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Presented in this thesis are original theoretical solutions for the

determination of the ultimate strength in bending and torsion for:-

(&) Plain concrete members.

(b) Concrete members reinforced with longitudinal steel only.

(¢) Concrete members reinforced with longitudinal and transverse
steel at yield.

(d) Concrete mermbers reinforced with lengitudinal and transverse
steel, where partial yielding and non yielding occurs.

The theories are compared with available experimental results and

show reasmable agreement.
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Notation

Subscripts 1 and 2 refer to the different modes of failure
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u refers to ultimate strength

s refers to steel

¢ refers to concrete

v refers to shear stress

y refers to yield

cross secticnal area of longitudinal tensicn steel in the beam
breadth of section

effective breadth of section

depth of the compressicn zcne for mode 2
depth of a section

depth of campressicn zone

effective depth of a section

dowel force at right angles to the longitudinal steel

in the tension zone

Young's modulus for concrete

Young's modulus for steel

uniaxial cylinder campressive strength of concrete

maximum direct stress in the concrete due to the bending moment
maximum direct stress due to bending and torsion on a skew
failure plane

maximum shear stress in the concrete due to the torsicnal mament
modulus of rupture of concrete

axial stress in the tensile steel

shear stress in the longitudinal tensile steel due to the

dowel force

axial stress in the stirrups

vield stress in the longitudinal steel




cm
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modulus of rigidity or shear medulus for the steel

bending direct stress distribution constant for the concreﬁe
direct stress distribution constant for the concrete on the
skew failure plane

torsical shear stress distribution constant for the concrete
censtant associated with the lever arm

the lever arm
mcdular ratio

bending moment applied to a member

ratio of area of tensile steel to cancrete area for mode 1
type of failure

modified value of P,

torsicnal moment applied to a member

uniaxial cube compressive strength of concrete

crack angle in the concrete

strain in the concrete at the top of member due to bending
for mode 1 type of failure
maximum compressive strain, perpendicular to the skew
failure plane
strain in the concrete at the level of the steel due to
bending for mode 1 type of failure
strain in the concrete adjacent to the tensile steel,
perpendicular to the skew failure plane
strain in the steel
angle of the compression hinge in the concrete

veenoom " reeomoon " associated with Tu'
constant used in the vield criteria expressicn for steel

modified ultimate torsional mcment of resistance of a plain

coancrete member




T

£ £ uniaxial tensile strength of concrete

L maximum depth of the trapezoidal failure plane in plain concrete
L, minimum depth of the trapezoidal failure plane in plain cconcrete
L equivalent projected length of I,
Z elastic section modulus
D diameter of circular cross section
AS, cross secticnal area of one leg-of a stirrup.
fsy yield stress for the stirrup steel
S longitudinal spacing of stirrups
b' minimum distance between legs of stirrups centre to centre
d' maXimUITl " 1" " i 111 " " n
_A f Db
r, = s sy
Y S§& %,
A £ 4a'
y =_5_5Y
2y S A fzy
_A f Db
r = s Sy
¥ §aA £
3 3y
A
pz = __
db,
A
ps =
bd
3
B angle to the horizontal of the straight line failure envelope

for concrete.




PR volure percentage of longitudinal bars

PS volume percentage of stirrups
Pt volurme percentage of total reinforcement
r: critical value of r
. _ D2 S
S N EvCED
Ptb volume percentage of total reinforcement at the limit of

partial yielding

I secaond moment of area of a cross section about the neutral axis

h length of sloping side of trapezoidal cross secticn in

plain concrete.
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CHAPTER 1 -~ Review of Previous Work on the Ultimate Strength

in Torsion and Bending

1.1 Introductimn

Modern methods of designing and constructing monolithic
reinforced concrete structures tend to introduce torsional moments
intd members which cannot be ignored in design. At the same time many
codes of practice for reinforced concrete for various countries are due
for revision, and now need to include appropriate clauses bn torsion.
The poor  state of knowledge on torsion requirements in design in 1964
was shown in a review of codes of practice by Fisher and Zial for 22
countries. Only 16 specified torsion design requirements and only half

of these gave permissible stresses. Many codes which have adopted an

ultimate strenath approach for design are still based on the classic
elastic theory developed by St. Venant in 18532.

Recently investigations in this field have received a new
theoretical impetus, based on an experimental cbservation by lessig 3
for reinforced concrete mambers that the failure mechanism is that of
bending on a skew failure plane. This mode of failure has also been
shown to occur in plain concrete beams by Hsu4 using high speed
photography.  These experimental observaticns have provided the basis
for the development of theory by many investigaters including the
author. -

Before developing the theory however it 1s proposed to review
the state of knowledge of the ultimate strength of members subject to
bending and torsion, in the fields studied by the author.

1.2 Review of Plain Concrete Members

In 18532 Saint-Venant presented his memoir on torsion to the
French Academy of Science. He assumed a hanogenebus elastic body and
obtained an expression for a rectangular section subject to torsion of

T = (factor) dh? (max. shear stress)




The factor is a function of b/d varying between l/r to l/3.
2

This expression was initially applied to concxete‘at ultimate load.

The maximum shear stress was interpreted as the maximum principal
tensile stress, which is approximately equal to the uniaxial tensile
strength of the concrete. Experimental results however showed that the
torsional strength was greater than predicted by the St. Venant equation.

It was assumed therefore by Turner and Davie55 in 1934 that
the excess of torsional resistance was due to plastic behaviour of
concrete in tension.  Although this assumption gave better agreement
with experimental results, tensile tests on concrete showed little or
no plasticity. Further tests cn plain concrete by Marshall and Ten 36
in 1941 produced the conclusion that concrete possesses both elastic and
plastic properties.

In 1950 Fisher7 for his Ph.D. thesis conducted an experimental
investigation into the interaction in bending and torsion for circular
Cross sections. This work provided results for a fﬁll range of M/T
ratios and illustrated that the relationship between bending and torsion
was probably an ellipse. Fisher appreciated the importance of a
standard tensile test to relate to his results and provided uniaxial
tensile strengths and modulus of rupture for a 6" deep beam.

In 1953 Cowan8, again assuming plastic behaviour in the
concreté, develcped a theory which considered the interaction of torsion
and bending, using the principal tensile stress as the failure criteria

for concrete. The general non dimensional interaction ecuation

cannecting torsion and bending was
2

T + M =1
To Mo
1 5 b
where o = 3 b? (o. - /3)ft
A _ ba?
and Mo =453 ft




The expressicn for Mo was derived by assuming a parabolic distribution
of tensile stress and a linear distribution for campressive stress in
bending. The expression for To is the one ceveloped by Nadai9 assuming
full plasticity of the concrete., Despite the controversial assumption
of plastic behaviour of concrete in tension, the form of the general
interaction equation is of considerable importance, since a similar
camparable expression can be obtained using the "skew bending" approach
and assuming elastic behaviour as shown in this thesis.

Cowanlo seems to have made little or no attempt to opbtain or
procduce sufficient evidence to corrdborate his thecretical approach.

) 1966 who conducted

This was however attempted by Walsh et al
experiments to determine whether the concrete behaved elastically or
plastically. The conclusion was that the cancrete. behaved plasticdallv.

Experiments by Hsu4 n 1966 using high speed photography shoved
that failure of a rectanqular section in pure torsicn occurred in‘bending
 a skewea failure plane with the neutral axis parallel to the ]ohger
side. This mode of failure had earlier been shown to occur by lessig 3
for reinforced secticns subject to torsion and bending.  The photographic
evidence led HSu to develops. a theory for pure torsion ror a failure piane
at a variable angle 06 to the longitudinal axis of the member. A minirum
value of T occurred when 6 = 45° in which case

— db?
12 = (factor) 3 frz

Hsu assumed and verified by strain readings that the value of the tensile

strength (f_ _) was related to the modulus of rupture, which varied with

r2
the breadth of the section and the strencth of the concrete. He developed
an expression to determine fr2 related to the uniaxial tensile strength ft’
the uniaxial campressive strength and the standard modulus of rupture
specimen. It was however mecessary to modify fr2 by the factor of 0.85

to allow for the fact that the tensile stress was producea in torsion.

In an appendix to his paper Hsu constructed an equation

3




connecting self weight bending mament and torsicnal bending mament
involving a variable angle § for the failure plane. This produced a
solution which necessitated determining the angle 6 and then determining
T using this angle of 6. Constructing the equation in a slighcly
different mamer would have produced a more elegant solution which does
not involve the variable angle § as shown by the author later in this
thesis.  Hsu made no atlempt to relate his equation to available experi-
mental results in torsion and bending.

1.3 Review of Concrete Members Containing Lengitudinal Steel Only

This particular area has attracted little interest for research
in the past. Anderson12 concluded in 1937 that lengitudinal steel cannot
be relied an to increase the pure torsional resistance of rectangular
sectione. |

The first theoretical solution was presented by Nyiander13 in
1945.  He essumed that the torque 1s partly resisted by the uncrackéd
portion of the beam and partly by the shear forces in the steel acting
approximately about the mid point of the section. The shear stress and
the bending stress in the stéel were cambined according to the Huber-
Beltramis criterion of yield to the steel. S;nce this theory assumes a
yield condition for the steel it is‘not applicable in conditions when
failure i1s dependent on the strength of the concrete.

Gesund and Bostonl4 in 1964 tested 10 beams with longitudinal
steel.  From the appearance of the fallure mechanism (hey developed e thee iy
which introduced a dowel force. The effect of the lateral dowel force
was to break out small concrete pyramids on the side of the beam which
produced failure in the beam. They experiencéd difficulty in determining
the length of the side of the pyramid, and the tensile strength involved.
The member was assumed to rotate at failure about a point at the top of

the section, or at the mid point of the side. Generally the method gives

4




canservative results, but the approach deserves considerable attention
because it is a mode of failure that will cbviously occur if the cover to
the steel is insufficient. Walsh et al ++ concluded in 1966 that "no
satisfactory method has been propesed for calculating the ultimate strength
of beams of this type under carbined bending and torsion."  After a series
of tests they concluded that "it has not been possible to evolve a rational
method of calculating the failure loads of beams with lengitudinal steel
anly subject to bending and torsion." Failing to suggest a relationship
connecting M and T,Walsh et al recommended an erpirical value of the
torsional strength of a merber To which does not cepend on M where

To = 1755 @ - b/ /i

In 1966 Iyengar and Rangan'15 concluded after a few tests in pure torsion
that the longitudinal steel, even if increased to 6%, increases the
torsimnal strength of plain concrete by cnly 10%2. This conclusion is the
sane as made by Anderson12 in 1937.

A further review of test results and theory by Hsul6 in 1968
again produced conservative eguation of an empirical nature in non

dimensional form

M
T = 1 for "/ £ 0.5
/ﬁuo Muo
T = 1.7-1.40 ) foros< M <10
/. ) ’ Muo ‘ Muo T TC
Tuo
M = 1 for Y/ < 0.3
/. : Tuo
Muao .
where Tuo = 6(b?+10) d (fc')? for b > 4" imperial units.

In 1969 Mirza and McCutcheonl7 tested 107 quarter scale model
beams in torsion bending and shear. The models were too small to take
strain readings on the concrete or the steel, but the large number of
results did enakle them to drew the 3 dimensional, non dimensional inter-
action diacgrams for torsion shear and bending.  These diagrams also provide

indications of the effects of increasing longitudinal reinforcement for a

5




.. d > .
fixed /b ratio of 1.5 and subject to torsion and bending. = Their graphs

show an increase in strength from pure torsion to an M/f ratio of
approximately 4. Since in this region the theoretical mode of failure is
by the formation of the compression hinge at the side of the member, then
it must be assumed that this increase occurs due to a transition fram mode
2 to mode 1, where the carmpression hinge is at the top of the section.

Since these test results were for small scale beams using
crushed quartz sand and high early strength concrete, they will no doubt:
have to be repeated for normal concrete mixes, since there is always the
possibility that there is some difference in behaviour.

1.4 Review of Concrete Menbers Containing Longitudinal and Transverse

Reinforcement

An accumulation of experimental chservations over the last 50
years has enabled members which are reinforced longitudinally and
transversely to be broadly divided into three cases at ultimate load
canditions:-

Case 1 - All the steel intercepting the failure zone yields.

Case 2 - Part of the steel iﬁtercepting the failed zone yields.

Cagse 3 = Nene of the steel intercepting the failure zcne yields.

Farly investigators concentrated on theory and experiment for marbers
subject to pure torsion. P.auschl8 in 1929 employed the space truss analogy
where the ‘steel bars behave as tension mernbers ahd the concrete as
compression marbers. Assuring that the steel yielded for a member
reinforced with closed hoops and an equal amount of longitudinal steel

T = 2 f b'ad’
s sy

S
Anderson12 in 1937 developed an expression for the torsicned strength of a
circular cross secticn, and then modified this for a rectangular cross

section by assuming that only the bars at the centre of the wider face

reached yield stress.




19 | -
Cowan in 1950 adopted a distribution of stress based on the St. Venant

Theory, and considered that the strength of the member was that for plain

cancrete plus the strength from the stirrups.
T = Tc+ 1.6 A Ff b'a
S
This form of expression is considered important since it has been developed
by later investigators.

Cowan 8 then in 1953 was the first to consider the action of
cambined bending and torsicn on & member reinforced longitudinally and
transversely. He also follcowed the sare general approach by assuming that
the applied torsional mcment was resisted part by the concrete and part by
the torscnal reinforcement. The torsional resistence of the concrete was
expressed as the plastic torsional resistance for a plain concrete membsr,
and the stress in the adjacent torsicnal steel was expressed in terms of a
concrete stress assuming elastic behaviour and using a modular ratio.

The torsicnal stress in the concrete could therefore be expressed in terms
of the applied torsional mament and parameters such as section size and
reinforcement.

The applied bending mament was assumed to aét on the member
as in pure benéing, producing a crack at the bottom of the section which
extended to the neutral axis, creating a conpression zone at the top of
the section. This compression zone was then considered to be subjected to
a direct stress dué to bending. This direct stress due to bending was
then expressed in terms of the applied bending moment, size of section and
reinforcement.

Where torsion predominated Cowan carbined the torsional stress
and the direct stress due to bending using the principal tensile stress
criterion or the principal strain criterion for failure. Where bending

predominated these stresses were cambined using the Coulamb~Mohr internal




friction theory, The application of these failure criteria enabled Cowan
to form equations comnecting the bending and torsicnal moments.

Cowanlo showed in a later paper that this theory tended to be
cnservative,  The assunption of cracks existing in the case of bending
stress, and not existing in the case of torsion can be criticised in
relation to experimental evidence. Cowan also failed to notice, as others
did later, that the campression zone does not always remain at the top of
the section, and ray be at the side or at the bottom.

.3, e .
Lessig ~ in 1959 significantly changed theoretical approaches

by basing a theory for longitudinally ang tranversely reinforced bheams at

yield on a mode of failure ohserved in experiments.  She observed that at
ultimate load when bending predominated, failure occurred by rotation of

the beam about a carpression zone which was at an angle to the longitudinal
axis. When failure occurred in pure bending this compression zone was at
90° to the longitudinal axis.  She formed equilibrium equations by equating
maments of forces about an axis perpendicular to the neutral axis, and by
equating forces perpendicular to the plane containing the neutral axis.
Subsequently this approach was modifed by Guozdev ro give the same answers
based on the method of equating the work of external and internal forces
with their Qirtual displacement.

This apprecach produced equations connecting bending moment,
torsicnal moment, reinforcement and shape parameters, but unfortunately
they were complicated and difficult to use. The theory was develcped
for moce 1 where the campression zcne is at the top of the section, and also
for mode 2 vhere the compressicn zone is at the side of the section. She

failed however to identify mode 3 where the compression zane is at the

bottam of the beam.

Later experiments by Lessiﬁ defined the condition for yielding

of the steel as




At < e
1+ 21 1

2d
1+ /b
Further experiments yielded an expression for the depth of the compression

ZzCne as

d 5 A f ~-A f
a i iy iC icYy

: - T
Le bd, (145 /)

This introduces the notion that the depth of the compression zone is

reduced by the increase in torsional mcment. Experiments which increased

the area of steel until it did not yield produced an expression for the
depth of the compression zone for an over-reinforced beam vhich again shows

a decrease for an increase in torsional moment.

dn _ T
T = 0.55 0.74/ /u

These experiments also lead to an expression for the torsional resistence

of an over reinforced member.

4~Eﬁ~—- = 0.07 to 0.12
db? fc!
The variation in limits was not explained except by the statistical
variation in the strength of the concrete. Further experiments including
shear showed that the value did not vary beyond these same limits.
Chinekoilin 1959 ccnducted further tests to substantiate
lessig's 3 theory. A series of beams with longitudinal reinforcement and
closed vertical stirrups showed that the theory was reascnably accurate.
He also took strain readings on the steel to show that the steel intercepting
the failure zone did in fact reach yield.
Further tests with vertical stirrups on the side faces only

and not connected in a closed hocp, showed that as soon as the concrete

cracked the merber split longitudinelly and the stirrups were ineffective.

The crack angle on the sides of the beam was also investigated

=




by Chinekov who concluded that it varied between being vertical in pure
bending to 45° ip pure torsion.  He also concluded that althouch it was not
cor?ect to assume the crack was in a straight line when shown on a developed
plan, the variation was small and did not substantially affect the theory.
The maximum skew angle for the camression zones was a line joining the
cracks at 45° cn the other faces.
. 22

In 1959 Iyalin“® also conducted a series of tests on members
reinforced longitudinally and transversely and subject to varying ratios of
bending, torsion and shear.

Cne of the major objectives with the tests was to determine the

ratio of transverse to longitudinal reinforcement to produce vield at the

failure zones. From the tests he produced a table giving empirical values
Af d \ , o
of “sTsy” for varying T ratios. These values were not exactly defined
S A1fry M

since he was not always certain when vield occurred despite having taken
strain gauge readings. His main problem was that having decided to fix
strain gauges and a certain section, there was no guarantee failure would
occur there. Cther conclusions from the tests were that compression
failures could occur where the longitudinal steel and transverse steel did
not reach yield. Also partial yield could occur, where the longitudinal
steel feached yield and the transverse stirrups did not, or the transverse
stirrups reached yield and the longitudinal steel did not.

It is assumed that the new desion method of calculation referred
to in the paper is that of Lessig , and values of torsicnal resistance
calculated using this method are too high when compfession failures, or
partial yielding occur.

Yudin23 in 1962 formed theoretical equations by teking maments
of forces about the longitudinal and transverse axes of the member. He
also assumed that the crack angle on the bottam and sides of the member was

45° This produced two equations one of which connected the bending

moment and the torsional mament linearly. Experimental results however

{Oo




showed that this approach was conservative.

Cesund et al 24 theory in 1964 was the first attempt to include
dowel action of the longitudinal steel. The failure zone was assured to
be bounded by crack ancles of 45° on the side of the number, and a variable
angle 0 on the bottom, The axis of rotation was assumed to be at the
centre of the extreme fibres of the camression zone and parallel to the
longitudinal axis of the beam,

Two types of failure were recognised, a "bending failure"
occurring when the longitudinal steel yields before collapse, and a torsional
failure if it does not. The value of © to be used was based on experimental

data, 90° for T/

4 < 0-25, and 63.5° if T/M 2% 0.25.

The solution for the bending failure was similar to that of
Yudin, linear between pure bending and the torsicnal failure with a
discontinuity at T/ﬁ = 0. 25, Two expressions were given for the “torsicnal
failure, one based on the yielding of the stirrups, and the other based on
dowel action of the longitudinal bars. The one that is applicable is the
one which gives the larger value. v/

In 1965 Evans & Sérkar25 published experimental and theoretical
work on 18 hollow rectangular beams reinforced lqngiéudinally and
transversely. The theofetical equations were formed by taking mements of
forces about a skew compression fulcrum assuming the steel intercepting the
failure section was at yield. The compression fulcrum was assumed to be
at 45° to the main axis, and indeed a change to 60° showed very little
change in the theoretical solutions.  The equation so formed included a
crack angle o on the bottom and sides of the beam. This was re;ated to the
cracking of the merber assuming it to be plain concrete.  The approach
an this peint is in direct contrast to Lessig 3 who assumed that this angle
is governed by the steel intercepting the failure section. Evans and

Sarker assumed that for the bending and torsional stresses in the concrete




before cracking, there was a plastic distribution of stress. These
stresses were then corbined using the principal tensile stress criterion.
The resulting equation showed that the crack angle varied fram 45° in nure
torsion to 0° for pure bending, as would be expected. It was however
dependent for intermediate values on the d/b ratio.

The equation also involved the depth of the skew compressicn
zone which was obtained by equating forces perpendicular to the skew
failure plane and thus includes the stirrups in the tensile zone at the
bottom of the beam.

It also involved the cylinder crushing strength of the concrete
in the campression zeone, although it was recognised that it may be less
than this, due to the presence of torsional stresses.

No guidance was given on under reinforced of over reinforced
members, or on the ideal ratio of transverse to longitudinal steel. The
theory was confined to mode 1 type of failure, although a torsicnal failure
presurmably mode 2 was recqg%ﬂsadn The theory when applied to experimental
results was reasonably accurate with their own results and other

investigations.

6 in 1966 used the same theoretical model as

Walsh et al 2
Lessig3 but formed cnly one equilibrium equation about a skew axis of
bending. This equation involved the variable 8, the angle of the failure
planes The value of 6 was then determined for which the torsicnal
resistance was an optimum. This epproach gave approximately the same
solution as Lessig but in a simpler form due to approximations.

The theoretical expressions were produced for modes 1 and 2
and also for a new mode 3. In mode 3 the compression zone formed at the
bottom of the member which was confirmed by experimental behavicur. Mode
3 form of failure had not been identified by Lessig.

