsu [27] they obtained
an interaction surface for test results in combined torsion, ,
bending and shear. Their conclusion, however, needs to be consid-
ered with caution, since there is always a possibility that the
model specimens and full size members behave differently.

Where all the interaction equations for torsion, bending

and shear are compared, Hsu's method is considered to be simple

and convenient for design practice.

1.4 RECTANGULAR CONCRETE MEMBERS REINFORCED WITH LONGITUDINAL

AND TRANSVERSE STEEL

1.4.1 Pure Torsion

Rausch [12] in 1929 assumed the yielding of the reinforcement,
and was the first to derivearational equation to calculate the
strength of fully reinforced rectangular beams subjected to pure
torsion. He employed the truss analogy method and assumed that the
whole of the torque was resisted by the reinforcement and non by

the concrete.
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In 1937 Anderson [31] developed his equation for the torsional

strength of a circular section with spiral reinforcement at 45° along
the span. Later he transformed this for a rectangular section,

by making use of equivalent cross-sectional area; The agreement
between the theory and the tests was good, ekcept for beams with a

low percentage of spiral reinforcement. The reason for this may

have been due to the assumption in which the steel resists the

part of torsional shear stress in e%cess of the ma&imum stress carried
by the plain concrete member. Anderson also noted that the torsional
strength increased with increase in compressive strength of the
concrete,

Based on the elastic concept Cowan [14] in 1950 developed a
rational theory, using St. Venant stress distribution. The solution
put forward by Cowan was obtained by equating the work done by the
torsional moment of the strain energy stored in the beam. The
total strain energy was assumed to be divided equally between the
compressive strain energy of the concrete and the tensile strain
energy in the reinforcement. However, he clearly pointed out that
the reinforcement was elastic almost up to failure and the beam
sometimes failed before the steel yielded.

Ernst” [20], after testing a series of beams with vertical
close stirrup in 1957, reported that for most of his beams the
fallure occurred by yielding both the longitudinal and transverse
steel, even though the ratio of web to main reinforcement was not
unity.

Adopting some of Cowan's equations and assuming that the forces
in the closed stirrups alone resist the entire torsional moment,

Ernst obtained an equation for the ultimate torsional resistance,
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An alternative equation was proposed by Iyengar and Rangan

[15] in 1968, which was similar to the previous theory. The
torsional resistance of such a beam was assumed to be approiimately
equal to the sum of the torque resisted by the concrete plus the
torque resisted by the transverse reinforcement; Adopting a fail-
ure criterion for concrete subjected to compressive and tensile
stresses, and assuming that the compression zone was subjected to
both torsional and direct stresses, the shear stress was related
to the uniaxial tensile strength of the concrete.

The main general agreement between the above theories is that
the torsional strength of a reinforced concrete member is the
total of the strength carried by the concrete and the strength

resisted by the reinforcement, which is expressed in the following

form:
T =T + T
u c S
or
As-fSy
= T + ke T 27 exe 1.
Tu o s Xty (1.10)
where
Tu = ultimate torque
TC = torque resisted by concrete (Plain concrete section)
TS = torque resisted by transverse steel
k = a factor
A, = cross-sectional area of one leg of the stirrup
sy = yield strength of the stirrup steel
S = centre to centre spacing of the stirrups
x = the smaller dimension of the stirrups
y = the larger dimension of the stirrups
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The yvalues of T, and TS vary for different investigators,

Rausch J12] put T. =0 and k = 2; Anderson [31] suggested the
value of 1:34 for k and pqnn§§nﬂé§h@ar:strcss for T, . . Cowan
[14] replaced k with 1.6 and TC with the strength of plain concrete
section. Ern.st [20] found k from his test results; which varied
from 1.23 to 7.96 and put T. = 0. Using a mean value for elastic
and fully-plastic stress distribution with a failure criterion for
concrete, Iyengar and Rangan [15] obtained an ekpression to cal-
culate TC. They considered k to be unity,

Lessig [8] in 1958, from observation of her experimental
tests, proposed a bending mechanism approach to check the ultimate
strength of fully reinforced concrete members in torsion, She
analysed the failure section by equating external moments, about
an inclined axis in the compression zone, to the internal moments
of yielded reinforcement, Manipulation of the equation by opti-
mizing the angle of the failure section enabled her to obtain an
expression to calculate minimum strength,

The failure section was described as spirally tensile cracks
around the bottom, one of the sides and top face. of the beam with
compression zone on the fourth face, Failure occurred due to
bending about the neutral axis in the compression zone,

This method is satisfactory providing the steel crossing the
failure section yieldsat ultimate failure.

A series of comprehensive test results on transversely and
longitudinally rectangular reinforced concrete beams in pure
torsion was reported by Hsu [10] in 1968. Later he [32] used
Lessig's skew bending theory, but assumed the failure plane to
intersect the vertical sides at an angle of 45° and the horizontal

o) . . .
faces at an angle of 90 . He derived a theoretical equation to
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calculate the ultimate torsional strength for reinforced members

in pure torsion,

The theoretical equation was in the fo;m of Equation (1;10)°Ib
was considered to represent the torsional resistance provided by
shear strength of the shear compression zone, and not as the strength
of plain concrete, because the e%periments on hollow concrete
" members showed that the concrete core of the beam did not contribute
to the torsional resistance. A special technique, based partly
upon the rational analysis and partly upon tentative results, was
used to derive an expression for Tcu It was a function of the
dimension of the cross-section as well as the compressive strength

of the concrete fé and was expressed in imperial units as;
T, - 2.4.0.8342 ) (1.11)

Hsu [32] found theoretically that the coefficient k in the
second term of Equation (1.10) was a function of the volume of
longitudinal bars to the volume of stirrups, m; the ratio of yield
strength of longitudinal to stirrup steel, rly/fsy; the ratio of
larger to smaller dimension of the closed rectangular stirrup, and
the vertical distance between the main bars, as well as their
efficiency and dowel forces. The expression which combined these
terms was complicated, and Hsu admitted that it did not submit to
reasonable analysis, therefore, he defined the coefficient k
empirically. For an under-reinforced rectangular member with a
cross-sectional area of 150 inz; and y/x<2.6; m = 1, fﬁy/fsy =1,
he deduced that k = 0.66 + 0.33 ¥/% was applicable, Thus k varied
between 0.99 - 1.52, for y/x between 1.0 and 2,6,

To ensure the applicability of the theory Hsu emphasized that

the total reinforcement provided must be less than the balanced
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total volume percentage (i,e, Ptb = 2400c/fé/fsy), and also the

balanced ratio of volume of longitudinal bar to volume of stirrups,

M, Should be within the range O.7<mb<l°5o

Comparing the equation with 37 of the test . beams [10], Hsu
btai .
obtained a mean value of Ttest/Ttheory of 1,03 with standard
deviation of 6.3%, The equation was also applied to the remain-
ing 16 beams, which were partially and completely over-reinforced,

/T with standard

and yielded the mean value of 1.18 for T
theory

test
deviation of 14%. He also compared his theory with 27 out of the
total of 44 reinforced concrete beams tested by the investigators

[3, 9, 20, 33, 35, 36 and 37]. The ratio of Ttest/Ttheory ranged
between 0,69 - 1.29, It must be mentioned that the magnitude of

the terms in the limitation, in excess of the proposed limit, were
neglected during the comparison.

Hsu [10] investigated the torsional stiffness after cracking
for fully reinforced concrete members., He found that the stiffness
was chiefly a function of the smaller dimension; larger to smaller
dimension and the total volume percentage of reinforcement.Ptu
Empirically he found the torsional stiffness shortly after cracking
was only 0.021-Pt times the torsional stiffness before cracking,
Empirical equations were also presented for angle of twist and
cracking torque.

Considering moments of forces about the transverse and longitu-
dinal axes of the member, and adopting Lessig's bending failure
mechanism, Martin [18] derived a theoretical equation for an under-
reinforced concrete member in combined bending and torsion., It

reduced for the case of pure torsion, where the compression zone

was in one side of the beam. It can be expressed in the form of
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. /rzy/L1+b/d) (1.12)

T = 2'A2|f2yoLa2

Where Lo 1s the lever arm, and Ty = As°fsy'd/S'A2'fzy°

To calculate the ultimate strength the exact value of the
lever arm (Laz) was required; ‘Its magnitude was a function of the
depth of concrete compression zone dn: which Martin theoretically
determined using Cowan's failure criterion for concrete, The
determination of dn required the value of the inclination of the
failure plane tana, which was defined as 1//;;;?1_:_67535

Putting L , €qual to x and equating the ratio of b/d to X/y,
this equation is exactly identical to the one put forward by Rausch
[127.

Martin compared his theory with 38 results of undér—reinforced beams

mainly those of Hsu [10]. The mean value of T /

test was

Ttheory
equal to 0,97 with a coefficient of variation of 10.2%. Based on
some of Hsu's results, he also treated the case of partially yield-
ing of the reinforcement, for which an empirical expression was
developed and was in the form of Equation (1.10), where TC and k
were equal to O.75-d'b2°/fz.and 1/{0.25 + 1,2-(r12)2/3} respectively,
Assuming that the stresses in the stirrup steel and longitudinal
steel were equal,

Comparing this

/

was reduced to As-b'/s-Az.

)

equation with 5 of Hsu's beams resulted in the T ean

test Ttheory n

of 1.04 and coefficient of variation of 4,2%

The most effective and practical arrangement of torsion
reinforcement is made up of a combination of vertical closed
stirrups and longitudinal bars distributed evenly around the
inside perimeter of the stirrups. In fact this favours the school of
investigators which bases its theory on the truss analogy. The

space truss assumes that the longitudinal bars act as stringers,
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the stirrup legs act as posts and the concrete struts between the

cracks act as compression diagonals;

In a recent paper published by Elfgren et al [38] in 1974,
using the truss analogy method, a rational theory was derived;
They investigated the most complicated case of combined torsion,
bending and shear. For the case of pure torsion, their equation
reduced to the form of Rausch's, providing that the condition of
similtaneous yielding of longitudinal and web steel occurred, and
the longitudinal bars distributed symmetrically round the cross-
section. An identical expression, however, had been reported
earlier by Lampert and Collins [39].

The equation of ultimate strength, in truss-analogy method,
is independent of the concrete strength. It also estimates the
ultimate strength of a hollow rectangular reinforced section,
because this equation is proportional to the area enclosed by the

width and the height of the close stirrup.

l1.4.2 Torsion and Bending

The first to consider the action of combined torsion and
bending of fully reinforced concrete mgmbers was Cowan [7] in 1953,
He derived a method to calculate the torsional resistance of a
member assuming that the torque was resisted partly by the uncracked
concrete in the compression zone and partly by the stresses in
the torsional reinforcement. The resistance of the concrete was
expressed as the pure torsional capacity of the plain -member,
using the plastic theory., The shear stresses set up in the torsional
steel, due to the remaining torque, was calculated from the stresses
in the concrete adjacent to the steel using elastic theory.

He considered that the applied bending moment introduced a
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direct flexural stress, as in pure bending, to the concrete in the

compression zone. The relation hetween applied torque and bending
moment was then found. Using the principal tensile stress-strain
criterion for failure; where torsion was predominant; and Coulomb-
Mohr internal friction theory; where bending was predominant,

Cowan made no attempt to define the inclination of the crack
angles of failure section and also the failure modes. He concluded,
however, that the addition of a small amount of bending moment
would increase the torsional strength, while the bending strength
was slightly reduced by the addition of a small torque.

Lessig's ultimate equilibrium theory [8] considered the case
of bending and torsion as a particular case of the general loading
arrangement of combined bending, torsion and shear. She concluded
that most frequently members subjected to bending and torsion
failed in mode 1, by bending about an oblique aiis in the compres-
sion zone, located near the top face, The failure was due to
crushing of the concrete in this zone accompanied by the yielding
of reinforcement in the tensile zone, The inclination of the
oblique axis was dependent mainly on the ratio of twisting moment
to bending moment as well as the reinforcement,

To derive an expression to calculate the failure load for
this mode, she analysed the failure section by taking moments of
forces about the axis of rotation through the compression zone, and
equating the internal moments to external moments. Equilibrium of
forces normal to the compression zone, governed the depth of it,
The external moments were the component of bending moment and the
torque. The internal moments were due to the tensile forces in

the bottom longitudinal steel and the bottom legs of the stirrups,
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For this reason the approach enahled Lessig to introduce an

equation combining the hending moment, torsional moment, reinforcement

and shape parameters. To arrive at the final form of this equation;
she had to make some simplifications, such as the assumption of
yielding the reinforcement intersecting the failure plane; She
also assumed the inclination of the tensile cracks as straight
lines and constant around the three sides of the beam,

AThe forces in the vertical legs of the stirrups were ignored
by Lessig, and justified by the fact that the crack angle was
almost parallel to the steel for mode 1,

Following similar approach to that in mode 1, she derived an
expression also for mode 2, where the compression zone was on one
of the vertical sides.

Lessig did not attempt to arrive at an accurate value of
the depth of compression zone or the lever arm, and also failed
to identify the mode 3 type of failure, where the compression
hinge is near the bottom face of the beam, as reported later for
the first time by Walsh et al [19].

Later she conducted an extensive series of experiments [35] to
verify the theory, which showed that the equation was reasonably
accurate particularly in those cases where the reinforcement
reached their yield strength.,

Gesund et al [40], in 1964, advanced a different theory by
attempting to include dowel action of the longitudinal steel into
the equation of ultimate strength., They divided the possible type
of failure into 'Flexural failure'" influenced by torsion, where
the longitudinal steel yielded before collapse, and "Torsional
failure", where the reinforcement did not yield. For the case

of bending failure, referring to the tests, they described the

23




intersection of compression hinge asanSshaped curve. - the central

‘part of which was parallel to the longitudinal axis of the beam,
They considered the tensile cracks on the side faces at a constant
angle of 450, and on the bottom face at a variable angle of 6,

Based on ekperimental data; 8 was varied between 63.5° for C2 E.O;ZS
and 90° for C2 < 0.25, where C2 was the ratio of torsional moment
to bending moment (i.e. T/M).

‘For the case of torsional failure, the strength was governed
either by an equilibrium equation of moments about the longitudinal
hinge near the top face or by an equation based on the dowel action
of the steel, whichever estimated the lower torsional strength at
failure.

Gesund et al concluded that when the failure was mainly one
of bending, the ultimate strength was not affected by the amount bf
transverse reinforcement. This would not agree with the experimental
data.

A close study of this work leads to a conclusion that when
the failure is one of torsion, the ultimate strength is neither
influenced by the existence of bending nor by the amount of longi-
tudinal reinforcement. This does not appear to be entirely rational.

Evan and Sarkar [41], in 1965, put forward a method for the
ultimate strength design of reinforced concrete beams used in
practice, under combined bending and torsion. The base for the
theoretical approach was the experimental observation of 18 rein-
forced hollow rectangular beams.

In the analysis they employed two equilibrium equations., One
was of moments about an inclined axis through the compression zone,
in which was fixed at 450o The other equation was of forces normal

to the compression zone, from which the depth of this zone was
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determined. The reinforcement was assumed to reach yield stress

at failure. The angle of inclination of tensile cracks on the
bottom and the side faces o, was involved in the ultimate strength
equation. Using the principal tensile stress criterion for plain
concrete, assuming fully plastic distribution for shear stress

and semi-plastic distribution for flexural stress, an expression
was obtained to evaluate o, Unlike Lessig, this expression was
entirely independent of the reinforcement parameters,

Only the bending type of failure was considered in the analysis,
although, the torsional failure was recognised,

The comparison between the theory and their own tests as well
as a few others was reasonable,

Maintaining Lessig's approach, Collins et al [42], in 1966,
proposed a theory to predict the ultimate strength of reinforced
member under combined bending and torsion. In the analysis three
principal modes of failure were studied, namely modes 1, 2 (recog-
nized first by Lessig) and 3. The third failure mode - first
recognised by Walsh et al [19], occurred frequently in members
containing smaller amount of the main bars in the top rather than
the bottom, and subjected to a high ratio of torsion to bending
moments.

In their analysis [42], only one equilibrium equation was
considered. It was around the neutral axis in the compression zone,
This resulted in an equation which combined bending moment, tor-
sional moment, reinforcement and dimension parameters as well as
the inclination of the compression hinge with transverse axis of
the beam. This inclination was then determined for which the

torsional strength was a minimum.
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It was assumed that the tensile cracks around the three

faces were at constant inclination to the axis of the beam. They
further assuﬁed that the depth of the compression zone was equal
to a depth corresponding to that in pure bending.

Comparison of the theory with available experimental results
necessitated the imposition of some restrictions,

A new parameter, r, was introduced by Collins et al [42] in
their study. It was defined as the ratio of transversée to longi-
tudinal reinforcement, which specified the limits for the appli-
cability of their theory,

In a later paper by Walsh et al [43], the interaction
behaviour for under-reinforced rectangular concrete beams in
bending and torsion was studied. An interaction equation was then

deduced which was in the following form;

(T/Tg)? + M/My = 1.0 (1.13)
where
TO = ultimate torsional capacity in pure torsion for fully
reinforced concrete members,
MO = ultimate flexural capacity in pure bending for fully

reinforced concrete members,

It could be seen from the graph of iteraction curve for torsion
and bending [43] that the trend of the experimental results closely
followed the curves of theoretical equations [42]. The theory also
correctly predicted the substantial decreases in bending capacity
induced by torsion, and vise versa.

Fairbairn and Davies [44] in 1969 made an attempt to improve
the theoretical approach of Evan and Sarkar [41]. Their approach

was essentially the same as later authors, except that the former
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obtained an expression for the inclination of the compression

fulcrum, 8. The true value of B, they believed, would be a
function of the flexural and torsional stresses in the compression
zone, and therefore dependent on the ratio of bending moment to
torsional moment, The assumption of setting 8 fixed at 45°  as

considered by Evan and Sarkar is difficult to consent.

The expression which relates the inclination of the compression

zone, B, to the inclination of tensile cracks on the other three
faces was not original, because that kind of relation was con-
sidered earlier by Collins et al [42].

Large discrepancies were evident between the experimental
ultimate moments and those calculated, using their theory, in
particular for beams 7 and 8 of their own tests.

Pandit and Warwaruk [37], in 1968, reported a theoretical and
experimental study on members reinforced longitudinally and trans-
versely, subjected to bending and torsion. The basis for the
theory was the well known principlc, that the torsional strength
of reinforced concrete member is the sum of the strength of both
concrete and reinforcement.

The observation of the tests let. them to believe, that the
area of the compression zone was not significantly changed by
torsion. But the effect of torsion was to shift this zone from
flexural compression towards the centre of the beam section. This
had the effect of reducing the lever arm of the internal flexural
moment.

The ultimate strength equation obtained can be expressed as;

Tultimate - Tconcrete * Tsteel

The contribution of the concrete to the torsional strength,
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they assumed, was the sum of the stresses of the concrete in the-

compression zone and the concrete in tension zone. The concrete
in compression, they considered, was subjected to a state of
biaxial stress due to combined action of bending and torsion.
Using Cowan's failure criterion [7], two expressions were obtained
for both cleavage and shear unit torsional failures of compressed
concrete in the compression zone., The depth of this zone was
assumed to be a quarter of the cross-sectional area,

Pandit and Warwaruk, however, failed to present an exact
solution for the unit torsional strength of concrete in tension,They
therefore, expressed their solution fluctuating between zero, for
concrete in pure bending, as a lower bound limit, and the value of
maximum torsional capacity of concrete in pure torsion as an upper
bound limit.

The contribution of the steel to the ultimate strength
was assumed to be from both categories of the reinforcement (i.e.
the stirrups and the main bars). The steel was assumed to have
reached its yield strength at failure, providing that enough longi-
tudinal steel existed, both at the top and the bottom of the beam
to resist the longitudinal component of diagonal tension.,

As it was expected, a considerable disagreement was noticed
between the calculated and the experimental values of ultimate
torsional strength, because a large number of assumptions and
simplifications were introduced into the theory.

A similar theoretical approach was developed by Iyengar and
Rangan [15] to examine reinforced members subjected to combined
stresses. They recognized two types of failure, namely torsional
failure and bending failure. For torsional failure the strength

was considered to be the same as the strength of reinforced
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member in pure torsion - explained in section 1,2 earlier on,

In the case of bending failure they assumed that the concrete
in the compression zone was subjected to direct stress due to
applied bending moment and shear stress due to the applied tor-
sional moment. They suggested that the resultant of these stresses
would produce a principal compressive stress accompanied by a
principal tensile stress in the tension zone of the section,
Failure was assumed to have been reached, when these principal
stresses satisfied the following Krishnaswamy's failure criterion

for concrete under compressive-tensile stress;

7 2 =
Gl/fc + (cz/ft) 1.0 (1.14)
where
Oys Oy = principal compressive and tensile stresses respect-
ively
fé, ft = uniaxial compressive and tensile strengths respectively,

Ignoring the difference in the depth of the compression zone
of a member subjected to pure bending and a beam under combined
bending and torsion, the bending stress was expressed in terms of
the uniaxial compressive strength of concrete fé, as fzitk-féq
Where f, was the bending stress for a member under bending and
torsion, and K was a reduction factor of the compressive strength
of concrete due to the existance of torsional shear stress,

In pure bending the flexural stress was assumed to be equal
to the compressive strength fé, therefore, K was expressed as a
ratio of Mb/MbO' Where Mb was ultimate flexural capacity of the
beam under combined bending and torsion and MbO was flexural capa-

city of the beam under pure bending.
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The torsional shear stress was calculated, using the elastic

stress distribution, because they believed that the failure occurred

by crushing of the concrete and the torsional strength would be
in the elastic state,

Comparison, mainly for torsional failure, between the theory
and test results was good. The torsional strength was increased
by increasing the bending moment, except for very high values of
bending moments. Therefore, the existing interaction between
bending and torsion differed considerably for those obtained
by others [8, 43],

Iyengar and Rangan also considered the stiffness of members
under combined bending and torsion., Approximate expressions were
presented to predict the deflection and angle of twist.,

Neither Pandit and Warwaruk [45], nor Iyengar and Rangan [15]
mentioned the different modes of failure, because their approach
was not based on the consideration of equilibrium of forces at the
failure section,

Goode and Helmy [11] presented further experimental and
theoretical work on longitudinally and transversely reinforced
concrete beams under the action of bending and torsion. In the
analysis, they considered the stresses in the reinforcement as
unknowns, because the test results showed many cases of non-yield-
ing. To calculate these stresses they, following Lessig [8],
developed an extra equation of moment about an axis through the
centre of the compression zone and perpendicular to the neutral
axis,

According to Goode and Helmy, there are six modes of failure

by which a beam in bending and torsion may fail. Four of these

were observed in the tests and therefore considered in their analysis.,
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To obtain the solution for the equation, the average com-

pressive stress was assumed to be 0,85 times the compressive
strength of the concrete. The crack angles around the failure
section were also assumed to be 450, where either category of
reinforcement had not yet reached its yield strength,

In the comparison of test results with theory, they favoured
the graphical representation. They considered that the tabulated
form was unsatisfactory, since a false picture of the correlation
could be apparent. They did not impose any limitation on the
application of their theory, and therefore it can be used to
predict the strength of members under pure torsion, for which
only fair agreement can be found.

Jackson and Estanero [46], in 1971, investigated the impli-
cation of the plastic flow law, in relation to the applicability
of current method of plastic analysis, to reinforced concrete
members subjected to both flexural and torsional moments. They
stated that a knowledge of bending-torsion interaction curve
whilst necessary, was not sufficient to enable a plastic analysis
to be carried out. Adequate rotation capacity and also the associ-
ated plastic flow law of the member in the region of the plastic
hinge were equally important. To study this, they tested 80
both symmetrically and unsymmetrically rectangular reinforced
concrete beams under combined action of flexural and torsion
without shear.

From the experiment results, they concluded that the excess
of rotation beyond the proportional limit was sufficient to permit
the required redistribution of moments, followed by the formation
of the first plastic hinge (s), for the subsequent development

of a failure mechanism. The directions of the axes of rotation
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during the pseudo-plastic stage indicated that the use of the

term '"the axis of rotation" by many investigators - when discus-
sing failure in combined bending and torsion, was incorrect., They
believed that component rotations about an axis other than the
axis of rotation indicated by the concrete crushing, must also be
present to provide the resultant axes of rotation observed in
their tests.

Finally, they deduced that the fundamental assumptions of
plastic potential flow law which formed the basis of plastic
analysis of structures was satisfied by reinforced concrete members
under combined action of bending and torsional moments,

Martin [18] in 1973 presented a theoretical solution for
the determination of the ultimate strength of fully reinforced
concrete members in bending and torsion. In that approach the
ultimate load conditions were mainly divided into two cases,
depending on whether all the steel intercepting the failure sec-
tion was stressed to yield. 1In the case of yielding the reinforce-
ment, like Yudin [47], Martin considered moments of forces in
the failure section about two perpendicular axes, omne of which
was parallel to the longitudinal axis of the member. But unlike
Yudin, Martin determined the inclination of the cracks at the’
failure section from the equilibrium of forces.

To arrive at the solution of moment equations the lever arm,
which depended on the value of depth of compression zone, had to
be determined. For this, Martin made use of Cowan's simplified
failure criterion of concrete in compression. He assumed that the
compression zone was subjected to both direct flexural stress due
to bending and shear stress due to torsion.

The comparison of this approach, for 72 beams which failed
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in mode 1, yielded the mean value for T

/ of 1.05 with

test Ttheory

a coefficient of variation of 11.6%, the mean value of 0,97 with
a coefficient of variation of 10,2% for 38 beams failed in mode
2, and a mean of 0,95 with coefficient of variation of 14,8% for
6 beams in mode 3.

For the cases other than yielding case, Martin considered
both partially and completely over reinforced members. To separate
the yielding from non-yielding cases, he made use of the ratio of
actual to critical ratios of transverse to longitudinal steel,
The member was considered to be over-reinforced, when this ratio
was less than 1.0, The critical value of this ratio was obtained
by restraining the tensile crack angles on the sides of the beam

to be equal or less than 45°,

In the case of partially over reinforced members, he considered.

that since the area of transverse steel was low, therefore, it
would most likely be at yield, while the longitudinal steel was
still in the elastic stage. By taking momentsof forces about
longitudinal axis through the centroid of the compression zone,
in one side of the section, fixing the crack angle at 45° and
approximating the lever arm to the larger dimension of stirrup
legs, Martin obtained an expression to calculate the ultimate
torsional strength. The method was conservative, When compared

/

with 120 experimental results, yielded the average value of Ttest

T of 1.10 with a coefficient of variation of 22.9%.,
theory
In the case of completely over reinforced concrete members,
although Martin pointed out the possibility of the test results
which had been reported as over-reinforced members were in fact

partially over-reinforced. He presented an empirical expression for

the ultimate strength of completely over-reinforced section, based
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on a few experimental results by Hsu [10].

The expression was mainly a function of the root square
of cylinder compressive strength of concrete, and the dimension
of the section as well as the ratio of transverse to longitudinal
steel,

Lacking sufficient experiméntal results for this case of

failure, Martin was unable to verify his expression,

1.4.3 Bending, Torsion and Shear

Although the general case of combined bending, torsion and
shear in reinforced concrete members is more likely to occur in
practice, it has received little attention until recently,

The interaction behaviour between these combined loads has not
been clearly understood. Noneof the different theories, reviwed
so far can analyse a distinctive as well as the common cases of
load combination.

One of the first concerned with this problem was Lessig
[8]. 1In 1958 she proposed a theory, based on test observation,
to predict the ultimate capacity of members subjected to torsion
combined with bending and shear, She concluded, also from the
tests, that when a reinforced concrete beam subjected to bending
and torsion with a moderate amount of transverse shear, failure
was taking place by bending about a skew axis through the com-
pressed zone on one of the sides - mode 2.

The theoretical equation was derived, based on the equilibrium
condition of moments and forces at the failure section. With a
high ratio of bending to torsional moment and small shear, failure
was caused by bending about a skew axis in the top of the failure

section.(i.e. mode 1). 1In this case shear may be ignored and the
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case considered as combined bending and torsion only. The
resulting equation was too complicated for practical purposes, and
later she proposed a simple empirical relation between shear

and torsion [34]. When shear was too high, she confirmed that the
failure was one of shear, and the shear strength might be approxi-

mately expressed as;

V = VO = 3:T/b

For a member with moderate shear (mode 2), Lessig suggested

the relationship;

Veb/2 = TO - T

where VO and TO were the ultimate shear strength in bending
and shear alone, and the torsional strength in pure torsion,
respectively.

It must be recalled that the principal assumption in Lessig's
approach of ylelding of all reinforcement crossing the failure
section is not always valid as shown by many of the reported
test results [9, 10, 117,

To verify her theory, Lessig performed an extensive test
programme on rectangular reinforced concrete beams under combined
loading [35]. She confirmed that the recommended formula estimated
the ultimate strength reasonably well, in particular when the
yielding occurred. For those beams the ratio of experimental
torsional strength to the calculated strength varied between 1,01
to 1.28, but for 9 of Ernst's test beams [20], this ratio was
in the range of 0.72 to 1.13. The greatest inaccuracy in the

theory was for certain beams in which the flexural moment was

very small.




It should be noted that the limitations imposed on the theory
were empirical aswell as the expression for over-reinforced member
to calculate the torsional resistance.

In all the test beams the horizontal and vertical legs of
transverse steel were spot-welded alternatively to the longitudinal
bars - i.e, not in the form of closed links.

Further tests were conducted by Laylin [9] in reinforced
members under combined action of bending torsion and shear. The
main objective was to determine the optimum ratio of longitudinal
to transverse steel and to define empirically the steel limit at
which failure of concrete occurred before the reinforcement
reachgd the yield point. Laylin, based on one set of his test
results, concluded that Lessig's theory produced satisfactory
results only when the ratio of transverse to longitudinal was
within specified empirical limits. He also deduced that compres-
sion in the concrete could produce failure even though none of

the longitudinal steel and stirrups reached their yield strength,

In the analysis, Yudin modified Lessig's skew bending approach,

He formed the theoretical equations by resolving moments of forces
about the longitudinal and transverse axes of the bean, assuming
constant tensile crack angle of 45° spiralling around the three
faces. This assumption has been referred to as incorrect, partic-
ularly for beams tested under combined loadings with high ratio
of flexural to torsional moments. An interaction between bending
and torsion was then applied which produced an equation for the
ultimate torque. t was essentially the same as Rausch's equation,
This equation, however, suggests that variations in the magni-
tude of bending moment or the amount of longitudinal steel does

not affect the torsional strength of a member, whereas tests have




indicated that this is not true.

