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SUMMARY

This work is concerned with the behaviour of thin
webbed rolled steel joists or universal beams when they are
subjected to concentrated loads applied to the flanges. The
prime concern 1is the effect of high direct stresses causing
web failure in a small region of the beam.

The review shows that although many tests have been
carried out on rolled steel beams and built up girders, no
series of tests has restricted the number of variables
involved to enable firm conclusions to be drawn.

The results of 100 tests on several different rolled
steel universal beam sections having various types of
loading conditions are presented. The majority of the beams
are tested by loading with two opposite loads, thus
eliminating the effects of bending and shear, except for a
small number of beams which are tested simply supported on
varying spans.

The test results are first compared with the present
design standard (BS 449) and it is shown that the British
Standard is very conservative for most of the loading
conditions included in the tests but is unsafe for others.

Three possible failure modes are then considered,
overall elastic buckling of the web, flexural yielding of
the web due to large out of plane deflexions and local
crushing of the material at the Jjunction of the web and the
root fillets. Zach mode is considered theoretically and
developed to establish the main variables, thus enabling a
comparison to be made with the test results. It 1s shown
that all three failure modes have a particular relevance for
individual loading conditions, but that determining the
failure load given the beam size and the loading conditions
is very difficult in certain instances.

Finally it is shown that there are some empirical
relationships between the failure loads and the type of
loading for various beam serial sizes.

Beam, Buckling, Crushing, Joist, Web




ACKNOWLEDGEMENTS

The author wishes to express his thanks to Professor
M. Holmes, B.Sc., Ph.D., C.Eng., F.I.C.E., F.I.Struct.E.,
F.I.Mun.E., head of the department of Civil Engineering, for
permitting the research to be carried out. The author also
wishes to express his gratitude to his supervisor,

Mr. A. W. Astill, B.Sc., C.Eng., F.I.Struct.E., for his
guidance and encouragement throughout the period of this
research project.

Thanks are also due to Mr. W. Parsons and his team of
technicians for their invaluable help with the laboratory
work.

Finally the author wishes to thank the Science Research

Council for providing the financial support.




)

CONTENTS
Page No.
Summary (1)
Acknowledgements | (ii)
Contents (iii)
Notation (xiii)
CHAPTER 1 - REVIEW.
1.1 Introduction. 1
1.2 British Standard 449 (BS 449). 2
1.3 Standard Elastic Plate Buckling Theory. 4
1.%.1 Uniform Edge Loading on Two Opposite
Edges. 5
1.3.2 Concentrated Edge Loading on Two
Opposite Edges. 6
1.4 Further Plate Buckling Theories. 7
1.4.1 Inelastic Plate Buckling. 10
1.5 Empirical Methods of Analysis and
Published Test Results. 12
1.6 Conclusions from Previous Work. 14
CHAPTER 2 - EXPERIMENTATION AND PRESENTATION OF THE
RESULTS.
2.1 Introduction. | 16
2.1.1 Test Beam Referencing. 16
2.1.2 Universal Beam Serial Sizes. 18
2.1.5 Tests Carried Out. - 18
2.2 Material Properties. 24
2.,2.7 Tensile Tests. 24
2.2.1.17 Large Tensile Test Specimens. 25
2.2.1.2 Small Tensile Test Specimens. 27

2.2.2 Results of Tensile Tests. 27




. Page No,

Observations from the Tensile Test

2.2.3

Results. 31
2.3 Test Beam Preparation and Performance

Under Test. 33
2.3.71 Test Beam Dimensions. 24
2.3.2 Strain Indicators. 37
2.%3.2.1 Strain Distribution. 40
2.3.2.2 Strain Gauge Readings. 44
s ) Deflexion Indicators. 55
2.3.3.,17 Deflexion Recordings. 56
24 Test Details. 59
2ol ILoad Applications. 59
2.4.2 Test Procedure. 63
2 4.3 Modes of Failure and Test Failure Loads. 65
2.4.3,17 Modes of Failure. 65
2.4.3.2 Test Failure Loads. 70
2.5 Conclusions from the Test Results. 78

CHAPTER 3 - DESIGN GUIDES AND OTHER AUTHORS' THEORIES.

3.1 Introduction. 79
3.2 Current Design Practice. 80
3,201 Design to BS 449, 80
3.2.2 Comparison with the Test Results. 82
32.2.3 Conclusions from the Comparison. 90
3.3 Other Authors' Work. 91
3¢50 Shedd (40). 91
3.3.2 Winter and Pian (32). g2
2.3.5 Delesques (33). 93
3.4 Conclusions. 94




CHAPTER 4 - ELASTIC BUCKLING THEORY.

4.1
4.2

4.2./]

4-5

n,n
44,1
4,42

4.4'2.1

4.5

4.6

Introduction.
Elastic Buckling Analysis.
Plate with Two Cpposite Uniformly

Distributed ILoads.

Plate with Two Opposite Partial Edge

Loads.,

Plate with Boundary Conditions
Applicable to the Web of a Rolled
Steel Beam.

Estimation of the Restraint Provided

by the Flanges of a Rolled Steel
Universal Beam.

Elastic Critical Test Load.
Strain Behaviour in the Web.

The Southwell Plot.

The Southwell Plot for the Tested
Beams.

Conclusions from the Test Elastic
Critical Loads.

Comparison of Developed Theory and
Test Results.

Conclusions from the Comparison.

CHAPTER 5 - YIELD LINE THECRY.

5.1
5.2
5.2.1
5.2.2

5.2.3

Introduction.
Yield Line Method.
Mode 1.

Mode 2.

Mode 3.

the

Page No.

96
96

99

103

105

15
117
119
119

121
129

129
128

140
144
144
146

151

o



S5.2.4 Restraining Effects.
5.2.4.1 Flange Restraining Effects.
5.2.4.2 Web Restrgining Effects.
5.3 The A/wC Ratio.

5¢3.1 Empirical Assessment of A/WC.

5.4 Comparison with the Test Results,
5¢5 Cbservations and Conclusions from the
Comparison.

CHAPTER © - LOCAL CRUSHING AND EMPIRICAL ASSESSMENT

TEST RESULTS.

6.7 Introduction.

6.2 Local Crushing Theory.

6.3 Suitability of the Crushing Theory.

6.4 Empirical Assessment of the Test
Results.

S.4.1 Series III.
4.2 Series V and VI.
6.5 Conclusions.

CHAPTER 7 - CCNCLUSIONS AND SUGGESTIONS FOR FURTHER

RESEARCH.
7 Introduction.
7.2 Conclusions from the Test Results.
7.3 Conclusions from the comparisons of

Individual Theoriles with the Test

Results.
7ol Summary.
7.5 Suggestions for Further Research.

REFERENCES

Q
&1

Page No.

156
156
159
160
161
162

169
OF THE

172
172
175

183
183
184
188

192
193

195
200
202

204




APPENDIX
LA-.’]

A2

Strain and Deflexion Recordings.

Elastic Analysis Details.

LIST OF TABLES

CHAPTER 2
Table 2.1
Table 2.2
Table 2.3
Table 2.4
Table 2.5
CHAPTER 3
Table 3.1
CHAPTER 4
Table 4.1
Table 4.2

Table 4.3

CHAPTER 5
Table 5.7
CHAPTER 6
Table 6.1
Table 6.2
Table 6.3
Table 6.4
Table 6.5
APPENDIX
Table A."

Table A.2

Beam serial sizes used in the tests.

Typical results of the elastic analysis
Results of the Southwell plot for beams
tested in Series I and IT.

Results of the Southwell plot for

selected beams in Series III to VI.

Series V

Series VI

Page No.

209
258

20
21-23
28-30
35-36
71=72

84-85
112
125
130
163-164
177
179
184
186

186

211=257
263=-274




Page No.

LIST OF FIGURES

CHAPTER 1

Figure

1.1

CHAPTER 2

Figure
Figure

Figure

Figure

Figure
Figure
Figure

Figure

Figure

Figure
'Figure
Figure
Figure

Figure

2.1
2.2
2-5

2.4

2.5
2.6

2.7

2.8

2.9

2.10
2.1

2.12

2.13

2.4
2.15
2.16
2.17
2.18

Plates with various loading conditions.

Summary of test Series I to VII.
Tensile test specimens and locations.
Variation of yleld stress with section
thickness.

Typical strain gauge locations and

referencing.

Comparison of strains for Series I and
IIT (at 200 KN).

Typical mid-depth strain distributions -
Series I.

Typical mid-~depth strain distributions -
Series TII.

Typical strain distributions -~ Series IV.
Typical strain distributions - Series V.
Test 96 (Series VII) web stresses at
mid-span.

Typical load deflexion curves - Series

I and IIT.

Series II load deflexion curves.

19
26

32

39
41

43

45

47

48
50
52

54

57
60
61
66
68

69



Figure 2.19

Figure 2.20

Figure 2.21

Figure 2.22

CHAPTER 3

Figure 3.1

Figure 3.2

Figure 3.3

CHAPTER &

Figure 4.1
Figure 4.2
Figure 4.3

Figure 4.4

Page No.

Typical pattern of retest failure loads

for selective tests. 73
Typical variation of test failure loads

with the variables investigated - Series

I to IV. 75
Typical variation of test failure loads

with the variables investigated - Series

V and VI. 76
Typical variation of test failure loads

with the variables investigated -

Series VII. 77

Typical comparison of test failure loads

and BS 449 ultimate loads - Series I

and II. 86
Typical comparison of test failure loads

and BS 449 ultimate loads = Series III

and IV. . 88
Typical comparison of Series V test

failure loads and BS 449 ultimate loads. 89

Elastic buckling coefficient Kq - various
edge conditions. | 100
Elastic buckling coefficient K,1 - free
loaded edges (Woinowsky-Krieger (10)) 101

Elastic buckling cocefficient K,1 -
restrained loaded edges (Bleich (12)). 102
Elastic buckling coefficient K - various

edge conditions. 104




Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure
Figure

Figure

Figure

Figure

4.5

4.7

4.8

4,9

4.10

4.1

4,12

4.1%

4.4

4.15

4.16

4.17

4.18

CHAPTER 5

Figure

Figure

Figure

5.1

5.2

5.5

Typical results obtained by Khan and
Walker (20).

Plate deflected form used for the

elastic analysis (free unloaded edges).

Typical form of the results of the
elastic analysis.
Typical form of the results of the

elastic analysis.

Typical Southwell plot for Series I

beams.
Southwell plot for Series II beams.
Typical Southwell plot for Series IIT

beams.

Series I test results compared with
elastic buckling theoxry.
Series III test results compared with

elastic buckling theory.

Page No.

106

108

113

114

116

118

122
123

126
128

131

133

Variation of Ku with flange thickness(T) 136

Series V test results compared with

elastic buckling theory.

Possible failure modes dependent on
flange restraint.

Mode 1 yield line patterns.

Mode 1 - Section through applied loads

(diagrammatic).

137

142

143

145




Figure 5.4
Figure 5.5

Figure 5.6

Figure 5.7

Figure 5.8

Figure 5.9

Figure 5.10

Figure 5.11

Figure 5.12

Figure 5.13

Figure 5.14

Figure 5.15

CHAPTER ©

Figure 6.1

Figure 6.2

Figure 6.3

Figure 6.4

Figure 5.5

Figure 6.6

Typical results of Mode 1 analysis.
Mode 2 yield line patterns.

Mode 2 - Section through applied loads
(diagrammatic).

Typical results of Mode 2 analysis.
Flange yield line patterns.

Mode 3 - Section through applied loads
(dieagrammatic).

Typical results of flange contribution
to Mode 3 analysis.

Typical results of Mode 3 analysis.
Yield line theory compared with Series
I and IITI test results.

Yield line theory compared with Series
V test results.

Yield line theory compared with test

results (failure remote from the end).

Tvpical comparison of local crushing
theory and Series III test results.
Typical comparison of local crushing

theory and Series V test results.

Page No.

147
148

149
152
153

154

157
158

166
167

168
170

173
176
178

181

182
185




Page No.

Figure 6.7 Variation of failure loads for beam N

with beam length, showing the effects of

the applied load length. 187
Figure 6.8 Variation of failure loads for beam M

with beam length, showing the effects of

the applied load length. 189
APPENDIX
Figure A.1 Main program 260
Figure A.2  Subroutine MINIM 261




A!

W)

Q o W

NOTATION

Half wave length.

Area of a strut.

Width of a rectangular plate.

Joist flange width.

Depth bf a rectangular plate (or strut).
Half length of applied load. |

Buler buckling load (BS-449) =1 E/rS .
Flange restraint.

Constants.

Plate flexural rigidity.

Overall depth of a rolled steel beam.
Elastic portion of the overall depth of a rolled
steel beam.

Web depth (between root fillets).

Youngs modulus.

Eccentricity.

Coefficient.

Permissable ultimate stress (Perry formula).
Yield stress.

Flange yield stress.

Root yield stress.

Web yield stress.

Effective strut width.

Effective bearing length.

Moment of inertia.

Elastic plate buckling coefficients.

Stiffness matrix.

Equivalent elastic plate buckling coefficient.




Ncr
Nx
Ny
Nxy

P(i), etc.
Pcr
Pexp

Pf

Pth
Pu,Pult
PO ,P/]
Pyl

Equivalent plate buckling coefficient determined
from the ultimate load.

Overall length of a beam.

Half width of a plate.

Length of applied load.

Arbitrary length.

Distance from end of beam to applied load.

Width of applied load.

Length of a strut.

Plastic moment of resistance for the flange.
Plastic moment of resistance.

Plastic moment of resistance for the web,

Half depth of a plate.

Critical force per unit length.

Applied force per unit length in the x-direction
Applied force per unit length in the y-direction

Applied shear force per unit length.
Factor (Perry formula).

Load.

Load for mode indicated.

Critical load.

Experimental load.

Load taken by the flanges.

Load required to produce post crushing web
failure.

Theoretical load.

Ultimate load.

TLoads as defined in the text (Chapter 5).

TLoad computed using Yield Line Theory.

Constant.




o H

5 O

g

Coefficient of restraint.

Functions of R as defined in the text.
Root radius.

Slenderness ratio,

Constant.

Span.

Reduced flange width (B - t/2 - ).
Flange thickness.

Web thickness.

Work.

Work.

Out of plane web deflexion.

Out of plane web deflexion at mid-depth.
Out of plane web deflexion at mid-depth for
modes 1 and 2 respectively.

Initial web or plate deflexion.

Amplitude of buckled wave.

Cartezian coordinates.

Function as defined in the text.

Wave length ratio (= A/m in Chapter 4) or

arbitrary angle.

Loaded length ratio (= C/m in Chapter 4) or
arbitrary angle.

Restraint at the end of a strut.

Deflexion under the applied load or small.
quantity.
Deflexion under the applied load for modes 1 and
2 respectively.

Reduction factor (inelastic buckling).

Arbitrary angle.
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Coefficient.

Poissons ratio.

Coefficient of restraint (Bleich).

Aspect ratio for a rectangular plate (1l/m).
Stress.

Critical stress.

Stress in the x-direction.

Stress in the y-direction.

Shear stress.

Statically determinate stress in the x-direction.
Statically determinate stress in the yfdirection.
Statically determinate shear stress.

Stress function (Chapter 4) or arbitrary angle.
Stability coefficients.

Arbitrary angle.




CHAPTER 1 - REVIEW

1.1 Introduction

There is a certain amount of doubt about the vaiidity
of current design practices for determining the web strength
of rolled steel universal beams when subjected to |
concentrated ldads applied to the flanges.

Hrennikoff (1) in a paper in 1961, when investigating
the collapse of the Vancouver Z2nd. Narrows Bridge believed
that a lesson to be learnt was "the inapplicability of the
usual column formulae for the design of the webs of the
grillage beams in buckling". In the presented work he
showed the results of tests on short lengths of the I-beam
section used in the failed grillage and/sho,We;i some then
current design codes to give unsatisfactory safe load
factors. These tests in fact were conducted with the flanges
held rigid, which presented more stable conditions than
those in the actual collapse where the top flanges of the
beams moved laterally with respect to the bottom flanges.

He also showed that the use of plywood packing in the beam
grillage could quite easily lead to the formation of plastic
hinges in the flanges thus weakening the section.

- More recently the report of the collapse of the
falsework for the River Loddon Viaduct (2) conclﬁded_that
defects in the beam grillage and its supports led to partial
failure of the grillage which initiated the overall collapse.
The buckled and ﬁwisted shape of the beams after the
collapse, increases the overall possibility of the collapse

being initially due to buckling of the webs of the rolled




steel beams.

The present range of rolled steel universal beams
available was introduced in the early sixties, and gives a
greater variation of section properties for each standard
depth size than the British Standard Beams (BSB) or Rolled
Steel Joists (RSJ) which they superceded. This made
available lighter sections for a desired bending strength.
In 1964 Holmes(3) pointed out an example of the possible
dangers in accepting the new lighter sections without
consideration of effects usually negligable with old heavier
sections. He showed that in the case of I-beams used as
runway beams, the local bending stresses in the flanges
could be as important a factor in design as the more usual
overall bending stresses and corresponding defléxions,

As an example of the sectional property changes, the
maximum web depth to web thickness fatio (a/t) rose from
37,35 to 56.67 with the new lighter sections compared to

British Standard Reams.

1.2 British Starndard 449 (BS 449)

B.S.449, 'The Use of Structural Steel in Building'(4)
was first introduced in 1932 and has been revised several
times since. It is the most widely used design standard
for steelwork in Britain and is used almost without
limitation for such applications as formwork superstructures
and water tower grillages. However the former example
will shortly be included in a new Code of Practice(5) in

course of preparation.




‘Prior to publication of BS449 in,1952,,élanville(6)
at the request of the British Steelwork Association
conducted 10 tests with rolled steel beams to determine
the 'advisability of providing web stiffeners for steel
I-beams'. He concluded that from such a few tests it was
impossible to formulate a basis for design but drew
general conclusions from the work.

The clauses which deal with rolled steel beams when
subjected to concentrated loads in the current edition of
BS449 are different to those in the original publication.
Both editions considered two criteria, the overall buckling
of the web and local crushing in the vicinity of the applied
load. The depth to which dispersion of the load through
the beam can be takeﬁ has changed when considering web
buckling and the provision of web stiffeners at points of
concentrated loads is now only necessary if certain
conditions are not met.

Further reference to BS449 will imply the latest
edition together with any amendments(4a) at the time of
writing.

The web buckling clause in BS449 is 28(a)(i) in
Chapter 4. It is based on the Perry formula (see for
example reference (7))for the elastic buckling of struts
with a limitation on the stress at the outer fibre due to
bending. The 'strut' has a length equal to 4, thé depth
of the web between the root fillets and is assumed to be
effectively restrained at each end, thus the effective
length is d/2. The width is an 'effective' width belng
the distance obtained by taking a dispersion of 45° from

the point of application of the load to the level of the




neutral axis or the end of the beam whichevérfis-thé
shortest. This effective width can be increased By the
length of ‘any stiff bearing, flange plate or seating angle,
but the 45° dispersion still applies. This method of
designing for web buckling is very similar to the design
codes of many other countries, the main variations being
either the dispersion angle or the level of the beam to
which the dispersion is taken.

The web crushing design clause in BS449 is 27e in
Chapter 4., It is based on the assumption that the most
likely place for crushing to occur in a beam loaded on 1its
flanges is in the web at its junction with the root radius.
An effective length along which crushing will occur is
determined by assuming a 500 dispersion angle to the plane
of the flange, to meet the junction of the web and roQt“'
radius or edge of the beam, whichever is shortest. The

allowable bearing stress is also specified.

1.3 Standard Elastic Plate Buckling Theory

As indicated in the previous section most desigh codes
introduce a factor of safety against the elastic buckling
of an effective strut or uniformly loaded plate when
considering the effect of a concentrated load on a
universal beam.

In fact the web of a universal beam would seem to be
more likely to act as a rectangular plate subjected to
complicated in-plane loading and boundary conditions,

the resulting elastic stability analysis therefore being

much more complex. Since two dimensions are much larger




than the third plate behaviour would appear to be indicated.

1.2.717 Uniform Edge Loading on Two Opposite Edges

As most design codes simplify the web of a universal
beam to a uniformly loaded rectangular plate or strut, the
analysis of the actual boundary conditions with a simplified
uniform load would be useful.

Several authors have investigated the analyses of
rectangular plates subjected to uniform in-plane loads
(figure 1.1(a)) since the early work of Bryan (8) in 1891,
Some authors have analysed plates with complex boundary
conditions such as Stowell (9) who analysed a rectangular
plate with free unloaded edges and either clamped or simply
supported loaded edges. .He showed that the nonediménsiéﬁal
plate buckling factor K, is less than 4.0 and 1;0 .
respectively as would be expected by comparison with the
corresponding values for struts. Woinowsky-Kreiger (10)
analysed a rectangular plate with the unloaded edges simply
supported and the loaded edges free in which he showed that
the loaded edges could either remain in line or move
laterally, and in the latter the buckling coefficient Kq,
is greatly reduced.

Some authors, among them Timoshenko (11), Bleich (12),
Stowell (1%) and Gerard and Becker (14) have coliected
together the work of several authors for various analyses
which consider many different boundary conditions. These
works provide a good summary of the present state of

knowledge and the method of determining the plate buckling

factor in each case., Bleich (12) includes a very good




section dealing with elastically restrained loaded edges,

considering the full range of restraint, with the
coefficient of restraint varying from zero (clamped)‘to
infinity (simply supported). He shows how the restraint
coefficient can be determined from the dimensions of the
restraining member.

The determination of the elastic buckling coefficient
Kq is based on the fundamental St. Venant differential

equation for the deflexion w of a thin plate under

the action of forces in its middle plane:

Viw = 3%w + 2 0% + 0w = - t 0x3°w + 2 oxygfﬂ - oy82w
8X4 axgay2 ay4 D 5;2 9x3y 5;?
‘..0’]‘../1

or by an energy method using the integral equation:

AW =D a2w + a2w 2 . 2 (1=-v) Vaaw/aaw - 82W 2»vdx'dy
2 ;? %? 8%?%2 dx Ay

-t ox(@g)g + 2 Txy oW QW + 0y(3W 2| ax dy : 12
2 9x ox dy 97,

either of which needs a determination of the initial state

of stress. Some of the analyses require the use of an
approximate energy method if the deflected shape 1is not

known, such as when the boundary conditions are complicated.

1.3.,2 Concentrated Edge Loading on Two Opposite Edges

As well as considering the web of a universal beam as
a rectangular plate subjected to a uniform load, it could
be considered as a wide plate subjected to an isolated

concentrated load on its‘edge.




When considering a rectangular plate subjected to a

concentrated load, the differential equation 1.1 has

variable coefficients which makes its solution difficulﬁ;
Hence in this case an energy method will need to be.
employed whatever the boundary conditions.

Timoshenko (11) analysed the case of a plate, simply
supported on the unloaded edges and either clamped or
simply supported on the loaded edges and subjected to two
opposite concentrated point loads, centrally on each edge
as in figure 1.1(b). He used a strain energy method but
assumed that the only stresses in the plate wereinthe direction of
the line of action of the two external forces,

iegget (15) later analysed accurately the same problem
but only when the loaded edges were simply supported. He
found Timoshenko's results to be in error by up'to 12%%..

Yamaki (16) has analysed the case when the loaded
edges are clamped and his results show Timoshenko's results
to be 1n even greater error.

Zetlin (17) using the Rayleigh-Ritz procedure analysed
a simply supported plate loaded as shown in figure 1.1(c)
in which he assumed the shear stress distribution to be
pababolic. He produced results for 5 different lengths
of edge loading and 3 different plate aspect ratios. He used
these 9 series of results to provide design graphs and
subsequently compared them with a few selected teéts.which

although havingthesame basic form were considerably in error.

1.4, Further Plate Buckling Theories.

The previous section considered what has firmly been
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established over a number of years and referred to as

Classical Plate Buckling Theory. As stated the main
difficulties in the analysis is due to the need to
determine a deflected shape and also the initial state
of stress.

However in two excellent papers Alfutov aﬁd Balabukh
(18,19) recast equation 1.2 in a form which did not require
a determination of the initial state of stress. It does
impose some boundary conditions and still requires the
deflected shape, but even.so much simplifies the
mathematical analyses.

Khan and Walker (20) have very recently adopted this
method to analyse rectangular plates simply supported all
round and subjected to the forces shown in figures 1.1(d)
and 1.1(e). They produced results for plates with various
aspect ratios and several lengths of applied concentrated
loads, and compared them with some tests on thin steel
plates. They concluded that the buckling loads predicted
in the analysis showed good agreement with the test loads
at which the plates showed their maximum rate of increase
of lateral deflexions. They also showed there to be a

parametric relationship between the elastic buckling load
during the test as determined by the Southwell plot and

the test ultimate load. They also proposed that the method
of analysis could be extended to more complicated ioading
and plate boundary conditions.

Due to the complicated nature of elastic plate buckling
problems with non-standard boundary and loading conditions,

the finite element method has been considered as a method

of analysis.




In 1966 Kapur and Hartz (21) showed the manner in which

plate stability problems could be solved using finite
elements. They showed the approach as the use of stability
coefficient matrices in conjunction with the more familiar
stiffness matrices, and that the insertion of the boundary
conditions is a comparably simple matter.

White and Cottingham (22) used a finite difference
analysis to solve the plate stability problem shown in
figure 1.1(e), with both simply supported and clamped edges.
They analysed 7 different load combinations for aspect
ratios from % to 3.

In 1969 Rockey and Bagchi (23) presented results for
a plate with flanges on two edges, using the finite element
method. They showed how the interaction of the flange and
web affected the stress distribution in the web and also the
overall buckling load. The results presented were for |

limited ranges of the variables.

1.4.1. Inelastic Plate Buckling.

It is possible for a plate to buckle when the material
has passed its elastic limit. This is referred to as
élasto—plastic buckling or plastic buckling, . depending on
the state of stress in the plate. Quite clearly, introducing
the non-linear stress-strain relationship for the'material
beyond the elastic limit introduces further complications
into the analysis, and together with non-linear effects
due to concentrated loading the potential analysis of the

problem is fearsome.