Walsh et al also dbtained a ratio of transverse to longitudinal

steel ¥  which optimised the volure of reinforcement and the torsicnal
steel .o
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torsional resistence would be expected to be entirely dependent on the steel.

resistance of the member. This value of rvy also provided a limit to the

accuracy of the yield theory but the reason for this seemed to be based on
experimental evidence. No theory was presented for results that lay |
beyend this limit except to say that for a few results the vield theory
appeared conservative, It is however not conservative for other
experimental results.

In 1968 the American Concrete Jnstitute published papers on
"Torsion of Structural Concrete", and four of these papers were based on
the presentation made at the 62nd Armual ACI Convention in Philadelphia
in March 1965.

A paper by Hsu27 gave experimental results of 53 members §
reinforced lengitudinally and transversely and subject to pure torsion.

The variables investigated were, strength of concrete, breadth to depth

ratio, scale and ratio of transverse to longitudinal steel. Generally
)
however r., AsfyG{ = 1 which produced equal volumes of longitudinal
Y8 Betey 1+b/d |
and transverse steel. From extensive strain measurements on the concrete

and the steel and torque/angle of twist curves, Hsu concluded that with
increasing areas of reinforcement a memper changed from under reinforced,
to partially over reinforced, to carpletely over reinforced. He also
presented an empirical formula to determine the torsional resistance of a
member over the linear portion of the torque/torsional reinforcement
relationship. ﬂnsemﬁﬁsd.ﬁmmﬂasﬁﬁe;ﬂ1ﬁ@shmk£tt@mstMﬁ
the torsicnal resistance is partly dependent on the concrete and partly on
the steel.

T = T concrete + T steel

This tends to conflict with the subdivision of underreinforced where the

The torque/angle of twist experimental curves clearly show that yield at
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the failure section only occurs at small areas of longitudinal and
transverse steel.

The empirical expression is however useful and implies that a
theoretical expression should also follow the same lines. The camletely

over reinforced menbers confiim the conclusion reached by Lessig19 that
at the limit M = 0.07 » 0.12.

ha*f ¢

C
Maximum compressive strain easurements cn the concrete indicated

ﬂmtfalmkcmmmnﬁvdﬁlammﬂ.mmmtofr@nﬁmdngs&mlatasbahl
of approximately .01, and when over-reinforced this value reached
approximately .04.  This indicated that failure could occur before the;

uniaxial campressive strength of the concrete had been reached.  His

results also show that theories which assume that all steel yields vhich

intercept the failure plane, overestimate the torsicnal strencth of a

member,

A further paper by Hsu27a in 1968 gave a theoretical interpre-

tation of the empirical expression from the previous paper, but at various
stages in the analysis he was forced to adopt empirical values.

The proposed theoretical failure surface he assumed was a
plane perpendicular to the wider face and inclined at 45° to the axis of
the beam. This surface is therefore parallel to the shorter legs of
stirrups and therefore igriows those forces. Experimental stresses were
in fact very low in these legs.

The basic equation for torsiocnal resistance was then formed by
taking moments about a longitudinal axis of the beam. This included yield
stress in the long leg of the stirrups, dowel forces on the longitudinal
steel and corpressive and shear stresses in a compression zone.

He applied the theoretical/empirical expression to his own

test beams with considerable success since empirical values adopted were

I4-



based on these beams. He also applied the expression to other test beams

but not with the same degree of agreement.

A paper by Goode and Helu&y28 published in 1968 provided
further experimental evidence of non-yielding of the reinforcing steel.
The experimental results for 27 bears covered bending and torsion with
varying ratios of traverse to longitudinal reinforcement, including ties
at 45° to the axis of the bean. Goode and Helny confirmed that modes 1,
2 and 3 existed and also that a menber may be completely over reinforced.
In addition to these they included partial yielding cases where either
the longitudinal steel yielded or the transverse steel vielded.

The thecry developed in the paper cambined ecuilibrium equations
formed by taking maments of forces about an axis through the centre of the
corpression zone and parallel to the skew neutral axis, and also about

an axis perpendicular to this.

C

and the compression reinforcement ignored. Only fair agreement was
obtained between the theory and the experimental results. In one test
series considerable discrepancy between theory and experiment was explained
by the fact that the theory ignored the dowel action of the longitﬁdinal
bars.

Also in 1968 at the same ACI conference. Iyengar and RanganlS
presented further test beem results and theory. The theory applied to
members with or without transverse reinforcement, and was based on the
assurptions that the mamber was cracked, the transverse steel yielded, the
contribution of the horizantal (shorter legs) of the stirruos to the
torsimal resistancevas neglected and the dowel action was also neglected.

Like Hsu27 and others they assured that for torsicnal failures
the torsicnal resistance was related to the concrete and to the steel, and
may be expressed as:

’ Tu = T concrete + T steel

)




The torsicnal resistance based on the concrete assumed that the canpression
zne was subject to direct stress and torsional stress. Failure was
i : . , 29 . . .
controlled by the Krishnaswamy™” failure criteria for concrete
ol 2

- (02)
~ + = = 1
fC ft .

where o, = the principal compressive stress

and 0y = " " tensile stress.

The advantage of this critericn was that it was a continuous function from
campressive to tensile failures.

The combined bending and torsicn failures were also based on
the failure criterion, the direct stress being produced by bending and
depencent on lever arm and neutral axis cdepth factors. The torsional
shear stress depended on assuming plastic shear stress distribution due to
the application of the torsicnal mament.

The method of necessity introduced many constants which were

canbined into a single factor A.  The compariscn of theory with experimental

results was good since failure was controlled by the concrete, but it was
wnfortunate that so many arbitrary factors had to be introduced into the
theory. The approach in this paper is comparable with that of Hsu27 since
both assumed that the longitudinal steel and transverse steel were not at

yield.

In 1968 Zia and Cardenas3o tested model plaster beams reinforced

longitudinally and transversely. The advantage of the plaster was that it
could be tested two hours after casting.

The disaedvantages were that the tensile strength of the plaster
was slightly hicher than concrete, the modulus of elasticity lower than
concrete, and due to size it was not possible to take strain readings.

Experimental results were compared with Iessig'53 theory and

although in general the theory was conservative for mode 1, it tended to

(&




overestimate the strength for mode 2, suggesting that the steel was not
at yield.

Measurements of crack angles were made and in general crack
angles on opposite faces of the beam were not the same. The values of
the angle of the crack were aléo more inclined fram the vertical than for
plain concrete, suggesting that the equilibrium of forces in the longi-
tudinal steel and stirrups affected the cracking for members reinforced
longitudinally and traversely.

In 1968 Pandit and Warwarak3l conducted further tests on
merkers reinforced longitudinally and transversely and deveioped a theory
to explain the behaviour.

The basis of the theory was expressed as

= +
Tu T concrete T steel

The resistance of the concrete depended on the compression zone which was
clearly defined for pure bending as existing at the top of the section.
For same torsion however it was a central area of the cross section. This
assumption Hsu27 had shown experimentally to be incorrect, since if a
hollow merber was tested which effectivelyurémovesthis area, the effect
on torsional distance was negligible. For combined bending and torsion
the position of the compression zone was intermediate between pure bending.
and pure torsion.

| This compression zone was assumed to be one quarter of the
cross sectional area and subject to a biaxial stress due to a direct stress
due to bending and a plastic torsional shear stress. These stresses were
combined using the CouanB failure criterion.

Pandit and Warwarak seemed uncertain of the torsional shear

stress to be applied for a predominantly torsional failure and therefore
expressed their solution as lying between an uprer and lower bound limit.

For this reascn the comparison between theory and experimental results

varied considerably.
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In 1969 rairbum and Davies32 attempted to improve the
theoretical approach of Evans and Sarkarzs. Evans & Sarkar had kept the
crack angle o in the concrete and the angle of the campression zone &
independent of each other, and in fact fixed @ at 45°, Fairburn and
Davies however extended the crack angle to the compression zone and the
commecting line then formed the angle 9. Since the crack angle o was
determined Ly the M/T ratio, when T was zero the crack was vertical and &
was at right angles to the member. This seems more logical than the Evans
and Sarkar epproach when it appeared that if T was zero B was still at 45°
to the main axis of the beam.

The equation of equilibrium was formed in the same way as Evans
and Sarkar by taking maments about the skewed compression zone, assuming
the steel intercepting the failure zone was at yield. The strength of
the concrete in the compression zone was still assured to be the full
campressive strength in bending.

Camparison of the theory with experimental results was fairly
accurate for beams manufactured and tested by the authors and other beans

. 2
tested by Evans and Sarkar, and Chinekov l.

Swan33 in 1970 organised his experimental work to form the
basis for a design method for rectanqular reinforced concrete beams in
torsion. The main aim of the work was to obtain a reliable ultimate load
method of design for rectangular reinforced concrete sections in torsion
corbined with bending and shear. Secondary to this was the task of
obtaining information on stiffness and crack width.

After reviewing and classifying torsion theories he decided

that the ultimate torsicnal strength could be separated from bending and

shear and expressed as

¢ 1]
T = T + ¢ b'd As fsz
u c S 3




where TC = 0

and ¢S is a constant factor to be determined fram experiment.

The value of Tc was put at zero because of the conflict between those
proposing this type of expression, and because he believed that it was
Leing confused with the torsional strength of plain concrete.

From experirental work Swan concluded that ¢S = 1.2. He
realised hcwever that ¢S probably depended on the shepe of the section,
cube strength, vield stress of the steel and that it also varied as it
approached the over-reinforced state, The report does not give the
relation of the theory to the experimental results which make it difficult
to assess. He also does not give any restraint to the use of the
formala. If it is applied to member R5I tested in torsion and bending

15

(M/T = 22) by Iyengar and Rangen™ T = .45. This does not

expt./Ttheo.
appear to be satisfactory for a Gesign expression even if a materials
factor is introduced.

A design expression such as this is in facf likely to be
nonconservative as the M/T ratio increases. The statement by Swan that
torsion may be considered separately from shear and bending at ultimate
strength is in direct contrast to the theories of Lessig3 and Walsh et al 26.
In these theories torsion and bending are combined to form an interaction
curve and may not be considered separately.

34 in 1971 investigated the plastic flow

Jackson and Esta%ero
law for reinforced concrete beams under combined flexure and torsion.
Their 80 members were reinforced to produce yielding although with present
knowledge it is difficult to decide how to achieve this, since most
investigators report non yielding in the stirrups at the side of the beam.

The readings for rotations about the longitudinal and

transverse axes lead to the ccnclusion that the term "axis of rotation"

which is used by many investigators is incorrect. This statement seems to




be a criticism of the Lessig skew bending approach, which many investigators
have used with a reascnable degree of success.
It is particularly clear from the axes of rotation readings

hat for a mode 2 form of failure rotation is largely about the
longitudinal axis of the nember. In general there are considerable
differences between the axis of rotation for the Lessig skew bending
theory and the values obtained in this paper. This suggests that present
theoretical approaches need closer examination and the assurption that

all the steel yieldsat the critical section is not valic. It is also

particularly interesting to note that the interaction curve approximated
to an ellipse, whereas the Lessig skew bending approach and the space
ss theory resulted in a parabola.

They also confirmed the plastic potential flow law by
deterﬁﬁniﬁg'that the incremental plastic rotation vectors at all points
on the associated interaction curve are in the direction of the outward
normal to the curve.

Kuyt 3 in 1971 rade a camparison of the Lessig equilibrium
mefhod,considering bending on a skew failure plane, and the truss theory
which, is normally accepted in Western Eurcpe.  He considered only the
equaticns for ultimate strength in pure torsicn for a member reinforced
longitudinally and transversely and based on yield of the steel.

He concluded that for the case where there were four
longitudinal bars, e in each carrier, and two extra on the long side,
the two methods gave the same soluticn. For the case where there were
cnly four lengitudinal bars then it was incorrect to assure that the
crack angle on the two sides of the member were the same. It was also
incorrect to assume that the stresses in the stirrups on the two sides
were the sare.

From examinaticn of photogrephs of specimens by Hsu27 it is

difficult to challenge the crack angle staterent. From examination of

zZ0



the stresses in the stirrups however Kuyt claims that the results by Hsu

27

confirm that the stresses in the side stirrups are reduced in the

proportion of the dimensions of the stirrup. Certainly they are less
but not necessarily in that ratio, end they are still less than yield

when Hsu. used six lengitudinal bars.

available exverimental results and plotted them graphically on non
dimensicnal interaction diagrams.

1.5 Conclusions from the Peview

36 .
Kuyt™ in a later paper in 1972 applied the truss theory to

required in the following fields.

(1)

(2)

(3)

(4)

(5)

It was concluded fram the review that further work was

For plain concrete to campare the skew bending theoretical solution
with that cbtained by Cowan, and to relate the theory to
experimental data.

To develcp a theory for concrete merbers with longitudinal steel
and canpare this with experimental data.

To consider and improve existing yield theories for members with
longitudinal and transvérse steel, and to determine the boundary
conditions.

To develop partial yield theories for members with longitudinal and
transverse steel, and compare with experimental data.

To consider and irprove existing theories for over-reinforced
rerbers, minimum reinforcement and for optimum torsicnal strength

and optimum reinforcement.

-



CHAPTER 2 - Ultimate Strength of Plain Concrete Menbers

2.1 Introduction

The analysis of plain rectanqular concrete sections subject
to torsion has until fairly recently been based cn the Saint Vénant2
theory of 1853, This assumes that the material is homogeneous and
elastic, and that the failure condition is reached when the maximum
principal tensile stress is equal to the direct tensile strength of the
concrete.  Tests show that the ultimate strength is greater than that
predicted by the St. Venant theory end it was therefore modified on the
assumption that the concrete behaved plastically at failure. This
modification to the theory produced better agreement with the experimental
results, but gave no indication how the theory should be modified for
reinforced concrete sections, where the material is not homogeneous and
the concrete cracks prior to failure.

In 1959 Lessig3 introduced the idea of considering the
failure mechanism and the equilibrium of forces in Eending on a "skewed"
failure plane for reinforced concrete sections. In 1966 Hsu4 verified
by the use of high speed photography that the same "skewed" mechanism
of failure occurred in plane concrete in pure torsion. Since failure
occurred in bending on the "skewed" failure plane Hsu uéed the modulus
of rupture of the concrete as the critical stress at failure. This
approach gives good agreement between theory and experiment for Hsu's
results, and Kemp37 by regression analysis showed that it appeared to
give better correlation with available test data. If the theory for
the "skewed" Lending failure plane mechanism is applied to cases where
bending and torsion co exist, then it is necessary to consider two
different modes of failure. The failure surfaces are initially
cansidered as plane rectangles for ease in developing the theory, although

photogrephs by Hsu4 of a specimen in pure torsion show that the actual

failure plane is more distorted.




2.2 Theory for the Ultimate Strength of Plain Concrete Mermbers Subject
to Bending and Torsion-Mode 1

This form of failure occurs when the M/T ratio is high.
Hsu? showed experimentally that for mode 2 the form of failure appeared
to ke bending akout a skew axis with the campression zone at the side of
the section. It is therefore assumed that the skew bending will
alternatively occur with the compression zone at the top of the section
as shown in fig. 2.2.1. 7Tt is important to note that at this stage the
failure plane is not distorted. Taking moments of forces about the

neutral axis of the skew failure plane

, _{ba?
Ty sin 6, + M, cos 8, = /6 f’r; ceees 2.2.1
cos 6,'

(note: a similar equation has been formed by Hsu4, but the choice of
angle and subsequent development and solution is different.)

PFoquation 2.2.1 is an equilibrium equation including a
campatibility condition of linear strain in bending, and a linear stress/

strain relationship. Rearranging equation 2.1.1 and substituting

2
M o= 200 o, ¢ ceeel 2.2.2
6 T b Ty

eeees 2.2.3

Mat M,
tan 9, + /T‘
. dar, _
For a minimum value of T,, /dB =0
1]
T, u/
L then for a minimum value of T,
i d,u/
u__'de
v av
/de
1
2 ~
l+tanI91, = 2tan,( /COSZO,)
Ly
tanf, + T, 1
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rearranging

2 » M
l+tm16,=2tw16,+2tmw,

2 <Mt/
%tan6,+tan6, T/ ~-%=0

/(M., z M,
tang, = + /i, +1~< /T,\

¥

The appropriate value for this mode of failure is

M 2 M
(M ) (")
tan® =0 Vo) U)o 2.2.4

substituting equation 2.2.4 in equaticn 2.2.3

;,L _ 1+(jﬂM'/T.>z i1 Vo, }
A?/’(M\/ujz L1

2
M M M
T t §
b l+( /T.B - /T.'J< ~/T) + 1
2Mu, / M, 5
/\(< /T) + 1
M & (M
T ] | )
T, S ,\/( ’I“B +1-\ /7, ceee. 2.2.5
M,/
When T, = 0O, T = 2Muy;= Tuu cveee 2.2.6

equation 2.2.5 may be rearranged.
2%

-— J— = — + 1
Tu'f, + T| (TI

Ty z 2M,
o) 7 T T
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and since from equation 2.7.6 May = Tu'/2

Tu) Mu; ..... 2.2.7

Equation 2.2.7 is in the general non dimensional form comnecting T, and
M. This form of the equation is particularly useful for design purposes
and for the camparison of experimental results for differing section

shapes, sizes and strength of concrete.

2.3 _Theory for Mode 2 Form of Failure

This form of failure occurs whea the NVT ratio is low. The
campression zone forms at the side of the section and the basic
equilibrium - campatability ~ stress/strain equation is formed by taking

moments of forces about the neutral axis of the failure plane (see fig.

2.3.1.). db?
( /6>f

. r
TZSlnez—""“‘(‘:‘aS*é—z—*—— ceeee 2.3.1
« ‘ dbz/
%axm@mgw@sdmﬁhimgmm= 6j f =12 £ ceees 2.3.2
Xz 2 "ra
: 2
T _ Lttan’f, ceee. 2.3.3.
MUZ tan@z

This is now seen as a special form of equation 2.2.3 where the M/T ratio

is omitted. The value of 6, when T, is a minimum must also be a special
case whem_bg&,is zZero. In which case from equation 2.2.4
tanf, = +1 yeese 2.3.4

Using the positive value of tanf, and substituting in equation 2.3.3

—3
=3

2

|
|

= T2 _
T T s 1 eesee 2.3.5

)
=

Comparing equation 2.3.5 with equation 2.2.7, shows that equation 2.3.5

is a special case of equation 2.2.7, where Tuz replaces Tui.
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compression zZong

Fig 23.1 Mode 2 Type of failure in plain
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2.4 Theory for Mode 3 Form of Fajlure

This form of failure is theoretically possible when M/T

ratics are low, and there is a difference of the secticn modulae for
bending about an axis, e.q. a trapezium (see fig. 2.4.1). The campression
Zzone now forms at the bottam of the section and the basic equibrium -
compatability ~ Stress/strain equation is formed by taking moments of

forces about the neutral axis of the failure plane

Tysin 0, -M cos 6, = 3%, 2.4.1
3 3 3 3 e
cos ©
3
rearranging
T3 _ 1+ tan283
Ty = ceves 2.4.2

tand -<M3/ )
3 T,

as previously shown in 2.2 is a minimum when

M 2 M
tanb, = + <3/T)} +1 + 3/T3 ceees 2.4.3

substituting equation 2.4.3 in equation 2.4.2

253 = el 2.4.4
‘1,13

rearranging
Tz §2 - M; =1 ceee. 2.4.5
TITu_;-; Mu.3

where Tus = 2Muas ceee. 2.4.6

The three possible theoretical modes afe related generally as shown in
fig. 2.4.2. The axes of the graph are bending mament and torsional
manent, and are not expressed in non-dimensional because of the variation
iﬁ the values of Tui, Tuz and Tus. For a circular section however there
is only mode 1 form of failure since Mui = Muz = Muz and Tur = Tys = Tus.
Generally the relaticnship between mode 1 and mode 2 is
established by results given by Walsh et al 1 for a rectangular cross

section, and by Fisher? for a circular cross section. No results are
14 L
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Fig 2.4.2. Theoretical relationship  between
modes |.2.and 3 for plain concrete




available to substantiate mode 3.

Cowan® derived similar a equation to mode 1 in 1953 but did
not appear to appreciate modes 2 ang 3. His approach was based on an
elastic-plastic distributicn of Stress in bending and the St. Venant 2
elastic distribution of tersicnal shear stress. He combined these
stresses using the maximue principal tensile stress failure criterien for
cancrete. The corresponding values of Tu and Mu obtained by Cowan
although of the same form were not exactly the same values. It is
important however that both approaches produce essentially the same
soluticn, and with present knowledge Cowan's approach can be adapted for
modes 2 and 3. It does however reintroduce the problem of whether the
concrete behaves alastically or plastically in torsiai, since the Bkew
bending" theory is essentially on elastic epproach, and the Cowan approach
is plastic or semi-plastic.

2.5 Modified»Values of Ultimate Strength in Pure Torsion - Rectangular

Cross Section

It is apparent from the preceding theory which results in a
general non dimensional interaction formula, that the values of Ma and Tu
are particularly important. The value of Mu is the value in pure bending
mode 1 which is in fact a standard modulus of rupture test if a 4" x 4"
or 6" x 6" section is used. If Mu = (factor) bd? £, then the factor
may be fixed at l/6 assuming a linear strain distribution and linear stress/
strain relationship. The value of the modulus of rupture fr‘ was then
found by Wright 38 and Hsu4 to vary with the depth of the section. A
higher value was obtained for a smaller depth of section, assuming other
possikle variables remained constant.

An alternative approach favoured by Coﬂan8 is that the tensile
strength is fixed at the uniaxial tensile strength of concrete. The

factor then varies depending on the depth of the section. Since both
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rethods can produce the Same answer then it may be argued that the
difference in approach is not important. Hsu4 produced an empirical
expression relating the modulus of rapture to the uniaxial tensile
strength of concrete as the beam depth varies.