When shear was present, he suggested, for the purpose of
design, that the shear force could be replaced by an equivalent
torque equal to Veb'/2, 1In order to obtain the effective total
torque the equivalent torque should be added to the actual torque,
then the area of steel required to resist ultimate torque could be
calculated,

Yudin [48], in 1964, published the result of tests on rein-
forced concrete beams, designed in accordance with rules proposed
by himself in the earlier paper [47]. He deduced that Lessig's
design equation yielded reasonable agreement with the experimental
results, although his equation provided more accurate estimations
of the ultimate strength,

Collins et al {42] in a report published in mid 1966 pre-
sented a method to design rectangular reinforced concrete beams
subjected to combined torsion, bending and shear. By making
certain modifications to Lessig's theory, they obtained a fairly
simple method for design of rectangular beams with both transverse
and longitudinal steel., In that report equations were developed
for two principal modes of failure (i.e. modes 1 and 2), as well
as a third failure mode.in which . inclined tension cracks
opened up across the top and side faces and failure occurred by
rotation of the beam about a hinge located near the bottom face,
To preserve the nomenclature of Lessig, this mode of failure was
therefore called mode 3.

They deduced from the tests that mode 3 failure might be
superseded in beams where there was a deficiency of top steel and
subjected to predominantly torsional moment,

The final solution for their equations required the deter-
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mination of the inclination of compression hinge to optimise the

ultimate torque. The resultingexpression was mainly a function of

the ratio of torsional to bending moments and the reinforcement.,

Their work could be well criticized analytically for the
simplifications entailed, such as ignoring the depth of compression
zone in mode 2 failure. Collins et al also ignored the contribution
of the shear force in analysing modes 1 and 3 failures, To pre-
vent types of failure other than the yielding, such as shear and
compression, empirical expressions to limit the range of applica-
bility of the theory were introduced,

To prevent a compression failure in torsion, the overall
dimensions should be such that; T/bgh-fé < 0.07. To prevent
compression failure in bending, the percentage of main longitudinal

steel should not exceed that given by; p = 0.4f'/f

/s where f2

1
was the yield stfength of longitudinal steel near the bottom

face of the beam. To prevent shear failure, the ratio of applied
shear force to the ultimate shear of the member in simple bending
as computed from ACI 318-63 Code equation, should be less or
equal to 0.5.

Furthermore, for low values of parameter r, which related
transverse to longitudinal steel, the main bars might not reach
their yield strength. In order to supervene the yielding,
Collins et al made use of an optimum design value for parameter

T, which they called T Relying on a large number of tests,

0°
which satisfied the restrictions set out above, and subjected to
bending and torsion only, Walsh et al [49] in a later paper showed
that the analysis presented by Collins et al [42] was consistent

and accurate for beams with values of r/rO greater than unity.,

The prediction by the theory was low (i.e. conservative),
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particularly for beams failing in modes 1 and 3, but generally fol-
lowed the trend of the tests., Applying this method on 26 of

Lessig's and Laylin's beams which satisfied the restrictions

imposed on the theory and subjected to one point loading produced

the mean value of T /T of 1.28 with standard deviation

test’ “theory

of 7%, It is also interesting to note that this ratio, for
83 beams, mainly of Lessig's, which did not satisfy all the limit-
ations, varied between 0.75-2.86 with a standard deviation of 30%.

Osburn [50] in his thesis described tests on reinforced
concrete beams in bending, torsion and shear. The purpose of
these tests was to assess the behaviour of reinforced
concrete beams designed in accordance with the proposals put for-
ward by Mattock [S51], and therefore ultimate strength was not con-
sidered. The test results confirmed that the proposals in the
paper "How to design for torsion' [51] were reasonably conservative.

In 1970 McMullin and Warwaruk [52] presented an experimental
and theoretical investigation into the behaviour and ultimate
strength of rectangular reinforced concrete members subjected to
torsional moment combined with bending moment and vertical shear.
The tests were designed to study the effect of transverse shear
on the torsional strength of reinforced beams with stirrups,

The ultimate strength analysis was based on the theory
developed by Lessig in 1958. They, however, advanced this analysis
by deriving an equation to predict ultimate strength for beams
failing by rotation about a skew axis located in the vicinity of
the bottom reinforcement (i.e. mode 3), as was recognized first by
Walsh et al [19]. The ultimate torsional moment was calculated
from one equilibrium équation of the internal and external moments,

To find an optimum value of the torsional moment, this equation was
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differentiated with respect to the longitudinal projection of the

compression zone. An expression for the depth of compression zone

was also obtained from the equilibrium of forces perpendicular to
the inclined failure section,

Finally an iteraﬁive procedure was used to find the values of
the longitudinal projection and the depth of the compression zone, and
eventually the ultimate torsional moment.

They concluded that in beams subjected to point loads with
constant torsional moment, mode 1 failure was critical in the
region of highest bending moment, and mode 3 failure was critical
in the region of lowest bending moment. Also the mode of failure
predicted by the analysis agreed well with the observed mode of
failure,

McMullin and Warwaruk checked the accuracy of the theory
against thelr experimental results only, which showed good agree-
ment. However, reasonable correlation was also obtained by Elfgren
et al [53], for eleven of their tested beams,

In an attempt to obtain a reliable ultimate load method for
design of rectangular reinforced concrete beams in torsion,
combined with bending and shear, Swann [54] reported an eiperimental
investigation in 1970. He adopted the hypothesis that torsion
could be separated from bending and shear. It was considered to
be resisted by the additional reinforcement other than that
required for bending and shear by an amount equal to that which
would be required for pure torsion.

He considered the ultimate torsional strength equation as in
equation (1.10). Tc,representing the part of torque resisted by

the concrete, was equated to zero, because Swann failed to explain
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the true nature of its value., The factor k was believed to be a

variable, and also it was likely to be influenced by the shape

of the section and the ratio of concrete cube strength to steel
yield strength. It was therefore investigated and a constant
value of 1.2 was deduced from the experimental results,

In the report the validity of the design formula was not
checked against the test results, which makes it difficult to
assess the work. It however, 1is clearly shown by Martin [18]
that Swann's approach in fact overestimates the torsional strength
for reinforced member subjected to high bending moment., There-
fore it should not be relied upon as Swann claims for design
purposes, even if a material factor is introduced.

Recently a theoretical investigation of ultimate strength
for members under combined loadings (i.e. torsion, bending and
shear) was presented by Elfgren et al [38]. Making use of both
the bending equilibrium method and the truss-analogy method, a
simple and rational interaction equation for reinforced concrete
beams under torsion, bending and vertical shear was developed.

The three basic modes of failure were studied, and interaction
equation for each failure mode was established.

In the analysis, two equilibrium equations for moments about
two perpendicular axes, one of which was parallel to the longitudinal
axis of the beam through the centre of the compression zone were
considered. A third equation for the shear force - by resolving
the external and internal forces along the vertical direction, was
also established.

After simplifications and certain assumptions such as yield--
ing of both reinforcement categories at failure, an interaction

equation from the above three equations was derived, and arranged
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in the following general non-dimensional form:

M/My + (T/TO)2 + (V/VO)2 = 1.0 (1.15)
where
M,T,V = applied bending moment, torsional moment and
shear force respectively, under combined loadings.,
MO’ TO’ VO = ultimate strength in pure bending, pure torsion

and shear respectively,

At failure the inclined failure section was studied, This
inclination varied from face to face due to variation in shear and
tensile stresses in the different faces of the beam. An important
point to be noticed in their analysis was that Elfgren et al [38]
had considered the inclination of the compressive struts of the
concrete between the cracks, and not the inclination of the actual
tensile cracks.

In the light of available experimental evidence, however, it
1s difficult to visualize this phenomena as part of the analysis,
It is also difficult to justify the complete dependency of the
inclination of the struts on the ratio of the amount of longitudinal
reinforcement and the amount of stirrups. Again tests have shown
that the applied loads play an important part in shaping the fail-
ure section.

Elfgren et al suggested that to ensure the yielding of both
categories of reinforcement the above ratio (i,e. reinforcement
ratio) should have such a value which restrained the value of
cotaT within the range; 0.5< cotaT <2.0. No further explanation
was given into the source of the confined boundary,

The main conclusion was that the inclination surface for the
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three analysed modes, namely modes 1, 2 and 3, together formed an
interaction surface which governed the load-carrying capacity for
a reinforced beam,

A graphical representation of a few test results was presented
in the paper to check the accuracy of the analysis, which in fact
was not sufficient to draw a final assessment. In general, how-

ever, the test results followed the trend of the theoretical curve.
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CHAPTER TWO

EXPERIMENTAL WORK

pomd

INTRODUCTION

o

Literature surveys which have been carried out by many research
workers in past years and by the author indicate that there is wide
information on plain and reinforced concrete members, with or with-
out web reinforcement, for the case of pure torsion or torsion
combined with bending. However, for the most important and practical
case of torsion combined with bending and vertical shear less infor-
mation 1s available., The test programme, which is presented in this
chapter, was designed to investigate certain strength parameters

for reinforced concrete members subject to combined loading.

2,2 TEST PROGRAMME

A total of 38 simply-supported reinforced concrete beams were
prepared and tested. The beams were divided into four series, all
having rectangular cross-sections (square for beams Dl and DR1 of

series D). An outline of test programme and the dimensions of the

ct

est beams are given in table 2.1 and figure 2,1 respectively.

Beams in SERIES A were designed and tested in order to investi-
gate the effect of concrete strength on the ultimate capacity of a
member under the combined action of torsion,bending and shear. The
series was subdivided into Group A, which was comprised of nine
beams and Group AR, which was comprised of three beams,

Beams of SERIES B were prepared and tested to investigate
the effect of stirrup spacing and subdivided into two groups, seven

eanms for Group B and three beams for Group BR.

The area of the longitudinal reinforcement was investigated in




SERIES C, which was subdiyided into two groups. Group C contained
five beams, and Group CR contained three beans.

Dimensions of the cross-section affect the stiffness chara-
cteristics and ultimate strength of the structural members; and
SERIES D was therefore designed and tested in order to study the
effect of dimension properties on torsional strength., This series
was subdivided again into two groups, five beams in Group D and
three beams in Group DR.

The main difference between the two groups of each series was
the distribution of the longitudinal reinforcement. Beams of the
first group contained an equal amount of compression and tension
steel, while beams in the second group (affixed with letter R)
contained a lower amount of compression steel, except beam CRI1.

Beams in groups A, B, C and D and beams BR4, BR7 in group
BR, were loaded in combined torsion, bending and vertical shear,
according to the loading arrangement shown in figure 2.2,

The loading system shown in figure 2.3 was applied to beams in
group AR, CR, DR and beam BR2, In order to ensure that the com-
pression zone formed in the bottom half of the beam (Mode 3), these
beams were subjected to a large torsional moment., The beams also -
as stated above -~ had a large amount of longitudinal reinforce-
ment in the tension side, and the bending moment and vertical

shear force was introduced by the dead load of the test beam.

It can be seen from table 2,1, that ¢5 mm diameter steel was
used for stirrups in beams of group A, series A, but for group AR
and the remaining three series ¢6 mm diameter mild steel bars were
used. Every possible effort was made when manufacturing the con-

crete for series B, C and D to produce a constant strength,




. . s Mean
Series | Beam | M:T:Vh* mg m; [ongitudinal Steel Stirrups Target fé<

bottom | top Size | Spacing 28 days

Al 3:1:0,3 1175 | 100 $10 $10 $5 70 10

A2 3:1:0.,3 1175 | 100 $10 910 $5 70 13

A3 3:1:0.3 ]175 { 100 ¢10 $10 $5 70 15

A4 3:1:0.3 1175 | 100 $10 $10 ¢S 70 20

A5 {3:1:0.4 {175 | 100 $10 $10 $5 70 25

A6 | 5:1:0,5 175 | 100 ¢10 $10 $5 70 30

A A7 13:1:0,3 1175 | 100 $10 310 $5 70 30
A8 3:1:0.3 {175 | 100 ¢10 $10 $5 70 40

AS [ 3:1:0.4 | 175 | 100 610 $10 $5 70 65

AR4 1 0,2:1:0 1175 | 100 $10 96 $6 80 20

ARS }0,2:1:0 |175 | 100 $10 96 $6 80 25

ARS | 0,1:1:0 1175} 100 $10 96 $6 80 65

B1 2:1:0.2 | 175 | 100 $10 $10 $6 25 25

B2 2:1:0,3 {175} 100 $10 $10 96 40 25

B3 2:1:0.,3 {175 | 100 $10 %10 0§} 60 25

B4 3:1:0.,3 | 175 | 100 ¢10 $10 96 80 25

BS 3:1:0.3 {175 | 100 $10 910 96 100 25

B B6 3:1:0,3 1175 | 100 $10 $10 66 120 25
B7 3:1:0.4 1175 | 100 $10 $10 96 200 25

BR2 0.2:1:0 {175 | 100 $10 $6 96 40 25

BR4 3:1:0.3 | 175 | 100 $10 06 96 80 25

BR7 2:1:0.2 {175 | 100 $10 96 96 200 25

Cl 3:1:0.4 | 175 | 100 $6 96 %6 80 25

C2 3:1:0,3 | 175 | 100 $8 $8 96 80 25

C3 2:1:0,2 {175 | 100 $10 $10 96 80 25

C4 2:1:0,2 {175 | 100 $12 $12 06 80 25

c C5 2:1:0.,2 175 | 100 $16 916 $6 80 25
CR1 0.2:1:0 | 175 | 100 $6 6 $6 80 25

CR3 | 0,2:1:0 |175 | 100 $10 96 %6 80 25

CR5 | 0,2:1:0 |175 | 100 $16 96 96 80 25

D1 3:1:0.3 {150 | 70 $10 $10 $6 100 25

D2 2:1:0.2 {150 { 90 $10 $10 $6 100 25

D3 2:1:0.2 }150 | 110 $10 $10 96 100 25

D4 2:1:0,2 {150 {130 ¢10 $10 66 100 25

D D5 2:1:0.2 |150 | 150 ¢10 $10 $6 100 25
DR1 |0,2:1:0 {150 | 70 $10 $6 96 100 25

DR3 | 0,2:1:0 |150 {110 $10 06 96 100 25

DR5 | 0,2:1:0 |150 | 150 $10 96 $6 100 25

* Approximate ratios between applied loads at mid-span

TABLE 2.1: Test programme, general outline
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FIGURE 21: Cross sections and dimensions of the test beams

( for more details see tables 2.2 and 2.3)
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FIGURE 2.2 :Loading arrangement for groups A,B,BR(except beam BR2),C
and D.
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2.3 MATERIAL PROPERTIES

2.3.1 Steel and Reinforcement '’ Ldayout

All reinforcement used was mild steel bar; Samples were
tested in accordance with the British Standard Specification (BS
1881) in order to determine the yield point and ultimate strength.
An idealized stress-strain curve is presented in figure 2.4, The
reinforcement properties for all the beams are given in detail in
tables 2.2 and 2.3. Each reinforcement cage was made from four
longitudinal bars bound together with vertical closed stirrups of
a specified diameter and spacing, with one longitudinal bar in
each corner, as shown in figure 2.5,

From table 2.2 it can be seen that only in beams of groups
A, B, C and D the Iongitudinal steel was distributed symmetrically
around the corners, while smaller diamete; toﬁ steel was provided
for beams in groups AR, BR, CR (except CR1) and DR, As mentioned
earlier, only the stirrups for group A beams were made from a
mild steel of low (260 N/mmz) nominal yield strength, and only for
these beams a region of 500 mm at both ends was heavily reinforced

in order to avoid failure near the supports.

2.3.2 Concrete Mix and Quality Control

The concrete was proportioned for a target cylinder compres-
sive strength of 25 N/mm2 at 28 days, for series B, C and D, and
a different compressive strength for series A (see table 2.1).
The concrete used in all the test specimens was a mix from Ordinary
Portland Cement, local zone 3 sand with crushed aggregate of 10
mm maximum size and tap water. To manufacture the concrete a

"Linear Cumflow 1A" mixer of .25 m3 capacity was used. From each
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batch of concrete one test beam, three 100 x 100 mm cubes, three
100 x 100 x 500 mm modulus of rupture beams and four 150 X 300 mm
cylinders were cast, Formica coated plywood formwork with an over-
all length of 3000 mm and section dimensions as shown in figure
2,1 was used for the testing beams, and standard steel moulds for
the control specimens. The concrete was vibrated during the
casting using a 25 mm diameter poker vibrator, eﬁcept for beams
Bl, D1 and DRl and their specimens where a table vibrator was used.
After 24 to 48 hours the sides of the form_work were removed
leaving the beam on the base for seven days, while the moulds

were stripped. The beam and the specimens were kept in the curing
area (plate 2.1) wunder damp hessian which was automatically
sprayed with water once or twice a day fo? approximately 25 days
(except beam Al which kept for 5 days only). One to two days
before testing they were removed and left in the laboratory
condition, allowing the surface to dry.

The control Specimensvwere tested according to British Stan-
dard Specification (BS 1881) on the same day as their correspon-
ding beams. The cubes were tested to determine the cube comp-
ressive strength fcu° The prismatic beams were used to determine
the standard modulus of rupture fro Two of the fours cylinders
were used in order to determine the indirect tensile strength ft
(Brazilian method), and the remaining two were used to determine
the cylinder compressive strength fé and the modulus of elasticity
of the concrete Ecu

Table 2.4 presents the mix proportions for the concrete, the

date of casting, the method of storing and target strength of the

concrete.
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Bottom Steel Top Steel Web Steel
Beam
$mm f N/mm2 ¢mm £ N/mm2 ¢mm | f N/mm2 S mm
' by ty Wy '
Al 10* 10* 5 70
A2 10* 10* 5 70
A3 10* 10* 5 70
A4 10* 10* ) 70
A5 10* 335,26 10* 335,26 ) 259,80 70
A6 10* 10* 5 70
A7 10* 10* 5 70
A8 10* 10* 5 70
A9 10* 10* 5 70
AR4 10 6 6 80
ARS 10 340.42 6 393.52 6 393.52 80
AR9 10 6 6 80
Bl 10 10 6 25
B2 10 10 6 40
B3 10 10 6 60
B4 10 340,42 10 340,42 6 393,52 80
BS 10 10 6 100
B6 10 10 6 120
B7 10 10 6 200
BR2 10 6 6 40
BR4 10 340,42 6 393.52 6 393.52 80
BR7 10 6 6 200
Cl 6 393,52 6 393,52 6 80
C2 8 294,78 8 294,78 6 80
C3 1 340.42 10 340,42 6 393,52 80
C4 12 325.97 12 325,97 6 80
CS 16 320,47 16 320.47 6 80
CR1 6 393,52 6 6 80
CR3 10 340,42 6 393,52 6 393.52 80
CRS 16 320.47 6 6 80
D1 10 10 6 100
D2 10 10 6 100
D3 10 340,42 10 340,42 6 393,52 100
D4 10 10 6 100
D5 10 10 6 100
DR1 10 6 6 100
DR3 10 340,42 6 393,52 6 393,52 100
DR5S 10 6 6 100

* See Table 2.4

TABLE 2.2:

Reinforcement details
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Bars Arga Yield SEr. Ulti. St;. Mod. onEla
mm fy (N/mm™) ** fﬁ1° (N/mm#) ** ES(N/mm ) **
$5* .196 259,80 296,67 -
$6 «283 393,52 545,64 202,380
$8 .503 294.78 479,71 206.251
$10* .785 335,26 474,79 -
$10 . 785 340,42 494,78 203.891
12 1,131 325,97 499,53 204.641
16 2.011 320.47 491.77 198,288

* Bars used for group A only

** The average results of three samples

TABLE 2.3: Reinforcement properties
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Method, storing
Ream | Desion Mixes Cement Date-of and Age Target St.
S N/one batch Casting . N/mm?
® | form damp air

Al 1:4.0:4,0:0.90 251.8 15.07.1977 1 5 1 10
A2 1:3.2:4,.8:0.90 251.8 20.05.1977 1 26 1 13
A3 1:2.9:4.3:0.80 252.9 28.03.1977 1 26 1 15
Ad 1:2.7:4.0:0.75 270.5 08,03,1977 1 26 1 20
AS 1:2,3:3.5:0.65 307.2 22.02,1977 1 26 1 25
A6 1:2.,0:3.1:0.58 343.4 11.02.1977 2 25 1 30
A7 1:2,0:3.1:0.58 343.4 07.04.1977 1 26 1 30
A8 1:1.8:2.8:0.48 375.9 01.02.1977 2 24 2 40
A9 1:1.0:1.5:0.33 669.2 10.06.1977 | 4 22 2 65
AR4 $2.7:4.0:0.75 207.5 18,05,1978 1 26 1 20
ARS 1:2,3:3.5:0.65 307.2 01.06.1978 1 26 1 25
AR9 1:1,0:1.5:0.33 669.,2 15,06,1978 1 26 1 65
Bl 20.12.1977

B2 08.09.1977

B3 25.08.1977

B4 1:2.3:3,5:0.65 307.2 03.08.1977 1 26 1 25
B5 19.07.1977

B6 07.07.1977

B7 15.12,1977

BR2 20.04.1978

BR4 1:2.3:3.5:0.65 307.2 06.04,1978 1 26 1 25
BR7 04.05.1978

Cl 20.10,1977

C2 05.05.1977

C3 1:2.3:3.5:0.65 307.2 03.11.1977 1 26 1 25
c4 17.11,1977

CS 08.11.1977

CR1 29.06.1978

CR3 1:2,3:3.5:0.65 307.2 01.06,1978 1 26 1 25
CR5 13.07.1978

D1 23,03.1978

D2 08.03.1978

D3 1:2.3:3.5:0.65 328.7 23.02,1978 1 26 1 25
D4 09.02.1978

D5 25.01.1978

DR1 : : 17.08.1978

DR3 1:2,3:3.5:0.65 328.7 03.08.1978 1 26 1 25
DR5 27.07.,1978

TABLE 2.4: Proportion properties for the concrete mixes; date of casting,

method of storing, and target strengths.
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2.4 TEST PROCEDURE

The frame used for testing the beams is shown in plates 2,2

and 2.3,

At the commencement of the test the side faces of each beanm
were cleaned and marked from mid-span towards both ends with
horizontal and vertical lines in a plane normal to the axis of
the beam, in order to plot the formation of the crack#. The
cracks were plotted on graph paper at the end of the test. The
beam was arranged on the test rig after the torsion out-rigger

arms (figure 2.6) had been clamped and secured at both ends. A

general view of the rig with test beam subject to the combined
action of torsion, bending and shear is shown in plate 2,2,

Plate 2.3 shows a general view of the beams tested approximately
in pure torsion. Then the wires, which were soldered to the leads
of electrical strain gauges fixed on the reinforcement and water
proofed (section 2.4.1) prior to the Casting; were connected to

a junction box and then to a''Rekel' box. Three mechanical defle-
ction gauges were then placed, one at the centre of the span, and
one at the end of each of the torsion arms (see plate 2.2). Just
before the test started the top surface of the beam was made
level.

Immediately before the test the initial deflection and strain
gauge readings were recorded. The experiment was started by applying
constant load increments, in accordance with the appropriate
loading arrangement and sequence for each beam (see section 2.4.2)
until failure occurred. Failure occurred when the limit of rotation

arms had been reached and the strain gauges had reached the limit.

After considerable stability of the loads, between each two

increments the deformation readings were recorded, and the crack
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formation and extension were carefully traced, New cracks were
marked with their respective load increments on all sides of the

beam, The time needed for each single stage varied between 10

and 15 minutes,

2.4.1 Testing Equipment

The flexural shear load was applied to the beam transversely
at mid-span as a point load, using a hydraulic jack connected to
a "losenhausen'" pump. It was transmitted to the beams by means
of a 100 x 150 mm cross-section bearing pad. The bearing pad
consisted of needle bearings and roller bearings arranged in such
a way as to provide overall axial and rotational freedom.

The torsional load was introduced by means of eccentric
forces applied from a jack of 300 kN capacity (independent of the
flexural jack) to the right outrigger arm. The yokes were fixed
securely at a distance of 50 mm from the ends, using steel wedges
and bolts, and supported on a combination of bearing pads of
similar arrangement to that used at mid-span. The left outrigger
arm was secured firmly to the testing frame using a 32 mm diameter
threaded mild-steel bar, whilst the right was connected to the
torsional load jack through a 50 kN capacity and .0299 kN sensi-
tivity tensile proving ring (the calibration chart is given in
reference [55]) via a 32 mm diameter bar (figure 2.6). This systenm
was designed and employed by Wainwright [55]. Mechanical "Batty"
dial gauges with 2 in and 25 mm travel and sensitivity of .00l in
and .01 mm respectively, were used throughout the tests. Tokyo
Sokki Kenkyujo type PL-5-11 electrical resistance strain gauges
of Smm length, 120 # .3 resistance, and of 2.05 average gauge

factor, were used to measure the strain in the reinforcement. To
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obtain the strain for the concrete compressive cylinders and hence
the modulus of elasticity, PL~60-11 of 60 mm gauge length; 120
.3 resistance; and of 2,10 average gauge factor were used;
M-Bond 200 adhesive, and M-Coat Miéro-Measurements product were
used for glueing and water-proofiné the strain gauges respectively,
(The procedure is eXplained in detail by Alos [56])! The univer-
sal '"Peekel" electric strain indicator type B103U and extension
box type 48U was used to record the steel and concrete strain
readings throughout the test programme except beams in group BR
and beam D1 for which - Intercol Systems Compulog Alpha 16 Data
Logger - was used for reading the steel strain only, The detailed
information about the programming is given by Cooper [57]. The
Dennison compression and bending machine was used for testing
the control specimens, and the Dennison tension machine was used
for testing the steel samples.

The concrete was vibrated with a 25 mm diameter "TRIMIX"
poker vibrator of 50 revolution per second frequency. This was
used throughout, except for beams Bl, D1 and DR1, where a table

vibrator of changeable frequency was used.

2.4.2 Loading Scheme and Sequence

As it has already been stated in section 2.2, two types of
loading arrangements were used throughout the experimental work.,
The schematic drawings are given in figures 2.2 and 2.3.

For beams loaded in combined torsion, bending and vertical
shear (type one load system, figure 2.2), the first bending load
increment of 0.981 kN was applied to the test beam, then
immediately the first increment of 0.598 kN of torsional load was

applied using the right-hand side outrigger arm. After the
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stability- of the loads the deformation readings were recorded,
and the first crack formation readings were detected. The second
load stage was then applied by increasing the flekural and tor-
sional loads respectively with the same load ratio and sequence
as in the first stage; This was repeated up to failure,

All the beams of group A were tested in this way e&cept beam
A6 where the bending load increment for the first three stages
was 2.45 kN and 0.981 kN thereafter as for the rest of the beams
in this group. The same procedure was conducted for beams in
groups B, C and D and beams BR4 and BR7, except in these beams
the flexural load was maintained in different stages, for
different groups and different beams, as can be seen from
Appendix B, whilst the torsion load was increased in stages
to failure.

For those beams loaded in very high torsion (type two load
system, figure 2.3), the torsional loads were increased in equal
increments of 0.598 kN until failure was reached. As it is viewed
in plate 2.3, in testing these beams the fleiural jack was dis-
connected and the centre-span bearing pads were removed.

Since the self-weight of the testing beams and the attached
apparatus gave rise to the applied bending and torsional loads,
the correction for the influence of the dead loads was made and
has been included in the reported bending and torsional loads,
The change in length of the torsional lever arm when twisting of
the beams occurs has been ignored, since at a maximum the error

involved is 0.01%.

2.4.3 Instrumentation

All test beams were instrumented for both displacement (deflec-

tion and twist) and deformation (reinforcement strain).
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Vertical deflection (dm, mm) was measured directly under the
bending load (i.e., at maximum moment) using a Batty dial gauge.

The angular rotation (Ar rad/1000 m) for the test beams was

evaluated from the recorded measurements of the two mechanical dial
gauges. Each of the dial gauges was secured in place on the outer
end of the torsional arm, so that the gauge needle was touching

the top surface of the grab end of the 32 mm diameter bar., A
diagram is given in detail in figure 2.6, The dial gauges measured
the vertical displacement at the outer end of the torsional arms.

From the change in slope of the arms, the angular rotation was

calculated for each stage. In those cases where the bending and

torsional deflections were higher than the maximum capacity of the
dial gauges, the gauges had to be reset, sometimes more than once.
All the beams were instrumented for steel strain € using
electrical resistance strain gauges (section 2.4,1). A total of
eight strain gauges were used for each beamo Four of them were
stuck on the longitudinal steel (one each) and the other four on
the legs of a single stirrup. As ekplained in section 2.4.1, the
strain reading in the steel was obtained for each particular stage
by the Data Logger for beams in group BR and beam D1 only, and
manually using the Peekel box for the others. The type, adhesive
and coating was described in section 2.4.1 above, Their location
and distance from the centre of the span are given in table 2.5.
For reason of economy, only the predicted critical (failure)
region was instrumented for each béamu Concrete deformation mea-
surements for the beams were also not taken to reduce the number of

strain gauges used.
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Location of the Location of the strain gauges {mm)
Beam | failure section
from the C.P. (mm) Stirrups Longit, Steel
Al 75 RCP* 70 RCP 35 RCP
A2 0O CP 70 RCP 35 RCP
A3 15 RCP 70 RCP 35 RCP
A4 50 RCP 70 RCP 35 RCP
AS 150 RCP 70 RCP 35 RCP
A6 75 RCP 70 RCP 35 RCP
A7 60 RCP 70 RCP 35 RCP
A8 35 RCP 70 RCP 35 RCP
AS 75 RCP 70 RCP 35 RCP
AR4 1100 RCP 80 RCP 40 RCP
ARS 1100 RCP 80 RCP 40 RCP
ARS 1025 LCP* 1100 LCP 1140 LCP
Bl 50 LCP 50 RCP 38 RCP
B2 75 RCP 60 RCP 80 RCP
B3 125 RCP 60 RCP 30 RCP
B4 75 RCP 40 RCP 80 RCP
BS 150 RCP 50 RCP 100 RCP
B6 600 RCP 60 RCP 120 RCP
B7 875 LCP 200 RCP 100 RCP
BR2 1150 LCP 80 RCP 60 RCP
BR4 1200 RCP 80 RCP 40 RCP
BR7 1125 LCP 200 RCP 100 RCP
Cl 75 RCP 80 RCP 40 RCP
C2 70 RCP 80 RCP 40 RCP
C3 1200 RCP 80 RCP 40 RCP
o 1325 LCP 80 RCP 40 RCP
) 1350 RCP 80 RCP 40 RCP
CR1 300 LCP 1000 LCP 960 LCP
CR3 1100 RCP 80 RCP 40 RCP
CR5 1200 LCP 1000 LCP 960 LCP
D1 300 RCP 100 RCP 50 RCP
D2 180 RCP 100 RCP 50 RCP
D3 170 RCP 100 RCP 50 RCP
D4 150 LCP 100 RCP 50 RCP
D5 150 RCP 100 RCP 50 RCP
DR1 850 LCP 900 LCP 850 LCP
DR3 1170 LCP 1000 LCP 950 LCP
DRS 250 LCP 900 LCP 850 LCP

* RCP, LCP Right and Left of the Central Plane

TABLE

2,5:
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Location of the failure section and the strain gauges
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PLATE

2.1

General layout of the formwork and curing area




PIATE 2.2 General view of the testing rig for

the combined action of torsion, bending and she:




PLATE 2.3 General view of the testing rig, for beams tested in high

torsional moment




CHAPTER THREE

EXPERIMENTAL RESULTS

3.1 INTRODUCTION

Relatively little ekperimental work with regard to reinforced
concrete beams subject to torsion, bending and shear; has been
carried out in the past few years. Far less 1s known about the
deformation behaviour and characteristics during the loading stages.,
Some recent works [58, 59] have, however, improved the situation,
and the report by Walsh et al [19] in 1966 was one of the first to
consider this matter.

