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The first appendix describes how tne library is 
installed and used. The others are the documentations of 
the various routines implementing the selected algorithms. 
Each routine is described and in most cases an example is 
given to show how it is used. 

Areas in mathematic~l comµutatlon for which routines 
are available are algebraic linear syste;ns,nonli.near functions, 
polynomials,quadrature,ordinary differential equations, 
':Ji nimiza tion, least squares approxima t i.o n and special 
functions. 
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Afl-ENDIX A: 

INSTALLATION OF THE LIBRARY AND GENERAL USAGE 

1. Installation of the library 

The first ste~ is to determine machine dependent quantities. 

Some functions to determine these quantities have been ~rovided so that 

you need not know what these quantities stand for before you can 

install the library. The quantities to be determined are 

i) base of floating-point arithmetic 

ii) the number of digits in the mantissa of a floating-point 

number 

iii) the highest exponent 

iv) the lowest exponent 

v) maximum integer representable 

vi) minimum integer representable 

vii) the number of digits in the mantissa of a double length floating

point number if double :precision arithmetic is available. 

viii) 

ix) 

machine relative error 

machine relative error for double precision arithmetic if 

such arithmetic is available. 

The library can be installed in the following manners 

a) No changes in :Program Al if double precision arithmetic is 

available, otherwise remove -lines 1, 18, 19 and 22 and change 8 

in line 6 to 7. Remember that the output unit number used here 

is one. If the one of your computer is different, then replace 1 

in lines 8, 14 and 19 with your machine output unit number. 
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b) No changes in FUNCTION IFlMQ if double precision arithmetic is 

available, otherwise remove lines 2, 10, 27 and 47 - 53. 

c) FUNCTION RF2MQ should be left unchanged. 

d) FUNCTION DF2MQ is not required if double precision arith.metic 

is not available. 

e) After these modifications have been made, Frogra.m Al, IFlMQ, 

RF2MQ, (DF2MQ if double precision arithmetic is available) should 

be compiled, linked and executed. 

The following were the results produced by Texas Tx990/4 

microcomruters which has double precision arithmetic. 

MACH(2) 

J'iIACH(J) 

1lfACH(4) 

?-"i.ACH(5) 

MACH(6) 

MACH(?) 

MACH(8) 

RF2MQ 

DF2MQ 

= 16 (BASE-J3) 

= 6 (NUMBER OF BASE~ DIGITS IN MANTISSA) 

- '?5 ( PI.AX EXPONENT) 

= -78 (MIN EX}'ONENT) 

= 32767 (MAX INTEGER RE!RESENTABLE) 

= -32768 ( MIN INTEGER REF RESENT ABLE) 

= 14 (NUMBER OF BASE-B DIGITS IN MANTISSA 

OF DOUBLE LENGTH NUMBERS) . 

= 0.953674JE-06 (IVlACHINE RELATIVE ERROR) 

= o. 2220446o4925031n-15 ( MACHINE RELATIVE ERROR, DOUBLE 

LENGTH) 

Note that statements in brackets are not printed out. If you 

know all these quantities, then there is no need to follow steps 

a to e. 

f) It is assumed that you know the standard output unit number of 

your system. For Tx990/4, it is 1. 
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g) Using the results obtained in step e, FUNCTIONS IFlMQ, RF2MQ, DF2MQ 

(if double r,recision arithmetic is available) are then modified to 

become: 

i) FUNCTION IFlMQ 

MACH(l) should be assigned the standard output unit number 

of the system. Using the results obtained for Texas Tx990/4 

microcomputer, in step e, FUNCTION IFlMQ becomes. 

INTEGER FUNCTION IFlMQ (I) 

DIMENSION MACH(8) 

DATA MACH/1, 16, 6, 75, -78, J2767, -32768, 14/ 

IFlMQ = MACH (I) 

RETURN 

END 

Note that MACH(l) is now assigned the standard output unit 

number of the system. 'Ihis must be done. 

ii) FUNCTION RF2MQ 

Using the results obtained for Tx.990/4 microcomputer 

RF2MQ becomes: 

REAL FUNCTION RF2MQ(R) 

RF2MQ = 0.9536743 E-06 

RETURN 

END. 

Note that the variable R in the parameter list has nothing to 

do with the computation. It is there for RF2MQ to satisfy the 

definition of a function in FORTRAN. 
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iii) FUNCTION DF2M9, 

available) 
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(If double precision arithmetic is 

Using the results obtained for Tx990/4, microcomputer, 

DF2MQ becomes: 

DOUBLE 1-RECISION FUNCTION DF2MQ (D) 

DF2MQ = o.222044604925031n-15 

RE'IURN 

END. 

Note that the variable Din the parameter list has nothing to do 

with the computation. It is there for DF2MQ to satisfy the definition 

of a function in FORTRAN. 

h) Test whether the modification has been properly done by recompiling 

Frogram Al (after the 2 in line 6 has been change to 1), IFlMQ, 

RF2MQ and DF2MQ (if double precision arithmetic is available), 

linking and executing the linked output. The print out will 

now display MACH(l), which should be the standard output unit 

number. The other results should correspond with those 

obtained in step e. 

i) The compiled output of FUNCTIONS IFlMQ, RF2MQ DF2MQ (if double 

precision arithmetic is available), should now be copied into one 

file which can be given the name BASE. Also include in the 

BASE file the compiled output of RF8SF and DF8sF' (if double precision 

arithmetic is available). See appendix G for the listing of 

RF8sF and DF8sF. 
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j) 'Ihe other routines can now be typed in from the listings 

provided into diskettes or cassettes. Remember that the 

lines must not be numbered. The numbering in the listings 

should therefore be discarded. Single and double precision 

versions of FUNCTIONS are provided and if double precision 

arithmetic is available then the double precision versions 

of FUNCTIONS should also be included in the library. Each 

routine with the auxiliary subroutines listed with it (if any) 

should be compiled and their compiled output placed in one file. 

'Ihis should be done for all the routines. The auxiliary subroutines 

(if any) listed with a subroutine are not called by any other 

subroutine except the one they are listed with. For subroutines 

only the single precision versions are provided. It is 

preferable for a file containing the object code of a subroutine 

and its auxiliary (if any) to have the same name as the subroutine. 

k) Before compilation, the single precision version of the subroutines 

can be converted to partial double precision or double precision 

by the use of subroutine IFlCO which is described below.· 

2. USAGE OF SUBROUTINE IFlCO 

After typing in the listed routines (excluding the line numbers), 

the subroutine IFlCC can be used to convert these single precision 

subroutines to partial double precision or double precision. It 

is also possible to avoid the use of IFlCO if the following 

process is followed. 

a) To convert to partial double precision, lines that start with 

c* or c., should be ommitted. C- should be replaced with two 

spaces while lines that start with ~c+ should be activated by 
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replacing each C+ with two spaces. Also the line above 

each line that starts with Gt- should be removed. This steps should 

be taken when typing in the listings. 

b) To convert to double rrecision, lines that start with c+ 

should be omitted while each C. and C- should be replaced with 

two spaces. Lines that start with C!llt should be activated by 

replacing each C* with two spaces and removing the line above it. 

These sters should be taken when typing in the listings. 

However, mistakes can easily be made if the conversion to 

partial double precision or double precision is done this way. Als~ 

no master library is kept. To avoid these problems SUBROUTINE IFlCO 

is provided. In writing subroutine IFlCO, some assumptions have been 

made and as a result the subroutine should be used with care. 

i) It is assumed that an integer storage unit contains two characters. 

This is generally true for microcomputers. 

ii) It is assumed that the statement: 

iii) 

READ (IN1UT, 200, END = 11) UCH2(k), k=l, 36) where 11 

is a label, is allowed. Although such a statement is not allowed 

in s ta.i'1.da_-rd FORTRAN, most FOTITRAN ce>m1,ilers do aJ. =. :)·;··! l t. .. 

It is also assumed that there are up to seventy two characters in 

a line. 

Example A2 shows how SUBROUTINE IFlCO can be used. The file from 

which a subroutine(s) is to be converted is assigned a logic unit 

number. The file to which the converted subroutine(s) is to be 

written is also assigned a logic unit number. In example A2, the 
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input file is allocated the input unit number 20, while the output 

unit number 21 is allocated to the output file. IFLAG is given the 

value 1, if conversion to :i:;artial double precision is desired and 2 

if conversion to double precision is wanted. 

General Usage of library 

The routines available in the library are described in great details 

starting from appendix B to G. After a user has selected the necessary 

routine(s), the routine(s) must then be linked to the user's compiled 

program. The routines in file BASE must always be linked to the user's 

compiled program if any routine in the library is called or referenced 

by a user's program. Since different microcomputers have different 

ways of linking together user's subroutine, it is perhaps sufficient to 

say that each routine should be treated the same way a user treats his 

own routine in a different file from his own main program. Always 

remember that IFlMQ, RF2MQ, RF8SF, (DF2MQ, DF8SF) are in the base file 

BASE. 
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Program Al 

0007 J=I?l~Q(I) 

OG l C· C 

0022 
00:3 
OC:;4 
0·):5 C: 

0022 

0024 

wr:ITE( 112,JO) f-: 

r'DF::;AT ( 5X _r•~~;~:F~~;i;:]= 1Ei 4, 7/) 
FDRMr;T(5X,+·~~DF2M}== 1L23: 1/·./} 
C'!';":1:· 
..,! ). ,_., 

~:r:·:,:--: C ~ :"""ri.J 
J l • • ._:·-·.l.1..'.1. -· ! 
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0001 Ii·i!'EGr;: FUMCTIC~) lF~MC~(I) 
0◊)2 DC:LiBLE F'F;f:ClSICl: D,~ 
0003 C 
00)4 C I= 2 [::;;E 
0005 C 1=3 

0007 C 
oooe c 
0009 C 
0010 C 
OC:-1: C 

00~.3 
OQ14 
0015 50 
001.~. 
0017 
0012. 60 

0020 .i_l).) 