In imperial units these WEre expressed asg:-—

2
£ :7.17(1+-19 £ rwsa 2.5.1
r 2 t
X
2.4\
£ =717 ¢ for 2" < x g 4" 2.5.2
= . ng . or xg 4" L., .5.

where x = d for mode 1 and x = b for mode 2 for a rectanaular Cross
section.

To produce these expressions Hsy had results of his own but
also related them to work by other investigators: . This introduced
other variables. involved in the different mixes of concrete.

Many investigators in this field in the past had expressed
their strength of concrete as a uniaxial crushing Strength and Hsu there-
fore related his modulus of rupture to this cnce again using empirical
relations in imperial units.

f = 5/F ceee. 2.5.3
t C

The coﬁstant 5-used by Hsu varies for other investigators from 3.5 to
6.5. The variation in this constant gives sare indication of the error
involved in using this expression, and is confirmed by experimental
results later in this chapter.

The value of Tu is more difficult to obtain than Mu. From
the preceding theory Tu, = 2Mur, Tuz = 2Muz and Tus = 2Muy. Experimental
readings of the maximum tensile strain for a torsion specimen lead Hsu to
conclude that the tensile strength was related to the modulus of rupture
but that it was necessary to introduce a factor of 0.85 such that

2
Tu,' = %? (0.85 £_) i, 2.5.4




The factor was introduceg based on the Mohr failure theory which reduces
the modulu s of rupture when produced in conditions of pure torsion.
Hsu assured that the theoretical failure plane was not distorted but his
s photographs shayedthat this wasnot correct, and this distortion may
account for the necessity to introduce the factor of 0.85.

If it is assumed that the failure plane for a rectangular
Cross-section is a distorted trapezium as shown in fig. 2.5.1 then the
preceding theory requires modification. The introduction of this

distortion over the full range of M/

rI,values produces equaticns which are

difficult to solve, and for simplicity therefore it is proposed to only
modify the values of Tu(, Tuz and Tus, and assume that the general non
dimension.al interaction formula is approximately correct. For the case
of pure torsion mode 2 failure, taking moments of forces about the neutral
axis and using a projected plane area to allow for the tensile stresseas
being at varying angles to the neutral axis (see figs. 2.5.1 and 2.5.2).

T&z sin 6} =z .f L 2.5.5

The form of fracture produces a distorted trapezium where the elastic

section modulus o )
b2 (L2 +4LL, + L'} %)

= cesees 2.5.6
z =12 (2L + L‘l)
_ d
" cosf’', ceeee 2.5.7

and to allow for tensile stresses not being in the same plane as the

neutral axis,Ll projected into the same plane as L is (see Fig. 2.5.2).

— d _ 2b tanf) sinbfl
L = %a 1 + 2b)
“ a

rearrangin
ging ‘ oh . 26“
da (L+77/d) - 2b sin“0,

=
il

(. + 2b/d) cos 0,




neutirgl axis

Tz
I‘ \
/
compression
Zone
Fig. 2.5.1 Mode 2 type of failure in plain

concrete (distorted failure plane)
rectangular cross section
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L'=942b-2b (1-ces?,)

(1 + Zb/d) CcCs 62'
L,

d 1+ 2b/d cos?6, ")
(1 + 2b/d) cosf,’

Substituting equations 2.5.¢ through to 2.5.9 into equation 2.5.5 and
numerically obtaining the value of 62" for which Tu,' is a minimum (using

the camuter and the interval halving method) produces

ap*f 2.5.10
r2

T, =~ 1
us %

3+ Q)

The value of the modulus of rupture should theoretically be
based on the distance fram the extreme fibres to the neutral axis but
since this error is relatively small and because of previous assumptions
it has keen ignored.

This expression may now be carmpared graphically (see Fig. 2.5.3)
with the St. Venant elastic theory, the plastic theory, and the Hsu4 theory
mode 2, since in general fomm they may all be expressed as

Th; = (factor) db® (tensile strength).  ..... 2.5.11

It should berpted that Hsu's theory maintains that the
tactor is independent of the-g ratio. It should also be noted that the
expression given in equation 2.5.10 produces a line close to the St.

Venant expression. This suggests that the St. Venant theory is correct
and that all that is required is an appropriate value of the tensile
strength.

A similar expression to equation 2.5.10 may be developed for

§
mode 1 value of Tuiby exchanging b for d.

Tui ' = ~——l—a—;vbd2 £ 2.5.12
34 @)

o

There is no direct experimental evidence that this occurs except for a
Ssquare section, since if b < d then it fails in mode 2 in pure torsion.

The value is reguired however if the general interaction equation is used

for mode 1.
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For a rectangular crogg section there is no value of Tus'

since it will always fail at a lower failing load in mode 2.

2.6 Modified Values of the Ultimate Strength in Pure Torsion - Circular
2L the Ultimate C )

SR

Cross Section

Experimental results are available for a circular cross section
and it is therefore necessary to consider the distorted cross section crice
again., Hsu4 found it necessary to introduce 0.85 once again, but the
projected shepe of the distorted failure plane is showm in fig. 2.6.1.

This has been idealised so that half an ellipse bounds the campression zone
and a parabola bounds the tensile zone.

It is necessary to determine the properties of this cross
section. If it is assumed that the neutrsl axis lies at the centroid
of the cross section then the positicn can be determined by taking moments
of areas about the centroid of the cross sectim.

moment of area of the half ellipse = moment of area of the parabola

(Im be) x 4c = 4 ab x 2 a
2 3 3 5
rearranging
c? =4 a? ceee. 2.6.1
5
also a+c=D ceee. 2.6.2
combining equations 2.6.1 and 2.6.2
c* =4 (Do)?
5 .
Yearranging
c? + 4pc - 2D% = O
2
solving for c¢
c:—4Di (4D)2+4D2
c:

0.4721D eneee 2.6.3

3D




half of an ellipse compre ssion

parabola

Fig.2.6.{. Equivalent theoretical shape of
projected failure plane, mode 2
fatlure = circular cross section

X

Zone




The second moment of area about the neutral axis is determined as follows

INA = INA (% ellipse) + INA (parabola)

T 3, 32 2.,
8C b +m§a bt 2.6.4

i
!

[
where /2 * breadth of the section b' o the skew plane is

i
b' = D/2 cosB,

..... 2.6.5
cambining eguations Z.c¢.% ;26 and 2.6.5
— 4
ha=EB__ (008295 2.6.6
cos@,
Zq - _(©os3y 2.6.7

bottam ~ Gos 6,
For the case of pure torsion mede 2 failure, the basic equilibrium -
campatability - stress/strain equation is formed by taking maments of
forces about the neutral axis of the failure plane

H o~ —
Tu 2 .smez =z, frz ..... 2.6.8

canbining equations 2.6.7 and 2.6.8

e

Tuz' = (0.0813) D3 £ .. 2.6.9
TITTRT IR T2
sm@lcosez
for a minimm value of Tuz', d(Tuz') = O
doé

i
(- sin%0,+ s26) = O

. i o
(smelcos 81)
i '
tan 6,= 1, 0 = 45° ceee. 2.6.10

substituting equation 2.6.10 in equation 2.69

I

Tys' (0.1626) p° fch
#D®
— eeeee 2.6.11
(.83) ¢ £,

il

or Tuz'

3 .
The value of D /l 6is the elastic secticn modulus for a circular cross

section, and this is to be multiplied by the factor O.83. The correspon-
ding fiqure that Hsu4 adopted based on the Mohr combined stress failure

criterion was 0.85 The value of fr; for a circular cross section is

4o




- - ] ~ .
assuned to be based on the diameter, and not on twice the value of the distance

fram the neutral axis to the extreme fibres in tension. The error

involved in this assumption is assured to pe small.

S

2.7 Modified Values of the Ultimate o Ah 4 o -
£ the th;@g}b Strenath in Pure Torsion

Trapezoidal Cross Section

The distortion of the rectangular and circular cross section

produced a reduced torsicnal resistance at ultimate load. Tt seems

reasonable to assume therefore that this would also occur for a trapezoidal

Cress section.  Consider the case of purk torsion mode 3 form of failure

as shown in fig. 2.7.1. Taking moments of forces abcout the neutral axis.

Eu5'53163‘='23f ..... 2.7.1
: rs

The cross section of the merber is a trapezium, but it is also assumed
that this will be further distorted but still form a trapezium.

The elastic section modulus

2 2 ! '
z, = 2 W 4L +1L.) 2.7.2
3 513 CL+ 10 -
and L = D 2.7.3
cos~83'

To allow for tensile stresses being at varying angles to the neutral

axis L, is projected into the same plane as I. where

L9  _2ttm B sinb 2.7.4
1 cos 0. D, , 2t
> (B+ /7y
rearranging - _
' b/ a %Jf(zt/d) wste] 2.7.5
L‘ -— kD‘- * 2t N )
' (% + ““/d)ccs 6,
where 2t=d+2h-D 2.7.6
D-d’ 2.7.7
h = b‘ +(—§—> .....
and 2t _ 2h D
- .

o

RS Tm
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Fig 2.7.1. Cross section of trapezoidal member

2.7.2 Developed distorted failure plane for
plain  concrete — trapezoidal cross

sgction.

Fig.




Substituting equations 2.7.2 through 2.7.8 into ecuation 2.7.1 and

nurerically cbtaining the valve of 0.' for which Tu ' is a minimum
(using the computer and the interval halving method)

Tus' = (factor) Db? fr3 vee.. 2.7.9

iy = 1 1 d

The factor is a function of /D and b/ 3 and values are plotted graphically
, . d

as shown in fig. 2.7.3. When /D = 1 then the values are the same as

a rectangular cross section. When the cross secticn forms a triangle,

. el .
i.e. /D = 0, the factor is a constent for all values of b/d.

2.8 Modification of the General Interaction Equations

In the previous chapters the theoretical values of the
torsional resistence for a rectangular cross section, circular cross
section and trapezoidal cross section have been modified.

If this is also carried out for every change in bending moment
then the general interaction formula as expressed in 2.2.7, 2.3.5, and
2.4.5 would need revision. To avoid losing the simplicity of the
parabolic interaction equation it is proposed therefore to retain it but
introduce the modified values of the torsional resistance

i

Tu:', Tuz' and Tusz .

Equation 2.2.7 for mode 1 form of failure now hecores

2
T My _ 2.8.1
(Tm) + Mu1 1 R . 8.

. M .
altermnatively this may be expressed Using an /T ratio

S M,
(/q:) ¥ 1—( /T) vl 2.8.2

T = Tuy !
' 1 hd? £ 2.8.3
where Tuy ' = EAY R .8.
3 +( /b
for a rectanqular cross section
D’
and Tui ! =O.83(T6— £, 2.8.4

for a circular Cross section.
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i ~ [ .
Pquation 2.3.5 for mode 2 form of failure now becomes

T=
Tuat 1 ceees 2.8.5
where Tuz! = lb —d? £
2 Y
3+ /d) L. 2.8.6

Ty, e b ~4 . .
and Tuz' for a circular cross section is the same as for Tu:' for a mode

1 form of failure.

Eguation 2.4.5 for mode 3 form of failure now becomes

IP,S 2 I"L}‘. B
(,]\Ll5'> —I\E.l._’-’)-l ..... 2.897

altematively this may be expressed using 1 /T ratio

Msy,
= Tusz' /(\ %1+< Lg) ..... 2.8.¢

where Tus' = [ factor from Dbzfrs ..... 2.8.9

(0]

graph Fig. 2.7.3

2.9 Experimental Results —~ Pectanqular Cross Section

There are not sufficient experimental results available to
carpletely substantiate the preceding theory.  Although there may be a
series of results for differing M/T ratios for one investigaticn, e.q.
Walsh et al ll, not all the possible variables such as section size, mix,
curing condition, aggregate size etc, have been investigated.

Tn many cases also the only. indication of the strength of the
concrete is a wniaxial crushing strength, whereas one of the standard
tensile strengths is preferred to incorporate in the preceding theory.

22 results by Hsu4 and Marshall & Tembe give a basic uniaxial

tensile Jtrength and this has been converted to a modulus of rupture

using the Hsu4 equations 2.5.1 and 2.5.2. Detailed values and properties

are given in table 2.9.1 for rmode 1 and table 2.9.2 for mode 2 (see

appendix). The calculated theoretical value of T, has been determined

45




using equation 2.8.2 which incorporates an M/ ratio
¢ ratio.

If the corresponding

v

theoretical value of M, is required then it is determined using this M Y
| T

ratio. This ensures th

The alternative is to use the general non dimensional interaction formula

where M, needs to be i : . .
y e known to determine T,. The error is then confined

to the value of T

o

The general non dimensicnal interaction formula equation 2.8.1
has however leen used to plot experimental results graphically for mode 1
as shown in fig. 2.9.1.  Results may alsc be plotted grephically using
the M/T ratico as shown in fig. 2.9.2. Both of these graphs are non
dimensional which enables all experimental results of varying cross section
and strength to be plotted on the same graph.

Further results for rectangular cross secticns by Walsh et al 1
Cowan and Armstronglo, Iyengar and Ranyanls, and Zia39 are also given in
tables 2.9.1 and 2.9.2 (see appendix) and plotted on graphs figs 2.9.1 and
2.9.2. It is clear from these results that where the tensile strength
is based on the crushing strenagth, the theory is not so accurate.

For these results the expression for the modulus of rupture
given by Hsu4 has been modified so that ft =6 fc‘ this leads to an
expression connecting the modulus of rupture.to the crushing strength.

In imperial uwnits .
10, <1
24 (1 + I3 (E)) for X 74

f =
r
Y
2.4 (f ') for 2" < x £ 4" ..... 2.9.2
or £ =24 '—I]‘ \ C
X X 3

where y = d for mode 1, and y = b for mode 2. A general sumary of the

results for different investigations is given in table 2.9.3.

4G

at there is the same percentage error in T, as in M,.

4
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Texpt
Tui theo

Q4 B theoretical curve
L M
Tar - J(KA/ﬂ H“M/T
G2

B Hsu“ (rect section)

0 Cowan & Armstrong® (rect, section)

Walsh et al | (rect. section)

e Fisher ' (circ, section)

o Marshall & Tembeb (cxrc. section)

Fig.2.9.2. Torsion and bending of plain
concrete , mode | fatlures
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2.10 Experimental Results - Circular Cross Section

Fishe i i
er obtained results for a circular cross section subject

- - M
to a full renge of "/T values. This is particularly useful for in this

case there is no mode 2, since Ty,' = Tug', .

. \ ,
Fisher's experimental results (see table 2.10.1) give an

average moculus of rupture of 444 1b/in? (3.06 N/tm?) for a 6" (152.4 mm)

deep modulus of rupture beam.  Since the circular section was 7.5"

(190.5 mm) deep, the modulus of rupture has been revised on the Hfsu4

approach using imperial units.

(1 + ‘l-o—-z) - 2 2
7.5 = 409 Ibf/in (2,82N/mm*)  ..... 2.10.1

10
1+ ~(—6)2)

f = 444
X
. Texpt _ .
The mean ratio of Ttheory 1.12 should be closer to 1.0
since a modulus of rupture has been used, but part of this discrepancy
is probably due to the fact that only Fisher's preferred experimental

results have been quoted.

-Results by Marshall and Tembe6 are also included in Table 2.iO- |

(QP}’L"“;{"") with the theoretical results which are based on the average tensile
strength of the concrete. These results provide an opportunity of
canrparing experimentally and theoretically the torsicnal resistance of a
rectangular cross section with a circular cross section in dimensicnless

form for the same strength concrete (see Table 2.10.2).

Marshall and Tembe6 experiments in pure torsion for varying

size rectangular sections and a single circular cross section enables a

ratio of (Trect expt/Tcirc.expt) to be determined.  From the previcus

theory this ratio is 1

db?f
(, b, )% ra
Tua' rct, Mec. _ 3+ ( /d)
'l\uz.' CirC f[ﬁ',_)(;,, (O. 83) (L D2 f
16

ra




Table 2.10.2

- Carmparisen of Torsional Resistance of Rectangular

and Circular Cross Secticns - Experimental Results
by Marshall and Tembe® .

Nominal size

Nunmber

Texpt Ttheory | Texpt | Ttheory
and shape of of test | average | average | rect rect
.member beams | kipf in | kipf in | Texpt | Ttheory
in  (mm) (KNm) {KNm) circ. | circ.
4.85 (123.2) dia 4 7.37 8.32 - -
circ. (0.83) | {(0.94)
2 x6 2 3.34 3.62 0.45 0. 44
(50.8 x 152.4) (0.38) (0.41)
rect.
3x6 2 6.67 7.31 0.90 0.88
(76.2 x 152.4) (0.75) (0. 83)
rect.
4 x4 2 6.96 7.76 0.94 0.93
(101.6 x 101.6) (0.79) (0. 88)
rect.
3.5 x 6 2 9.37 9.80 1.27 1.18
(88.9 x 152.4) (1.06) (1.11) '
rect.
4 X6 4 10.15 11.44 | 1.38 1.38
(101.6 x 152.4) (1.15) | (1.29)

rect.




G e size of t i - : .
Since th the circular section 1S constant this ratio varies with

the size of the rectanqular cross section

The experimental ang theoretical ratiocs are campared in

colums 5 and 6 in table 2.102.  These are favourable except for one

value for a 3.5" x 6" (88.9 x 152.4) rectangular cross section, but even

is one the e i .
for th € error is only of the order of 72,

Table 2.9:3 gives a sumrary of all experiental results quoted

in this Chapter including mean values of —o%f 114 the s

Ttheory ‘ coefficient

of variation. Although the mean value for all results is 1.04 with a
21% coefficient of variation, individual investigators' values range

fran 0.78 to 1.54 as a mean of 4% to 21% for the coefficient of variation.
The table shaws that the greatest variations occur where the modulus

of rupture is based on the compressive strength of the concrete, and
indicates that this relaticnship requires further investigation. The
nean value of Texpt based on the conpressive strength is 1.06 with a

Ttheory

coefficient of variation of 29%. When based on the tensile strength

the values are 1.02 and 12%.




CHAPTER 3 = The Ultimate Strenath of

Concrete Members Reinforced With

Longitudinal Steel Cnly

3.1 Introduction

. ) 40
Collins et al concluded from a critical review of

published works on torsion that no satisfactory methed has been proposed
for calculating the ultimate strength of concrete beams containing
longitudinal steel and subject to bending and torsion.  After further
tests Walsh et al 1 concluded that to date it has not been possible to
evolve a rational method of calculating the failure loads of these beams.
Since a number of members in practice are reinforced longitudinally and
subject to bending and torsional moments it is necessary to be able to
determine the moment of resistance at ultimate load. The theoretical
solution to this case is also related to the case of plain concrete
members and to the case of members reinforced longitudinally and
transversely.

Walsh et al 1 described two types of failure based on
experimental cbservations. When bending predominates (M/T >2
approximately) failure was gradual, with spiral tensile cracks
extending into a skewed compression hinge.  Failure occurred when the
conpression zone crushed similar to the case of pure bending.  When
torsion predominates (M/T < 2 approximately) a more sudden brittle
fracture occurs with diagonal tension cracks visible only just before
failure.

These descriptions provide the basis for the following

) 1 7 S failllre'
theoretical approach, considering two modes of

3.2 Theory for Mode 1 Form of Failure (controlled by failure of the

Concrete)

M io is high. Tensile cracks
This occurs when the /T ratio is hig

are present in the bottam of the member since the action of the bendmg.




moment predominates, and the stee

1 at the bottom of the member is in

tension. The concrete in : .
the compression zene is subject to direct

s 3 .
stresses due to the bending moment, and shear stresses due to the

torsicnal moment.  The direct stresses are assumed to be distributed

as for a member subjected to bending moment alone, and the torsional
shear stresses are distributed as shown in Figs 3.2.1 and 3.2.2. To
balance the shear stresses in the compression zone a dowel force is
assumed to act at right angles to the tension steel.

Taking moments of forces about an axis through the centroid
of the tension steel and perpendicular to the length of the member

M, = kg, £, P4, L, ceee. 3201

Taking moments of forces about an axis through the centroid of the
tension steel and parallel to the length of the merber.

T, =k .f o T 3.2.2
cv Ccv Mm@

‘Equation 3.2.2 is formed assuming that the lever arm l,, 1is the same
‘Ffor the torsional moment of resigtance as for the mcrent of resistance
‘in bending. The error involved in this assumpticn is assuned to be

‘emall. Also steel and dowel forces in the compression zone are ignored.

The shear stress fcv .and the bending stres ey in -the

. . 8
. . i S te . e
seoncrete can now be corbined by the use of a failure criceri Cowan

. f -he failure of
‘suggested that more camplicated failure envelopes for the failure of

~ Y Bare) - ay o 4=
‘Goncrete in compression could be replaced by a straight Line tangent

: . -1 1. 3.2.3.
to the uniaxial compressive strength as shawm in Fig. 2.2

“From the georetry of the diagranl

2
£ +
cv

“rearranging -




compress ;
heutral p ion zone

ﬂm

Fig. 3.2.1. Mode | type of fatlure for concrete
members  with

longitudinal reinforcement
only

fcu distribution of shear stress
due to torsion

Ect,

r_g.i

. 7
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dal dil - /
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dowel //
rces
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, .

l Ecsi
strain distribution
on the skew

fatlure plane

cross secticn

Fig. 3.2.2. Distribution of shear stress due to torsion




Fig. 3.2.3
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Falure criteria for concrete, envelope
tangent to the stress circle for
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The values of £ 4 i i
oy a0d fcv Cbtained in equations 3.2.1 and

3.2.2 may be substituted in &qation 3.2.4 to give

T, =k bd 1 £
CVvV ni a ¢

Equation 3.2.5 gives a value of T, involving the M/T ratio.