Several authors have researched this particular non-

linear effect. Ilyushin (24) solved, by developing work
in a previous publication of his (25), the case when a.
rectangular plate is compressed by two opposite uniform
loads with standard boundary conditions.

In 1946 Gerard (26) using a secant modulus method
solved the case for a simply supported plate subjected to
a uniform edge loading. He verified the results with small
scale tests on aluminium alloy specimens, which showed véry
good agreement with the theory.

Stowell (27) in 1948 presented a table of reduction
factors M by which the computed critical stress calculated
by elastic buckling theory should be multiplied to obtain
the critical stress for the plastic case. The value of 7y
is determined in a different way for various edge conditions
and aspect ratios and is always in terms of the secant
modulus of elasticity, the tangent modulus of elasticity and
the linear elastic modulus of elasticity. He compared
some of the results with experimental results obtained by
other authors and showed good agreement.

Several other authors have published works of lesser
importance and many are summarised by Gerard and Becker (14)
to which the reader is referred and so it 1s felt that no

further comment is needed here.

Introducing such factors 4 as those obtained by Stowell(27)

for plates loaded with complicated loading and boundary
conditions would be a formidable task, and a finite element
method of analysis would probably be more manageable.
However in this case it is thought that introducing another

approximate method into an already approximate finite element




stability analysis for plates could lead to serious errors.

1.5 Empirical Methods of Analysis and Published Test Results

Many tests have been reported on steel beams, subjected
to concentrated loads, and have sometimes been accompanied
by empirical or semi-empirical theories. The most common
semi-empirical formulae are based on the angle of
distribution of stress through the beam.

Moore (28) in 1913 published the results of 40 tests
carried out on I-beams with various loading conditions.

In the report he stressed the importance of deciphering the
initial mode of failure and that it was very difficult to
distinguish between the final failure pattern and the initial
cause of failure. He showed a table listing the results of

9 tests which in his opinion finally failed due to initial
web failure. He also made some observations of the

variation of stéel strength with its location in the beam
cross-section.

In 1916 Moore and Wilson (29) reported the results of
8 tests performed with built up girders. They chose the
particular beams used in order to ensure that the primary
failure would be in the web. The photographs in the report
clearly show two types of failure, diagonal shear buckling
of the web and torsional buckling of the beam,'rotating in
plan about a vertical axis at mid-span. |

Much later Lyse and Godfrey (30) published the results
of 14 tests on rolled steel beams and welded plate girders.
They concluded that for beams with web depth to thickness

(d/t) ratios of up to 70 there was no danger of web buckling,




but that the maximum load sustained decreased withian

increase of this ratio.' However, the autbors were mostly
concerned with the incidence of shear buckling.

In 1921, Glanville (3) as previously mentioned reported
the results of ten tests carries out for the British Steelwork
Association, but came to né firm conclusions.

Wastlund and Bergman (31) conducted 11 tests on built
up I-beams in considerable detail. They gave design
recommendations for web buckling based on the results of the
tests, but said that it had been found that the theoretical
load of plane web plates bears no direct relation to the
ultimate load and that the ratio of the ultimate load to
the theoretical critical load increases with the slenderness
ratio. They showed that only 2 tests showed any indication
of the elastic stability phenomena dﬁring the tests.

Winter and Pian (32) performed tests on 136 cold
formed steel sections loaded as shown in figure 1.1(d),

(e) and (f). Although cold formed sections were used,
which had quite weak, radiused flange to web connexions,
the dependent variables determined may be comparable with
those for hot rolled sections., They concluded that all
the beams tested failed due to crushing and that the
failure loads were irrespective of the depths of the
sections. They fitted an empirical straight line
relationship between the ultimate load and certain

variables of the form:

P = (15 + 3.25/1,/0) & £ 1.5
for beams loaded remote from the end and;
P = (10 + 1.25/1_/%) t° £ 1.4

for beams loaded at the end.




Delesques (33) in 1974 invésﬁigated the results of

tests performed by several researchers, the most relevéﬁt to
this work being Bergfelt (34) and Bergfelt and Hovik (35).
Delesques attempted to determine the main parameters
concerned with the ultimate load carrying capacity of
I-beams. He assembled the results from 60 tests in all and
used as a reference the value Pult/Etz. He found that this
value did not vary appreciably with fy, d/t, L/Dt and the
conditions for supporting the load. He finally produced a
whole range of design guides for use with beams in certain

3

ranges of the variables,.

1.6 Conclusions from Previous Work

The behaviour of rolled steel universal beams when
subjected to concentrated loads on the flanges iswvéry
complex. There are many variables involved including:

1. Stresses due to loading conditions, bending, shear,
and direct stresses.

2. Beam dimensions and properties, depth, web thickness,
yield stress etc.

The published works reviewed here have gone part of the
way towards investigating these. However many of the works-
‘have contained toc many variables to be able to draw firm.
conclusions. One exception is Winter and Pian (52) whose
many tests clarified the situation for their particular
range of variables and whose results are used in American
design practices for cold formed sections.

The work by Delesques (33) also attempted to consider

the results of many tests but because the results were




drawn from such a wide field and were notyconducted-fbr

one specific investigation he found it difficult to find
relationships between the results.

This review therefore indicates the need for a wide
range of tests in the form of those conducted by Winter and
Pian. It indicates the necessity for a systematic series of
tests designed to examine a limited number of variables at
any one time. By varying more than one parameter in a study
related to stability, the particular parameter which causes
any change in critical load values is not always discernable.

By this reasoning it is proposed to carry out a series
of tests on rolled steel universal beams subjected to
concentrated loads in the following manner.

1. To limit the types of stress imposed in the first
instance.

2. To investigate the influence of additional stresses
keeping all other variables constant.

5. To vary dimensional properties of the section with
constant loading conditions.

Finally the theories usually associated with the
strength of universal beams can be compared with the
systematic test results to determine which is most
applicable and possibly to develop further theories or
semi-empirical theories which better represent the effects
of each variable,

The complete range of every variable would obvioﬁsly
be téo great for a limited study as presented here and so
limited ranges will be considered. Any limitations imposed

will be indicated and discussed in the final chapter.




CHAPTER 2 -~ EXPERIMENTATION AND PRESENTATION

OF THE TEST RESULTS

2.1 Introduction

It is inevitable that when conducting such a large
number of tests as are included in the present work, the
experimental procedures and methods will vary. In this work
changes were made in such factors as the number of sftrain
gauges, location of deflexion gauges etc., and it would
therefore be impractical to present the experimental detaills
and procedures for each individual test. This chapter
therefore refers to the general expefimental details
employed and encompasses the recordings made for all tests.
This means that many tests do not show recordings for some -
of the measurements referred to in the text. |

Grade 4% rolled steel universal beam sections were used
throughout and were taken randomly from 8 local steel
stockholder. All obvious imperfections such as flame‘cut '
ends, dents and bends were removed from each length by cold

sawing.

2.7.1 Test Beam Referencing

The tests are divided into seven series denoted.I to VII
according to the type of loading, the points of application
of the loads and the variables investigated.

Series I - Beams loaded by two opposite concentrated
point loads applied to the flanges at mid-length,

perpendicular to the plane of the flanges, and in line with




the centre of the web, Beam serial size varied, and the

length varied for each serial size.

Series II - Beams loaded by two opposite concentrated
point loads applied to the flanges at mid-length,
perpendicular to the plane of the flanges and with a known
eccentricity to the centre of the web. Beam serial size and
length constant but eccentricity varied. |

Series III - Beams loaded by two opposite knife edge
loads applied to the flanges at mid-length, across their
width, perpendicular to the plane of the flanges. Ream
seriél size varied, and the length varied for each serial
size,

Series IV - Beams loaded by two oppoéite knife edge
loads applied to the flanges across their width,
perpendicular to the plane of the flanges. BRBeam serial size
and length constant but distance from fhefknife edges to the
end of the beam varied.

Series V - Beams loaded by two opposite uniformly
distributed loads applied to the flanges at mid-length,
across their width, perpendiéular to the plane of the
flanges. Beam serial size varied. Beam length constant for
each serial size and the length of the applied load varied.

Series VI - Beams loaded by two opposite uniformly
distributed loads applied to the flanges at mid-length,
across theilr width, perpendicular to the plane of ﬁhe
flanges. Beam serial size varied and for each serial size
the length of the beam varied for several different lengths
of the uniformly distributed load.

Series VII - Beams simply supported on two knife edges

and loaded by a third at mid-span. Loads applied across




the width of the flanges and perpeﬁdicular.to their plane,

Beam serial size and overhang at the supports kept‘cbnétaﬁt
but span varied. | L

These seven series are summarised in figure 2.1.

There 1s a certain amount of cross referenqing, for
instance Series IIT and IV will coincide when la, the length
of the uniformly distributed load is zero and the beam
length T is the same. Any colncident results will be shown

with both series where necessary.

2.1.2 Universal Beam Serial Sizes

Universal beams for the tests were chosen to give a
wide range of web depth to thickness (d/t) ratios. The most
élender webbed universal beam section available is 406mm‘x.
140mm x 39 Kg/m , which was usedrfor about 30% of the total
number of tests. Table 2.1 shows the eleven different beam
sizes used together with the impirical size and the depth to

thickness ratios of the webs.

2.7.3 Tests Carried Cut

A complete list of the beams tested in this work is
given in Table 2.2, which shows the tests carried out in
each series, the variables investigated, the value of the
variables for each test, the test number and the reference
letter of the 12 metre length from which each beam length
was cut., The suffix R indicates the beams which were
retested in the manner to be described in Section 2.4.2.

Series I and III account for approximately half of all




Loading Arrangem: ~ Details

Two opposite concentrated
point loads.
L,Serial size vary.

- Two opposite concentrated
1 point loads.
¢ varies.
L/2 f f
i uu Two opposite knife edge
11 ‘ loads.
L, Serial size vary.
N T
| pidd | . "
s Two opposite knife edge
v / loads. .
~ lg varies:
] Frft
. S
14___{0_...4
l L X uu Two opposite uniformly
v distributed loads.
lg. Serial size vary.
trrtt Bk
la L/2
ey
1 i ' LLH Two opposite uniformly
VI distributed loads.
L.ly. Serial size vary.
trrtt Pt
L/2 L72
} P .
I Simply supported on two
VII knife edges and loaded
at mid-span by a third.
L varies.
1 Frfi
d/2 T,d_/z_4

Fiqure 2.1 Summary of test Series I to VII.




etric U.B. Size Imperial U.B. Size Web Depth
Dy (mp) x B (mm) x Dy (ins) x B (ins) x | to Thickness
Kg/m Lbs/ft Ratio
457 191 98 18 75 66 35.4
406 140 39« 16 5.5 26% 56.7
406 140 39 16 5.5 26 56.7
305 165 46 12 16,5 31 39,2
305 165 40 12 16.5 27 43,1
305 102 25 12 4 16.5 479 .4
254 146 43 10 5.75 29 29.6
254 146 37 10 5.75 25 . 33,7
254 102 22 10 4 15 38.6
203 133 30 8 5.25 20 27,0
102 64 9.65 4 2.5 6.5 17.8

* Indicates flange thickness reduced.

Table 2.1 Ream serial sizes used in the tests.




Serial Size Variables |Va
Dt(mm) x B(mm) Investigated {Varia
x Kg/m -
I 1 406 x 140 x 39 A /4 0.5
I 2 406 x 140 x 39 A L/d 1.0
I 3 406 x 140 x 39 A L/4 2.0
T 4 406 x 140 x 39 A L/4 3.0
I 5 406 x 140 x 39 A L/4 4.0
I 6 254 x 146 x 37 G L/d 0.5
I 7 254 x 146 x 37 G L/d 1.0
I 8 254 x 146 x 37 G L/d 2.0
I 9 254 x 146 x 37 G L/d- 3.0
I *10 254 x 146 x 37 G . L/d 4,0
I 11R | 305 x 102 x 25 X /4 0.5
I 12 305 x 102 x 25 K L/da 1.0
I 13R 305 x 102 x 25 K L/d 2.0
I 14 305 x 102 x 25 K L/d 3.0
I *15 305 x 102 x 25 K L/d 3,0
I 16R 305 x 165 x 46 L L/4 0.5
I 17R 305 x 165 x 46 L L/d 1.0
I 18R 305 x 165 x 46 L L/4d 2.0
I 19R 305 x 165 x 46 L L/4d 3.0
I 20 254 x 102 x 22 J L/d 0.5
I 21 254 x 102 x 22 J L/4 1.0
I 22 254 x 102 x 22 J L/d 2.0
I 23 254 x 102 x 22 J L/d 5.0
I 24 203 x 133 x 30 H /4 0.5
I 25 203 x 133 x 30 H L/d 1.0
I 26 20% x 133 x 30 H L/d 2.0
I 27 203 x 133 x 30 H L/d 3.0
I 28 254 x 146 x 43 R L/d 1.0
I *29 254 x 146 x 43 R L/d 2.5
Load spread by 75mm square plate.

1T 1 406 x 140 x 39 A e 0
IT 30 406 x 140 x 39 B e Smm
IT 31 406 x 140 x 39 B e 10mm
IT 32 406 x 140 x 39 B e 20mm

R: Failed beam retested.

Table 2.2




Serial Size

Variables.

fVélﬁ@*dfgi

Test |Test Beam “ue
Series| No. ’Dt(mm) x B(mm) |Ref. | Investigated |Variables
' x Kg/m : "l. '
IIT 33 406 x 140 x 39 A L/d 0.5
IIT A4 406 x 140 x 39 A L/4 1.0
IIT 35 406 x 140 x 39 A L/4 2.0
11T 36 406 x 140 x 39 A L/d 3,0
111 37 254 x 146 x 37 G L/4d 0.5
IIT 38 254 x 146 x 37 G L/d 1.0
CITT 39 254 x 146 x 37 G L/d4 2.0 .
11T 40 254 x 146 x 37 G L/4d 5.0
11T 41R 305 x 102 x 25 K L/4 0.5
11T 42R 305 x 102 x 25 K L/d 1.0
11T 43R 305 x 102 x 25 K L/4d 2.0
11T 44R 305 x 102 x 25 K L/d 5.0
IIT 45 305 x 165 x 46 L L/4 0.5
ITT 46R 305 x 165 x 46 L L/4 1.0
IIT 479R 305 x 165 x 46 L L/4 2.0
IIT 48R 305 x 165 x 46 L L/4 3.0
IIT 49R 254 x 102 x 22 J L/4d 0.5
ITT 50R 254 x 102 x 22 J L/4 1.0
111 51R 254 x 102 x 22 J L/d4 2.0
11T 52R | 254 x 102 x 22 | J L/d 3.0
ITT 53 203 x 133 x 30 H L/4d Q5
ITT 5it 203 x 133 x 30 H 1/d 210
ITT 55 203 x 133 x 30 H " L/d 2.0
ITT 56 20% x 133 x 30 H L/d 3.0
IIT 57 254 x 146 x 43 R L/d 1.0
11T 58 254 x 146 x 43 R L/4d 2.0
ITT 59 254 x 146 x 43 R L/d 2.5
11T 0 406 x 140 x 39 B L/d %, 0
1171 T61R 406 x 140 x 39 E L/d 3.0
11T T62R 406 x 140 x 39 E L/d 3.0
11T T63R | 406 x 140 x 39 E L/d 3,0
ITT TO4R 406 x 140 x 39 E L/d 3.0
ITT 78R 254 x 146 x 43 N L/4 2.0
IIT 83R 305 x 165 x 40 M L/4d 3.0
ITT 65R 102 x 64 x 9.65 P L/d 3.0
11T 66R 457 x 191 x 98 S L/4d 3,0
TFlange properties varied.
v 36 406 x 140 x 39 A lé/d 1.5
IV 60 406 x 140 x 39 B 1°/d 1.5
vV 67 | 406 x 140 x 39 | B 15/ 1.0
IV 68 | 406 x 140 x 39 | B 1%/d 0.5
TV 69 406 x 140 x 39 B 1-/4 0.25
v 70 406 x 140 x 39 C 1e/d 0.07

Table 2.2 (cont.)




: Serial Size Bean Variables
Series| No. Dt(mm% ; B(mm) |Ref. |Investigated
x Kg/m
v 26 406 x 140 x 39 A 1 /L 0
v 60 406 x 140 x 39 B 181 0
v 74 406 x 140 x 39 A 12/1 0.08%
v 72 406 x 140 x 39 B 12/1, 0.167
v 7% 406 x 140 x 39 B 12/1 0.333
v o4 406 x 140 x 39 B 12/1 0.667
v 40 254 x 146 x 37 G 1%/1 0
v 7SR | 254 x 146 x 37 G 13/1 0.167
v 76R | 254 x 146 x 37 G 183/1, 0.33%3
v 77R | 254 x 146 x 37 G 18/1, 0.667
v 78R | 254 x 146 x 43 N 12/1 0
7 7OR | 254 x 146 x 43 N 18/1, 0.167
v 80R | 254 x 146 x 43 N 12/1, 0.333
v 81R | 254 x 146 x 43 N 1%/1 0.667
v 82R | 254 x 146 x 43 N 1%/1 1.0
v 82%R | 305 x 165 x 40 M 1%/1 0
v 84R | 305 x 165 x 40 M 18/1, 0.167
v 85R | 305 x 165 x 40 M 1%/1 0.333
v 86R | 305 x 165 x 40 M 18/1 0.667
v 87R | 305 x 165 x 40 M l:/L 1.0
vI 88R | 254 x 146 x 43 N 1./d4d, L/da | 0.5, 2
VI 79R | 254 x 146 x 43 N 1274, 1/a | 0.5, 3
VI 80R | 254 x 146 x 43 N 1%/4, 1/ | 0.5, &
VI 80R | 254 x 146 x 43 N 1%/, /@ | 1.0, 3
VI | 90R | 254 x 146 x 43 N 1274, /4 | 1.0, &
VI 91R | 254 x 146 x 43 N 1%/a, /4 | 1.0, 5
VI 92R | 305 x 165 x 40 M 1%/a, 1/a | 0.5, 2
VI 84R | 305 x 165 x 40 M 12/, 1/a | 0.5, 3
VI 9%3R | 305 x 165 x 40 M 1%/d4, /a4 | 0.5, &4
VI 85R | 305 x 165 x 40 M 1%/4, L/a | 1.0, 3
VI | 94R | 305 x 165 x 40 | M 1%/d, L/d | 1.0, &
vI 95R | 305 x 165 x 40 i 1;/d4, L/d | 1.0, 5
VIT 26 406 x 140 x 39 A s/d 0
VII 60 406 x 140 x 39 B s/d 0
VIT 96R | 406 x 140 x 39 C s/d 1.0
VII 97R | 406 x 140 x 39 C s/d 2.0
VII 98 406 x 140 x 39 D s/d 3,72
VII 99R | 406 x 140 x 39 F s/d 4,9
vII |100 406 x 140 x 39 F s/d 2.0

Table 2.2 (cont.)




the beams tested, and utilise ali/eieven section éizeS'used.
This was to enable the section propertiesfto be related to
the load carrying capacity with a good degree of cértainfy.
It would then be unnecessary to use such a variation of

section sizes for the other series, and so other variables

could then be investigated.

2.2 Material Properties

From each 12 metre length of universal beam section, a
sample length was cold sawn and used to determine the
material characteristics. Each 12 metre length is referred
to alphabetically, and so tensile test results and test
beams will refer to the pafticular beam from which it was
cut when necessary.

The material characteristics required were the yield
stress,‘ultimate stress and the modulus of elasticitj for
each 12 metre length. It was also considered necessary to
investigate the variation of material strength with various

locations in the cross-section.

2.2.7 Tensile Tests

Two types of tensile tests were employed, one using
small specimens and the other using large specimené._ The
large specimens, which required the least preparation time
were used to determine the general strength of the section
and the small specimens to determine the strength of the
section at a particular location.

For some of the small section sizes it was not




possible to take the large specimens, in Which.caéé_tha-

small specimens were taken as a matter of courée;'
For 2 of the 12 metre lengths of 406 x 140 x 39 Kg/m
section, both types of specimens were taken as a cross-check

of the results obtained.

2.2.1.1 Large Tensile Test Specimens

Specimens 250-300 millimetres long were cold sawn from
each sample length at the locations shown in figure 2.2(a),
and tested in an Avery-Dennison hydraulic compression-
tension testing machine which incorporates a 50 millimetre
gauge length strain recorder and automatic plotter. Beams
with overall depths D_ of less than 250mm could not have
these specimens taken as they would have been tdo short to
ensure adequate grip in the Jjaws. of the teSting machine.,

The cold sawn specimens were subsequently'machined to
a uniform section. Specimen numbers 1, 2 and 5 of figure
2.2(a) were machined aloxng the two sawn edges to form a
rectangular section of approximately 10mm wide by the
thickness of the web or flange. Specimen numbers 2 and 4
were machined on all sides to form a section approximately
10mm square.

The resultant specimen dimensions were recorded to the
nearest 0.01mm. Utilising the automatic straia rédording
from the tensile test, the yield stress, ultimate stress
and modulus of elasticity were obtained for each of the 5
specimens,

The &alue of the modulus of elasticity was quite

consistent for a large number of tests and so for some of




(a) Large tensile test specimen locations.
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(b) Small tensile test specimen locations.
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(c) Hounsfield tensile specimen No, 12,
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the later tests it was not determined.

*

2.2.1.2 Small Tensile Test Specimens

Small specimens were cold sawn from localised areas at
the locations shown in figure 2.2(b), machined to the shape
and dimensions of a Hounsfield Specimen Size No. 12 as
as shown in figure 2.2(c), and tested in a Hounsfield
Tensometer., These small specimens were taken from two
beams as a check on the results obtained by the previous
method, and also to investigate any variation in material

strength with location in the beam cross-section.

From the strain recording obtained during the tests on.

these small specimens the yield stress and ultimate stress

of each specimen was obtained.

As testing proceeded these small specimens were only
taken when the beam size prevented large specimens from

being taken.

2.2.2 Results of Tensile Tests

The resulting yield stresses and ultimate stresses
for the tensile tests carried out on the specimens taken
from each 12 metre length of steel used are shown in
Table 2.3. The reference letter is that used in Table 2.1,
which enables the strength of any test beam to be
determined. Also shown are the average yield and ultimate
stresses for the web and flange and also a value for the
section as a whole.

The modulus of elasticity was determined for




SRR

Location | Yield Ult. Location | Yiel
Stress|Stress Stres
406 x 140 x 39 Kg/m Beam reference A
11 396.80(575.3%6 11 367,34
2 1407.961580.94 2 | 409.9%
Small 3 1319.921497,24 Large 3 | 345,22
Samples 4 | 330.46|518,32 Samples 4 | 324,34
51 328.601497.86 51 3%6.38
6| 344.101509,64 '
Average web 563.78|542,96| Average web 366.,931502,04
Average flange| 336.%5|503.75|Average flange| 330.36|494,54
Overall 350.071523%,%6 Overall A348.641498,29
406 x 140 x 39 Kg/m Beam reference B
1 | 404,86 (564,94 1 1428.571553.13
2 | 425,941581.05 2 | 436.381552.38
Small 3 | 320.541530.87 Large % 1357.851519.02
Samples 4 | 311.59(520,34 Samples 4 | 346,42]525,13
5 1325,50153%1.49 5 1355.77{511.27
: 6 | 34%,48153%30.25
Average web | 365.72|549.30| Average web | 395,16|535,89
Average flange| 334.49(539.,77|Average flange| 351.09]518,20
Overall 350,11 {544, 54 Overall 373.13|527.04
406 x 140 x 39 Kg/m Ref, C|406 x 140 x 39 Kg/m Ref. D
11397.15(518,58 1 1402.8015%0,58
2 | 404,27|523,32 2 | 407,571544,35
Large 32| 331,83|481,76 Large 3 13%330.451510,87
Samples 4 | 351.64 495,72 Samples 4 | 335,35|506.16
5 | 340.,881489.25 5 | 375.37152%.18
Average webD 366,271501.35! Average web 367.821524,17
Average flange| 346.26(452.48|Average flange| 355.%6|514.,67
Overall 356,26 496,92 Overall 361.591519.,42

All stresses in N/mmg.

Table 2.3




Location |Yield | Ult. Location |Yield | ULt. |
Stress|{Stress| Stress|Stress
406 x 140 x 39 Kg/m Ref, Ej406 x 140 x 39 Kg/m Ref. F
1 1407.551538.16 1 |409.89]530.39
2 |411.86(1538,2 2 1409.441526,63%
Large 3 133%.30{505.79 Large 3 | 343.46(503%,31
Samples 4 |345.871506,3%6 Samples 4 | 328.27|495,67
5 1557.3281509.67 5 1351.17|497.42
Average web 571.501521.99| Average web 376.561515,91
Average flange| 351.62]|508,01|Average flange| 339.72|496,54
Overall %61.561515.00 QOverall 358.141506,23
254 x 146 x 37 Kg/m Ref. G{203 x 133 x 30 Kg/m Ref. H
1 1389.,48[558.43 1 1 365.821556.53
2 1399.361565.85 2 | 254.931549.61
Small 3 13%27.091540.21 Small 3 | 364.831557.18
Samples 4 |3%25.85(53%8.99 Samples 4 | 313,811473.80]
5 13539.751534.95 5| 311.61|514.15]
6 | 325.85(525.69 6 | 321.041515,39
Average web 560,441550.86| Average web 349,85(534,28,
Average flange| 332.80(530.%2|Average flange| 316.32|514.77
Overall 346.621540.59 Overall 3329.091524,52
254 x 102 x 22 Kg/m Ref. J|305 x 102 x 25 Kg/m Ref. K|
1 1353.611513.35 11 3555.79(516.91
2 1362.23(506.92 21 258.571509.26
Large 5 1306.67(503.49 Large 3 | 323,22 |491.86|
Samples 4 |337.67({507.96 Samples 4 | 332.72]|511.24]
Average web 332.291506.82| Average web 340.151502.471
Average flange| 338.65|509.94|Average flange| 332.20|506.67
Overall 335.471508.38 Overall 336,18 504 .62

All stresses in N/mmg.

Table

2.3 (cont.)




Location

Location

Yield |

Ul o

Yield Ult.