The theoretical analysis of a member at ultimate load requires
a detailed knowledge concerning the state of stress and deformation
through various stages of loading. The detailed measurements
recorded during the experimental work presented in this chapter, will
be used later to develop the theory.

In this chapter the average strength of the control
specimen, the loads at the first visible crack and at ultimate
strength as well as the observed mode of failure are given. Deflec-
tion and rotation are plotted against both torsion and moment and
also failure pattern and inclination of the cracks on the faces of
the beam are considered. The behaviour of each individual beam
from the first visible crack .till failure 1is described, but over-

all behaviour at various load stages is tabulated in the appendix.

3.2 PRINCIPAL TEST RESULTS

Results obtained from the experimental work can be divided
into those recorded from testing the control specimens, and those

for the reinforced concrete test beams.
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3.2.1 Control Specimens

The characteristic strengths of the control specimens for the
test beams are given in table 3.1. The values given in this table
for cube compressive strength (fcu),Acylinder compressive strength
(fé), splitting tensile strength (fsﬁﬂmodulus of rupture (fr) and
modulus of elasticity (EC), are the average values obtained from
testing 3 cubes, 2 cylinders, 2 cylinders, 3 prismatic beams and
(2 cylinders) respectively, unless otherwise indicated., The method
used to obtain the modulus of elasticity is explained in Appendix

A.
3.2.2 Test Beams

The applied load P, bending moment M, torsional moment T and
vertical shear V at first visible crack and at ultimate load in
the mid-span are given in table 3.2, The observed mode of failure
is also stated in this table. In some cases it was not possible to
specify the exact failure mode from the appearance of the beam at
failure, and therefore two modes are reported, with the most pre-
dominant one first.

The applied torsional moment and measured bending moment and
vertical shear, at the failure section, are presented in table 3.3,

The location of failure section (table 2.5) is measured from
the mid-span (i.e. central plane - which is normal to the longi-
tudinal axis of the beam at the mid-span), to the failure section
(i.e. plane of critical section - which is parallel to the central
plane through the failure section). Table 3.3 also contains
values of the vertical deflection dm at mid-span, angular rotation
Ar and torsional stiffness ét for all the test beams at failure.

The estimated dead loads are included in the values reported
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... E, .N/mmz, ‘‘‘‘‘
2 2 2 2 < :
Beam | £  N/mm™ | £' N/mm™ | £ N/mm”~ | £ N/mm
cu c sp T .
Initial | Secant

Al 13.08 10.56 1,42 2,33 - -

A2 23,21 15.61 1.69 2.99 20597 10298

A3 28,28 19.81 2,47 2,97 21930 10965

Ad 29,75 25.10 2,52 3,46 27142 13571

A5 40.83 32.82 2,72 3.69 - -

A6 44,78 31.63 2.91 4.09 - -

A7 45,14 28.19 3.19 3.02 - -

A8 50.67 38.48 3.82 5.71 - -

A9 59.89 44,51 4.11 5.24 42162 21081
AR4 31.94 23,41 2,22 3.01 27500 13750
AR5 41,42 25,00 2,25 3.04 27055 13528
AR9 66,62 55.61 3.90 4,86 50846 25423

Bl 27,26 19.53 2,17 2,73 - -

B2 26,49 19.78 1,78 2.76 26378 13189

B3 30.60 23,24 2,46 2,94 31024 15512

B4 31.71 23.22 1,74 2,82 - -

B5 31,58 19,33 2,43 2,95 30678 15339

B6 35,96 26,03 2,46 3.70 31171 15585

B7 28,77 23,39 2,29 2.99 28167 14083
BR2 32,23 22,45 1,71 3.32 26382 13191
BR4 26,05 21,75 1.89 3,18 22432 11216*
BR7 35,06 26,11 1.91 2,59 24031 12016*

Cl 28,89 23,57 1,57 2,94 28292 14146

C2 35.19 29.51 2,58 3.08 - -

C3 31.90 22,70 2,43 2,86 29355 14677

C4 31.81 25,17 2.12 3,00 30903 15451

C5 30,05 26.92 2,16 2,55 27219 13610
CR1 35,66 25.03 2.84 3.04 29335 14668
CR3 31.94 23,41 2,22 3,01 27500 13750
CR5 37.27 28.94 2,24 3.41 33958 16979
D1 28.70 20.34 2,52 2,95 21770 10885*
D2 39.42 28,11 2.62 3.44 27622 13811%*
D3 38.62 25.81 2,48 3.15 28047 14023
D4 33,25 24,42 2,38 3.09 30454 15227%*
D5 31,61 24,83 2.39 3.01 28964 14482

DR1 40,53 23.59 2,46 3,67 29379 14689*
DR3 38.28 30,97 2,48 3.35 30884 15442
DR5 39,31 32,33 2,51 3,64 32859 16430

* (Calculated

TABLE 3.1:

The

average
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ben p - .Cracking loads | = Ultimate loads. = Obse. mode
m .
KN : of failure
M kN.m | T KN.m | V XN M KN.m | T KNom | V KN
Al | 6,353 | 2.007| 0.694|1,084| 4,140 | 1.382 | 2,555 1
A2 16,353 | 2,007 | 0.694]1,084| 4,140 | 1.409 | 2.555 1
A3 | 7.334 1 2,718 | 0.969 | 1.574 | 4,518 | 1.657 | 3,045 1
A4 | 8,315| 2,718 | 0.969|1.574 | 5.562 | 1.794 | 3.536 1
A5 19,295 2,718 | 0.969 |1.574 | 6.273| 2.207 | 4.026 1
A6 19,295 | 2.362| 0,419|1.329 | 6.273| 1.519 | 4.026 1
A7 19,295 2,718 | 0.969 | 1,574 | 6,273 | 2.207 | 4.026 1
A8 110,276 | 3,429 | 1,244 | 2,065 | 6,984 | 2.345 | 4,516 1
A9 11,257 | 3,429 | 1,244 | 2,065 | 7.695| 2.620 | 5,007 1
AR4 | 1,244 | 0,436 | 1,794 - 0.436 | 2.345 - 3
ARS | 1.244 | 0,436 | 1,794 - 0.436 | 2,441 - 3
AR9 | 1.244 | 0,436 | 2.895 - | 0,436 | 3.514 - 3
Bl |8.315 | 3.423| 1.244 | 2,065 | 5.562 | 2.936 | 3.536 1
B2 |8.315 1 2.718| 0.969 | 1,574  5.562 | 2.276 | 3.536 1
B3 | 8.315| 2.007 | 0.694 | 1,084 | 5,562 | 2,413 | 3.536 1
B4 |8.,315| 2.718 | 0.969 | 1,574 | 5.562 | 2,207 | 3.536 1
B5 |8.315 | 2.007 | 0.694 |1.084 | 5,562 | 2,001 | 3,536 1
B6 |8.315| 2.718 | 0.969 | 1.574 | 5,562 1,932 | 3,536 2
B7 |7.334 | 2,718 | 0.969 | 1.574 | 4,851 | 1,588 | 3,045 2
BR2 | 1.244 | 0.436 . 2.070 - ! 0,436 | 2.661 - 3, 2
BR4 | 8.315 2.718 | 0.969 | 1.574 | 5.562 | 2,386 | 3,536 3, 2
BR7 | 4.392 2,007 = 0.694 | 1.084 | 2.718 | 1.519|1.574 2
Cl 16,353 2,007 | 0.694 |1.084 | 4.140 | 1,244 | 2,555 1
C2 ' 6.353 | 2,007 | 0,694 | 1,084 | 4,140 | 1,519 | 2,555 1
C3 6,353 | 2.718  0.969 | 1,574 | 4,140 | 1.932 | 2,555 2
C4 16,353 2,718 "' 0,969 | 1.574 | 4,140  2.400 | 2.555 2
C5 |6.437 4,169 ; 1.519 | 2,555 4,169 2.345 | 2,555 -
CR1 |1.244 | 0,436 ; 1,794 - 0,436 | 2.001 - 2
CR3 | 1.244 | 0,436 ! 1.794 - 0.436 | 2,345 - 3
CRS | 1.244 | 0.436 | 1.794 - 0.436 | 2,592 - 3
DI |5.856 ' 1.833 ] 0.694 {1,084 | 3,966 | 1.313 | 2.555 -
D2 | 7.051 1.907 | 0.694 | 1,084 | 4.751 | 2.028 | 3.045 1
D3 | 7.263  1.982 | 0.694 | 1,084 | 4,826 | 2.372 | 3,045 1
D4 | 7.476  2.057 | 0.694 | 1,084 | 4,901 | 3.032 | 3.045 1
DS | 7.690 @ 2.132 | 0.694 {1.084 | 4.976 ; 2,413 | 3.045 1
DR1 | 0,953 0.262 | 0.969 - 0.262 , 1,244 - 3
DR3 | 1.379 | 0.411 | 1.794 o 0.411 | 2,042 - 2
DRS | 1.806 | 0.561 | 2.620 - | 0.561 1 3.280 - 2

TABLE 3.2: The applied loads at cracking, and at ultimate with
observed mode of failure,
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Loads at failure section | Displacement .| Stiffness
Load ratio M:T:Vh | - . .. o CoTERTET T
Beam at ultimate S KN.mZ/
M KN.m | T KN.m |V KN d mm|A_ rad/ trad'
1000m
Al | 2.810:1.0:0.328 3.883 1.382 | 2.594 7.52 | 38,00 36.368
A2 |2.938:1.0:0.317 4.140 1.409 | 2.555 8.81 | 29.36 47.990
A3 |2.897:1.0:0.322 4,801 1.657 | 3.051 12,92 1 72.97 22,708
A4 | 2.993:1.0:0.347 5.370 1.794 | 3.557 15.82  74.21 24,175
A5 | 2.548:1.0:0.324 5.624 2.207 | 4.090 15.55 1 70.14 31.467
A6 | 3.916:1.0:0.468 5.949 1.519 | 4.058 7.92 | 23.45 64.776
A7 | 2.725:1.0:0.321 6.013 2.207 | 4,052 21.54 . 77.52 28.470
A8 |2.906:1.0:0.341 6.815 2.345 | 4,572 23,08 | 64.05 36.612
A9 | 2,785:1.0:0.337 7.297 2.620 | 5.039 26,04 | 31.12 84.190
AR4 | 0.045:1.0:0.035 | 0.105 2.345 1 0.472 -2.18 ! 55.02 42,621 '
ARS | 0.043:1.0:0.034 0.105 2.441 | 0.472 0.50 | 74.08 32.951 !
AR9 | 0.036:1.0:0.022 0.128 3.514 | 0.440 ’-1.02 | 61.98 56.696
Bl i1.829:1.0:0.212 . 5.370 2.936 | 3.557 ! 17.83,101.69 28.872
B2 :2.317:1.0:0.274 . 5.274 2,276 | 3.568 | 14.48 ; 70.03 32.500
B3 !2.107:1.0:0.260 . 5.083 2.413 | 3.590 23.38| 78.87 30.595
B4 ' 2.390:1.0:0.283 | 5.274 2.207 | 3.568  23.23| 78.62 28,072
BS 2.492:1.0:0.315 | 4.987 2.001 | 3.600  27.85 | 37,36 53.560
B6 ~1.687:1.0:0.344 | 3.260 1 1.932 3,793 121.98 42.86 45.077
B7 - 1.212:1.0:0.37 } 1.924 | 1.588 | 3.420 110.46 | 62.57 25.380
BR2  0.034:1.0:0.032  0.090 2.661 | 0.493 -4.24 | 61.33 43,388
BR4  0.402:1.0:0.297 | 0.959 2.386 | 4.051 . 9.88 | 99.60 23.956
BR7 0.401:1.0:0.237 . 0.609 1.519 | 2.057 7.49 | 67.06 22.651
Cl 3.156:1.0:0.364 i 3.926 1.244 | 2.587 137,72 | 37.82 32.893
C2 +2.594:1.0:0.298 | 3,940 1.519 | 2.585 41,00 | 39.24 38.710
C3  0.370:1.0:0.278 | 0.714 1.932 | 3.070 7.80 ' 70.41 27.439
C4 0.149:1.0:0.228 | 0.357 2.400 | 3.123 8.69 78.92 30.411
’ C5 0.123:1.0:0.237 | 0.288 2,345 | 3,173 4,67 1 57.15 41.032
CR1 - 0.173:1.0:0.011 | 0.346 2.001 | 0.129 4,29 | 55,59 35.996
CR3 - 0.045:1,0:0.035 | 0.105 2.345 | 0.472 -2,18 | 55,02 42,621
CR5  0.029:1.0:0.035 0.075 2.592 | 0,515 -4,55 1 74,31 34,881
Dl 2,395:1,0:0.301  3.145 1.313 | 2.632 14,05 | 102,48 12,812
D2  2.,052:1.0:0.230 @ 4,161 2,028 | 3,105 16.48 | 109,53 18,515
D3 1.796:1.0:0.197 | 4.260 2.372 1 3,114 24,211 79,08 29,995
D4  1,449:1.0:1.154 4,393 3.032 | 3.117 18.14 | 81.60 37,157
DS  1,849:1.0:0.194 4,461 2,413 | 3,128 29,95 . 51.98 46,422
DR1 0,143:1.0:0.023 0.217 1,244 { 0,219 -0,10 | 45,90 27,102
DR3  0.039:1.0:0.035 0.079 2,042 | 0,474 -1,12 | 37,41 54,584
DRS . 0.,141:1.0:0.006 0.464 3,280 | 0.138 -1,22 | 34,99 93,741

TABLE 3.3: Failure loads at the critical section; and measured
displacement
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in table 3.2 and 3.3, An average unit weight of 23,7 kN/mJ for
the concrete was used for all the test beams, eécept‘beam C5 for

which 25.3 kN/mJ was used [60].

3.3 'GENERAL OBSERVATIONS AND MODES OF FAILURE

Loading sequence is described in section 2;402. The crack
pattern and behaviour of the individual beams, from first observed
crack till failure, are given in detail in section 3.7. 1In this
section, a general observed failure pattern of the beams during
the experimentation is described with reference to the three
idealized failure modes, namely modes 1, 2 and 3.

In all of the modes the two ends of a major tension crack,
spiralling around three faces of the beam, joined together through
the compression hinge near the fourth face. Failure occurred when
the beam rotated about an axis in the critical zone accompanied by
crushing of the concrete. The failure is referred to as mode 1
when the compression zone was near the top, mode 2 when near one
of the sides or mode 3 when near the bottom face of the beam. The
failure mechanism was first observed and described by Lessig [8].
She concluded that, at failure, the steel crossing the failure

section reached the yield strength,

3.3.,1 Mode One Failure

Beams which failed in this mode were mainly those which were
subjected to a high ratio of bending to torsion moment Y, in accord-
ance to type one load system (see section 2.4.2),

The first crack was observed to form after the load stage 2
for most of these beams. These cracks were fine flexural cracks in
the region of maXimum bending moment. They originated at the

bottom of the side faces and travelled across the bottom face,
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Immediately after cracking the strain in the reinforcement
increased considerably, associated with an increase in the rota-
tion. With increasing load the cracks spread upward at approxi-
mately constant inclination towards the right support, on the
north face, where the torsion and shear stress were opposite, and
towards the left support on the south face, where the shear stresses
were coincident, Meanwhile, more cracks developed around:the
three faces,

The crack slope decreased beyond the mid-height of the side
faces in the vicinity of the central plane., Near the supports
cracks were almost non-existent. This description confirms that
the bending to torsion ratio (Y)largely affects the inclination of
the cracks at the failure section in beams subjected to combined
loading.

When further load increments were applied, more cracks
initiated around the three faces in the region of high bending
moment. The existing tensile cracks widened and spread upward
almost to the top face with constant inclination, Failure was
observed to occur by extensive crushing of the concrete at the top
face accompanied by a principal tensile crack spiralling at
different inclinations on the other three faces.

At failure the stiffness was very small and the beam exper-

ienced a large increase in both global and local deformation,

3.3.2 Mode Two Failure

This mode of failure occurred mainly in the beams tested with
low ratios of Y. Jorbeams which failed in this mode cracks also
started at the region of high bending moment but at a later stage

than the beams in mode 1. After cracking, due to subsequent load-
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ing the existing cracks, mainly on the highly stressed side (the
side in which the torsional and shear stresses were additivye),
gradually spread upwards. At the same time torsional (diagonal
tension) cracks formed around the bottom; highly stressed side and
on the top faces along the central part of the span; independently
of the flexural cracks. In the final load stage, one or two of
the spiralling tensile cracks widened eitensively on the three
faces. The beam failed by crushing of the concrete on the fourth
face (the face in which the torsional and shear stresses were
subtractive) and by rotation of the segments of the beam about

an axis in the critical section.

3.3,3 Mode Three Failure

Mode 3 failure occurred in those beams which were tested
under almost pure torsional moment (i.e. very small values of w);
In these beams cracks were first observed at a load stage close
to failure. The cracks were torsional - at an inclination of
approximately 45° - spiralling around the four faces along the
span. As the load was increased, some newly formed cracks appeared
and the existing cracks widened and extended to join the ends
forming a complete rectangular helix. The cracks were more
numerous on these beams faces in comparison with the beams which
failed in the earlier modes. At failure one or two of these
tensile diagonal cracks near the support opened followed by crushing
of the concrete in the bottom face.

In some cases with particularly small ratios of ¢, the crush-
ing of the concrete was not apparent, and it was assumed that the

concrete failed by cleavage.
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3.4 'VERTICAL SHEAR

The effect of vertical shear force on the hehaviour and
ultimate strength of the beams in combined torsion and bending was
significant in particular those beams which failed in mode 2,

In this case the applied shear force prevented the diagonal tensile
cracks from propagating on the lowly stressed side (the side on
which the stresses due to torsion and shear were in opposite sign).
Consequently, as the load increased mode 1 failure changed to mode
2,

In general the applied vertical shear reduced the ultimate
capacity of the beams, and also affected the development and
inclination of the cracks, particularly on the sides of those
beams which failed in modes 1 and 3. This resulted in the differ-

ent crack angles on the side faces.

3.5 DISPLACEMENT OF THE BEAMS

This section is concerned with both the vertical deflection
and angular rotation of the test beams,

In both sets of bending-deflection and torque-twist curves
the values of the loads at first observed cracks are indicated by
a small dash with a letter c above, located just to the right of
the open dots, which indicated the load stage.

At some loading stage, (as explained previously) the bending
load was maintained constant while the torsional load was increased
to failure. The stage at which the load was maintained 1is
indicated by a horizontal dash - marked with the symbol of the
load, located just to the left of the curve, In plotting these
curves, the applied loads only were considered i.e. the dead loads

were ignored.
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3.,5.1 Deflection dm ()

The vertical mid-span deflection for all the test beams was
measured. The load-deflection curves for groups A, B, C and D are
shown in figures 3.1, 3.2, 3.3.and 3.4; and for groups AR, BR, CR
and DR are presented in figures 3.5, 3.6, 3.7 and 3.8, respectively,

Beams tested in bending, torsion and shear deflected down-
wards, as the load was applied, Whilst beams tested under pure
torsion and self-weight, with weak top steel - such as beams AR4,
AR5, ARS, BRZ, CR3, CR5, DR3 and DR5, showed upward deflection upon
increasing the torsional load.

Maximum downward deflection of 41,00 mm was recorded for
beam C2 - tested under the load ratio M:T:Vh of 3:1:0.3, and the
maximum upward deflection of -4,55 mm was recorded for beam CRS,

The upward deflection may be explained by the phenomena that,
after the propagation of the torsional cracks around the beam, the
weaker reinforcement (located near the top in these beams) reached
a higher strain, and consequently when a higher load was applied,
the beam failed in mode 3.

There are no clear differences in the slope of the bending-
deflection curves for beams within groups A, B and D. 1In general,
they ascend smoothly through loading stages till close to failure,
where, for some beams, the deflection increases considerably for
a small increase in the applied load.

Load-deflection curves for beams of group C,illustrated in
figure 3.3, show that the inclination of the curve is clearly a
function of the amount of longitudinal reinforcement.

It can be seen from figures3.l, 3.2 and 3.4 that the

concrete quality, the amount of transverse steel, and the cross-
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section dimension appears to have little effect on the slope of

bending-deflection curves before cracking,

3.5.2 Rotation Ar (rad/1000 m)

The angle of twist for the beams in the main groups (i.e. A,
B, C and D) was measured over a half length of the span, while
those for beams in the secondary groups - i.e. AR, BR (beam BR2
only), CR and DR, was measured over the full length. The torque-
twist curves for groups A, B, C, D, AR, BR, CR and DR are shown in
figures 3.9, 3.10, 3.11, 3.12, 3.13, 3.14, 3,15 and 3,16, respec-
tively.

The shape of torque-twist curves for beams tested in high
torsion can be described as a linear curve ascending from the
origin until the cracking torque is reached. Beyond the cracking
torque a distinct reduction in the slope is apparent, and ter-
minates with a flat region associated with failure. This sudden
change in the slope is not so apparent for the curves of beams
tested under combined loadings,

It must be remembered, however, that these latter curves
represent  values over the half length of the beams which were
subjected to variable bending moments. It is difficult, therefore,
to generalize concerning the influence of different ¥ ratios on
the inclination of the torque-twist curves.

The maximum angle of twist recorded was 109,53 rad/1000 m
for beam D2; while the minimum twist angle was 23.45 rad/1000 m

for beam A6,

3.6 LOCAL DEFORMATIONS

3.6.,1 Reinforcement Strain €

The strain in the legs of one stirrup and the four longi-
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FIGURE 3.5 : Applied torsion-central deflection curves

for beams in group AR.
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FIGURE 36 : Applied bending, torsion - central deflection

curves for beams in group BR.
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FIGURE 3.8 : Applied torsion - central deflection curves

for beams in group DR
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FIGURE 3.15 : Applied torsion-rotation {over full length of the span)curves

for beams in group CR.
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SIGURE 3.16 @ Applied torsion-rolation (over full tength of the span)

curves for beams in group DR
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Stresses in the 5 Stresses in the

; long. steel N/mm stirrups N/mm

eam

1 2 3 4 5 6 7 8

Al -29 yield yield - 34 6 54 54
A2 - 219 230  -223 - -08 6 45
A3 | -153  yield 190 26 | yield 157 161 49
Ad -22 263 206  ~140 84 130 65 132
A5 | -113 286 273 -120 51 137 104 122
A6 -66 267 216 -47 3 0 1 -2
A7 -64  yield 269 -27 37 70 yield 20
A8 -8 295 268  -109 10 -5 12 73
A9 -8 yield - -51 -21 189 yield 37
AR4 | =19 164 20 196 98 71 16 191
AR5 | 132 94 96 254 108 -3 140 74
AR9 | yield 216 149 275 -6 -1 308 73
B1 -13  yield 309 -104 39 91 40 83
B2 | -194 244  yield -11 | -118 56 28 97
B3 ¢ -51 - 200 -26 | -197 241 89 53
B4 | -50 yield 214 -61 49 334 369 9
B5 | =90 133 137 =105 -77 208 - 69
B6 | =56 283 209 -57 160 84 41 49
B7 | -48 238 214 - 106 24 14 54
BR2 § - - - - - - - -
BR4 | - - - - - - - -
BR7 | - - - - - - - -
Cl | -155 yield 186 =369 304 4 133 17
c2 @ -294 151 130 -86 - - 30 38
c3 , -8 176 185 -20 34 63 9 3
c4 ~31 166 218 -12 94 41 23 yield
C5 | -147 40 75 -25 103 128 146 100
CR1 | 274 102 78 167 46 47 120 239
CR3 | =19 164 20 196 | 98 71 16 191
CR5 | yield - -105 206 | -141 =273 =30 -
D1 - - - - - - - -
D2 | -155 yield 269 -67 316 -111 - 53
D3 - - - - - - - -
D4 -91 294  yield -340 30 13 40 51
D5 -64 246  yield -200 | -260 23 82 288
DR1 | 282 56 =290 - |yield -73 193  -80
DR3 46 90 77 119 135 80 11 -57
DRS 35 -80 - 184 -21 =221 -58 8

TABLE 3.4: The stresses in the reinforcement at ultimate
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tudinal bars of each test beam was measured at what was thought to

be a critical region, using electrical strain gauges (see section

2,4.3). The position of the gauges. and the locations of failure
sections are presented in table 2;5°

The stress at ultimate in the reinforcement for the test beams
are given in table 3.4, They were obtained using a linear stress-
strain relationship with the nominal value of 200 kN/mm2 for the
modulus of elasticity of steel, The detailed stress development
during the loading stages is tabulated in Appendix B,

The recorded maximum Strains are frequently less than the
yield strain, This may be because the tensile failure cracks did
not intersect the reinforcement at the position of the strain
gauges. In many cases, however, the strain gauges were at the
failure section and the yield strain of the steel had not been
reached at failure. This may indicate that the yield criterion
as a failure mechanism is not always valid;

In some of the beams the strain measurement was not recorded

due to the malfunction of the gauge instruments.

3.7 BEHAVIOUR OF THE INDIVIDUAL BEAMS

Overall description of the observed behaviour and crack
pattern for each individual test beam is presented in this section,
The recorded measurements for every beam from the first stage of

loading until ultimate failure are given in Appendix B.

The appearance of beams, CR5, DR1, DR3 and DR5, at the

failure section, are shown in plates3.l, 3.2, 3.3 and 3.4, respec-

tively; and the crack pattern for all the tested beams at the vic-

inity of failure section are shown in Appendix C. They are pre-

sented as a developed surface to make the crack pattern more
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visible, The numerals alongside the cracks refer to the load

stage at which the part of the crack was visible.

3.7.1 Beams of Series A - Group A

Each beam of this group was subjected to torsion and a mid-
span transverse load which produced the bending and shear force on
the beam, as explained in section 2.4.2., The torsion and bending

loads were applied simultaneously until failure in equal increments.

Beam Al

The first flexural crack was observed just after load stage
2, in the bottom face, close to central plane. By the end of load
stage 4, the crack had widened and extended into the mid-height of
both side faces, at almost vertical inclination. An inclined
crack was also visible just to the left of central plane (i.e. CP),
on the north-bottom corner. At load stage 5, the existing cracks
suddenly changed their inclinations from vertical to about 30°. A
number of inclined cracks also developed on the south, bottom and
north faces. The concrete in the top of the beam, next to the
loading cell, precipitated crushing.

Finally, the beam failed in mode 1, with a loading ratio of
bending moment to torsional moment to shear M:T:Vh of 2.810:1.0:
0.328 at the failure section. Maximum recorded strain was indicated
by the yielding of bottom longitudinal bars only. The strain in

the stirrup legs was well below yield at failure.

Beam A2

Cracks were observed immediately after load stage 2, in
different locations on the south bottom and north faces of the

beam. With increasing the load, these cracks extended around the
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faces and some newly formed cracks were also visible, Soon after
load stage 6, the beam failed in mode 1 at the region of maximum
bending moment, by crushing of the concrete at the top face, For

this beam the loading ratio of bending to torsion to shear, M:T:Vh

was 2,938:1.0:0,317,
Beam A3

In this beam the first crack developed soon after the appli-
cation of load stage 3. The propagation of the cracks was quite
similar to beam A2 except that for this beam more cracking was
apparent, In load stage 7, it failed by yielding of both categ-
ories of thé steel and crushing of the concrete near the top face,
Failure was in the region of maximum bending moment, and the load

ratio at failure section, M:T:Vh was 2.897:1.0:0.322,
Beam A4

Cracks were first seen after load stage 3 on the bottom of
the north face close to the maximum bending region, and they were
essentially flexural cracks. By load stage 4, the extent of the
cracking had increased considerably with almost constant incli-
nation. At the same time other cracks developed in the bottom
and south faces of the beam, and some appreciable change in the
inclination of the cracks was noticed after load stage 5. The
crushing of the compressed concrete took place at the top of the
beam soon after the application of the bending load at stage 7
and the beam failed in mode 1. The bending to torsion to shear
ration, M:T:Vh was 2.993:1.0:0.347. (The yield strain for @he

north-bottom corner longitudinal bar was recorded at failure).
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Beam AS

Cracking started at load stage 3 on the bottom of the north
face very close to the mid-span, In load stage 4, a transverse
crack was noticed on the bottom face, at about 150 mm to the right
of mid-span. An inclined crack also was observed on the south face
in this region. By load stage 5, the transverse crack at the
bottom face had extended well into both south and north faces, while
some torsional cracks, on the three faces along the span towards
the right support were noticed. With increasing the load the
existing cracks extended to the full depth of the beam, and some
newly formed cracks were also observed. By load stage 8 the
ultimate strength of the beam was reached and the concrete at the
top face crushed. The load ratio, M:T:Vh for this beam at failure,
was 2.548:1.0:0.324.

Steel strain, close to yield, was recorded for the longi-
tudinal bar in the south-bottom corner where the shear stresses due

to torsion and shear force were additive,

Beam A6

The application of the load for this beam was considerably
different from the rest of the beams in this group. The flexural
loading scale for the first three stages were 2.5 times the loading
scale for the other tested beams. After load stage 3 the loading
progressed in the same load increments as the rest of the beams in
this group until failure occurred.

Beam A5 was prepared identical to beam A6 and tested in the
same loading sequence as the rest of the beams in this group.

The crack patterns for these two beams were similar except in

beam A6 where the first cracks were observed around south, bottom
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and north faces, during the application of load stage 1, in a
region very close to the mid-span. By load stage 2 these cracks
had penetrated to the upper half of both sides. By load stage 6,
the crushing of the concrete at the top face had initiated faulure.
The loading ratio, M:T:Vh, at the failure section was
3.916:1.0:0.468. The maximum strain recorded was again for the

south-bottom corner longitudinal bar but it was lower than that of

beam A5,
Beam A7

While applying the load in stage 3 some inclined cracks were
detected in different locations at the vicinity of the maximum
flexural region. Upon increasing the load these cracks extended
to the upper halves of the sides with sudden change in their
inclination just above the mid-height of the side faces. The
change of slope was more distinct on the north face than the south
face, and was probably due to the influence of the high bending
stress and low shear stresses.from torsion and shear of opposite
signs on the north face, in this region, Yield strain in the
south-bottom corner bar was registered by the end of load stage 5.
By load stage 6, the bottom leg of the instrumented stirrup legs
showed appreciable strain. During load stage 8, the beam failed
through extensive crushing of the concrete at the top with yielding
of only one longitudinal bar and the bottom leg of the stirrup.