Mn alternative form is the general interaction equation cbtained by

rearranging equation 3.2.3 to form

£\ 2
4 ( CY) + (_l + s::nB) (fcza\, - 2 sinp /bei =1 ..... 3.2.6
(1-sinB)? £ (1 = sing) fc‘/ (1-sinf) \fc'

C

substituting in equation 3.2.6 the values of fCM and £ obtained in
cv

equations 3.2.1 and 3.2.2

N g
(T' > + (14sing) (M' 3 - 2sing [M >= 1 ... 3.2.7
T (I-sing) Mo (1-sinp)\ M
where T = (l-sinB) k _bd 1 £' ... 3.2.8
cug -——2“‘—' cv ni at C
and M =k _bd 1 £' . 3.2.9
cut cm Ny at C

Involved in equations 3.2.8 and 3.2.9 is the depth of the campression
zone dnu . Since it has been assumed that the longitudinal tensile
steel has not reached yield the value of dm is determined using an
elastic analysis. This involves the equilibrium of forces on a skew
failure plane, a linear strain distribution over the depth of the

section, and a linear stress/strain relationship for the steel and

‘cncrete. If it is assumed that there is a dowel force DQ acting at

right angles to the longitudinal tensile steel.

Taking moments about a lengitudinal axis throuch the

centroid of the compression zone

T, = Dﬂ'lat



R Pes }

Equating the Campressive for

“Ce in the concrete to the

tensile force and dowel force acting on the steel, in a direction
, -

perpendicular to the skew campression zone.
b

k ——_g =

CMiceosG, dm f(:Mi B A,F fsm' cos 6, + Dy sinf, ..... 3.2.11
corbining equaticns 3.2.10 and 3.2.11

k _.._k_)m f —

cmiocosB, 9, Taui T Bg, Ty, cosB, + T, sine, ..... 3.2.12

ad
Assuming a linear strain distribution over the cdepth of the

skew crcss section

. £ .
ci _ “csi .
d, - (d""d '5" ..... 3.;2.13
ny ni

If the stress/strain relationship for concrete is linear

£ . _
cli = fcMi ..... 3.2.14

E
C
and if it is also assumed linear for steel, then the strain in the
concrete adjacent to the tensile steel in an a direction perpendicul ar

to the skew failure plane is
£ Cf ) cos?8, + [T, sin6, cosb, = ..... 3.2.15
i sml

F 1 A G

ES aj st s

This assumes that the strain in the concrete is the same as in the
adjacent steel. If there is a breakdown in bond between the steel
and the concrete then a bond slip factor should be introduced.

Experimental evidence exists for this in prestressed

ooncrete,

Combining equatians 3 2.13, 3.2.14 and 3.2.15

£ cos?8, + / ‘>sin6, cosf, «.... 3.2.16
( CMl/E) _ Sm/ la;p‘sfi‘s
C —

3 d, - dny)

s B

ate f M
carbining equations 3.2.11 and 3.2.16 to elimin v

=mA (d! - d
i P0n, 54 !

cos § - cost, . .ar




1A )
Taxing moments of forces about the tension steel for the skew failure

plane

M + T, sind, = b
icos;@t T, sing, chi o856, dmfdii lav. . ... 3.2.18

Cambining equations 3.2.17 and 3.2.18 to eliminate £ -
cmy

IS ( A" + ‘<§m '
ewil &, ) T™ilgt) - mw =0 L 3.2.19
M,
/ A
— Ty + tan 6 i
vhen P, ' = ! [ :
T I\/I{/ (ES ) bdl ----- 3 2',20
T + /GS tan,
Equation 3.2.19 is a quadratic in On/d, which gives
3 § ! 2 |
Spy o TB_ P, e, _ .
dl zk . 2]< . + [ 3-2.2_!
cM1 ﬁ cMi cMi

This expression is comparable to the case of pure bending in the

glastic stage of analysis, where P, is replaced by P,'.  From

consideration of equation 3.2.20 it is apparent that in pure bending,
M

. M
i.e. when = /T ” “ p,=pP,'. Inpure torsion /T = 0 and

Pt = (GS/ES> <AJ /bd,> . The effect of this change is that

3 - . . ]
: Gln'/ g, isa maximum in pure bending and a minimum in pure torsion.
]

The value of the lever arm ratio is la, =1 -k, gﬂ_i
v !

d,

veeens 3.2.22

The walue of P,' (equation 3.2.20) involves the angle of

the skew failure plane 6,. When the bending and torsional moments are

applied to the merber, the first cracks appear in the extreme fibres

in the tension zone at the bottom of the section. In pure bending

this crack is zero degrees to an axis perpendicular to the longitudinal

axis of the member. 2s the " /p decreases the angle 0, increases

O .
until in pure torsion it is appravimately 457 Experimental values

M ,
, , i t10s.
for this angle 6, are plotted in fig. 3.2.4 for varying /T ratios
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A theoretical solution to these experimental results can be obtained

by considering a simple skew failure plane for plain concrete as shown

previocusly in fig. 2.¢,1.
Taking moments of the forces about the neutral axis on the skew
failure plane

M, cosf, + T, sinb, = b a2 f

088, o e 3.2.23
rearranging
bd’f (1L + tan?0,)
T = =" : 3.2.24
X z —_ 2.
(M‘/T\ + tanb, )
The minimum value of T, occurs when
<M.>2 M,
tenf, = = + -
. T 1 T e 3.2.25

This curve is plotted on fig. 3.2.4 to enable a comparison to be made
with the experimental results. It is probable that this theoretical
value of tan 0, is too small since available experimental values for
the crack on the tensile face are greater, and alsovcracks on the side

of the member are not vertical.

3.3 Theory for Mode 1 Form of Failure (based on yielding of the steel)

This is an alternative form of behaviour in mode lLand will
occur when the steel has a definite yield point. As previously for
mode 1 the stresses are distributed as shown in Fig. 3.2.2. In
particular it should be noted that the tension steel is subjected to a
direct stress due to bending and a shear stress produced by the dowel
forces. These stresses are cambined using a yield failure criterion.

Taking moments of forces about an axis through the centroid
of the compression force and perpendicular to the length of the member.

= A £ I L., .3.1
My, = A't fSMI laSt 3.3




Taking moments of forces

compression force and parallel to the length of the member

T, = A £ 1
& SV  ast

The shear stress f
SV

now be cambined by the use of a failure criteriocn.

by I3 —~ 3 : . v 0 :
distortion  strain energy expression is widely accepted as a yield

criteria for steel and in this case is expressed as

2 4 2z _
fSMl >\s fsv; .{'y

The shear

about an axis through the centroid of the

and the bending stress fsM in the steel can
t

substituting equations 3.3.1 and 3.3.2 in 3.3.3 and rearranging T,

and M, may be expressed using an N&é ratio.

T, = Msus

I(BqUﬁéj;;~i;

where M = A £ 1
ust o ty aly
. T, .
or using & /M ratio
M
M, = SUu |

Jl + AS (T'/M‘)z

Alternatively it may be expressed in the general non dimensional

interaction form as
( T, 2 (M‘ )2 )
+ =
M
Tsu' sSui

u Msu%
s

i

where T
s

i i ' 1 which involves a
The previous expressions include the lever am 1 __

value of ¢_ ...
nsi

criterion for concrete and steel.

This value may be calculated by canbining the failure




Equating equations 3.2.5 and 3.3.4

' _and rearranging

A S kCM/ ¢ + /Mt ?”,_ (Mx : .

v —E R A 3.3.9
ot e 5 (1 - sing) AJ(“/T)w \s
$

The lever arm ratio is

1 d -

=l__k nsy
Td, e 3.3.10

There is the possibility of a third form of failure in mode 1. It
the cencrete cover to the loncitudinal steel is inadequate then the
dowel force at right angles to the steel will fracture the concrete
and failure will occur. This mode of failure has been described
previously by Gesund and Bostanl4, and also dealt with theoretically.
It appears that this form of failure is more applicable to mode 2,

and relies on empirical values which make it conservative; Using
present experimental test results a reasonable accuracy can be obtainad
by ignoring it. If the cover to the steel were hawever reduced to
values considerably less than used in normal practice it may prove to

be critical.

3.4 Theory for Mode 2 Form of Failure (controlled by the tensile

strength of the concrete)

M
This mode of failure occurs at lower values 6f the /T
ratio. The first crack appears in the side of the beam. The load

does not increase beyond the value at the first crack but gradually

decreases as more cracks develop. It seeams reascnable to assume

that the mermber behaves as a plain concrete member to determine the

. 4
This conclusion was reached by Collins et al O,

- 15
and confirmed experimentally more recently by Iyengar and Rangan™ .

ultimate strength.

The theoretical equation to the ultimate strength in torsion is

therefore assumed to be the same as for plain concrete failing in mode 2.




The theory for this

has been presenteq previously in Chapter 2 an@ may

be expressed as

TU’J. B lh de
3 4+ "
(*/4)

f <see equation 2.5,10)
ra
The general relationship between modes ] and 2 for plain

concrete and concrete with longitudinal steel, is shown in

fig. 3.4.1.

3.5 Camparison of Theory with Experimental Results Mode 1 - based on

failure of the concrete.
The application of the theory necessitates the adoption of

values for the bending stress factor ch & k i the lever arm factor k

cM 2

the shear stress factor kcv & kcvi ana the angle B for the concrete failure
envelope.

The value of ch & kéMivaries between % for a trianqular
stress distribution to %; for a parabolic.stress distribution. Since
mode 1 type of failures occur at high M/T ratios a value of %24 has been
adopted with the corresponding value of k2 = %, Since the shear stress
distrilbution is probably parabolic kcV is also assumed to be 25.  The
value of R recammended by Cowan8 is 37°.

Substituting these values in equation 3.2.5

T, = 2 ban; lay £ 0.2 1 ..... 3.5.1

S Vs ey

This ecuation has been used to determine the theoretical values given

in table 3.5.1 (see appendix). The comparison between experimental and

. Texpt .
theoretical result is expressed as a ratio of 7 /Ttheory which

ideally should be wnity. The mean value of this ratio for the five

available experimental results for reinforced concrete members is 1.01

with a coefficient of variation of 5%.
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The

general interaction equation 3.2.7 is particularly useful

for a graphical representation of the experimental results see fig. 3.5.1

and 3.5.2.  If the value of the Constants k, , k,, k and 8 are
|51 2 ov’! ST

substituted in equation 3.2.7

m e / 5 Z
R M 3M,
(T ) +<M ')”M =1 3.5.2

cuy ¢

cut cut
where
T = 0,2 Xg_bd- -'!a £ 3 . 3
cu ) 3 T ny e b anc. L.l 3.5.
M = Z’bd L1 £f! 75
cn 300 Sar S i, 3.5.4

The use of equation 3.5.1 and 3.5.2 include evaluating the depth of the
carpression zone dn' using equation 3.2.21. This involves a value of

the ratio ES/GS which has been taken as 2.5. The value of the modular
ratio for steel and ccncrete is also involved. It has been assumed

that Young's modulus for steel = E. =29 x 10% 1bf/in? (200 KN/nm?) and

the secant modulus for concrete F_ = 45,000 /%;‘ 1bf/in® (3737 V?;' N/mm?) .

3.6 Comparison of Theoretical with Experimental Results Mode 1 -

based on yielding of the steel

The values of kcr k

W kcv and B are also involved in this mode,

/Q/I
M
and since they apply over the same range of '/T values the same values
- i
have been adcpted as for failure in mode 1 based on failure of the concrete.
The value of the constant A_ = 3 for the Hiber-vex Miss- Hencky

shear distortion strain energy expressicn.  Substituting this value in

equation 3.3.4.
Mo 3.6.1

AKM'/T'\)?‘ +3

This ecuaticn has been used to determine the theoretical values given in

T, =

table 3.6.1 (see appendix). The compariscn between experimental and

. , Texpt i . 4
theoretical result is expressed as a ratio of /Ttheory which ideally
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should be unity.

The mean value for the fourteen available experimental
£ Y -~
results for reinforced concrete Containing steel with a prénownced yield

point is 1.17 with a coefficient of variation of 11g%

The results may also be expressed graphically using the f

general interaction equation 3.3.7 as shown in fig.3.6. |

3.7 Corparison of Theory with Experimental Results Mode 2

The experimantal results have been divided into two sections.
Where the M/T ratio is equal to zero see table 3.7.1 (appendix).  Where
the M/T ratio is greater than zero see table 3.7.2 (appendix). The
value of the modulus of rupture of the concrete is generally not available,
and a value has been obtained indirectly kbased on an empirical expression
developed by Hsu4 which incorporates the cylinder crushing strength. in
imperial units these expressions are:

f

r

I

2 Y '
24 (1 + 10/b%) (fc')' for L > 4"

f

Y

i
24 (2.4/0% (fc')’5 for 2" < b g 4"

The use of the cylinder crush.ing strength to obtain a modulus of rupture
introduces further inaccuracies as shown previously in chapter 2. The
accuracy of the theory for modes 1 and 2 is shown in the summary table
3.7.3. For camparison the table includes values for plain concrete

failing in mode 2, the theory being related to the cylinder crushing

strength.
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Table 3.7.3

Summary of expe

steel anly.

rimental results for concrete members with longitudinal

Type of | Number Nurber | Mode  |Mean % Cooff
Cross Section| of of Beams T eywpt of -

Investigaters failure |T theory |Variation
Longitudinal 11 58 2 0.99 23
reinforcenent :
M/T = 0
Longitudinal 4 18 ) 0.98 15
reinforcement
M/T > O
Plain 6 28 2 1.06 29
concrete (for
campariscn)
Iongitudinal 2 5 1 1.01 5
reinforcement
M/T > O based
an failure of
the concrete
Longitudinal 3 14 1 1.17 14
reinforcement
M/T > O based
on failure of
the steel

Total 95 Mean 1.02 C.V. 20% (excluding

plain
concrete
results)




CHAPTER 4 - The Ultimate Strength in Bending and Torsion of Concrete

Members Reinforced with Longitudinal and Transverse Steel

~ All steel at Yield,

4.1 Introduction

This case is of most interest practically since a designer,
from lack of knowledge, tends to add stirrups to take the torsional
mcent, hoping that they will yield and therefore give adequate waming

of collapse.

Experimental evidence of strains measured in the steel by
I_essigzo R Hs-u27 and others, indicate that it is very rare for all the
steel at the failure sections to yield. This is also complicated by
the fact that strain readings are often not recorded at the failure
section of the beam. The latest experimental work by Jackson and
Estaner<>34 in 1971 however suggests that yield theories may work
successfully providing the reinforcement limits are defined.

In 1959 Lessig3 developed a theory based on yielding of the
steel which was camplicated and not particularly suitable for design
purposes. Later workzo produced an empirical expression for the depth
of the campressicn zene and over-reinforcing.  In 1965 Evans & Sarkar
made a similar approach but based on the assumption that the cracking of
the concrete controlled the steel that was effective at the failure
section. lessig had assumed that it was controlled by the equilibrium
The paper also included a theoretical expression for

of the forces.

the depth of the compression zone based on the assumption that torsional

shear stresses @id not reduce the strength of the concrete belaw the

cylinder crushing strength.

Tn 1966 Walsh et al 26 simplified the Lessig theory and

identified mode 3 form of failure. They did not however form an




2

assured the lever

arm renmained reasonably constant,

The truss theory as presented by Kuyt 36 in 1872 also assumes

yielding of the steel, but foung difficulty in defining the area resisting

the campressive forces.

The atithor's approach differs in particular by attempting
to, theoretically, define the depth of the compressicn zone using the
Cowen failurs criterion for conCrete. It is similar to the theoretical
approach mada by Yudjn23 by taking maments of forces about the
longitudinal and transverse axes of the merber.  yudin however used a
canstant crack ancle of 450, whereas this angle is determined by the
author from the equilibrium of forces.

4.2 Theory for Mode 1 Form of Failure

This form of failure occurs when the M/T ratio is high.

The concrete in the compression zone is subject to direct stresses due
to the bending mcment, and shear stresses due to the torsional mament.
The transverse steel and longitudinal steel are at vield at the failure
section (see fig. 4.2.1).

Taking maments of forces about a transverse axis through the

centroid of the compressicn zone and perpendicular to the length of the

member

‘ S S _ ] - 2 ‘
M= A £ 1 -2 (g, -4 )k +d, -4 ) tanta..... 4.2.1

Taking moments of : ..ces about a longitudinal axis through the centroid

of the compression .one (see fig. 4.2.2).

= -——————-—} b an !)' + b' ta:n a l
T‘ S (d' d \ ) ! S § |
f = § 'tan Cl - 4 2 2
;| F — b' | (d‘ o] . + l !) 6000 o La
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transversely
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Conbining equations 4.2.1 and 4.2.2 to eliminate o
i
= . A f
= A -
My ' f‘y L = Ssy (d'NdnpoWd‘*dm) : T’
‘Af Db - 1
Ls sy bt (d dn:}' la)x!
S
if by definition M, = Aff’y la‘, by rearranging
Moo T,?
Hug A f (d,~a 2 )2
sty TG L )T Y AT, 1
g (@ ~d ) b'+d, -]
ni ns
and also if by definition Ly = A f Db
S S
SA,f

'y
M, é Nz
—_— = 1 - T
W = L
ut Mu’ vy 4;2,5_

(d,~d_ ) (b'+d,-d ) 1
nj nt

at

(@-d +1 )?Dp
m ait

AN

where dm is small in relation to 4,
equation 4.2.3 can be further simplified by the approximation

@-d_ ) (b'4d-d ) 1

at

(1 + d/b) . 4.2.4

~

L
d -a +1 )°b 1
nt at

The inaccuracy involved in this approximation is shown in Fig.4.2.3.
As dm / a increases so the error increases, but since in practice it is
H

assumed that dm / 3 will be small for under reinforced merbers then the

a y
factor is more applicable to small values of nv/d,. Also since

. 26
T ¢ l/factor then the solution is conservative. Walsh et al chose

a value of % 1 + 2d/b) which is more in error, but is also more

conservative.

Substituting equation 4.2.4 in equation 4.2.3 and rearranging
z

M: — 1 ceees 4.2.5
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This is

- : 3 ,
noW in the general interaction form ang may be expressed as

A
Tv M ’
(T > M 1 el 4.2.6

uj 0

if T = 2M r
ui ut {y

d
1+ /b)

Alternatively by rearranging equation 4.2.5

L2
=T, + 2M 2
5 ut _»i}z_“ (&) T, - 2(Mm) rty - o
d \ T, a, .
1+ /b) Q + /b)
Solving this equation for T,
e, | mE asdy o
T, = 2M “‘%“‘“ | /<_L> + . o 4,2.8
IV M T, Tiy T, .

This form of the equation has been produced previously by Walsh et al 26
but using theory bhased on a skew bending approach. The constant of

(1+ Q/b) given here was given by Walsh et al as (1 + 2d/b) .

Fran consideration of the general interaction equation 4.2.6 it is
apparent that M and T | are important. Both of these contain a value
ut u

of the lever arm 1 , which involves determining a value of the depth of
at
the compression zone dm.

The carnpression zone is subject to a direct stress fC mdue

to bending and a shear stress f_ due to torsion as shown in fig. 4.2.2.
Cli

These can be related to the steel areas and dimensions of the section

as follows.
Resolving forces parallel to the longitudinal axis of the member and

ignoring the campression reinforcement

= d £
Ay f\y kcmb n; c©m

i i j member
Resolving forces at right angles to the longitudinal axis of the

: i aupression zone.
and ignoring any dowel effects in the tension Or C

' =k bd £ eeees 4,2.10
! cv '



The direct stress f
C

n and the shear stress € can now be
cv

related using a failure criterion for concrete.  Cowan® suggested that

more carplicated failure envelopes for the failure of cancrete could be

replaced by a straight line tangent to the wniaxial campressive strength

as shown in fig. 4.2.4.

From the gecmetry of the diagram

T R 4,2.11
- f
- l) c + “cm
( sing 2 7
rearranging equation 4.2.11
£ 1 - sinf
=T = DU 4.2.12
c fcm 2 f o
Cr .
Vi 7F [oinf
cv cv
substituting equations 4.2.9 and 4.2.10 in equation 4.2.12
A f Db' tenu, _l__—__;_m_B
S 8y — — -
0 BN .
S kcv bdn' fc kcv g kcv SJ.DB
L 2k _r, tano T 2k _r, teno,
cm '3
rearranging : . ‘
p, 2k r tano, Z
dm ' Ty 1+ RE_IE 'Y - sinB | ..... 4,2.13
a—'-—"—‘ (1-sing) kcmfc L cv

Equation 4.2.13 contains tanc, which may be evaluated as follows

Dividing equation 4.2.1 by equation 4.2.2

A f, 1', *( ° C‘)(d ~d_ ) (p'+d =g Jtan'e,
= b (Ol_dn;ﬂa:) tana

GS Y s)

i
|



Fig. 4.2.4. Fatlure criteria for concrete -
envelope tangent to the stress
circle for uniaxial compression .




. = -t S : " R
FEAXTANGING ENC USIng the approximation given in equation 4.2.4
A Toelo

%tan2ak+(l\i,_>_j:_.u: - 1 o

T ¥ (li‘ /-;;5

2¢ 1+ 4@
ly( + /b)

solving for tano,

tana, = 1 / M, \* (l+d M T
d :(‘L LS U T 4.2.14
'y
The expression for the lever arm factor is
1 d
Aoy e 4.2.15
d, 1 }\!% d,

. e
The expression for "ny/d, would be reduced hy any compression steel that
exists, but if this is taken into account theoretically it complicates
the expressicns.