1=4 
I=5 

T-Q 
.I.-\..., 

rlAX D'.F'!J~;S:-;T (l(>HS:<P).) 

hI~l EXPD~ISNT ( 10**Etl:INJ 
i~A\ :rc:TEGE? G~EF'?ES2~~i/J:-: r 

IF1MQ=32i'67 

IF(I.[·Et7) G:1 T!J .~,O 
IF! ~\Q= -3~7 t:..S 

OC?2 GO TC 100 
0023 2(,,) 
0024 
0025 

0-022, K=I-1 
0029 
()030 400 
0031 
0032 500 
0033 
0034 550 
0035 

IDIT=O 

IDI'f=IDIT+1 

00:3,~ IF(((A+C\iC1E 01)-A) ,EGt Ct1·~·E 0~) GO TO 550 
0037 IF'lMQ=IDIT 
003S f,ETU?~; 
0039 ,:1)0 
0040 
0041 

0043 700 
0044 
0045 
()04,~, 

IF\BASE, ELL 0~20E 01) :F1MQ=3e 
IF (f:ASE, ELL Ot !. OE 02) IF} MO:- .~.3 
IF(BAE:E+EQ+0+1,:.E 02) lF1MQ=75 
RETURN 
IF(BASEtE0,0~20E 01) IF1M0=-3.3 
IFiBASE.EQ,O, 10E 02) FlMQ=-.~4 
IF(f::ASE. EQ, 0, 1.1,E 02) }Flr:Q=-7,~, 

REiUr'.ii 
0047 BOO IDIT=O 
004,3 DA=O, 10D O l 
0049 900 IDIT=IDIT+l 
0050 DA=DAliDBLE(BASEJ 
0051 IF(((DA+0,10D 01)-DA) ,EQ, 0,10D 01) GO TO 9(l◊ 

oos2 IF1Mll=rnrr 
0053 RETURN 
0054 END 



0001 
0002 

0008 

0,::10 
0011 

0015 
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FUNCTIONS RF2MQ 

C:=Ot lOE Cl+F'F:E 

?F2:7Q=0+10E-OS 
F:2TUF:S 
S;,D 
I\CU]iLE :·,:·-:,;::.-, ''!' ', 

:..·! ~,!•_';, i 1 

0022 2(' DF2:'iQ=0+10D-14 

AND DF2MQ 
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Examnle A2 and SUBROU'IINF IFlCO 

W01 1:-JTEGER INF'U'J' 110Uf,.IFLAG 
0002 C 

0003 C INF'Ui= INPUT UNIT NUMf:EF A~W H !'iUST BE A~:sm./ED TO 
0004 C i'HE INP\.rf FILE WHICH CONTAINS THE FtJUTIHE(S) TO 
0005 C BE CONVE,~TEll, 

0006 C IOUT = CuJTF'IJT UNIT f'l!NBffi AND IT l'IUST BE ASSIGNED TO 
0007 C THE OLJTF'UT FILE TO WHICH THE CON'JERTED F:OUTH-!E(S) 
0008 C IS iO BE WP ITTEN. 

0009 C IFLA;= IFLAG=1 1 MEANS COr-liJERT TO F'ARTIAL DOUBLE PRECISION, 
0010 C IFLAG=2; MEANS m-NE:Ftr TO DOUBLE PRECISION. 
0011 C 

0012 INPLFT=20 
0013 DJT=21 
0014 1FLAG=1 

0015 CALL IF1CO(IHPL'T1 IOUT
1
IFL.qG) 

0016 STOF' 
0017 EHD 
0018 
0019 
0020 
Cn)21 
0022 
0023 
0024 
0025 
002.~. 
0027 
0023 
0029 
003(l C 
0031 
0032 5 
0033 
0034 
0035 
003.~ 
0037 
()038 
0039 10 
0040 30 
0041 40 

SUBROUTI~JE IF1CO( Ir~F'UT I TOUT, I FLAG) 
DIMENSIDN ICH1(3.~) 1 ICH2(3.$) 
DATA ICF'_, ICS ,lCM.1 ICD tIS/2HC+ ,12HC* ,2HC- ,2HC, 

1
2H / 

HJ=INF'UT 
IT=IOUT 
F~E/lD( IH 12C-O 1END=55) W:H1 (K) l=l.13,~.) 

GrnNEF:Srot·l TO F'Aftf}r;L DOUF:LE F'RECISIOH 
If(ICH1(1),EQ,ICM) ICHH U=IS 
F:EAD ( IN 1200 ,END=50) ( ICH2( K.l .,K= 1136) 
IF(ICH2(1),EiJ,ICS) G!J TO 5 
IF(ICH2( 1) ,Ell, ICfi) GO TO 5 
If(ICH2(1l,EQ,1CM) ICH2(1)=IS 
IF( ICH2( 1 J .NE, ICF') [--0 TO 10 
ICH2(1)=IS 
GO TO 30 
WF:lTEi'.IT 1 2'◊0) ( ICH1 (K) 1K=1,36) 
DO 4(l K=l,36 
ICH1(K)=ICH2(Ki 

0042 GO TO 5 
0043 50 lilRI TE ( IT 1200 l ( ICH1 OD t K = 1,3c,) 
0044 55 RETURN 
0045 C CCtNEFSION TD DOUBLE F'RECISION 
O(W, 60 READ ( IN 1200 1EHD=110) (ICH2(K J ;K=1136) 
0047 If ( ICH2( 1) ,EQ, ICF') GO TO 60 
0048 IF(lC'.!-l2( 1) ,Ell, ICD) ICH2(1)=IS 
0049 IF(ICH2(1l,EQ,IDD ICH2(1)=IS 
0050 IFOCH2( U ,NE, ICSl GO TO 80 
0051 ICH2(1l=IS 
0052 GO TO 90 
0053 BO W~:ITE(IT 1200)OCH1{K),l<=1,:J,5) 
0054 90 00 100 !(=1,3,~ 
0055 100 ICH1(Kl=JCH2<t:l 
0056 GO TO 60 
0057 110 WRITE(IT1200l(ID11(K),K=1;36) 
0058 200 FORMAT(36A2l 
0059 RETURN 
00&0 END 
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J:.PT.c:]\'LIX B 

ALG.::;BRl-.IC LHLP..Ii'. SYSTsMS 

The subroutines in this appendix are used to: 

i) solve a system of simultaneous linear e~uations 

A:x. b 

where A is a given nxn matrix, b a given n-V.?ctor 

and x the unknown n-vector 

ii) obtain the inverse of a real non singular nxn matrix 

iii) obtain the determinant of a real nxn matrix. 

Table B summarizes the action of the subroutines. 

SUBROUTINE NAME 

RFlLE 

RF2LE 

RFJLE 

RF4LE 

RFlIN 

RFlD~ 

PURPOSE 

Decomposes an nxn matrix A into 

LU where Lis a unit lower matrix 

and U an upper matrix. A is over 

written by LU. 

Solves LUx == b 

Refines the solution of LUx == b 

Solves tridiagonal systems 

Computes the inverse of a non 

singular nxn matrix after decompo

sition. 

Determines the determinant of a 

square matrix after decomposition. 

TABLE B: A summary of subroutines for algebraic linear systems. 
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The sub:routine RYlL~ decomposes a real nxn matrix A 

into LU where L is a unit lower matrix a.rid U an upper 

matrix. A is overwritten by LU. 

b) S2ecification 

The subroutine is written in FORTRAN and it is of the 

f'orm: 

SUBROUTIN.r:i RFlI.E (ID, N, A, SC, L, IFAIL) 

c) Descri1;tion 

This subroutine decomposes an nxn real matrix using 

Crout's algorithm (see Palett and Wang (129) ). 

Partial pivoting is used a.rid each row is scaled 

before decomposition, by dividing it with the 

absolute value of the element with the highest magnitude 

in that row. Such scaling helps in testing for near 

singularity. 

d) :rarameters 

ID integer variable, which on entry, the user 

must set to the row size of matrix A declared 

N 

in the calling program. It is not altered on 

exit. 

integer variable, which on entry, the user 

m,1st set to the actual size of matrix A which 

must be less than or equal to the declared 

dimensions of A in the calling program. It 

is not altered on exit. 
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Note: 

real h,o-dirr,ensional array of size NxM ( M2E) 

en entry, the array A specifies the matrix 

to be decomposed~ on exit A is cver.,,rri tten with 

its decom~osition. 

real one-dimensional array of size N. On exit, 

it contains the scaling factors of matrix A. 

integer one-dimensional crray of size N. On 

exit, array L contains the record of row interchanges 

during decomposition. L(l) = 2 means that row 2 

has been moved to row 1. 

integer variable, it is set to zero on succesful 

exit from RFlLB, otherwise it is set to a non-zero 

value. 

All real variables must be declared DOUBLE 

IRECISION if the double precision version of 

the library is implemented. Also any variable 

which is not altered by the subroutine can be 

replaced with a constant. 

e) fi~ror diagnostics. 

A successful return from RFlLE is indicated by IFAIL equal 

zero. 

IFAIL ERROR MESSAGE RECOVERY 

l SYSTEM IS SINGULAlt One of the rows or colunms 

is zero or two rows (columns) 

are linearly dependent-change matrix. 



2. SYSTiJ.i 1S N~:Afc __ y SINGUlfu"'i 

subroutine is 

not forced by 

this error 

criteria. 

Com:putation is 

continued to the 

end. It is possible 

to use the decompo

sition but results 

may not be correct. 

f) Other routines used 

Function IFlMQ is referenced. 

g) Timing 

Depends on the size of array A. (It is proportional to 

NJ/3). 

h) Storage 

Tnere are no internally declared arrays and the compiled 

output of RFlLE using Tx 990/4 microcomputer is 1,362 bytes. 

i) Accuracy 

For well-conditioned systems of moderate size (below 20 x 20), the results 

produced are accurate to near machine precision. 

j) Examnle 

The usage of Rf'lL1o is best explained when it is used with 

other subroutines. 



The subroutine nP2:;__.2 solves a system of simultaneous 

linear equ2-,tions after matrix A has been decomposed. 

b) Specification 

The subroutine is written in FO?iTRP.N and it is of the 

form. 

SUBROUTIN.2 RF2:::.E (ID, N, A, B, X, SC, L) 

c) Description 

This subroutine solves the system 

LUx == b 

where LU is the decomposition of A by subroutine R.FlLE. 

RF2LE can only be used after A has been re1laced by it,:; 

decom~osition. RF2L2 obtains x by solving: 

and 

d) Parameters 

ID 

N 

Le= b 

Ux == c 

integer variable, on entry, the user must set it 

to the row size of matrix A declared in the 

calling program. It is not altered on exit. 

integer variable which on entry, the user must 

set to the actual size of matrix A which should 

not be greater than the declared dimensions 

of A in the calling program. It is not altered 

on exit. 



B 

V 
fc 

SC 

L 

NOTE: 

- B6 -

01 size N X r: 

On entry, array A Specifies the matrix 

over;,.,rri t ten -by its deco;npo2ai ti on. unaltered 

on eyit. 

real one-dimensional array of size N. 

On entry B specifies the right hand side 

of the equation Ax= b. It is net altered on exit. 

real one-dimensional array of size N. On exit X 

contains the solution of the system. 

real one-dimensional array of siz,e N. 

On entry SC contains the :::caling factor of the 

original matrix A obtained during decomposition. 

It is not altered on exit. 

integer one-dimen:::ional array of size N. 

On entry L contains the record of row interchanges 

obtained during decomposition. It is unaltered 

on exit. 

All real variables must be declared as DOUBlE 

FRECISION if the double precision version of the 

library is implemented. Also any variable which 

is not altered by the subroutine can be replaced 

with a constarit. 

e) Error diagnostics 

None. 

f) Other routines used. 