The load ratio, at failure, of bending moment to torsional

moment to shear, M:T:Vh, was 2.725:1.0:0.321.

Beam A8

The propagation of the cracks and their pattern in this beam

were similar to beam A7 except that the first crack did not form
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until the end of load stage 4, This was probably due to a better
concrete quality in this beam, Failure occurred during the appli-
cation of the bending load in stage 9 by crushing of the concrete
at the top of the beam.

At failure the load ratio of M:T:Vh was 2.906:1.0:0.341.

The maximum steel strain recorded was below yield for both categor-

ies of reinforcement.

Beam A9

This beam was of high concrete quality, and cracks were first
observed after load stage 4 on the bottom face as well as the bottom
of both side faces. The cracks were inclined on the bottom and
south faces, but vertical on the north face. They extended well
into the upper half of the sides by load stage 6. During load stage
7, some new inclined cracks formed in different locations along the
span, and extended across the full depth. The first sign of crush-
ing of the concrete was noticed after load stage 8.,at the top
quarter of both sides, During load stage 10 this beam exhibited
mode 1 type failure, by crushing of the concrete at the top. The
load ratio M:T:Vh for beam AS was 2,785:1.0:0.337.

A yield strain for the south-bottom corner bar and the bottom

leg of the stirrup were recorded in stages 8 and 9 respectively.

3,7.2 Beams of Series A - Group AR

Beams in this group were identical to their respective beams
in group A, except for top longitudinal steel. They were tested in

pure torsion and the dead weight only, as explained in section 2.4.2,

Beam AR4

The behaviour of this beam was quite different to that of its
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identical in group A. Inclined cracks were observed to form just

after load stage 6 (i,e. T = 1.794 KN.m), on the south face. These
cracks were over the full depth of the face. By load stage 7
(i.e. T = 2,07 KN.m) extensive cracking had occurred and resulted
in a large number of closely spaced cracks spiralling around all
faces of the beam, inclined at about 45° to the vertical. During
load stage 8 a number of new cracks formed along the span and were
more extensive in a region close to the right support. These with
the already existing cracks in the region formed a plane of weak-
ness in the beam. Finally, failure was caused at ultimate torque
of 2.345 KN.m, by opening a spiral crack around the south, top
and north faces of the beam with clear cleavage at the bottom face.
The failure, therefore, was identical to a mode 3 cleavage failure,
The recorded strain in the reinforcement was well below
yield. It must be realized, however, that the failure section was
not at the position of the instrumented reinforcement (see table

2.5).
Beam AR5

The behaviour of this beam was very similar to beam AR4,
Cracking was noticed soon after load stage 6 (i.e. at twisting
moment of 1.794 KN.m). Thfough the load stages the development of
the cracks and also the pattern of failure section were identical
to the above beam  except beam AR5 failed at a slightly higher

torque (i.e. 2.44} KN.m). The reason for this was believed to

be the better quality of the concrete.

Beam ARS

No cracks were observed in this beam until three stages before

failure (i.e. at the torsional moment of 2.895 KN.m). The cracks
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were mainly in a region close to the left support (i.e, restrained

end), and they were on the top, north and bottom faces. During

load stage 10 these cracks widened and a few other cracks also
formed. By load stage 12 a large number of closely spaced spiral
cracks around the four faces along the span had developed. This
caused a considerable reduction in the torsional capacity and
finally the beam failed at ultimate torsional moment of 3.514 kN.m.
The pattern of the failure surface was not distinct and was
between modes 2 and 3. However, one may deduce from the reinforce-

ment strain readings that the mode 3 type of failure was more

critical,

5.7.3 Beam of Series B - Group B

The seven beams of this group were tested in combined torsion,
bending and vertical shear with one point load in the mid-span.
For these beams,: the bending load was maintained at a particular
stage of the loading and the torsional load increased until the
failure of the beam was reached., The stage at which the bending
load was maintained was the seventh in this group, but in some

cases failure occurred before reaching the stage.

Beam Bl

After increasing the applied loads in stage 4, crack appeared
around south, bottom and north faces in different locations but
mainly in the vicinity of maximum bending moment. They were on the north
face flexural cracks, on the bottom and south faces tended to have
an inclination with the vertical. The application of the loads
in stage 5 caused the change in the inclination of the cracks as
well as the propagation of new torsional cracks along the span

towards the right support (i.e. the end through which the torsional
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load was applied). By load stage 10 the cracks extended to the
top face - from both sides, 1In stage 11; during the application
of the torsional load a sudden reduction in the torsional capacity
accompanied by considerable crushing of the concrete at the top.
Failure took place in accordance with mode 1 type of failure,

The yield strain for the south-bottom corner bar was recorded
in load stage 8 while the strain in the stirrup legs was well
below yield,

The bending moment to torsional moment to vertical shear,

M:T:Vh, ratio for this beam at failure was 1.829:1.0:212.
Beam B2

The behaviour and crack pattern for this beam was similar
to that of beam Bl except that in bgam B2 the first cracks were
seen at an early stage (i.e. stage 3) and were on the south and
bottom faces only. After load stage 8, some crushing of the
concrete was apparent on the top face - right of the central plane,
but the beam still maintained its stiffness, It was during the
begining of load stage 9 when the beam failed indicating a typical
mode 1 failure,

The load ratio, M:T:Vh, at failure for this beam was 2.317:
1,0:0,274, The strain in the stirrup legs was comparable to that
of beam Bl. The yield strain was recorded for the north-bottom

corner bar in beam B2.

Beam B3

In this beam, a small flexural crack was first seen on the
south face at the end of load stage 2. During load stage 3 another
bending crack was observed on the north face under the vertical

o

load while the other crack extended with a significant change in
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1ts direction towards the left support. By load stage 8 a number
of parallel inclined cracks mainly on the north and south faces
across the depth were evident; In the final stage of loading a
wide torsional crack opened on the south face and penetrated well
into the bottom face; and at the same time crushing of the con-
crete took place at the top and the beam failed again in mode 1;

The loading ratio, M:T:Vh, for this beam was 2,107:1.0:0.260,

at failure.

Beam B4

Inclined cracks were first seen after the application of the
load at stage 3 at a small distance to the right of mid-span.
The cracks were on the south, bottom and north faces of the beam.
Load stage 4 produced an extension of the cracks on both side
faces. It also produced some new cracks along the span on both
sides of the central plane. At higher loads, these and other
tensile cracks spread across the bottom and well into the top
of the side faces with a steeper inclination on the south face -
the face on which the directions of the shear and torsional
stresses were additive. By load stage 7 the first sign of the
crushing was observed. During the application of load stage 8
the main tensile cracks around the beam faces widened and at the
same time the final crushing of the concrete took place, Thus
the beam failed in mode 1 type of failure with the compression
zone at the top.

This beam failed under the load ratio of bending to torsion
to vertical shear, M:T:Vh of 2,390:1.0:0.283,

The strain measurement recorded for this beam during the test
showed yielding of the south-bottom corner bar and close to yield

for both the south and bottom legs of the stirrup at failure.
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Beam B5

At the end of load stage 2 a tensile crack appeared at the
bottom face and extended across the width into the side faces at
almost vertical inclination. The crack on the north face penetrated
to the mid-height at load stage 3 while at the same time other
cracks, mainly flexural and at the region of maximum bending moment,
were also being noticed, These and other cracks extended over the
full height of the sides with the first indication of concrete
crushing at load stage 6. Load stage 7 was the final in which the
failure of the beam occurred by crushing of the concrete at the top

face,

At failure, the load ratio of M:T:Vh was 2,492:1.0:0,315,
Beam B6

A flexural crack was first observed to form at load stage 3.
The crack was on the north face, and in the region of high bending
moment to the right of mid-span, By load stage 5 a number of
closely spaced torsional cracks were visible on the south, bottom
and north face, along the span, mainly towards the right support.
Just after load stage 6, one of the cracks - at about the middle
of the right half of the span immediately widened and extended over
the full height of the south face as well as the top and bottom.
faces. Failure of the beam occurred during the application of
load stage 7, due to the crushing of the concrete in the north face-
the face on which the shear and torsional shear stresses were sub-
tractive.

Apparently a typical mode 2 type of failure was clearly

visualized at failure. The load ratio for this beam was 1.687:

1,0:0.344,
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Beam B7

The behaviour of»this beam was similar to that of beam B6.

The first crack was observed during load stage 3. At stage
4 other inclined cracks formed along the span, mainly on the south
face towards the right support. During load stage 5 a tensile
crack inclined at an angle greater than 45° to the vertical axis
suddenly opened on the north face and extended into both the top
and bottom faces in the left half of the span, During the appli-
cation of the torque in stage 6, a considerable crushing of the
concrete on the north face caused the beam to fail in typical mode
2 as in the previous beam. The crushing took place again in the
side where the stress due to shear and the stress due to torsion
were subtractive.

The load ratio of M:T:Vh for this beam at failure in the
critical section was 1.212:1,0:0.377.

In both of the latter two beams (i.e. B6 and B7) the failure
section did not coincide with the instrumented section for strain

measurement in the reinforcement.

3.7.4 Beam of Series B - Group BR

Beams in this group had smaller longitudinal bars at the top

and were tested under different values of bending moment to tor-

sional moment ratio Y.

Beam BR2

This beam was tested under very small value of V.,
Initial crécking for Beam BR2 did not take place until load
stage 7 where by then the torque was 2,07 KN.m, These cracks took

the form of torsional cracks around the four faces along the span.
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At load stage 8 the cracking became more extensive and some of
the already existing cracks extended further., During load stage
9 the first indication of a critical section was observed just to
the right of the restrained end of the beam. Soon after the
application of load stage 10 the torsional capacity of the beam
dramatically dropped and the beam failed with ultimate torsional
moment T of 2,661 kN.m, The pattern of the failure section was

difficult to analyse, and the mode of failure was thought to be

between modes 3 and 2,
Beam BR4

Beam BR4 was tested under a moderate ratio of .

Cracking started at load stage 3 in this beam well before
that of the previous beam. The cracks were mainly flexural on the
bottom of the south face and extended onto the bottom face,
By load stage 8 the number of the cracks had increased, particu-
larly in the region of high bending moment., Other inclined
tensile cracks were also apparent on the bottom, south and top
faces, in a region close to the right support. Suddenly, in this
region, a wide crack opened on the north face and also one on the
bottom face, Finally, the beam failed with bending to torsion
to shear ratio, M:T:Vh, of 0.402:1.0:0,297,

The mode of failure was not easy to distinguish but from the

appearance of the failure section modes 3 and 2 are critical,

Beam BR7

This beam was tested under a low ratio of ¥,
The first tensile crack was seen soon after load stage 2,

It was in the form of bending crack across the bottom face which
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extended into the bottom of the sides, to the right of mid-span.

Another crack with approximately the same distance but to
the left of mid-span was also apparent on the lower half of the
north face and extended to the mid-width of the north face, At
load stage 3 these cracks extended further upward and inclined
towards the right support on the north face, and the left (res-
trained) support on the south face. A number of other tensile
cracks were also traced, mainly on the north face in the region of
high bending moment, with spacing approximately equal to the
spacing of the stirrups. At load stage 5 the crushing of the
concrete on the south face, accompanied by a major spiralling
crack on the other three faces, eventually caused the beam to fail
in mode 2.

The failure of this beam was sudden and occurred in a region
close to the restrained support where no initial cracks were
traced before failure. The load ratio M:T:Vh for this beam at

failure section was 0.401:1.0:0.237,

3.7.5 Beam of Series C - Group C

Beams in this group were tested under combined bending,
torsion and shear with a variation only in the amount of longi-
tudinal reinforcement for each individual beam. The bending mo--

ment was held constant at load stage 5 for this group.

Beam Cl

Cracks were sighted after load stage 2. They were mainly

flexural, and in the region of high bending moment on all faces

except the top, By load stage 4, these cracks had extended almost

to the top face. At this stage three planes of weakness were

evident, and upon increasing the bending load increment at stage 5,
2
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a wide tensile crack opened in the top face and ultimately the
beam failed. The crack pattern at failure did not show a dist=
inct type of failure, although mode 1 was suggested from the
recorded strain for.the main bars. Bending to torsion to shear,
M:T:Vh, ratio, for this beam at failure was 3.156:1,0:0.364. The

yield strain for only the south-bottom corner bar was registered

at failure.
Beam C2

The bahaviour and crack pattern for this beam were quite
similar to those of beam Cl. Beam C2, however, resisted a higher
torque at ultimate failure,

The ratio of bending to torsion to shear for this beam was
2,594:1.0:0.298,

Unlike beam Cl none of the reinforcement had reached its yield

strain in this beam,
Beam C3

A crack was first observed to form on the bottom of the south
face just after load stage 3. It was in the region of maximum
moment and just to the right of mid-span. By load stage 3 the
number of the cracks had increased. These cracks were torsional
and extended over the width of the bottom face as well as the full
height of the sides. A tensile crack was also apparent on the top
face close to the right support. During load stage 7 an inclined
crack opened wide on the bottom face just to the left of the res-
trained support accompanied by some crushing of the concrete on the
These with the existing tensile cracks in that region

north face.

formed a critical plane. The beam failed in this section with the

M:T:Vh ratio of 0.370:1.0:0.278 indicating mode 2 failure,

106



Beam C4

The appearance and propagation of the first crack as well as
the subsequent cracks were similar to beam C3 until a few stages
before failure. During load stage 8 (a stage before failure) a
plane of weakness suddenly formed just to the right of the restrained
support by opening a spiral crack around the four faces of the
beam. Some crushing of the concrete was also apparent.on the south
face in the region. Soon after the application of load stage 9 the
beam experienced a sudden loss in its torsional capacity and con-
sequently failed with the M:T:Vh ratio of 0.149:1.0:0.228. The mode
in which the beam failed was not clear, but possibly mode 2 was

predominant.
Beam C5

The crack did not appear in this beam until well after load
stage 5 where an inclined crack was sighted on the north face, just
to the right of mid-span. When the load was increased the number
of the cracks increased and extended over the full height on the
sides. By the end of load stage 8 an extensive crushing of the
concrete on the bottom face next to the right support had taken
place accompanied by a wide tensile crack at the top face. A hybrid
of tensile-compressive cracks was also evident on the north face
in this region. Finally, the torsional capacity reduced suddenly
and the beam failed with the load ratio M:T:Vh of 0.123:1.0:0,237.

Failure in beams C3; C4 and C5, however, seemed to have occurred

prematurely because in each of these beams the failure section was
pren

close to one of the supports.

3.7.6 Beam of Series C - Group CR

i i i i to their respective numbers
Beams in this group were identical P
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in beams of group C except that these beams contain a smaller

amount of top longitudinal steel, They were tested under fairly

large torsional moment,

Beam CR1

In this beam initial cracks had not formed until the appli-

cation of load stage 6 where the torsional moment was 1,794 KN.m.
At this stage extensive cracking occurred which resulted in a num-
ber of torsional cracks spiralling around all faces of the beam.
The cracks were only along the left half of the span while along
the right half no cracks were seen. The inclinations of the cracks
were approximately normal to the direction of principal strain.
At load stage 7 the four faces of the right half of the span
cracked approximately at the same inclination and number as for the
other half in stage 6. At the same time some other inclined cracks
on the latter half were also apparent. Those with the other exis-
ting cracks formed a critical section in a region just to the left
of mid-span. The beam failed at an ultimate torsional moment of
2,001 KN.m,

The mode in which this beam failed was not clear but some

crashing of the concrete on the north face was visible which
indicated mode 2,
Beam CR3

This beam was exactly the same as beam AR4, listed here to
complete the group.
Beam CR5

The developed appearance of this beam at the failure region

is shown in plate 3.1,
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As in beam CRI initigl cracking started after load stage 6

in this beam, but they were few inclined cracks on the north, top

and south faces. By load stage 8 the number of cracks spiralling

around the faces had increased; In this stage a plane of weakness
with some widely opened cracks on the north, top and south faces.
could be seen in a region close to the restrained support. It was
during load stage 9 when other wide tensile cracks on all faces
opened in this region, the torsional capacity dropped suddenly and
ultimately the beam failed. Again the mode of failure was difficult
to distinguish., From the recorded steel strain and the appearance
of the beam at failure,mode 3 erm of failure is ecritical,

The ultimate torsional moment for this beam at failure was
2.592 KN.m.,

Yield strain for the south top corner bar was recorded at

failure.

3.7.7 Beams of Series D - Group D

These beams were symmetrically reinforced and tested under
combined torsion, bending and shear., The major differences among
the beams of this group was the width to height ratio. The target
load stage for the sustained bending moment was 6. Beam D1, how-

ever, failed one stage earlier.

Beam D1

Cracks were visible in this beam soon after load stage 2.
They extended along the right half of the span and on all faces
except the top. The cracks were in the form of torsional cracks on
the bottom face and bending cracks on the side faces. At load

stage 3 the number of inclined cracks increased along the span.

By load stage 4 some of these cracks extended almost to the top
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face. Also in this stage some other tensile cracks opened across

the full depth of the sides mainly on the south face. They were
inclined at an angle greater than 45° to the vertical and mainly
along the right half of the span; During load stage 5 the width
of one of those cracks close to the mid-span increased consider-
ably and initiated the failure section!

Eventually the beam failed with bending to torsion to shear,
M:T:Vh ratio of 20395:1,0:00301° Although some crashing on the

top face was apparent the mode of failure was not clear,

Beam D2

After load stage 2 cracks were seen on the bottom of both the
north and south faces and also on the bottom face. The cracks were
in the region of high bending moment just to the right of mid-span.
In stage 3 of loading the crack on the north face extended toward
the top and other cracks on the three faces along the span were
also seen. By load stage 4 some cracks were also evident on the
top face while the existing cracks on the sides extended well
across the full depth, By load stage 6 the cracks along the span
and on the four faces were quite numerous. It was during load
stage 7 that the beam lost its resistance to the applied torque
and failed with M:T:Vh ratio of 2.052:1,0:0.230,

The failure section was close to the mid-span on the right
and the failure seemed to be mode 1 tensile (cleavage) failure,

Yield strain for south-bottom corner bar was registered at failure.

Beam D3

Mainly flexural cracks were first seen on both sides after
load stage 2 and torsional cracks were observed on the bottom face

to the right of mid-span. AS the load was increased the cracks
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on the sides extended towards the top face with some change in

their direction under the influence of the torsional moment, The

change in inclination was towards the right support on the north

face and the left on the south face. By load stage 7 a number of
tensile cracks spread along the span and around the three faces,
By load stage 8 a considerable crushing was apparent on the top
face close to the mid-span from the right. At load stage 9
extensive crushing took place in the region accompanied by a wider
tensile crack at the bottom face and the beam failed in mode 1 by

crushing of the concrete.

The load ratio M:T:Vh at failure section was 1.,796:1.0:0,197,

Beam D4

Stage 2 was again the initial cracking load stage for this
beam. The initial crack was a small flexural crack across the bottom
face into the bottom of the south face. At load stage 3 some more
cracking occurred mainly along the central region of the span on
the south, bottom and north faces. By load stage 10 the amount of
cracking had increased considerably on the faces and during load
stage 11 a region of weakness formed just to the left of the central
plane. Finally, the beam failed in mode 1 by a hybrid of compres-
sive tensile action of the concrete in the top.

Bending to torsion to shear, M:T:Vh ratio at failure was
1.449:1,0:0.154,

Yield strain for only the north-bottom corner longitudinal

bar was recorded at failure. The strain in the legs of instrument

stirrup was well below yield.

Beam D5

Like the other beams in this group cracking in this beam
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started at load stage 2 with a crack across the bottom face into
the sides in a region Tright of the-mid-;span° At load stage 3 the
crack on the north face extended upward with a change in direction
towards the right support. Other cracks at some distance apart
opened on the bottom face and on both sides mainly in the central
region of the span, On Increasing the load the cracks on the
sides extended farther towards the top and other cracks also
formed. By the end of load Stage 8 a critical section had been
clearly identified at the region of initial cracking; It was at
the begining of load Stage 9 when the concrete crushed on the top
face, and the beam failed in mode 1.

This beam failed with load ratio M:T:Vh of 1.849:1,0:0,194,
and the recorded strain in the reinforcement indicated yielding
for the south-bottom corner bar after load stage 4.

The ultimate resistance for this beam at failure was
considerably lower than that for beam D4 although it was greater

in width.

5.7.8 Beam of Series D - Group DR

Beams in this group were tested under a high torsional moment
and were identical to some of the beams in group D, except for the

amount of top steel.

Beam DRI

The developed appearance of the failure section for this beam

at failure is given in plate 3.2.
Cracking started in this beam during load stage 3 with numer-
ous cracks spiralling around all four faces along the span, By

load stage 4 the number of the cracks had increased considerably.
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Upon the application of load stage 5 the torsional stiffness
suddenly reduced and consequently the beam failed with an ultimate
torsional moment of 1.244 KN.m,

The failure section, which was at the middle of the left half
of the span, distorted due to a redistribution of the stresses and
horizontal cracks appeared along the longitudinal axis of the beam,
The failure mode was not clearly defined but a compressive-tensile
mode 3 failure was possible based on the measured strain in the
reinforcement,

A yield strain was recorded for the top leg of the instrumented

stirrup at failure,
Beam DR3

Plate 3.3 shows the developed appearance of the failure region
at failure.

A crack was not noticed in this beam until the end of load
stage 6 when the torsional moment was 1.794 KN.m. The cracks were
torsional and around the four faces in a region at some distance
from the restrained support. During load stage 7 other torsional
cracks appeared around the faces along both sides of the span,
Those close to the left support suddenly widened and produced fail-
ure by crushing of the concrete in the north face. Mode 2 type
failure seemed to be more critical.

The maximum torque resisted by this beam, at failure, was

2,042 KN.m.

Beam DR5
A developed view for this beam at the failure section is shown

in plate 3.4.
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The first crack was seen after load stage 9 in a region some
distance from the left support and in the form of torsional cracks
around the side faces and also on the top. By load stage 11 a few
other similar cracks had formed along the left half of the span.,
Soon after load stage 12 the beam started to fail by opening the
tensile cracks on the top, south and bottom faces, in a region
to the left of mid-span. The maximum torque registered for this

beam at failure was 3.280 KN.m.
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PLATE 3.1: A developed view of beam CRS, at the critical
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section, after failure
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CHAPTER FOUR

THE ULTIMATE STRENGTH ANALYSIS

4,1 INTRODUCTION

In this chapter, the ultimate strength of longitudinally and
transversely reinforced concrete rectangular members under the
combined action of torsion, bending and vertical shear are analysed.
The ultimate strength of members under torsion alone, or combined
torsion and bending, however; are considered as special cases of
the theory.

The theoretical analysis is based on the 'skew bending' mech-
anism approach, commonly used for determining the ultimate capacity
of reinforced concrete members in torsion, Although the skew-
bending theory usually assumes yielding of both the longitudinal
and the transverse steel upon failure, the present approach
analyses the strength of under-reinforced, partially over-reinforced,
and completely over-reinforced members alike. Obviously this 1is
an advantage of the theory, since experimental evidence from the
strain measurements in the reinforcement by many investigators and
by the author indicate a large number of non-yielding cases. In
practice non- or partial yielding cases are likely to occur because
a beam is generally designed for one critical section, and the same
steel is inserted at other sections along the span.

Simple rational equations, capable of predicting not only the
ultimate strength but also the characteristics and modes of fail-
ure, have been developed for four types of failure observed during
the experimental work.

From the test observations it 1is possible that failure occurs

in accordance with one of the followlng categories:
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a) Yielding

of both longitudinal bars and stirrups before

crushing of the concrete at failure

b) Yielding of the stirrups only (not the longitudinal bars)

before crushing of the concrete at failure.

c) Yielding of the longitudinal bars only (not the stirrups)

before crushing of the concrete at failurel

d) Crushing of the concrete before yielding of any of the

reinforcement at failure,

Similar categories of failure have been observed in tests
and described earlier by Goode and Helmy [61]; and also by Hsu
[32], but satisfactory rational equations have not been developed.

For each type of failure above, the three principal modes -
namely mode 1, 2 and 3 are considered. A beam is considered to
fa1l in mode 1 when the compression zone is near the top face;
mode 2, when the compression zone 1s near one of the sides; and
mode 3, when this zone forms near the bottom face, depending on
the ratio of bending moment to torsional moment w; and the dis-
tribution of the longitudinal bars and also the dimensions of the
section.

The theoretical solution proposed in the analysis is based
on the equilibrium of a cracked-section, ignoring the effect of
any dowel action, For the first type of failure - i.e. yielding

of both categories of reinforcement - two moment equilibrium

equations about two perpendicular axes through the centroid of the

: : ilibrium equation
compression zone are developed, as well as an €qu q

for the transverse forces.

In the remaining three types of failure - 1.€ where failure

. i ilure of the
occurs prior to yielding of the reinforcement, failure o

i is 1 in the
i is involved, Therefore in
concrete in the compression zone
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analysis involves the concrete compression zone; and this zone is
subjected to compressive stresses due to bending moment; and shear
stresses due to the torsional moment and the shear force; These
stresses are combined using Cowan's [7] failure criterion, which
has been used successfully by other investigators [62; 63; 647 .
Since all or part of the steel does not yield at failure, it is
assumed that the skew-bending linear elastic analysis may be used
to obtain the depth of the compression zone;

The inclination of the tensile cracks of the failure section
is controlled by the equilibrium of forcesv when all the steel
yields, When partial yielding occurs or the beam is over-rein-
forced, this inclination is controlled by the cracking of the
concrete, At initial cracking this inclination on the three ten-
sile faces may be determined by tam o = p * Vo2 + 1 [41], where
p 1s mainly a function of the ratio of applied bending moment to
torsional moment. Close to ultimate 1oad; however, numerous cracks
form which are interconnected in various directions, but are
assumed to be characterised by tan a = 1. This assumption has the

merits of producing simple equations which are reasonably accurate.

4,2 TYPE I FATLURE-YIELDING OF BOTH SETS OF REINFORCEMENT

This type of fallure occurs in beams containing a relatively

low percentage of both transverse and longitudinal reinforcement

(i.e. under reinforced). It is assumed, therefore, that all steel

intercepting the failure section has yielded at ultimate load.

From the tests it was observed that when bending was predom-

inant the bottom steel yielded and the compression concrete crushed

near the top face at ultimate resulting in a mode ly form of

i | e amount of torsional
failure. For beams tested under 2 moderat m
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moment with or without shear, at failure the reinforcement yielded
on one vertical side and the compression zone formed on the opposite
side - i.e. the side in which the torsional and shear stresses are
opposed, resulting in a mode 2y form of failure! Whén torsion was
predominant in lightly top reinforced beams, at failure the com-
pression zone formed near the bottom face; and the reinforcement

at the top yielded, resulting in a mode 3y form of faillure.

On the bases of the observations above theoretical equations
will be derived for the three principal modes: ly, 2y and 3y of
which the lowest torsional capacity is the critical. Since both
categories of the reinforcement yield at failure; the contribution
of the concrete in the compression zone to the ultimate resistance
of the member is believed to be very small for modes ly and 3y,and
therefore, it is ignored in the analysis of this type of failure -

i,e. type I.

4.2.1 Mode ly Failure

This mode of failure is critical when the ratio of bending
moment to torsional moment y 1S high and the longitudinal bars
are distributed symmetrically around the cross-section. At
ultimate load the reinforcement near the bottom face reaches the
yield strength and finally the beam fails by bending about an
axis in the compression zone - which is near the top face in this
case.

The failure surface resulting from this mode of failure (i.e€.
mode 1ly) can be seen in figure 4,1(a). The failure surface is
bounded by spiral tensile cracks around the north, bottom and
south faces with the compression zone located near the top face

joining the ends. To simplify the analysis it 1s assumed that the

122



PRTT

tensile cracks defining the failure surface are straight lines,
making different angles of inclination on the faces with the
transverse axis.,

For a member loaded in combined torsion, bending and vertical

shear, the inclination of the cracks in the sides is assumed to be

controlled by two independent parameters, tana. for predominantly

ly

torsion failure control, and tany. for predominantly shear

1y
failure control, To produce equilibrium in the failure section,
in a beam under combined loads, these two parameters are addjtive
on one vertical side of the section and subtractive on the other.
The different inclinations for mode ly resulting from this
summation on the north, bottom and south faces with thg transverse

axis are (tano and (tanaly + tanyly) respect-

1y " tanYly), tana

jvely. The angle of inclination of the compression zone which

ly

joins the ends of the tensile cracks near the top is denoted as
ely’ To simplify the analysis, the centroid of the concrete com-
pression zone is considered to be located approximately at the
level of the stirrups in the top of the section. It is further
assumed that the distance from the stirrup legs in the bottom
to the neutral axis, and the lever arm to the bottom longitudinal
bars are approximately equal to Y.

From equilibrium of the external and internal moments about
an axis parallel to the longitudinal axis of the beam, through

the centroid of the compression zone - see figure 4,1(b), the

following equation can be deyeloped

T = A .f .= (tanco

X y X
- A f i I o
1v wowy tanYly) §+ W Wy s (tanu1y+tan1y) 2

(RS

1y

X .
0 b""otan <
* Aw IPwy ] C‘l}/’ Y
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In the equation above the first and the second terms of the

right hand side are the forces in the vertical legs of the

stirrups intercepting the failure section, multiplied by the
lever arm x/2. The third is the forcesin the bottom legsof the
ylelded stirrups crossing the failure section; multiplied by the
lever arm vy,

Rearranging

- Xoy ’ '
= 2, o0
le Aw°fwy S tancx1y (4.1)

Equation 4.1 involves tanaly and to form an eipression to
determine its value two other equilibrium equations are considered.,
One equation is obtained by taking moments of forces about an
axis through the centroid of the compression zone; normal to the
longitudinal axis of the beam, and the other by resolving forces
in the vertical direction.

Equating the moment of the eiternal forces to that of the
internal forces about an axis through the centroid of the concrete
compression zone, in a direction perpendicular to the longitudinal

axis of the beam, the following equation is produced.

= - Y
M + V., 9. = 2°Ab°fby'y Aw°fwy“s‘(tana

- tan Ll
ly = 1yt 1y

ly

1 1
[7m(x+y)atana1y + §“y°tanY1y}

Y
- Awafwyogw(tana + tanyly).

ly

1 1
[_2"' (x+y).tana, - Q‘qutanyly] (4,2)

1y

The first term in the right hand side of equation 4.2 is the

force induced in the two bottom longitudinal bars at yield,
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multiplied by the leyer arm y - aSSuming'that the line of action
of the main bars to be at the same level as the bottom leg of the
stirrups, The second and the third terms are the forces in the
vertical leg of the stirrups on the north and soﬁth faces,
multiplied-bx their lever arms'L%;[x+y);tandly . %ny!tanyly],

and [%w(x+y).tanaly - %wyotanyly] respectively., The second term
in the left hand side of the equation above is the egisting shear
force in the section, multiplied by the horizontal dislocation;
21, of its line of action from the moment akis (i:ea the centroid
of the compression zone), along the longitudinal akis of the beam.