4.3 Theory for Mode 2 Form of Failure

An alternative failure mode, first identified by LessigB, is
when the M/T values are low or zero. The campression hinge at failure
occurs on the side of the member as shown in fig. 4,3.1. The theory again
assumes that the steel yields and the development is similar to mode 1.

Taking monents of. forces about a transverse axis through the

centroid of the compression zone and perpendicular to the longitudinal

axis of the beams

Af 1 =Af (b-b)(@4b-b) tan®e  eeees 4.3.1
272y az s sy n n
S

Taking moments of forces about a longitudinal axis through the centroid

of the campression zone

T, = A f b,~b ) tano,d' + A £ 4" tano, laz e 4.3.2
s sy n s _SY

2 t
S S

These two eq-u_atj_ms are cozﬂparable with equatlons 4,2.1 and 4.2.2 and

reduce finally to
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Fig 4.3.1 Mode 2 type of failure for concrete
members reinforced longitudinally  and
transversely.



e e et —

where T =2 M
- u2 r

— A . 4.3.4

cept N .
The cepth of the compression zone bn may be obtained using

& .
the Cowan ™ campressive stress criterion as with mode 1. The expression

for d =~ is modified by exchanging b for d (or b, for d,) and the ratio

M, does .
/T ces not appear in the equations.
2
N P,y / 2k_r, tancy) - sing | ..... 4.3.6
2 = TI=sinflk £ Ll ™
b, ’ “em' ¢ cv
where tan = 1
Oy = —_— L. 4,3.7
b
/rzy (1+ /d)

and 1a',:1‘k253 ..... 4.3.8

b, b,

4.4 Theory for Mode 3 Form of Failure

A final altermative mode of failure, first identified by
Walsh et al 26, also occurs vhen the M/T ratio is low or zero. This
gives a lower torsional failure moment in members where the longitudinal
steel at the top of the section is less than the steel at the bottam.

The cross section at failure is shomn in fig.4.4.1 and to develop the

theory it is assumed that the steel is at yield.

Teking moments of forces about a transverse axis through the

centroid of the campression zone and perpendicular to the longitudinal

axis of the beam

- 143 - 200 eeaes 4.4.1
M, = - ABf3yla3 + A f v (d3 dng) (b +d3 dn3)tan O3

3 s’ s

Taking moments of forces about a lengitudinal axis through

the centroid of the compression zae

' g ' tano. 1. eeees 4.4.2
T,=ATfT (d3—‘d 3) tano b' + Asfs b' tano, la3

3 s sy n <
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These equations are similar to those for mode 1 and when rearranged and

simplified produce the general interaction form of

- vi =1 4.4.3
rlu3 I‘113
where
= Vi . T
Tu3 2I"u ___i?_)_yw ..... 4.,4.,4
d
1+ /b
and
Mu3 = A3f3y la3 N EE 4.4.5
M \T . d
or T. = 2M T3y 3+ T My
3 u3""—a~*‘w'“ TIT‘ ‘-r ’,1;- ceeoes 4.4.6
(1+ /b) 3 3y 3

The values of dn3/d , tanos and la3/d comparable to thcse
3 3

in modes 1 and 2 and formed on the same theoretical approach are

%3 = p3f3y 1 2k _r. tanas ) - sinf..... 4.4.7
d (i=sinf)k_f ' + cm 3y
3 cm c k
v
where  tanu; = —2t— M3 ) + M
149/, T = 4.4.8
b [ 3 r 3 :
y
and,.._la3:l—k2§£ ..... 4.4.9
dy d,

Three possible modes of failure for an under reinforced
member have now been considered theoretically and a particular member
which is subjected to varying M/T ratios will fail in the mode which
gives the lowest torsional failure moment.  Fig. 4.4.2 shows the general
relationship between the three failure modes.  2As shown in the diagram
mode 2 values are generally only slightly less than the mode 1 or mode 3

value at the same point. For this reason mode 2 form of failure is

often ignored.

A



4.5 Comparison of Theoretical and Experimental Results

for Mode 1 Torm of Failure

The application of the theory necessitates the adoption of
values for the bending stress factor k o the shear stress factor k ,
o v

and the angle B for the failure envelope.

Since the member fails when the bending moment is high k
cm

. 2 . . . .

is taken as 3 The distribution of torsional shear stress is assumed

to be parabolic and kcv is also taken as %u The value kQ which corresponds
. 2. 3 - A, -0

with kcm =3 is kg =g The value of £ recamended by Cowan™ is 37 .

The experimental results of Evans and Sarkarzs, Gesind et al 24,

Goode and Helmy28, Fairburn32, Iyengar and Ranganls, and Jackson and
Estaner034, are tabulated in Table 4.5.1,(see appendix) and expressed
graphically using the general .equation in fig.4.5.1. All available
results have been used even where it is suspected that not all the steel
yields.

It is apparent fram the graph and fram examination of the
tables that a theory where all the steel yields applies to very few cases.
Generally for mode 1 the higher the M/T ratio the more successful the
theory. These conclusicns agree with the experimental readings and
comments of many investigations.

Graphs by Jackson and Estanero34 plotting torque against
angle of twist show that the graph is only bilirear in a few cases such
as beams G2-3, EU-2, EU-4, and CU-2. Results for these particular
menbers do show a good correlation with the theory, TteSt/Tthecry = 1.06,
1.04, 1.03 ané 0.95 respectively. Other graphs of G2-8, C4-8, C4-3,
and CU-4, show no horizental line when yielding occurs, but continue to
rise to form a parabola. The correlation with a yield theory is therefore
not as good, 1St rtheory = 0.84, 0.62, 0.92, and 1.CO.

Detailed experimental results where partial yielding of the

stirrups has occurred are indicated in table 4.5.1 (see appendix). These

have been isclated by use of the theory given in Chapter 5.2 The
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remaining 77 results give a mean of Texpt

/Ttheory = 1.05 with a
coefficient of variation of 11.6%, as shown in the summary table 4.7.2.
The selected results are also plotted graphically in fig. 4.5.2,

4.6 Camarison of Theoretical and Experimental Results

£Or Mode 2 form of failure

The same factors have been adopted for the constants as in

_ 2 =3 4 _ a0
, kcv =35 kg =7 and B = 37",

[€S13)

mode 1, i.e. k=
cm

Most of these results are by Hsu.z7 who conducted tests on 53
beams, with varying cross sections and strength of concrete. Most of
the members had a fixéd ratio of the area of transverse steel to
longitudinal steel, since Hsu consicdered this the ideal ratio to ensure
simultaneous yielding of the steel. |

As with mode 1 form of failure detailed results where partial
yielding is considered to occur, have been indicated in Table 4.6.1 (see
appendix) .

The results also include over~reinforc¢d.members and these
have been indicated in accordance with chapter 5.9

If partial yielding and over reinforced members are excluded
from the mode 2 failures then for 38 results the mean value of ~o P*/Ttheory
= 0.97 with a coefficient of variation of 10.2%, as shown in the summary
table 4.7.2.

4.7 Comparison of Theoretical end Experimental Results

for Mode 3 Form of Failure

The same constant has been adopted for kcm, kcv, kQ and B as

in modes 1l and 2.
There are four investigations producing results for this mode
but again the results for yielding are few once the partial yield cases

have been removed, as shown in the detailed results of table 4.7.1. (see
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appendix) . All results are plotted graphically in fig. 4.7.1.
For 6 experimental results where yielding occursthe mean

Texpt

value of /Ttheory = 0.95 with a coefficient of variation of 14.8%

as shown in the sumary table 4.7.2.

4.8 The Ratio of Transverse to Iongitudinal Steel for the

Optimum Value of the Torsional Resistance

It is of interest theoretically to cbtain the ratio of transverse

to longitudinal steel for the optimum value of the torsiocnal resistance,
assuning that all the steel yields. It will also be useful in design
to have knowledge of this ideal ratio, although in practice it is not
likely to be achieved. In practice the longitudinal steel is often
determined fram the section at the maximum bending moment and carried
through the mamber. The transverse steel is also likely to be fixed
fram the section of maximum torsional moment, and carried through the
menber. If this method is used then the ideal ratio méy be obtained at
only one section, unless the designer is willing to spend a considerable
time varying the spacing of the stirrups and curtailing the longitudinal
reinforcement. The Australian code of practice cammittee is however
considering recommending an optimum value of the ratio of transverse to
longitudinal steel, and incorporating it into their design formula.

" Walsh et al 26 considered a similar problem previously but
they determined the ratio of transverse to longitudinal steel, to optimise
the volume of reinforcement. They also commenced with a different
expression for the torsional resistance.

The torsicnal resistance for mode 1 assuming all the steel

yields is given in equation 4.2.8.  This has been modified slightly to

form

' : 144
T‘ = Z‘ASfSy b la\ (m_,_ + ( /b)"‘ ..M.L ..... 4.8.]_
AT

l+d/ ) Ty T
5 (1+%/,
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Table 4.7.2

SUMMARY TABLE OF ALL YIELD RESULTS

1
r ~
d 2M
L+ 27
Investigator |Number Mode Mean %
of of Texpt Coeff.
Beamns Failure |7Ttheo of
Variation
Evans & 12 1 0.99 6.5
25
Sarkar
Gesund et 9 1 0.9%6 7.9
24
al
Goode & 8 3 1 1.12 14.4
Helrmy
, 32
Fairburn 4 1 1.04 6.2
Iyengar 15 1 1.10 6.7
N 15
& Rangan
, 21
Chinekov 6 1 1.31 13.0
Pandit & 7 1 1.03 5.3
i . 31
Warawaruk
Jackson & 21 1 1.00 6.7
Estanero
Total for 77 1 1.05 11.6
mode 1




Table 4.7.2

SUMMARY TARLE OF ALL VYIFLD RESULTS (continued)
r 1
> a 2M
1+ /b + /T
Investigator | Nurber Mode Mean %
of of Texpt Coeff.
Beams Trailure Ttheo - of
Variation
Hsuzz 35 2 0.98 9.7
Ermst 42 2 2 0.82 -
Pmﬁﬂ:&Bl 1 2 0.89 -
Warwaruk
Total for
. 10.2
mode 7 38 2 0.97
Goode & 28 4 3 0.98 17.0
Helmy
Pandit & 31 1 3 0.96 -
Warwaruk
Jackeon & 1 3 0.84 -
Estanero
Total for 6 3 0.95 14.8
mode 3
Grand
121 1/2/3 1.02 11.8
Total /2/
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The ratio of the tohal velume ot gteecl (in the form.of

closed rectangular stirrups), to the volume of concrete is

_ 23 b (( a ) F ]
p,.. = s L+ 50 4.8.2
t bd & - b /r,
: A
1 3
where P, =z (4 Ya) 4.8.3
and r, = Asb' ..... 4,8.4
SA.

r, is not to be confused with

AE b
'Y SR T
vy

which contains the yield stresses.
Equation 4.8.2 is combined with equation 4.8.1 to eliminate AS and to

express T, in temms of r,

a
1 f p. bd 2 A
T = a1 Tsy Pt (M,) . b M,
r

N
s
(1+d/b) [(1+d/b) + F'/r' ] A ' <fsy/f‘y> B j

Providing the stirrups are clesed, rectangular, single, and of the same

ratio,d/b as d'/b, then it is assumed in equation 4.8.5. that
d . a’

The value of r, for which T, is an optimun may be chtained by differentiating
T, with respect to r, and equating to zero.

This gives 4
- (/)

=
=
+

1 . .
a F o 2 d f
E(l'&' /b) + /r J (_M_,)l . (]-4 /b) (r')z ( SY/f‘y )




rearranging

-y 2 ..d
——~—(——:{-19—)~-+F=<:“_Lv> rr, WA zF.(M.) (M,>l+ (1+
f - .

squaring both sides

'}I (l+d/w}:z)i+__ F, <¥j_>2 (l+d/b) - -F (l+d/b)5 + (M L#F 2
<fsy/f‘y>m ' <fSY/f|y> o, QfSY/f )z (f)
\y
PR CALINCE AL

. £ / e f
r(syf'y> 4(r,) <sy/fy>

d
(P-“J-#F , -;(&Y (1+/) F.*
T,) AT,

r, (fsy/f\ )

Yy

Collecting terms and rearranging to fom a quadratic equation

in r,

[(l + d/b>2 + 4F‘<?—Iﬁé-i—)2.<fsy/f »] (r)? - 2F.<l + d/bﬁ r, + F,?2=0
Ly

The value of r, that satisfies this equation for mode 1 form of failure

S F,
' --fM .
1+ Y 2(%;'—> J sy f F,
AT
ly

Tt should be pointed out that the same value of r, would be obtained

is

for an optimum value of the volume of steel, and therefore is of

particular importance.
A special case of the above expression which is likely to occur

often in practice is where A, = A, and fsy = f*y, in which case

- 1
r, = l*d/b+2(%~:‘) ..... 4.8.8
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The camparable expression to equation 4.8.7 obtained by Walsh et al 26
by optimising the voluve of steel is, with some rearrangement,

r,': I

A!w,,;,,maw.,,m e saaee 4.8.9
a 2/M, (1+7/.) £
A ‘ 2,b SY fF
VAl A Ry
An approximate design expression reconmended by Walsh et al 26 is

0.25 <f(y/f >
sy

M
1+ ( /1))
— 4.8.10

T
ﬂ/l + /b

The Russian cocde of practice (Ni Tu 123-55 code) incorporates

r,

an alternative expression for r} to ensure simultaneocus yielding of the

transverse and longitudinal steel.  This is interpreted to mean optimising

0.8 (fly/f )
sy

271,
1+ ( /r) . 4.8.11

g
/l + /b

The above expression incorporates the assumption that b' = 0.8b.

the value of T,

r, =

There is a cansiderable difference between equation 4.8.11 and 4.8.7

which requires further explanation.  According to Lessig2o this expression
has been derived by optimising T,‘és previously for a fixed volume of
reinforcement. The volume of reinforcement considered is however on the
tensicn face of the member only. This is in contrast to the approach of
Walsh et al 26 and the author where the volure of reinforcement considered
is the total volume on all four faces. To confirm this the author
repeated the process fran equation 4.8.1 through 4.8.7 using the Lessig

assunption. The resulting expression is

ry = 1

1+ Z(;—:) (f;’:';;; ..... 4.8.12

@+ %)
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This expression gives approximately the same solution as 4.8.11.

The same approach used for cptimising T, for mode 2 form of

failure yields

]\x-‘.d!
r' = _S5 = T L 4.8.13
2 S A 1+ %2
a
or altematively
r.'=r2'x]—§—‘= ld ..... 4.8.14
1+ 7/

A factor to allow for unequal areas of longitudinal steel on opposite
faces is not included since it does not generally occur. This case
was not considered separately by Walsh et al since they considered a
carbination of modes 1 and 3.  Equation 408.E§hONever does acree with

the German and Australian codes of practice which recommend that

m' = 95 =1 4.8.15
KB

rearranging and putting in terms of r,

‘rz' = i, = lb C eeeen 4.8.16
1+ /4, 1+ /d
Hsu27 also recamends m' = 1 to ensure plastic behaviour in the

transverse and longitudinal steel at failure.
The same approach used for mode 3 produces the value of
r' = T el 4.8.17

3 e

149/, - 2(P"‘~3/T3)/\F:§/f e

_ 1 A,
where F3 = 5 (l + i“AB)'

There is no comparable expression in other literature.
. M .
The theoretical variation of r,' with the '/T ratio is
i
shown graphically in Fig. 4.8.1.  To make the camparison it is necessary

to adopt a value of the d/b ratio, to assume all steel yield stresses

are equal and to assure the longitudinal steel is evenly distributed.
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The latter assumption of course excludes mode 3 failure, but it has been

shovn for campariscn purposes, and the lines for r,' and r;' intersect
M .

when /., is zero.

When A, # AB then mode 2 is eliminated and the r,' and r3'

. M
lines intersect where A/T > 0.

To verify the values of r,' exverimentally requires that

M . .

menmbers are tested at each /T ratio, with varying r, values, and fixed

; 2
volume of reinforcement.  Hsu / produced a few results for mode 2 where

M . .

the /T is zero.  The results are shown in table 4.8.1 and plotted in
fig. 4.8.2. They are not sufficient to be convincing and show irregularity

due to variation of the volure of reinforcement and strength of the

materials. The experimental results show the same trend as the
theoretical line on the graph. The theoretical line was constructed

using p, = 3.2%, fsy = f g = 47,000 1bf/in? (324 N/m?), £_' = 4000

1bf/in? (27.56N/Am?), b = 10" (254 mm), & = 15" (381 mm).  Cenerally
however the theory gives higher values of the torsional resistance than
the experimental values, since from experimental observaticns some of the
steel did not yield. This will be considered in Chapter 5.

Mo direct experimental evidence for the value of r,' is
available for mode 1, but Iyalin22 fram experimental cbservations of
yielding constructed a table relating r,' to the M/T ratios. These

. . M .
values were not continuous and r,' varied for a given /.. ratio. The
1

values are plotted in fig. 4.8.3 and compared with thecretical results.

6

The theoretical lines of Walsh et al 3 and the author agree reascnably

well. The design expression recamrended by Walsh et al 26 produces
considerable error at low M/T ratios, and would be even more inaccurate
if A3 # Al‘ The Pussian code of practice gives r,' values which are too
high and will only give acceptable agreerent at MyT ratics > 4. This is

due to optimising the torsicnal resistance of the secticn based on the




Table 4.8.1 EXPERIMENTAL RESULTS

b = 10" (254mm), d = 15" (38lrm), b' = 8.5" (215.9), @' = 13.5" (342.%mn)

mvestigator | Beam | Texpt N £ ! 1 Ratio r, | f p
B c ! sy th

kipf in | 1bf/in? 1bf/in™

() ) (/m?)
27

Hsu B1O | 304.0 3840 .078 49,600 | 3.21
M3 388.0 3880 252 47,300 | 2.67
M4 439.0 3850 I .257 47,400 | 3.53
B4 419.0 4430 .382 46,900 | 3.21
B8 288.0 3880 1.889 46,400 | 3.14

i~ %7




23UD1SiS24 |DUOISIO} EUE;QO 243

10) 12238 |puipn1IBuc|] 2yl ©1 2512ASUDN} 24} O onDs 24l 4o 2npA 2yl 28V Dig
iys
g sy T~ 7
25UD}$IS2] |DUCISIOY wWnwildo 10} JJ JO 2N|DA |Dij2102Y})
C-Z Sl O-i S-0 y

J AU AUV —

OO0l
o= ._.\2 ‘rzew ¥d
Q.w.v 2109 ww,mv 575H Ag s1nsas 1dx3 X
. 00<C
|
|
8g X _
ﬂ olg x O0€E
* ui jdiy
/ 4 nL
L | ENX ooV
pd| X
I s— 00S

W
\\Um

i/ 44

=p 0l = q Lu/ig OCO0F = 2
OO0 Ly =42y = As} 9 2-€=1d 2AND |DII124034}

M ]

009




23UDISIS3L |DUOISIOY  3Yl Lo 2npa  wnwiido 2yl 0}
2 4O sznipA  [Dluzwiiadx2  PUD  [DDIT2402YY 4O uasiDidwoD €8y Big
.ﬁf 0z DinWJIc) ubisap
Ol g 9 . > \ xoJddp (b 12 YS|DM
7}“‘,/!"
—
/
Z A
(2101 8-0=2ts;¢ 5 1= Yoy
22 UIDAT] AQ m 1ns24 "1dx3
| | ’ 1oyIny
g Vs
oz :u_ 2 UsSioM Qs
) ) \Cf _ v O
1& £s L@mvm +9p 4 1= 6534_
, ' L 313004d JO 2p0OD ubdISSNY
\@NQA iy D\@Ni\f |
| »mw Yo+ A vm+ﬂ\v+_ _ woﬁ_ 9.0
A? NS ¥ oz USIDM |
!..71 O)\o _ * (a8-0=4 Buiwnssp)
i . =4
Q:%ﬁvw O |+ Dissny

8-O




volume of reinforcement on cne face as explained previously. — Further

-

work is required here, since the size of section and strength of the

nmaterials varied in the tests by Lyal:’m22.




CHAPTER 5 - The Ultimate Strength of Partially Over-Reinforced and

Over-Reinforced Concrete Menbers Reinforced with

Longitudinal and Transverse Steel.

5.1 Intrcduction

There are many cases in experimental work of longitudinal and/
or transverse steel not reaching yield stress at failure. The inaccuracy
in the preceding yield thecry given in chapter 4 also shows that the
assumption that all steel yields is not correct. Hsu27 has shown clearly
in tests in pure torsion that three cases of non yielding of the steel
need to be considered.

(a) where stirrups yield and the longitudinal steel is in the elastic
stage

(b) where longitudinal steel yields and thebstirrups are in the
elastic stage

(¢c) where longitudinal and transverse steel are both still in the
elastic stage at failure.

5.2 Limit for Yielding of the Longitudinal and Transverse Steel

Simultaneously

Attempts have been made by various investigators, and in codes
of practice, to place empirical limits on the ratio of transverse to
longitudinal steel. Walsh et al 26 campared the accuracy of their

yield theory with.the value of r‘y for mode 1. Large discrepancies

occurred where

r < 1 5.2.1.
3% =~ M
/T
4 |1+
2d
1+ /b

This value of r was obtained by optimising the theoretical volume of
VY

reinforcement of a member for a fixed torsional resistance. This is




also the value of r\y required for the optimum value of the torsional
resistance cof the menber. Values of r below this critical value lead
Yy

to conservative theoretical estimations of the torsional strength of the

merber, according to the results produced by Walsh et al.

) The camparable values of r'y by Lessigzo, the German and
Australien codes of practice and the author, for the optirmum torsinal
resistance, have been considered previously in Chapter 4.8.  These
values of ¥y however have mpt been related directly to the accuracy of
the all yield theory.