Stress|Stress Stress |Stress

505 x 165 x 46 Kg/m Ref. L|305 x 165 x 40 Kg/m Ref. M
1 13%78.9215%37.12 1 | 424,.641526,23

2 1385.211568,02 2 | 411.,6%1512,05

Large 3 1281.,761480. .44 Large 3 1 352.76(476,43
Samples 4 |289.84(518,59 Samples 4 | 315.16|467,.83

5 | 308,85(491.36 5 1299.,45(427.02

Average web 351.91[516.50] Average web 585.451497,78
Average flange| 299.34|504,.97|Average flange| 307.30|447,42
Overall 315.631510.74 Overall 246,38 1472,60
254 x 146 x 43 Kg/m Ref. N}102 x o4 x 9,66 Kg/m Ref. P
1 1331.67(523,30 1 1359.441508.84

2 1350.761523%.11 2 1347,801511.91

Large 3 1308.92(509.14 Small 3 1356.,%71509.46
Samples 4 | 305.08(499,2% Samples 4 |347,191516.92

5 1313.62 504,74 5 |1 359.44 508,22

6 | 339.841510.,07

Average web | 325,07[516.17| Average web 352,70({511.78
Average flange| 309.25|501.98|Average flange| 349.64 (509,15
Overall 317.211509.08 Overall 35147154047 {
254 x 146 x 43 Kg/m Ref. R{457 x 191 x 98 Kg/m Ref. S
1 1294.531488,02 1 | 284.811482.45

2 | 304.331482.51 2 | 278,45 463,86

Small 3 13%305.05({491.40 Large 3 1 272.771472.91
Samples 4 |277.38|473%.,94 Samples 4 | 257,45 477 .41

5 12505.78(492.95 5 1285.17 470,07

6 | 291.47 484,35

Average web 295.%2|48%.97| Average web 277.20 472,67
Average flange| 298.62|488.65 |Average flange|271.31|473%.59
Overall 296.97 |486. 31 Overall 274,25 473,31

A1]1 stresses

in N/mm~.

Table 2.3 (cont.)




approximately half of the tensile tests but it is not

considered necessary to show the results here as i%\was;p;
consistently found to be 200 KN/mm2 to within 1 or 2%; 
This value will be used throughout the work where necessary

without further comment.

2.2.% Observations from the Tensile Test Results

Tensile tests of both types were used for beams A and B
and so their results can be compared. Beam A shows the
results of both types of test to give almost identical
results for yield stresses while beam B gives results 6.6%
higher for the large specimens than for the small speéimens,
However this variation is small and so results from both
types of test are quite comparable. The results for beams
A-F, which were all of the same serial size gave yery
consistent results.

The general trend of the results is that the thinher
the section, the greater the yield stress, as shown in
figure 2.3, whilst the-ultimate stress remains constant.,
This possibly indicates that the yield stress is affected by
the hot rolling process during manufacture due to the rate
of dispersion of heat from the section when cooling., It
could also be affected to some extent by cold working. This
would also explain the lower yield stress for some ‘sections
at the junction of the flange and web because of the
increased thickness provided by the root radii.

The manufacturers' guaranteed tensile yield stress for
a grade 43 rolled steel beam is 250 N/mm2 whereas the

average yield stress indicated by these tests 1s that
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specified for a high yield steel grade 50 rolled steah,beam

which is 350 N/mm®., This is quite satisfactory to the

consumer but must be borne in mind when considering the bean
test results and comparing them with current design
practice. This higher stress could perhaps be explained
when considering that the superceded R.S5.J. sections were
consistently thicker than the universal beam sections, and
by reference to figure 2.3 would have had =a yield stress of

approximately 300 N/mmz.

2.3 Test Beam Preparation and Performance Under Test

For virtually all the tests, each beam length was
intentionally cold sawn to a multiple of the effective depth
d ( as quoted by the manufacturers and not determined );~
This was because 1t was thought that the buckling strength
of the web when considered as a plate between the two
flanges, might prove to be of prime importance, in which
case the plate to be analysed theoretically would have a
convenient aspect ratio, and also because the dimension d
is a constant for small ranges of universal beam serial
sizes.

Apart from cold sawing to the required length, only
four test beams had their properties altered. In Series IIT
four beams of serial size 406 x 140 x 39 Kg/m had the
thicknesses of both flanges reduced. Each of the four beams
had their thicknesses reduced to varying sizes to obtain a
range of flange to web thickness (T/t) ratios. As the test
beams were relatively short, and the flanges quite straight

it was possible to machine them to a variation of thickness




in the length of +0.125mm, by machining_small areaSMgtfa 

time.

2.3.71 Test Beam Dimensions

The test beams were sawn to an accuracy of +0.5mm which
for the shortest length gives a maximum possible error of
less than +0.5%, which is considered satisfactory.

The overall depth, flange widths, flange thicknesses
and web thickness of every test beam were recorded at a
maximum of 0.5 metre intervals along the length. This was
so that a comparison could be made between the manufacturers
specified dimensions and the actual dimensions, and also to
linclude the actual dimensions in any relevant theory when
considered. The resultant average values of these 4
variables were then determined and are shown in Table 2.4,
Some sections had very little variation of these dimensions
for the whole 12 metre length, and where this occured the
average value 1s shown applicable to several test beams.

The overall depth and flange widths were measured with
a vernier caliper to an accuracy of 0.01mm., The flange
thicknesses were measured midway between the web and the
flange edge with a micrometer to an accuracy of 0,01mm.

The web thickness was measured with a micrometer in
three places, the mid-depth and adjacent to each robt radius.
The dimension shown in Téble 2.4 1is that at mid-depth which
was always found to be the thinnest point. The web is
thicker adjacent to each flange, usually over a depth of
approximately 40Omm, than at the centre by 3-5%.

Selected beams were measured to record any initial




‘Test | Overall | Flange Flange Web ?Lengbhf' Web
No. Depth Width | Thickness |Thickness]| ' | Bce'y
Dt B T t | L : |
g 400.63% 140.16 9.01 6.56 178.5
2 401.18 139,97 9.3%6 6.56 357 .15
5 401,15 139.64 9.37 6.52 14 «25
g Z81.88 1;8.22 3.23 6.65 1071 .15
. 139. . 6.53 1428 #3530
5 259.14 145,04 10.86 6.53 108 .02
7 259.38 146,06 10.78 6.28 216 11
8 259,26 145,74 10.78 6.45 432 .06
9 259.21 144,16 10.73 6.80 o4-8 «39
121 259.3%5 145,88 10.81 6.52 8?% .30
: 1
12 275
15j 304.92 | 102.56 6.47 6.19 550
14 827
15 825
16 132
17 262
18} 507.10 165.67 11.43% 6.53 526
;3 2
| 1
21 | 224
22} 258.20 105.05 8.43 7 6.%§: niG
23 : 2 v‘672 o
25 209,70 153.07 9.49  B.41 170 <01
s | EE | o ee |z |
L4 ,] o Ll @ £ *
28 257.06 146,47 12,60 7456 216 .07
29 256,78 146,31 12.57 7671 540 .01
30 398.3%5 140,63 8.46 6.50 1071 1455
3 398, % 140 .42 8.47 6.52 1071 1.54
32 398. 51 140.46 8.46 6.50 1071 1,00
33 401.55 140,40 9.21 6.56 178.5
34 401,07 139.85 9.40 ©.55 357 215
35 401,08 139,88 9.28 6.69 714 JU2
36 400.97 139,72 9.37 6.46 1071 633
37 259.02 144,45 10.84 6.98 108 .28
38 259.28 146,06 10,76 6.36 216 0
39 259.25 145,83 10.74 0,46 432 240
ig 259.33 145.90 10.78 6.48 ?gg e 57
42 275
45} 304.92 102.56 647 6.19 ‘ggg
QL
45- 132
ig\k 507.10 | 165.67 | 1.3 | e.52 | 252
< o
gg 258.20 | 103.05 8.43 6.48 524

Al]l dimensions in mm
Table 2.4




Flange Web :Length Web

Overall Flange
No. Depth Width Thickness|Thickness| - Ecc vy
Dt B T t L : ﬁ
o1 448
52 258,20 103.05 8.43 6.48 672
53 209.3%2 133 .04 9.24 6.28 : 85 .15
54 210.08 133.15 9.50 6.4 170 .28
55 209.31 123.59 9.55 6.57 340 <17
56 209.47 132.93 9.39 6.33 510 .03
57 .257.10 146.56 12.58 7 .65 216 .07
58 256.98 146.49 12.55 760 432 .08
59 257,33 146,24 12.57 7.58 540 .02
0, 400.18 141 .94 8.80 6.30 1071
61 597 .48 142.12 7412 6.50 1071
el 594,13 141,69 5.47 6.62 . |1071
63 390.63% 141.75 3.69 6.51 1071
o4 387.90 141,06 2.18 6.50 1071
65 101,84 63.76 6.99 4,78 294
66 465,58 192.96 19.40 11.66 1212
o7 401.20 142,20 8.77 .34 1071 .75
68 400.92 142,12 8.77 6.31 1071 .62
69 401,17 141,90 8.66 6.30 1071 .08
70 401,31 138.73% 9.27 6.53 1071 .53
71 401,01 129.95 9.38 6.56 1071 .05
72 398.63 140.97 843 - 6.58 1071 ALs
73 400.83 142,43 8.77 © 6,20 11071 ‘ 47
4 401,23 141,77 8.84 6.31 1071 «55
75} 562
76 259.24 145,53 10.78 6.54 o48
77 648
78 261.12 147 .57 12.68 743 048
79 261.17 147,57 12.69 745 o48
80 261,08 147 .51 12.72 746 648
81 261.20 147 .56 12.72 743 o48
82 261,12 147,73 12.70 742 o4-8
83 505.03 165. 5" 10.28 ©.22 789
84 305,10 165.70 10.31 6.26 789
85 305,83 165.88 10.25 6.25 789
86 305,72 165.88 10,20 6.19 789
87 505.10 165.83 10.54 ©.24 789
88 260 .89 147,55 12.71 745 432
89 261.19 147,46 12 .74 747 864
90 261.28 1477 .61 12.74 745 864
91 261 .24 147 .61 12 74 743 1080
92 305,17 165,85 10,54 6.25 526
93 304,71 166,24 10,32 6.21 1052
o4 504,88 165.89 10,22 6,17 1052
95 505.07 165,45 10. 37 6.23 1315
96 401.25 138,56 9.2% 6.59 714 032
97 400.96 13%8.87 9.21 6.56 1071 .56
98 400,66 141.62 8.82 ©.57 1685
99 400,81 1%8.66 9.49 7.20 2107
100 400,14 141,73 8.65 6.47 2857

All dimersions in mm.
Table 2.4 (cont.)




curvature in the web.  To enablé4this to be d@ne,;the»v

centres of the web at its junction with each flange were

taken as reference points. The distance from the linei
joining these two points to the centre of the web at.mid—
depth was recorded in the following way. The beam was set
with its flange edges on a perfectly flat machine table and
the distance from the machine table to the web face at the
three points under consideration measured. The beam was
then inverted and the procedure repeated. Utilising the

web thicknesses previously determined the required dimension
could then be found. The maximum eccentricity of the web
itself was found to be 1.34mm for test beam 31, but this was
an exception. It was generally found that the more slender
the web, the greater the initial eccentricity. The

eccentricities recorded are shown in Table 2.4,

2¢3.2 Strain Indicators

The stress and consequently strain distribution through
an elastic medium when it is subjected to a concentrated
load is very complex; as can be observed in many
photoelasticity text books (Frocht (36), Cokez (37) et al),
It was decided therefore that to try to determine accurately
the strain distribution through the flange and web of a
universal beam would be beyond the scope of the preégnt
work, and that an approximate distribution would be
determined from a minimum of strain measurements,

Electrical resistance linear strain gauges were
attached to virtually all the test beams but in varying

numbers. Generally for the early tests, several gauges were




attached, but the number was reduced for later tests as the

information obtained was shown to be consisteﬁt. For the

early tests gauges were attached at the locations shown in
figure 2.4(a) for beams in Series I to VI and figuré 2.4(bv)
for beams in Series VII, on both sides of the web to account
for direct and bending strains. Attaching strain gauges at
these locations achieves two objectives. Firstly the
progression of the area of the web which has yielded from
the load application point would be indicated'and secondly
the decrease of strain at the web mid-depth away from the
locad application point would also Dbe indicated. For some
series ( Series I to VI ) the strains recorded are principal
strains because of the symmetry of the system.

To obtain further useful strain recordings would

necessitate the use of many strain gauge rosettes and the
information so obtained is not thought tovjustify the

additional cost in both time and money.

The linear strain gauges used throughout were Smm long
and were bondeé to the test beams after first grinding the
beam to a smooth surface at the appropriate locations.

For later tests only two linear stralin gauges were
attached to the test beams, at the mid-depth of the webd
along the line of action of the centres of the applied loads
and on each side of the web., These were attached to record
any sudden change in stress in the beam web, for instance
due to buckling or yielding. This location was expected to
be the point of maximum stress on the mid-depth line and
would therefore show any sudden change in stress clearer

than any other location.

As well as recording some actual strains and hence




1,2 3,4 5,6 7.8 etc.
-8 : 3 0- —g-

|
d/4 spacing

Series I to VI

(a)

Reference numbers:
Odd numbers one face

Even numbers other face.

‘ -

21,22 029,30
23,24 031,32
12 34 56 78 et
— . &’ G g 20y - ——f—
cherall)
y 133,34

25,26 d/4 spacing
13536

T

427,28

{b) Series VII

Figure 2.4 Typical strain gauge locations and referencing.




whitewashed to indicate areas of high stress. This
technique was adopted by Moore and Wilson (29) and Lyse and
Godfrey (30) amoﬁgst others and shown to be quite effective,
“Whilst not being able to record actual strains in this way,
1t has been shown that definite crack lines appear in the
whitewash at high strains. For the early tests in this work
beams were whitewashed in addition to the attachment of
strain gauges. This was when a general distribution of the

stress throughout the section was required, but for later

tests the method was only employed in selective tests.

2¢%3.2.71 Strain Distribution

The information gained from the crack lines in the
whitewash must be regarded as approximate as they are:those
present after failure, This means that they could bé f”
different to those present when thé"béém first failed. Also
the strain at which the whitewash cracks is not-known'
exactly altfhough it will be assumed that it cracks when the
material yields.

T eneral strain distribution can be observed from

5

e

09

the pattern in the whitewash. Figure 2.5(a), (b) aﬁd (c)
shows the pattern after failure for test beams 68, 73 gnd
74 respectively, which were loaded as shown., Areas'o@ivery
high strain are indicated by the larger areas of flake@
wmhitewash. The strain gauge positions are the larger dark
areas at the intersection of the grid reference lines;

The crack lines at mid-depth are always along the mid-depth

line, which confirms that the direction of principal strain
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is

Perpendicular to this mid-gd pth line,

gt d/4 intervals.

i

Figure 2.5(a) shows a region of yield in the web and

the flange in the vicinity of the applied loads, and also

o

& dispersion’ of strain into the web. The angle that this
dispersion line makes with the plane of the flange can be
seen to be in the region of BOO, although this angle may

well differ further into the web. The strain gauge readings

confirm the observation from figure 2.5(a) that the strain
1n the web at mid-depth is very small at a distance of
between d/2 and 3d/4 from the line of action of the ap@lied
loads.

Figures 2.5(b) and (c¢) show different lengths of

yielded regions at the mid-depth line, correspondlng to

different lengths of the applled loadsq,{In each case the
length of the crack lines in the whitewash are between d/4
and d4/8 greater than the length of the applied unllormly
distributed loads. Comparing this with the lemgth of the
crack lines in figure 2.5(a), which was for a kn;féhg@ge
load conditiocn, would indicate that the stress dispersion
is greater for a shorter length.of applied load,

Figure 2.6(a) shows the crack lines in the whitewash
in the region of the applied loads for test 74; which was
loaded with a uniformly distributed load. The lengths of
the crack lines are very similar to those at the mid-depth,
which were on the reverse side and were shown in figure

5(c). The lines do have a slight curvature away from the
centre of the applied load.

Figure 2.6(b) shows the strains in the web for test 32,

which was loaded eccentrically by ball bearings on each
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(b) Two opposite point loads (eccentricity = 20mm)

5




flange ( Series II ). The crack lines are more dense at

the centre and get increasingly more sparse towardsfthéé

beam edge. The extent of local yielding can be seen, which

is shown in greater detail in figure 2.6(c). The ball
tearing has penetrated the flange due to its location at 20

millimetres eccentricity to the web.

2.%.2.2 Strain Gauge Readings

The strain gauge readings for all tests are shown in
the appendix. The reference numbers are consistent for all
beams., Some general observations from the strain
measurements will be included here. As gauges were always
used in pairs, one on each side Qf{the web, the resulting
bending and direct strains will be used where necessary.
The stresses will noﬁ normally be, quoted as the necessary
conclusions can be drawn from the strains. Hence readings
which have exceeded the 'yield strain' will be shown with
'Y' alongside. The yield strain is that determined from the
tensile test results.

Figure 2.7 shows a comparison between the strains

2

( direct and bending ) for tests 4 and 36 at the same
applied load of 200XKN. ZEach beam is identical except for
the type of applied loads, test 4 having no restraint
against rotation because of the ball loading, but test 36
having restraint provided by the knife edge loads applied
across the flanges. The direct strains are quite comparable
with the strain at the beam centre being slightly higher for
test 36 due to the smaller radius on the knife edges

compared to the radius of the ball bearings. The bending
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Figure 2.7 Comparison of strains for Series I and III (at 200KN).




strains however are very much greater for test 4 than for

test 56, thus showing the influencé of the flanges in

preventing bending of the web.

Figure 2.8 shows the direct and bending strain

distributions zlong the mid-depth line for tests 5, & and 5
at the same applied load of 160KN. These tests differ only
in the length of the test beam, each being loaded by two
opposite ball loads. All show very similar direct sfrain
distributions, which shows that, for beams with length to
effective depth ratios (L/d) of 2.0 or greater, the
distribution of direct strain is almost identical, However
the bending strains are reduced for an increase in the /4
ratio, but the reduction is not linearly related to the
increase in length. 1In fact between L/d ratios of 2,0 and
3.0 the change in bending strains is quite marked. However
this could be due to the fact that at 160KN, for which load
figure 2.8 1s drawn, test 3 beam was quite neaf to failure
compared to tests. 4 and 5.

Comparison of the strains at certain load increments
for beams tested in Series III (loaded by two opposite knife
edgé loads at mid-length) is not as straightforward as for
those in Series I abvove. . The bending and direct strains at
two loading increments are compared for tests 34, 35 and 36
in figure 2.9. They were each of different lengths.

The direct strains in figure 2.9(a) compare vefy well,
At 200KN the strains are almost identical over theilr common
length, but at 300KN there is a certaln amount of
distribution of the strain for the longer beams thus
reducing their maximum strain, which 1s as one would expect,

Comparison of the bending strains in figure 2.9(b)
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however shows an unexpected phenomenon, Af first‘Sight it

appears that the longer the length of beam thérth” o th

bending strain, on comparison at 300KN. However further

comparison at 200KN shows all the bending strains to be
similar ( on average and ignoring the signs ). The change
in bending strain between 200 and 300KN shows that the
longer the beam the greater is the increase in bending
strain.

In trying to account for this it can be said, firstly,
as the bending strains are relatively small at 200KN it
would be erronious to compare them in any more detzil than
above. Secondly, no account has been taken of the initial
eccentricities of the webs, nor the out of squareness of
the section. Tests 35 and 36 have very similar strain ‘ 1
distributions, and so the failﬁrerioads“wguld be expectea to
be very similar, and any further increasg in length to make
very little difference. |

It is possible that when test 34 was set up for the
test, that the flanges were not square, thus on application
of the load they were twisted square which virtually |
corrected any initial eccentricity of the web. Hence the
increase of deflexions and consequently bending strains was
very small compared to tests 35 and 36.

Examination of the deflexion recordings in the next
section will help to show whether this hypothesis is
possible.

Figure 2.10 shows the bending and direct strain
distributions along the mid-depth of the web for test
numbers 67-70 ( Series IV ) at the same load of 120KN. This

shows the influence on the direct and bending strains in the
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web as the two opposite knife edge loads are moved towards
the beam end. Tests 69 and 70 show the highest strains.to
be at the beam end even though the load was.appliéd remote
from the end,

The maximum direct strains are shown to incTease as the
knife edge loads move towards the beam end. However the
direct strain on this mid-depth line is always very small at
a distance of between d and 3d/2 from the load application
point. This shows that the distance along the beam over
which the stress or strain disperses does not alter
significantly as the load application point moves nearer to
the beam end, although the intensity of the stress or strain
is greater for the same applied load.

The bending strains show an interesting effect. The
bending strains at the beam end.are all very similar
whatever the position of the applied loads. The bending
strains are highest at the web mid-depth at the load
application point and the actual value at this point reduces
as the applied loads move towards the beam end.

The plot of the mid-depth strains for tests 72, 73 and
74 ( Series V ) are shown in figure 2.11., Each beam is the
same length and loaded by two opposite uniformly distributed
loads, the length of which varies. The direct strains are
as one would expect, high strains in the vicinity of the
applied loads zand decreasing away from them. The direct
strain curves are flatter for increasing lengths of applied
load and it would be expected to be almost horizontal for a

N

uniformly distributed load along the whole length. The

tests with the two longest lengths of

direct strains for the

uniformly distributed loads are shown to have the peculiar
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characteristic of being lower at the beam centre than just

away from the centre.

The tending strains show a similar form to the direct

strains. The bending strains for tests 7% and 74 are quite
similar,

For both direct and bending strains tests 73 and 4
show the maximum strains to be between the centre of the
beam and the end of the uniformly distributed load. This
may De due to any unintentional effects such as bending of
the flat piate used to provide the uniformly distributed
load or variations in the overall depth of the beam along
its length.

The state of stress in the web in the vicinity of the
load can be examined from the strain gauge readings for test
number 96 (Series VII), which waé”simply/supported 6ﬁ:fW6
knife edge loads and loaded at ﬁid—span by a third. This is
shown in figure 2.12 which shows the stress at the extreme
fibre due to bending and the direct stress on a vertical
section of the web at the central point load.

The direct stresses show that at between 200KN and
240K the web yields near its Jjunction with the root radius
at the central load point. The yielded region finally
extends to one guarter of the depth of the wéb at 300KN
( approximately 95% of the final load )

The bending stresses indicate a change 1in curvaﬁure of
the loaded besm bebtween the top of the web and a quarter

=

depth. This could indicate a deflected shape of the

following form:
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Figure 2.12. Test 96 (Series VII) web stresses at mid-span.




The strains in the tests tend to show gradual changes.

Very rarely is there an instance of a sudden change in

o

strains, and this usually occurs for beams of very short

o
=

3

gth or for long lengths of uniformly distributed loads.

’_.l

2.%2.3% Deflexion Indicators

As the strain distribution thrqugh a universal beam
when 1t 1s subjected tc a concentréted lééd is very qomﬁléx,’
it follows that the out of plane deflected shape of the web
and the flanges will also be complex., Hence for this work
it was decided to measure the expected largest out of plane
deflexion of the web together with any other deflexions |
which were considered important.

The largest out of plane deflexion of the web was
expected to be at the mid-depth of the web, along the line
of action of the centres of the applied loads for Series I
to VI. In many tests this was the only deflexion measured.
At least one deflexion was always measured in order to
record any sudden change, and also for possibe use in
determining the elastic buckling load at a later date. For
Series VII many more deflexion gauges were placed along the

mid-depth line but away from the applied loads. For this




series the vertical deflexion of the beam at the midrSDan

was also recorded, at both sides of the web positioﬁfto

account for any twisting or warping of the section.

£11 deflexion gauges used were mechanical dial gauges
with divisions of 0.01mm so that each reading could be taken

to the nearest 0.005mm if required.

2.3.3.1 Deflexion Recordings

The deflexion recordings for each test beam are shown
with the strain gauge recordings in the appendix. The
readings will be used here to illustrate various points.

The central deflexion gauge for many tests showed a
relatively large increase of the lateral déflexion of the web
at a very small load. The deflexions then increased very
gradually at a slower rate until near failure when they ’
incréased at a very fast rate and in some tests the gauges
became unreadable., The initial large deflexions were mainly
due to 'squaring up' of the flanges between the applied loads
as the initial load increment was applied. This was evident
even when great care was taken to pack the applied loads to
make even contact with the flanges.

Typical load-deflexion curves for beams tested with two
opposite loads at their mid-length (Series I and III) are
shown in figures 2.13(a) and (b). Figure 2.1%(a) shows, for
beams tested by ball loads, that as the beam length increases
50 the deflexion at each load increment decreases and also
that the deflexion priof to failure is increased. This 1s

due to the restraining effect of the additional length of

beam, and also the availability of a certain amount of beam




H 1 ; i
© > 10 15 Deflexion (mm)
(a) Series I - two opposite ball loads,
Load
(KN)
300 r
200 F
Test 36
100 r
o i i i 1 ]
-2.0 -1.0 o] 1.0 2.0 3.0 Deflexion{mm)
(b) Series III - two opposite knife edges,
Figure 2.13 Typical load deflexion curves - Series I & III.




to redistribute the stresses, However the previous sec

showed that the length over which the direct stresses

distributed is not greatly increased for an increase of beam
length.

Figur

()

2.13(b) shows the comparison of the central
deflexions for increasing lengths of beam tested by lcading
with two opposite knife edge loads (Series III). The
deflexion just prior to failure does not seem to show any
relationship with the length of the test beam. Cbvious in
figure 2.713(b) is the initial bedding-in of the knife edges
and consequent squaring up of the flanges causing initial
large deflexions., However this does not seem to predetermine
the failure pattern as socme beams finally deflect in the
direction of the initial deflexions while others deflect in
the opposite direction.

These observations of the deflexion gauge recordings
for beams loaded by two opposite knife edge loads (tests 34-
36) confirm the reasons for the apparant anomalies observed
previously in figure 2.9(b). It was seen that the bending
strains were greater for tests 35 and 36 than for the
shorter beam in test 34. Examination of figure 2.13(b) shows
that test 34 had virtually no increase in web deflexions
between 100KN and 250KN thus indicating that the web was
pract1ca11J vertical, Tests 35 and 36 however show that

their deflexions increase after initial squaring up of the

langes.