None. 

g) Timing 

Depends on the number of equations to be solved a.Dd it 
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is azroximately ~ro:crtional to n(n+l). For the examDle 

given, RF2L; took .056 sec 2.nd decomposition (RFlLE) took 

0.16 sec., using Tx990/4 microcom:puter. 

h) Storage 

l.) 

There are no internally declared arrays a.rid the compiled 

output of RF21E using TX990/4 microcom;uter is 690 bytes. 

Accuracy 

For well-conditioned systems of moderate size (below 20) 

the results produced are accurate to near machine 1=recision. 

j) Exarrple 

RF218 was used to solve the system of linear equations: 

0.96 -.08 -.12 -.16 0.04 xl 0.64 

-.08 o.84 -.24 -.J2 0.08 x2 0.28 

-.12 -.24 o.64 -.48 0.12 XJ = -.08 

-.16 -.J2 -.48 0.36 0.16 X4 -.44 

0.04 0.08 0,12 0.16 Xi:: 0.36 
..) 

after HFllE has been used to decompose the system. Example 

Bl shows how RFllE and RF2LE can be used together to solve 

a system of linear equations si,nul ta.rieously. This single 

precision exam:ple requires amendment for use in DOUBLE 

rRECISI0N im:;•lementation a.11d the result :produced may differ 

slightly. 
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EXAMPLE Bl 

OOO: ~:EAL r'i 1
: !O 110) .tB! 10) .,X ( 10) ,~SC( :O) 

0002 IHTG~ER L (: 0) 

0009 F:i:~iJ( I:'1 7200) (3( I) 1 I= 1 _,N) 
0010 C DECC~F'JSE A FIRST 
:JIJ~i :2)LL S:.F1LE(1(;.4H~A.,SC,♦ L.tIF\;:L) 
1JO 12 ~ IF< :Fi; IL ♦ f·~E /1) S70F 

oc:; CA~L F~FZL::·:10,+N.,1;fBJX+SC_,L) 
00l5 ~-;~{I~ 1

: ICUt _t2(:0 J (:< (I) .tI = }. );,i} 

0012, 

0020 
(\{1?1 

0023 
0024 
0025 

[;/'-,':,'J 
'.J\/,...'-..J 

,:-"!":-!~> 
'-'l'-.'1 

::12c-: :: ~c 
!\.:..,-....'•-•.:... ~ ,_1 
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a) Purpose 

Subroutine RFJLE is used to refine the solution obtained by 

RFlLE and RF21E. 

b) SDecification 

The subroutine is written in FCBTRAN and it is of the form: 

SUBROUTINE R.,_4']LE (ID,N,AB,A,B,X,SC,RES,WS2,L,IT) 

c) Descri-otion 

.KF'JL~ improves the solution computed by RFlLE and RF2LE. By 

substituting a given solution, using partial double precision 

arithmetic, residual r given by 

r = b - Ax 

is computed. The equation 

Ae = r 

is solved and the original solution x is updated by x + e. 

Before RFJLE is used, the matrix A must have been decom~osed 

a.Dd ar:;ffoximate solution obtained. 

d) Parameters 

ID 

N 

AB 

integer variable, which on entrJ, must be set 

to the row size matrix A declared in the 

calling program. It is not altered on exit 

integer variable which on entry the user must 

set to the actual size of matrix A. 

N should not be greater thaD the declared 

dimensions of A in the calling program. It 

is not altered on exit. 

real two-dimensional array of size NXM (I'1_:tN) 

which on entry contains the undeeomt)osed matrix 



-

A 

B 

X 

SC 

L 

Ri:;10 
..WU 

WS2 

IT 
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A. In the calling :::rogram ID should be the 

s~~e for AB and A. C~ exit P:B is not altered. 

real two-dimensional array of size NJJ'•: (I1..:,F) 

which on entry specifies the matrix overwritten 

by its decomposition. A is not altered on exit. 

real one-dimensional array of size N. On entry 

B specifies the right hand side of the equation 

Ax= b. It is not altered on exit. 

real one-dimensional array of size N. 

On entry X contains an approximate solution 

of Ax = b. On exit, X contains an im:r•roved 

solution of the system Ax=b. 

real one-dimensional array of size N. Cn entry 

SC contains the scaling factors of the original 

matrix A obtained during the decom:;;,osi tion of 

A. It is not altered on exit. 

integer one-dimensional array of size N. 

On entry L contains the record of row interchaDges 

obtained during decomposition. It is unaltered 

on exit. 

real one-dimencional array of size N, used as 

v{orks; ace. 

real one-dimensional array of size N, used as 

worksyace. 

integer variable which on entry the user must 

set to the number of refinements required. The 

value 2 is suggested. 
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e) EYror dia~nostics 

None 

f) Other routines used 

None 

Depends on the size of AB. Much time is taJrnn up by the 

computation of the residual. 

h) Storage 

No internally declared arrays and the compiled output of 

RFJLS using Tx990/4 microcomJuter is 1,242. 

· 1 A 1 1 ccuraci 

RFJLE is designed to increase the accuracy of a given solution. 

j) Exa'Tlple 

None 

k) ~~rther con.ments 

This subroutine is ½Titten in partial double precision. It 

can therefore only be implemented if double precision 

arithmetic is available. It is only useful if the single 

1
recision version of the library is implemented. 

4. SUBROUTINS RF4T,E 

a) Purnose 

The suoroutines RF4LE solves tridiagonal linear systems. 

b) S,:;ecification 

Tne subroutine is written in FORTRP~ and it is 01 the form: 

SUBROUTINE RF4LE (A,B,C,D,N,IFAIL) 

c) Description. 

The subroutine uses Gaussian elimination without pivoting 

and it i; a FORTRAN version of Osterby (125) Algol 60 
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procedure. However in RF4Lr; a test for singularity is 

carried out. 

d) J:arar1eters 

A 

B 

C 

D 

N 

real one-dimensional array of size N. On 

entry, it forms the lower diagonal of the tridiagonal 

matrix, and its values are A(I), 1=2, .•••. ,N. 

It is not altered on exit. 

real one-dimensional array of size N, On entry, 

it forms the diagonal of the tridiagonal matrix 

real one-dimensional array of c::,ize N. 

On entry, it forms the u~-per diagonal of the 

tridiagonal matrix values are C(I), 1=2, 

It is not altered on exit. 

real one-dimensional array of size N. C'n entry, 

it is the right hand side of the tridiagonal 

system: 

a b 
n 

X 
n 

r--

d n 

On exit it contains the solution of the system, 

integer variable. On entry, the user must set 

it to the size of the system. It is not altered 

on exit. 

.• • .. 'N. 
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integer variable and it is set to zero on 

successful exit from RF4LE, otherwise it is 

set to a non zero value. 

All real variables must be declared DOUBLE 

PRECISION if the double precision version 

of the library is im~lemented. Also any variable 

which is not altered by the subroutine can be 

replaced with a constant. 

e) Error di§:511ostics 

A successful return from RF4LE is indicated by IFAIL equal 

zero. 

IFAIL 

1 

f) Other routines used 

ERROR MESSAGE 

SYSTEM IS SINGULAR 

Function IFlMQ is referenced. 

g) Timing 

RECOVERY 

Change system. 

De~ends on the size of the system and it is ayproximately 

proportional to 5n-4. For the exam:,;ile given, RF4LE took 

.042 sec using Tx.990/4 microcomputer. 

h) Storage 

There are no internally declared arrays and the compiled 

output of RF4LE using Tx.990/4 microcomputer is 648 bytes. 

i) Accuracy 

If the coefficient matrix is diagonally dominant ie 

\bi\~ \ai\+\ci+l\ 1 then the result produced is very 

likely to be of high accuracy (reliable). 

j) Exa.nmle 

RF4LE was used to solve the tridiagonal linear system: 



2.1 1.0 o.o 

LO J.0 0.5 

o.o 0.8 4.0 

o.o 0.0 2.0 

o.o 0.0 

0.0 

0.0 

2.0 

5.0 

1.8 

....., 

o. 0 : 

o.o 

o.o 

I Lo I 

I 
2. 2 l 

I 
----' 

/, c; -,-, _.,, 

== 6.8 

8.o 
I 

I 4.o ,_ 

Exa.'T!ple B2 shows how RF4LS can be used to solve a tridi2;onal 

linear system. Note how the arrays A, B, C, Dare assigned 

values in the exa,11,,le. This single precision example requires 

amendment for use in DOUBLE PRECISION implementation and the 

result :produced may differ slightly. 
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F:~;L A\ 10) .tB(10) /C(l 1
)) _tD(:O) 

[\~TA IN_, IQ!~T/20 .,2:/ 
L INPUT NUfff;E,i:;: GF EGU:lTI!J~iS 

R:2t~J(I:i,.10·J) N 
C ZN?UT LOWER DlAGD~~~L 

S:E~D ( I~i /3:)(:) (A( I) t I =2 _/--~) 
C I!~?UT DI AGC:~rL 

R~~\\D{ I\_,300) fC:(I) .tl=.?t>i:-1 

r\ ~~f''._:y CO~U~N ?ATRIX :, 
~~E.~;D( I>~_~:.2CJ) {I':(I) .I::J ,N) 

C c,;L~ SUSF:ct:11:r: 
C.~LL S;?,JLE (A ,,B_tC_tD_T:~_) I7;1:),;i 
IF(:?r;IL~NE~O) STD? 

WRITE(!SU7!200)(D(I) 1I=ltN; 
11)0 ?C?:AT (: 4) 

.I ,.,.,-. 

'.} 1' ,:;:,,,) 

3+00 2.20 
,._ .-.~-
\) f ::-'1..' 

r 

t 
I, 
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5. SUBROUTil''\"E RFlIN 

a) Pur,_,ose 

The subroutine RFlIN computes the inverse of a nonsingular 

n x n matrix after it has been decomposed using RFlLE. 

b) S;>ecification 

The subroutine is written in FORTRAN and it is of the form: 

SUBROUTINE RFlIN (ID, N, A, AINV, SC, LI) 

c) Descrir,tion 

This subroutine computes the inverse of an rucn nonsingular 

matrix by solving the systems of linear equations 

Ax= e. 
J 

j=l, ..... ,n 

where A is the matrix whose inverse is required and each 

ej is a unit vector. Each x is a column vector of the inverse 

of A. (see Johnson et al (93) and Forsythe et al (59) ) . 

d) rarameters 

ID 

N 

A 

AINV 

integer variable, which on entry, must be set to 

the row size of matrix A declared in the calling 

program. It is not altered on exit. 

integer variable which on entry the user must 

set to the actual size of matrix A. N must not 

be greater than the declared dimensions of A in the 

calling program. It is not altered on exit. 

real two-dimensional array of size NxM (Mz.N), which 

on entry specifies the already decomposed form of the 

matrix whose inverse is required. It is unaltered on exit. 

real two-dimensional array of size NxM (M~N) , which on 

exit contains the inverse. 
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real one-dimension.al array 01" size N.. On 

entry s,: s~ ecifies the scaling factors o: the 

original m~trix P. ob-:ainec. during the decomposition 

A. It is not altered on exit. 

One-dimensional integer array of' size N. On 

entry F s; ecifies the record of row interchanges 

obtained during decomposition. It is unaltered 

on exit. 