Iessigzo placed a restraint on the angle of the failure plane
in the campression zone. In terms of the author's theory this means
that the crack angle on the side of the beam should be equal to or less
than 45°.

For mode 1
tan o, < 1

Using the value of tan o, developed in previous theory (equation 4.2.14)

1 (m_,)"u_l_ii/_b)..ﬁ,) <1
@+ %) o Tiy Ry

rearranging and squaring both sides of the equation

a a, ., M 2
2 1 1+ +
B s )

rearranging

$

r > 1
1y ’ - d/ +2 M,/ 5.2.2
b T,

This expression is very similar to the full yield expression developed
for the optimum torsional resistence of the section (see eguation 4.8.7).

The values will be identical if fsy = f‘y and A = A, (see ecuation 4.8.8).

-




The carparable expression for mode 2 is

r'oo L 5.2.3

2y 1+ b/d

and for mode 3 is

' 1

r & 5.2.4
3y S a 2 M. oo
1+ -
)
(note: these critical 1 S
al values of r‘y, r2y and r3 are denoted by

and r3§).

Té check whether the limits given in equation 5.2.2, 5.2.3

rlteSt/Ttheory against rxy/ra

VY
are shown in fig. 5.2.1. It is apparent that when r\y/r , < 1 that
vy

and 5.2.4 are acceptable)graphs plotting

the accuracy of the yield theory is affected. Fig. 5.2.2. is the
canparable graph for mode 3 failure. In this case accuracy of the
all yield theory is affected when r3y/r , < L. This is the basis for
the exclusion of the partial yield resui{s in Chapter 4.
5.3 Partial Yield Theory A

The results exciuded from the yield theory i.e. where r;y/r‘
are those that are likely to occur in practice and therefore require a
solution. Tf the crack angle is fixed at 450, then the angle is not
governed by the simulianeous yielding of the longitudinal steel and
transverse steel. Since the area of transverse steel is low then this
steel will most likely be at yield, while the longitudinal steel is in
the elastic stage.

Taking moments of forces about a lengitudinal axis through

the centroid of the compression zone assured to be at the sicde of the

cross section
5.3.1.

t

M

<

1
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. o

Since «, = 457, tan o, = 1 and to avoid developing a camplicated

expression for the lever arm Ra it is assumed that &_ = d,-d_ = d'
ai ni

Hence T =2A f tqr ,
' s foy P'd 5.3.2

S

This expression is the same for modes 1, 2 and 3, which is a further
advantage. It is also the same as that produced by Rauschl8 in 1929
for experiments in pure torsion.

To test the accuracy of equation 5.3.2 experimental results
where r!y/r,. < 1 are tabulated in tebles 5.3.1, 5.3.2 and 5.3.3 (see
appendix) agé_shown graphically in fig,5.3.1. The 120 results are
summarised in table 5.3.4 and produce a mean value of TeXpt/Ttheory = 1.10
with a coefficient of variation of 22.9%. The result is conservative
and recuires further work to improve its accuracy. Iquation 5.3.2 1is

however interesting because of a reasonably rational basis and its

simplicity.

5.4 partial Yield Theory B — Draft British Unified Code of Practice for
. Reinforced Concrete April 1972.

The general form of the expression for partial yielding of
the stirrups as derived in Chapter 5.3 is important. Swan33 in 1970

suggested from empirical considerations that the ultimate torsicnal

resistance could be expressed as T = 1.2 Asfsyb'd'/s for the purpcses of

design. - The suitability of this expression for design or analysis

will not be considered here since it is similar to the one in the

i S e

draft wnified code of practice.

The draft code of practice includes expressions for shear,
torsion and bending that can be considered separately and independently
of each cther within certain limits. It is of iﬁterest to relate the
cne on torsicn to the available experimental results. The expression

for the ultimate strength of & member in torsion is

T=2(0.8) A_f_b'd 5.4.1
s sy
S



TABLE 5.3.4

Sumary Table of Partial Yield Theory A

_2An f  b'a’
T = "s'sy
S
i
Investigator Nunber Mean %
of Texpt Coeff.
Ttheo of
Beams Variation
Goode & 28 9 1.32 20.5
Helmy
Gesund 3 1.03 15.5
24
et al
Iyengar 24 1.14 12.1
15
& Rangan
Pandit & 31 5 0.96 16.5
Warwaruk
Jacksm & 34 44 0.97 11.3
Estanero ~
. 21 :
Chinekov 7 1.38 13.9
Hsu27 7 1.09 22.8
Frnst ©° 8 1.42 36.4
Evans & 3 0.89 2.5
25
Sarkar
E Grand
1.10 22.9
] Total 120




[8 e

[+ 6

"4 @ <

1'2 ° o ¢ ue 3 ¢

Topt Conlte |
T theo R 1 A ° .

i'O ¥ QA: % N @ K & &

08 o
® % o

06

O'4

o2

O-2 Ohﬁflv1 Ct)-f) o8 E®, [-2
X
exp /Mui theo
Expt results by T=2 As fsy b'd!
lyengar & Rangan'? S
Goode & Helmy *®
Pandit & Warwaruk ®
Gesund et al **
Chinekov '
Jackson & Estanero>?
Fig. 53.1. Torsion and bending of concrete beams

containing longitudinal and tronsvelrse satezl 5
fiy < i/(H-d/i>+2M/T) or ¥ < /(i+ b — )

113



This expression omits the materials factor of 0.87 for steel so that
comparisons can be made with other partial yield theories.  If this
expression is used longitudinal steel must be added to balance the forces
in the stirrups. This is additional to that required for the bending

manent at the cross section., The total tension steel A, required is

approximately
A, S w4+ B B (1+d/b) e
2 £ St T
ar 1y vy
.  _A f p
since Hy—‘s sy
S A, f
'y
1> MSTr, d
T et T r, G A
ar s sy :
also since T=1l.6Af Db'l
s sy atl
S
\ d
1 >1.6 (NI r,+ r, 1+ /)
7 ) 4 b
T
Ty € e 5.4.3
1+ 9+ 16 (M)
This expressicn is similar to the equation produced by the author

(equation 5.2.2) based on a limit of 45° for the crack angle on the

side of the member. The equivalent angle for the draft code of

practice is obtained as follows:—

From equaticn 4.2.14

e
3 1 (M,) L+ /) oy,
tan o, = T + - =
1]

@+ %) A Ty o

rearranging mnd squaring poth sides of the equation

d

2 (1 + /) - =
<?i'—> + -———-——9 = [(l-i'd/b) tan o, +ﬂl~7
vy

T, r T,/

|
%



rearranging

- 1
r = 5.4.4
Yoo+ d/b tan®a, + 2\? (\tana!

equating equation 5.4.3 with 5.4.4 produces

/

ad 2/M sl M
1 + 2 i = a (_.n
( /b) tan‘o, + LT') tano, = 1 + /h + 1'6KT:>

rearranging
M 2
: ( '/T } M M'/ ) 5.4.5
tana, b+ 16 7 41 a
+ - 1
A (1 /) 1+ /b

This expression does not always give a value of o, = 45° as previously.
Values for d&/b = 1.5 vary with the M/T ratio as follows:-

M/T 0 1 2 3 4 6 8 10

tana 1.c0 1.26 1.40 1.49 1.56 1l.64 1.70 1.74

t should be emphasised that the draft code of practice is recormending
that r‘y < r‘;, which classes it as a partial yield theory. The
presentation in the code however leads the reader into believing it to
be an all yield theory, since the term partial yield is not mentioned.

The variation in accuracy of the theory in relation to the

ratio of transverse steel to lengitudinal steel is shown in fig. 5.4.1.
/Ttheo is plotted against r.y/r‘;. values of Texpt/Ttheo when

Texpt
r y/r ; > 1 are not acceptable.

The 'resolts that are acceftable are replotted in fig. 5.4.2
with M /M as the abscissa. This clearly illustrates the

expt’ ul theo
scatter that occurs which is confirmed by the values given in table 5.4.1
where the coefficients of variation are listed for each investigator.
For the 127 experimental results listed the mean value of Texpt/Ttheo = 1.34
with a coefficient of variation of 25.1%. The conservative nature of
the theory is no doubt justified by the fact that it is the first time

that a clause on torsion has been included in a British code of practice

on reinforced concrete. The accuracy of the theory leaves rocm for
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TABLE 5.4.1

Summary Table of Partial Yield Case B

(Draft British Unified Code of Practice T = 1+8 Bgfg P'd

1

S
< 1
r = )
vy d M
+
1 /b + 1.6 /T
Investigator Nurber Mean %
or Texpt Coeff
% Rears Ttheo of
Variation

Goode & 15 1.51 30.9

28 .
Helmy
Gesund 4 1.18 23.4

24
et al
Iyengar ;¢ 25 1.41 12.7
& Rangan -
Pandit & 31 7 1.12 19.4
Warwaruk
Jackson & 34 49 1.20 12.4
Estanero
Chenekov 21 9 1.58 22.6
Hsu? 7 1.37 22.8
Emst 2 8 1.78 36.5
Evans & o5 3 1.11 2.7
Sarkaxr
CGrand 127 1.34 25.1
Total :




improvement but is reasonable in relation to the simplicity of theory.

The main criticism is that the code excludes values where r > r ‘.
Hy y

These values could have been included by using an all yield theory as

given in Chapter 4.
5.5 Partial Yield Theory C - Fmpirical Method

An alternative approach to the method given in 5.3 for
partial yield is based on exverimental work by Hsu27. Hsu concentrated
on experiments in pure torsicn for reinforced concrete cross sections,
where the ratio of transverse steel to longitudinal steel was related by

A2 S
m' = = 1.0 5.5.1

He also gave a few results where this value of m' varied from 0.2 to 5.
These few results provide the basis for an empirical approach for the

solution of members where the longitudinal or transverse steel does not

yield.

Experimental results by Hsu for members B4, B7, B8, BY & BLO,
show that as m' decreases then yield changes from stirrups (longitudinal
steel not at yield) to longitudinal steel at yield (stirrups not at yield).

The case vhere the stirrups are at yield is in fact the partial yield

condition considered in 5.3. Hsu27a gave a semi-empirical expression
for the ultimate strength as
T = 2.4d0%/F ' + | O.66m' + O.33<d'\ A, b 5.5.2
C e e et
'13'} S

/b

provided 0.7 <m' < 1.5 and

a 3
£, = 2.6 when p, > 2.6

This expression was primarily intended for members where
m' = 1 and was not intended to be accurate for the condition where m'

varies between 0.2 to 5. 2n emgpirical expression developed by the author




based on the experimental results of B4, 7, 8, 9 and 10 by Hsu is

¥
Asfsyb d'/s

r S
1 0.25 + 1.20 (r,,)7 "]

T = 0.75 db? /E ' +

provided fsy = f and .08 <r_ , <1.9.

Table 5.5.1 gives a comparison of the accuracy of the

FteSt/Ttheory

mm27@mm£mm1aﬁiﬁeammmﬂsemﬂﬁcm_ﬁmmkimrUSUng
for both cases for members B4, B7, B8, BY and BIO.

Equaticn 5.5.3 is also capable of a solution for the other
merbers tested by Hsu where m' = 1, as shown in table 5.5.2. (see
appendix) Some merbers are shown as over reinforced these will be
discussed in Chapter 5.8

Although this expression is satisfactory for the steel and
concrete tested by Hsu it requires o be applied to results by other
investigatcrs.  Unfortunately results do not exist over the full range
in pure torsicn, but a few results for work by Ernst.42, Evans & Sarkar25,
Pandit and Warwarak 31 and Iyergar and RanganlSare shown in tabkle 5.5.3
(see appendix), and summarised in table 5.5.6. The mean value of
Ttest/TtheOry for each investigator is less than one but the % coefficient
of variation is acceptable. Tt seems probable therefore that different
factors need to be applied to different concrete.

So far only results in pure torsion have been considered.

. o}
Hsu reported that in these cases the crack angle was approximately 457.

This is also the condition for the partial yield of the stirrups in

chapter 5.3
1
where r <
y O d 2M,
1+ /b + /T‘
or where r, £ 3 1 o and it therefore seems reasonable to
¥ Sy - Ty

expect that this empirical expressiocn to apply. Tables 5.5.4 and 5.5.5



TABLE 5.5.1 - Partial Yield Experimental Results

Investigator |Beam Tesm t m' T (9 Ratio Ratio
kpf in Ttest Ttheo Ttest/Ttheo
(kNm) Hsu 27 empirical
equ. 5.5.2 |method
equ. 5.5.3
27
Hsu B4 419.0 0.9%0 | 0.386 0.99 1.04
(47.35)
B7 238.0 0.456 | 0.850 0.99 1.05
(26.89)
BS 288 0.205 | 1.889 0.77 0.98
(32.54)
BS 264 2.180 0.176 0.94 1.10
(29.83)
?" B1O |304 4.970 | 0.078 |  0.65 1.04
(34.35)
Mean 0.87 1.04
% coeff. of
variation 17.5 4.2
|



TABLE 5.5.6

Sumary Table of Partial Yield Theory C

Empirical Method

T = 0.75 db* \/E;' + 1 Asfsyb'd'
¢ ‘s
| 0.25 + 1.20 (r,,) 7] 5
Investigator Nurber Mean %
of Texpt - Coeff
Ttheo of
Beams Variation
Goode & o8 10 1.05 18.7
Helmy
Gesund 24 3 0.82 23.9
ot al
-éyinag;ranﬂ 24 0.82 9.1
Pandit & 31 5 0.89 12.8
Warwaruk
Jadkson 34 44 0.85 13.9
% Estanero
Chinekov>" 7 1.13 9.7
Hsu? 43 1.09 7.1
Ermst 42 10 0.93 7.0
Evans & 25 3 0.90 13.2
Sarkar
%ﬁfﬁ 149 0.95 16.6




(see appendix) therefore list all the merbers to which the expression

sbould be applicable. These results include members where the longitudinal
steel is unsymretrical. Since this case was not considered by Hsu it is
o A+ A . .
assumed that A, =1 3. This value is required for use in the
’ 2

empirical expression given in equation 5.5.3 which includes the value

- 1
riz AS b
SI—\2

The results are summarised in table 5.5.6.

2s will be seen the mean value of Ttest

/Ttheory varies as in
the case of pure torsion, but the coefficient of variation is low and
implies that the empirical exoressions may be of the correct form.

The three partial yield thecries may be campared using
tables 5.3.4, Bi4.1 and 5.5.6. The unified code method B is conservative
and is less accurate than method A as presented by the author.  The
empirical methed C is the most accurate. Generally the coefficient of
variation for the results of individual investigators is low for the

empirical methed C, and suggests that if this could be improved based

on further experimental results, that this may be preferred in the future.

5.6. Optimum Value of the Ultimate Torsional Resistance for Partial
Yield Cases
The soluticn for the optirmum value of the ultimate torsional
resistanée for full yield of the steel was presented in Chapter 4.
The partial yield case will now be considered. The empirical expression
given in equation 5.5.3 expresses the ultimate torsional resistance of

a section which varies with the ratio of transverse to longitudinal

steel (x.,)-.
12 A f \b'd'/S
s sy 5.6.1 (see 5.5.3)

T =0.75 d? J/E ' + o
u ¢ [o0.25 + 1.20 (r;5) 5 ]

The ratio of the total volume of steel reinforcement for a given volume



of concrete bds is

= 1]
P 2 A ' + a"y +2A28

t
bds
- - : d* d
rearranging and assuming /, , * /b
[ a 1, 7 -
P, =2ADb' +
t sb L(l /b) + /r\ J 5.6.2

2

bds
Substituting equation 5.6.2 in 5.6.1 to eliminate A_ and express T in

terms of r

Tu = 0.75 de \ff—;' + 1 Pt bd 4! fsy
- Pz (144 Yy
LO.Z.) + 1.20 (rlz.) J 2£(1+ /b) * /r\?.j

5.6.3

For a given fixed value of the volume of reinforcament Pt"
the optimum value of Tu is obtained by differentiating T, with respect

tor, and equating to zero.

ar.,  _ {o.25+ 1.20 (ru_)%] [ -1 2] .

dr (YR

12.

((1+d/b) +1/r‘1 [i.zoX%xl/r ‘/3] = 0

2 12

rearranging

025+O4r2/3—08(l+d/)r =0 5.-6.3
. : 12 ) b 12

The approximate soluticn to equation 5.6.3 is

_A Db + 5.6.4
. - 4q .
S A d
. 2 1+ /b

R 1 5.6.5
2
S A 3
2 1+ /d
or m' = A, S ~ 1.0 5.6.6




Equation 5.6.6 is the value recammended by Hsu based on
experimental evidence to ensure plastic behaviour of the steel at
collapse. The original empirical equaticn given by Hsé;(see equation
5.5.2) does not have an optimum value.

There are very few experimental results to determine the
optimum value of Tu as r , varies. Hsu27 however tested a few beams
which may be used for this purpose, and these are listed in teble 5.6.1.
They have been chosen, as far as is practical, for the same size and
strength, and a fixed volume of reinforcerment. The variable is the
ratio of transverse to longitudinal steel T,

These results have been plotted in relation to the theoretical
1ines based on b = 10" (254 mm), 4 = 15" (38l mm), b' = 8.5 (215.9 mm),

a' = 13.5" (342.9 ™), £_' = 4000 1bf/in® (27.58 N/m?), fg, = 47,000
1bf/in? (324 N/mm®), P_= 1.7% and 3.28. (sce 433_ 5.6 1)

The values for the experimental results vary fram these
adopted theoretical values and will not therefore agree exactly. M4 for
instance would be expected to be high in relation to the theoretical line
since P = 3.53% and not 3;2%.

The theoretical value' of Tu does not reduce greatly when

r,> 1 . fhis is the case when the longitudinal steel yields and
a
+
147/,

the stirrups are elastic. This porticn of the cure requires further

experimental investigation since it is based on the experimental results

of Hsu27 where the yield stress of the stirrups and the longitudinal

steel were approximately equal.

The value of 'I‘u is more sensitive to r‘z when r, < l/(1+d/b).

This is the case which is more likely to occur in practice, when the

stirrups yield and the longitudinal steel is elastic.

The theoretical lines in fig. 5.6.1 also illustrate why the

theories which assume all the steel yields are successful for high r,




TABLE 5.6.1

b = 10" (254rm), & = 15" (38lmm),

Partial Yielding Experimental Results

b' = 8.5" (215.9mm), d' = 13.5" (342.9mm).

Investigator Beam Texpt £! Ratio f p
c l%%/‘n2 t
kipfin 1bf in Tz % %
> (Nrrgn™)
(kMm) (N /rem”™)
27
Hsu B1O 304.0 3840 .078 49,600 3.21
(34.35) (26.48) (342)
M3 388.0 3880 0.252 47,300 2.67
(43.84) (26.75) (326)
M4 439.0 3850 0.257 47,400 3.53
(49.61) (26.55) (327)
B4 419.0 4430 0. 382 46,900 3.21
(47.35) (30. 54 (323)
B8 288.0 3880 1.889 46,400 3.14
(32.54) (26.75) (320)
B9 264.0 4180 0.176 49,700 1.71
(29.83) (28.82) (343)
M1 269.0 4330 0.260 51,200 1.38
(30.40) (29.85) (353)
B2 259.0 4150 0. 382 46,400 1.65
(29.27) (28.61) (320)
B7 238.0 3770 0.850 46,200 1.70
(26.89) (25.99) (319)
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ratics. Over the range of 0.5 to 2.0 the reduction from the optimum
value is small. The "all yield fheories” show their greatest
insccuracies when the r ratio is small, when the fall from the optimum
value is 50% for very small r@yalués.

The curves in fig. 5.6.2 with their limited experimental
confirmation, alsc illustrate that the partial yield theories given in
Chapters 5.3 and 5.4 require a restraint. These theories give no
optimum value but become progressively rore inaccurate as r, exceeds
the optimum.  The value of Pt = 3.2% mey appear to be too high to be
of practical value, but it should be remembered that Pt includes the
longitudinal steel on both faces and the stirrups. It is therefore
likely to be a typical value occuring in practice.

8.7 The Minimum Percentage of Steel |

If the volume of reinforcing steel is too low then the
torsional resistince of reinforced cross section will be less than that
for plain concrete. This is more likely fo occur where the M/T ratio
is low, and is well illustrated by a few experimental results by Emst
as shown in table 5.7.1. These results are for pure torsicn where with
10w % of steel the strength is approximately equal to that for the plain
concrete menber.

.Che theoretical solution to this problem is to determine
the torsional resistance of the plain concrete section using ecuation
2.5.10 and to ccmpare this with the value obtained for a reinforced
cross section as given in ecuation 5.5.3. If the torsional resistance
for the reinforced cross secticn is too low then more steel may be added.

Tt should be pointed out that it is not also necessary to
consider the singly reinforced concrete member for low M/T ratios,

since it has been shown to be approximately equal to that for plain

concrete in Chapter 3.
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TABLE

C

De

Experimental Results

vest 3 o o
Investigator Beam Texpt rl2 p86 P_% pS expt
kipf in expt | min W
(kNm) theo
equn
5.7.6
Ermst 42 3TRO 37.6 - - - -
(4.25)
3TR1 35.0 0.036 | 0.071 | 0.162 0.438
(3.96)
3TR3 34.3 0.072 | 0.141 | 0.19%94 0.727
(3.88)
3TR7 49,7 0.143 | 0.282 | 0.244 ©1.156
(5.62)
3TRL5 61.7 0.251 | 0.494 0. 305 1.620
(6.97)
3TR30 76.0 0.501 | 0.987 | 0.420 2.349
(8.59)
4TRO 34.4 - - - -
(3.89)
4TRL 32.1 0.020 | 0.071 | 0.145 0. 485
(3.63)
47R3 35.0 0.040 | 0.141 | 0.167 0.845
(3.96) _
4TR7 54.8 0.080 | 0.282 | 0.201 1.403
(6.19)
47R15 74.0 0.141 | 0.494 | 0.242 2.039
(8.36)
4TR30 | 85.0 0.281 | 0.987 0.321 3.078
(9.61)
5TFO 33.8 - - - -
(3.82)
5TR1 33.4 0.013 | 0.071 | 0.136 0.522
(3.77)
5TR3 43.0 0.026 | 0.141 | 0.152 0.929
(4.86)
5TR7 59.7 0.051 | 0.282 | 0.177 1.592
(6.75)
5TR15 76.5 0.090 | 0.494 | 0.208 2.375
(8.64)
5TR30 92.6 0.180 | 0.987 | 0.266 3.707
(10. 46)




,,,,,

percentage of stirrup reinforcement. This has been attempted previcusly

An altemative approach is to try to arrive at a minimum

YN |
by Hsu ut the expression he produced was not applicable to the full

range of ratios of transverse to longitudinal steel.