H

deflexion gauge did not always record the

i_“‘

The centr
maximum out of plane deflexions of the web, as originally

intended. It was found that for some beams the maximum

deflexion was nearer to the top of the web.




Figure 2.14(a) shows the coﬁparison betWeen,the load~-

deflexion curves for beams tested with two Oppdsité‘ball

loads applied eccentrically to the web (Series II). This

shows, as one would expect that the greater the eccentricity

of the applied loads, the greater the initial out of plane

deflexion of the web for each load increment. However the
final web deflexion at mid-depth is approximately the same
for all four tests, although the exact deflexion at failure
could not ve recorded. The different slopes of the load-
deflexion curves are more consistent when observed in figure
2.14(b) which shows the deflexion of the web in relation to

the line of action between the two forces.

2.4 Test Details

Testing was carried out using one of the three

hydraulic testing machines shown in figure 2.15, the

selection depending on the expected failure load of the test
Vbeams and the type of loading required. All tests
incorporating two opposite loads (Series I to VI) were
carried out in the 500KN or 2500KN capacity machines shown
in figures 2.15(a) and 2.15(b) respectively. The simply
supported beams of Series VII were tested in the 1000KN ram

"shown in figure 2.15(c).

2.4.1 Load Applications

Three loading types were used throughout the tests.
1. Concentrated Point Load - This type of loading was

achieved by applying the load through a 20mm diameter ball




Test 4 e=0

est 30 e .—.Smm

Test 31 e=10mm

Test 32 ¢=20mm

7 D eflexion{mm)

f

Ball loads applied
eccentrically to web.

b
Eccentricity +
deflexion{mm)

(b)

Figure 2.14 Series II load-deflexion curves.
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bearing. This was placed directly onto the flange in line
with the web centre or at a known eccentricity. -

It was found that the ball bearing embedded slightiy

into the test beam for all tests and so when it was

considered to be detrimental to the performance of the beam,

the test was repeated using small spreader plates. The use

of a ball bearing was considered to be the most suitable
method of applying a concentrated load without imposing any
restraint against rotation on the flanges. This is because
even when embedded slightly there would be a spherical
surface between the ball bearing and the test beam along

which rotation could occur. Experiments using & more

concentrated load than a ball bearing were shown to restrict
the flange rotation due to considerable penetration by the
loads. | '

2. Knife Edge Load = The knife edges used throughout
were manufactured with a radiused bearing edge of small
diameter. They were made from mild steel and'hardened prior
to use. They proved very successful and did not distort or
flatten in subsequent tests even at very high loads. . The
area in contact with the flange was very small and is
assumed to be zero. The knife edge loads were not attached
tovthe test beam in ény way, the only restraint provided
being due to friction on the contact area. The flanges
could have lifted off the knife edges 1f such a mode of
failure were possible.

3, Uniformly Distributed Load - This was effected by

placing 25mm thick plates of the required length in the

appropriate position. Again for this type of loading the

flanges could 1lift off the loading plate if such a failure




mode were possible,

2.4.2 Test Procedure

Due to imperfections inherent in universal beam
sections because of the hot rolling process, difficulties
arise when setting the test beam prior to testing. All
rolled steel beams have a degree of 'out of squareness' bf

the cross section, which means that the flanges are not

necessarily at right angles to the web. This degree of out
of squareness can also vary along the length of thé beam, as
can the overall depth Dt‘ The test beams can therefore be
set for testing in either of two ways. Firstly, the‘weﬁy
can be set vertical and secondly therbottom flange can be
set horizontally across its width. R ' -

To set the web vertical is.difficult when laading by
means of flat plates on each flange. Iﬁ this case packing
pleces would be required to compensate for the confour of
each flange over the area of the loading plates. This would
be very difficult, and the degree of accuracy of settigg the
web vertical could not be guaranteed.

To add to this difficulty, there is also the fact that
the web is not perfectly flat and so the effectiveness of
of setting it vertical is questionable. Setting the web
vertical along the whole length of the beam may not élways
be possible because of the variation in shape along the
length.

Hence for tests using two opposite knife edge loads or

two opposite concentrated pall loads, the beams were set

with the centres of the web, at 1ts junction with the




flanges, in a vertical plane ét the Point Of épp1i‘
the loads. The knife edge loads were packed as accurate ’;
as possible to ensure even contact with the flanges. For
tests using two opposite uniformly distributed loads, the
test beams were set with the bottom flange horizontal, and
resting on the bottom plate. The flange which was most
sguare to the web was set on the bottom plate and the top
plate packed to try to ensure even contact with the beam as
far as was possible. For simply supported beams, the beams
were set with the web vertical at the mid-span. Certain
tests using two opposite knife edge loads were repeated with
the bottom flange horizontal and consequently the web not
vertical. The implications of this and the effect of the
different ways of setting the test beams are discussed in
Chaptefs 5 and 7. / / -
A1l test beams were set with the bottom flange
heorizontal with respect to the length and the centres of the
applied loads plumb. |
Loading during all tests was effected in small =
increments at a constant rate until failure. Failure for
this purpose being determined by the failure of the specimen
to take any further increase in load and usually accompanied
by corresponding rapid increases of deflexions. At failure
the load was reduced as quickly as possible to avoid
excessive deformations. The load was then either removed,
or if the beam was to be retested, reduced to approximately
5% of the failure load. The beams which were retested were
usually reloaded three times or until either the deflexions
became excessive or the reduction in fallure loads for

successive retests was small. Repeat loading cycles were




only carried out for a selected number of tests,

At each loading increment strain gauge readin
recorded automatically using a Compulog Data.Logge y except
when only two strain gauges were}attachéd, in which;c&ée a
Peekel was used to take readingsméhuéll&.‘ Diai gaugéﬁ
deflexion readings were recorded manuallj at eachbloading
increment. It was not usually possible to record strain
gauge readings or dial gauge readings at failure due to
their high rate of increase. However an approximate dial
gauge reading was sometimes possible. During reioading
cycles only dial gauge readings were recorded, again where
possible,

During each test, observations were made of the

performance of the test beam. The appearance of crack lines

in the whitewash, when used, was
could sometimes be observed iﬁ
whitewashed by the behaviour of;fhe;scale.

Any distortions which would not be recorded by the
measuring devices were noted, such as flange rotation or

bending.

2.4.3 Modes of Failure and Test Féilﬁfé;Loads

2.4.3.1 Modes of Failure

Several modes of failure were observed during the tests
some of which can be verified by an investigation of the
strain recordings taken during the tests.

Mode 1 - This failure mode is shown in figure 2.16 and

virtually all beams tested in Series 1 and‘II failed in this
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way. At fallure the rate of increase of lateral def?,
of the web increased considerably and becauée offthé‘)
applied loads the flanges were free to roﬁafe@ The‘wéb
lateral deflexions were greatesf:aﬁlthe mid-depth_andk
decreased towards each flange. Along the lengtﬁ'of tﬁe beam
the web lateral deflexions were either constant at each
particular depth for short beams dr were at a maximum at the
centre and reduced towards each end for longer beams. The
actual deflexions after failure for each beam cannot be
compared as they will be dependant upon the speed a% which
the loading system was removed. |
Mode 2 - This failure mecde is shown in figure 2.17. The
lateral deflexions of the web had thé same form as for Mode

1 but the flange deflexiqns— ieds For short lengths of

beam the flanges remained/stga/gh ﬁd/th; failure was

confined only to the web, b@t fo

definite flange distortion af€£he iba&”?oint which can

be seen in figure 2.17(a), and can be seen to be one

sided. 1In fact the flange is seen to have lifted off one
side of the knife edge load., This flange distortion is
confined to a small region of the beam in the vicinity of the
applied load. Figure 2.17(b) shows ﬁhgt,at_ﬁhe ends of the
beam the section is virtually unchanged*bj;the test.

Mode 3 - This failure mode is shown in figures 2.18(a)
and (b). This failure mode is characterised by the out of
plane deflexions of the web being confined to a small area
near to a load application point and sometimes accompanied
by a distortion in the flanges. This distortion of the

also confined to a small region and is across the

fo)

flange is

whole width of the flange rather than the one sided flange
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failure of Mode 2. This failﬁre ﬁBde is conSisteﬁt
that indicated by the strain gauge recordings shown

previously.

2.4.%5.2 Test Failure Loads

The test failure loads for all 100 tests are shown in
Table 2.5. The value of the failure loads for beams which
were retested are also shown, together with the mode of
failure as outlined in Section 2.4.3%.1.

Examination of the loads attained for beams which were

retested can provide more information on the type of failure.

Short beams loaded by concentrated loads and long beams

loaded by long uniformly distributed loads behave similarly.
Both lead to a very sudden failure withgstrain,and,deflékiéﬁ

measuring devices unreadable at the insﬁant of failure,

followed by a very distorted section which upon retesting
only attains approximately half of the initial failure load.
Long beams loaded by concentrated loads lead to a relat}vely
slow failure with the measuring devices readable at the \
onset of failure, with the retest failure loads reducing by
only a small amount each time.

The former failure type could be indicative of an
elastic failure, with the subseduent/retest failure logds

reducing to a load at which the section has become plastic.

The latter type could be the load at which the section has

become plastic, being a much lower load than the elastic

buckling load. Figure 2,19 shows the loading cycles for

failures which illustrate these points, and also a test

failure which falls somewhere between these two extremes.




Test Failure ‘ - 2
No. Load Load Re£§§§ 2 | Re
1 62.6
z 108.8 1
3 179, 4 1
& 2%9.2 1
2 279.0 1
6 98,2 3
7 127 .1 1
8 2%6.9 1
S 308.4 1
:112 298.4 1
48.0 40, B 1
12 117.2 0.3 2§-Z 1
13 178 .4 86.2 : 1
14 159.9 1
15 280.0 1
16 S4.7 46 .1 1
17 127.7 101.6 39,1 1
18 236.2 122.1 92.7 q
19 216.9 166.7
20 £ 107.3 1
21 159 .4 1
22 255.1 1
23 292.8 1
24 109.3 1
25 173.6 -
26 249,5 ,;4
27 272.2 , |
28 218.6 . q
29 264.6 ;
30 187.3 ;
31 123,0 :
32 115.6 1
53 219.2 2
34 323.8 3
55 355.2 5
36 360.2 =
57 210.1 5
28 279.0 5
39 327,53 2
40 3448 5
41 123.8 29.3% 5
42 175.6 122.8 5
43 211.0 177 4 155.0 2
Ui = 215.6 212.3 203 .4 187 .1 2
45 215.7 ‘ 5
46 220.2 87,2 ; >
47 371.0 324,9 314,9 284,0 3
48x 359.5 348,0 238,9 2
49 150.0 63.0 2
50 224.,7 99.6 2

Al1 loads in KN,

« Indicates central deflexion gauge reading recorded
for each retest.

Table 2.5




Failure e
260, 227.2 o
207 . - 210.8 '
276 257.2 248,2 5
236.5 3
277.7 ;
306.9 ;
341,11 :
382,7 :
228.6 :

7.4 E
268.7 228.9 220.7 :
541.6 2%7.4 251-2 :

19.2 205.0 172.0 :
19%,8 160.5 126.0 E
gg?,g 128.8 122,6 :

: 822,

%212 5 810.0 2
271.6 2
219.2 2
155,6 2
450,8 2
416.0 2
515.7 2
7847 2
470.8 436.,0 *15.5 | §.‘
61%,8 586.9 o0%.7 -
911.8 525.7 4534 :
hs2ls | A35l5 | b7l ;
601.9 578.0 240.6 5
797.2 705.0 607.9 o

1220.7 |  830.0 o022 >

14848 521.2 Fi8.4 :
348, 5 312.9 507.4 &
397.79 386.1 358.7 2
563 .0 513.2 2002 :
827, 607.9 587.6 .
Soh 2 L8503 411.6 i
Sitly . 1 520.0 4975 S
614.8 567.5 252,52 s
77403 | 740.0 | 730.0 2
7324 715.0 792+0 :
383.6 372.0 365.0 5
402.6 390.0 5625 :
552.1 507.5 478.0 Z
317.0 311.0 3022 5
385.0 5
275.0 &

All loads in KN,

t Indicates load spread Over 100mm.

« Tpndicates central deflexion gauge
for each retest.

Table 2.5 (cont.)

reading recorded
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m ; N LA
The failure loads for each Seéries vary - with the

B bl s - - A ‘
variables investigated. Where different beam serial si
e - oL

have been used in a particular series, the general variat

of the ultimate load with the varisbles investigated is of

fhe seme form. Figures 2.20, 2.21 and 2.22 show graphically

Fagvag

the effect of each of the variables for each series, “Where
convenlent two or more series are shown on one graph.,

Series I (beams tested by two opposite ball loads)
shows that for each increase of the length of the beam there
is a corresponding increase in the failure load. For some
beam serial sizes the curve is horizontal at an L/d (length
to effective depth) ratio of between 3.0 and 4.0, The curve
shown in figure 2.20(a), however, is not horizontal at an
L/d ratio of 4.0 but the slope is reducing. The curve
illustrating Series IIT (beams tested by two opposite knife
edges) test results in the same figUrecis4seen to be almoéﬁ
norizontal at an L/d ratio of 2.0. Other tests in the same
series show the same curve always to be horizontal at at
least an 1L/d ratio of 2.5.

Figure 2.20(b) shows thaﬁ for beams loaded with
increasing eccentricities (Series II), the failure load
reduces almost linearly (for the beam serial size used), up
to a certain eccentricity, and then reduces very slightly

for further increases, For beams loaded by two opposilte

knife edges near to the end (Series IV), the failure loed

reduces, and the load sustained by a beam at 1its end 1is

approximately half that it would sustain at its centre.

ows the influence of bending and shear on

Figure 2.22 sh

the failure load of a beam (Series YII). Two points for

va  onal
zero span have been plotted because their dimenslon




Load
(KN)

300

200 |

100 ¢

Series III - knife edges.
(Tests 33-36)

Series I - ball loads.
(Tests 1-5) 1

Loady
{KN)
Series IV - knife edges.
(Tests 60,67 -70)
2C0 p-
Series I1 - eccentric ball loads.
(Tests 1,30-32)
100 | 1
@) ' :
1'.5(centre) 1.0 ' 0.5 ' lg/d .
6 é 10 15 Ecc'y (mm)
(b) ‘
Figure 2.20 Typical variation of test failure loads with the variables

investigated - Series I to IV,



lLoad
(KN)

800 r

Series V (L/d const.)

600 (Tests 83-87) i“y”

400

Tt

2oil

200

Load
(KN)
500

400 F

300 ¢

lilil Series VI

{Tests 84,85,92-95)

200 F

Tt

100

{ { } i N

o) 1.0 2.0 3.0 40 L/d 5.0

{b)

Figure 2.21 Typical variation of test failure loads
investigated - Series Vand VI.

with the variables
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Load
(KN}
X
300F
X
Series VII-Tests 36,60,96,97,99,100
(Tests 36&60 from Series III)
200 |
100 -
i ) 2, i : L . e !
o 50 40 6.0 s/d

Figure 2.22 Typical variation of test failure loads with the variables

investigated - Series VI



properties differ even thougn they have the same serlai sigé

This shoms that for Mode 3 failure patterns, the etfente gr

bending and shear do not appear to have much influence on

the failure load for the Spans investigated here,

2.5 Conclusions From the Test Results

For the simplest types of loading, the test results are
presented for several beam sizes and many show similar
behaviour patterns. It should therefore be possible to draw
conclusions with reasonable certainty from the results of
the tests covering a range of beam serial sizes and extend
these to predict the behaviour of beams tested in other
Ways.

Obviously there will be douth'about’the‘behaviéﬁrgbfi
other beam section sizes for the series in which only one

serial size was tested and this will be indicated in the

final chapter when considering suggestions for further
research.

Several hypotheses were presented to explain the
behaviour of some of the beams and the observations made
during the tests. Comparing the test results with various

analytical approaches later should indicate 1f they were

correct,



CHAPTER % - DESIGN GUIDES AND:OTHE‘R-AUTHORSL ‘

THEORIES

3,1 Introduction

Most current design standards have clauses limiting the
applied stresses in the web of a steel beam when sub jected

to concentrated loads. The effects of both 'web bearing',

the local crushing of the web in the vicinity of the loaded

portion of the flange and 'web buckling', the induced
stresses due to axial force and out of plane deflexions of

of the web are usually considered.

Several of the current design standards are based on

the semi-empirical load dispersion technique, but all have
variations, such as the angle of dispersion, the aileWabiaw
stresses and the depth to which dispersion may be,téken5
The most widely used design standard in this country is
British Standard 449 (BS 449), 'The Use of Structural Steel
in Building'.
Some empirical and semi-empirical theories for

determining the load carrying capacity of steel'beams
subjected to concentrated loads have been developed to.

bsatisfy the results from tests and are therefore untried for

beams with considerably different characteristics.
This chapter therefore examines the suitability of’
current design standards and the load dispersion technique,

and in particular BS 449 in the light of the results from

the tests conducted for this work. It also examinesAln some

detail the theories presented by other ButhoTS.



3.2 Current Design Practice

As stated in the Previous Section, most design
standards base the relevant sections dealing with web
bearing and web buckling on the loag dispersion technique.,
However there is a considerable variation between codes on
the way in which the load disperses through the flanges of
the beam. One Dutch report by Voorn (38) has suggested that
when considering web bearing, the angle of dispersion
through the flange should vary with the length of the stiff
bearing applied to. the flange, whereas most design guides
have a constant angle of dispersion.

As BS 449 is based on the load dispersion technique, and
is most commonly used in this country, this code will be
examined in detail. In this way the Sﬁi%ébllitykof‘fhé?J’J
standard can be assessed, and also anyméhéftéomings of tre
load dispersion method. Further, the éuitability’éf'
effectiveness of suggestions such as those made by Voorn can
also be examined. ‘

At the time of writing BS 449, the 1969 edition in
metric units is in use, together with 'Ammendment Slipk
Number 5, published 31st. July 1975' (4a). The ammendmentl
was introduced to give closer control over the webs of beams

at points of concentrated loads when considering web

buckling.

5.2.1 Design to BS449

BS 44G contains clauses which limit the stresses at\

i d
certain points in the web of a peam due to buckling an



bearing when the beam is subjectedlfb éoﬁcentrated'lo’
applied to the flanges or at points of support

The ultimate load due to web buckling ig determinéd

from:

P=tf
t fb hy 3,1

where fb 1s the average stress as determined from the Perry

formula:
I = fy + (n+’1)Co - 2:[ + (n+’])Co 2 - fy C;\ 3,2
2 2
and: = 0.3 (15/100}2
Co =Tt2E/r =
S
r_ = Slenderness ratio

S

Values are shown in Table 17 in BS 44G for some Standard
grade steels.

An appropriate factor of safety is usually incorporated
in fb to arrive at a permissable working load but has beénk
omitted here as the comparisonrwith thérﬁegt résulﬁs wiii
involve ultimate loads.

The dimension hb is an effective strut w1dth and 1s k
defined as 'the lcngth of the stiff portion of bearlng plus
the additional length given by dispersion at 45 to the“k
level of the neutral axis, plus the thickness of flange
plates at the bearing and the thickmess of/the seating anglev
(if any)'. / | /

The slenderness ratio r_ is defined as af3/t, Wthﬂ
assumes a fully end restrained strut of 1eﬂgth d, but 1f “the
loaded flange is not restrained against lateral movement or

hould be
is allowed to rotate then the slenderness ratio T s

increased accordingly.

If the load is applied out of the line of the mid-plane



of the web then the effect of
should be taken into account.

The ultimate load due to web bearing or crushing is:

P=+t%t fynh
T e 343
where fy 1s the yield stress of the bean

The dimension hc 1s an effective bearing length and is

the length of stiff bearing plus the additional length given

) : 3 0]

by dispersion at 307 to the plane of the flanges to the
level of the Jjunction of the web and root radius. The
effects of flange plates may also be included.

The minimum yield stress for a grade 43 steel is taken

as 250 N/mmg.

3,2.2 Comparison with the Test Results

The yield stress of 250 N/mm2,is the;guaranteedﬁiniﬁam
yield stress as quoted by the manufacturer. BS 4360 (39)
for control tensile testing gives the manufacturer the
option of taking the control specimen from the flange or web
of a universal beam. Thus, although the tensile ‘strength of
the beams used in the tests reported here was always greater
than 250 N/mm2, it does not imply that there is élways~a
further material safety factor incorporated by assuming the
yield strength to be 250 N/mm2 at the design stage. The
| ave indicated that if a beam .

observations from Chapter 2 h

has a satisfactory control specimen when taken from the web

or flange, the yield strength at another location in the

section could be below the guaranteed minimum.
the yield stress

For the purposes of the comparison,

obtained from the tensile test specimens at the relevant



location 1n the beam cross section wil] — used Wh

calculating the ultimate loads in accordance with RS 449,

The theoretical

BS 449 ultimate loads due to bucklingi” 
and bearing are shown for all 100 test cases in Table 5‘{

together with the actual failure loads. Also shown is the

ratio of the minimum theoretical load to the actual failure

load as a percentage. The ratio is less than 100% for 88 of

the 100 tests, and so for those‘the BS 449 method is
conservative by varying amounts. Consequently for 12 of the
100 tests the ratio 1s greater than 100%, which means that
the BS 449 method gives a less than satisfactory factor éf
safetyat working load in these cases.
The general observations from Table 3.1 show that fér
very short lengths of concentrated load the method is Very
conservative, for long lengths of applled
unsatisrfactory and for intermediate lengths of applled load
the method effects a suitable factor of;safety{agalnst |
failure. ‘
A typical comparison of theoretical failure loadgi"“w
determined in this way and actual failure loads for bgéms in
Series I (in which the method of testing permitted flange k
rotations) is shown in figure 3.7(a), and for beams in Séries

IT (which incorporated eccentrically applied loads) in

figure %.1(b). Both show that for long beams loaded by
short lengths the method is very conservative. However in
both cases the basic form of the theoretical buckling

failure loads is very similar to the form of the fests

failure loads.

The short beams in figure z,1(a) with L/d ratios of 0.5

and 1.0 show the test failure loads to be closer to the
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theoretical buckling failure loads thap for t%eyloﬁge bean
1 e paaiey r eams.
At these lengths the BS 449design procedure assumed that t

) R ; .
whole of the Dbeam would act as a strut and so merelvw
it

indicated the failure load for a uniformly loaded strut
using the Perry formula. It is therefore possible that
these two Tests did buckle and were unaffected by local
crushing at the load point,

Figure 3.2(a) shows the typical comparison of thé

actual fallure loads and theoretical
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very conservative and the theoretical buckling loads to

7 s

overestimate for long bveam lengths. However at L/d = 0.5,

the Perry formula predicts the failure load almost exactly
and again this beam could have buckledwagga/strut,
unaffected by the local yielding at the;lqéd point. -
Figure %.2(b) compares typical test results from béams

in Series IV, which were loaded by two opposite knife edges

near to the beam end, with the theoretical ultimate loads.

B

‘gain the theoretical bearing failure loads are very
conservative and the dbuckling loads have a similar form to.

the actual failure loads.

Figures %.3(a) and 3,%(p) show the comparison of

typical test results with the theoretical loads for beams of

. i ag which show the
two different serial sizes tested in Series V whicn SNOW

effects of varying lengths of two opposite uniformly
tica arin
distributed loads. These show how the theoretical bearing

i formly
loads are conservative for short lengths oi unifor J

. - lengths of
distributed loads and overestimate 10T 1onger g

11 are always
load. The theoretical puckling loads/ ar v
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conservative in this case,

The influence of bending and shear can be seén by

considering the Series VII results ip Teble 3.1 (tests 9éﬁ

100), which were simply Supported and loaded at mid-span by
xnife edges. From these results it can be seen that the
bending of a beam does not significantly affect its failure
load, as the errors in the theoretical loads are very
similar to those beams tested in other series, This shows
that for short spans the effects of bending can be ignored

wonen consldering the effects of concentrated loads, as in

fact the theoretical analysis does,

3.2.% Conclusions From the Comparison

The comparison has shown that/t@ekiaégor of gaﬁety ‘
against faillure in beams designed in accordance with 85,449
for web buckling and web bearing can vary quite considerably
and in some cases can be less than 1.0. It has shown that
for short lengths of uniformly distributed loads, the @actqz,&
of safety is greater than necessary but for longer lengthé,
the design method is unsatisfactory. This is so even when
the flanges are fully restrained against rotation, in which
case the effective length envisaged d/%3/t is achieved as far

as possibple.

The comparison also indicates that the load disgersion.

. i o ' in i ual
method is not a practical design approach in 1ts usua

simple form, as the only variable is the angle of dispersion

and consequently the 'effective' width of a strut or

'effective' bearing length.
It has already been shown that the variation of the




of dispersion if the load dispersion approach were to be

used.

It is also interesting to note that in one instance,
for a beam loaded along its whole length and with the
flanges fully restrained against rotation, both the bearing
load and the buckling load overestimated the failure 1load.
This could indicate that even when full restraint to the
flanges 1s attained, the flange to web connexion is
insufficient to achieve a fixed ended strut condition, in
which case an effective length of d/??t is erronious.-

These factors indicate that an approach such as the
load dispersion method would need to haye many complications
to cater for the variations inveStigatediin'the %estéf :
reported here. This tends to defeat the object of a -
simplified approach. It would therefore be bettér tof°
examine the problem afresh and once failure loads can be‘
predicted with reasonable accuracy, then an empirical or

semi-empirical simplified design approach can be formulated.

3.3 Other Authors' Work

3.3.1 Shedd (40)

Tn 1934 Shedd gave design guides in his text book on

structural design in steel. In it he gave design guides for

v . - - ‘1
web buckling and web bearing in rolled steel beams (similar

' icl on
to those outlined above in BS 449) which he based

i rk. He A load
Previously published American work. He used &




dispersion approach, allowing‘fbffbarioué't7§és,0f'fgiluré.
vis. flanges moving laterally or rotating or s combination
of both. At’the time of Shedd's publication, BS 449
specified the use of web stiffeners at points of
concentrated loads.