All real variables must be dec1e..red as DOUBLE 

IR.:XISION if the double precision version of the 

::i..ibrary is implemented. Also aJ1y variable which 

is not altered by the subroutine can be replaced 

with a constant . 

e) Error diagnostics 

None 

f) Other routines used 

None 

g) T1m1ng 

De-rends on the size of array A. For the example given, 

RFlIN took 0.24 sec using Tx990/4 microcomputer. 

h) Storag:e 

There are no internally declared a._rrays a..'1.d the compiled 

output of RFlIN using Tx.990/4 microcomputer is 648 bytes. 

i) Accuracy 

.!i·or well conditioned matrices of moderate sizes (beJ.ow 20) 

the results produced are accurate to near machines precision. 

j) Exam1.,le 

RFlIN was used to com~ute the inverse of the matrix given in 

the DATA section of the example. Note that the matrix must 
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EXAf!PLE B3 

0001 RSAL A(1'J_.10) _,AIH~1(10,l0) J~~10} ,t2C(10) 
0002 IN1EGER L(tO) 
Ot;')3 D.ATA If·~, IJUT/2·) ~21/ 
0004 C If~F'UT SIZE O:' MATRIX 
0005 READ ( If~ t 100) ~l 
OGJ~. C IMPUT ~TRIX t~ 

0(t?~7 RS:~D(INf200) ( (A( I1J) Jt.f=1.r:~) tl=1tN) 
oooe. C ~ECOMF'OSE A FIPST 
0009 C:➔LL RF~LE{lO,,N7i~,-sc,L.tIFAIL) 
O\JlO IF(IFAIL,HE.0) STOP 

0012 CALL ~:?1Iri(10_ .. ;~;.,~,AI1\r}/3C_7L) 
0012 ¼~:TE(I!J;JT ,2,JO) ((A:tit.}(: "'--;; _r1..T=l /~) .,I=l_/{; 

(',,",j,j 
".l·-..,..,; 

0023 
0024 ) 

:\,"c.'!',\ 
... -n.1n 

0025 0~9/:i -.01~• -tl2 --,lS 0+04 
002.~. -.oe OtS4 -~24 -.2.2 C:to.s 
0(,27 -t12 - ♦ 24 o •. ~,4 -.at, ·'.)+12 

(\{'.'":,,' v·-_,,_,..,; 

;;,'\'C1 
._,~_,._, .!. 

002:2 

0035 ~ tOO OtOO O t GO 0 ♦ 00 1. ~oo 
003.~ OtOO 1t00 O.C{) C+O!J 2t00 
0037 0+00 0 ♦ 00 !tGO 0.00 3+00 
00: ;,g O t ()0 0 t 00 (} t 00 1 r ()0 4 ~ 00 
0039 lt-00 2+00 3+00 4~00 5+00 
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,;::;J, v:n1cn 1s in single precision, requires amendment for 

use in DOUBI.:.:::: FH.2CISION imrlementation and the result ;~rocL1ced 

may differ slightly. 

6. S'dB!lOUTIN; RF7 D2 

The subroutine RFlD~ calculates the determinant of a given 

nxn matrix after it has been decomposed. 

b) STecification 

The subroutine is written in F'OiiTRAN and it is of the form: 

SUBrtOUTINE Rfi'lDE (ID, N, A, SC, DET, l, IFAIL) 

c) Descrh)tion 

After a :matrix has been decomposed by the use of subroutine 

RFlLE, subroutine RF.lD.S computes the determinant by sum;ning 

ur• the logarithms of the diagonal elements of the u:;;:per 

triangle of the decomposition and obtaining the antilogarithm 

of this sum. In a situation where the solution is out of 

machine rarige, the solution is left in logarithmic form 

(see Forsythe et al (59) ) 

d) Parameters 

ID 

N 

integer variable, which on entry, the user 

CTust set to the row size of matrix A declared 

in the calling progra~. It is not altered on 

• + ex1 ..... 

integer variable which on entry the user must 

set to the actual size of matrix A a.rid it must 

be less than or equal to the declared dimensions 



A 

DET 

L 

IFAIL 
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of A in the calling ~rogram. It is not altered 

on exit. 

real hw-diI:1ensional ai~ray of size NXr,; ( H>N) 

On entry, array A SJ;ecil~ies the matrix • -l-' OVel'."vffl w t,en 

id th its decom:posi tion. It is not altered on 

exit. 

real one-dimensional array of size N. On entry 

SC contains the scaling factors of the original 

matrix A, obtained during decomposition. It is 

not altered on exit. 

real variable which on exit contains the 

determinant of the matrix 

integer one-dimensional matrix 01 size N 

which on entr; to the subroutine, contains the 

record of row interchanges obtained during decom-

position. It is unaltered on exit. 

integer variable, it is set to zero on successful 

exit from RFlD~, otherwise it is set to a non-zero 

value. In such a situation IF'AIL contains the 

sign of the determina.Dt. 

All real variables must be declared DOUBLE 

PRECISION if the double J)recision version of 

the library is implemented. Also any variable 

which is not altered by the subroutine can be 

replaced with a constant. 
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e) :=·rror d.i2.£T1ostics 

I?AIL 

·H LOGl O OF D.ST E'-iOVIDED ON 

EXIT. 

f) Other routines used 

The function I.F'lMQ is referenced. 

g) Timing 

This means that it has 

been determined that the 

determinant will be out 

of range a.'1:i as a result 

on exit, the log10 of 

the determinant is provided. 

IFAIL contains the sign of 

the deterninant. 

De1ends on the size of matrix A and for the example given 

RFlD:2:; took 0,048 using Tx990/4 microcomruter excluding time 

for decomposing the matrix. 

h) Storage 

Thsre are no internally declared arrays a.rid the compiled 

out;:,ut of RFlDE using Tx990/4 microcom:;__,uter is 690 bytes • 

.Accuracv 

For well conditioned matrices of moderate sizes (below 20) 

'" __; 2d to com::ute the determinant of a matrix 

given in the DATA section of exa~ple B4. Note that the 

matrix must be decom>osed first before RJ<'lD2 is aJ_plied. 

Exam;,le B4 which is in single 1recision, requires at1encirnent 

for use in DOUBLE fR.c:CISION im:;:-lementation and the result 

produced may differ slightly. 
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0002 
0003 
0004 C 
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0006 C 
()007 
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0012 

0014 300 
0015 1CO 
0016 20,:) 
0017 
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0020 
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EXAMPLE- B4 

F;E,<;L A( 10 ,!O) ,SC(10) 
Ir{TEGER L(10J 
)ATA IN t TOUT /20 ,21/ 

IHPlff SIZE OF l'IA".'R(X 
READ<Ir-lt100) '.4 

IHPUT MATRIX A' 
RSAD( IN ,.20-:)) ( (A( I ;~n ,,J=l t:~) tI =1 t:'D 

DEC0:1POSE A FIEST 
C\LL RFlLE{ 10:N 1A:SC.1LtIF:;:u 
IF( IFAIL t NE +O) STOP 

FORfiAT ( 6X tE14 t 

FOR~I.4i(I4) 
FDRMAT(5F5 ► 2) 
c-rr.:, 
...;i._•1 

END 

0021 I;.ATA 
0022 

0O2s - .o.s o,84 - ,24 - ,32 o.oa 

0028 Ot04 0~08 0~12 0.1b -,04 
C'IJ29 0,64 (L28 - .oe -, 44 Ot3b 
003:) 
('\/" .... " 
\1·..).j.!; 

0032 . RESULT 
0032 
00:34 
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PAGE 1 

1 SUf',(;,'OUiINE R.FE.E(ID 1N,A,SC,L 1IFAIU 
2 C THIS RiJUTINE DECOl'IPOSEf: iw:'iTIX A( ID ,N) IN F'LACE USIHG 
3 C CRWT METHOD, 
4 C. DOU::LE F'RECEION A1SC:,G,TL 1S1Df2i'IQ 
5 C- DOUBLE F'RECISI0;,1 P 
6 DIM:N'.::IOH A(ID,N) 1SC(N) ,W.P 
7 C L( 1) =2 MEANS THAT ROW 2 HAS BEEN MOVED TO ROW 1 
B IOUT= IF11'1Q( 1) 

9 TL=R.F21tH O, 1) 

10 C* TL=DF2!''iti(0,(I) 
11 IFi'.!IL=O 
12 Ni'11 =tH 
13 C 
i4 C INTIA:..IZE F'OINTEF;S 
15 C 
16 DO 10 I=l 1N 
17 10 LW=l 
18 C 
19 C SCALE THE ELEMENTS O? ARRAY A AND F'RESERVE THE SC{iLIMG FACTOS'.S 
20 C 
21 
22 
2"3 
24 
l.'5 [lf 

26 
27 
28 25 
'2:i 
30 
31 
32 35 
33 15 
34 C 
35 C 
36 C 
37 
38 
39 
40 
41 (lf 

42 
43 
44 
45 30 
46 C 

DO 15 1=1 1H 
Q=O,OE 00 
DO 25 cl=1 1H 
S=A3S(A(1 1,T)) 

S=DABS(A0 1cfi) 

IF{Q,GE,S) GD TO 25 
O=:: 
CONiINUE 
IF(Q ,EQ, O,OE (;{;) GO TO 85 
Q=O.lOE 01/Q 
00 35 K=1 1N 
A(I 1K)=QrA'.I,K) 
SC(I)=O 

SEARCH FOR HlGHEST PNJT ELEME.r,'T 

DO 20 I<=1 1N/'11 
Q=O,OE 00 
DO 30 I=K,N 
S=ABS(A(I 1KI) 
S=[1ABS(A( I 1K)) 

IF ((l. GE, S) GO TO 30 
Q=S 
J=I 
CONTINUE 

47 C TEST rrn SINGULARITY .;ND NEAR srnGULARIT'( 
48 C 
4'? If((l ,EQ, O,OE 00) GO TO 85 
50 IF(Q ,GT, TL) GO TO 45 

') 
J.. 

~· 

4 
5 
6 

0 
V 

9 
10 
11 
;") 
~ ... 
1'' 
14 
1 c; 
.L-· 

1,~ 
17 
rn 
: 9 

2':) 
,.,. 
,:i 

'j'J 
t-i... 

2c 
24 
·)<; ,_~ 
')j_ 
L'-' 

?7 
L.J 

28 
29 
30 
31 
')') 
,JJ.. 

--:,..r_; 
,N 

34 
35 
?L 
1,,, .. _, 

~~ 

.j/ 

38 
39 
40 
41 
42 
43 
44 
45 
46 1,: 

I 
47 r, 

[' 

48 
1, 

t :; 
49 f '.50 

f: 
l 
l 
H 
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RFlLE Cont. 