: .- 3 ] . ~ N .
camplicated . The torsionasl resistance of a reinforced cancrete section

as expressed by the~.empirica1 formula is

Aé f b'd'/s

sy

T =0.75 db® VE ' +
2 c

Z

- “ =
Lo.25 + .20 (x ) *]

The first term in this expression .75 db® vV ' is approximately
C

of plain concrete. The teorsional resistance of plain concrete

in Chapter 2.
A

T = 1 Cap? 24 1+ 92y (£
d c

this can be further approximated to

}/
T =1db® 24 (£")°7°
2 &) C
If half this value is substituted in equation 5.7.1
1 db® 24 (f')}“3 = A f__b'd'/s
I c s sy ,

- >3
[ 025+ 1.20 (x, )77 ]

The ratio of the volume of stirrups in a volume of concrete hds

P

_2a_ (b'+d")
s s

bds

Combining equations 5.7.4 and 5.7.5 and assuming b’

[2 (1+b'/d,)]

5 25
- (fc‘)/3[0.25 +1.20 (r, )77 |

s f
sy

The minimum volume of reinforcement could also be expressed as

a ratio of the lengitudinal reinforcement A, by substituting rxz

into equation 5.7.4.

Tt was also

5.7 1
(see originally 5.5.3)

half that

is given

7.2

.7.3

then

.7.4

is

. 7.5

= A b'
s




This produces

2 !
s (£ "= R T
<
[0.25+2.20 (r )7 ] 5.7.7
and since by definition
Po = 22 ma 5.7.8
substituting equation 5.7.8 in equation 5.7.6 and assuming b' = 0.8b
L/ o
73 !
P, = 10 (£ )77 0.25 + 1.20 (ru)%j ' ja) 5.7.9
r £
12 “sy

A further alternative is to express the minirum volume of reinforcement
as a ratic of the total reinforcement (tiansverse steel and longitudinal
steel) to the volume of concrete.

_ e a 1 ]
Po= 2a b [+ /40 47/, - 5.7.10
bas

substituting equation 5.7.10 in equation 5.7.4

1 [ I
1 de 24(fc[)/3 — 1 , Pt bd d fSy
6 ; V3 ) ar, 1

(025 +2.20 (37 2@+ ) + 7/, ]
rearranging
Ve 737 a 1, 1 bl

P, = 10 (&) [o.25+ 120 r )77 [ [ @) /rnj *rany  5.7.11

Sy

Fig. 5.7.1 illustrates theoretically the variation of PS, Py and Pt with

r _ for a given d/b ratio, strength of steel, and strength of concrete.
12

As r ,, increases the volume of steel in the stirrups (PS) increases and

the volume of lengitudinal steel (PQ) decreases. The total volume of

1

steel P, however, has a minimum value at r = /(l+d)b'). This

is also the value for the maximum torsional resistance of

. . 27
the section. as shown in Chepter 5.6.  For this particular case Hsu

value of r,

gave P_ = 0.5% and P_ = 1.0%. These values agree with those obtained
s : t

from Fig. 5.7.1. Hsu did not consider the full range of r , values.
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Ermst canducted 3 series of tests which indicate the

minimum percentage of reinforcement as shown in Table 5.7.1. Carmencing
with plain concrete he added reinforcement until the ultimate strength
showed an increase above the plain concrete ultimate strength in torsion.
The theory expressed in ecuation 5.7.6 enablesthe minimum theorétical

percentage of stirrups reinforcement to be determined. This is related

to the actual percentage stirrup reinforcement by a ratio of (pS experimental/

PS minimum).  When this value is greater than cne the strength of the
member should be greater than that for plain concrete. As will be seen
fran the table the expression is reasonably accurate.
5.8 Over-Reinforced Members

To be campletely over-reinforced requires that noaeof the
steel yieldss. In experiments this would require a large nunber of strain
gauges to be certain, since yielding could occur at any section or in
any leg of the stirrup. It is possible therefore that experimental
results reported as over-reinforced are in fact partial yielding cases.
No satisfactory theoretical approach is available for over-reinforced
menbers, and investigators have concentrated on simple empirical
equations. The first group of these relates the torsional strength to
the size of the section and the strength of concrete and excludes the
reinforcement.
Frcam experiment Lessigzo produced the equation

T =k &* £’ 5.8.1
where k varies between 0.07 and .12. NoO explanation is given for the
range of k values, but it was noted that further work was required in

cannection with d/b ratios.

Walsh et al 26 gave an equaticn which is of the same form
T=5d? /E 5.8.2
The second group Of empirical equations to present failures

by over-reinforcing members, are related to the reinforcement. Walsh



et recamended limiting the tensile longitudinal steel for mode 1

form of failure to

p, £ '

C

I Y 0.04 5.8.3
1y

There appears to be no direct experimental evidence for suggesting this,

except in pure bending.

Based on experiments in pure torsion where r = l/(l+b/ )
- d

Hsu27 recormmeanded

Py, > 2400 VI 5.8.4

fSy
The experimental results by Hsu27 in pure torsion provide a means of
canparing “equations 5.8.1, 5.8.2 and 5.8.4. From the strain gauge
readincs it is possible to select members where no yielding occurs.
This may of course lead to error since at another cross section yielding
may have occurred. The results are given in teble 5.8.1 and camparcc
! with the above equatiohs. The expression given by Walsh et al 26
appears to improve the Lessigzo expression, by relating T to /f;‘.
Both appear not to allow for variaticn in the b/d ratio.  This

. . 27
criticism also applies to the expression given by Hsu .

For these particular experimental results an improvement
s b, .
on the Walsh et al 26 equaticn to allow for the variation in /d is

T=6 (1.5~ /) @ 5.8.5
This expression is also compared with the experimental results in table

5.8,1.

1
The value of P, recamrended by Hsu was based on r, = /(l+bld)-

The value of P may vary for other values of r . If however P, remains
t “—

reascnapbly constant tnen when substituted into empirical partial yielding

moression (see equaticn 5.5.3).
= AS fSy b'd'/s
T =0.75 d® /E ' + -
c [015+1ao(q)4]




TABLE 5.8.1

Over-reinforced Members

Investigator |Beam |Ratio | Texpt Ratio Ratio Ratio | Ratio
b / kipf in | Texpt Texpt Texpt | Texpt
d 1N Ttheo Ttheo Ttheo | Ttheo
Tessig  |Walsh Hew?! | Modification
26 N
ecn. et al n of Walsh
= ) eqn. et al
5.8.1 ean. 5.8.4
5.8.2 eqn-
5.8.5
27 2 i
Hsu B6 /3 546.0 1.24 1.13 1.16 1.13
f61°70)
2 L
M6 /3 32.0 1.19 1.09 1.15 1.09
55.71)
16 2/3 79.0  |0.97 1.11 0.95 [1.11
76.73)
J4 2/3 860.0 1.41 0.97 0.97 0.97
f40.68)
s | '/, 37.0 (1.1 1.02 0.75 |0.85
71.98)
K4 .31 310.0 1.52 1.37 1.07 0.96
35.03)
C3 1 177.0 0.65 0.57 0.58 0.95
20.00)
Mean 1.16 1.04 0.95 1.01
¢ coeff of
variation 24.7 23.3 22.7 10.4




and combined with

28 b {(1 + 9y + ]
Pe T “bas *

3 27 . .
and the Hsu™' limit for over reinforcing given in equation 5.8.4

produces
2400/_f:;’bdd'

T = .75 db® VE ' + - E - . —
3 N
| 0.25 + 1.20 (r,,)* ]2 L(1+ /oy /]

This expression could be put in the form of T = k db? Jf;‘ as
previously suggested by Walsh et a126, The value of k would then
depend on the value of the ratio of trarsverse steel to longitudinal
steel r,z, and the d/b ratio. Further experimental work is required
to verify this.

5.9 Summary of Chapter 5.

The cases considered in this chapter are partial yielding

of the stirrups and over-reinforcing the member.

Three formula to determine the ultimate strength of a member

have heen considered and their camparative accuracy for the same group

of results is

Expression Mean % Coefficient of
Variation
A T=2pn f Db'd\/s 1.10 22.9
s “sy
B T=1162a f b'd/sS 1.34 25.1
s sy

C T= .75 @2 o+ B T, PA/S 0.95 16.6

c 1/3

[0.25 + 1.20 (r,) ]
empirical.

Bquations A and B in the table are functionswhich produce
no value of the ratio of transverse to longitudinal steel for which the

torsional value is an optimum. Empirical formula C gives a value of

1

o i agrees with experimental results.
r!l /(l+d/b) which &g expe

3~ 7



The third empirical method C is also suitable to obtain
a minimum volure of reinforcement to produce a torsional resistance
greater than a member of plain concrete. This is in reascnable
agreatrent with experimental results.

Over reinforcing has also been considered but no fimm

conclusions are presented due to a lack of experimental results.




CHAPTER 6 Conclusions
6.1 Conclusions for Plain Concrete Members

From the presented theory and its correlation with experi-
mental results the following canclusions are drawn for a plain concrete
menber subject to bending and torsicon:
6.1.1 When the M/T ratio is in the middle ér high range, failure is
premdominantly a bending failure about a skew axis, but the failure
bending movent is less than that is pure bending. The magnitude of the
morents at failure are related by the general ncn-dimensional interaction

equation mode 1

where for a rectangular section,

i 2
poe I pg? g , and M = b,
i ad, % r\ i 6 Try
3+ &)
b
and for a circular cross section
o ™3 _ m?
T 083 g famd My T a3

Altermnatively the general interaction equation may be

expfessed using a MAT ratio as

6.1.2 When the MAT ratio is low failure is predominantly a torsional
failure about a skew axis of bending. The magnitude of the torsional

noment at failure can be determined from the general non dimensicnal

interaction equation mode 2.

{

for a rectangular cross secticn.




6.1.3 Mode 3 form of failure is theoretically possible for say a

trapezium cross secticn.  The general interaction form of equation is
2
(T5> M,
A
usn usz

\ (factor see)

where T = (fig 2.7.3 ) b? f
us rs

My = Db® (@ + 4dp + d%) c
uy 2 (2D + Q) ra

alternatively this may be expressed using the M7T ratio

o ~.

2

__f) + 1 + M3
T, T

2

No experimental results are available to substantiate this part of the
theory.

6.1.4 2vailable experimental evidence from various investigators shows
that the general interaction equation is reasonably accurate for

determining the failure moments for a plain concrete beam of rectangular

or circular cross section when subject to torsion and bending. The
. Texpt n V . .o s o
mean ratio of ——=<—— = 1.04 with a coefficient of variation of 21%.
Ttheory

Where investigators have quoted a tensile strength however the mean ratio

Texpt
Ttheory

6.1.5 The establishment of a reascnably accurate method of determining

= 1.02 and 12% coefficient of variation.

the failure moment in torsion and bending for plain concrete sections
provides a means of assessing the effectiveness of any reinforcement
which may be added.

6.1.6 The theoretical approach for plain concrete adopted in this thesis
results in a general non-dimensicnal interaction equation which is useful
for analysis and design. Cowan8 showed that the same form of egquation
can be obtained by forming equilibrium equaticns about the longitudinal

and transverse axes and conbining these using the principal tensile

stress criteriem.



6.2 Conclusions for Concrete Members with Longitudinal Steel Only

From the presented theory and its correlation with experi-
rental results the following conclusions are drawn for a concrete member
of rectangular cross section reinforced with longitudinal steel only and
subject to torsion and bhending.
6.2.1 When the M/T' ratio is high failure is predominantly a bending
failure about a skew axis, but the failure moment in bending is less
than that in pure bending. The magnitude of the moments at failure
are related by the general non dimensional interaction equation based
on the Cowaﬁbfailure criteria for concrete

2

a

T, +f2M, VoMo o,
t T k M / M

\ Clt cu: cu

where
T =2 bd 1 f!
cut ”"15 nis al C
2
and M == bd 1 £
cui 3 nJ a c

Alternatively this general interaction equation may be expressed using
an”hf ratio as
T,

T, =T

1
- Aﬁ + (M2r, )" - 0.3 Y,

N . . . .
6.2.2 Alternatively when the AYT, ratio is high, the magnitude of the
moments at failure are related by the general non dimensional interaction

equation based on the Huber-Ven Mises-Hencky failure criteria for steel.

N\ (M \
1] | P
Sui Suy

vihere

and T = sul




Altematively the general interaction equation may be expressed using
an M}’T, ratio as

M
Sut

T, = S AL
JU’&VT'Y + 3

y M C .
6.2.3 When the /T ratio is low failure is predominantly a torsicnal

failure about a skew axis of bending based on the tensile strength of
cancrete. The magnitude of the maments at failure are related by the

general interaction formula developed for plain concrete

T2 = 1
TQ
ug
|
where T = ———mgi;m-;- ap? f
u 3+(/d)2 X2

6.2.4 Available experimental evidence for various investigators show

Ttest

reasmmable correlation with the theory. " The mean ratio of /Ttheory

for 95 experimental results is 1.02 with a ccefficient of variation of

20% for all modes of failure.

6.2.5 The establishment of a reasmably accurate method of determining

the failure moment in torsion and bending for members with longitudinal

steel only, provides a mears of assessing the effectiveness of adding

stirrupé.

6.3 Conclusions for Mombers with Transverse Steel and Longitudinal
Steel at Yield.

From the presented thebry and its correlation with experi-
mental results the following conclusions are drawn for a concrete merber
of rectangular cross section reinforced lengitudinally and transversely
with single closed stirrups and subject to torsion and bending.

6.3.1 Where the M/T ratio is high failure is predominantly a bending
failure with the “"skew" campression hinge at the top of the section.

The failure mament in bending is less then in pure bending and is related




to the torsional rmoment by the general non dimensional interaction

equation

2
T, M, _
(-f) 5= = 1 (mode 1)

where

Altematively the general interaction equation may be expressed using

an M/T ratio as

. 5.4
= 2
T, 2Mu, r. <&) +(l+ /b)—- M,
d T r T,
(+7/) AT vy ‘
provided r > 1 - and that the member is not over reinforced.
vy d 2M
1+ /b + /T

6.3.2 When the M/T ratio is low and the area of the top longitudinal
steel equals the area of the bottom steel failure is predominantly a
torsional failure about a "skew" axis with the cawpression hinge located
at the side of the member. The magnitude of the moments at failure

are related by the general non dimensional interaction ecquation

T,
— =1 (mode 2)
T
uz
r Z.
= —_——— and M =A_f 1
where Tuz 2Mu3- (l+b/ ) uz 272y Taz
d
Provided r > 1 and that the merber is not over-reinforced.

6.3.3 When the M/T is low and the area of the top longitudinal steel is
less than the area of the bottom longitudinal steel, failure is predormi-
nantly a torsional failure about a "skew" axis with the compression hinge

located at the bottom of the section.  The magnitude of the moments at




failure are related by the general non dimensional interaction equaticn

< Ty \* My
T )M = :
wp! My, = 1 (ode 3)

where 1u3 2Mu“ 3y and M = A.‘f 1

cl (ld usz 33y Tas
+
A )
Alternatively the general interaction ecuation may be expressed using
M R
an /T ratio as vWMM,w"wmawﬁu N
. i . 2
T,E A Fay Mo /) oMy J
w3 - ™o T m
(1+%/,) Ts Ty Ta
Provided r_y P 1 and that the member is not over-reinforced.
1+ d/b _ 2M/1

6.3.4 The general non-dimensional interaction:equations can be produced

theoretically in three ways:~

(a2) By optimising the value of the torsicnal resistance on a skew
bending failure plane

(b) By‘forming equations of equilibrium about two perpendicular axes

(c) By using the space truss analogy.

In each case the equations are of parabolic form and differ only in

detail. The equations are suitable for analysis cor design.

6.3.5 Available experimental evidence from various investigators shows

that the interaction equations are reascnably accurate. The mean ratio

of Texpt/Ttheo = 1.02 with a ooefficient of variation of 11.8% for 121

experimental results.

6.3.6 The theoretical optimum value of the torsicnal resistance of a

member occurs when

F
— ’ for mode 1
r,' = a 2 ™M, [f 1=
l + /b+ —T, JfSZJ'F:

and r, = a 2 M. [f ]
IR /b - %7 J sy rg; for mode 3.




There are insufficient experimental results to confirm this.

This value agrees approximately with the theoretical value obtained by

: 11
Walsh et al ™", but not with the value obtained by Lessigzo

6.4 Conclusions for Partially Over Reinforced and Over Reinforced

Members.

6.4.1 The accuracy of the all yield theories becomes progressively worse
1 1
as r!Y ) d ow,~ for mode 1 and r y < 3 o5 for mode 3.
1+ /5 + /T PR

1+ 7/
These values are related to a 45° crack angle constraint.

(833

b T

6.4.2 The simple assumption that only the stirrups yield and that the
cracks form at 450, when r,is less than the values given in the conclusion

6.4.1 produces the theoretical expressicn
_2A £ Db'd
= S sy

[
o

T

6.4.3 This expression produces a mean value of Texpt/Ttheory = 1.10

and a ccefficient of variation of 22.9% for 120 experimental results.
6.4.4 The British Draft Unified Code of Practice for Reinforced Concrete
includes a similar partial yield expressicn and constraint namely

T=1162a f b'd
S_¥
S

and r‘y < 1
d M
1+ /b + 1.6 T

Texpt
6.4.5 This expression gives a mean value of &P /Ttheory = 1.34 and a
coefficient of variation of 25.1% for 127 experimental results.
6.4.6 Pn alternative to the partial yield expressions given in clauses

6.4.1 through 6.4.5 is an empirical formula.
A f b'd/s
s sy

T = 0.75 db® VE ' + 5
© o025+ 1.20 () 7]

f , .08 < r, < 1.9, and subject %2 the limits given in

2y

provided fsy =

6.4.1. This expression was formed based on a few experimental results

by Hsu27 in pure torsion.




6.4.7 The empirical expression gives a mean TeXpt/Ttheo = 0.95 and a
coefficient of variation of 16.6% for 149 experimental results from 9
investigators.
6.4.8 The empirical expression for partial yielding given in clause 6.4.6
is continuous for the partial yielding of the stirrups and of the
longitudinal steel in pure torsion. It is therefore suitable for
determining the value of r, for which the torsional resistance is an

1

optimum.  The value of r,® T3 + and agrees with the experimental

1+ /d

value obtained by Hsu27.

6.4.9 By equating the theoretical ultimate strength of a plain concrete
secticn to the empirical formula for partial yielding it is possible
to form an expression for the minimum percentage of steel. If this is
arranged in terms ?f the total volume of reinforcement then

lO(f |)/3 - 2/3
> D less + 1,20 (x )

f
sy

1y Y P

2

PtA
It can also be expressed in terms of the volume of stirrups or of the
volume of longitudinal steel.  The values campare reasonably well with
available experimental results.
6.4;10 There is insufficient available experimental and theoretical
work on over reinforced members to produce a definite conclusion.
Empirical formules by Lessigzo, Walsh et al 26 and by Hsu27 give
reasonable agreement with the few experimental results. They may need
to be modified to allow for the ratio of breadth to depth of a section,
and to include the ratio of transverse steel to longitudinal steel.
6.5 Recammendations for Future Work.
6.5.1 Further experimental work required for plain concrete is to relate
cube aushing strengths and cylinder crushing strengths, to the wmiaxial

tensile strength, the modulus of rupture and the tensile strength in

~

bending and torsion.




6.5.2 Further experimental work for plain concrete to correctly

establish the factor in pure torsion, either as 0.85 based on the Mohr
failure criteria or as given by the St. Venant theory.

6.5.3 Experiments on a plain concrete trapezoidal cross section to
establish the mode 3 form of failure.

6.5.4 Further experiments for members with longitudinal reinforcement

in mode 1 form of failure, to establish the theory based on failure of
the concrete.

6.5.5 Experiments to establish the dowel force action in members with
lengitudinel steel only.

6.5.6 Further experiments to confirm the yield of the steel type of
failure for members with longitudinal steel only.

6.5.7 Experiments with members containing transverse and longitudinal
steel at fixed M/T ratios and varying ratios of transverse to longitudinal
steel, to determine the variation in torsional resistance.

€.5.8 Existing yield and partial yield theories to belrelated to 6.5.7
and modified as required.

6.5.9 Systematic experimenté on members with longitudinal and transverse
steel to consider the variation produced by concrete strength and strength
of longitudinal and transverse steel.

6.5.10 Further experiments on members with longitudinal and transverse
steel in the partial yield condition. Results to be related to partial
vield theories A and C as given in this thesis, with a view to improving
the accuracy.

6.5.11 Further theoretical and experimental work to determine the
conditions for over-reinforced members.

6.5.12 Theoretical and experimental work on combined, bending, torsion and

.shear in plain, reinforced, and prestressed concrete merbers.
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Investigator

Table 3.7.1 - Detailed.Results for Members with Iongitudinal Steel
Only Subject to Torsion and Failing in Mode 2.