From the geometry of figure 4,1(b), Ql can be found in

terms of the known parameters as

L, = %w(tanaly—tanyly) + X tana + %m(tana

1 5 ly + tanyly)

1y

)+ X, tana ]

—[y.(tanaly—tanv 5 1y

1y

Rearranging

21 = yotanyly

Equating the external shear force to the internal forces in the
stirrup legs in the sides, along the transverse direction, ignoring
the contribution of the concrete in the compression zone to the

shear resistance, another equation can be obtained as,

Y y
= ety 3 it A Df « " e t _'t
V1y Aw'fwy°s (tanaly+tan{1y) v lwy s ( analy anyly)

The two terms in the right hand side of the above equation

are the forces in the yielded stirrup legs in the south and north

face respectively,

Rearranging
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Vo= 2,A f L .
ly A fwy . taﬁY}y (4.3)

Combining equations 4.1 and 4,3 with equation 4.2, after

substituting for 21 from the expression, the following interaction

equation can be deduced,

T \ M.

: ly )2 f ly)z . ly

Tu Vu Mu
ly ly ly

=1 (4.4)

The form of equation 4.4 for mode 1 has been produced previously

by Elfgren et al [38], using truss-analogy method,

In EqD 4.4
Mu1y = ZDAbnfby.y
Tu = 2uMu1y°/EI;7fI:§7§§
Vo, = 2.Mu1y°/§z;7fif§3
and
A ox

WoTwWy

[————.

DAY
r1y B ZDAbofbVDS

Equation 4.4 can be rearranged to form a quadratic equation in

le/Tu1y as,

le
=Ly - =0
Tu ) 1

Yy

. T
ly
1+(8/B.)21. (== )% + [y/A].(

1y

i T
Solving for le/ u,

Ty =—¢/Ali/(¢/A1)2+4°[1+(6/Bl)2]

(4.5)
™y 2. [1+(8/B)) 2]

where

Ap = May /Tug = (1/2) /(A+y/x) /7y,
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tan O{b] = tan Cl)y

tan &, = tan a‘y~ tan ny

tan . =tan@ +tan?
Si 1y |

a) General failure surface

¥ = R 77777724

il \ /

X X xtanaf
b g ytanas, y tan &ny
f——% o 3 %

b) Parallel to the tongitudinal axis, and north views

¢} Top view

FIGURE 4.1: Mode 1y failure mechanism for reinforced concrete

beams under combined torsion ,bending and shear.
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B1 = Vuly/Tuly = /(1+y/x)/(xuy)

Equation 4.1 can be expressed in terms of the ultimate bending

strength, Mulv, for mode 1ly as,

’

T. = 2.Mu. .r, .tanc
ly Tuly rly tanaly (4.6)

Dividing equation 4.6 by the expression for the ultimate

torsional strength in pure torsion, Tu another relation between

1y’

le and Tu1y can be found as;

T
ly _
Tuly = 2°A1°r1y°tana1y (4.7)

Substituting equation 4.7 into equation 4.5 to eliminate le/Tuly

and rearranging for tana it can be shown that

1y’

/9244, A2 [1+(6/81) 7]
tanaly = - > 2 -9
4.A1.r1y[1+(6/31) ]

Now the ultimate torsional capacity resisted by a fully
reinforced concrete member subject to combined loading and failing
in mode ly by yielding of both sets of the reinforcement can be
calculated from equation 4.1, using the value for tana1y obtained
from equation 4.8.

The value of tanaly was not defined by Elfgren et al [38].
The combination of equation 4.1 and 4.8 are considered more

suitable for analysis and design than equation 4.4,

4,2.2 Mode 2y Failure

The analysis for mode 2y failure follows the same approach

as that of mode ly, although in this mode the compression zone
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forms near one of the yertical sides. Figure 4,2(a) shows the
general failure mechanism surface for a beam failing in mode 2y.
At failure the reinforcement yield in the vertical side due to
the shear stresses from torsion and shear force; and the com-
pression zone forms on the opposite side,

From equilibrium of external and internal moments about an
axis parallel to the longitudinal axis of the beam, through the
centroid of the compression zone - figure 4.2(b), the féllowing

equation can be developed,

T + V 922(- = A of b“‘}ic (tanOL

W Wy s 2y+tanY2y) ¥

X y
o u"'"ct o = =
Aw Wy S anazy (§+§9

Rearranging

X_ Xoy Xy
."—2. L) e "o o °oT T o a
T2y+v2y 2 W Wy s tana2y+Aw fwy S tanYZy (4.9

Assuming that only one half of the existing shear force is
resisted by the yielded stirrups in the tension side, the following

expression can be constructed,

V. = 2.A .f JZL.tany (4.10)

2y W Wy S 2y

Inserting equation 4.10 into equation 4.9, and rearranging

XoY
= 2 a ° e a °
sz AW fwy S tana2y (4.11)
The inclination tana2y must be determined in order to obtain
a solution for equation 4.,1!., An expression for tano can be

2y

obtained using the same approach as in the previous mode, by
equating the external moments to the moments of the internal
forces around a transverse axis through the centroid of the com-

pression zone - see figure 4.2(c).
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My, = 2.A .f _.x - X 1
2y s st Awaf‘ osotam

2y

Ixotanazy + yo(tana2y + tany2y)]

The applied bending moment has no effect about this axis and

therefore

24 ux = A LE K
s sy x W fwy s tanazy,

[x.tana_, + y.(tano, + tanyzy)] (4.12)

2y 2y

Substituting equations 4,10 and 4.11 into equation 4,12 to

eliminate tanOt2y and tany7y, and rearranging, the following inter-

action equation for mode 2y can be obtained,

T T \) ’
2y 2y 2y

( 12 4 ) =1 (4,13)

Tu2y TuZy Vu2y

This equation differs from that produced by Elfgren et al [38] for
mode 2. The reason for this is that in forming equation 4.12 above,
the difference between the forces in the bottom and the top
longitudinal steel in the tension side which results from the

variation of the applied bending moment along the failure section,

was ignored.

in EqD 4.13

= 2N ./

Tu2y 2;111.12y I‘Zy/(l'*'X/Y)
= 2,Mu, oYT, o 'x2

Vu2y 2.1u2y /}Zy (1+x/y) /x

Mu = 2,A . f X

2y S sy
and

A Jf LY
W Wy

U N .0 A—
2y 2.Asofsyos

Rearranging equation 4.13 for sz/Tu2y results in
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V/?\M ! tan &b_= tan
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<c-1+7
]
!
R 3 —
-~
//

a) General failure surface

b) North and parallel to the longitudinal axis view

x,tonat2 x,tcmab2

tan(s, ‘

L

—0—>

'

c) Top view

FIGURE 4.2: Mode 2y failure mechanism for reinforced concrete

beams under combined torsion ,bending and shear.
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= : = (4,14)
Tuy, I+ (6/8,)

where
B, = Vuzy/Tuzy = (1 + x/y)/x

Equation 4.11 can be rearranged in terms of the ultimate

bending strength, Mu for mode 2y as

2y’

= 291\' ° o o
sz 1u2y T2y tanoc2y (4,15)

Dividing equation 4.15 by the expression for ultimate torsional

strength in pure torsion, Tu for mode 2y, another relation between

2y’
T, and Tu., can be found as,
2y 2y
sz '
=/ = 2,A_.r, .tana (4.16)
Tu2y 2 2y 2y
where

- N
A, = Muzy/Tuzy 20-(1+x/y)/r2y

Combining equation 4,14 with equation 4,16 to eliminate sz/Tu s

2y
and rearranging for tanazy, it can be shown that

tana, = 1. (4.17)

2.A °rzya/1+5/B2

2

4,2,3 Mode 3y Failure

This mode of failure occurs when the ratio of bending moment
to torsional moment ¥ 1is small or zero, The equation for this
mode gives a lower failure torque for members where the amount of
the longitudinal steel in the top of the section is less than that

in the bottom., At failure the reinforcement in the top yields,



and the compression concrete crushes near the bottom., The appear-

ance of the idealized failure surface for this mode is shown in

figure 4.3(a).

Equilibrium of internal and external moments about an axis
through the centroid of the compression zone, and parallel to the
longitudinal axis of the beam , see figure 4.3(b), results in the

following equation;

T. =A .f .1 (tana

+ tan )45 +
3y w'wy’s 3y YEy °2

Y X
Aw°fwy°s°(tana3y tanYSy)°2 +

A X tana %

W WY S 3y
Rearranging
X.Y
= 2 2o
TSy _qu,fwyo . °tanOLSy (4.18)

A solution for equation 4.18 can be obtained only when the
inclination tana3y is known. An expression for determining tanaSy
can be obtained following the same approach as in mode ly.

From the equilibrium of the external and internal moments
about an axis perpendicular to the longitudinal axis of the beam,

through the centroid of the compression zone - see figure 4.3(c),

the following equation can be obtained,

Y
= =4 G o ° Pt t
2 At fty y + Aw fwy < ( anasy

V. .8 +t .
May=Vayets any, )

1 1

[Ew(x+y),tana3y - E“Y°tanY3y]
+A . on(tana - tany, ). [lw(x+y)°tana + l-ayqtany 1 (4.19)
“wWiwy s 3y 3v 2 3y 2 3y
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It can be shown in the same way as in mode ly that:

P
It

.t
5 = yotanyg,

and

) Y
VSy 2,Awufwyasotany3y

Substituting for 23 and V3y in equation 4.19 and combining with

equation 4.18 to eliminate tanasy and tany the following inter-

3y’

action equation for mode 3y can be obtained,

TSy V3y MZ) ]
2 2 . T =
(Tu., )4+ (Vu,, ) o 1 (4.20)
SY 3y 3y

The same form of equation 4.20 was produced previously by

Elfgren et al [38] for mode 3, using truss-analogy method.
In Eqn 4.20

Mu

It
N
=
Hh

<

3y I '

= V-
Tusy 2.Mu3y. rsy/(1+y/x)
= ! ° o
Vqu 2'Mu3y Vrsy/(x y)
and
A f .x
Wi Twy

r o= M
3y 2'At°fty"s

Following the same procedure as in mode ly, an expression for

tan 3 can now be deduced, and written as:
Y

pe 02+ 4 AZ[1+(8/B,)?]
tan , = (4.21)
Yo 4.A%.r. J[1+(8/B)2]
373y 3

where



tanat . =tan &
3 3y

tcman3=tcma’ +tan?Y
3y 3y

tan¥s = tan@ -tan¥
3 3y 3y

a) General failure surface

N ytanany ytan s,
™ x tan atty
i

—_—CO> <«—0O— s e

| Co e

v 78500 s s

b) North and parailel to the longitudinal axis views

cl Top view

FIGURE 4.3 Mode 3y failure mechanism for reinforced concrete

beams under combined torsion, bending and shear.
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1 S —
A =1 —
Musy/Tus 5 /(l+y/x)r3y

(O3]

y

V(1+y/x) /x?

o
it

i
\u3y/Tu3y

Equation 4.21.was not produced by Elfgren [38], but combined

with equation 4.18 is more suitable for analysis and design.,

4,3 TYPE II FAILURE ~ YIELDING OF THE WEB STEEL ONLY

Beams which are reinforced with heavy longitudinal steel fail
when the stirrups yield at the ultimate load, while the main rein-
forcement is still in elastic state. 1In this case the concrete in
the compression zone assists in resisting the applied loads. The
concrete in this zone is subjected to a direct stress due to the
bending moment, and shear stresses due to both torsional moment and
shear force. The direct stresses, fm,and the resultant shear
stresses, fv, can be combined into Cowan's [7] failure criterion for
concrete. Cowan suggested that the more complicated failure enve-
lopes for the failure of concrete in compression could be replaced
by a straight line tangent to the uniaxial compressive strength,
as shown in figure 4.4. From the figure, an expression which rel-
ates the resultant shear stresses, fv, to the cylinder compressive

strength of the concrete,fé,can be deduced and written as:

(1 - sinB)/2
fv = . f? (4.22)
ﬁm 2 _ fm . C
“ﬁ+(2°fv) (G&)-sin 8

where
R is the angle of the straight line failure envelope for concrete
to the horizontal, which Cowan found to be 370°

The relationship between fv and fm in equation 4.22 is shown

in figure 4.5. To avoid a complicated representation of the ratio
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- fm/fv, a linear relationship shown as a dotted line in figure 4.5,

1s assumed as:
fv = Eafé (4.23)

where £ is a coefficient varying between 0.20 to 0,25 for fm from
zero to O.75.fé.

An average value for & therefore is 0,225, providing fm is
not greater than fé.

As previouysly, in ?his type of failure three principal modes
1w, 2w and 3w are possible depending on the amount of longitudinai

steel and the stresses induced in them from the applied loads.

4,3.1 Mode 1w Failure

This mode of failure occurs in beams subjected to a high ratio
of bending to torsional moment Y., At failure the bottom longitudinal
steel reaches a high stress due to a large value of ¥ and therefore
crushing of the concrete takes place near the top of the section,
resulting in a mode 1w failure by yielding of the stirrups. The
failure surface is shown-in figure 4°6ta)°

Equating the external moment to the moment of the internal
forces about an axis parallel to the longitudinal axis of the beam

through an arbitrary point e, - see figure 4.6(b).

1

X (dl—dnlw)
e = .Dodn:fv. A o X,
le + V 5 Kv.b dnlw“Wij, Aw Wy . X tanalw

The first term of the right hand side of the above equation is
the torsional resistance carried by the concrete in the compression
zone, while the second term is the part of torque resisted by the

web steel at yield.
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Rearranging

Kv.bodn  .fv. R .+ A .f .[d,-dn  }/s].x.tanc
7 - 1w 1w 1w WowWY 1 1w 1w (4.24)

1w 1+ (8.x)/2

fv

R and tana

To solve equation 4.24, values for dn 1w M 1w

1w’
must be determined,

The inclination of the tensile cracks tanalw of the failure
surface on the three faces are assumed to be constant and - as
explained previously - equal to 1.

The resultant shear stress fvlw can be obtained from equation
4,23,

Other unknown quantities in equation 4,24 are dnlw and le

which are inter-related. The important value is dnlw°
Since the longitudinal reinforcement i1s still in the elastic
stage, an elastic stress distribution is considered to be appropriate
to determine the depth of shear compression zone, This theoretical
solution involves the equilibrium of forces on a skew-bending sur-
face, a linear strain distribution over the depth of the cracked
section, and a linear stress-strain relationship for the concrete
and the steel,
Equating the compressive force in the concrete to the tensile

force in the reinforcement in a direction perpendicular to the skew

compression zone - see figure 4.6(c), results in:

X )
{ = 2 —
}\mi.b.dnlw.fmliw/coselw _,Ab.,fbocose1w + Awofwyusutana1w051nelw (4.25)

From figure 4.6(c), considering linear distribution of strain
across the depth of the skew-cracked section - i.e., strain compati-

bility,
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e_. el
Iiw _ "1iw

= (4,26)
-dn
dnlw (dl d lw)
where
€1 i is the compressive concrete strain at the top of the
beam in a direction perpendicular to 8-plane
el. is the tensile concrete strain for an element adjacent

liw

to the bottom reinforcement in a direction perpendicular
to the B-plane,
Below et al [65] proposed that for a concrete element located

on the level of bottom reinforcement, the strain in the direction

perpendicular to the tensile crack should be considered as the
principal tensile strain, and the tensile strain in the direction
of the crack could be ignored. This proposal led to a relationship
between the tensile strain of the concrete in the direction perpen-
dicular to the 8-plane, and the direct strain in the tensile longi-
tudinal bars, using Mohr's circle for strain., The relationship

can be expressed in the form:

' = 2 2
€ 5w €y, + COS elw (1 + tanoc1w °tane1w ) (4.27)

Substituting equation 4.27 into equation 4.26 and combining with

equation 4.25 to eliminate fm and rearranging, the following

liw
quadratic equation in (dnlw/dl) is produced.

dnlw\ pl.m dnlw) p..m

( ) e+ .C
dl Kmi 1w 1

Solving for dnlw/dl

dn /. Pl 0. .M P, .M
1w 171 2 1 171
= TTeTITT™ o o o = e ° 02
d Y O T 2w T T Cuw (4.28)
1 1 1 1
where



. (1 + r1w°tanu1w°tanelw)
1w 2
(1 + tanu1w°tan61w)
and
tan61w = tanulw/[l + Kd. (h/b)]
Aw°fw o X
p = WwyT

1w 2°Ab°fb°s

In order to obtain a value for Tiy above, the tensile stress
in bottom longitudinal bars, fb,must be known,

Since the stirrups yield at failure, an expression which
relates the stress in the longitudinal bar to the stress in the
stirrup leg in the tension zone 1is required. A relationship pro-
posed again by Below et al [65], which relates the tensile strain

in the longitudinal direction to that in transverse direction is

convenient and can be expressed as,

- 2
fb fwy/tan a

1w
Since the exact values for torsional and shear stresses in the
compression concrete is not known, the lever arm to the resultant

shear force, le can only be determined approximately. From the

geometry of figure 4.6(b).

— - 2 2
R, = /(dl Ksodnlw) + (x/2)

The ultimate torsional strength of a reinforced concrete beam
subject to a combined loading, and failing in mode 1w, can be calcu-
lated from equation 4.24, incorporating the values obtained for

dnlw’ fvlw and leu

4,3.2 Mode 2w Failure

This mode of failure takes place in reinforced beams subject
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to moderate or low ratio of ¢ with or without shear. Due to the
longitudinal component of the additive stresses from the torsion and
the shear on one of the vertical sides, the longitudinal steel in
this latter side is subject to a relatively high strain and produce
compression in the concrete in the opposite side of the section,
Eventually, with increasing the load, the concrete in the latter
sides crushes and the stirrups in the tensile zone yield, while
the main bars are still behaving elastically. The appearance of
the failure surface for this mode can be seen in figure 4.7(a).
Taking moment of external and internal forces about an axis
parallel to the longitudinal axis of the beam, through point

e, - see figure 4.7(b),

(dZ-dn2w)

= Kv.dodn, ofv, R+ A o f o————— .y.tano
2w W' Twy

Ty Ve 2w 2w s 2w

2w

o <

Rearranging

Kv.d.dn, .f, .R, + A f .[(d,-dn, )/s].y.tana
T - 2w 2w 2w WwWYy 2 2w 2w (4.29)

2w 1-(8.%x)/2

In equation 4.29 values for vaW and tancz7w are similar to mode
lw. An expression for dnzw/dz can be obtained using the same strain

compatibility approach as in mode lw, and can be written as:

dn., /i p..m p,em p,em
_aiﬁ.= /c%wiéz—-GCZW)Z . QOKi Cyy - %wiég—wczw (4.30)
where
C7w _ (1 + r2w,tana2wntan92w)
‘ (1 + tana2w°tan92w)2

and
tan62w = tana2w/[1 + Kd. (b/h)]

A.f .y
T - W wy

2w 2,A_.f .s
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£ = f 2
S wy/tan %

The lever arm to the resultant shear force in the compression

concrete in the side RZw’ can be approximately determined from the

geometry of figure 4,7(b) as,

Ry, = /(d2 - KsoanW)z + (y/8)?
The last term under the root in the expression above is intro-

duced in order that the inclination of the resultant shear in the

concrete compression -~ for which its magnitude is not known.- to

be accounted for and also to make the proposed approach applicable

for members with narrow section,

4.3.3 Mode 3w Failure

This mode of failure occurs when ¢ is low, The equation for
this mode gives lower ultimate failure torque for beams with rela-
tively less longitudinal steel at the top of the section. At
failure the compression zone forms near the bottom face due to
relatively higher total strain experienced by the main bars and the
yielded stirrups near the top. The general view of the failure
section for this mode is shown in figure 4.8(a).

Equating the external moment to the moment of internal forces
about an axis parallel to the longitudinal axis of the beam, through

e, (see figure 4.8(b))results in:

X (d3~dn3w)
Tow - V°§'= Kv°b°dn3w°fvzw°R3w_+ Aw°fwy°_“——§—~_—“x°tana3w
Rearranging
Kv.b.dn_, .fv_ R+ A .f .[(d,-dn_ )/s].x.tana 4
Ty, © W W S N W o v M (4,31)
. 1 - (8.x)/2

The values for vaw and tanc_, are considered to be comparable

3w
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to the previous two modes of this type of failure,
An expression to determine a value for dnsd can be produced
v

using the same approach as for the other modes, and can be written

with respect to the mode 3 effective depth, d3 as follows:

dn3w ) 1/{lpym 32 42 Pgem . ] Pzem
d, 2°Km, ° 3w “"Km. " T3w 2 Knm. °C3w (4.32)
3 i i i
where
1 o Q
o - (1 + To tana3w tan63w)
3w >
(1 + tanasw,tanesw)
and
tan63w = tanusw/[l + Kd. (h/b)]
I
wowy

3w ZoAtaftas

f = f /tanZa
wYy

t 3w

The lever arm to the resultant shear in the compression con-

crete R3w can be determined from the geometry of figure 4.8(b), on

the same principals as for the previous modes of this type.

= - 2 2
RSW /(d3 Ks.dn3w) + (x/2)

4,4 TYPE ITI FAILURE-YIELDING ON THE LONGITUDINAL STEEL ONLY

Failure of this type occurs in beams with a relatively large
amount of stirrup steel, which at failure remains elastic while
the longitudinal steel yields. As in the previous type of failure,
because one category of the reinforcement does not reach its yield
strength, the concrete in the compression zone crushes at ultimate

load., The concrete in this zone is subjected to direct stress due

to the bending moment and shear stresses due to both the torsional
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moment and shear force. These stresses are combined, using Cowan's
failure criterion for concrete, in the same way as in type II fail-
ure.

Depending on the ratio of bending moment to torsional moment
Y, and the distribution of the main bars, any one of the three
principal modes of failure - i.e. 12, 22 and 3% -~ is possible

at ultimate load.

The inclination of the tensile cracks of the failure section

on the three faces are assumed to be constant and apprdximately

equal to 1, in this type of failure,

4,4,1 Mode 12 Failure

This mode is critical in beams symmetrically reinforced, and
tested under a large bending moment. At failure, due to a high
bending stress the longitudinal bars yield near the bottom, and
the compression concrete crushes near the top face, while the stir-
rups are still behaving elastically. The appearance of the general
view of the failure surface can be seen in figure 4.6(a).

The equation to calculate torsional capacity of a member
failing in mode 1%, can be obtained by equating the external
moments to the moments of the internal forces about a longitudinal
axis through e, - see figure 4.6(b),

d.-dn, )
R + A f u~l—~—l&—bxotana

X
T + V.E-— Kv.badnll.fv 1o SR S 12

12 12
The first term of the right hand side in the above equation,

is the contribution of the concrete in the shear-compression zone -

which is near the top, while the second term is the contribution

of the non-yielded stirrups in one of the vertical sides.,

Rearranging;
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Kv.b.d . R _
le _ nlz fVlR ng‘i- Awofwu[(dl dnm)/s] ontanqlz

‘ 433
1+ (8.x)/2 (455

In equation 4.33, besid d
q 3 ides dn,, fvll’ ng and tana, o, the

stresses in the non-yielded stirrup legs,f , must be known in
w

order to obtain the solution,

Taking moments about a transverse axis, through the centroid
of the compression zone (figure 4.6(b), the following equation
can be obtained, ‘

"(d,~dn. )

= 1 12
= 2.A £ . -Ks, - of f————— -
Ml,Q, A.b by (dl Ks dnlﬁ) Aw fw S e ¥ o [1+[dl dnl,Q,) /x]

2
.tan % (4?34)

Substituting equation 4.34 in equation 4.33 to eliminate
fw’ and rearranging gives,

Kv.b.dnlzofvlg.R12+20Abofby.(dl—Ks.dnlg)/[{l+(d1—dnlg/x}.tanu12]

T1o7 :
18

1+ (6.x)/2 + W/ [{1 + gdl-dnlg)/x}atan&
(4.35)
The shear stress of the concrete in the compression zone, fvlz,
can be obtained using the simplified linear relation with fé, pre-
sented in equation 4,23,
The elastic strain distribution for cracked section can be
used to derive an expression for the depth of compression zone,
dn12° This is similar to type II failure, and involves the equili-
brium of forces perpendicular to the 6-plane and the strain compati-
bility across the depth of the skew failure section

Equating the compressive force of the concrete in the compres-

sion zone, to the tensile force in the reinforcement near the bottom,

in a direction perpendicular to the skew-failure section - figure

4.6(c), gives;

150




..b.dn. . fm. . = X i
Kml b Ny fmllg/coselg 2°Ab°ﬁ3§coselg+Aw°fw°§“taonfSlne12 (4.36)
Considering the strain compatibility across the cracked
section in the same direction - figure 4.6(c);
“1i2 _ €142
1
3 = (4.37)
M dymdngy

Following the same approach as in type II failure, combining
equation 4.36 and 4,37 to eliminate the skew-compressive stress for

concrete, fmlil’ and rearranging, the following expression for the

depth of compression zone dn. in respect of the effective depth

18

dl’ will result,

dn /i P, oM 0, .M o i
INARS| 2, 5 "1 1°1
a G C10)" " 2 C1 - T Cyyg (4.38)
i mi
where
) _ (1 + r12°tana12°tan812)
1 2
(1 + tanalzutanelz)
and
tan612= tanalz/[l + Kd. (h/b)]
A .f .x
r =N w_
12 2°Abafbyus
- 2
fw fby.tan @,
From figure 4.6(b), the torsional lever arm Rlz’ for this mode

can, as previously, be expressed by,

- v 2 2
R, = /(d1 Ks.dn )€ + (x/2)

The torsional capacity of a reinforced concrete member under

the combined action of torsion, bending and shear, failing in mode

12 by crushing of the concrete and yielding the longitudinal tension
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bars can be calculated from equation 4,35, using the values obtained

from the expressions for dn fv. and R

18° 12 18°

4.4.2 Mode 2% Failure

A symmetrically reinforced beam when subjected to a moderate
or low ratio of bending moment to torsional moment, ¥, with or with-
out shear, fails in mode 22 by crushing of the concrete in one of
the vertical sides and yielding of the longitudinal bars in the
opposite side - as shown in figure 4.7 (a). The steel yields due
to the longitudinal component of the addative stresses from torsion
and shear in this side., Since in this category beams are reinforced
relatively heavier in transverse steel, it is considered that
failure occurs before they reach their yield strength,

Taking moment of forces about an axis parallel to the longi-

tudinal axis of the beam through point e, - figure 4.7(b);

2
(dy-dg,)

— .Yy.tano (4.39)

7 X g
T —V.E-— Kv.d.dnzg.fv .R + Awufwo

2% 207722 22

Taking moments about a transverse axis through the centroid

of the compression zone - figure 4.7(d),

(d2—dn22)

4 = e - 2
2.Asufsyo(d2-ksudn22) Awuf . oyo[1+(d2 dnzg)/y]utan o,

W S 2

(4.40)

Substituting equation 4.40 into equation 4,39 to eliminate the
actual stresses in the stirrups, fw, and rearranging, the following
equation is produced for determining the torsional capacity of a

beam failing in this mode;

Kvod.dnzziv 2]

2 - -
22°R22+_°Asafsyc(d2 Ks.dn22)/[{l+(d2 dnzz)/y}atanoc2

Tyy~
1 - (8.x)/2

(4.41)
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A value can be obtained for the average shear stress of

concrete fV22’ using equation 4,23,

From figure 4,7(c), using the same analytical procedure as in
mode 12, an expression can be formed to determine the depth of
compression zone, dnzg, which can be expressed in terms of effective

depth d2, as follows:

dn22 ::/Ql. p2.m 32 pz.m . 1 pzom )
d2 27 Km, ° 722 °¥Xm., ° U282 0 2 “Km. ° sz (4.42)
i i i
where
st’ ot
; ) (1 + rzl ana, an82£)
2 2
(1 + tanazgotanezz)
and
tane22 = tanazl/[l + Kd. (b/h)]
i Awnfwoy

20 7.A . .S
s sy

f = f .tanZa
Y sy an 24

The lever arm to the shear force of the concrete in the shear-

compression zone, R, , for this mode can be obtained using the

following expression - see figure 4.7(d).

R,, = /(d, - Ks.dn, )2 + (y/4)?

4,4,3 Mode 32 Failure

This mode is critical in beams with low percentage of top

steel, and subject to a small ratio of bending moment to torsional



moment, Y. At failure the weaker steel at the top yields and the
concrete near the bottom face crushes, while the stirrups are in

their elastic state., The surface of the failure mechanism for this

mode is shown in figure 4.8(a).

Equating the external moment to the moment of the internal

forces about a longitudinal axis through point e, - see figure

3
4.8(b);

(dS_dHSQ)

R, +A f j———"— .X,tana (4.43)

X
V.= =
T 3% W W s 38

35 5 Kv,b.dnsz.fv

32

Equating the external moment to the moment of internal forces
along a transverse axis through the centroid of the compression zone

(figure 4.8(b),

(d-dn, ) ,
i\ == ° - ° ol o"——?———_o o "d t
MSE 2'At'fty (d3 Ks dn32)+Aw fw S X [1+(d3 nSR)/X] an“a .
(4.44)

Combining equation 4,43 and equation 4,44 to eliminate the

actual stress in the stirrups, fw’ and rearranging

Vig-Ray
1 - (6.3)/2 =¥/ [{1+(d -dn_ ) /x} . tana

Kvobodnzzgf +2,Atofty.(dS—KsodnSQ)/[{l+(d3~dn3£)/x}qtana32]

Tge™ ]
38

(4.45)

The shear stresses of the concrete fv32 can be calculated

using equation 4.23,

Using the same approach as for the other modes of failure in
this type, an expression to determine the depth of compression zone
dn. can be derived, and written in terms of the effective depth

3%

d,, as follows:
ol
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0ol m
39 1°3 Pze Pzem
S S N E R S
d &0 ) - Ll o C (4946
3 2 Kmi 3% Kmi 3% 2 Rmi 32 )
where
1 o o
; _ (1 + Tzg tanasz tanegz)
3
2
(1 + tanaslotanesz)
and
tane32 = tanaSQ/[l + Kd.(h/b)]
A .f .x
r W W
3%
2°At°fty°s
f =1 ntan2a~
W Y 32

The lever arm to the shear force in the compression concrete, RS%’

for this mode can be obtained from the geometry of figure 4.8(b),

=/ _ 2 2
R32 (d3 Ks°dn32) + (x/2)

4,5 TYPE IV FAILURE-CRUSHING OF THE CONCRETE

Failure of this type occurs in beams over-reinforced with both
categories of reinforcement. Upon failure the ultimate compressive
strain of the concrete in the compression zone will be reached,
while the strain in the tension reinforcement is below the yield
point. The compression concrete, therefore, is the critical zone
and subjected to direct stress due to bending, and shear stresses
due to both torsional moment and shear force. Cowan's failure
criterion for concrete is again used to combine these stresses -

as explained in section 4.3,

Three principal modes of failure, namely modes lc, 2c and 3c

are possible, depending on the distribution of the main bars and
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the ratio of bending moment to torsional moment, ¥,

The angle of inclination of the tensile crack defining the

failure surface is again assumed to be 45° with the transverse

on all the three faces, in this failure type.