51 IFAIL=2 
52 45 IFU ,ill, K) GO TO 40 
53 C 
54 C I NTERCH:iHGE RQI£ 
.'..'5 C 
5.~ I=L(KJ 
57 L(Kl=L(J) 
s.s L(lr)=I 
59 DO 5'.l I=1 1N 
/:,(_) Q=A(KJI) 
61 A(K,IJ=A(J,I) 
62 50 A(JJI)=Q 
63 40 Q=0,10E 01/A(K

1
E> 

64 KP1=1:+1 
65 C 
t-~· C PEF:FORi~ fEC0/'ff'0:3ITlOH 
67 C 
t.~ DO Yi I=KP1,,N 
6~ 60 A(I 1KJ=Q•A(I 1K) 
70 DO 70 J =2,N 
71 1'11=I-1 
/2 P=O,O,JE 00 
73 IF'.Ml,GT,Kl 41=K 
74 DO BO J=1 1/'l1 
75 P=P+A(l 1J)iA(J 1K?l/ 
7f, C+ P=P+DBLEIA(I 1J))#i(J1KP1) 
77 BO CCNTINUE 
78 70 All 1XP1J=A(J 1KP1)-P 
79 C+ 70 A(I,KP1)=SNGLiAO,KPll-P) 
BO 20 Gm-ffINUE 
81 C 
82 C TEST FOR SINGULARITY AND NEAR SINGULARITY 
83 C 
&4 IF(A(N,NJ ,NE,0,0) C'.D TO 'i'O 
85 85 IFAIL=l 
M WRITE(IOl_ii 110G) IFA1L 
87 100 f'Cf.'./'!AT(4X1I4 14X 118HSYSTE/'1 IS SINGULAR/) 
88 RETlf:N 

PAGE 2 

89 90 IF( OFAIL,EQ.Ol ,AND. (ABS(A(H 1Nl) ,GT, TU) RETL/fi:N 
90 C• 90 IF((IFAIL,ill,O),AHD,(DAP.S(A(N,N)),GT.TLJ) RETURN 
91 IFAIL=2 
'i2 WRITE(W.JT,200) IFAIL 
93 200 FOF.1'!ATl4X 1I4,4X,25HSYSTEM IS NEARLY SINGULAR/) 
94 RETLRN 
95 END 

5: 
~') 
..1~ 

~':) 
..Iv 

54 
55 
,:-, 
JO 
r:-7 
.Jt 

53 
59 
60 
'i .). 

62 
") ,:,._:, 

64 
,_,_; 

6.S 
.:-,/ 

.~\s 
f.Y 
70 
71 
72 
73 
74 
i'5 
7L 
/1_1 

77 
70 
'" 
79 
80 
01 
-'• 

82 
0') ._~v 

84 
35 
&, 

87 
Be 
g,:, 

90 
9: 
Y2 
93 
94 
95 

1:, 

r 
j,. 
t 
t 
Ii 
i/ 
f 
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SU3?CUTI~E ??cLE 

1 SUP.ROUTINE RF2LE(ID 1N1~i;B 1X,SC
1

L) 
2 C, DOUBLE F'RESISIDH A,B,X 1SC 
3 C- DOUBLE F'RE[:JSION Q 

4 DIFl:sNSION AOD,N),1BtN) 1X@ 1SC(N) 
1
Wn 

5 NP1=N+1 
6 DO iO I=1 1N 
7 ,J=L(I) 
B 10 X(I)=SCU)*B(,l) 
y C 

10 C FORWARD SUBSiiiLITION 
11 C 
L2 
13 
14 

NMl =N-1 
DO 20 I=2il 
IMl=I-1 

15 Q=O,OE 00 
16 DO 30 J=1,IM1 
17 30 Q=Q+A(l 1J)JtX(,l) 
18 C+ 30 Q=Q+DBLE(A(l,,l) )lfX(,i) 

1Y 20 X(I)=X(I)-Q 
20 C+ 20 X(l)=S~-lGL(X(I)-Q) 
21 C 
22 C 
23 C 
24 
25 
'J' L.b 

'2.7 
28 

f:ACiewARD SUBSTITLrfION 

X(Nl=X(Nl/A(N1N) 

DO 40 K=1,.Nl'i1 
Q=O,OE 00 
NJ'1K=N-K 
DO 50 ,!=1,K 

2'i' I =t--!Pl -J 
30 50 Q=Q+A(NMK 1I)lfX(Il 
31 C+ 50 Q=Q+DBLE(X (I) l lfA(~:MK, I.l 
32 40 X ( Wil{) = (X nmK) -Q) /A (r-1/'!K ,Nl'[K) 

33 C+ 40 X<NMK) =SNGL( (X (t-i'l'iK) -Q) /A(Ni'lK,Hl'lKl l 
34 RETURN 
35 END 

F'AGE 1 

'J 
L.. 

4 
5 

7 

a 
u 

9 

10 

12 

1 ~ 
J_,_, 

18 
;,
J. )" 

20 
21 
')'J 
LJ... 

22 
24 
25 
26 
27 
')Q 
'-'-' 
')C· 
L..7 

30 
31 
r.t) 
c/L 

33 
34 
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SUBROUTINE 2?3LE 

PAGE 1 

SUBE'OUTINE Vi1LE( ID ,N ,AB ,A ,P. ,.X ,SC ,RES_, WS2 ,L ,IT) 
2 C THIS F'OUTINE REflr-/ES THE SOLUTlON X Wl-ERE AB AND A Af<E THE OF:IGlNA.:., 
3 C AND DEffi"lPOSED l'l:\TRICES OF SIZE Nm F.ESF'ECTIVELY 
4 DOUBLE PRECISION Q 

5 Dii'fE.NS:: ON AB( ID f"'./) ,A( ID tN) 1B\N) ,x (N) tRES( N) ,w'S20-l) ,sc rn) ,L(N) 
6 NF'l =N+l 
7 NM1=N-1 
B DO 110 1'1=1,IT 

10 C CALCULATE Tf:E RESIDUALS RES 
11 C 
12 DO 20 I=U./ 
13 Q=O,C,OE 00 
14 DO 10 J=1 1N 
15 10 Q=u+IiBLE(XUJ )fAB".1

1
J) 

16 20 RES( 1 J=SNGL(l-{(I)-Q) 
17 C 
18 C SCALE THE RESIDUALS ~'.ES 
19 C 
20 DO 30 I= 11N 
21 30 RESW=SC(Il*F,SS(I) 
22 C 

23 C SOLVE FOF. THE EF~qof< IN X 
24 C 
25 40 DO 50 I=l,N 
26 ,f=LO) 
2J 50 WS2(I)=RES(J) 
28 DO 70 I=?i.J 
Cl Ii'11=I-1 
30 Q=O,OOE 00 
31 DO <'.l◊ cf=l,I/111 
32 60 Q=Q+A(I ,,r)*DBLE(£2U)) 
33 70 1.-152 iil =s-lGL ( WS2 c I) -Q l 
34 WS2( N) =WS2(N)/A( N_,N) 
35 DO 90 K=1.,Nl'l1 
36 Q=0,0OE {)() 
37 HMI<=N-K 
::18 DO ,30 ,1=1 1K 
39 I=NF'l-J 
40 BO Q=Q+A(NMK 1I)*DBLE(WS2(I)) 
41 90 WS2(N/'IK)=SNGL((WS2(Nl'1K)-Q)/A(NMK,N~K)) 
42 C 
43 C IMF'F.'CrJE X BY ADDING ERROR l.1S2 
44 C 
45 
46 100 
47 110 
4B 
49 

DO 100 I=1 1N 
X(I)=X(I)Ti,JS2(I) 
DJHTINUE 
RETURN 
END 

2 

-
4 
r; 
~ 

6 
7 

B 
9 

10 
'1 is 
1') 
H. 

l..:i 

14 
rt; 

16 
17 

18 
19 
20 
~,1 
[.. 

?? 
<.L 

2:: 
24 
')!:; 
L-· 

~•l 
L'.' 

27 
28 
'J-q 
L, 

30 
Jl 
32 
33 
34 
35 
36 
3? 
38 
19 "· 
40 
41 
12 
42 
44 
4" .; 

46 i r 
47 r 
48 !: 

I< 49 ! (I 
iii 
Fi ;,: 
t, l 
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:UBROUTINE RF4LE 

F'(fE 1 

1 SUE~'DUTINE RF4LE(A.,B 1C1)l 1N1IFAIU 
2 C SOLUTIIJN OF TRlDIAGONAL SYSTE1'1 USING OSTERBY VERSIO ✓ OF 
3 C GAUSSlAN ELIMINATION 
4 C, DOUBLE PRECISIOH A1B1C,D 1BI 1DI 1Z 
5 Dir\EMSION A\N) 1B(N) 1C(N) ,DIN) 
6 IOUT=1F1MU(1) 
7 BI=B(1) 
8 
9 C 

10 
11 
12 
13 
14 
15 
16 10 

D1=;)(1l 
DECOMPDSE 

DO 10 I=2/l 
rrrnr.m.o.ooE o:iJ GO ro 30 
Z=A(l)/BI 
BI:B(I)-C(I)*Z 
B(I) =BI 
DI=D(I)-DI*Z 
DiI)=DI 

17 C BACK SUBSTITIJTlON 
1B IF(B(Nl.EQ,O.OE 00) GD TO 3,:i 
19 DI=D(H)/BCN) 
20 D(N)=Dl 
21 Hl!Jl=N-1 
22 DO 20 .J=1 1Nf'11 
23 I=fhl 
24 IF(B(I),EQ,O,OOE 00) GO TO 30 
25 DI=(D;l)-C(I+ll*DD/B([) 
26 20 D(I)=DI 
27 IFAIL=O 
28 RETURN 
2:t 30 IFAIL=l 
30 WRITE(IOlfT,1G-O)IFAlL 
31 100 FORl'lAT(4X114 14X 11BHSYSTEl'l IS SINGULAR/J 
32 RETIJRH 
33 EHD 

1 
") 
'-

~ 

4 
~ 
~ 

6 
7 
LJ 
'--' 

'7 
10 
i1 
12 
E 
14 
15 
1.~ 
17 ... 
18 
1S I 

20 
21 
')") 
'-'-
")') 
L·..: 

24 
25 
')' 
'--'~ 
')7 
~ 

')Q 
'-'-' 

29 
30 
31 
'j-") ..,,._ 

33 
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SUBROUTINE ?FlIN 

1 su2-F..,.mINE RFllN(ID 1N,A,Air-iijY1_,sc 11P) 1 
2 C r, 

i. 