Dimrensions

£t " N RO
b x @ o Exgt ’Ihe;:):y enlt,m
: 1bf/in? | T Texpt
o 2y |kipf in Uz - L F T theo
(ren) (N/mmm”?) Gy | E9un 2.5.10] "u:
kipf in
(kM)
Young Sagar 5.0 x 5.0 1700 14.0 12.6 1.12
& Pughes 44 | (127.0 x 127.0) (11.72) | (1.58) (1.42)
5.0 % 7.5 22.7 19.7 1.15
(127.0 x 190.5 (2.57) (2.23)
5.0 x 10.0 36.7 27.0 1.36
(127.0 x 254.0) (4.15) (3.05)
Tomneyr and 5.0 % 5.0 2500 12.5 14.7 0.88
Davies 45 (127.0 x 127.0) (17.24) | (1.41) (1.60)
1.Cx 8.0 12.0 17.0 0.71
(101.6 x 203.2) (1..36) (1.92)
anderson 12 10.C x 10,0 2100 9.8 5.0 0.83
(254.0 % 254.0) (14.48) | (7.89) (9.61) !
2250 77.1 86.5 0.89 |
(15.51) | (8.71) (9.77) g
80.1 86.5 0.93 ;|
(9.05) (9.77) %
3600 84.5 101. 1 0.84 |
(24.82) | (9.55) | (11.42) !
83.5 101.1 0.87 |
(10.00) (11.42) !
3680 57.6 101.9 0.96 |
(25.37) | (11.03) (11.51) |
5000 105.1 112.8 0.93
(34.47) ; (11.88) | (12.75)
109.2 112.8 0.97 |
(12.34) | (12.75) %
5200 119.9 114.3 1.05 |
(35.85) | (13.55)| (12.92) :
8.0 x 8.0 3900 50.0 55.5 [ 0.90
(203.2 x 203.2) (26.89) | (5.65) (6.32) a
73.0 55.0 1.30 |
(8.25) (6.32) ;
90.0 55.9 1.61 |
(10.17) (6.32) f
7000 62.0 67.9 0.91 |
(48.26) | (7.01) (7.67) |
98.0 67.9 1. 44
(11.07) (7.67)
122.0 67.9 1.80 |
(13.79) (7.67) f
13 T % 7.9 2550 13.0 14.9 0.87
Nylander (94.0 % 200.7) (17.58)| (1.47)]  (1.68)
13.0 14.9 0.87
(1.47) (1.68)
3080 15.6 | 15.5 0.98
(21.24)]  (1.76) (1.80)
14.7 15.9 0.92
(1.66) (1.80)
6 ; - 10.0 3600 36.C 44,8 0. &0
Conan (1554 % 254.0) (24.82)] (4.07)  (5.00)




maizle 3.7.1 (continued) - Detaileleesults for Members with Iongitudinal Steel
Only Subject to Torsion and Failing in Mode 2.

Dimensions

“Tnvestigator £ Expt Theory Ratio
bxd oo T Toa Texpt
in 1bf/in kii . v —=Pe
(o) (kNm) kipf in
6.0 X 12.0 (i)
] .0 x 12, 3923 37.6 56.3 0.67
Ernst (152.4 x 304.8) (27.05) | (4.25) (6. 36)
34.4 56.3 0.61
(3.89) (6.36)
33.8 56.3 0.60
(3.82) (6.36)
Marshall & 4.0 x 6.0 2720 11.8 12.7 0.93
Tenke 6 ¢101.6 x 152.4) (18.75) (1.33) (1.44)
11.3 12.7 0.89
(1.28) (1.44)
11.8 12.7 0.%3
(1.33) (1.44)
11.3 12.7 0.89
(1.28) (1. 44) _
11.9 12.7 0.93 |
(1.34) (1.44)
10.8 12.7 0.85
(1.22) (1.44)
Bach and 44 11.8 x 11.8 3000 156.0 152.4 1.C2
Craf (299.7 x 299.7) (20.68) | (17.63) (17.22)
173.4 152.4 1.14
(19.59) (17.22)
160.2 152.4 1.05
{18.10) (17.22)
160.2 152.4 1.05
(18.10) (17.22)
180.0 152.4 1.16
(20. 34) (17.22)
173.4 152.4 1.14
(19.59) (17.22)
8.3 x 16.5 130.0 121.4 1.07
(210.8 x 419.1) (14.69) (13.72)
136.8 121.4 1.13
(15.46) (13.72)
136.8 121.4 1.13
(15.46) (13.72)
141.0 121.4 1.16
(15.93) (13.72)
130.0 121.4 1.07
(14.69) (13.72)
141.0 121.4 1.16
(15.93) (13.72)
L 13 3.74 x 7.875 2860 13.0 15.7 0.83
Nylander (95.0 x ZOO,I()) (19.72) (1.47) (1.77)
' 13.0 15.7 0.83
(1.47) (1.77)
3000 13.0 16.0 0.81
(20. 68) (1.47) (1.81)
13.0 16.0
(1.47) (1.81)




rTable 3.7.1 (cantinued) - Detailed Results for Menbers with Longitudinal Steel
Only Subject to Torsion and Failing in Mode 2.

Investigator Dimensions Area of £ Expt Theory Ratio
bxd Steel 2, 115f§m2 To T Texot
n (N ) kipf in |equn 2.5.10 |To, theo
(rrm) ; ) (KNm) kipf in
(kNm)
Gesund & 8.0 x 8.0 4380 36.0 58.1 0. 62
Boston 14 (203.2 x 203.2) (30.2) (4.07) (6.57)
39.0 58.1 0.67
(4.41) (6.57)
Walsh et al 6.0 % 5.0 7225 61.0 50.3 1,71
26 (152.4 x 228.6) (49.81) (6.89) (5.€8)
Ramakrishnen 5.0 x 8.0 ‘“':; 28.8 25.9 1.11
& Vijayaranger (127.0 x 203.2) 2175 | .25) | (2.93)
41
3100 28.8 25.9 1.11
(21.37) (3.25) (2.93)
2640 26.1 24.5 1.07
(18.20) (2.95) (2.77)
2180 23.2 22.9 1.01
(15.03) (2.62) (2.59)
2000 21.7 22.3 C.97
(13.79) (2.45) (2.52)




Table 3.7.2 = Eetailed Results for Members with Longitudinal Steel Only
Subject to Torsicn and Bending and Failing in Meode 2

[
Investigator Dimensicns £ Experimental Theory Ratio
b x d 1bf/in? . 7! Texot
in W/m?) |, . T M uz T theo
(zrTn) kipf in |kipf in jequn 2.5.10 | "uz
(kNm) (kNm) kipf in
13 3.74 7.875 3 (him)
- . X 7.8 0.00) 13.0 9.25 16.0 0.81
Nylander (95.0 x 200.0) | (20.68) | (1.47) | (1.05) (1.81)
13.0 9.25 16.0 0.81
(1.47) (1.05) (1.81)
2870 14.3 48. 40 15.7 0.91
(19.79) (1.62) (5.47) (L.77)
13.9 48. 40 15.7 0.89
(1.57) (5.47) (1.77)
2740 16.5 72.6 15.5 1.06
(18.39) (1.86) (8.20) (1.75)
15.6 72.6 15.5 1..01
(1.76) (8.20) (1.75)
7.875 % 7.875 3180 54,7 75.5 50.0 1.09
(200.0 x 200.0) | (21.93) | ‘6.18) | (8.53) (5. 65)
50.7 75.5 50.0% 1.01
(5.73) (8.53) (5.65)
3480 50.7 110.0 51.6 0.98
(23.99) (5.73) | (12.43) (5.83)
54.7 110.0 51.6 1.06
(6.18) | (12.43) (5.83)
Gesund and 8.0 x 8.0 4360 64.0 64.0 58.0 1.10
Boston 14 (203.2 x 203.2) | (30.06) (7.23) (7.23) (6.55)
4700 42.0 .0 59.8 0.70
(32.41) (4.75) {9.38) (6.76)
2800 35.0 56.0 50.4 0.77
(19.31) (4.41) | (17.63) (5.70)
Walsh et al 26 6.0 x 9.0 6360 57.0 32.2 48.2 1.18
(152.4 x 228.6) | (43.85) (6.44) (3.64) (5.45)
6100 47.8 80.5 47.6 1.00
(42.06) (5.40) {9.10) (5.38)
6580 0. 1 205.7 48.8 1.23
(45.37) (6.79) | (23.24) (5.51)
6470 49.6 263.5 48.5 1.02
(44.61) (5.60) | (29.78) (5.48)
Ramakrishnezn 5.0 x 8.0 233 24.8 45.4 23.5 1.06
& Vijavarengan 41 | (127.0 x 203.2) |(16.06) | (2.80) |(5.13) (2.66)
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Table 4.6.1 - Detailed Results for Members with Longitudinal and
Transverse Steel at Yield Failing in Mode 2

* > _._._.:.l.‘_g_..
2y
1+ /d
Investigator Beam Texpt Ratic
kipf in Texpt
(kbdm) Ttheo
equn 4.3.4
Heu 27 *B1 197.0 1.03
(22.26)
*R2 259.0 0.94
(29.27)
*B3 332.0 0.87
(37.52)
*B4 £19.0 0.84
(47.35)
*B5 497.0 0.80
(56.16) OR
*B6 546.0 0.76
(61.70) OR
*B7 238.0 0.90
(26.89)
*B8 288.0 0.76
(32.54)
B9 264.0 0.95
(29.83)
B1O 304.0 0.79
(34.35)
*D1 198.0 1.0l
(22.37)
*D2 T 245.0 0.87
(27.69) \
D3 346.0 0.86 |
(39.10)
*DA 424.0 0.82
(47.91)
ML 269.0 1.09
(30.40)
o 359.0 1.04
(40.57)
M3 388.0 0.94
(43.84)
MA 439.0 0.86
(49.61)
5 493.0 0.78
(55.71)
MG 532.0 0.72
(60.12) OR




Table 4.6.1 (continued) -

Detailed Results for Members with Longitudinal
and Transverse Steel at Yield Failing in Mode 2

Investigator Beam Texpt Ratio
kipf in Texpt
(KNrm) Ttheo
4.3.4
Heu 27 *12 319.0 equr11.04
(36.05)
*T3 404.0 0.96
(45.65)
*T4 514.0 0.98
(58.08)
*15 626.0 0.95
(70.74)
*16 679.0 0.84
(76.73)
*J1 190.0 1.02
(21.47)
*J2 258.0 0.96
(29.15)
*J3 312.0 0.85
(35.26)
*J4 360.0 0.81
(40.68)
*Gl 237.0 1.09
-(26.78)
*G2 357.0 1.09
(40.34)
*G3 439.0 0.99
(49.61)
*Ga 574.0 1.01
(64.86)
%G5 637.0 0.89
(71.98)
*Go 346.0 1.05
(39.10)
*q7 466.0 1.01
(52.66)
%G8 650.0 1.04

(73.45)

1
*r ) U
A b/d

OR

OR

OR



Thble 4.6.1 (continued) - Ee?ailed Results for Members with Longitudinal
and Transverse Steel at Yield Failing in Mode 2

Investigator Bean Texpt Ratio
kipf in Texpt
(kNm) Ttheo
_ . . equn 4.3.4
Heu 27 N1 80.5 1.05
(9.10)
*Nla 79.6 1.09
(8.99)
*N2 128.0 1.07
(14.46)
*N2a 117.0 0.97
(13.22)
*N3 108.0 1.02
(12.20)
*N4 139.0 0.94
(15.71)
*K1 136.0 1.15
(15.37)
K2 210.0 1.10
(23.73)
*K3 252.0 1.01
(28.48)
*K4 310.0 0.95
(35.03)
*C1 100.0 1.07
(11.30)
*C2 135.0 0. 84
(15.26)
%3 177.0 0.78
(20.C0)
%Ca 224.0 0. 72
(25.31)
705 263.0 0.68
(29.72)
¥C6 303.0 0.65

(34.24)

OR

OR

OR

OR

OR

* r
2y

> lb
1+ /d




Teble 4.6.1 (continued) - Detailed Results for Memwbers with Ienaitudinal

and Transverse Steel at Yield Failing in Mode 2

1
* v ) J O
2y b
1+ /d
Investigutor Beam Texpt Ratio
kipf in Texpt
(KNm) Ttheo
equn 4.3.4
Ernst 3TR7 49.7 0.96
(5.62)
3TR15 61.7 0.92
(6.97)
*3TR30 76.0 0.83
(8.59)
4TR7 54.8 0.93
(6.19)
4TR15 74.0 0.97
(8.36)
*4TR30 65.0 0. 82
(9.61)
5TR3 43.0 0.79
(4.86)
5TR7 59.7 0.79 ~
(6.75)
5TR15 76.5 0.77
(8.64)
5TR30 92.6 0.70
(10.46)
Pandit. & *E3 121.0 0.89
Warwaruk 31 (13.67)
Iyengar & R4 30.0 0.52
Rengan 15 (3.39)
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Table 5.3.2 — Detailed Pesults for Membe i
M rs v i i
and Transverse Steel, "th Lengitudinal
Partial Yield Theory A (T = 2 AS £ b'd'/s, ¥ < ~——L“')
sy 2y b
1+ /d
Investigator Beam Texpt Ratio Ratio
kipf in" | Texpt r, !
(KNm) Ttheo /Ty
equn 5.3.2
fisu 27 B9 54,0 '
(29.83) 1.26 0.50
B10 304.0
(34.35) 1.46 0.21
ML 269.0
(30. 40) 1.22 0.75
M2 359.0
(40.57) 1.13 0.74
M3 388.0
(43.84) 1.00 0. 68
M4 439.0
(49,61) 0. 85 0.70
M5 493,0
(55.50) 0.74 0.67
M6 532.0
(55.71) 0.66 0.73 OR
Ermst 42 3TR7 49.7
(5.62) 1.42 0.49
3TR1L5 61.7
(6.97) 1.01 0.87
4TR7 54,8
(6.19) 1.57 0.36
4TRL5 74.0
(8.36) 1.21 0. 64
STR3 43.0
(4.86) 2.46 ©.10
STR7 59.7
(6.75) 1.71 Q.20
S5TRL5 76.5
(8.64) 1.23 0.34
5TR30 92.6
(10. 46) 0.76 0.69
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Table 5.4.1 (continued) - Detailed Results for Members with Longi-
tudinal and Transverse Steel.
Partial Yield Theory B (Draft British
Unified Code of Practice 1972,

T=162 £ Db'd'/s)
s sy
Investigator BPeam Texpt Ratio Ratio
kipf in equn 5.4.1 r, !
(kNm) Texpt Ly/rﬁy
Ttheo
Hsu 27 B9 264.0
(29.83) 1.58 0. 50
B10O 304.0
(34.35) 1.83 0.21
ML 269.0
(30. 40) 1.53 0.75
M2 359.0
(40.57) 1.41 0.74
M3 388.0
(43.84) 1.25 0.68
M4 439.0
(49.61) 1.06 0.70
M5 493.0
(55.50) 0.93 0.67
M6 532.0
(Co o) 0. 83 0.73
Emst 42 3TR7 49.7
(5.62) 1.78 0.49
3TR15 61.7
(6.97) 1.26 0. 87
4TR7 54.8
(6.19) 1.96 0.36
4TR15 74.0
(8.36) 1.51 0. 64
5TR3 43.0
(4.86) 3.08 0.10
5TR7 59.7
(6.75) 2.14 0.20
5TR15 76.5
(8.64) 1.54 0.34
5TR30 92.6
(10.46) 0.95 0.69
Evans & EB1 44.1
Sarkar 25 (4.98) 1.40 0.53
HB7 36.1
(4.08) 1.09 C. 56
HB13 51.3
(5.80) 1.13 0.70




Table 5.5.2 - Detailed Results for Members with Langitudinal and Transverse

Steel -~ Partial Yield Theory C - Empirical Method

1
(r < )
14
Investigator Beam Texpt r. Ratio Ratio
kipf in Texpt Texpt
(KNm) Ttheo Ttheo
equn 5.5.2 equn 5.5.3
Hsu27 Bl 197.0 _
(22.206) 0.398 J.02 1.05
B2 258.0
(29.27) 0.382 1.05 1.09
B3 ,532.0
(37.52) 0.377 1.03 1.07
B4 419.0
(47.35) 0. 382 0.99 1.04
B5 497.0
(56.16) 0.386 0.95 0.99
B6 546,0
(61.70) 0.372 0.86 0.90
B7 238.0
(26.89) 0. 850 0.99 1.05
B8 288.0
(32.54) T.889 0.77 0.98
B9 264.0
(29.83) 0.176 0.94 1.10
B10 304.0
(34.35) 0.078 0.65 1.04
DL 198.0
(22.37) 0.398 1.04 1.07
D2 245.0
(27.69) 0. 382 0.98 1.02
D3 346.0
(39.10) 0.377 1.04 1.08
D4 424.0
(47.91) 0.382 0.98 1.02
ML 269.0
(30. 40) 0.260 1.12 1.21
M2 359.0
(40.57) 0.256 1.13 1.24
M3 388.0
(43.84) 0.252 1.05 1.16
M4 439.0
(49.61) 0.257 0.95 1.04
M5 493.0
(55.71) 0.258 0. 86 0.94
M6 532.0
(60.12) 0.257 0.78 0.85

0.R. denctes over reinforced.

O.R.




Table 5.5.2 (continued) — Detailed Results for Members with ILongitudinal
and Transverse Steel - Partial Yield Theory C
1

- Rrpirical Method (rzy <% )
1+ /d
Investigator Beam Texpt Xy, Ratio Ratio
kipf in Texpt Texpt
(kBm): Ttheo Ttheo
equn 5.5.2 equn 5.5.3
Hsu27 12 319.0
(36.05) 0.394 1.12 1.16
I3 404.0
(45.65) 0.377 1.14 1.19
14 514.0
(58.08) 0.382 1.16 1.21
I5 626.0
(70.74) 0.386 1.14 1.19
I6 679.0 ,
(76.73) 0.372 1.02 1.06 O.R
Jl 190.0
(21.47) 0.398 1.09 1.13
J2 258.0 ’
(29.15) 0.394 1.07 1.12
J3 312.0
(35.26) 0. 377 0.97 1.02
J4 360.0
(40.68) || 0.382 0.88 0.91 O.R.
Gl 237.0
(26.78) 0.323 0.92 0.99
G2 357.0 '
(40.34) 0. 322 1.04 1.13
G3 439.0
(49.61) 0.308 1.03 | 1.12
G4 574.0
(64.86) 0. 308 1.06 1.16
G5 637.0
(71.98) 0.314 0.92 1.01 O.R.
G6 346.0
(39.10) 0.318 1.02 1.10
G7 466.0
(52.66) 0.316 1.04 1.13
G8 650.0
(73.45) 0.305 1.09 1.19




Table 5.5.2 (continued) -

Detailed Results for Members with Longitudinal
and Transverse Steel - Partial Yield Theory C

- Empirical Method (r < 1
2y l+b/
d
Investigator Beam Texpt g Ratio Patio
kipf in Texpt Texpt
(kNrn) Ttheo Tth
ecqun 5.5.2 equn 5.5.3
Hsu27 N1 80.5
(9.10) 0.316 1.00 1.17
Nla 79.6
(8.99) 0.316 0.99 1.16
N2 128.0 :
(14.46) | 0.321 1.05 1.21
N2a 117.0
(13.22) 0.320 0.92 1.06
N3 108.0
(12.20) | 0.305 1.01 1.17
N4 139.0
(15.71) | 0.321 0.91 1.04
K1 136.0
(15.37) 0. 200 0.99 1.07
K2 210.0
(23.73) 0. 204 1.02 1.08
K3 252.0
(28.48) 0.197 0.91 0.95
K4 310.0
(35.03) | 0.197 0.78 0.80
Cl 100.0
(11.30) 0. 500 1.07 1.08
c2 135.0
(15.20) | 0.516 1.04 1.03
C3 177.0
(20.00) 0.495 1.04 1.04
c4 224.0
(25.31) 0. 486 1.01 1.01
C5 263.0
(29.72) 0.482 0.92 0.92
C6 303.0
(34.24) 0.499 0.84 0.84




Table 5.5.3 ~ Detailed Results for Members with Longitudinal
and Transverse Steel - Partial Yield Theory C

~ BEmpirical Method (r, = < é )
&y 1+/
d
Investigator Beam Texpt ry» Ratio Ratio
kipf in Texpt Texpt
(k) Ttheo Ttheo
equn 5.5.2 equn 5.5.3
Emst 42 3TRY 49,7
(5.62) 0.143 0.77 0.98
3TRL5 61.7
(6.97) 0.251 0. 83 0.99
3TR30 | 76.0
(8.57) 0. 501 C.79 0.94
4TR7 54.8
(6.19) 0. 080 0.65 0.95
4TR15 74.0
(8.36) 0.141 0. 80 1.00
4TR30 85.0
(9.61) 0.281 0.73 0. 85
5TR3 43.0
(4.86) 0.026 0. 42 0.95
5TR7 59.7
(6.75) 0.051 0.55 0.96
5TR15 76.5
(8.64) 0.090 0.63 0.91
5TR30 92.6
(10.46) | 0.180 0.66 0.79
Evans & EB1 44.1
Sarkar 25 (4.98) 0.289 0.87 1.03
HB7 36.1
(4.08) 0.285 0.69 0.81
HB13 51.3
(5.80) 0.285 0.71 0. 85
Pandit & E3 121.0
Warwarnuk 31 (13.67) 0. 300 0.90 1.04
Iyengar & R4 30.0
Rangan 15 (3.39) 0.087 0.44 0.68
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