4.,5.1 Mode 1lc Failure

This mode is critical in beams subject to a high value of
bending moment to torsional moment., Failure occurs by crushing of
the concrete near the top of the section due to the bending moment,
while the main bars and web steel are still behaving elastically

at failure. The appearance of the failure surface can be seen

from figure 4.6(a).
An equation for ultimate torque can be obtained by equating
the external moment to the moment of the internal forces about an

axis parallel to the longitudinal axis through e, - see figure

1
4.6(b).

(dl-dnlc)

fv, R, + A . f ,————,x.tana (4.47)

CX
et V°§.n Kv°b°dnlé’ 1c*1c W' w S 1c

1c

The first term of the equation above is the contribution of
the concrete in the shear-compression zone to the ultimate torsional
capacity, while the second term is the contribution of the non-
yielded stirrups in one side of the section,

Equating the forces in the compression zone to the forces
in the bottom leg of the stirrups crossing failure section, in a
direction perpendicular to the longitudinal axis of the beam (figure

4.6(b)), the following approximate equation can be obtained,

X
/ = o ™o 404
KV'b'dnlc'ﬁlc Aw fw S tanalc ( 8)

Combining equation 4.47 with equation 4.48 to eliminate fw’
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and rearranging, an equation for ultimate torque in mode lc can be

formed,

Kv.b.dn, .fv. .R ’ oy
T = lc 1c°™Mce F chbc'dnlcafvlca(dl‘dnlc)

lc
1+ (8.x)/2

If (dl-dnlc) can be approximated to the lever arm of the shear

compression force of the concrete, Rlc’ then

2.Kv.b.dn;, .fv_ .R
T. = lc " "lc lc (4.49)

le 1+ (8.%)/2

In the above equation the average shear stresses in the concrete,
fvlc, due to torsion and shear can be calculated from equation 4,23,

An expression for the depth of compression zone dnlc can be
deduced - using the same approach as in section 4.3, from the
equilibrium of forces on a skew failure plane, assuming the elastic

stress/strain relationships for both concrete and steel. It can

be written in terms of the effective depth d1 for mode 1lc as follows:

dn // 0. .0 0. .m 0. .M
1C_ 1 1 2 5 1 _:L 1°
d.— (2'Km. : Clc) ToeeYm, e C1<: 2 'Km. ° C1c (4.50)
1 1 1 i
where
; ) (1 + rlc.tanalcqtanelc)
1C_ 2
(1 + tanalc.tanelc)
and
tanelc = tanalc/[l + Kd. (h/b)]
A Lf X
Wow
r =
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Since dn1c can now be calculated from equation 4.50, the lever

arm for the shear force in the concrete R may be calculated from

1lc

the following expression - see figure 4.6(b);

Ric = Vle - Ks.dn, )% + (x/2)2

Substituting the values for fv, , dn. and R. from the
lc Ic lc

expressions above, the ultimate torsional capacity T1ﬁ resisted
by an over~reinforced member under combined loadings failing in

mode lc, can be determined from equation 4.49,

4,5.2 Mode 2c¢ Failure

An alternative failure mode for symmetrically over-reinforced
beams is possible, when subject to moderate or low ratio of ¥,
Due to the longitudinal component of the addative stresses from
torsion and shear on one of the sides, the longitudinal bars experi-
ence a higher strain in this side, and forms a compression zone in
the opposite side. Since the beam is over-reinforced, the concrete
in this zone reaches its ultimate compressive strain before yielding
any of the reinforcement at failure. The failure surface associated
with this mode can be seen in figure 4.7(a).

Considering the equilibrium of external moments and internal
moments about a longitudinal axis through point e, (see figure
4,7(b)) results;

(dy-dn, )

T,. - V“%-= Kvudodnzcufv R, +A f """y, tano 4.51)

2c T 2¢ W W S 2c

Equating the forces in the compression zone to the forces in
the stirrup legs of the tension side, crossing the failure section,

in a direction perpendicular to the longitudinal axis of the beam;
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= A .f L.otana (4.52)

Kv.d.dn, .f
2c VZC W W S 2¢c

Combining equation 4,51 with 4.52 to eliminate the stress

. . . . .
in the stirrup leg, fw’ and rearranging, an equation for the

failure torque in mode 2c can be deduced, assuming that (dz—dnzc)
is approximately equal to Rz .
C
2.Kv.d.dn_, .fv_ .R
TZC - 2C 2c 2c (4053)
1 -(6.x)/2

A value for fv2C can be obtained from equation 4,23,
An expression can be derived for the depth of compression

zone, dn7c, from the equilibrium of forces perpendicular to the

skew plane-figure 4.7(c), using the same approach as in mode 1c,

It is a quadratic in dn /d2, and expressed as;

2c

dn p,om Dol 0ol
2¢ 1°2 5 2 1 P2
—Z = (e : —— - = . .54
d G %J7  Zm S T T, Cre (4.54)
2 1 1 1
where
(1 + rzc,tanazcotanezc)
CZC= 2
(1 + tanuZCutanezc)

and

tan8 = tano, /[1 + Kd.(b/h)]
c 2c

2
A Jf .
T - AW Wy
2¢c 2.A . .s
S S
f = f tanZa
W 2¢c

The lever arm to the shear force in the compression zomne, ch,

can be obtained from the following expression - see figure 4.7(b),

_ Ja L 2 2
R, . = /taz KscanC) + (y/4)
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4,5.3 Mode 3¢ Failure

Another mode of failure occurs when an over-reinforced member
is subjected to a very small ratio of ¢y, It gives a lower theore-

tical torque capacity where there is less top steel than in the

bottom. At failure the concrete crushes near the bottom of the

section before yielding of any of the reinforcement. The failure

section resulting from this mode can be seen in figure 4.8(a).
Taking moment of forces about an axis perpendicular to the

longitudinal axis of the beam through point e, (see figure 4.8(b)),

(ds-dn, )

R, + A f . ~—2—2C x. tana (4.55)

X
Tse - V“E'* Kv°b°dn3bfv3c° 3c ww S 3c

3c

Equating the shear force of the concrete in compression
zone to the tensile forces in the top stirrup legs crossing the
failure section, in a direction perpendicular to the longitudinal

axis of the beam, the following equation can be obtained

}\v,b,dnsc.fv3C = Aw°fw's°tana3c (4.56)

Combining equation 4.55 with equation 4.56 to eliminate the

tensile stress in the stirrup legs, fw, and rearranging, an
equation to calculate the ultimate torsional capacity in mode 3c can
i imatin -d to
be obtained after approximating (d3 nsc) RSc
2.Kv,d.dn, .fv_, .R
3c 3

T = c 3¢ (4,57)
Sc 1 - (8.%)/2

Equation 4.23 can be used to obtain a value for the average
shear stresses, fv,c, in the concrete.
3
From the equilibrium of forces on the skew failure plane

(see figure 4.8(c)), an expression for the depth of compression

zone dn. can be derived using the same approach as for the previous
3c
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modes of this type. It can be expressed in terms of the effective

depth, dS’ by,

dn., // P oM o
SC 173 Pz 1 pzcm
= r—o ° C 2 + 2‘,_.___—. ° -
d3 2 Kmi SC) Km. CSC 2°Km, ° C3c (4.58)
1 i
where
1 . .
.. (1 + oo tanaSC tan63c)

S
( a]las ° allesc)

and

taneSC = tanasc/[l + kd, (h/b)]

From figure 4.8(b), the lever arm to the shear force in the

compression zone, R, , can be expressed as,

3c

= ~K 2 2
R3C /(d3 hsudnzcj + (x/2)



CHAPTER FIVE

ANALYSIS OF THE TEST RESULTS AND COMPARISON

5.1 INTRODUCTION

The test results outlined in Chapter three are analysed first in
accordance with the theoretical solution proposed in the preceding
chapter. The analysis is followed by a discussion on the behaviour
and ultimate strength predicted by the theory. The proposed approach
will then be verified, and the accuracy of the theory will be checked
by direct comparison with the test results,

Usiﬂg only one set of results for assessing a theory may be
criticised,because the variation in material properties is small.

The theory therefore, is also compared with over 470 results of ZOV
different sets reported by other investigators in various countries.,
This includes the experimental results by; Ernst {20], Hsu [10],
Swann [54], Evans and Sarkar [41], Gesund et al [40], Goode and Helmy
[11], Iyengar and Rangan [151, Jackson and Estanero [46], Kemp [66],
Pandit and Warwaruk [37], Collins [45], Elfgren [69], Laylin [9],
Lessig [35], McMullen and Warwaruk [52], Osburn [50], Staley [59],
Yudin [48].

The collected results are from tests of solid and hollow rect-
angular concrete members reinforced longitudinally and transversely
in the form of closed stirrups or open links - as in Lessig's -
and subjected to pure torsion or torsion in combination with bending
and shear. No limitations have been imposed on the applicability of
the theory and therefore all the results of the investigators above

have been considered, unless there are difficulties in obtaining

accurate data,
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The theoretical analysis of the author's results and the comparison
were carried out using the computer. Programs were written in FORTRAN
and run on ICL 1904S main frame of the University of Aston's computer
centre; ICL Statistical Package (UASTATSXDS3) was used to determine

the coefficient of variation, Lists of the program used are given

in Appendix F,

5.2 ANALYSIS OF THE RESULTS

The solution of the ultimate torsional equations derived in the
preceding chapter for types of failure other than the yielding
requires a stress-strain relationship for the concrete to determine
Young's modulus of elasticity, ECo Since it was not possible to
obtain an experimental value for all the test beams, a relationship
has to be adopted.

Considerable work has been carried out in investigating the
stress-strain relationship for concrete, but no general accurate
solution, applicable to all types of concrete, is yet available, The
nature of this relation is dependent upon many factors; the most
important is the compressive strength of the concrete.

The author's concrete varied from very low to very high compres-
sive strength (table 3.1), therefore, two relatively simple and
reasonable accurate empirical formulae for determining EC have been

adopted from [70] and [71] respectively;

E_ = 1000.£! for £ < 27.5 N/mm*

and

E

6149.2./ET for ! 3 27.5 N/mm>
C

The distribution of the shear stress in the compression zone is

parabolic, but the 'average stress' coefficient is assumed to be
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1.0 (i.e. Kv = 1,0), and hence the "depth to the resultant force'

coefficient is equal to 0.5 (i.e, Ks = 0.5). Since a linear elastic

stress distribution was assumed in the analysis fof dn, the 'bending
stress' coefficient for the concrete in the compression zone normal
to 6-plane is equal to 0.5 (i..e° Kmi = 0.5), The coefficient Kd

is associated with the cracking of the failure section; and 1its
magnitude is mainly a function of the aepth of compression zone and
possibly varies between 1 and 2 (i;e° loOng<2;O); In the present
analysis the lower bound (ioe; Kd = 1.,0) has been adopted because it

agrees better with the test results. The standard value of 206.9

2 .. ' . 2
kN/mm“ (i.e. 30,00,000 1b/in”) for the modulus of elasticity of the

steel has been used throughout,

In the analysis the torsional moment for each beam has been
assumed as unknown, while the ratio of bending moment to torsional
moment, ¥, and the ratio of shear force to torsional moments, §,
have been taken as their test values. The torque has been calculated
theoretically using the equations for each principal mode (i.e. 1,

2 and 3) of each individual type of failure,

For mode 1 failure mechanism the theoretical torque has been
determined from equations 4.1, 4.24, 4.35 and 4.49 and presented in
table 5.1. Table 5.2 shows the theoretical torsional moment which has
been computed from equations 4.11, 4,29, 4.41 and 4.53, The theoretical
torque for mode 3 has been calculated using equations 4.18, 4.31,

4.45 and 4.57 and given in table 5.3.

In each of the preceding tables the lowest torsional moment has

been recognised as a critical type of failure and stated in column 6.

Table 5.4 consists of the values of column 6 from tables 5.1, 5.2 and

5.3. In this table also, the lowest torsional moment of the three
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Theoretical torsional moments| kN.m .
Critical torque*
Beam kN.m
Eq.(4.1) | Eq.(4.24) | Eq.(4.35) | Eq.(4.49)

Al 1.624 1,433 1.683 1,691 1,433 (II)
A2 1,592 1,716 .1.789 2,206 1.592 (I)
A3 1,602 1.839 1.865 2,437 1.602 (I)
Al 1.577 2,013 1,925 2,772 1.577 (I)
A5 1.694 2,031 2,087 2,782 1,694 (I)
A6 1.368 2,107 1.719 2,963 1,368 (I)
A7 1.647 2.210 2,119 3,133 1.647 (1)
A8 1.599 2,409 2,159 3.531 1.599 (I)
A9 1.630 2,624 2,318 3,955 1.630 (I)
AR4 3,648 2,708 3.982 2,896 2,708 (II)
ARS 3.649 2,769 4,038 3,007 2,769 (IT1)
AR9 3.655 3.871 5,079 5.115 3,655 (I)
Bl 3.153 4,947 2,371 2,714 2,371 (I11)
B2 2.489 3.733 2,186 2,813 2,186 (I1II)
B3 2.409 3.035 2,306 2,879 2,306 (III)
B4 2.104 2,574 2,149 2,748 2,104 (1)
B5 1,947 2.144 2,007 2.396 1.947 (1)
B6 2,149 2,185 2,471 2,765 2,149 (1)
B7 1.922 1.720 2.637 2,484 1,720 (I1)
BR2 5.155 4,049 4,144 3,171 3.171 (1IV)
BR4 3.327 2,512 3,346 2,641 2,512 (I1)
BR7 2.185 1.849 3,394 2,711 1.849 (II)
Cl 0.857 2,313 1.044 2,141 0.857 (I)
Cc2 1.260 2,568 1,462 2,631 1.260 (I)
C3 3.355 2,557 3,417 2,715 2,557 (11)
C4 4,187 2.803 4,821 3.231 2,803 (1I1)
C5 5.599 3.131 '+ 7,698 4.003 3,131 (II)
CR1 2.227 2,518 2,142 2,368 2,142 (I11)
CR3 3.648 2.708 3,982 2.896 2.708 (I1)
CR5 5,699 3.250 8.216 4,107 3,250 (II)
D1 1,317 1.153 1.432 1,381 1.153 (I1)
D2 1,739 1,743 1.876 2,061 1.739 (1)
D3 2,111 2.236 2,236 2,616 2,111 (1)
D4 2,558 2.697 2,660 3.081 2,558 (I)
D5 2.447 3.156 2,566 3,598 2,447 (I)
DR1 1.805 1.264 2,355 1.558 1,264 (II)
DR3 3,278 2.433 4,021 2.894 2,433 (IT)
DR5 4,313 3.658 5.090 4,329 3.658 (II)

* Tnside the brackets identify the critical failure type

TABLE 5.1 Mode 1 failure analysis for the test beams
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Theoretical torsional moment kN,.m
Beam Critical torque*
kN.m
Eq.(4.11) | Eq.(4.29) | Eq.(4.41) | Eq.(4.53)
Al 1.886 1,313 2,181 1.386 1,313 (II)
A2 2.541 1.572 3.632 1.827 1,572 (II)
A3 2,539 1.689 3,737 2.033 1.689 (II)
Ad 2,531 1,868 3,919 2.350 1.868 (II)
AS 2,538 1.884 3.917 2.353 1.884 (II)
A6 2,495 2,062 4,158 2,657 2,062 (1II)
A7 2.539 2,037 4,066 2.650 2,037 (ID)
A8 2.533 2.227 4,263 3,016 2,227 (1D)
A9 2,535 2,411 4,443 3,377 2,411 (ID)
AR4 3.089 2,223 2,819 1.952 1,952 (1IV)
ARS 3,090 2,268 2,858 2,028 2,028 (IV)
AR9 3.094 3,046 3.585 3.465 3,046 (II)
Bl 6.419 4,601 3,707 2,131 2,131 (IV)
B2 5.035 3.569 3,852 2.294 2,294 (IV)
B3 4,118 2,853 3.887 2,347 2,347 (IV)
B4 3.556 2,410 3,860 2,259 2,259 (1V)
B5 3,169 2.010 3.736 1,983 1,983 (IV)
B6 2,882 2.051 3,941 2,332 2,051 (II)
B7 2,224 1.591 3,851 2,113 1.591 (ID)
BR2 4,370 3.491 2,931 2,199 2,199 (1IV)
BR4 2,987 2,295 2,931 1.975 1,975 (IV)
BR7 1,904 1.496 2,888 1,915 1.496 (II)
Ccl 2,271 2,363 2,136 1.901 1,901 (IV)
Cc2 2.643 2.502 2,665 2,241 2,241 (IV)
C3 3.559 2.389 3.840 2,227 2,227 (IV)
C4 4,205 2.499 4,953 2,553 2,499 (ID)
C5 5.553 2,663 7.802 3,068 2,663 (II)
CR1 2.376 2,233 2.016 1.828 1.828 (IV)
CR3 3,089 2.223 2,819 1,952 1.952 (1IV)
CR5 4,364 2.397 4,790 2,445 2,397 (II)
D1 1.798 0.934 2,218 0.911 0,911 (IV)
D2 2,541 1.583 3,159 1.629 1.583 (II)
D3 3,212 2,182 3.970 2,332 2,182 (II)
D4 3,840 2.757 4,657 2,968 2.757 (1II)
D5 4,368 3.520 5.519 3.868 3,520 (ID)
DR1 1,554 0.920 1,647 0.861 0.861 (IV)
DR3 2,771 2,076 2,966 2,120 2,076 (11)
DR5 3.811 | 3,315 4,137 3,583 3,315 (II)

TABLE 5.2:

166

* TInside the brackets identify the critical failure type

Mode 2 failure analysis for the test beams




Theoretical torsional moments kN.m

Beam Critical torque*
kN.m
Eq. (4.18)]| Eq. (4.31) Eq. (4.45) Eq.(4.57)

Al 2.889 1.635 * % 1.929 1.635 (II)
A2 4,352 1.948 ww 2,505 1.948 (I1)
A3 4,323 2,092 * % 2.773 2,092 (II)
A4 4,383 2,314 *x 3,185 2.314 (I1)
AS 4,087 2,313 66,492 3.168 2,313 (II)
A6 5.002 2,542 *x 3.574 2,542 (II)
A7 4,205 2,513 *x 3,563 2,513 (I1)
A8 4,325 2,762 * % 4,048 2,762 (1)
A9 4,243 3,003 * % 4,526 3,003 (II)
AR4 2.420 2.494 2,280 2,304 2.280 (II1I)
ARS 2,418 2,540 2,320 2,388 2,320 (III)
AR9 2,412 3,382 3,127 4,009 2,412 (I)
B1 13.738 5.385 14,313 2.954 2,954 (IV)
B2 10.843 4,166 34,925 3,139 3.139 (1IV)
B3 7.476 3.368 19,841 3,195 3,195 (IV)
B4 6,410 2,883 37,659 3,078 2,883 (II)
B5 5.532 2,432 63.974 2,718 2,432 (I1)
B6 4,168 2,507 11,777 3,173 2,507 (I71)
B7 2.789 2,000 7,812 2.888 2,000 (II)
BR2 3.426 3.976 2,494 2,732 2,494 (III)
BR4 2.757 2,579 2,717 2,337 2,337 (1IV)
BR7 1.652 1.635 2,556 2.125 1.635 (I1)
Cl 6.512 2,676 * % 2,477 2,477 (1IV)
Cc2 5.929 2,893 47,096 2,965 2,893 (II)
C3 4,021 2,858 4,967 3,035 2,858 (II)
Cc4 4,455 3.070 5.872 3,539 3,070 (II)
C5 5.821 3,442 9.263 4.401 3.442 (11D
CR1 2.541 2,529 2,418 2,379 2,397 (IV)
CR3 2,420 2,494 2,280 2,304 2.280 (III)
CRS 2,405 2.580 2,329 2,433 2,329 (II1I)
D1 2.590 1.250 7.705 1,496 1,250 (II)
D2 3.918 1.910 13,976 2,259 1.910 (II)
D3 5.160 2.484 21,261 2,906 2,484 (1II)
D4 6,055 2.989 18.097 3,414 2,989 (1II)
D5 8.300 3,688 * %k 4,204 3.688 (II)
DR1 1.241 1.100 1.341 1.160 1.100 (II)
DR3 2,169 2.184 2,283 2,252 2,169 (1)
DRS 3,160 3,274 3.327 3.399 3.160 (I)

Inside the brackets identify the critical failure type
Indicates values close to infinity

TABLE 5.3:

Mode 3
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Critical torsional moments kN.m
Beam Ulti. torq. | Predicted
kN.m mode
Mode 1 Mode 2 Mode 3

Al 1.433 (II) 1.313 (I1) | 1.635 (II) 1,313 2,11
A2 1.592 (D) 1.572 (IT1) | 1.948 (II) 1,572 2,11
A3 1,602 (I) 1.689 (II) | 2,092 (II) 1,602 1.1
A4 | 1.577 (1) 1.868 (II) | 2,314 (II) 1,577 1,1
A5 1.694 (I) 1.884 (II) | 2.313 (II) 1.694 1.1
A6 1.368 (I) 2,062 (II) | 2,542 (II) 1.368 1,1
A7 1.647 (1) 2,037 (II) | 2.513 (II) 1.647 1.1
A8 1.599 (I) 2.227 (II) | 2,762 (II) 1.599 1.1
AS 1.630 (I) 2,411 (II) { 3,003 (II) 1,630 1.1
AR4 | 2,708 (II) | 1.952 (IV) | 2,280 (III) 1,952 2.1V
ARS | 2,769 (II) 2,028 (IV) | 2,320 (III) 2,028 2,1V
AR9 | 3,655 (I) 3,046 (II) | 2.412 (I) 2.412 3.1
B1 2,371 (III) | 2,131 (IV) | 2,954 (IV) 2.131 2,1V
B2 2,186 (III) | 2.294 (IV) | 3,139 (IV) 2,186 1,111
B3 2,306 (III) | 2.347 (IV) | 3,195 (IV) 2,306 1,111
B4 2,104 (I) 2,259 (IV) | 2.883 (II) 2,104 1.1
B5 1.947 (1) 1,983 (IV) | 2,432 (II) 1.947 1.1
B6 | 2.149 (I) 2,051 (II) | 2,507 (II) 2,051 2,11
B7 1,720 (II) 1,591 (I1) | 2,000 (II) 1.591 2,11
BR2 | 3.171 (IV) | 2.199 (IV) | 2.494 (III) 2,199 2,IV
BR4 | 2.512 (II) | 1.975 (IV) | 2.337 (IV) 1,975 2,1V
BR7 | 1.849 (II) | 1.496 (II) | 1.635 (II) 1,496 2,11
Cl 0.857 (I) 1,901 (IV) | 2,477 (IV) 0,857 1.1
c2 | 1.260 (I) 2,241 (IV) | 2,893 (II) 1,260 1.1
C3 | 2.557 (II) | 2.227 (IV) | 2.858 (II) 2,227 2,1V
C4 2,803 (II) 2,499 (II) | 3,070 (II) 2.499 2,11
05 3,131 (II) 2,663 (I1) | 3.442 (II) 2,663 2,11
CR1| 2,142 (III) | 1.828 (IV) | 2.397 (IV) 1,828 2,1V
CR3 | 2.708 (II) | 1.952 (IV) | 2.280 (III) 1,952 2.1V
CRS | 3.250 (II) | 2.397 (I1) | 2.329 (III) 2,329 3,111
D1 1,153 (I1) 0.911 (IV) | 1.250 (II) 0.911 2,1V
D2 | 1.739 (I) 1.583 (II) | 1.910 (II) 1.583 2,11
D3 2.111 (I) 2,182 (II) | 2.484 (IT) 2.111 1.1
D4 2,558 (I) 2,757 (I1) | 2,989 (II) 2,558 1,1
D5 2.447 (1) 3,520 (II) | 3.688 (II) 2,447 1,1
DR1 | 1,264 (II) 0.861 (IV) | 1,100 (II) 0.861 2.1V
DR3 | 2.433 (II) 2,076 (II) | 2.169 (I) 2.076 2,11
DR5 | 3,658 (II) | 3.315 (II) | 3.160 (I) 3,160 3.1

TABLE 5.4: Ultimate theoretical torque and predicted mode of failure




Observed (Test) | Predicted (Theory)
Beam

Tiest KNom | mode T iheopy KNem | mode
Al 1.382 1 1.313 2,11
A2 1.409 1 1.572 2.1I
A3 1.657 1 1.602 1.1
A4 1,792 1 1.577 1.1
A5 2,207 1 1.694 1.1
A6 1.519 1 1.368 1.1
A7 2,207 1 1.647 1.1
A8 2.345 1 1.599 1.1
A9 2,620 1 1,630 1.1
AR4 2,345 3 1.952 2,1V
ARS 2.441 3 2,028 2,1V
ARS 3.514 3 2,412 3.1
B1 2,936 1 2,131 2.1V
B2 2,276 1 2,186 1.III
B3 2,413 1 2,306 1,ITI
B4 2,207 1 2,104 1.1
B5 2,001 1 1.947 1.1
B6 1,932 2 2.052 2,11
B7 1.588 2 1,591 2,11
BR2 2,661 3,2 2.199 2.1v
BR4 2,386 3,2 1,975 2.1V
BR7 1.519 2 1,496 2,11
Cl 1.244 1 0.857 1.1
c2 1.519 1 1.260 1.1
C3 1.932 2 2,227 2,1V
C4 2.400 2 2,499 2,11
C5 2.345 - 2,663 2,11
CR1 2,001 2 1.828 2.1V
CR3 2,345 3 1,952 2.1V
CRS 2.592 3 2,329 3.I1I
D1 1.313 - 0.911 2.1V
D2 2,028 1 1,585 2,11
D3 2,372 1 2,111 1.I
D4 3.032 1 2,558 1.1
D5 2,413 1 2.447 1.1
DR1 1.244 3 0.861 2.1V
DR3 2,042 2 2,076 2,11
DRS 3,280 2 3.160 3.1

TABLE 5.5: Observed and predicted ultiorate torque, and

behaviour of the test beams
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principal modes (i.e. 1, 2 and 3) has heen récognised as the theo-
retical ultimate torque according to the proposed analysis, and

outlined in the fifth column of the table adjacent to the predicted

mode and type of failure,

5.3 DISCUSSION OF THE ANALYSIS

Both the observed and predicted ultimate torque and modes of
failure are presented in table 5;5° This table shows that the theory
is reasonably accurate in the prediction of the ultimate torsional
moment and the behaviour of the test beams,

As explained in section 5.2, both ¥ and § were taken as the
experimental values and the torsional moment was calculated theore-
tically, therefore some of the difference between the test and the
theoretical values must be attributed to amplified errors associated
with the torsional moment.

It can be seen from table 5.5 that generally the theoretical
torsional moments for the test beams are low - i.,e, conservative,
and the observed modes and types of failure are predicted with a

reasonable degree of accuracy by the theory.

5.3.1 Beams of Series A

Series A beams were manufactured to investigate the effect of
varying the strength of concrete, The effect on the torsional
strength for beams of group A is shown in figure 5.1, and beams of
group AR in figure 5.2,

For beams of group A, the theory predicts mode 1.I (i.e. yield-
ing), except beams Al and A2, but for all beams of this group the
observed failure mechanism indicates mode 1 (see table 5.5),

Observed behaviour for the rest of the beams in this group,
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except A3, A7 and A9 indicate yielding of the longitudinal steel only
(see table 3.4), which is not in agreement with that predicted by the
theory. Table 2°5; however, shows that the position of the strain
gauges was close to the location of the failure section for these
beams. The strain gauge readings are affected by whether the failure
cracks intercepted the strain gauges; In the author's tests only one
single stirrup in the transverse plane was instrumented, although the
failure section extended over a considerable distance along the longi-
tudinal axis.

The mode and type of failure have been predicted correctly for
beams A3, A7 and A9, although the predicted ultimate torques for beams
A7 and AS are rather low. This increase in the torsional strength
for the beams were achieved by incorporating the higher strength con-
crete as can be seen from figure 5;1.

Beams of group AR were tested under approximately pure torsion
(section 3.7.2). The predicted ultimate torques are considerably
lower than the test values (see table 5.5). The predicted mode of
failure for beams AR4 and AR5 shows mode 2,IV (crushing), but the
observed failure mechanism for these two beams was thought to be
cleavage at the bottom face. It is quite possible that the cleavage
was a tensile crack at bottom which formed a part of the spiral
tensile cracks of the failure surface for mode 2. Some crushing of
the concrete on the north face can be traced from the crack pattern
of the failure section of beam AR5 (see Appendix C ), which supports
the theoretical prediction, Analysing beams AR4 and ARS as mode
3,111 failure - which is the second critical mode for both beams
(table 5,4), underestimates the strength by only 3% and 5% respec-

tively compared with 20% of the predicted values by the theory. The
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mode 3.1 (yielding) of the reinforcement for beam AR9 is correctly

predicted by the theory, but underestimates the torque by 46%, which
is rather 1arge;

Direct comparison of heams in group AR with their identical
beams in group A (see table 5.5) leads to a conclusion that a moder-
ate combination of bending and shear in conjunction with the applied
torque on a reinforced concrete member reduces the ultimate torsional
capacity; This reduction in the capacity is incorporated in the

present analysis as can be seen again in the same table,

5.3.2 Beams of Series B

Beams of series B were tested in order to study the effect of
stirrup spacing on the ultimate torsional capacity. This caﬁ be seen
from figure 5.3 for group B, and figure 5.4 for group BR,

The ultimate torque and modes of failure for beams of group B
are predicted by the theory with a reasonable degree of accuracy (see
table 5.5)., The theoretical ultimate torque for beam Bl is 38% below
the experimental value, which is low, The theory predicts mode 2,IV
(crushing) type of failure but the test result indicates mode 1 fail-
ure, If this beam were analysed as mode 1.IIT (longitudinal steel
yielding) - which is the second critical mode - the theoretical
torque would be only 24% below the test value, which is reasonable,

For the rest of the beams of this group, the theory overestimates
the strength of beam B6 only, by 6%, In the test where failure sec-
tion intercepted the position of the strain gauges the theory predicts
the correct mechanism of failure and behaviour characteristics, as in
beam B4,

The predicted torsional moment for the three beams of group BR
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are lower than the experimental yalues but the behayiour and theoretical
modes have been predicted reasonably well. Beam BR2 showed an upward
deflection (table 3.3) at the midspan upon failure, which implied
mode 3, but from the location of the failure section (table 2.5) it

is  possible that the beam failed in mode 2 as predicted by the
theory, since the upward deflection in this section is very small,

According to the theory beam BR4 failed in mode 2,IV (crushing),
but the crack pattern of the failure surface (Appendix C ) indicates
no apparent crushing of the concrete, although mode 2 failure mech-
anism is possible,

It is interesting to note for the previous two beams mode 2,IV
(crushing) dominated other modes by small differences in the estimated
torque. If they were analysed in accordance to their second critical
modes - 3,IIT for beam BR2 (table 5.3) and 2.II for beam BR4 (table
5.2) - the theory would underestimate the actual torsional strength
by 7% and 4% respectively, compared with 21% predicted by mode 2,1V
equation,

Comparing beam BR7 with beam B7, one may conclude that mode 3
failure mechanism governs mode 2 or mode 1 failure as the amount of
top steel decreases. It can also be seen that only a small increase
in bending and shear of a member subject to combined loads will
increase the ultimate torsional strength. Figures 5.3 and 5.4 show
that the ultimate torsional capacity of a reinforced concrete beam

increases by increasing the amount of transverse steel,

5.3.5 Beams of Series C

Beams of series C were manufactured to investigate the effect of
the amount of the longitudinal steel on the ultimate torsional strength,

This effect is shown in figure 5.5 for beams of group C and figure
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5.6 for beams of group CR.