Shedd's specifications for the load dispersion apprdach
were much more conservative than those in the now current
BS 449. For web buckling he gave the dispersion angle as
450 but only allowed the dispersion to one quarter of the
overall depth of the beam. For web bearing he recommended
no dispersion angle from the load application point, the
length of web immediately below the load resisting the direct
stress.

Comparing the ultimate loads by this method with the
test results would lead to more‘genéfduéESafety faCthélfo:
beams loaded with short lengths of uniformly diétribﬁﬁed
loads, and the same disadvantages as BS 449 for long lengths

0f uniformly distributed loads.

5.3.2 Winter and Pian (32)

Winter and Pian have performed many tests 1n a 51mllar

way to those presented in this report but on cold-formed

steel beams. From the results of their tests they deduced

two empirical formulae for beams subjected to concent;ated

loads applied either at the end OT remote from the end..

The formulae they derived were, for a beam loade@ at

the end:

2 o
P = (10 + 1.25/1,/t) ¥ 13 3

and for a beam loaded remote from the end:

P - (15 + 3.25/170) ¥ 3.5




Both formulae are 1rrespectlve of the tYPe Ofvloadlng
and the depth of the section, although the type of load
application they employed in their tests was constant.

Although they cannot be used directly for comparisoﬁ
with the results of the tests conducted for this work, the
formulae show several interesting Characteristics, The
total load is dependent on the sum of two quantities, only
one being dependent on the length of the applied load, and
both independent of the depth of the section,

The cold formed sections used in their tests were made
from a uniform thickness of metal, so that the contributions
of the flange and web thicknesses cannot be detected iﬁ the
above formulae.

Thelr test results showed a considerable amount of,.
scatter, and the web junction with the flange was not as
strong as that inherent in rolled steel beams andhjoists;

Hence any comparison between predicted test'loads using

the formulae and the results of the tests conducted for

this report would be misleading.

3.3,%2 Delescues (33%)

Delesqgues used the results of tests carried out by

several investigators to try to develop design guides for .

beams subjected to concentrated loads.

The results he utilised from Papers by Berglelt (54)

and Bergfelt and Hovik (35) are of particular interest

. rtles
because of the variations in flange and Wweb PTOPerties..

f
involved in a total of 51 tests. HOWeVEr the results o

. far more
tests are not directly comparaoleras,they had fa




slender webs than universal Beam sections The'dépth £
o L1 0 V

thickness ratios of the webs varied ff@m-“EO»t0 55O:éom@&redm
to a maximum of approximately 60 for the beams tested in’w
this work. |
Delesqﬁes attempted to find g relationship betweén the
failure loads for the tests and the section variables.

He
plotted several of the variables against P/Et2

. He showed
the following to have no appreciable influence:

1. The elastic limit of the web (£7,) -

2. The aspect ratio of the panel (L/d or s/d).

5. The stiffness of the flanges and conditions for
supporting the load.

4, The slenderness of the web.

However from the &nalysis of the results of the tests
performed for this work in Chapter 2 it wasrshCWnlthat”sdmé[
of these factors appeared to influence the failure loads.
It is possible that the factors which affect the failure
load for less slender webs, such as those of universal beams

vary considerably from those which affect the failure loaq

for very slender webs such as those considered by Delesques.

3.4 Conclusions

Of the works considered here, only BS 449 was intended

for use with rolled steel universal beans, and this was

- N - . 7 = d
shown to be unsuitable for certaln loading conditions an
very conservative for others.

The simple load dispersion theory for the effective

width of a strut and the effective pbearing length are

i icularl
consequently inadequate in their present forms, partlcu- J



for long bearing lengths,

liany investigators have drawn conclusions from” a \sm’ ’11

a
number of specialised tests ang shown that certain va‘rlabl S
Lables

do not affect the load carrying capacity, whereas an

examination of the test Iresults presented in Chapter 2 shows-
that for universal beams some of these variableé do have a
considerable influence,

The empirical approach by Delesques showed the
difficulties in determining any relationships which may
exist between the properties of a beanm and its physical

characterlstlcs.



CHAPTER 4 - ELASTIC BUCKLING THEORY

4,1 Introduction

It 1s very difficult to state with any certainty what
initiated the failure of the rolled steel universal beams
under test, and there are several possibilities., Most
design practices assume that the failure can be due to either
local crushing in the vicinity of the applied load or
overall elastic buckling of part of the web as a uniformly
loaded plate or strut.

The purpose of this chapter is to investigate the
validity of assuming overall elastic buckling of the web,
The elastic plate buckling theory for the conditions whiéh
best represent the actual conditions of the web platés“ﬁhdéf
test will be developed and compared with the'teSt:résﬁlﬁs;i
The elastic critical loads for each test will be determined

where possible (otherwise the ultimate load attained will be

assumed as the elastic critical load) for the comparison.

4.2 Elastic Buckling Analysis

The webd of a universal beam will be considered as a

rectangular plate with two free unloaded edges and two

elastically restrained loaded edges due to the effect of the

flanges, A prediction of the restraint provided by the

flanges is very important 1in the elastic stability analysils.

aint at its ends
For example a strut of length b having rectr

b and
will have ap elastic critical load of between T mI/

£ i ine
4TC2EI/b2 depending on the amount ol restraint. To examlne




the effect of the variation that could pe expected in plate
analyses due to loaded edge restraint some Stagdard\rééﬁlts

will be presented.

The value of the elastic critical loag for a strut was

presented above in the form:
Pcr = (fact = 2
T factor) x m°EI/b 4,1

where the factor is usually referred to as an elastic
tuckling coefficient. For plates, an elastic buckling

coefficient is also used and is here denoted qu

_ L. 2 2
Ncr = Ocr t = Kq T-D/b 4,2

where:

D= E t2 /12 (1-v2) a3

the modulus of rigidity of the plate.  The critical load in

4,2 is a load per unit length, the reason for which can be'

seen by comparing D with EI from 4.1.
The total critical load is:

Necr a = Kq n2D

a
© b

and 1if:

then:

per = K TD/b Hed

In the following work both K and &, will be used where

. - is used
convenient for presenting results. In general X 1s,u§’;H

when concentrated loads are considered and Kquwhén\Qﬂlf,,; ?
distributed loads are considered.

The St. Venant differential equation éf,thelggi;eCted



surface for the buckled plate when no body fdfceé'afe

present was presented in Section 1.3 .1

. Hence:
4 o 2 2 .
DV w = lIx 0w + Ny 3w + 2 Nx 82W
R -
oy 0x dy
as presented by Timoshenko (11), - The clastic critical

load 1s the solution of this equation for the various
boundary conditions. TIf the stresses Nx, Ny and Nxy are not

constant throughout the plate then equatiocn 4,5 has variable

O

cefficients and the solution of the eouatlon is more
difficult, but the principle remains the sane.

An alternative to solving the equation is to use the

energy method. In this method the plate 1s given a small

lateral deflexion and the strain energy of bending equated
to the work done by the forces acting in the middle plane of
the plate. By equating the strain energy of bending to‘the
work done, the plate is assumed to be in equilibrium and so
the unstable form of equilibrium, when the plate”has a
deformed shape, can be found. The general energy quation

was presented as equation 1.2:

- 1 NX aw + Ny aw + 2 Nxy ow 9w |dx dy
ay 3% ay

2,
=1/ 82w . 32w |2 - 2 (1-v) |8%w @f_g - ,82w dx dy
axe  ay° 3%° By ax ay/ |

e 0@ @ !‘4'67

It is necessary to find an expression for the lateral

deflexion of the plate w which satisfies the boundary

' . . gquation a
conditions and makes the variation of the energy equat

. ; i+ act

minimum. For certain boundary and loading conditions &X

solutions for Kq caﬁ be found, but for complicated loading



and boundary conditions it is necessary fo usewén
approximate method of analysis such as the Rayieigh-RiﬁZ 

method.

4,2.1 Plate With Two Cpposite Uniformly Distributed Loads

When a rectangular plate is subjected to two opposite
uniformly distributed loads only, then the terms involving
Ny and Nxy disappear from equations 4.5 and 4.5 and the
problem is somewhat simplified. The remaining complication
is the boundary conditions.

If an exact expression for the deflected shape is known

for a given set of boundary conditions then an exact

solution for Kq can be found. If such an exppession is noﬁ
known then an approximate deflected shape must be utilised
and a2 variational approach will lead to an approximate"
solution. The exact solutions are now known askstandard
cases. Many non-standard solutions for plates with two
opposite uniformly distributed loads have been determlned by
several investigators for a whole range of boundary ’
conditions. Some of the results are shown-graphically in
figures 4.1, 4.2 and 4.%., The author's name 1is given for

the results which are not yet generally found in current

text books.

The results presented are shown as the varlationAkaK‘

and K, with the aspect ratio a/b and not as usually

presented in text b

ooks as the yvariation of K and Kq with

the aspect ratio b/a. This is because text books are

. - > a
usually more concerned with long strut-1like plate§ which ¢

. - 0‘ I 'y h
buckle into many wave fOTDS rather than wide plates whic
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expressions are commonly used for plate

ubdected to unlform loa's

supported edges when

In this case the deflocted sha

determined for the ‘loaded e
the unloaded edges Feen

as:
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which can also be written as:

W o= W2 Cos Iy ‘CQ’S T

which shows R to be some sort of deeffi
When R is zero then w has the form
that usually used for simply supported edge“ for;unlférmly;
losded plates. When R is infinitely large’theh’w has the
form in the x direction consistent witﬁ fha% usually assumed
for clamped edges for uniformly loaded plates. . ’

Retween the unloaded edges i.e. in the v direction the
is part or all of ";half'wayé og a coéinek

deflected shape

curve, which is consistent with deflexions observed in the

tests. The length of

greater than or equal

length were less than T
equivalent to that of simply suppogt' _edges and also

consistent with the work of Khan and Walker.
form is shown in figure 4.6. / |

An applicable statically determinate
distribution is

ox' =

P
2Ct
0

gx' =

oy' = oxy' =0 yeryWhefef

The analysis can now Dbe carried out in a simile

that performed by Khan and Walker’: - - , :
Substitution of the expressi@n foriw/ipto‘the Karman

equation 4.9 gives:
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V4¢ = —En4wQ2 005231‘3,““
164 24

.2 2 ,

- Sinmy|S Sinmx +
24 2m

where £ 1is a coefficient which can best be aeférmined from

”Osznx

Galerkin's eguation in the form:

| m
J/. V4 f Cosagz Coszgz
21 2m
-l -m e R e o Bt
'Cosggz S Cosmx + 2q Cosmx 35‘00532%* Q C
2m = m | i 2m

+ En4wj 2
10A™m 2A
“mx

2 =
- Sinny S Sinmx + G S%n
2A 2m -

he integration betwee

Carrying out t
and denoting a = A/m and p = 1/m
, - |

2 2 3

f = [-Ewq 8
8 a

and if:
7 =

then:




partial derivatives of g and w,

jetermined, where K = 2 m Pcr .
™ D

oK

where:

R3

e R5

R4

' o : i 3 spect ratio.
The only variable is & for a particular asP g
e o ) . - '4,:4 A.‘ ¥ 5 « .¢._“ :

_be pinimised with respect to « and
n be 11 )

Hence equation 4.18 c& ,
o ic a minimum ist
so the condition that K 1S5 a:m1?, PRI



(Denominator) x 4 (Iume a
da.

(Numerator) x 4 CDe,ominét&'

Numerator and DenominaQQ;/
The resulting expression is
computer program has been written
the flow diagram for which is:alséi hﬂwh’in‘/'

Results for various conditions of edge e

aspect ratios are shown tabulated in Table 4.1 and
graphically in figures 4.7 and 4.8. A fuller tébulat;on 0.
the results is included in the appendlx. ‘ : -

As can be seen from tae results of the analysws, for a

particular length of loadingth é wav length very large

for a narrow plate. ’lateiremalns

practically straight in thé;y
strut. As the aspect ratio inéréj‘

reduces so that for a very wide plat

form is localised to a small reglon and the efie:t

unloaded edges is small. This shows 1n ‘the Way ‘hat K g

figures 4.7 and 4,8 is asymptqt;g to the values obtalned by

so that the wave length is e@_M
and the restraint coefficient R =
are simply supported then:. .

Tp + Sin TP
a a

o

| a (%"s;ngg 3

a

(12 ﬁE+Sinﬁ_TE
E a
ceeetn9



Aspect
Ratio
1/m

Restréint coefficient R =

0.100

0.10

0.30 0.301

0.50 0.502

0.70 0.703

0.90 0.902

1.10 1.100

1.20 1.277

1.50 1.406
1.70 1,497

1.90 1.562

2.10 1.615

2.50
Restraint coefficient

0.10

0.30

0.50

0.70

0.90

1.10

1.30

1.50

1.70

1.90
Restraint coefficient R = in nit
0.10 0,400

0.30 1,202

0.50 2.005
0.70 2,805 =« |
0.90 309980 L
1.10 G55
1.30 4,239 - |

Table. 4.1 Typi

cal results O

f the ¢
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Fiqure 4.7 Typical form of the results of the eltastic ..
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properties of the web and flaﬁéés765
beam. The value of R 1ntroduced Ln the T
merely varied the deflected shape between that f@

supported loaded edges (no fiaage restra;nt) and

other analyses, a uniformly loade
From the tabulated values O£:K‘
value of K and hence K, can be
various values of R.

This variation of Kq Wlth:

of Bleich (12). He used the coeffmcment of‘rea

£ = 0. 02412 L
Bd

This can also be compared Wi
restraint determined in the foll

strut shown in figure 4.9,

EA'/1g
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E| =0 =¥+ 2V g +ug?

L

This condition is satisfied if al
hence K, = 0, the trivial solution.

satigsfied 1if ¥ = O in which case Kq =1, a

infinitely large in which caséK1 = . Obviously there

whole range of Y values and correspanding'values_éﬁ,
hetween 1 and 4 depending on the amount of ré;tra:j

These values are shown in figure 4,710 aiéng~ﬁj
due to Bleich and the values of R as @erivadiiﬁﬁﬁ
section. They all show the same': '

different. However they show ouitéiéibs

overestimates the restraint when compared to the restra'n

coefficient from the other two methods.

4.4 Tlastic Critical Test Load

The theoretical elastié

determined for certain plate bo ndai;,

‘It is now necessary tO determlne,,

of the beam in each test attalned

staollsalng the elastlc

for comparison. TwWO W&ys Pffe
e avallaole.

buckling losd from test results are



.

4(5 i




4,41 Strain RBehaviour in the

When a strut or plate reaches it:
puckling load it has an alternaﬁiVéiequ
the perfectly straight or flattpSé{t:on./
deflexions and therefore inducédfhéﬁd:‘oi ) d”bé/eXpeCEed 
to reflect in the recordings made by a strain gauge attached
to its extreme fibres, ' :

It can be seen from the typical strain recordings
presented in Chapter 2 that for the test beams no sudden
changes in strain were recorded. However it is known that
in all failure modes except liode 3, the out of plane
deflexions of the web at mid-depth along the line of action
of the applied loads, increased répidlyﬂaﬁiﬁﬁé’féilure’load,
and must therefore have been accompanied Lar .¥ al.
Hence this was the only time ﬁhat;there :
in strain gauge recordings, even ﬁﬁéugh;
strains at the web mid-depth}at‘féilufe~ﬁéfé'
than the yield strain of the materiat; i

The strain gauge recordiﬁgs‘tﬁﬁsﬁsﬁb
indications of an elastic critiéaifﬁqcﬁi;

the overall failure of the beéﬁgg;

4.4,2 The Southwell Plot

In 1932 SOuthwell'(42)iﬁfcﬁésed*a”ﬁ“th ”
determining the elastic critidal‘lcéd:ﬁf:é”étﬁu" s
from the recorded 1oadwdéfigkigﬁ"@haféﬁféffétié«—
that for struts having & deflectad.shapé‘@h%¢h~¢aﬂ be
approximated siﬁuseidally% the curve Which resulbs. 13



are neither too small to have suffi
large as to introduce secondary. effcgﬁs=ﬁals;

By changing the axes of the curvc-,the ctralght L

relationship:

~ Pcr = W + W
' 0

W
P
is obtained, where P and w are the lcad:andsgérr35§gniggg*p&f
deflexion respectively at any ftime and wﬁxaﬂyugrigigal*f

deflexion that may be present.

w from the test results, the valu
the, inverse of the slope of theirés

Timoshenko et. al. (11, 434 44) b
nethod for use with shells, plates and ir

In practice, due ©O experimental a£r0r$~

w/P versus w results in & certain amount o£=sc

best fit straight line has ©

If any initial deflexion is. large,‘ami

than the deflexions incurred under laﬁds

rectangular hyperbola myst, be. shilte

s i @

deflexion to see if the 1asult1ﬁg plot I %t”

straight line. When the rsstra¢ﬂy t@ th

papsT
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4.4.2.1 The Southwell Plot fc

test beams, which will affect the applicability of th

asputhwell plot procedure. There 1is algcﬁﬁﬁéféffecﬁ a:

of their yielding also.

Figure 4.11 shows the typical Southwell
tested in Series I. All have very similar forms, showing an

initial curve followed by ome definite straighi

the initial curvatures in fig&fé &fﬁ : :
the effects of friction on the ball%beafiﬁnghich,was u&ed{f
to apply the loads. If the beams did buckle elaﬁﬁical'§j‘h
then the effects of the yleld area of the Deam in the :
vicinity of the applied loads did notlgﬁfec ,,,,,
loads significantly, otherwise a/changé :
would probably been apparent. /7%7

Figure 4.12 shows the Scuﬁhwal;zPlG
in Sevries IT, which were tested by lo
ball loads as for Series T but‘apyli d
web., The two beams with fhe smallest ecce

similar chapacteristics to beems tested in Serie
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which could indicate a change ih,thé testraintx
edges. This could be due to yielding in the flangés
the penetration of the ball bearing or the effects of
yielding at the web to flange aunctiqn in the vicinity:of;
the load. From the previous observations?itcis,léss likeij
to be the latter.

Table 4.2 shows the results of £?e/SouthWell pldt for

all beams tested in Series 1 and II and the éorresponding

value of the plate buckling factor Ke for the test critical
1oads. Also shown is the ultimate load for each test, the
corresponding value of the plate buckling factor and the

ratio of Ke / Ku. Most of the results show the elastic

buckling test load to be slightly greater than the ultimate

1oad. This shows the beams to have very little post
buckling strength, if any, as the dlfference f* the two

values could be due to experimental 1naccurac1es such as an

initial eccentricity. Some beams havejan{elast1c1buckllng

test load much higher than the ultimate load, but this is

due to either spreading the load or for beams in Series II,

the onset of yield in the web at the veam mid-depth at the

extreme fibres.

Beams tested in other series thaprlu§pdélihhave several

complications when performing the Southwell plot. The

effect of the 'squaring up' of the flanges imparts an

initial deflexion to the webD, Wthh should not be more

dominant than the deflexions under load. There is also the

possibility of the onset of yield in the flanges due tq

their rotation away from the load point thus affecting the
i f

restraint provided ©O the web. Figure 4,13 shows both ©

these effects'for a beam tested 1n series IITI, which was



Test | L/d | Elastic
K ;
No. Ratio | Critical © Ratiiis Ku
Test
Load
(KN) Load
o (K)
1 1% -
2 1 121.0 . 020 48
o ,9" °
i 2 179.5 1.55) 108'8 -85
1.84 239
5 it 246.9 | 1.90 | 2 3%
& | % R B O I S B
7 1 153.4 o3 | 1290 - 20
9 5 273.2 | 1.38 | 236.9 | 1256
4 5* 350.9 1.77 508'4 : 9
i ; 562.7 2.16 | 298.5 1'32
5 ’8 ° : ’
1% g 124,7 .2; 4?318 +22
1 = 1;2.2 208 | anbia | aneu
i i 135 | 199.9 | 117
16 % 53.6 ,32 54'3 1'92
1% 1 167 .1 .95 1577 '36
! 2 205 | 1.20 | 236.2 | 1.40
2 3 265.2 1.57 216.9 1.8
20 % 1149 58 | 107.3 54
2! 1 173.9 “g8s | 159.4 81
2 > 55553 | 4%a3 | 285.1 | 1.29
25 3+ | 38e.6 | 2.2 555.8 | 1.7
24 % 138.9 &> | 109.3 49
22 1 197,2 .88 17%,6 .77
2 2 265.5 1.18 249,5 1.1
57 3 295.0 1,32 272,2 1.2
8 7 555.0 50 | 218.6 68
29 | 2% 330.4 | 1.19 | 264.6 | “95
3 24 205,1 1,65 187.5 1.50
31 o Schio | 2.05 | 123.0 | 199
32 3. 252.3 2.02 115.6 | .9
* TLoad spread by 75mm plate.
+ Load applied eccentrically to web.
mTable 4.2 Results of the southwell plot for beams

tested in Series

T and II.
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1oaded by two opposite knife edge loads at mid‘léngth,- Wh;£
the initial deformation due to a small 1load and subsequ
flange movement 1s included the plot is of no use; but
shifting the origin shows a completely different aspect.
After removing the effect of the initial/EQuaring up, the
plot shows two straight lines, or possibly a curve jdining
all the points.

The possibility of the Southwell plot showing a number
of straight lines or a curve can be explained by considering
the curves of figure £4.14(a). Curves A and D show typical
1oad-deflexion curves for a plate having the loaded edges
fully restrained and simply supported respectively, the
plate remaining elastic everywhere. Curve B shows the same
thing for an ideally fully elastic plate having some

restraint on the loaded edges, possibly a kﬁife edge on

elastic flanges. However curve ¢ shows the effects of
plasticity in either the flanges or the web in the vicinity

of the loads which effectively reduces the amount of

restraint on the loaded edges, and curve C' the behaviour

which would be observed if the beam had the final restraint

in curve C at zero load. The beam would still be elastic

over the depth Dt' as shown in figuré 4,14(b) for curve C

but would have an unknown restraint at the ends.

Curve C is assymptotic to both ¢' and B and so the
Southwell plot could nave three po;sible forms, dependlng on

i i ' i were used.
which points on the load~-deflexion curve wer

e 4.14(a), for lengths 1 and % the plot

Referring to figur
would be a straight line and for length 2 it would be a
2 and 3% are variable

curve. The lengths of all sections T

is also
and the difference between the 1oad at B and C




Load

Per _L_

(clamped)

Per

(elasticall
restraine

Pult .

 Per
(simply
supported)

W

Detflexion

(a) i
T \
Dy /
1
(b}
Figure 4.14




yariable. Hence the Southwell plot, for beams in wh
there is any yielding in the flanges or the web édjééént i
+the flanges would lead to undefinable results, or if section
% were used only the failure load would be determined.
These points are shown in Table 4.3, in which the
southwell plot results are shown for selected test beams in
Series IIT to VI. The majority merely show the resﬁlts of
the inverse slope of the best fit straight line when
approximating section 3 of curve C in figure 4.14(a) to part

of a rectangular hyperbola.

4,.4,% Conclusions from the Test Elastic Critical Loads

From this section it can be seen that the only relevant
comparison with the theory will be the failu:é load fqr
Series III to VI and the load obtained from the Southwell
plot for Series I and II, although the latter was found O
be very near to the failure load.

The test ultimate loads were generally attained while
the stresses at the web mid-depth were lower than the yield
stress of the steel, and so comparing the ultimate loads
14 seem to be most

with the elastic buckling theory wou

beneficial.

ed.Theory and the Test Results

4,5 Comparison of Develop

i ] d by two
The value of X, for peams in Series I (tested by

opposite ball loads at mid—length) are compared with the
i i ntinuous
elastic buckling theory in figure 4,15, The disco

: : ne conbtinuation of
theoretical curve 1s &an aPPTOleatlon of the




Test Elastic '
T . _
No. Critical Ultimete
Toad Test
(x) Toad
(KN)
24 261 .1
2 - 2.05
36 S35 2.5 5502 517
37 205, 2.57 522+2 5259
%% 9,4 1.03 360.2 - 79
20 327.9 1067 219.7 1103
4 3279 1.6 227.2 167
i 2209 e 2272 1.67
43 2322 a7 1c3.8 ot
4l 249.9 1.60 29773 125
i 2179 1-52 17.0 1.2
46 0.0 1,22 2128 25
5 290-9 .22 2128 1.5
48 289.3 1.77 20906 115
3 373,71 2.29 2719 2‘%
: 242 s 22 359.5 554
S| B | 2| R
o O i ‘ . :
o | Bl e o | o
22 181.6 .83 2702 1.5’6
2. 303.,6 1735 199.7 73
o 507.7 2,72 S0k 1.28
52 ‘ 268.
c2 2593 i:g;a 268.7 5%
3 1?8.5 1 he 241 .6 1.81
oe 164,8 1.29 2192 1.72
&7 927.6 1.5 225 1.5
o7 311.0 2.3 9218 1.50
59 278.9 2.4k 275 Zedt
o2 216.5 1,90 371'6 2.2
71 155.5 1,22 419'2 132
” 2777 e 455.6 1.24
s 80,4 3,72 20.8 5.2
" £20- e 496.0 3.55
7 38505 oA 515.7 4,80
s 445.9 7 b8 7834 °-2
7 ggg.g 2.79 68%693 ;'%9
: . ) A
o] 1250 2138 152605 258
5 29- : . 4,28
o 339.2 328 %&5 5173
55 684.9 4.8 56?% 272
= 1136 .4 7.98 827, 2+ 27
2156.3 1504 3 52 215
97,2 5.00

Tabl
e 4.3 Results of the Southw

gll plot for selected

peams in Series 11T to VI.
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the exact solution due to Leggett, based on the Othér cur&es
for varying values of R from the analysis presented earlier,
It can be seen that for swall aspect ratios the theoretical
elastic buckling load is comparable to the test failure
loads, with a small eamount of scatter between results.

For aspect ratios greater than spproximately 2.0, the
difference between the theory and the test results is
considerably greater, and with a much greater scatter.
However several of the results in that region can be
explained.