3 C THIS F:OUTINE D..li'lPUTf THE INVEF:SE OF A AHD Sl'ORE IT IN AH-f-.. ' 'l 

4 C A MUST BE DECDl'f'OSED rn:ruu.LY, 4 
<:; 
~ 

6 C- DOU3LE F'F{EClSimi Q 6 
7 C, DOUI--:LE F'RECISff!N A,AHN,S:: 7 

8 DIMENSIO~ A(ID 1N) 1AfrfJ(lD,N) 1SC(H) ,LP(N) u 
•.J 

9 NP1 =N+1 ~ 

iO Nf'li=H-1 10 
11 C 11 
12 C THE crn ... u~JS OF AHN ARS NOW I{EHiG CCtf'iF'UiED 12 
13 C ~ 'j 

14 W 70 L=i 1N 14 
1'; DO t,•J J= l 1N 1 ~ ·-· 
16 .30 AHN(J 1U=O.O i' J.':, 

17 DO 10 I=l,N 1 ~ 
.! 

18 
l'i IF(,_! .r~E. Li GD i'O 10 ;<: 

L' 

20 AHN(] 1U=SC(cl) 20 
21 GO TO 90 21 
22 1 o co~m tf....!E r-J') 

Li.. 

Z3 % DG 20 I=2 1N 
'Y.) 
L • 

24 IM1=I-1 
25 Q=O,OE ,)0 25 

26 DO 30 J=l,IMl ')L 
L•-' 

2J 30 Q=i}+A(I,,l)*AIN~1(,J,~) 
'";.·') 
1..., 

2B C+ 30 Q=Q+DBLECA(I 1J)l*AIHV(J,Ll ')j) 
1...U 

'21 20 AHN(I 1U=AIN'J(I 1U-Q a 
30 C+ 20 AHN(I 1L>=SNGUAIMV(I_,L)-Q) 3() 

31 AIHl-)(N 1U=AINV(N 1L)/A\H 1N) 31 

32 DO 40 K=1 1NM1 
'j'; 
'-''-

33 Q=010E 00 33 

34 HMK=N-K 34 

~t5 DD 50 \.I=1,K 
36 I=Nf'hl 

35 
')' 
V':; 

37 50 Q=Q+A(NMK 1l)lffi!NV(I 1L) 
38 C+ 50 Q=Q+DBLE(A(Nl'iK 1I) l*AilfFI ,U 

~' 

38 
39 40 AINV(NMK,Ll=(AINV(N.l'lK,LJ-Q)/AOt"!K,Nih\K) 
40 C+ 40 AIN\J(N!'lk 1L) =SNGL ( (Ai NV (N1'1K,U-Q) /A( N/'!K I NN1O) 

41 70 COHTIHLIE 
42 RETURN 
43 EHD 

39 
40 
41 
42 l 43 f 

f;-
F 

i 
t 
r, 
~ 

I 
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SUBRJU7INE RFlDE 

PAGE 1 

1 
2 C 
3 C rHIS RfJJiINE CO/'t'UTES THE PETES'.f1HJN-IT OF A AtW STORES IT 
4 C IN DET. A IS NOT DECOMPOSED INITIALLY, 
5 C 
6 c-
7 c. 
8 
9 

10 

DOU3LE PRECISION Q 
DOUBLE PRECISION A1~.C,P/:EN 1DET 
DIMEN~:ION A(ID,N) ,SC(N) ,wn 
IFAIL=O 
IOUT=IF1!'lQ(1) 
DET=O,OE 00 
TEN=0,10000£ 02 
K=1 
Q=O.OE 00 

11 
12 
13 
14 
15 C 
u.c 
17 C 
18 

FI~iD D:::TEf:'1H4AHT DET 

1 ·;, 
20 
21 
r')'J 
i...L 

DO iO I=1 1N 
P=A(l 1Il 
IF(P ,EQ, O.OE 00) F!ETLIRN 

If(P ,GT. O,'..lE 00) GO TO 10 
23 ¥.=-K 
24 P=-P 
25 10 Q=Q+ALOGlO(P) 
26 C* 10 IJ=Q+DLOG10(P) 
2-7 IU=-1 
28 DO 20 I=ltN 
2:i IP=L(I) 
30 IF(IP,EQ,I) GO TD 20 
31 IU=IU+l 
32 20 
33 
34 
35 
36 30 
37 C+30 
38 
3? C* 
40 
41 
42 
43 C* 
44 
45 
46 
47 
,a 100 
49 
50 40 

CONTI~E 
IF(IU,EQ,-1) GO '.:'C 30 
IU= IU-2* ( IU/2) 
ff(IU ,NE. 0) K=-K 
ALDGD=Q 
AWGD=SNGL(Q) 
I=I?1i'JJ(4) 
P=DBLE(FLOAT( I)) 
IF'=IF11'1QC5) 
P=FLOAT(I) 
S=FWATOF') 
S=DBLE(FLCAT(IP)} 
IF ( ( s. LT .ALOGD), AND, ( ALUGD, LT .Pl) co ro 40 

IFAIL=K 
DET=ALOGD 
WRJTE(IOUT,100) IFAIL 
fORl'lAT(4X

1
I4

1
4X

1
29HLOG10 OF DET Pfi.'()IJJDED Cl-I EXIT/} 

RETI..f<N 
DET=TENHALOGD 

') ,._ 

4 

10 
11 

12 
14 

18 
b 

21. 
')') 

24 
25 

')"/ ,._, 

29 
30 
31 

')/ ,_,, 

40 
41 
42 
43 
44 
45 
4~ 
47 
48 
49 
50 

t 
F 
L 



51 
52 
t:;'J 
.h.J 

RFlDE Cont. 

IF'.K ,LT, 0) DET=-DET 
RETUF:N 
END 

-B29 -
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The subroutines docu:7ented in this ap:;:,endix are u1::ed to 

determine the roots of nor.-linear single variable functions. 

If the fur.ction is a :pol:rr1c:Jial then all the roots &re obtained 

by a single c2.ll to a subroutine, otherwise only one root is 

obtaine~. Tabler su3~arizes the actions of the sutroutines. 

:FUF20SE 

Thi~, sut·rcutine s.:::2.rcheE", for an 

interval containing a root 

is not given by the user. It t~en 

interval containing a root is 

known. 

2F'lZ? This subroutine determines all 

the roots of a real JJO}ynomial 

(using Grant's ar,d Hitchin's algo-

ri thrr) 

TA.312 su~ffiary of subroutines for finding roots. 

l. SUBROUTINE; R?lRF 

RFlRE determines a root of a non linear, single variable 

function in a given interval, It can also search foi an 

interval containing a root. 



• 

b) Snecification 

The subro;;tine is written in FO.?i'i.'?cPJ, and it is o: tr1e for;n: 

SU3HOUTIN2 ~1.F'lili,, /T\A T\-P ;::.r1n~ Ti' TT' T~11 TT\ \J..,,~-.,l.)~,~l .... -.....,...._,..._ y-.-s..,...Lii. .. ..J....L/ 

c) De2cri'tion 

Given an interval a root in (a,b) is 

carried. out by checking whether f(a) and f(b) ha:.re 

d . ~"' ' . / ' i11erem:. signs, t_wnsre f is the function whose root is 

to be determined). If there is no root in (a,b), a search 

algorithm is used to determine such a::-i interval. Brent's 

algorithm which combines, the bracking property of biE.ection 

method with the superlinear convergence property of linear 

interpolation is then applied. (see Brent (14) for details) 

d) Parameters 

DA 

DB 

F 

IT 

real variable which on entry, the user must 

set to the left endpoint of the initial interval. 

It is unaltered on exit. 

real variable which on entry, the user must 

set to the right endpoint of the_ initial 

interval, It is unaltered on exit. 

real function whose root is to be determined and 

• -1- • 
l v lS supplied by the user . It's specification 

is: 

REAL FUNCTION F(X) 

F must be declared as External in the (sub) 

program from which it is called. 

integer variable which on entry, the user must 



IFAil 

NOT3: 

- C:J -

set to the :naximum number o::~ function evaluations 

necessary to locate ac1 interval containing a root. 

If a user i::: sure that the sur plied interval 

(DA, DB) contains a root (ie F(DA) x F(DB) 

< 0) , then IT can be given any value on en try. 

IT is not altered on exit. 

integer variable, which on successful exit, is 

set to zero, otherwise it is E,et to a non-zero 

value. 

All real variables and functions must be 

specified as DOUBLS PnECISION if the double 

precision version of the library is implemented. 

Also any variable which is not altered by the 

subroutine can be replaced with a constant. 

e) Error diagnostics 

A successful return from RFlRF is in'.iicated by IFAil 

equal zero. 

IFAIL 

1 

ERROR J.',ESSAGi:: 

AN INT2RV P.l CONTAINING 

A ROOT NOT LOCAT.i;D 

f) Other routines used 

Function IF'lViQ is referenced. 

g) Timing 

?2:COVERY 

Use another interval 

or increase the number 

of function evaluations 

allowed. 

Depends on the function whose root is required. 

h) '.:,torage 

There are no internally declared arrays and the compiled 
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output of RFlRF using Tx.990/4 microcomputer occupies 1,742 

bytes of storage. 

i) Accuracy 

The result produced is accurate to 2 x machine relative error. 

j) Exam:.le 

Example Cl shows how RFlRF can be used to obtain a root of a 

function in a given interval. This single precision example 

reg_uires amendment for use in DOUBLE I RECISION implementation 

and the result produced may differ slightly. 

2. SUBROUTINE RFlZF 

a) Pur;:,,ose 

Subroutine RFlZr computes the roots of a real polynomial to 

machine :i::recision. 

b) S~ecification 

RFlZ} is of the form: 

SUBROUTINE RFlZP (A, REZ, AIMZ, B, C, fill, IFAIL) 

c) Description 

2.1 

be the polynomial whose roots are required. 

a root of f(z) by minimising 

This method obtains 

2.2 

where f(z) = f(x+iy)= R(x,y) + iJ(x,y) and R,J, are real functions 

with i = {=i 
The root obtained is factored out of f(z) using composite 

deflation. The process is continued until n = 2 or 1. 

then obtained by solving a quadratic The remaining roots are 



• 
EXAtviPLE C 7 

0001 REAL RDGi 1A1B 

0002 E.\1'!;'"\'NAL F 

0003 DA!A rnf•JT,IOUT/1 12/ 

0004 C DEFINE AN INTERVAL [A 1BJ WHICH NAY COITTAIH A R001 

0005 A=2,0 

000.~ B=3,0 

0007 C Sf'ECIFY TrlE -lil'IBER OF FU~ION EVALUATIOHS NECESSARY TO 

0008 C LOCATE Ails! IHTERVAL CONTAINING A ROOT (1000 IS Et¥YJGH) 

0O(l9 IT: 1000 

0011 If(IFAIL,N'E.O) SiOF' 

0013 100 FDRi"'iAT(8X 15HROOT= 1E14,7/) 

0014 SiOP 

0015 EHD 

0016 

0017 

0018 F:EAL FUHCTION F(X) 

0020 REit.JRN 

0021 END 

0022 

0023 

0024 

0025 RESULT 

0026 

0027 

0028 ROOT= 0,2094551E 01 
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equation or solving -v b = C. (sec: G:rwt et al (77) ) . 