The predicted modes of failure for beams in group C show good
agreement with the observed mechanism of failure; The test results
of these beams varied between 13% below to 45% above the theoretical
values (see table 5.5).

A conservative estimation of beam Cl by the theory seems to have
been produced by a low value of tang

1y’ due to the high experimental

ratio of the transverse to longitudinal steel, T This character-

1y’
istic and the analysis of later beams of group A leads to a con-

clusion that for both low and high values of the ratio r,_ the theory

ly
is conservative, This is obviously advantageous for safety in design
and a disadvantage for accuracy in analysis,

The unsafe estimation of the ultimate torsional capacity for
beams C3, C4 and CS may be attributed to the fact that these beams
failed prematurely, as observed during the experimental investigation
(see section 3.7.5). This fact may be supported by a direct compari-
son between beams C3 and B4 - which were identical., From table 3.3 the
load ratio of M:T:Vh of beam C3 was approximately 0.4:1.,0:0.3, while
this ratio for beam B4 was 2.4:1.0:0.3, which suggests that beam C3
should have resisted higher applied loads.

The ultimate torque and modes of failure for beams of group CR
have been reasonably determined by the theory. For beam CRIl the
theory predicts mode 2.IV (crushing), while the observed mode of
failure was between 3 and 2. It is quite reasonable that the absence
of bending and shear in this beam - unlike its identical CI, might
have initiated crushing of the concrete in one of the sides before
vielding of the reinforcement. It is interesting to realize that by

analysing beam CR1 in accordance to its second critical theoretical
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mode (i.e. mode 2,111, see table 5.2), the critical ultimate torque
would be 2,016 kNm against 2.001 kNm for the actual failure torque.

Supported by the strain readings of the longitudinal reinforce-
ment it is reasonable to expect that beam CR5 failed by yielding of
the steel at the top of the section; as predicted by the theory.

In general it appears that the ultimate torsional capacity of a
reinforced concrete member under pure torsion (figure 5.6), or torsion
with combined loads (figure 5.5) increases as the amount of longi-

tudinal steel increases until it is over-reinforced.

5.3.4 Beams of Series D

Series D beams were manufactured in order to investigate the
effect of varying the breadth of the section., The effect of the
breadth to height ratio on the torsional capacity for beams in group
D is shown in figure 5.7, and group DR in figure 5.8,

The theoretical solutions for beams in group D generally under-
estimate the test values. The theoretical predictions vary between
44% lower to 1% higher than the test values,

The mechanism of failure in the tests for beams D1 and D2 des-
cribed in section 3.7.7 are not in agreement with the theoretical
modes. For beam D1, careful examination of the crack pattern of the
failure section (see Appendix C ) shows that some crushing of the
concrete on the north face occurred which supports the predicted
failure mechanism. It can be seen from table 3.1 that the cylinder
compressive strength, fé, for this beam is actually 20% lower than
the design value, This fact and the low value for dn2C produces a
low estimation for the torsional capacity of mode 2.IV (crushing).
The immaturity of the concrete seems to be related to the method by

which the test beam and its control specimens were vibrated (see
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ection 2.3.2). For beam D2, the described mode 1 of tensile failure
seems to be mode 2 failure by yielding of the stirrups only according
to the theoretical analysis, From the crack pattern of the failure
section (Appendix C ), it is quite reasonable to consider the tensile
cracks on the top,described as cleavage in section 3;707; were infact
a part of the spiralling tensile cracks on the top, south and bottom
faces for a mode 2 failure mechanism. It has been noted, however,
that the measured stresses in the longitudinal reiﬁforcement (table
3.4) support mode 1 failure, but they are not entirely reliable.
The theoretical solution and the predicted mode of failure for
the remaining beams of this group are in reasonable agreement with
the tests,
The mechanism of failure for beam DR1 described in section
3.7.8 was observed to be mode 3, while the theory indicates mode
2.IV (crushing) failure., This may be due to the same reasons as
described in the analysis for its identical beam (i.e. beam D1) above,
The failure mode and the ultimate torque for beam DR3 is predicted
by the theory with reasonable accuracy i.e, a 1.6% overestimation,
In beam DRS5 the observed failure mechanism was mode 2, but the
theory predicts mode 3.1 (yielding). The latter could in fact be
the real case, since the beam is square in cross-section and contains
less top steel., It is quite possible that the sort of crumbled con-
crete on the bottom face (see plate 3.4) was the crushed compression
zone, Mode 3 failure mechanism for this beam is further supported
by the upward deflection at failure, as it can be seen from table 3.3,
Close examination of beams D1 and DR1 from tables 5.2 and 5.4,
apart from confirming the high conservatism of mode 2.IV (crushing),
as concluded earlier; also leads to another conclusion. A beam with

a rectangular cross-section, where the height is twice or greater
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than the breadth, mode 2,II (stirrup yielding) underestimates the

ultimate torsional capacity.

Figure 5.7 shows that the ultimate torsional capacity of a

rectangular reinforced concrete member under combined loads is

increased by increasing the breadth of the section up to a certain
limit, beyond which the flexural mechanism tends to dominate the
nature of the failure. This limit can be defined by the ratio of
breadth to height (b/h) to be about 0,85 for the test beams of

group D. Figure 5.8 confirms that the torsional capacity of a
rectangular reinforced beam under nearly pure torsion is increased
by increasing the b/h ratio, The limit in this case seems to be
associated with the state where the failure mechanism of a wide beam

changes to one of a slab under torsion.

5.4 EVALUATION OF THE PROPOSED METHOD OF ANALYSIS

5.4,1 Deficiencies of the Theory

The theory proposed in Chapter four to predict the behaviour and
ultimate strength of reinforced concrete members under combined
torsion, bending and shear is not considered to be the final solution
to the problem. It is apparent, however, that the test results
support the proposed theory, although some deficiencies were noted
in the discussion in the preceding section. These deficiencies

could be summarised as follows:-

[

The theory seems to underestimate the ultimate strength of a
member reinforced with steel of widely different yield strengths,
It is possible therefore that dissimilar strengths of steel
should be avoided.

2 In general mode ZFIV (crushing) tends to an excessive underesti-

mation of the ultimate strength. This obviously increases the
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safety factor but decreases the accuracy of the theory,

Mode 2.IT (stirrup yielding) also tends to underestimate the

ultimate strength in beams where h/b>2.

Mode 3,IIT (longitudinal steel yielding) in some cases estimates
values for torsional strength close to infinity (see table 5.3).
This is apparent from equation 4045; where if ¢y is close to 1.0
and § is small the denominator will be nearly zero, thus the
estimated torque will be very large, hence this mode will not
generally be critical. Only beam CR5 of the author's test
failed in this mode for which V¢ = 0,028 (ory = 0 if the dead
load is ignored).

5 It must be realised, however, that the present theory analyses
the principal modes of failure only, and assumes a sudden change
from one failure mechanism to another, which in fact is unlikely

to occur,

5.4.2 Comparison of the Theory with the Author's Test Beams

The accuracy of the proposed analysis has been compared with the
experimental results of the author's beams for each principal mode of
failure (i.e. 1, 2 and 3) separately. For this purpose a comparative

ratio (CRT) of T /

T - which idealy should be 1,0, has been
test’ “theory

used so that ratios of less than unity indicate unsafe results. For

each beam Tt corresponds to the ultimate torsional moment which

est
i i T corresponds to the

the beam can resist upon failure, and theory p

lowest (positive) theoretical torque calculated from the equations

for the three principal modes of each type of failure., The mean value

for the comparative ratio (CRT), and the coefficient of variation

for each of the principal modes is presented in tables 5.6, 5.7 and
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bean Failure torque Ttest
T
Observed Predicted theory
Ttest kN,m Ttheory kN.m

A3 1.657 1.602 1,03
Ad 1.792 1,577 1.14
A5 2,207 1.694 1.30
A6 1.519 1.368 1.11
A7 2,207 1,647 1,34
A8 2,345 1,599 1.47
A9 2.620 1.630 1.61
B2 2.276 2,186 1.04
B3 2,413 2,306 1.05
B4 2,207 2,104 1.05
B5S 2,001 1.945 1.03
Cl 1,244 0,857 1.45
2 1,519 1.260 1.21
D3 2,372 2,111 1.12
D4 3,032 2,558 1.19
D5 2.413 2,447 0.99
Average mean of Ttest/Ttheory 1.20
Coefficient of variation 0,15

TABLE 5.6: Comparison of author's results for mode 1 failure
mechanism
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Failure torque
Beam test
T
Observed Predicted theory
Ttest kN.m Ttheory kN.m
Al 1,382 1,313 1.05
A2 1.409 1,572 0,90
AR4 2.345 1,952 1,20
ARS 2,441 2,028 1.20
B1 2.936 2,131 1.38
B6 1,932 2,052 0.94
B7 1.588 1,591 1,00
BR2 2,661 2.199 1,21
BR4 2,386 1,975 1,21
BR7 1,519 1,496 1.02
C3 1,932 2,227 0,87
oy} 2,400 2,499 0,96
C5 2,345 2,663 0.88
CR1 2,001 1.828 1.10
CR3 2,345 1,952 1.20
D1 1,313 0,199 1.44
D2 2,028 1,585 1.28
DR1 1.244 0.861 1.45
DR3 2,042 2,076 0.98
Average mean of Ttest/Ttheory 1.12
Coefficient of variation 0,17

TABLE 5.7

Comparison of author's results for mode 2 failure

mechanism




Failure torque T
test
Beam T
Observed Predicted theory
T kN,
test m Ttheory kN.m
AR9 3.514 2,412 1.46
CR5 2,592 2,329 1.11
DR5 3.280 3.160 1,04
Average mean of Ttest/Ttheory 1,20
Coefficient of variation 0.15
TABLE 5.8: Comparison of author's results for mode 3 failure
mechanism
T /T
Failure test’ theory Coefficient Number Total
rar 3 1 f
modes Vinimum |Maximum | Mean of variationsjof beams
1 0.896} 1.607 | 1.195 0.151 16
2 0.868}| 1.445 | 1.117 0.166 19 38
3 1.038| 1.457 | 1.203 0.155 3
TABLE 5.9: Summary of the comparison for author's test beams
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For those beams where the theory predicts mode 1 failure mechan-

ism the ultimate torque are compared with the test values in table
5.6. The theory ﬁnderestimates the test results by about 20% with
a coefficient of variation of 0515; The test results varying from
1% below to 61% above the theoretical values.

The beams where mode 2 failure mechanism was predicted, are
compared in table 5.7, The theory underestimates the test results
on average by nearly 12% with a coefficient of variation of 0.17.

The actual torsional capacity for these beams vary between 13% below
to 45% above the predicted values,

The three beams which failed theoretically in mode 3 are compared
with the test results in table 5.8. The theory underestimates the
results by 20% with é coefficient of variation of 0,16, The test
results ranging from 4% to 46% above the theoretical values,

The comparison is summarized and presented in table 5.9, together
)

with the lowest and the highest values of CRT (i.e. T /

test Ttheory

and also the number of beams which failed in each mode,

The comparison of each individual group, however, can be seen in
graphical representation from figures 5.1 through 5.8. Only fair
agreement can be seen between the theory and the test results of
group A beams (figure 5.1). This must be due to the fact that the
transverse reinforcement for beams in this group had a lower yield
strength than the main bars as discussed earlier. For the beams of
group AR (figure 5.2), and the rest of the groups (figures 5.3

through 5.8), good correlation can be found between the theory and the

experimental results,

wm

.5 COMPARISON OF THE THEORY WITH OTHERS' RESULTS

The proposed theoretical approach is also compared with a total

1580




of 477 experimental results carried out by different research

workers in various countries, The summary of the comparison is

given in table 5.10. All the results used in the comparison were
from tests of fully reinforced concrete (except Zia and Gardenas'
[67]) beams subjected to pure torsion; or torsion in conjunction with

bending and shear. The test results include those reported by the

following investigators:

1 Ernst; G C [20] 15 tests
2 Hsu, TTC [10] 53 tests
3 Swann, R A [54] 12 tests
4 Evans, R S and Sarkar, S [41] 15 tests
5 Gesund, G et al [40] 12 tests
6 Goode, C D and Helmy, M A [11] 16 tests

7 Iyengar, K T and Rangan, V B [15] 37 tests
8 Jackson, N and Estanero, R A [46] 68 tests
9 Kemp, E L [66] 10 tests

10 Pandit, G S and Warwaruk, J [37] 14 tests

11  Zia, P and Gardenas, R [67] 31 plaster model beams
12 xius J P [68] 8 tests
13 Collins, M P et al [45] 15 tests
14 Elfgren, L [69] 35 tests
15 Lyalin, I M [9] 36 tests

<t

16 Lessig, N N [35] 42 tests

17  McMullen, A E and Warwaruk, J [52] 18 tests

18  Osburn, D L [50] 10 tests
19  Staley, R F [59] 11 tests
20 Yudin, V K [48] 19 tests

As can be seen from table 5,10, the test results of each indivi-

dual investigators have been analysed separately for the three
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CRT (T
( test/Ttheory)
Investigator Modes Coeff, of | No, of Total
o variation | beams
Minimum | Maximum | Mean
ERNST [20] 2 0.818 1,370 | 1.01 0.13 15 15
HSU [10] 2 0,875 1.390 | 1.15 0,11 53 53
SWANN [54] 2 0.806 1.192 | 0.93 0,11 12 12
EVANS AND 1 0,948 1,191 | 1.04 0.06 12
SARKAR [41] 2 0,762 0.762 | 0,76 - 1 15
3 0.845 1.010 | 0.93 - 2
1 0.895 1,087 | 0,99 0,06 10
GESUND ° ° D e
ET AL [40] f 0.357 10935 _1,?0 : f 12
1 1.062 1,193 | 1.13 - 2
Sggﬁﬁ ?T?] 2 1.121 1.360 | 1.22 0.11 4 16
3 1,020 1,723 | 1,39 0,17 10
1 0.906 1,148 | 1,03 0.08 15
IYENGAR AND 5
2 . ,113 | 1.01 .07 22 37
RANGAN [15] - 0 f26 1 3 ? 0 i -
1 0.918 1.180 | 1,04 0,07 22
gégi?ON AND 2 0.879 | 1.201 |1.03| 0.09 36 68
NERO [46] | 3 0.719 | 1.179 |0.95| 0.15 10
1 1,055 1,52 1,26 0.15 6
KEMP [66] 2 1,232 1.553 | 1.41 0,10 4 10
PANDIT AND 1 0.995 1.031 | 1,01 0.01 3
WARWARUK [37] 2 0.775 1.258 | 1,03 0.18 10 14
3 0,961 0.961 | 0,96 - 1

TABLE 5,10: Summary of the comparison for the test beams of other
investigators
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CRT (T T
) ( test/ theory) Coeff, of [No., of
Investigator | Modes variation | beams Total
Minimum | Maximum | Mean
ZTA AND ; ioéfg 1.489 | 1,50 | 0,08 21
GARDENAS [67] | ° .03 1.580 | 1.33| 0.12 10 31
1 0.835 | 1,043 |0.95| 0.07 6
KLUS [68] 2 1,120 | 1,198 | 1.16 - 2 8
1 0.939 | 1,097 |1.04| 0.05 7
OLLINS : .
STLQEN[45 2 0.901 | 1,282 |1.01| 0.14 6 15
] 3 0.882 | 0.891 | 0.89 2
1 0,769 | 1,349 | 1.13| 0.10 20
ELFGREN [69] 2 0.893 | 2,114 |1.42] o0.21 13 35
3 1.155 | 1.155 | 1.16 1
1 0.935 | 1.639 |1.26| 0.13 30
LYALIN [9] 2 1.204 | 1.465 | 1.35| 0.08 6 36
1 1,000 | 1,414 |1.21| 0.09 27
LESSIG [35] 2 1,122 | 1.649 |1,38| 0.13 15 42
1 0.936 | 1.156 | 1,01| 0.07 6
McM h J °
ﬁ;ﬁ%&égg e 2 | 0.891 | 1.340 [1.05| 0.16 10 18
' [521 1 3 0.902 | 1.086 |0.99 - 2
0.872 | 1.142 |1.03| 0.08 10
OSBURN [50] - - - - - - 10
1 0.896 | 1.374 |1.09| 0,14 10
STALEY [59] 2 1.402 | 1,402 | 1.40 - 1 11
0.800 | 1.491 |1.11| 0.20 19
YUDIN [48] - - - - - - 19

TABLE 5,10 (CONTINUED): Summary of the comparison with the test beams
of other investigators
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principal mechanisms of failure (i.e. modes 1, 2 and 3). Also shouwn

is the mean values of the comparative ratio (CRT) - T

test/Ttheory’

the coefficient of variation, and the number of beams which have
failed in each particular mode, These results have been analysed
using the same computer program as for the author's test results,
unless an alteration was required for the system of units. The
experimental and theoretical torsional moments and modes of failure,
as well as the comparative ratio for each beam of each investigator
is given in the Appendix D,

The experimental work of these investigators is not described
here, but a list of details of experimental data required for the
analysis is given in the Appendix E,

The following points in relation to the preparation of the data
in Appendix E should be noted;

1 For those test results where only the cube compressive strength,
fcu’ has been reported, a coefficient of 0,8 was used to obtain the

cylinder compressive strength, fé, i.e, fé = OOBchuo

2 The present analysis is applicable to members where the longi-
tudinal steel is concentrated in the four corners around the inside
perimeter of the stirrups. In those test beams where the distri-
bution of the main bars did not comply with this condition, the
longitudinal steel along the faces was distributed to the existing
bars in the corners. In the case of bars with different yield
strength, the correction of the strength was also considered, This
was made in accordance to the proportion of the cross-sectional area
of the steel added to the corner bars.

3 The failure torque for Jackson and Estanero's [46] test beams

was obtained from the failure bending moment and the torsion to bend-

ing ratio y.
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CHAPTER SIX

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

6.1 CONCLUSIONS

From the experimental and theoretical investigation presented

in the previous chapters the following is concluded:

(1) The instruments (except the Data Logger), and the performance

of the test rig for applying the required combination of loads
onto the test beams were found to be satisfactory.

(2) Upward deflection occurred in beams which contained weak top

steel and were subjected to high torsion, This confirms the
existence of mode 3 failure mechanism,

(3) Combined flexural moment and shear reduce the torque at which
the first visible crack appears.

(4) The deflection of beams under combined torsion, bending and
shear decreases with the amount of longitudinal steel inversely.

(5) The cracking torque in concrete members under pure torsion or

combined loading increases with the compressive strength of

the concrete.

(6) An increase in the amount of longitudinal steel is accompanied
by an increase in the cracking torque for beams under combined
torsion, bending and shear, but this effect for beams under
pure torsion seems to be insignificant.

(7 The presence of bending moment reduces the ultimate torsional
capacity of a concrete member reinforced with equal areas of

longitudinal steel in the bottom and the top of the section,

(8) The presence of bending moment to a certain limit increases

the torsional strength in a rectangular member reinforced




(9)

(10)

(11)

(12)

(1

S

with less longitudinal steel at the top and subjects to

high torsional moment, particularly when it fails by yielding
of the reinforcement,

It is apparent from the result of series A test beams that
the ultimate strength of reinforced concrete members under
pure torsion or torsion with combined bending and shear,
increases with compressive strength of the concrete.
Torsional capacity of reinforced concrete members, in pure
torsion, or combined torsion bending and shear increase with
the spacing of the stirrups inversely-

There is appreciable increase in the ultimate capacity in
beams under pure torsion for an increase in the amount of
longitudinal steel, This increase in beams under combined
torsion, bending and shear is limited to the state of over-
reinforcement,

The ultimate strength in beams subject to a high torsional
moment increases with the breadth of the section. For beams
under combined loads the increase is limited. This limit
for the author's test beams was approximately 0,85 (i.e.

b/h = 0,85).,

The experimental results of the author's test beams, as well

as the other investigators, indicate that a reinforced concrete

member under combined torsion bending and shear may fail in
one of the following types of failure:

I - Yielding of both categories of reinforcement at fail-
ure before crushing of the concrete in the shear-
compression zone,

II - Yielding of the transverse steel only at failure

before crushing of the concrete in the shear-compres-

sion zone.




(14)

(16)

(18)

(19)

IIT -

Yielding of the longitudinal steel only, at failure,
- before crushing the concrete in the shear-compression
zone,

IV~ Crushing of the concrete in the shear-compression
zone, at failure, before yielding of any of the
reinforcement,

In any of the failure types above the beam may fail in one of
the three principal modes (i.e. 1, 2 or 3), depending on the
combination of the loads and the distribution of the steel.
The hypothesis that torsion in reinforced concrete members is
resisted partially by the concrete in the compression zone
and partially by the reinforcement is further substantiated
by the experimental work and the theoretical investigation
of this thesis.

The results of the experimental investigations confirm that
the interaction curve for combined torsion bending and shear,
(T/Tu)2 + (V/Vu)2 + M/Mu = 1, proposed by previous investi-
gators predicts the ultimate strength accurately only when
complete yielding has occurred.

The direct and torsional shear stresses in the shear compres-

sion zone for a reinforced concrete member can be combined by

Cowan's simplified failure criterion for concrete under tensile-

compressive stresses. It can be further simplified to a

relationship independent of the direct stress, fm, except for

0,75 f' < fm < £f!

c c
Detail examination of the author's results shows the proposed
theoretical approach describes the behaviour of the test beams

with a reasonable degree of accuracy,

Analytical interaction equations as well as design formulae
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(20)

can be obtained from the proposed theoretical approach for
combined torsion, bending and shear in reinforced concrete
members ,

Reasonable agreement between the theory and test results was
found not only for the beams of the author, but also for

another 477 beams reported in the literature.

6.2 SUGGESTIONS FOR FURTHER RESEARCH

From the result of this investigation the following recommend-

ations for future work, concerning combined torsion, bending and

shear of reinforced concrete members, are proposed:

1

Experimental and theoretical work is required into a
method by which the stresses in the reinforcement can be
calculated for types of failure other than yielding.,
Further experimental evidence is needed to clarify the
nature and behaviour of combined stresses in concrete at
failure.

Assuming tan o = 1 1n the non-yielding types of failure
affects the accuracy of the theory, Further experimental
work is needed to obtain a more accurate value,
Theoretical and experimental investigation is required into
the flexural and torsional stiffnesses of reinforced con-

crete beams under combined loads, particularly for cracked

sections,

Further analysis is required in order to improve the accuracy

of the expression for determining the depth of the compression

Zone,

Although some experimental work has been done to investigate
the effect of the size, distribution and the yield strength

of the reinforcement, further investigation is required
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to optimize these effects in relation to the ultimate
capacity of the member,

Although the present analysis ignores the dowel action and
produce reasonable results, further investigation is still
required in order to study the effect of the dowel action
of the steel on the ultimate capacity of beams under com-
bined loads.

The equations which are presented in this investigation need
to be simplified further in order to serve as design for-
mulae,

If only under-reinforced members are recommended in prac-
tice, further study is required in order to obtain the
necessary conditions for full yielding of the reinforce-

ment.
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APPENDIX A
A METHOD TO DETERMINE THE MODULUS
OF ELASTICITY OF CONCRETE Eé

A.1 EXPERIMENTAL WORK

For each beam two cylinders from the control specimens were
tested in order to determine the modulus of elasticity of the con-
crete Ec' On the day of casting, after the concrete had set in the
moulds, the two cylinders were capped with a 10 mm thickness of
concrete mortar to give a smooth end surface. On the day of the
test they were removed from the curing tank and left in the air
for some hours to dry the surface, The surface was then cleaned,
and marked with two vertical lines each being the intersection with
a vertical plane through the diameter of the bases. Two PL-60-11
strain gauges were then fixed at the mid-height of each of the
intersection lines using F88 dental cement, Later electrical wires
were soldered to the leads of the strain gauges.

A Dennison compression machine was used to test the cylinders
with a standard rate of loading. Testing started by recording the
initial readings, after the strain gauges were stablized; and there-

after the strain was recorded at each stage of loading upto failure,

A,2 ANALYSIS

The maximum stress Cgmax) and the corresponding strain eo for
all the specimens are given in table A-1. A typical stress-strain
curve is also presented in figure A-1.

To determine the modulus of elasticity, a relation between

uniaxial compressive stress (o) and strain (e) for the concrete had



to be obtained. Desayl and Krishnan's equation [72]was found to be
suitable for the purpose and can be expressed in the form of

_ 2 i .
Eci = (C/e)a[l.0+(€/ao) 1, where ECi 1s Young's modulus and e, 1is
concrete strain at maximum stress,

At failure, 0 reacheso , thus e will be equal to € and the
max o’

above relationship is reduced to E . = 2,0 /e . Since ¢ /e
ci max

max 0

is the secant modulus of elasticity, ECS; at the maximum stress, then
the initial tangent modulus of elasticity of a concrete is equal
to twice 1ts secant modulus at maximum stress;

Using the test values for the maximum stress (Umax) and its
corresponding strain €2 both the initial tangent modulus (Young's

modulus), and secant modulus at ultimate stress were determined,

These values are presented in table 3.1 in the text,
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Specimens 1 Specimens 2
-6
“max" N/mm? e, X 10 o N/mm? £g X 1070
Al - - - _
Az 15°5§§ 1820 15,677 1300
A3 20,533 1760 19,090 1860
A4 24,778 1800 25,416 1900
A5 - - - _
A6 - - - -
A7 - - - -
A8 - - - -
A9 44,284 2120 44,673 2100
AR4 21.754 1600 25,027 1800
AR5 25.250 1720 24,750 2000
AR9 58.380 2340 52,831 2040
B1 - - - -
B2 18.757 1500 20,810 1500
B3 24,334 1600 22,142 1400
B4 - - - -
BS 19.562 1280 19,090 1240
B6 26,471 1700 25,583 1640
B7 24,584 1720 22.198 1600
BR2 22.198 1820 22.697 1600
BR4 21,310 1900 - -
BR7 27,636 2300 - -
C1 20,089 1400 27,049 1940
C2 - - - -
C3 22,531 1700 22.864 1420
C4 22,642 1400 27.692 1880
c5 26,637 1900 27.192 2060
CR1 25,805 1620 24,251 1420
CR3 21.754 1600 25.027 1800
CR5 - - - -
D1 19,811 1820 - -
D2 24.584 1740 - -
D3 26,249 1860 25,361 1820
D4 24,972 1640 - -
DS 22.198 1620 27.470 1800
DR1 24,972 1700 - -
DR3 33.130 1960 28.802 2060
DRS 30.522 2060 31,743 1880

TABLE A-1: Maximum stress and the corresponding strain for
+he test specimens
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APPENDIX B
BEHAVIOUR CHARACTERISTICS OF INDIVIDUAL
TEST BEAMS

The behaviour characteristics of the test beams from the first
stage of loading until failure is presented sequentially in this
appendix. In the tables, columns 7 through to 14 show the develop-
ment of stresses in the reinforcement, These stresses are calcu-
lated from the recorded strains for the instrumented section in

each test beam. The position of the strain gauges is shown in the

e
8
23

"

For the location of the gauges see table 2.5 in the text,

following diagram.
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APPENDIX ¢
CRACK PATTERN OF THE FAILURE SECTION
FOR THE TEST BEAMS

This appendix contains the crack pattern of the failure
section over a distance of 1000 mm for all the test beams.