Tests 15 and 2% were loaded by a ball bearing on a
spreader plate 75mm long which would therefore increase the
ratio p in the analysis and hence increase the buckling
load. For long beams one would also expect the resistance
of the flanges away from the loaded area to reduce the out
of plane deflexions of the web and consequently increasgfthe

“buckling load.
For aspect ratios greafer than 2.0, the effects of
yielding in the region of the applied loads could reduce the

elastic buckling load of the section. Test 14 illustrates

this fact, as the beam tested was identical to that of test

15 which utilised a small spreader plate. Tests 19 and 27

could be lower just due to scabter, OF they too could be
influenced by local yielding.

The only apparantly inexplicable result is that of test

)
29 which gives a very 1ow result when compared to the theory

late.
even though the load was applied through & spreader P

i nder the
However, it is possible that this beaml crushed u

load point even with the spreader plate.

1 stic
Figure 4.16 shows the comparlson of the ela
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puckling theory and the test results for Beams in Sé 
11T, which were tested with two opposite kniferédge load&“atWH
nid-length. | |

The beams of serial size 406 x 140 x 39Kg/m can be

considered first. Tests 33 - 36 hagd very similar physical

properties but varied in length, whereas tests 36 and 60 =
64 were all the same length but had varying flange
thicknesses. It can be seen that for a short length of beam
the result shows the flanges to fully restrain the web at
its loaded edges. The restraint reduces for an‘increasa in
beam length, until it finally remains constant. It can be
seen that reducing the flange thickness reduces the
restraint for longer lengths of beam.

There are two reasons for the reduction of the
restraint for increases in beam length. Firstly the knife
edge loading prevents flange rotation at its point of
application, but elsewhere the flanges can rotate. The
knife edges would therefore restrict flange rotation over a
greater fraction of the length of the beam for short beams
than for long beams and hence effectively fully restrain the
whole of the loaded edges for a short beam. The f{langes
could also yield for the longer beams thus allowing
considerable flange rotation, Secondly, the web could yield
at its junction with the root radius, thus reducing the

resistance to bending of the web at that point, hence

reducing the restraint to the web, This would be more

pronounced for longer Lengths due 0 the higher loads
involved,
This second point would &l80 explein the teats whleh

_ v rage concentratlion
have psduced flange thiocknessas a8 the sbvads OONOERT




at the web root would be greater a#d h/enycjzér’ the
pending of the web less. The relationship 59&We§ﬁ K.>ani
the value of T to various powers is shown in figugg z;q%;_;,n.\
which seems to indicate that K is proportionsl to either T
or Tag However as the other properties of the sections are
quite similar this 1s approximately the same as saying that
Pu is proportional to T2 or T5a

Tests'45 - 48 show similar characteristics to those
nentioned above as do tests 37 - 40, although sven for short
lengths the restraint to the loaded edges is less than full
restraint. The other test results show similar |
characteristics also, but at long lengths fall on the ze6ro
restraint curve or Jjust slightly below., The reasons . for
the reduction of the restraint to the loaded sdges can be
explained as previously for tests 3% - 6.

It is the least slender sections which have the lowest
restraint for short lengths. This could mean that for a

less slender section the thickness of the flanges would have

to be increased by a very large amount to create the fully

restrained condition, or that the effects of crushing at the

locad poilnt is considerable due tO the high loads involved,

Test number 65 cannot be explained at this stage, and

can be seen to fall well below the zeTo restraint curve even

2 pattern.

son between the theory and

though it failed in a Mode

Figure 4.18 shows the compari

the test results for beams i series V, which Were tesgted

with two opposite uniformly digtrivuted loads ab mid=lengthe

Also shown on the same graph &re gome relevant resulte Irom

the lengt
A11 four beem serial gizes BhOWH

Seriss ITT, in which case n of the uniformly

digtpibuted load i g8T0s
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on the graph exhibit the same behaviour., Forvlqng len%ﬁhs#;: 
of uniformly distributed load, the restraint coefficie#t R".’
for each beam 1s almost constant, but the restraint
coefficient is reduced for short loaded lengths or for knife
edge loads. This 1s a similar pattern to that of beams in
Series IIL. The value of R for beams with long uniformly
distributed loads from figure 4,18 would be expected to be
the same as that for short beams loaded by knife edges.

This can be observed for beam reference G.

4,6 Conclusions from the Comparison

Whatever the loading conditions, it can be seen that,
from the comparisons of the test results with the developed
theory, the less slender beams always show less restraint
provided by the flanges. Assuming that the beam webs
buckled elastically, then this indicates that less slender
beams would need flanges of considerably greater dimensions
than slender beams to effect the same restraint to the
loaded edges. It is possible therefore that the less

slender webbed beams, despite having thicker flanges than

the slender beams used in the tests conducted for this work,

have flanges far smaller than necessary ©o provide any

substancial restraint to the loaded edges, If all the beam

webs did buckle elastically, then the previous sectiag has

shown that the value of K varies with elther the Square or

the cube of the flange thickness for beams loaded with tWo

opposite knife edges. |
The effscts of the high stpesses in the vicinity of the

loads must also be congldered. For the knife edge 108




has been shown that the area of the wéﬁ at its dunctién With
the root radius reaches the yield stress of the steel at
relatively low loads. This would affect the bending |

resistance of the web at the most critical point and thus

reduce the loaded edge restraint., However the strain gauges

psitioned at other web locations have already shown that the
extreme fibre stresses are nearly always less than the yield
stress for the remainder of the web until very near the
failure load. This 1is verified by the Southwell plot which
produces a good straight line near to failure indicating the
deflected shape to be sinusoidal.

These factors seem to indicate an elastic buckle of the
meb, but in the presence of local crushing in the vicinity
of the loads and possible flange yield., The elastic buckle
could therefore still be a post crushing or post yielding
failure, the web buckle occuring only when sufficient

vielding and hence reduction in flange restraint is present,
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CHAPTER 5 - YIELD LINE THEORY

5.1 Introduction

Then a universal beam is subjected to concentrated
loads on its flanges in the plane of the web, the web will
undergo out of plane deflexions and the flanges will
distort. As the load is increased, so the out of plane
deflexions will increase until the web reaches its elastic
critical load or the section yields in certain regions. The
out of plane deflexions could result in the web reaching its
yield stress at the outer fibres at a load very much lower
thap the elastic buckling load, particularly for less
slender webbed beams. In this case the resistance to
bending of the web, and possibly the flange could be of
prime importance in determining the maximum load that a
section can sustain.

The theory presented in this chapter is an attempt to
provide a simple method of determining the maximum load that
o universal beam section can sustain when it has ylelded at

its outer fibres in certain regions. The resulting

expressions for the ultimate load are shown to be dependant

on a dimensionless ratio A/w_ . LT is shown that a seml-

empirical value for this ratio gives good results when

compared with test results of & wide range of universal

beams,




5,2 Yield Line Method

The method is based on the formation of yield lines dﬁe
to large deflexions, thus causing a failure mechanism for
the beam, consistent with the loading and restraint
conditions. The ultimate load is attained when the ultimate
moment of reslstance in bending is developed along each
vield line. If more than one pattern of yield lines
satisfies the prescribed conditions, then that which
provides the least resistance will be dominant,

In the following analyses, only the yield line pattern
which provides the least resistance is shown. It 1is
possible that in some instances an alternative yield line
pattern will give the same result as the one used in the
text.

Three possible failure modes are considered for beamsv
with the loading and restraint conditions of Series I to VI
and are shown in figure 5.71. The actual deflected shape
would be a smooth wave form but for the analyses which

follow a simplified shape is assumed.

5.2.1 Mode 1

The yield line pattern which forms will depend oun the

length of the applied load 1., the overall length of the

beam T and the distance of the applied load from the end of

the beam 1_. The three posaible vigld line patterns
&
(1i) and (iii) are ghown in figure

considered, types (i),

5,2, A section drawn through the gpplied loamds will bhe

identical fop all thrse pattsrn types snd ia shown 1u flgure




(b) Mode 2

<
<
-

(c) Maode 3

Figure §.1 Possible

wilure mades dependent an flange resirainl.
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5,3. For type (i) the work done by

the section in bending

along the yield lines is:

4D, B Mw + 2 Dy Tana O Mw + 1, Vw 0
or:
Mw <[+Dt6 +2Dt©Tan(X+ la@> S@ﬁ

where Mw 13 the ultimate moment of resistance in bending per
unit length of the web ( fxytg /4,

The work done by the applied loads is;
2 P Ay + 2Peb 5ee

Equating the work done by the applied loads to the work

done by the section in bending:

P=Mw (4D B +2D 6 Tana+ 1, 6)

I 5¢3
2 ( Ay + 2 W, e / Dy )
and hence:
P =2 Mw 2 + Tana + la \ / [Aq + 2 ¢ 5ot

P e
enstmg

Tang Dt WC Dt

@ is variable and so the minimum value of P is obtained when
dr / da = O

Secza - 2 Cosecaa = 0
hence:
Tana = V2
and using this value in 5.4:

P (1) =2uw [2/2 + 1\ / [Bq iwi 5,5

B e

where P(i) represents the ultimate load for & Lype (4)




ide (diagrammeiie |

ihraugh applied

Figure § 3 Madel- gection



pattern. Using the same procedure for types (ii) and (iii)

° o - 2 ,‘-
P(ii) Mw /2 & Eﬁ + ii / A,1 + 2 e
D D = —— 506
T t T Dt
and P(lll) = 2 Mw L / A’i + 2 e
- - T— 5.7
Dy e Dy

The conditions of length for each type to occur are:

P(ii) s P(1) if 1 /D, = J2

P(iii) s P(1) if L/ Dy <22+ 1, / D, 5,8
P(iii) s P(ii) 1if L /D s 1,/ D, + 2+ 1, / Dy

These results are shown graphically in figure 5.4 (for
e = 0), Referring to figure 5.4, a beanm loaded by a point
load would be on the line CA or in the region ABCD, the
shaded area, deperding on the length of the beam. If a beam
were loaded at its end, then as the'length is increased, A
would be indicated by the line CAB, and if it were loaded at
the centre by the line 0OCD. The shaded area therefore
represents a beam loaded by a point load at various

distances from the end.

5.2.2 Mode 2

The yield line patterns used for a Mode 2 fallure are

shown in figure 5.5, and the corresponding section Arawn

through the line of action of the applied loads is shown in

figure 5.6, The basic difference in this mode from Mode 1
is the inclusion of yield lines along the web adjacent bo
the flanges. For a type (i) pattern, the wowk dons by s
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Figure 5.6 Made 2 - section thraugh applied leads
(diagrammatic |.




section in bending is:
4 dMw B+ 4dMw . |
B © Tana + 4 1, w6 5.9

The work done by the applied losds is 2 p A2 and so by

equating the external work to the internal work:

P=4M¥w (dB +d 6 Tang + 1,00 /A, 5.10

and hence:

P = 4 Mw Tang + 1 + 1 W
2= 5.11
{T\ e |
Tana d A2
Minimising P with respect to a:
dF = 0 = Secga - Cosecga ’
da
thus Tana = 1 and eguation 5.11 becomes:
P(i) = 4 Mw 2+ 1 w .
2 < 5.12
d A2
and 1n the same way:
P(ii) = 4 Mw 1+ 1, + 1 W
(23) = &1 a2 e < 5.13
d d A2
P(iii) = 4 Mw E iﬁ 5.4
d 8>

3 4
The conditions of length for each failure type to occur

are:

A
S

P(ii) = P(1) if 1,/ d

5.15

IA

P(iii P(i) if L /ds2+ 1,/ a

p(ii) if L/dslg/d+1+1,/4

IA

P(iii)
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These results are shown in figure 5.7 in a similar

manner tO those previously presented for Mode 1. TIn this

case (Wo/Ap) is not the same as (w /A,) for lode 1.

5.2.3 Mocde 3

This mode assumes that the flanges yield first followed
by a web failure similar to thaf presented as'Mode ﬁ. The
three types of flange yield line patterns are shown in
figure 5.8 and the common section through the line of action
of the applied loads is shown in figure 5.9. If the web
remains perpendicular to the flange outside the area formed
by the flange yield lines (figure 5.9) then the rotation of
the flange will be O at the load point. The flange will
rotate at the weakest section which is its Junction with the
réot radius. This rotation 6 is the same as the rotation of
the web at the same location.

For a type (i) yield line pattern, the internal work

done by one flange during rotation along the yield lines is:

2 Mf la+ 4 s, Tan® + 2 sb

b

5.16

TanW
t

where Mf is the ultimate moment of resistance in bending per

2 :
unit length of the flange ( T° fyp / 4 ). For the section

to assume the shape shown in figure 5.9 on the line of

action of the two forces, the load must be eccentric to the

web. Tet the load act uniformly on the reduced width sy,
the distance from the flange edge to the junction of the

root and the flange, and let ©f be the force reguired to

distort the flanges only. Then

P = Pf + P (Mode 1) 5.17
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Figure 5.9 Mode 3-Section through applied loads (diagrammatic). :




‘4/557 =

and Pf can be calculated independantly from the web. The

work done by Pf on the flanges is, assuming 6 is small:

2 Pf e 6 5.18
where
e = § 2 -
v / and 0 =2 W, / D,

Hence substituting for O and e and equating the

internal work to the external work done:

Pf = 2 Mf (1, + & Tang + 2

% Tanl

5.19

For the flange contribution to be a minimum Pf must be
minimised with respect to the arbitrary angle W©:

2

4 Pf = 0 = 2 Sec°p - Cosecg = O

d @
and hence:
Tang = 1 / /2
Using this value for TanW in equation 5.19:

Pf=2b.'1f(4J§+la/sb) 5.20

Tf the load is not applied across the whole width of

the flange but over a width of 1k then equation 5.20

becomes:
pr(i) = & uf (1, + 42 sy ) o
(1 - 2r -1t )
and for type (ii) and (iii) failure patterns:
pr(i1) = 4 uf (1, + I+ 22 5 ) 5,22

(1, -2 -%)




5.23

(1, -2r-1t)

The conditions of length for each to occur are:

Pf(ii) < Pf(i) if 1, s 2/2 sy,

Pf(iii) = PF(i) if L <42 s + 1
Jo) a 5.24

Pf(iii) < PFf(ii) if L < 2/2 Sy + 1, + 1
e

and

sy =(B=-2r-1%t)/2 5.25

These results are shown in figure 5.10 and the results
of their combination with Mode 1 to produce the Mode 3
failure are shown in figure 5.11.

From the Mode 3 analysis it appears that as 1k tends to
(21 + t ) then the failure load becomes véry large.
However the failure load due to Mode 2 will .then be a
minimum and hence the required ultimate load carrying
capacity. In other words, the flange failure pattern cannot
be formed with zero eccentricity of the applied load, and so

other modes should then be considered.

5.2.4 Restraining Effects

5.2.4.1 Flange Restraining Effects

It was assumed in the Mode 1 analysis that due to the

nature of the applied load there would be no restraining

effect by the flanges on the web. However this can be seen

to be an erronious assumption by considering & very long
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with the flanges remaining horizontal whereas at the load

point they would be inclined at the angle 8. To form. there
9 v

would have to be work done by the flanges and consequently
this would be a resistance to the web. The flanges could
remain elastic even when the yield line mechanism has formed
in the web.

Hence the flanges will provide a restraint, causing the
failure load to be somewhere between that of Modes 1 and 2,
depending on their physical properties. The Mode 3 failure
pattern cannot form as the load cannot go eccentric when
"applied with ball bearings. The amount of restraint
provided will depend on the torsional resistance of the
flanges and will probably therefore depend on the guantity

B T3 and the rotation of the beam at its ends and hence the

length of the beam.

5.2.4.2 TWeb Restraining Effects

In a similar way to the restraining effects of the
flanges, there must also be restraining effects due to the

web away from the area of the vield line pattern. In fact

some of the patterns assumed with vertical yield lines in

the web may not form unless enough restraint is provided by

the web away from the yield line.

This would mean that the results shown in figures 5.4,

5.7 and 5.11 would be slightly erronious in that the sudden

changes in slope would be more likely to be smooth curves.

Tt would also mean that the length ©O depth ratio ( L / Dy

or L /4 ) at which the change in slope occurs in these




figures 1s also slightly erronious and is likely to be

greater. These factors would depend on the physical

properties of the web. This must be considered later when

comparing the test results with these graphs as it is likely
that the theory will overestimate in the regions of the

slope changes.

5,3 The & / we Ratio

The A,/-WC ratio used for the Mode 2 analysis 1is
different to that used in the Modes 1 and 3 analyses.
However if it is assumed that for all modes the rotation of
the web 6 is the same then the ratios A,| / w, and A2 / W
for Modes 1 and 2 respectively can be related in the
following way.

Using figures 5.3 and 5.6:

Weq Dy Dy — Ay
—_ = _d—” 3 A 5.20
Weo 2
from which:
A._g. = i 5‘27
1 Dy
and also:
= d 5’28
T / Teo Dy / _
Hence:
e B2, 5.29
Weo Aq

and so if the failure pattern for each mode is formed 2% the




can

same angle of rotation of the web then the value A/ w

be assumed to be the same for all three modes

5.3.1 Empirical Assessment of A/ w,.

A value for A/ w, can now be determined from the test
results. The beams with predominant bending strains can be
seen, from the results of strain gauge recordings presented
in Chapter 2, to be those of Series II (tests 4 and 30-32,
which were loaded by two opposite ball loads at mid-length
and with varying eccentricities). However it was
observed that in test 31 there was a tendency for the ball
bearing.to roll across the flange slightly due to its
location over the web. Hence tests 30 and 32 will be used
to determine a value of A/ W and the restraint provided
by the flanges Cr (RN) will be included. ZEguation 5.5

becomes:

42 uw
+ Cr 5.30

P =
A 2e
W Dt

+

Substitutior of the values of the variables for tests

30 and %2 leads to two simultaneous equations which upon
solving give values of:
A/ w, = 0.096275
and Cr = 0.02 KN

Cbviously Cr can be neglected.

Using this value of A/ w, in test 4, for which the

= 237.4 KN which gives an

eccentricity was zero, then P

2 tual test failure load
error of 0.7% when compared to the ac




of 229.1 KN.

Test 56}used the same beam serial size but was tested
by two opposite knife edge loads at mid-length, and using
the same value for A / W, gives loads of 317.2 KN and 348.6
KN for Modes 2 and 3 respectively. The actual test failure
load was %60.2 KN, and failed in the Mode 3% failure pattern.

The lower value of Mode 2 should be taken, in which
case the error is 11.9%.

Several assumptions have been made to arrive at a value
for A/ L and even then only one beam serial size was
utilised. However the suitability of this value can be

examined by comparing the test load with the theoretical

load obtained by using it for various beam serial sizes.

5.4 Comparison With The Test Results

The theoretical failure loads calculated using the
developed theory with the empirical value for A/ w, are
shown for all beams except those in Series II and VII in
Table 5.1. Also shown in the same table are the test
failure loads and the final retest failure loads, where

applicable, and the respective ratios of the theoretical

load to these two values. Also shown 1S which of Modes 2

] i 1 i i s in Series
and 3 gives the lowest theoretical load for beam

IIT to VI.

Tt can be seen immediately from Table 5.1 that the

theoretical load is nearly always less than or equal to the

test failure load. It can also be sSeen that the theoretical

load is nearer to the failure 1oad for tests involving beams

much longer than the length of the applied load, which in




Test
Ultimate

Ultimate

Line

| Pexp

Mode Pexp
Load (1) | Load (2) Analysis (1) (2)

1 62.6 - 36. 1 : -
2 108.8 - ‘72 ; 1 .23 _
3 179.3 - 14%,9 1 .80 -
4 239, - 24,2 1 Ok -
5 279.0 - 229.1 1 .82 -
6 98.2 - 33.2 1 34 -
7 127 .1 - 61.5 1 .48 -
8 2%6.9 - 129.8 1 .55 -
g 308, 4 - 216.6 1 .70 -
10 298.4 - 248.,0 1 .83 -
11 48,0 22,7 30.7 1 ey .4
12 117.2 4% 4 61.1 1 .52 1.4
13 178 4 86,2 122.2 1 .68 1,42
14 159.9 - 183,7 1 1.15 . -
15 280.0 - 18%,3% 1 .65 -
16 54,7 46,1 21,6 1 .58 .69
17 127.7 39,1 62.7 1 .49 1.60
18 2%6,2 72,7 125.9 1 .53 1.7%
19 216.5 166.7 189, 1 1 .87 1,13
20 107.3% - 29,2 1 .27 -
21 159 .4 - 62.9 1 .39 -
22 255.1 - 125.3 1 .49 -
23 292,38 - 188.8 1 oL -
ou 109.3% - 30,3 1 .28 -
25 17% .6 - 60.5 1 .35 -
26 249.5 - 113,2 1 A5 -
27 272.2 - 176 .4 1 .65 -
28 218.6 - 73.7 1 -S4 -
29 264 .6 - 186.4 d .70 -
33 219,2 - 81.6 2 .57 -
34 32%,8 - 163,2 2 .50 -
z5 255,02 - 267.8 3 «75 -
36 260.2 - 317 .4 2 .88 -
37 210.1 - 89.8 3 .42 -
28 279.0 - 151.2 2 e5
29 307.3 - 298.2 3 .91 -
40 344,8 - 34,1 2 24 1.83
4 123.8 29.3 53.7 3 13 82
42 175.6 122.8 100.8 5 57 . on
43 217.0 155.0 161.9 3 .77 .
45 215.7 - 752 5 D 1.69
46 320.2 87.2 1477 ) 1.0k
47 371.0 2840 294.2 S 52 .87
48 559.5 | 338:9 A 140 &7
IR AR

Table 5.1




Test Final Yield |Lowest | Pth Pth
NO. Ultimate |Ultimate Line Mode Pexp Pexp
Load (1) |Load (2) | Analysis (1) (2)
51 260.1 210.8 194, 3 3 . 9o
52 276.2 238.4 257.8 3 gg 1.88
53 159.1 60.1 3 .38 -
Sit 236.5 - 120.1 3 > -
55 2777 -~ 224.,0 3 .81 -
56 30609 - 287.2 3 .94 -
57 341 .1 - 179.5 2 .53 -
58 282.7 - 353.,2 2. .92 -
59 398.6 - 353.2 2 .89 -
&0 287 .4 - 313,02 2 1.09 -
61 268.7 220.7 208.4 3 1.11 1.35
62 241,6 227.6 276.8 3 1.15 1.22
63 219.2 159.0 246,7 z 1,12 1.55
64 193.8 130.0 233,7 3 1.20 1.80
65 156.6 122.6 144, 3 3 .92 1.18
66 921.8 792.5 782.7 2 .85 .99
67 277.8 297.1 3 1.07 -
68 271.6 - 236.2 2 .87 -
69 219.2 - 195.8 2 .89 -
70 155.6 - 173 .4 2 1.1 -
71 450.8 - 367 .4 2 .87 -
72 496.0 - 392.8 3 .94 -
7% 515.7 - 442,0 3 .86 -
7L 78,7 472,4 2 .60 -
75 470.8 406 .1 399.9 2 .85 .98
76 613.8 480.8 479.9 2 .78 1.00
77 911.8 406,71 479.9 2 .53 1.18
78 452.8 39%.3 364.0 2 .80 .92
79 601.9 513,2 4684 2 .78 .9
80 797.2 587.9 563 .4 2 .71 -92
81 1220.7 480.0 545.9 2 45 1.7
82 1484 .8 418.5 5571 2 .38 1.33
83 348,5 289.0 309.9 2 -89 j .og
84 297.,6 348,8 283,53 2 .96 1.7
85 563.0 | k45.9 | 468.6 | 2 -8 192
86 827.1 338.8 459.9 2 - 26 135
87 997.2 284.6 467 .4 2 A7 g
88 5i 1 475.0 374.8 z -9 ‘74
89 614.8 512.5 “468.%4 2 +72 '39
90 7743 715.0 | %62.1 | 2 e L2
91 732.4 | 655.0 | %621 | 2 ‘22 "o
92 383.6 375.0 | 314.0 | 2 ‘22 | ql08
93 402.6 357.5 286.4 5 IR
94 543%,1 420.0 457.4 2 -8 06
95 552.1 44,0 456.2 2 .84 1

Table 5.1 (cont.)




effect is beams

which have the failure pattern remoté from

the ends of the beam.

This fact can be seen clearly in figures 5.12 and 5,13,
Figure 5.712 shows the comparison between the theory and the
test results for two beam serial sizes in Series I and III.
Figure 5.1 shows the comparison for two beam serial sizes
in Series V, which Weie loaded by two opposite uniformly
distributed loads, and also shows the final retest loads for
the same beams.

The final retest loads shown in figure 5.1%2 are much
closer to the theoretical loads than the original failure
load, particularly for beams in which the failure pattern
was not remote from the ends of the beam. |

Figure 5.14 shows the comparison between the theory and
the test results for each beam serial size or property
variation in Series III in which the failure pattern was
remote from the end of the beam. All beams were tested by
two opposite knife edge loads at their mid-length. Also
shown in figure 5.14 is the range in which 67% of the test
results lie 2nd is therefore the equivalent of a standard
deviation of 16%. The mean value of Pth / Pexp for these
beams is exactly 1.0. Although many of these results are
grouped around 250 - 350 KN, it should be noted that the
variation in depth of the sections 1s from 102 - 466 mm,

With similar variations in the other physical properties.

It should also be noted that béth failure modes were used o

derive the theoretical loads.
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Figure 5.12 Yield line theory
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5.5 CObservations and Conclusions from the Comparison

The theory assumes that the rotation of the web 0 is
always small so that Tan® = 6. When beams were retested,
this angle was sometimes too lafge for this condition to be
true, and so the use of the final retest load when comparing
with the theoretical loads may not always be justified,
hence this comparison must be looked at in general terms.

The axial stiffness of the beam web has been ignored 1in
the development of this yield line theory, and 1t 1is
therefore possible that the elastic buckling load for the
web. could theoretically occur either before or after the
vield stress 1s developed due to bending, in which case the
method could be either an upper or lower bound solution.
With webs with such low slenderness ratios as were tested
for this work, it would be more likely to provide the latter
as the elastic buckling loads are very high. Thus the load-
deflexion curves could be either (2) or (b) in figure 5.15,
depending on the magnitude of the deflexions and‘the onset
of yield, whereas that of (¢) could be possible for more
slender webbed beams. The curves in flgure 5.15(a) and (D)
are consistent with those produced in Chapter 2 for retested
beams, that of (a) for beams with overall web failure and

that of (b) for beams with l1ocalised failures.