/, r. 

B 

C 

N:Fl 

IFAIL 

Note: 

real one-dimension2.l a:rray of size r-;:~ l which 

on entry contains the coefficients of the 

iolynomial whose rocts are to be determined. 

A(l) holds the Coefficient c: the highest :power 

of X. (A(l) H X H MN) 

real one-dimensional array of size N:=- 1. On exit 

REZ(Nf'l-1) contain the real parts 

of the rocts of the Polynomial. 

real one-dimensional array of size l't 1. 

On exit AIMZ(l), •••• , AIViZ (if.'.1-1) hold the 

corresponding ima,sinary 1c,arts of the roots of the 

polynomial. 

real one-dimensional array of size NPl used as 

workspace. 

real one-dimensional array of size NPl used as 

workspace. 

integer variable which on entry the user must set 

to the number of coefficients of the polynomial. 

(degree of uolynomial + 1) 

integer variable which is set to zero on ~mccessful 

exit, otherwise it is set to a non-zero value. 

All real variables c:u1d functions must be s:;-ecified 

-
as DOUBLB :; RBCISION if the double precision 

version of the libra...ry is implemented. Also 

any variable which is unaltered by the subroutine 

can be replaced with a constant. 
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e) Error di?,gnostics: 

A successful retu....""'11 from RFlZi- is indicated by IFAIL 

equal zero. 

IFAIL 

1 

2 

ERROR MESSAGE 

FIRST COEFF IS 0.0 

OR :NUM OF COEFF LT 2 

CANNar ESCAf E FROM 

SADDLE I- OINT 

f) Other routines used 

RECOVERY 

This means that A(l) = 0.0 

or fill< 2. Check these 

variables and make a1pro

pria te change. 

No recovery, but this 

situation will hardly arise 

n even for Z + 1 = 0 since 

the given prefixed values 

usually result in obtaining a 

root which is a saddle point. 

NJ 1 contains the number of 

comruted roots before saddle 

point was detected and REZ(K), 

AIMZ(K), K = 1 •••• , NTl contain 

the determined roots. 

Subroutines RF3z:r, RF5ZF, RF6ZT and RF?ZI' are used only by 

RFlZF. Infact they are :part of RFlZF a.'1d the user is not 

aware of their usage. These subroutines are not available 

to the user. Function IFlMQ, is alE: o referenced by subroutine 

RFlZT. 

f 

(i 
I 



Depen:Ss on the degree o=.~ the }Jolynoc1ial, and the roots of u1e 

For the exa~1le given, 

to com~ute the six roots. 

h) Stcrage: 

There are no intern2-lly declared 2-r2.0 ays but there is l AE.21 

COMViCN storage. The compiled out,-)ut of HFlZF together with 

RFJZF, RF5ZF', RF6Z~ ~'1d RF?Z-:- using Tx990/4 microcom:-,uter, 

occupies 5,872 bytes of storage. In the library this 

algorithm requires the maximum amount of storage. 

i) P.ccuracv 

Resul tsrroduced are accurate to machine precision except 

for multiple roots aJ1d other ill-conditioned polynomials, 

j) .2xam _ le 

.2xam~le C'2 shows how RFlZP can be used to obtain all the roots 

of polynomial. Tnis single irecision exam:~le requires 

amendment for use in DOUBLE l H.SCISION im:r:;lementation and the 

result :;roduced may differ slightly. 
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r1 
t..:> 
0 

.D 

~ ---t",) 
<.::> 

I i.,,:....'\ 

trJ 

~ 
1-d 
c-1 
trJ 

0 
f\J 
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"" 
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1 • 
2 C 
3 C 
4 C 
5 c. 
6 r 

\,,♦ 

7 
I 

0 u 

9 
10 
11 
12 
13 
i4 
15 
1.~ 
i 7 ,~ 
S! \..· 

1 Q 
HJ 

19 5 
')(\ 
LV 

?1 ~· 
')') 
'-'-,, 
·")'J .~.(){i ;_,.; 

24 l:, 
25 
?L 
L'-' 

?7 
L.! 

')Q 
L'.J 

29 C* 
30 
31 
32 
33 
34 0 u 

35 
"JL r ._,,_. \,, 

?7 9 •.JI 

38 C* 
39 
40 C* 
41 10 

( 42 -· 
43 
44 .. 

I ) 45 20 -· 

0 

0 
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SUBROUTINE F:F1F:f([)A ,DB ,ROOT ,F I IT ,IFAIL) 
ROUTINE RF1RF RETURNS A F;OOT OF THE FUr-lCTION F WHICH l'lAY 
NOi BE IN THE GI~1EN IMTtfi'VAL [M 1DBJ TO WITHIN DOUBLE 
MACHINE F'PECISION 1USHJG SEARCH AND BREtH'S i'lETHOD, 

DOUBLE F'F:ECISJON A ,B ,c ,F,i ifC ;FB ,o ,.P ,a2 ,CB ,EF·s ,E ,F:M ,F ,D ,s, 
* R, TL t TL2 ,DF2MQ ,RiJOT 1H 1DA ,DB 

IFAIL=l 
A=DA 
B=DB 
IC=O 
FA=F(A) 
FB=f(B) 
H=O, l0E-03 
If((FA,GT,O.OE 00),AND,(FB,LT,O,OE 00)) GO iO 9 
IF( (FA,LT ,O,◊E 00) ,AND, fft:,GT ,◊,OE 00)) GO TO 9 
f:=A 

SE.ARC,½ FOF: AN INTEF:WiL CDl'JTAJNING A RWT 
IOUT= IF1MQ( 1 l 
IC=IC+1 
IF(IC,LE,ITl G!J TO-~ 
WRITE( IOUT ,,~00) IF,;IL 

FOf:l'iAT(I4 12X 141HAM INTERVAL CCNTAINING A ROOT NOT LOCATED/I 
B=B+H 
FB=F(B) 
IF( <FA, G1. 0 ,0) ,AMD, ffB, LT, 0, 0 l) G!J TO 9 
ff((FA,LT,0,0),AND,(FB,GT,0,0)l GO TO 9 
IF(ABS(FA),LT,A~3(FB)) CO TJ 8 
I~rnABS(FA) ,Li ,DAE'.S(FB)) GO iD .S 
H=0,20E ◊l*H 
A=B 
FA=FB 
GD TO 5 
H=-0,20E Ol*H 
GO TO 5 

APPLY P.F:.ENT ' S ALGO R I Tftl 
TL=O ,200E 01 *Rf21'1Q (0 ,0) 
TL=0,200D ◊1*DF2MQ(0,0D 00) 
H=0,250E ◊llfTL 
H=0.750D OllfTL 
C=A 
FC=FA 
D=B-A 
E=D 
IF(AE$(FC) ,GE, ABS(FB)) GO 10 30 

2 

4 
,:; 
..i 

6 
7 
I 

g 

9 
10 
11 
12 

14 
15 
16 
17 
J..i 

1,3 

19 
20 
':1 
Ll 

22 

')Q 
L.U 

29 
30 
3] 
32 
33 
34 
35 

40 
41 
42 
43 
44 
45 
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~?FlrtF Cont .. 

PAGE 2 

46 C:1t IFiDABS!FCl.GE,DABS(FB)) GD TO 30 
47 A=B 
48 P.=C 
4~· C=A 
50 FA=FB· 
51 FB=FC 
52 FC=Fh 
53 30 T1.i..2=TL,:Af:S(B)+H 
54 C* 30 TL2=TL*DABS(P.)+H 
55 RM=0.500E 00:dC-B) 
56 
57 C* 
58 

65 40 

L7 1_,; 

.~,8 
6'1' 50 
70 
71 
72 

74 
75 C* 
76 

78 
79 
.go 

81 60 

83 70 
84 
85 80 
86 
87 
88 C* 
89 
90 

IF( (ABS(R:'1) ,LE. TL2) ,OR. (FB ,EQ, 0,0)) GO TO 120 
IF((DABS(RM).LE.TL2).0R,(FB,EQ.O,OOD 00)) GO TO 120 
IFdAP.S(E) ,LT. TL2) ,OR, (APS(FA) ,LE.A?S(FB))) GO TO 70 
IF( (D~iBSiE) ,LT. TL2) .O.~. (DABS(FA; .LE.D'ABS(FB))) ~O TQ 70 
S=FB/FA 
IF(A,ME.C) GO TD 40 
P=0,2C'OE 01*Rf'H'S 
Q=O,lOOOE 01-S 
GO TO 5(i 
Q=FA/FC 
R=FB/FC 

G=W-0,lOE Ol)*(R-0,lO()E Ol)ti(S-0,10iJ~ 01) 
JF(P ,GT, 0,0) Q=-G 
IF(P ,LE, 0,0J P=-P 
S=E 
E=D 

G3=0,3(l0E ◊l*~:l'l*G-ABS(TL2*Q) 
U3=0,300D 0i*Ri'llfG-DABS(TL2*Q) 
IFU (0,200E Ol*F'.l ,LT,Q3) .A~ID:(P,LT.ABSW2) J) GO TO 60 
IF( ( (0,200D Ol*F') ,LT .Q3) .AND, (P ,LT.DABS(Q2) i) GO TO 60 
D=~'.l'l 
E=R!'1 
GO TO 80 
D=P/Q 
GO TO 80 
D=RM 
E=RM 
A=B 
FA=FB 
IF(ABS(D) ,LE. TL2) GO TO <:'() 

IF(DABS(D) ,LE, TL2) GO TO 90 
B=B+D 
GO TO 110 

46 
47 
4B 
49 
50 
51 
t::') 
-''-

t:;'J 
-··.J 

5'1 
i::i::: _,_; 

,:::, 
.;•':Y 

i;-7 I _,; 

11 t::J , I .JL' 

I 
C:0 
../, 

,SO 
,:,1 
t.'l 
I_IL. 

I L 'J ,_1.._, 
! 

64 ' I 
lt:: ! 

I ,_,_, 

I ,':.t:: 
I ,f,7 I 

'Q I O~• 

I .~9 
70 

I 71 
7'J 
I L. 