The legend:

d%fﬁzﬁzzégik crushing of the concrete

tensile cracks; the numbers refer
- 3 A . .
S to the loading stage at which the
fé /; 3 part of the crack has developed.

missing part of the beam

| l T* distance to the right or left of the

10 10
t centre line in mm

applied bending load.

i
|
!
)
1
H
t
1
1
|
1
1

The developed surfaces for all the beams from top to bottom

position of the bearing pads for the

are in the same order as in plates 3.1, 3.2, 3.3 and 3.4, for which:

TF top face

NF north face
BF bottom face
SF south face
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APPENDIX D
DETAILS OF THE COMPARISON WITH THE TEST

RESULTS OF OTHER INVESTIGATORS

The observed and predicted torsional moments as well as the
comparative ratio CRT(Ttest/Ttheory) for all the results used in
the comparison are given in this appendix from table D-1 through
to D-20. The result of each investigator is given separately,

and in the same order as their appearance in table 5.10.
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Ernst [20]

264

Observed Predicted
Beam CRT
T in-kips | mode | T in kips | mode
3TR-1 35,00 - 25,55 2,1 11,37
3TR-3 34,30 - 36,13 2.1 ]0,95
3TR-7 49,70 - 51.10 2,1 | 1,04
3TR~15 61,70 - 63,56 2,11 | 0,97
- 3TR-30 76,00 - 76,65 2JII} 0,99
4TR-1 32,10 - 30,13 2,I | 1,07
4TR-3 35.00 - 42,61 2.1 ]0.82
4TR-7 54,80 - 52,92 2,11 | 1,04
ATR-15 74,00 - 67,52 2,IT | 1.10
4TR-30 85,00 - 85.74 2,IV 0,99
5TR-1 33.40 - 40,84 2,I 10.82
5TR-3 43.00 - 48,33 2,IT 10,89
S5TR-7 59,70 - 57,61 2. 1T | 1,04
5TR-15 76 .50 - 71.24 2,11 11,08
5TR-30 92,60 - 93,58 2,IV 10,99
TABLE D-1: Comparison with the test beams of




Observed Predicted

Beam CRT
T in-kips | Mode | T in-kips | Mode

g; 197.00 2 198,85 2,1 10.99

259,00 2 262,19 2.1V 0.99
B3 332,00 2 298,15 2,IV]1.11
B4 419,00 2 360,83 2. IV 1.16
BS 497,00 2 384,34 2,1V | 1.29
B6 546,00 2 412,88 2,IV | 1,32
B7 238,00 2 232,54 2,111} 1,02
B8 288,00 2 275,78 2,111} 1,04
B9 264,00 2 227.48 2,11 |1.16
B10O 304,00 2 255,96 2.IT 11,19
D1 198,00 2 203,84 2,1 0.97
D2 245,00 2 261.66 2,1V ] 0,94
D3 346,00 2 301,02 2,IV 1,15
D4 424,00 2 361,47 2.IV{1.,17
M1 269,00 2 226,89 2,11 11,19
M2 359.00 2 289,57 2,11 | 1,24
M3 388.00 2 322,57 2,1V | 1,20
M4 439,00 2 356,62 2,1V | 1,23
M5 493,00 2 377,20 2,1V ] 1.31
M6 532.00 2 416,11 2, IV 1,28
12 319,00 2 317,23 2.1 1,01
13 404,00 2 410,88 2,IT 0,98
14 514,00 2 489,27 2,IV | 1,05
IS5 626,00 2 544,50 2,IV | 1.15
I6 679,00 2 597.41 2.1V ] 1,14
J1 190,00 2 159,45 2,1V | 1.,19
J2 258,00 2 191,58 2, IV | 1,35
J3 312,00 2 236,22 2,1V} 1,32
J4 360,00 2 263,74 2.1V | 1,37
Gl 237.00 2 224,09 2.1 1.06
G2 357,00 2 345,17 2.1 1.03
G3 439,00 2 411,28 2,1V ]| 1.07
G4 574,00 2 450,42 2.1V | 1,27
G 637.00 2 518.34 2. IV 1,23
G6 346,00 2 | 339,06 | 2,II |1.02
G7 466,00 2 | 437.95 | 2.IV|1.06
G8 650,00 2 | 467.67 | 2.1V |1.39

TABLE D-2: Comparison with the test beams of Hsu [10]
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Observed Predicted
Beam CRT

T in-kips | Mode | T in-kips | Mode
N1 80,50 2 74,12 2,IV | 1,09
Nla 79,60 2 73,60 2,IT | 1,08
N2 128,00 2 101.34 2,IV}1.26
N2a 117.00 2 94,14 2,IV}1.24
N3 108,00 2 92.39 2, IV 1,17
N4 139.00 2 105.48 2,IV | 1,32
K1 136,00 2 120,57 2.1 1,13
K2 210,00 2 185,34 2,IV} 1,13
K3 252,00 2 207,65 2.Iv] 1.21
K4 310,00 2 234,38 2,1V | 1,32
Cl 100,00 2 92,57 2,1 1,08
C2 135,00 2 154,25 2,1V ] 0.88
C3 177.00 2 183,37 2.1V} 0,97
C4 224,00 2 211,54 2,IV ] 1,06
CS 263,00 2 237.23 2,IV] 1,11
Cé6 303,00 2 248,95 2.1V | 1,22

TABLE D-2 (CONTINUED): Comparison with the test beams
of Hsu [10]
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Observed Predicted
Beam CRT
T kNm Mode T kNm Mode
11 14,600 - 15.487 2.1V | 0.94
12 12,300 - 14,144 2.1V ] 0,87
13 14,300 - 15.978 2,1V |10.90
14 15.500 - 18,035 2,IV10.86
15 4,500 - 3.775 2.1 1.19
16 5.900 - 5,928 2.1 1.00
17 11.600 - 14,383 2,IV1{0,81
18 10,900 - 12,457 2,1V} 0,.88
51 10.000 - 9,647 2,1V | 1,04
52 9,200 - 10,484 2,1V | 0,88
53 10,700 - 11,720 2,IV1]0.91
54 12,000 - 13,043 2,IV{0,92

TABLE D-3: Comparison with the test beams of Swann [54]

Observed Predicted
Beam CRT
T in-kips | Mode | T in-kips | Mode
HB1 44,10 1 43,68 3.1 [ 1.01
HB2 33.90 1 28,47 1.I | 1.19
HB3 20,40 1 18.75 1.I |1.09
HB4 15,70 1 14,85 1.I |1.06
HBS 13,20 1 12,31 1,I |1.07
HB7 36,10 1 47,36 2,11 | 0.76
HB8 21,40 1 20,88 1.1 | 1,03
HB9 18,30 1 19.18 1.I |0.95
HB10O 17,30 1 17,57 1.I |0.98
HB11 14.10 1 14,16 1.I |1.00
HB13 51.30 1 60,70 3. 10,85
HB14 41,70 1 44,00 1.I }0.95
HB15 29.90 1 28,07 1.I }|1.07
HB16 23,50 1 22,91 1. 11,03
HB17 19.40 1 18,42 1., I |1.05

TABLE D-4: Comparison with the test beams of
Evans and Sarkar [41]




Observed Predicted
Beam CRT
T in-kips | Mode | T in-kips | Mode

1 79,00 1 82,54 2.IT |1 0,96
2 102,00 1 104,55 1,111 0,98
3 61.00 1 63,42 1,1 0,96
4 67.00 1 74,85 1.II1 0,90
5 49,00 1 49,28 1.1 0.99
6 56.00 1 54,69 1,1 1.02
7 43.00 1 39,57 1,I 1,09
8 44,00 1 42,57 1.1 1,03
9 60,00 1 57,94 2,11} 1,04
10 44,00 1 45,30 1.1 0.97
11 68,00 1 74,16 1.1 0,92
12 53,00 1 52.49 1,1 1,01

TABLE D-5: Comparison with test beams of Gesund [40]

Observed Predicted
Beams CRT
T in-kips | Mode | T in-kips | Mode
I1I.1 24,50 - 20.85 3.1 1,18
II11.2 39,50 - 22,93 3,11 11.72
I11.3 34,00 - 22,49 3.IT | 1.51
I11.4 36,80 - 22,42 3. 11 | 1.64
Iv.1 34,30 - 26,07 3,111} 1,31
V.2 43,50 - 30,83 3.IV | 1.41
IV.3 46,00 - 30,97 3, IV | 1.49
Iv.4 42,50 - 30,10 3.1V | 1.41
V.1 25,50 - 20,80 3.1 1.23
V.2 24,00 - 20,87 2,IT {1.15
V.3 28,50 - 20,96 2,11 | 1,36
V.4 24,00 - 20,12 1.1 1,19
VI.1 7,00 - 26.47 3,111} 1.02
VI.2 31,00 - 27.67 2.1V} 1.12
Iv.3 25,00 - 23,53 1.1 1.06
V.4 36,00 - 28,59 2.1V | 1.26

TABLE D-6: Comparison with the test beams of Goode
and Helmy [11]
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Observed Predicted
Beam : ' CRT
in-kips in-kips
V1 41,00 38,68 2,11 1.06
V2 36,00 36,09 2,IT}{1.00
V3 25,00 27,61 1. |0.91
V41 33,00 35,80 2,IT{0.92
V5 39,00 35,05 2,IT | 1,11
V6 34,00 33,96 2,11 | 1,00
S1TI 24,00 20,91 1.1 1.15
S21 16,00 15,18 1.I | 1,05
S211 31,00 27,57 1.I | 1,12
S3 29,00 29,81 2.IT | 0,97
S41 12,00 12,23 1,I |{0.98
S411 31,00 27,33 1.1 | 1.13
S51 20.00 18,79 1.1 | 1,06
S51T 28,00 25,73 1.I | 1.09
S6 30.00 30.31 2,IT | 0,99
R1 25,00 30,26 2.1V} 0,83
R2 28,00 24,82 1.1 | 1.13
R4 30.00 35,31 2,IT | 0,85
R6 33,00 35,31 2,IT | 0.94
Ll1-~1 29,00 28,19 2,11 11,03
L1-211 32,00 30,05 2,11 11,07
L2-11 10,00 10,36 1, I | 0.97
L2-111 33,00 31.67 2.,IT | 1,04
L2-21 10,00 10.36 1.I | 0.97
L2-211 33,00 31.67 2,11 ] 1,04
L3~11 20,00 20,74 1.1 0.97
L3-11IT1 30,00 28,54 2,IT { 1,05
L3-21 20,00 20,74 1.I | 0,97
L3-211 30,00 27,18 2,11 11,10
L4-1 30,00 29,71 2,11 | 1.01
L4-2 27,00 27,33 2,11 | 0,99
L5=1 27.00 26,73 2,111 1.01
L5=2 29,00 26,88 2,IT 1 1.08
L6~11 20,00 20,74 1.I |0.97
L6-111 25,00 23,41 2,11 | 1.07
L6-21 22,00 23,02 1.I | 0.97
L6-211 25,00 23.41 2,111 1,07
TABLE D-7: Comparison with the test beams of

Iyengar and Rangan [15]




Observed Predicted
Beam CRT
T kNm Mode T kNm Mode
A5-3 2.916 - 2,671 2,IT | 1,09
A5-5 2,928 - 2,730 2,11 1,07
A5-8 2,420 - 2,707 2,IT 10,89
B4-3 2,076 - 2,179 2,11 10,95
B4-5 1.984 - 2,130 2,IT 10,93
B4-8 1.900 - 2,152 2,IT {0,88
C4-2 3.754 - 3.760 1,1 1,00
C4-3 5.300 - 5,382 2,IT |1 0,99
C4-4 6.360 - 5.492 2,11 | 1,16
C4-5 5.696 - 5.475 2,11 11,04
C4-6 5,410 - 5,163 2,II | 1,05
C4-7 5.940 - 5.535 2,11 | 1,07
C4-8 5.470 - 5.420 2,11 11,01
D42 2,648 - 2,649 1,1 1.00
D4-3 3.692 - 4,056 2,11 | 0,91
D4-4 4,140 - 3,865 2,11} 1.07
D4-5 3,848 - 3,806 2,IT 11,01
D4-6 3,700 - 3.720 2,11 11,00
D4-7 3,615 - 3,680 2,11 | 0,98
D4-8 3,160 - 3,596 2,IT {1 0.88
E4-2 2,832 - 2,772 1.I {1.02
E4-3 4,152 - 4,450 1.1 0,93
E4-4 5,340 - 5,491 1,1 0,97
E4-5 5.624 - 5.626 2,11 { 1,00
E4-6 5,860 - 5.560 2,IT | 1,05
E4-7 4,980 - 5.588 2,I1 | 0,89
E4-8 4,860 - 5.454 2,11 10,89
| F3-2 1.664 - 1.711 1.1 0,97
; F3-3 2.72 - 2,964 1.1 0.92
? F3-4 3,120 - 3.623 3,11 | 0.86
F3-5 3,384 - 3,808 3,11 | 0,89
. F3-6 3.360 - 3,715 3,11 | 0,91
i F3-7 3,270 - 3,715 3,IT 1 0,88
. F3-8 2710 - 3,768 3.IT 10,72
; G2-3 3,012 - 2,580 1.IT | 1.17
; G2-5 4,408 - 3,877 1.1 1,14

TABLE D-8: Comparison with the test beams of Jackson
and Estanero [46]
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Observed Predicted
Beam CRT
T kNm Mode T KNm Mode
G2~6 4,990 - 4,305 1.1 1.16
G2-7 5,440 - 5,175 1.1 1,04
G2-8 5,790 - 6,265 2,1V | 0.92
AU-3 3,140 - 2,614 2,IT | 1,20
AU-5 2,928 - 2,539 2,11 1.15
AU-8 2,490 - 2,637 2,IT | 0.94
CU-2 3,166 - 3,242 1,1 0.98
CU-3 5,052 - 5,078 1,1 1.00 j
CU-4 6,294 - 5.262 2,IT | 1,20 :
CU=5 5.808 - 5,160 2,IT | 1,13 .
CU-6 6,040 - 5,136 2,IT | 1.18 gy
CU-7 6,000 - 5,199 2,II | 1,15 P
CU-8 4,920 - 5,009 2,IT | 0.98 11
DU-2 2,410 - 2,321 1.1 1.04 L
DU-3 3.760 - 3,762 1.1 1.00 I
DU-4 4,284 - 3,909 2,IT | 1.10 1
DU-5 4,168 - 3,871 2,11 | 1.08
DU-6 4,020 - 3,797 2.IT | 1.06
DU-7 4,125 - 3,781 2.IT | 1.09
DU-8 3,570 - 3,686 2.IT | 0.97
EU-2 2,560 - 2.454 1,1 1,04
EU-3 4,424 - 4,163 1.1 1,06
EU-4 5,466 - 5,210 1,1 1,05
EU-5 5,760 - 5,539 3,11 | 1,04
EU-6 6,350 - 5,414 3.II | 1,17
EU-7 6.570 - 5.572 3,11 | 1.18
EU-8 5.110 - 5,520 3,11 | 0.93
GU-3 3,032 - 2,656 1.1 1,14
GU-5 4,608 - 3.903 1.1 1.18
GU-6 4,820 - 4,470 1,1 1,08
GU-7 5,265 - 4,999 1.1 1.05
GU-8 4,110 - 4,556 3.,III| 0,90

TABLE D-8 (CONTINUED): Comparison with the test
beams of Jackson and Estanero [46]
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Observed Predicted
. . CRT
T in-kips | Mode | T in-kips | Mode

BT?2 39,18 - 25,71 1.1 1.52
BT3 61.20 - 43,42 1.1 1.41
BT4 78032 - 57,32 1.1 1.37
BTS 85,72 - 62,26 2,IT | 1.38
TT6 79,92 - 64,86 2,IT| 1.23
BT1 143,40 - 92,31 2,IT| 1.55
BBT3 70,10 - 65.93 1.1 1.06
BBT4 72,60 - 68.84 1.1 1.06
BBTS 17.00 - 14.78 1.1 1.15
BBT6 138,00 - 92,31 2,IT 1 1.50
TABLE D-9: Comparison with the test beams of Kemp [66]

Observed Predicted
Beam CRT

T in-kips | Mode | T in-kips | Mode

B-2 72,00 - 69.80 | 1.1 1.03
B-3 95.00 - 92,00 | 2,1V} 1.03
B-4 85.00 - 98,30 | 2,IV | 0.87
c-1 78,00 - 76,93 | 1.1 1.01
C-2 105,00 - 106,48 | 2,IV | 0.99
C-3 111,00 - 114,73 | 2.1V | 0.97
C-4 111,00 - 115.56 | 3.1 0.96
D-1 99.00 - 127,77 | 2.IT| 0.76
D-2 164,00 - 130,32 | 2.IT | 1.26
D-3 156 .00 - 125.06 2,11 1.25
D-4 146,00 - 130.09 2,11 1,12
E-1 76,00 - 76.37 | 1.1 1.00
E-2 101.00 - 112,50 | 2.Iv | 0.90
E-3 121,00 - 105,34 | 2,1V | 1.15
TABLE D-10: Comparison with test beams of Pandit

and Warwaruk [37]
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Observed Predicted
Beam CRT
T in-kips | Mode | T in~kips | Mode

R-1 1.464 2 0.997 2.1V | 1.47
R-2 1.575 2 0.997 2,IV| 1,58
R-3 1.429 1 0,997 2.1V} 1.43
R-4 1,230 1 0.954 1.1 1.29
R-5 0.958 1 0.736 1.1 1.30
R-6 0.585 1 0,501 1.1 1.17
RA-2 1,440 2 0,980 2, IV} 1.47
RA-3 1.415 1 0.950 1.1 1.49
RA-4 1.187 1 0,943 1-I 1.26
RA-5 0.958 1 0.746 1.1 1,28
RA-6 0.574 1 0.505 1.1 1.14
RB-1 1.248 2 1,061 2, IV 1.18
RB-2 1.404 2 1.061 2.Iv| 1.32
RB-3 1.368 1 0,973 1.1 1.41
RB-4 1.008 1 0,706 1.1 1.43
RB-5 0.802 1 0,539 1.1 1.49
RB-6 0.466 1 0,355 1.1 1.31
RC-1 1.103 2 1.061 2, IV} 1,04
RC-2 1.225 2 1.061 2.Iv | 1.15
RC-3 1.150 1 0.973 1.1 1.18
RC-4 1.023 1 0,707 1.I 1.45
RC-4A 0.960 1 0,706 1.1 1,36
RC-5 0.698 1 0,538 1.1 1.30
RC-5A 0.682 1 0.508 1.1 1.34
RC~6 0,466 1 0,355 1.1 1.31
RD-1 1.320 2 1,057 2,IV | 1.25
RD-2 1.440 2 1,057 2, IV | 1.36
RD-3 1.248 1 1.039 1.1 1.20
RD-4 0.840 1 0.734 1.1 1.14
RD-5 0,672 1 0.552 1.1 1.22
RD-6 0.432 1 0.359 1.1 1.20

TABLE D-11: Comparison with the model beams of Z
and Gardenas [67]
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Observed Predicted
Beam CRT
T t.cm Mode { T t.cm Mode |

3 155,00 - 129,44 | 2,11 1,20
4 145,00 - 129.44 2,11 1.12
5 90.00 - 89,41 | 1,.II 1,01
6 60,00 - 64,35 1., IT{ 0,93
7 118,00 - 113,16 | 1,11 1,04
8 127,50 - 134,12 1,II{ 0,95
9 75,50 - 79.32 | 1., IT | 0,95
10 33,70 - 40,34 | 1,11 | 0.84

Table D-12:

Comparison with the test beams of Klus [68]
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Observed Predicted
Beam CRT
T in-kips | Mode | T in-kips | Mode

RE1 81.40 2 87,93 | 2, IV | 0,93
RE?2 83,40 1 89,50 | 2,IV| 0.93
RE3 81,50 1 86.78 | 1.,III} 0.9%4
RE4 74,60 1 71,52 1,II1} 1.04
RES 66 .00 1 60,96 | 1.1 1,08
RE4 * 38,00 1 34,65 1,1 1.10
RU 73,30 3 82,27 | 3,111} 0.89
RU3A* 76 .00 3 86.16 3,111 0.88
RU2 84.90 3 82,81 2, IV | 1.03
RU3 105.00 3 81.88 | 2.Iv| 1,28
RU3A 89.40 1 91.35 2.Iv | 0.98
RU4 85,50 - 94,87 2. Iv| 0,90
RUS 75,40 1 72,06 1, ITI1} 1.05
RUSA 68,30 1 66.13 1.1 1.03
RU6 59.10 1 56.57 1, IT1] 1.05

TABLE D-13: Comparison with the test beams of
Collins et al [45]
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Observed Predicted
CRT
T Mpem Mode T Mpcem | Mode
1-1 153.00 - 99.64 | 2,1V} 1.54
1-1A 165,00 - 126,14 | 2,1V | 1,31
1-2 128,00 - 103.09 | 1,111} 1.24
1-3 68,00 - 59.43 | 1,111} 1,14
1-4 131.00 - 101.56 | 2,IV| 1.29
1-5 128,00 - 116,23 | 2,IV| 1,10
1-6 67,00 - 61.06 | 1,III} 1,10
2-1 108,00 - 71,76 | 2,11 | 1,51
2~1A 157,00 - 88,17 | 2,II 1.78
2-2 94,00 - 89,70 | 1.II 1,05
2-2A 128.00 - 101.20 | 1.I 1,27
2-3 67 .00 - 57.81 | 1,1 1,16
3-1 190.00 - 89,87 | 2,IV| 2,11
3-2 123,00 - 92,39 | 2,IV| 1.33
3-3 68.00 - 62,92 | 1.1 1.08
3-4 136.00 - 108,35 | 1.1 1.26
4-1 141,00 - 94,17 | 2,1V} 1.50
4-2 122,00 - 105,23 | 1.ITI} 1.16
4-3 71,00 - 65,31 | 1,1 1.09
5-1 145,00 - 116.26 | 2,IV | 1.25
5~1A 144,00 - 103,04 | 2.IV | 1.40
5-2 146,00 - 102,67 | 2,IV | 1.42
5-3 124,00 - 106.24 | 1,111} 1,17
5-4 73,00 - 64,15 | 1,111} 1.14
6-1 491,00 - 549,74 | 2,11 | 0.89
6-2 603,00 - 505,00 | 1.1 1,19
6-3 493,00 - 502,70 | 1.,III] 0.98
6-4 281,00 - 267,52 1.1 1,05
6-5 391,00 - 326,78 | 1.1 1.20
7-1 644,00 - 557,59 | 3,11 1,16
7-2 469,00 - 404,65 | 1.1 1,16
7-3 545 .00 - 403,97 | 1.1 1.35
7-4 402,00 - 372,09 | 1.1 1.08
7-5 191,00 - 248,26 | 1,IT | 0.77
7-5A 332,00 - 318,21 | 1.1I 1.04

TABLE D-14: Comparison with the test beams of
Elfgren [69]
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Observed Predicted
Beam CRT
T t.cm | Mode | T t.cm | Mode
B-8-K 144,00 - 98,67 | 2.1V 1.46
B-8-Ka 176,00 - 140,60 | 2,1V 1,27
B-8-0,1 60,00 - 55,54 | 1,IIT | 1,08
B-8-0,1la 64,00 - 58,52 | 1,IIT | 1,09
B-8-0,2 104,00 - 94,99 | 1,111 | 1.10
B-8-0,2a 112,00 - 95,66 | 1,111 | 1.17
B-8-0,4 152,00 2 121,68 | 1,11 1,25
B-8~0,4a 160,00 2 131,49 | 1,11 1.22
B-7-0,2 108,00 - 82,72 1 1,11 1,31
B-7-0, 2a 104,00 - 90,32 | 1.1I 1.15
B-10,0,2 120,00 1 98,14 | 1.1IT | 1,22
B-10-0, 2 120.00 1 102.31 { 1,111 | 1.17
B-1 104 .00 1 84,08 | 1,111 | 1.24
B-la 104 .00 1 87,28 | 1,IIT | 1,19
B-2 160,00 1 139,27 { 1., IIT | 1,15
B-2a 160,00 - 131,10 | 1.1IT | 1,22
B-3 224,00 1,2 {182,63 | 1.11 1.23
B-3a 224,00 1,2 183,40 | 1.1I 1.22
B-4 301.00 2 189,27 | 1,11 1.59
B-4a 320,00 2 195,19 | 1.1I 1.64
B-5 224.00 1 196,87 | 1.1 1.14
B-5a 224,00 1 181,27 | 1.1 1.24
B~-6 192.00 1 161.34 | 1.1 1.19
B-6a 208,00 1 163,45 | 1.1 1,27
B~7 255,00 2 179.06 | 2.1V 1.42
B-7a 240,00 2 163,80 | 2.1V 1.47
B-8 180,00 2 144,24 | 2,11 1.25
B-8a 180.00 2 149,47 | 2,11 1.20
B-9 45,00 2 31.54 | 1.1V 1.43
B-9a 54,00 2 33,31 | 1.11 1.62
B-10 42,00 2 34,68 | 1.11 1.21
B-10a 48 .00 2 32,56 | 1,11 1.47
B-11 42.00 1 28.49 | 1.1V 1.47
B-11a 42,00 1 29,28 1 1.1V 1.44
B-~12 28.00 2 29.96 | 1.1V 0.94
B-12a 36.00 2 30,90 | 1.1V 1.17

s AR bt

TABLE D-15: Comparison with the test beams of Lyalin 9]
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Observed Predicted
Beam CRT
T t.cm Mode | T t.cm Mode

BK-1 140,00 2 114,24 2.1V | 1,23
BK-1la 120,00 2 101,35 2, IV 1,18
BK-2 170,00 2 109,29 | 2,IV| 1.56
BK-2a 176,00 2 113,17 2,IV| 1,56
BK-3 202,00 2 122,49 2,1V | 1,65
BK~-3a 172,00 2 109.07 2,IV| 1,58
BN-4 128,00 1 81,43 2,IV | 1,57
BN-4a 120,00 1 78,89 2,IV | 1.52
BN-5 80.00 2 64,05 2,IV} 1.25
BN-5a 78,00 2 68.00 2,IV| 1,18
BN-6 80,00 2 62,00 2.IV | 1.29
BN-6a 84,00 2 64,42 2,1V} 1.30
Br-7 72,00 - 58,97 1.1 1.22
Br-7a 72,00 - 63,02 1.1 1.14
Br-8 84,00 - 66,51 1.IV | 1.26
Br-8a 85.00 - 74,12 1. I1T} 1,15
Br-9 102,00 - 77,31 2, IV 1,32
Br-9a 108.00 - 79,38 2,IV | 1.36
Br-10 158,00 - 114,59 1.1V} 1,38
Br-10a | 144.00 - 115.89 1.IV | 1,24
BT-11 140.00 - 124,24 1.Iv{ 1.13
Bm-1la| 132,00 - 119.68 1.Iv| 1.10
Bm-12 168.00 - 122,78 1.1I 1,37
Bm-12a 174.00 - 125,06 1.1I 1.39
Bm-13 108,00 - 93,64 1,IT | 1.15
Bm-13a | 144.00 - 101.82 1,IT | 1.41
BT-14 96,00 - 94,81 1.1 | 1,01
Br-1l4a 130,00 - 98,96 1.11 1.31
BT-15 180,00 - 135,22 1,II1I} 1.33
Bm-15a | 174.00 - 133.00 1,111} 1.31
BT-16 106,00 1 87.87 1,11} 1.21
BT-16a 96,00 1 83,47 1,111} 1.15
BT-17 96,00 1 87,09 1.1 1.10
BT17a 104.00 1 85,03 1.1 1.22
BT-18 132,00 2 117,638 2, IV} 1.12
BmT-18a | 128.00 2 122,16 1,ITII] 1.05
TABLE D-16: Comparison with the test beams of Lessig [35]




Obsexrved Predicted
Beam CRT
T t,cm Mode T t.cm Mode
Bm-19 950,00 1 77.97 1. 115} 1,15
BT-1%a 91,00 76.89 1.ITI} 1.18
Bm-20 144,00 - 144 .43 1.1V} 1.26
B7m.20a 150,00 - 120,96 1,11 1.24
Bmr-21 139,00 - 111,27 1,11 1.25
Bw~21la 114,00 - 114.01 1,11 1,00

TABLE D-16: (CONTINUED)

of Lessig [35]

Comparison with the test beams

Observed Predicted
Beam CRT
T in-kips | Mode | T in-kips | Mode

1-1 122,00 3 112,36 3,ITI] 1.09
1-2 138,00 3 108,52 2,1V 1.27
1-3 140,00 3 120,30 2,1V 1.16
1-4 159,00 2,1 118,61 2,1V 1,34
1-5 131,00 1 115.78 2.1V 1,13
1-6 90,00 1 94,94 1.1 0,95
5-1 128,00 3 134,31 2, IV | 0,95
5-2 141,00 2,3 149,21 2. IV| 0,95
5-3 130,00 1 138,95 1.1 0.94
5-4 99,00 1 95,84 1.1 1.03
6~1 129,00 3 139,96 2,Iv| 0,92
6-2 145,00 3,2 147,15 2. IV 0,99
6-3 132,00 1 134,50 1,III] 0.98
6-4 107,00 1 92,58 1.1 1,16
7-1 112,00 3 124,12 3.1 0.90
7-2 115,00 3 129,06 2,11 0.89
7-3 132,00 3,2 147,48 2,11 0.90
7-4 125,00 1,2 127,08 1.1 0.98

TABLE D-17: Comparison with the test be

and Warwaruk [52]

ams of McMullen
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Observed Predicted

Beam CRT
T in-kips | Mode | T in-kips | Mode

59,52 - 57.29 1,1 1.04
64.15 - 61,62 1.1 1,04
70,41 - 74,84 1,11} 0.94
77.33 - 82,58 | 1,111} 0.94
90,74 - 104,09 1,111} 0,87
78.51 - 68,74 1,1 1,14
82,06 - 76,13 | 1,1 1,08
93,32 - 84,96 1,111} 1,10
100,56 - 94,50 | 1,11l 1.06
115,48 - 106,36 1,111} 1.09

TABLE D-18: Comparison with the test beams of Osburn [50]
Observed Predicted
Beam CRT
T kNm Mode T kNm Mode
TM1 54,130 2 38,612 2,11 1.40
™2 41,290 1 40,108 1.1 1,03
™3 24,690 1 22,603 1,1 1.09
T™V1 40,460 2 40,281 1,11 1.00
™V?2 33,870 - 34,715 1,1 0,99
T™V3 22,590 - 16,942 1.1 1,33
™V4 44,280 2 39,330 1,11 1,13
TMV5 36,460 - 35,775 1,11 1.10
T™MVE 23,600 - 17.176 1.1 1,37
™V7 43,620 2 43,691 1,11 1.00
T™VS 33,430 2 37,329 1,11 0.90

TABLE D-19: Comparison with the test beams of Staley [59]
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Observed Predicted
Beam CRT
t.cm Mode | T t.cm Mode
B-1 8,30 - 8.26 1,IT { 1.01
B-2 8.20 - 8,26 1,IT | 0.99
B-3 13,70 - 10,06 1, ITI| 1.36
B-4 13,70 - 10.06 1. III} 1.36
B-5 6.40 - 5,69 1.1 1,13
B-6 5,30 - 5.67 1.1 0,93
B-7 11.30 - 8,26 1,11 1.37
B-8 15.00 - 10.06 1,III| 1.49
B-9 15,00 - 10.06 1,III| 1.49
B-10 6,80 - 5,70 1,1 1.19
B-11 16,60 - 13.45 1,11 1.23
B-12 12,80 - 13,45 1,11 0,95
B-13 12,80 - 13,45 1,11 0,95
B-17 8.30 - 10.37 1.,IT | 0.80
B-18 9,10 - 10,37 1.1I 0,88
B-19 9,10 - 10,37 1,11 0,88
B-20 10,50 - 10,37 1,11 1,01
B-21 9.10 - 10,37 1.1I 0,88
B-22 7.50 - 6.14 1.1 1.22

TABLE D-20: Comparison with the test beams of Yudin [48]

280




APPENDIX E

EXPERIMENTAL DATA USED IN THE COMPARISON

The experimental data used in the comparison for each investi-
gator is given in this appendix from table E-1 through to E-20 in
the same order as in Appendix D, This means that for example,

table E-1 is the experimental data used for table D-1,.and DATA 01

|
.
i

[
|
|
L

|

in table E~1 is the experimental data for beam 3TR-1 in table D-1
of Ernst [20]. The points which should be noted in relation to the
preparation of these data can be recalled from section 5.5 of the

text.
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APPENDIX F

'FORTRAN LANGUAGE’ LIST OF THE PROGRAMS

In this appendix the list of the program used in the analysis
of the author's test beams is given first, followed by the list
of the program used for the comparison of the author and other
investigator's test results., For those sets of test data where
the units differ from the author's, the program required an alter-
ation for the values of EC and ES only, as follows;

metric units -

E_ = 19636.0./E7 where £! is in kgf/cm®
E_ = 2110344.8 kgf/cm’

imperial units -

ol

E, = 74046.vafé where £! is in 1bf/in”
2
E_ = 30000000 1bf/in”
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ng of the program used for the analysis
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