If these assumptions are correct then the values of

Pth / Pexp obtained 1n Table 5.1 are consistent. However

the variation between 1ocalised failure pattern results and

overall failure pattern results could simply be due €O the

ratio A/ w This value may pe different for various types
C.
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Per :Theoretical elastic buckling load.
Pyl : Maximum load due to bending resistance.

Failure load

Va4 Beam with initial deflexions
!/ 7/ le. retested beams,
;7 7/
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V4
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/Fqilurc load
/I
Vi
/ 7/ Retested beams.
Ve .
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Test elastic
buckle Retested beams
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Figure 5.15




of failure.

However the method does seem to show that as long as
the beam 1s approximately three times as long as it is deep,
then the maximum load that it can sustain can be determined
without consideration of its depth.

As mentioned earlier in this chapter, restraining
effects of the flanges and the web away from the yielded
region mean that comparison between this theory and the test
results can only be considered in detail for long beams i.e.
beams which are longer than the loaded length and have a
portion of their length virtually unaffected by the applied

loads.
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CHAFTER 6 - LOCAL CRUSHING AND EMPIRICAL ASSESSMENT

OF THE TEST RESULTS

5.1 Introduction

It is possible that some beams when subjected to
concentrated loads on the flanges yield at the Junction of
the web and the root fillets in the vicinity of the applied
ljoads thus causing overall failure or initiating overall
failure of the beam in another form. For example, the local
yielding could reduce the restraint at the loaded edges thus
initiating an elastic buckle of the web., Alternatively the
local crushing could be accompanied by a yield line pattern
in the web.

Most previous considerations of loeal crushing have
assumed failure of the beam when the vield stress 1is
attained at the web junction with the root, and have made no
allowance for any flange strength or web resistance in the
unyielded area. This chapter will firstly consider local
crushing with some allowance made for these factors.

The second part of this chapter will examine the

experimental results presented in Chapter 2 to see if there

are any empirical relationships pbetween them.

6.2 TLocal Crushing Theory

Consider the local crushing failure and flange yielding

mechanism shown in figure ©.7. The load P has moved through

a distance A thus causing the web to yield at its Junction

with the root along a length of la + 2 1, The rotation 1n
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the flanges has caused the formation of the plastic hinges
Considering half of the beam depth only; equating the
work done by the load in moving a distance A to the work
done by the web and the flange:
PA=21 fy At + Ty 1 At +4Up§g 6.
2
in which:

2

Mp = B T° fy, / 4

the plastic moment of resistance of the flange.

Assuming small angles and deflexions:

g =Tan g = A/ 1.

The work done due to the axial force in the flanges
will be negligible due to the small angles and deflexions.

Equation 6.1 can thus be written:

P =gy b (1, + 1)+ fyy B/ 1, 6.2

The only variable in this equation is 1C and so the load P

will be a minimum when 1ts differential with respect to lC

is equal to zero. Thus:

2

dP _ 5 - ty . t _ BT fye
T 7
dlc c
and rearranging:
) _ 6.3
1, =T /B fy. / ¢ 17y

and so using this value for Ll in equation 6.2:

p=2T Btfyffyr+fyrlat 6.4

This assumes that the load 1is applied sufficiently
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remote from the end of the beam for the mechanism to form

For a long beam loaded at the end:

P =13t fy, £y + £y 1 ¢ 5.5

This load is therefore irrespective of the depth of the

beam, which is consistent with the findings of Chapter 5 and

also the work of Winter and Pian (32) and Delesques (33).

6.3 Suitability of the Crushing Theory

To examine the suitability of equation 6.4, the

ultimate load P from the tests can be plotted graphically

against the term 2 7B t fyf fyr'for all sufficiently long
beams loaded by two opposite xnife edge loads. This will
then encompass a whole range of beam serial sizes with
varying physical properties. The long beams loaded by two
opposite knife edge loads at pid-length (Series III) are
also considered to be the most likely to crush in the
suggested manner. In this case the term fy., la t in
equation 6.4 is zero since 1, is zero.

Figure 6.2 shows the variation of the ultimate test
load with the term 2 TJfE't £y, fy£ for all beams in
ratio L/d of greater than or

Series III which had an aspect
equal to 2.5. It can be Seen that the test results are

consistently greater than the line representing equation 6.4

with 1_ = Q.
a

This discrepancy could represent the load required

(say Pp) to form a post crushing failure of the web as the

failure pattern shown in figure 6.7 is not sufficient for

an overall failure of the bean.
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Thus equatiocn 6.4 becomes:

rrom figure 5.2 it can be seen that Pp varies between tests.

It is anticipated that Pp will vary with @® D / D),

177~

P=2T7/Bt £y, fy;‘+ fy, 1, t + Pp 6.6

. ) )
the elastic plate buckling term or (fyw t= / 4), the moment

of resistance per unit length for the web. Both these terms

have been used previously in Chapters 4 and S respectively.

These factors can be investigated immediately by plotting

Pexp - 2 T/B t fy- fy£ against each in turn for the tests

used in figure 6.2.

Figure 6.3 shows that
with (t° fy_) than (me D/
of variation from the mean
the mean slope from figure
following results show the

results from this work and

Pp would be more likely to vary
Dt) as the respective coefficient
are 13.49% and 32.1%. Utilising
6.3(a), which is 9.33, the
companison with the experimental

that of Winter and Pian (32).

Author Winter and Pian
Test No. | Pth / Pexp Test No.| Pth / Pexp
26 .91 2 .97
40 1,04 4 1,04
44 1,06 9 1,07
48 .97 9 1,16
52 .98 10 1,16
56 .O4 11 1.08
59 1.00 13 1.11
60 1,09 14 1,20
61 1,10 15 1.11
2% 1:88 Mean 1.10
o4 .99
78 « 94
65 1,02
66 .92
Coefficient of Coefficient of
variation = 6.2% variation = 12.7%

Table 6.7
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The theory overestimates for the Winter and Pian
results. However the flange to web connexions for their
cold formed sections were not very substantial and universal
beams which were used for the author's tests have a radiused
root fillet at the Jjunction of the flange and web.

If the mechanism shown in figure 6.1 had been incorrect
and instead the stress at the root radius had been assumed
to vary linearly between the yield stfess at the load point
and zero at the outermost hinges, then the variables would

have remained unchanged but equation 6.6 would have been:

P=2.12117/B ¢t fy, £y, + fy, 1, &t + Fp

This shows that for long'beams loaded by two opposite knife

edge loads (la = 0), the general expression is:

\ 2 &
P =c, TJ[ﬁit fyf fyr + Co T £y,

where 4 and c, are constants dependent on the distribution
of the yield stress in the mechanism. Using the least

square method for the test results used previously, then:

Author Winter and Pian

Test No. | Pth / Pexp Test No.| Pth / Pexp
56 .95 2 .95
40 1.08 4 1.02
44 1.05 9 1.02
48 1,02 9 1,10
52 .99 10 1.1
56 .98 11 1,04
59 1.04 13 1.05
60 1.1 14 1.4
67 1.10 15 1.05
g% 1:8% Mean 1.05
o4 .91
78 .98
83 1.06
65 1,04
66 .96 .

Coefficient of Coefficient of

variation = 6,1% variation = 8.0%

mahle 6.2
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where:

¢, = 2.339 and c, = 7.845
as determined from the authors results only. Using these
values, it can be seen from Table 6.2 that the accuracy of
the author's results remains almost the same, but that the
coefficient of variation is reduced for the results of
Winter and Pian.

The Series III results were used for the determination
of Pp, as for the longer beams there is more likely to be
sufficient restraint provided away from the mechanism for
211 the necessary plastic hinges %o form in the flanges.

For beams with insufficient restraint away from the

mechanism such as short lengths loaded by two opposite knife
edge loads and long beams loaded by relatively long lengths
of uniformly distributed loads, the plastic hinges will not

form and the flange will deform in an elastic manner.

Equation 6.6 can also be written:

‘ \ 2
P=27T7/B %t fyp fy,. + 1, fy, © ¢+ 8 (fy, 7/ 4) 4.67
i0‘0.6.’7

for long veams loaded by knife edge loads, the last term

now being consistent with the work of Chapter 5. Using the

appropriate mechanism for the web for short beams or beams

loaded with a relatively long uyniformly distributed load:

2
P-Lfy, s+ 4 (Ivg £ /W) % 4,67 6.8

Using these twoO limits, the crushing theory can now be

compared with the rest of the test results.

Figure 6.4 Shows the comparison with the Series III

test results and figure 6.5 the comparison with the Series V
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Figure 6.4 Typical comparison of Local Crushing theory and
Series III test results.
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test results. It can be seen that the local crushing theory
overestimates for long bearing lengths and for short beams.
This is similar to the comparison in Chapter 5 of the yield
1ine theory with the test results. Comparison with the
geries VI test results would merely show that the failure
load does not always vary with the length of the uniformly
distributed load as indicated by the crushing theory.
However this could well be due to the beams failing in
another mode, such as elastic or elasto-plastic buckling.
The method does show however that for long beams loaded
with two opposite knife edge loads, the failure load can be

predicted without considering the depth of the beam.

6.4 Fmpirical Assessment of the Test Results

Some of the series will now be investigated empirically
to see 1f there are any relationships to be observed between

the test failure loads and the individual beam properties.

6.4.17 Series IIT

It was illustrated in Chapter 2, for beams in Series

ITI, the manner 1in which the load carrying capacity of a

beam subjected to two opposite xnife edge loads at mid-

length varies with the increase in length or /4 ratio. I°¥

was shown that there would be Very 1ittle increase in the

ultimate load after an aspect ratio of approximately 5.0.

Table 6.3 shows the proportion of the ultimate lcad at an

1/d ratio of 3.0 that each smaller ratio sustained in the

tests,
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% of Load Attained at L/d Ratio of 3.0
L/d Ratio 0.5 1.0 2.0
Test Nos.
33 - 36 50.8 90.8 8
37 - 40 60.9 80.9 3438
41 - 44 574 81.4 97,9
45 - 48 60.0 89.1 10%.2
49 - 52 54,2 81.4 o4.,2 .
5% - 56 51.8 771 390.5
57 = 59 - 85.7 96.1
Mean 57.5 83.7 96.5
Coefficient of
variation (%) 6.7 5.5 4,0
Table 6.3

These rTesults are shown graphically in figure 6.5,
Thus if an empirical method were devised for determining the
load carrying capacity of a long beam such as the load
dispersion method or the yield line method, then the
variation for smaller lengths can be ?redicted to the
accuracies shown above. TFor the load dispersion method,
this variation could be incorporated in the angle of

dispersion.

6.,4,2 Series V and VI

The empirical assessment of the loads attained for

beams in Series III can now be repeated for the Series V and

VI test results, using the sSame test load as reference (long

beam loaded by two opposite knife edges at mid-length), for

various beam serial sizes in the following Way, shown 1n

Tables 6.4 and 6.5 respectively:
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Load attaine@ as Multiple of Reference Load
(Knife edges,L/d = 3.0) B

la/L Ratio 1/6 1/% 2/3 1
Test Nos.
60, 72 - 74 145 | 199 | 2.3 | --
40, 75 = 77 1.37 1.78 2.64 -
78 - 82 1.33 1.74 2.70 3,28
8% - 87 1.14 1,62 2.37 2.86
Mean 1.%2 1.73 2.0 3,07
Coefficient of variation (%) 10.2 4,2 6.2

Table 6.4 Series V

I,oad attained as Multiple of Reference Load
(Knife edges,L/d = 3.0)

L/d Ratio 2.0 4,0 5.0
la/L Ratio 0.5 0.5 1.0 1.0

Test Nos.
88 - 91 1.20 1,36 1.7 1.62
92 - 95 1.10 1.16 1.56 1.58
Mean 1.15 1.26 1.63 1.60

Table 6.5 Series VI

The variation between the comparable results in Tables

6.3, 6.4 and 6.5 are quite spall. Thus if the test failure

load could be predicted for one type of test, then the

failure load for a different test could be predicted to the

accuracies shown.
Beam reference N (254 x 146 X 43Kg/m) test results,

- - " r-
test numbers 78 - 82 and 88 - 91, &re shown in figure 6.7.

. ; hich can be
Also shown 1s the llne,repfesentlng fyr L %, wai

seen to be significant. It appears\that the beam fails when

ttained at the Jjunction ©

unless the load is applied

: f the web and
the yield stress 1s &

the root along the whole length,
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remote from the ends. Beam reference M (305 x 165 x 40Kg/m)

test results, test numbers 85 - 87 and 92 - 95, are shown in
a similar way in figure 6.8. Although having similar
empirical relationships between the ultimate loads as shown
in Tables 6.4 and 6.5, this beam has no apparent relation-

ship with the line fyr L t, although all the results fall

pbelow the line.

6.5 Conclusions

The observations from the two previous sections, ST P
and 6.4.2, indicate an overall relationship between the test
results as shown in figure 6.9, for the wide range of beam
sizes included in this work. Further,in figure 6.9, the
straight line from the origin representing la/L = 1 is
sometimes equal to the quantit& fyr L t, and 1t is possible
that at other times this line 1is related to fy.. Lt
indirectly. It has been shown that the lead for various
1a/d and IL/d ratios are related even though some beams

having the same section showed different failure patterns.

Considering figure 6.9, and in particular the aspect

ratio (L/d) 3.0, the load at any point between the lines
1,/L =1 and 1,/L = 0 18 approximately:

6.
p =P+ 1, (By = FQ) ?

L
where Py is the load at la/L =0

and P1 is the load at la/L = 1

. . . 1 a
It was shown 1in the previous section that PO is relate

o P, at an aspect ratio of 3.0, thus:
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whexre k5 is some parameter which appears to be related to

the aspect ratio (L/d). Thus:

_Ii=4+£§<k5—1) » 6.10
PO L
Assuming that these empirical relationships would be

apparent for other aspect ratios, then in general:

(k- 1) 6.1

where k = £ (L/4).

This equation shows the ultimate load for a universal
beam subjected to a length of loading apélied across the
flange to be. the sum of two quantities. One quantity is
irrespective of the depth of the section and the leﬁgth of
the load, the other quantity being dependent on both.

The crushing theory developed in the first part of this
chapter conforms to these findings. The load carrying
capacity could be determined with no consideration of the

depth of the section for xpnife edge losds applied remote

from the beam end. Eowever the method was inaccurate for

applied loads of some length, which may De due to the fact

that the appropriate formula (equation 6.8) does not have a

form similar to that of equation 6.1,
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CHAPTER 7 - CONCLUSIONS AND SUGGESTIONS FOR

FURTHER RESEARCH

Introduction

It was shown earlier in this work that several authors
have conducted tests on various types of steel beams but
have had difficulty in establishing the exact mode of
failure or isclating the effects which led to their eventual
failure. Several authors assumed a mode of failure such as
crushing of the web under the load or web buckling to
establish a theoretical approach to suit the test results.
Consequently several different theories and design guides
can be found in various texts.

As similar difficulties in detefmining the cause of
failure were likely to be experienced in this work, it was
concluded that a different approach was required. It was
decided therefore to examine several different theoretical
approaches, each based on & predeter@ined mode of failure
and satisfying the loading and restraint conditions imposed
in the laboratory tests. Each theory was developed to a
stage at which the significant variables affecting the beam
load carrying capacities could be ascertained. Bach

theoretical approach could then be compared with the results

of tests on various beam section sizes to see which, if any,

compared favourably.
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.2 Conclusions from the Test Results

Observations made during the tests showed that every

beam tested had large out of plane deflexions in the web at
failure. Even though some beams had areas of very high
jirect stresses, the applied load was maintained until the
web deflexions became significant. The rate of increase of
the web deflexions varied between tests, in some tests they
mere small until failure when they increased suddenly and in
other tests they were apparent at low loads and increased
until failure.

The degree of yielding also varied between tests, the
areas in which high stresses could be detected were:
4. The flange in the vicinilty of the applied load. These
high stresses were due to bending and large rotations,
although high direct stresses will also be inherent due O
the method of loading. The large rotations of the flange
for some beams would have allowed the web to deflect
considerably.
2. The web at 1ts junction with the root in the vicinity of

the applied load. These high stresses were due to both

bending and direct stresses. These high stresses would have

allowed the deflexions of the remainder of the web to

increase.
3, The web at or near to the beam mid-depth. The large

stresses induced at this location were direct and bending

stresses. 1In some tests the bending sStresses were

predominant prior to failure and in other tests they were

negligible prior ©O failure but increased dramatically when

the beam failed.
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Each of these regions of high stresses would have an
jnfluence on the beam load carrying capacity. However high
stresses at one location could have been induced due to high
stresses at another. For instance high bending stresses at
the web mid-depth could have been due to high bending

stresses and hence rotations at the web root.

The Southwell plot for beams in Series I (for lengths

]

up to L/d 2.0) gave a very good straight line indicating

an elastic buckle at a load almost identical to the maximum
1oad attained in the tests. Hence it is possible that the
beam buckled elastically and that high bending stresses at
the web mid-depth were induced very near tO failure and had
1ittle effect on the maximum load attained during the tests.
For the long beams in Series I the Southwell plot gave a
good straight line also, but indicated an elastic buckling
load of slightly greater magnitude_than the maximum load
attained. It is probable that in this case the yielding at
the web root permitted large rotations, hence increasing the

web deflexions at the mid-depth, this in turn causing

vielding at a lower load than the elastic buckling load and

thus causing premature failure of the beam.

The Southwell plot for beams in other series did not

give satisfactory straight lines, and so any results deduced

from the plot would be erronious. The incidence of yielding

for beams which had loads spread across the flanges was

greater than for beamsS loaded by concentrated point loads.

For these beams yielding also sometimes occured in the

flanges. As yielding occured at so many different

locations for different tests, no definite conclusions as to
qa from the test results

the mode of failure can be determine
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except for beams in Series I and II‘which were loaded by
concentrated point loads. However, for beams loaded by
uniformly distributed loads there was less yielding at all
locations in the section.

The retest loads showed that beams loaded by uniformly
distributed loads were more likely to take considerably less
load in a retest than was attained in the initial test.

This tends to indicate a stability criterion resulting 1in a
highly deformed shape.

The effects of bending and shear as included for tests
in Series VITI are shown to have little effect on the failure
1oad for a beam with a span to depth ratio (s/d) of up to
5,0, However this was ascertained for one beam serial size
only, consequently for other serial sizes the effects may be

different.

7.% Conclusions from the Comparisons of Individual Theories

with the Test Results

Ip this work the emphasis has been placed on

determining the main criteria affecting failure and the mode

of failure rather than developing an accurate analytical

method for determining the failure load of a universal beam.

It is thought that once the cause of failure can be

determined with sufficient accuracy, then an analytical

analysis can be investigated 1n greater detail and compared

with relevent test results. Nevertheless the theories

developed here have Dbeen shown to be guite feasible 1n some
instances.

The three different theories which have been considered
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nere have all shown reason to be relevant within certain
loading and restraint conditions. Although the theoiies
contain certain empirical constanté, the comparisons show
the variables to be relevant in some instances. Each of the

three theories represent a particular mode of failure, each

dependent on certain failure criteria being more relevant
than others. The predominant criterion for each mode of
failure is:

4, Elastic buckling theory - stability of the web.

5. Yield line theory - ultimate moment of resistance due to

bending for the web and the flanges.

%2, TLocal crushing theory - the maximum predominantly direct
stress system attainable at‘the web root, accompanied by out
of plane deflexions of the web and flange bending.

The comparisoﬁ of each individual theory indicates that
each one could be relevant for certain loading and restraint
conditions. The yield line theory and the crushing theory
have certain similarities which enable them to be considered
together. Both these theories indicate similar variables,
each showing that for long beams the depth of the section

has little or no effect on the failure load. Both show

reasonable agreement with the test results for long beams

loaded by knife edge 1oads but vary quite considerably with

the test results for other loading conditions.

However by considering the empirical relationships

between failure loads as in Chapter 6, it was shown that

this would be expected. This showed that for knife edge

loads (long beam lengths) the beal depth is not relevant in

determining the failure load out, when the loads are

uniformly distributed the depth of the section is relevant.
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The comparison of the Series I test results with the.
elastic buckling theory (figure 4.15) show very good
agreement and confirm the indications shown by the
recordings made during the tests. The comparison shows
that for length to depth ratios (L/d) of up to 2.0 the beams
failed at the elastic buckling load and that for length to
depth ratios of greater than 2.0 they generally failed below
the elastic buckling load. However the indications from the
previous section showed that this would be so, dué to the
high bending stresses in the web and the local crushing at
the load application point. The flange resistance to
rotation is also likely to have an effect for long lengths.

Thus if the Series I test beams did buckle elastically
then the retest loads attained show that the post-buckling
strength is lower. Hence if a beam develops high bending
stresses before it has buckled elastically, then it will
fail at a lower load than the elastic buckling load. This
is confirmed by beams tested in Series IT which were tested
with eccentric concentrated point loads. The Southwell plot
using deflexions when the beam is still elastic in the web
(at the mid-depth) indicates & test critical load, which is

never attained due to the effects of subsequent yielding at

the extreme fibres of the web.

Thus it appears that for the beams utilised in this

work, the elastic buckling load is an upper bound, and is

the load carrying capacity for a beam with ideally elastic

properties. The non-linear effects of the stress-strain

relationship reduce the load carrying capacity. The effects

of any initial eccentricity in the web would also reduce the

load carrying capacity-
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For beams other than those in Series I and IT, as well
as the effects of yielding at the web extreme fibres due to
bending, the effects of the loading conditions and thé
restraint. . which the application of the load itself provides
will also affect the buckling load. Consider first the beam
most likely to fail due to elastic buckling, a short beam in
Series IIT (two opposite knife edge loads) or a beam loaded
by long uniformly distributed load in Series V or VI. Some

of these tests showed no signs of yielding at the extreme

fibres of the web or at the web root up until the very

sudden failure. However as can be seen in figures 4,16 and

4.18 these beams did not have the equivalent of fully
restrained loaded edges. Even 1f the stresses due to
bending in the web are accounted for by using the Perry
formula (as incorporated in the BS 449 design in Chapter 3),
the restraint is still not the equivalent of full restraint.
Thus in this case, beams which fail in quite an obvious
elastic buckling manner must fall short of the fully
restrained edge conditions due to another factor.

This further factor can be detected by examining the

deformed shapes of the relevant test beams after the first
loading cycle. It can be seen that the flanges do not
remain exactly perpendicular +to the original web position,

so that the web and sometimes the flanges rotate at their

junction with the root. Tt was shown earlier in the work

that for some tests the flange rotated and 1ifted off one

side of the applied load which in fact means that the

condition for the web to act as a clamped plate is nov

observed as its slope at the loaded edges does not remain

zero. This is due tO torsion in the flanges.
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There 1s one further effect which must also be
considered. That is the high stresses which are induced in
the web at its Jjunction with the root, due to the high
concentration of the load. This would also reduce the

restraint provided.

Hence by considering all these factors, only a beam
with thick flanges and a slender web loaded across the
flanges would be expected to fail as a fixed ended strut.
Test beam 33 would be most likely to satisfy these
conditions, and in fact its equivalent plate buckling
coefficient is (Kq) 3.87 which compares with 4.0 for a fixed
ended strut.

The failure loads for other beams would be expected to
be an elasto-plastic buckling load depending on the non
linear consideration of the stress-strain relationship.
Hence the value of the coefficient of restraint R referred
to in Chapter 4 would be likely to vary with the properties
of the section but not 1in & direct way. The non linear
effects of the stress-strain relationship would affect both

the restraint at the loaded edges and also the stresses at

the extreme fibres of the web.

If these hypotheses are correct then the conclusions

from Chapters 5 and 6 conform. Roth chapters deduced that

for certain loading conditions, the load carrying capacity

of a rolled steel beam could be determined without

considering the depth of the beam. Both methods show that

when loading conditions produce considerable yielding at the

load point or at the extpeme fibres of the web due tO

bending the load carrying capacity can be determined by

considering the ultimate strength of the section.
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The yield line theory seems to give more consistent
results when compared with the results of the tests. For
the case when long beams are loaded by knife edge loads the
crushing theory gives a coefficient of variation of 6%
compared to 16% for the yield line theory. However the
empirical constant for the yield line theory was determined
from a different failure mode and yet gave a mean value of
Pth / Pexp of 1.0 whereas the empirical constant for the
crushing theory was determined from the test results
considered. Also the yield line theoretical loads show someé
cérrelation with the retest loads for beams which almost
certainly failed in the initial test due to web instability.
The yield line theory also considers the rotation of the
flanges in deriving the theoretical failure loads which is
consistent with the observations from the test results. 1%
is also possible that neither of these two approaches 1s
correct but as each has the main variables involved, a

satisfactory approximation has been found.

7.4 Summary

The complexity of the problem and the various factors

which influence the load carrying capacity of a universal

beam or joist illustrate WhY the various design guides in

use at the present time are only effective when beams have

certain loading conditions. Tt nas been shown that an

approach such as the BS 449 design guide,
arge stresses at the

which uses the

includes the effects of 1

b at the mid-depth but overestimates

Perry formula

extreme fibres of the We

the restraint provided by & load applied acToSS the flange.
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A.1 Strain and Deflexion BQQQféU%

Table A.1 contains the complete set of;stralﬁ.and.~~
deflexion recordings for all the«tggtggwhinh utilised
electrical resistance stfain/gaugeszqr;mechgnical deflexion
gauges.

All strain gauge reference numbers are -in accordance
with figure 2.4. The number in brackets after the strain
gauge reference number for tests 98 - 100 is the distance in
millimetres from the beam mid-length to the strain gauge
position when the spacing of gauges is not 4d/4.

The following abreviations are used in Table A.1:

C.D.G. ~ Central deflexion gauge; located at the beam

mid-length at the mid-depth of the web.

L.P.D.G. - Load point deflexion gauge; located at thé Web ‘y w

mid-depth along the line of action of the/applied loads,;_, 
V.D.G. - Vertical deflexion gauge; located un&er‘ﬁhé bdttQm-
flange at the beam mid-span (average of two gaugeszlocatedff k,'

each side of the web position)..

R - Retest.

It is likely that for gaugés/wﬁiéﬁ/Shéégvéry;higﬁf   "
strains, that the gauge has'ceased ﬁo/functioh cdrﬁé” 1
This should be considered when utilising théseiﬁééﬁl_sy
\For some readings at or near ﬁhg‘ﬁg;luré igaa,itﬁi8;zj;

indicated in Table A.71 that the readings cannot be



guaranteed. There are two‘reéso
1. The instability of the test beam and goﬁ é\
fluctuation of the gauges at the applied léad.
2. The actual load applied (When’réadiﬁgs?a:e indicatéd'aﬁ
failure) is variable due to the nature of hydraulic testing
machines. |
Thus readings indicated by a * are only intended as a guide

to the overall beam behavibﬁr:father than accurate recording

of the state of stress.
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A,2 Elastic Analysis’Details‘.‘ﬂ

In Chapter 4, the analysis for a rectangular plate

restrained along the two opposite loaded edges and free
along the unloaded edges was presented. It was shown that
the value of K, the elastic plate buckling coefficient, is
dependent on the wvalue of the wave length ratio o = A / m.
The:resultant expression for XK can then be differentiated
with respect to a to arrive at a minimum value, given the
loading and boundary conditions. Equation 4.18 gave the

following expression for K:

(EE + SinTp ng Rq + 2 + R ) - 4 (1-vy) Sinmp
a 03 ‘%‘ o
X =

gf ( g + Sin@g) - P Sinfn [533(1f§> 5755(1-z}]

B a a Ba P (3 p2+ 543/ pg-’,) -

sy
or:
- Numerator  §
Denominator

then:

dE _ (Denominator) x d  (Numerator)
da da

- (Numerator) x d (Denominator) =0
seadar L ~

this results in an expression for the left hand‘Sidéﬂof@_

A3 of:
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a|g
+
03]
.—l
3
=
b g
BN
Q
i
by
N
L
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AN
N

+ 4 (1-v) TP Cosmp - {1 + CosTp
oo (1o

(R,Ia"2+"‘2+R2/étla)’
o ® a , ‘

P
2
a“
o a:

- (Numerator) x | 2a (Eﬁ + Sinmf ) - ﬁ(ﬂ + Cosgg>
¢ a

P_Sinmf
af P

(5p2+2+5/p2)

[ (3 By + 34)((1 - 3(E>2>Sin1't_g - Tiev(ﬂ-u-(g)2)Cos_Tt_e)
| ® a  a a a

tp(1-Cp/a )3

-1 (3385 (1+ 2) = By (1 = z))}
& i

‘VOQQQA 4‘ /

where:

7 = @ ( 1 ) Sinmp ; &;5j“
A1 Cpsa)? 5

Obviously the value of o for expression A.4 to be equal
to zero ¢an only be determined practigél;y*either byfa’

graphical method or by a computér an&lisié@f Théfauthor? -

chose the latter, the flow dlagram for/whlch is shown in
figures A.1 and A.2. The main process 1nvolves an 1terat15nﬁ;
technique. / " '
In the computer program the value of a is 1ncreased-1n‘
large steps until expression A.4 changes sign, and then

increased in smaller steps from thé’lasp’value.before‘tne‘"




Start

:

Read no.
of wvalues
of g (NR)

"\

I+~1,N8

Read B//

\

\

Read no.
of values/
of R (NR)

for this 3

"\

Read R/

Calculate

Set initial

p=B +
0.0001
3

IX~1,15

p= p+ 0.2

Set initial
a =

CALL
MINIM




SR s s

(a)

STEP =

STEP/10.

Calculate

STEP

Calculate
function

(Expn. A.4)]

¥

Select‘min.”
K and

COTrT,. &

( Return }

Pigure A.2 Subroutine MINIM.




A S A S S

change of sign until the eXpressionfégain changes"sign,

This process is repeated until sufficient accuraﬁy lS
obtained for the value of K which corresponds to the value
of a determined. The program also checks to see whether
there is a further value of o which will satisfy equation
A,3 and if there is selects the one which will jield the
lowest value of K. The results obtained for use in this
work are shown in Table A.2.

The value of the wave length ratio a for small plate
lengths was taken as approximately the loaded length ratio
B(=C/m) + 1.0; if expression A.4 had not changed sign
at any of the increments leading up to this value. This can
be seen to give sufficient accuracy for determining the
value of K, as the values are those normally associated with

a strut. In actual fact for a strut the wave length ratio

would be infinitely large.




mm# r

..,Omm LL .

g9gLL
0oL LL

¢

6¢8°L
- 2¢6°L
6L¢°2
8Lt H
84+ LL
80%° LL
2GsLL
L6e°LL
o9oL°LL

o°L

w/y
otiey
y33us]

aARH

8cc 't
9¢e
8%0° 1
Lot® ¢
t09°cC
¢08°L
LOO® L
002°0

Sh'L
Ge’L
G0°L
é8°0
¢9°0
G+°0
Ao
60°0

QUaTOTI IS0 pnamnpmom

+6¢°2C
49¢°2
A YA
gs6L°2
L68°L
chg L
ogL°L
41L8°0
+S+t°0
L60°0

ég°L
Go°L
Gt°L
ge°L
Go°L
¢8°0
¢9°0
Gt°0
G0°0
G0°0

QUaTOTIIS00 JUTeI}say

b
1U8TOTFIB0D
guryong

w/T
oT3ey
109dsy

606° L
6L9°L

oLg*e

9GH° L
Lot LL
LGe°LL
Gog°LL
o9L°LL

G946 ¢
096° ¢
0LS ¢
792" ¢
004°2
£90°e

2y etdsd

9°

L 5 ',1

CO00O T T v

o<

(FORERN
o

0°G = JUSTOTJIO0D JUTBI}SY

¢oL*e
#9l°¢
¢6%¢°2
ohlL°¢
o6t LL
LG LL
g0t LL
26¢°LL
L6e°LL
o9L°’LL

648° L
048°L
984 °L
¢69°L
GHG*L
t2e L
©/0°L
¢28°0
0456°0
9L¢°0
¢90°0

G0°¢c
é8°L
Go°L
ShL
ge'lL
Go°L
é8°0
69°0
S7°0
Ge°o
40°0

+#°0 = QUOTOTJJIS00 jutexysasy

§0°0 = w/d

w/v
ot3ey
yy3ue]

aAe)

= 07198 yz3usl pepeo]

A

4USTITIIS0D

Sutiyong

u/T

oT3ey
1o0adsy

499° L1
@mw L
Leo*® m

GHLL

801" LL

LGe bl
H9¢°LL
0oL’ LL

0°¢

oom.

WA
Gthr*e
L84 S
068°¢
g8t LL
wH oLl
Lot LL
LGe Ll
ooc®LL
o9L°LL

i

0°0

w/ v
oT3ey
yg3ua]

aAepN

QUaTOTIIO00 JuUTeI}sdy

SLo°L
L09°L
oG L
9lt°L
LlgL
a¢e L
LSO L
¢G8°0
¢49°0
2ét°0
LG2°0
0560°0

e e
0°¢
ég°L
Go‘L
A"
gz'L
Go°L
G8°0
G9°0
St°0
6z°0
40°0

QUaTOTIFO00D pqamypmmm.

|
JUSTOTIIS0D
ButTsong

u/T
oThey
1o9edsy




0¢°L
oL°L
06°0
04°0
06°0
0¢°0
oL°0

2o = QUOTOTJIO00 jureI)say

- 6¢¢°c 06°L
6¢8° L ég¢°e 04°L
868° L oc¢‘e 0L
g4L°¢c +02°¢c 0%¢°L
Got°¢ GL6° L oL°L
69t° LL 299°L 06°0
gLl LéeL 04°0
L9¢°LL 806°0 05$°0
oLz°LL GH4°0 0¢°0
oLz LL 28L°0 oL°0

O._\ = QUO8TOTJIJIB00 Pﬂﬁ..mhummm
w/ Y
oTyed | ; w/ T
qaduel  JUSTOTIIS0) ot3ey
SAEM ButTyong 1o090dsy

LS
[0z

(*3100) 2°¥ otded.

Lot Ll
Lew® Ll
09¢°LL
oLe Ll
1A

soL’e
chl 2
LLg e
%98°2
#5149

0°4

69 LL
2eh Ll
L9g Ll
oLz Ll
oLz Ll

L*0

otaey

#°0

w/v

-

u

qa8ua]

shepy

mww 'L
998°L
908°L
mmm>r
065 °L
G8¢° L
LeLeL
988°0
¢¢9°0
08%°0

4elL*o

177000 quTBIgSod

oL°e
06°L
04°L
0L
oL
oLl
06°0
04°0
06°0
0¢°0
oL*0

QUSTOTJIS00 JUTBIFSOY

/

)

i

oTqel Yal3usT peproT]

A

JUSTOTIFS0D
gutrtyond

w/T

otgey
n1o0dsy

06" r/

Lok 2 0L L
§49°2 05°L
691°¢ o¢ L
ceh Ll oL°L
99%° LL 06°0
Lew Ll 04°0
99¢°LL 0§°0
olLz*LL 0¢°0
oLe‘Ll oL*0

0°0 = JUSTOTJJO00 JUTRI}SSY

w/vy
oTaed b w/T
UaBusT  QUSTOTIIE0D otaed
oABp Fuiyong 1008dsy




@wﬁ L
GG66°L
o’ LL
09¢°LL
09¢°LL
09¢°LL

y

498° L
646°L
L6¢°2
cel
9ot LL
09¢°LL
09¢°LL
09¢°LL

it

o°L

w/y
oT3eyd
yaduel

sAepn

8LE
762"t
290" %
Lot* ¢
¢09°2
208°L
L0O" L

Sl
Ge°L
G0°L
¢8°0
¢9°0
G%°0
¢e°o

QAUSTOTIJ900 QuUTRILSaY

¢ehee
L6¢°2
6Le e
eoL°¢
868° 1L
chG L
08L°L
LL8°0
+6+t°0

ég°L
Go°L
GH°L
GeL
Go°L
¢8°0
¢9°0
¢t°0
AR

QU9TOTJJ900 jutreasssy

A
JUSTOTIFO0D)
gutyong

w/T
otaeyd
1o09dsy

(*3u00) z°y otded

thG* L
+{9°L
¢6¢°2
9t LL
09¢°LL
09¢°LL
09¢°LL

Ggo°¢

29" ¢

LGS ¢
Lieg ¢
004°2

990°¢

a9°L
Gl
ge L
Go°L
é8°0
49°0

SH*0

éz°o

0°¢G = quﬂuwwwmoo rutexjsay

geLee
+02° ¢
GGH°e
G92°¢
Go5°LL
99t LL
09¢°LL
09¢°LL
09¢°LL

206° L
698°L
208° L
+04° L
8hG° L
CARE
#,0° L
228°0
046°0
9L¢*o

G0°c
é8°L
G9°L
Gt L
Ge*L
Go°L
$8°0
49°0
St°0
AL

#°0 = JUSTOTJIS00 JUTBIFSSY

¢e*'o = w/p =

w/v
ot3ey

y33ueT  QUSTOTIIO0)
SAe suttyong

oTqel yYa3uoel popeoT]

A

w/T

OoT3ey
noadsy

- . .9¢9° mm Z
Ggee , Go°¢c
8G¢°2 Q@mm L gL
¢ohte 98+ L G9°L
G98°¢ 8¢ L Gt L
880 62 L Ge*l
205 Ll LGo* L S0°L
7ot LL 2é8°0 $8°0
09¢°LL ¢G9°0 $9°0
09¢°LL 2610 St°0
09¢°LL LG2*0 G2°0

0°0 = JUSTOTJJI000 jutexlsay

w/y
otaey b w/ 1
yadueT  JUSTOTIFO0D ot3ed
oABM Sut1yong 10edsy




. (SR
hes L AR
LLG
XA
864°¢
c08°c
200°¢

0L°L
05 L
0¢°L
oL°L
06°0
04°0
06°0

D9 = QUOTOTIIS0D JUTBILSSY

o 26s°¢
096° L G04°¢
1740°2 oL¥°¢
¢btrte 9622
R A é86° L
oL9°LL 299°L
oL9°LL ole°l
oL9°LL 806 °0

06°L
0L L
06°L
0¢°L
oLt
06°0
04°0
056°0

0°L = JUSTOTIIS00 JUTRIFSY

w/vy
oT3ey b
yaBueT  QUSTOTIIS0D
aAep BurTyong

m/T
ot13ey
noadsy

06°0

| (*4t09) giy eTABL

LH9° L
¢l L
09¢°2.
0L9°LL
oLo°LL
oLo°LL

0°G = AUSTOTIFE00 JUTBIGSOY

glLe*e
A YAR
6tG° 2
T4
oL9°LL
oL9’LL
oL9 LL
oL9°tLL

986° L
6L
Lig L
894
oL9*L
LBE¢°L
LelL
¢88°0
¢%¢9°0

oL*e
06°L
0L°L
05 1L
0¢ L
oL°L
06°0
04°0
06°0

$#°0 = JUSTOTIIO0D juieIssay

w/y
otqed
ya8uat

SABHN

A

JUSTOTIFS0D
Jutyong

= 0T48X Y33usl papeoT]

u/T

otT3ey
109adsy

669° L
LL9t L
HL9° L
695°L
et L
882" L
LoL°L
206°0
¢04°0
205°0

QUSTOTIJ000 AUTRI}SaY

w/v
ot3ey A w/ T
yj3uel  JUSTOTIIO0D ot3ey
2ABH Sutryong noadsy




Ode ¢
- 098°LL
098° LL

.UU“

640°2
80l "2
#92°2
094°2
9¢¢°§
098° LL
098°LL

oL =

w/y
ot3ey
qy3us]

sAepn

620°G
oLo°S
098+
L8H "1
008°¢
¢00°¢

AL
G¢l°e
§99°¢C
466°¢2
0l¢°e
640°¢C
gcl L
A1 "

A

JUSTOTIFO0D
gutriong

JUSTOTIJ900 AUTBINSSY

QUSTOTIJO00 AUTBIASSY

(*4709) 24 o1dml

o

| i g6l
G4 L o 4 GloL
GG L 464" L 54 GGl
Ge°L 646° L 6¢ GGt
qL°L S04° e L GLoL
$6°0 098°LL 66 46°0
G4°0 098°LL g G40
0°G = ;ngqumaﬁmnumom
- lL2 5¢te 5¢
GL°2 ee*e ML ¢ GL°z gL
G6° L ¢q¢ e 8+%0°¢c 56°L 66
G4l Sot°e 046° L G4 L S4
GGl 84°2 #48° L 194% 154
Ge*L bl e 289°L GeL ¢
GLL 098°LL LGt°L qL°L GL*
$6°0 098°LL Loc*L $6°0 . 66°
G40 098°LL 646 °0 G640 G4
#°0 = JUSTOTIIS00 JUTBISOY 0°0 = JUSTOTFFO00 juTeI}say
G40 = wW/p = O0T3ed Yj3usT Papeo]
u/ v w/v
m/ T otaey ) /1 ot3ey )| m/T
oTaed  Y3Bus T  JUSTOTIIO0D ot3ey qadueT  JUSTOTFFS0D otaey
noadsy aAepM Buttyong noadsy aABM Butyong 1o08dsy




A“wg@wv C uw@m@-

- oo m
2¢9°4 08°L SH6° L 08°L
826 °4 09°L #20°¢ 09°L
682°S ot°L 99¢°¢2 ot’L
GbdH oz’ L 994G 0c°lL
#00°+ 00°L oL el 00°L
>o = JUOTOTJJO00 JUTBILSSY 0°G = mmmﬂwwwwooo jutexisay
- 08z‘ze or°¢c
- Le6°c TARS ALK Gwete 0z‘e
LA L66°¢2 00°¢ ghs° 2 LgLee 00°¢C
geee 998°C 08°L . vmmqm 0602 08°L
686°2 6cl°2 09°L 9¢c ¢ G66° L 09°L
L8Y° ¢ 205 e oh* L Lt S 094°L ot°L
w oLL°z2L (A rAl% oLL*zL GLGL oc’L
a oLL°cL GL8°L 00°L oLL*zL gog*L 00°L
| 0°L = JUOTOTJIIO0O JUTRISAY #°0 & JUSTOTIFO00 JuUTBI}SaY
W 0°L = w/D = oT3ex Yj3ud] papeo]
| w/v w/v m/y
| ot3ey A w/1 “otsey A1 w/T o13eyd ¥ w/1
qa38ueT  JUITOTIIO0P oTjed yja3ueT  JUSTOTIFO0) ot3eyd ygduel  JUOTOTIIO0D ot13eyq

SABRM Jutiyong noadsy aAepN Butiong 1oadsy sABN Butiong q00dsy




(*au00) 2y oTdel

labl 0¢°e -
960°4 oL°¢c L9%°2
296°9 06°L GgG*e
499°9 04°L go%°¢
900°9 05°L oLo*clL om .

QU8TOTIJO00 3UIBI]SOY 0°G = ;sw,f/ 809 JuTeI]say

- 669°2 06°¢

LL9°¢ 04°2 898°¢ 969°¢C 0sL°2 ,wrm @
GL9°¢ 05°2 ¢88°C 6h9°¢c 05°c 0dke
G66°¢ 0¢°2 8L6°¢ 986 °2 0¢°c gor’e
Lot g oL°c A ALS ot 2 oL°¢ ¢Lo’e
Leee 06°L 890 ° 1 ©46¢°2 06°L 288l
2l0°¢ 0l°L oL9*clL il ° ¢ 04°L LO4 L
¢el e 05°L oLo*clL L68°L 05°L 906°L

QUS8TOTJIS0D JUTBIZSAY £#°0 = QUSOTOTIIS0D JUTBIFSAY 0°0 = qQUSTOTIIO0J QuTexqsay

G*L = w/D = oOT3el YjIusT papeoT]
w/y . u/y
p:| w/1 o138y P w/T otaey 9 w/ 1
JUSTOTIIO0D ot3ey Yja3ueT  JUSTOTIFS0D ot3ey Ya8uset  AUSTOTIIS0D otgey
duriyong 10odsy aAeM Jutityong 109dsy aABp Juiyong 1oedsy

SR




- $68°8 -~ 08°2

206" e 6%8°8 09°¢
5442 L94° 8 of°¢c
e LdG "8 Oc*c
oLL° gL £00°8 00°¢

Po = QUOTOTIIS00 JUIBIFSSY

- otrg 00°¢
840°¢ oL¢ "t 08°¢
GlL°¢ ¢geyr 09°¢
oLG°¢ 6L Y ot°c
GoL°S 866° ¢ oc*c

oLLel 0%9°¢ 00°¢

0°L = JUSTOTJIO00 juUTRI}SdYy

u/y

otaed | w/ T
yy3usT JUSTOTIIS0D 0T3eYd
aAep JutTyong noadsy

(*3u00) 2°v otaed.

208°¢e

{eb’e

L85 ¢

oLL gL

0°G = AUSTOTJJO00 JuUTBIFSOY
- 68L°¢ 0c°¢

Log ¢ ¢oL°¢ 00°¢

89¢°¢ aLL°¢ 08°2

AL 8+0°¢ 09°2

69l * 4 ¢h6°C oh*e

869° 4 694°2C 0c e

oLL ¢l 625°¢c 00°¢c

+#°0 = AUSTOTIIO00 AUTBIFSSY

0°c w/9p = oTj3ex yYj3udl PpPOpPeOT]

u/v
ot3ey b1 /1
y33usT  JUSTOTIISO0)D otaey
aAR ) duriyong 1oedsy

5\«
oTj3ey
yg3us]

srepm

. eeoz - ontg

S TOTIFO00 juteIsssy

Gloce 0zt

84S 2 00°¢

6262 08°2

09t'c 09°2 .
. l6g°e ot

002°2 02°2

£00°2 00°2

QUOTOTJIJ900 JUTRINSOY

b u/T
JUSTITIFS0D 01438y
duryong no09dsy

AR




L69° 0L
2¢9°0L
86%°0L
600°0L

QUSTOTJJ900 AUTRIRSSY

8¢L°4
6LL°G
240°6
766 ° 14
¢h8°t
448G %

QUOTOTIJS00 AUTRIASOY

A

AUSTOTIFO0D
Butriong

656°¢

§°2

892°¢
Glece

oL9*¢L

0°G = qUsToTFJooo JuUTeIfSaYy

- zelie 04°¢
26l ¢ L04°¢ 06°¢
908°¢ 049°¢ 0%°¢
786°¢ 6L9°¢ oL°¢
S6HhH 9¢Ge¢ 06°2
6469 L6g°¢ 04°2
0L9°¢L LoL*¢ 0G°2

#°0 = 3USTOTJJS00 JUIBILSSY

= w/) = ofqeI yyBusy pepeo]

u/ v
otaey b1 ut/1
Ua8ueT  JUSTOTIFO0D otaeyd
aAep Butrong noaedsy

Y

-9

[aVEe Vi a Vi Yol Yol Yo VoY You

9 49 FOV 8

Sfelelc ollelcler
A= 1A A G

AUSTOTIJS00 JuTeI}say

TUSTOTIFO0D
Butrond




- ¢85°cl 09°¢
Ll A of°¢
g0l L2l 0 TAR

Or&.#ﬁ oLo’clL 00°¢

>0 = QUOTIOTJI 900 juUTBI}SdAY

=" 096°6 00°+¥
400° ¥ g46°G 08°¢
L8O+ 2L6°§ 09°¢
w6¢ 268°G otr*¢
0¢6°4G 824° G 02°*¢
oLL°HL S 00°¢

0°L = JUSTOTJFO00 jutleIsay

w/v
o1qey | w/1

Y3suef  JUSTOTIIO0) ot3ey

0°¢

SABM Jutiyong noadsy

(*3u00) 2*v 61a¥d

btndi* & 09:¢
98 °¢ Ot°¢
26g 02° ¢
oLL*HL

0°G = uauﬁ@wwwooa.pqunpmom

~. 08¢ "t Oc ¥
6Lz - Lt 00°*4
L9z % A AR 08°¢
0¢H H LOZ* ¥ 09°¢
006°# GeL ofr*¢
966°9 2L0" 4 02°¢
oLL*HL ¢6l°¢ 00°¢

#°0 = JUSTOTIIS0D JuUTBIISSY

= /) = O0T3el y33us| PopeO]

w/y
oT3ey A w/1

y33us] JUs8TOTIFO0D ot3ey
aABp dutiong 109dsy

08°¢

00°¢

o blhe
- Qb e
esht e

Leh*e

8LC ¢

60¢° ¢ gk

L6L* ¢ 02°¢

oLo*¢ 00°¢

00 = JUOTOTIFO0o0 quteIissy

w/y

otqeyd € u/1
ya8ue T  qUaTOTIFO0)D otjey

sABp dutTong no9dsy




, 05 HL oLt
961 ° Gl L 06°¢
6451 L6g°HL 0l°¢

05°¢

0LoHL - LLO*HL

e@m >0 = QUSTOTJJO00 JUTBIFSY

- ¢08°9 0G°#
L84 H G64°9 0¢ *H
LGS " 994,°9 oL°%
L8t 8LL*9 06°¢
L26°S 9L9°9 04°¢
oL9°#lL LG9 06°¢

0°L = JUSTOTJJO0O JFUTBIRSOY

w/ ¥
o1qeyd | w/T
Ya3uaT  AUSTOTI IS0 otjey.

sABM Jutiyong nooedsy

(‘4u03) giv aTdBL

5584
068°
928 %
64t
8¢l
€¢9*
Ll AT

!

0T3eI UY3B3UusT PpPoOpPeoT

!

AUSTOTIFO0D
Jutrong

0°G = AUSTOT Io00 FuTEIqsay

04
06+
0¢
oL °+
06°¢
04L°¢
05°¢

QUSTOTIIB00 juTeIlsSay

w/1
otqey

1oadsy

AU TOTIIS0D

JutTyong 1oadsy




98974
650°6
oLL°GL

oo =

¢l
0t0°4
¢6c°4
05¢°9
oLL-aL

0L =

w/ ¥
otsey
yy3uel

aABp

Iht° 9L 09°% ged h 2elel 09 *4

¢ch ol Ot * ¥ 7184 LoL-gl ot

L9¢ 9L oc ‘t t2¢’ S . 2%0° ¢l 0c 't

zLo oL 00°+ oLL-GL oL el 00°t
QUeTIOTIIS00 RUTBIFSSY 0°G = pdoﬁwﬂwwmoo 1uteI}say
- Lirtr* G 02°4

099°/4 00°4 LbL*G 8¢t* 4 00°4

769° /4, 08 ° ¥ 0ce 4 8L¥° 4 08°t

0¢9° 4, 09°+ 04¢°4 L6¢°G 09°t

L6G° 4 ot ° 4 664°G G¢* 6 ot +
604°/ OrARY L¢G4 ¢Ge*4 oc*t

2 Ae 00t oLL°GL 960°4 00+
QuUaTOTII200 DEHQHDmmm .¢.O = QUI3TOTJII200 PEHM.HPWQMH

0*%# = w/D = ot3ex Yj3usl pPopeoT]
w/v

pi| m/1 or3ey | w/T
JUSTOTIJI90D otgey yjdueT  JULIOTIIS0D otaey
JutTyong 1o0adsy aAepn ButrTyong n1o0adsy

(*3u00) 2°y OTqBT

o¢L¢clL

GhlLoL
_ogL oL
960 0L
8L0°0L

e,

0°2 = JUSTOTFFo00 AUTBIFEAY

$8¢

67%°4 048
GeH*g 6he°t
669°6 6LE
¢ae*9 0le "
oL 8 6Ll ¥
oLLegL 2Lty

02°S
00°4
08° 1
09°¥
Ot ¥
0zt
00°t

0°0 = JUSTOTJJ900 juUTBI}SaYy

w/ v
otsey pi|
yadueT  JUSTOTIIOO0D
aAef gutyong

u/1
ot13eyd
pommm<