73 ! 
§ 

74 I 
' I 

75 I 
71:.. I 
77 

ll 
76 
;'i 
80 
81 I 

'I O'J t :..•L 

O':l t.f '-'V ll s~ 
'1 oi::: 

'..J_l 

tj 86 
87 
Qli 

l U\.J 

B9 
l 

90 



j 

07----. 
- V.l..L -

91 90 IF(RM ,LE, ◊,OE ◊OJ GO TO 100 
92 B=B+TL2 
93 GO TO 110 
94 100 B=B-TL2 
95 110 FB=F!B) 

PAGE 3 

96 lF((FB .GT. O,OE 00).AND.(FC ,GT. ◊,OE 00)) GO iO 10 
Y7 IF( (FB .LS, O,OE 00) ,AND, ffC ,LE. ◊,OE ◊OJ l GO 70 1'J 
98 GO TO 20 
Y9 120 ROOT=B 

100 IFAIL=O 
101- RE'J'U~'.t-i 

END 

91 
'12 
93 
94 
95 
9.~ 
97 
98 
9S' 

1Cr.:) 

102 

: j 

Ii 

I 
i 
f 
i 

I 
I 

I 

I 
i 

' 
'1 i ' q 
L 
I I 
I 
' I 
I 

I 
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SUB?DUTIKE 2FlZP 

F'AGE 1 

SUP,~,'OiJiINE RF1 ZF' (A I F:EZ ,A IMZ, B 1C,i!F'1 1 IFAIU 
2 C T'rilS s:Jf:ROU1'It1E CQl'lf'UTES THE RJOT OF A REAL F'OLn.JOi'1IAL 
3 C ON EHTRY, THE COEFFI CI EHiS OF THE F1JL INONIAL ARE HELD IN t'ik;:Ay A 
4 C WlTrl A(1) HOLDING THE COEFFICIEtff OF THE HIGHEST F'OWER 
5 c. 
6 c. 
7 
! 

6 
9 

10 
11 

13 [f 

14 
15 
16 
17 
18 
19 C* 
20 C 
21 
'J'J 
'-'-

24 100 
25 
26 20 
·)7 
.i....l 

?9 L, 

DOUBLE PRECISJON A ,REZ ,Ail'!Z 1B 1C 1R ,R,J ,RX ,R,fX, iL 
I 
TL2 

*SIG I T ,SCALE ,G 1S1 1S2 1S ,X I Y ,FUN ,RFLt~ ,FAC ,DF2MQ 
LOGICAL SAT 
Dir1ENSIDN A(rfi) 1REZ(~lP1) ,Ail'il(Nf'l) ,B(NP1) ,C(NP1) 
CONMON/RF2ZF'/F I RJ l:X JR,1X, TL I TL2 1S1G IT ,SCALE 1G 1S: 1S2 1S,, X I Y 1 

* f!J•1 /<FU,/ ,FAC 1N, I 1,1 .,K 1L I H!D2, IC 
IOUT:1Fl!'1Q(1) 
TL=R,1:'2MQ( O, 0) 
TL=0,20D 01*DF2M0(0,0) 
~l=NF'1 
IFAIL=O 
HJD2=0 
IC=O 
TL2=TL*SQRT(TL) 
TL2=iLfD'3QRT(TL) 

TEST FJR CDF:V:CT DA':'A 
IF(A(:J,HE,0,0 ,AHD- N,GT,1) GO TO 20 
IFAIL=l 
WF:ITEC IOUT 1100) IFAIL 
FOR:'1AT!I4,2X 139HFIRST COEFF :s 0,0 0~: NL.'M OF COEFF LT 2/) 
RETURN 
IF(A(rn ,NE.O,Ol GO TO 30 
H=N-1 
REZ(N)=O,O 
AIMZ(H)=O,O 
IFt'.N,E0,1 i ~ET!JRN 

31 GO TO 20 
32 30 FAC=O,lXiE 01 
33 C PERFORM ijJRi'\ALISATION,SCHUR TEST ANC SEilF'.CH 
34 35 CALL RF3ZF'(A 1B.,C,F:EZ 1AI1'IZ,r1P1) 
35 IF( N, GT, 3) GO TO 40 
36 IF(N,EQ,1) RETIJRM 
37 C WfAIN LAST ONE DF: TOO RDOTS 
2t CALL F:FSZF' (A ,REZ ,A [l'IZ 1NP1) 
39 RETURN 
40 C TEST FOR SADDLE F'1JINT 
41 40 CALL RF4ZP(A 1tfr'l) 
42 IF(OND2,Efl,2),AND,(IC,G1',3)J GO TO 80 
43 IF(IND2,EQ,2) GO TO 30 
44 C E1J4LUATE POLHlOMIAL AT COl'F'LEX F'OHiT At,[) PERFOR/'l ADAMS TEST 
45 50 CALL RF,SZP(A,Nf'1 1Sim 

1 
,, 
L 
') ~· 
4 
5 
.':, 
-, 

0 u 

9 
11\ av 

11 
12 
p ~· 
14 
15 
b 
17 
18 
19' 
20 
21 
-:,'J ,__,_ 

2:: 
24 
'Jt; 

I 1,../ 

26 I 'J"' LI 

2B I 

I 29 ' 30 I 
' 

31 I 
32 I 

i~ 

'J'J I ,_,~, 

I 34 
' 'Jt; 

...:...! 

2-~ 
37 
'JO 
<,A; 

39 
40 
41 
4'J ,L 

43 
44 
45 
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,l 
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46 IF>:SAT) GO TG 70 
47 RFUN=R*R+R,ltF;.J 
48 IFdmHFUNI ,GE, (SIGtFUN) J GO TO .~.o 
49 S1=0,5tS1 
50 S2=0,5*S2 

S=O ♦ S*S 

52 EIG=0,5tSIG 
53 X=X-Sl 
54 Y=Y-S2 
55 GD TD 50 
S.S .~1) FUN=RFUN 
57 GO TO 40 

PAGE 2 

5-8 C TEST FOR REAL OR COMPLEX F:DDTS At~D PERFOR/'1 DEFLATIOH 
59 70 CALL RF7ZF'(A_,REZ,AIMZ 1B,C 1N~·1 1SAT) 
.~o 
Li 
lvl .i 

") 
•~L.. 

:..r:; 
•v••-1 

,S4 
65 
.s.s 
·~•/ 

.~.s 
,:,9 

70 
71 
72 
73 
74 
7,:;: 
/..I 

76 
77 
78 
79 
80 
81 
82 
83 
84 
p,r;: 
--' 

86 
87 
88 
89 
'iO 

80 

200 
300 

r 
L, 

90 

c. 
c. 

C 

IND2=0 
IC=O 
GO TO 35 
cl=W1-1 
K=rH 
r,lf'i =NF'1-N 
IFAIL=2 
IF ( NF'l. EO, 0) ViTUFJl 
WViTE( IOUT 1200) I?AIL 
W,;: I TE ( lDUT., 300) NF'1 
FOF:l"iAT( I 4 .,2.X,31HCA/~OT ESCAPE FF:Oi'\ SADDLE F'OINT/) 
FOR:'\AT(6X 14HONLY ,I4,1X,14HROOTS COl'lPUiED/) 
L=O 

RE-ARRANGE COMF'L!TED ~'DOTS BEFGRE SADDLE F'OIMT WAS DETE~l'lrnED 
DO 90 I =K JC! 

L=L+1 
REZ(L)=REZ(I) 
AIMZ(U=AIMZ(I) 
CONTINUE 
~:Ei'lf.:~1 
END 

SUBRQLrrmE RF3ZF'(A1B.,C ,REZ .,Amz ,NP1) 
DOUBLE PRECJSIOM A 1B ,C ;FJ:Z I Ail'lZ l 1Rcl 1F:X ,~:clX: TL t TL2 t 

*SIG IT ,SCALE ;G ,s11S2 ,s 1\• y ,m~ lFUN lAC 
DI!'1ENSI]~ A (NF'l) 1BO-f'1) 1C(NF'1) ,F{EZ (NF'1) 1Ail'lZ ( Nf'1) 
u1MMON.1F;F2ZP/R ,R,I ,Rx,F:,rx, TL. TL2 ,sIG, r 1SChLE,G ,s1 ,s1 ,s 1X, Y, 

* FU~J 1RFW ,FAC 1N 1 I 1,1 1K 1L 1 IND2 .1 IC 

C NORl"rALISATION 
C 

46 
47 
4f. 
49 
50 
51 
'j') ! 
- I.. ~ 
53 I 
54 I 

I 

55 f 
I 

5.~ I 
,:;:~ I _,_! 

'iC 
-'-' 

~ 
' 59 I [:, 
ij 

1:'.i\J ti 

,~1 I 
! 

62 I 
~') I 
'.'.._) I 
64 ~ 
55 I .~ .. ~. I! 

Ii 
L~ ~ ._,/ 

~ 
L:J ~ '-'I..' 

/.·,'-/ ~ 
I 70 ~ 

71 l 
72 I 
73 I 

74 
~,:;: I_, 
7L } ,_, 

77 
7) .,._, 

79 
80 
81 
C"1 
\.,L 

8-3 
M 
or;: 
1-'..I 

86 
,g7 

88 
89 
9,) 



• 

91 
,;o 
,L 

93 
94 
'7'5 
91:, 

'i7 
1;1e, 

·n 
100 
101 
102 
103 
104 
105 
10f, 
107 
1oe 
109 
110 
111 
112 
113 
114 
115 
116 
•• 7 
111 

11e, 
119 

: 
_/ 120 

121 
122 
123 
124 
125 
12f, 
127 
1 ?0 
J.LU 

129 
130 
131 
132 
133 
134 
135 

C* 
10 

Cli' 

20 

C 
C 
C 
2.'5 

3() 

40 
50 
C 
C 
C 

60 

C 
C 
C 
70 
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:RFlZP AND AUX. 

SCALE=O,O 
DO 10 I=1,,N 

Cont. 

F'Af:E 3 

IFU~BS(A(J)) ,GT, 0,1Cv)E-04l SC:\LE=SCALE+ALOGiAF'S(A(l))) 
lF(DABS(A(I)) ,GT, 0, l◊OD-06) SCALE=SCALE+DLOG(DABS(A(I) l:, 
COriTINUE 
SCALE=SCALE/ ( FLOAT( N 1 *◊, .~,93147£ 00) 
I=INi(SCALEl 
I= I:-ff ! Sr1'GL (SCALE) ) 
SCALE= 1,0/2,0H-:I 
DO 20 I=1 1N 
B(I)=A(J)lff:CALE 
A(I)=B(J) 
IF (rl, '..E. 3) REiUFJl 

SC.HUR TEST 

DO 50 I=2 1t~ 
J=N-}+2 
DO 30 K=2,1ci 
L=,:-K+l 
C(E-l)=B(J)*BIK)-B(l)*B[Ll 
L=,.l-1 
ffi:C(L) .LT. -TL) GO TO 70 
T=l.O 
IFIC(Ll ,GT, 1,0) T=l,0/C(L) 
DO 40 K=ltL 
B m = T :i'( (K) 

CONTINUE 

iRANSFORMATION 

FAC=2,0*FAC 
SCALE=LO 
L=N-1 
DO ,:,0 I= 11L 
,l=> I+l 
SCALE=2,◊*SCALE 

B( ,J) =A(,! )*SCALE 
A(,l)=B(Jl 
GO TO 25 

SEARCH 

IF(IND2.NE,2) GD TO eo 
X=0,30E OO+FLOAT(IC)*◊,lOE 00 

i 
i 
I 
ii 
~ 

I 
:..; 

r 
')1 

~ 
i 
f: 
.! 
t ,. , 
'1 

i 
i!J 
~ 

I 
J)J 

' I I 
m ,! 
i 

I 
I 

91 I ,\! 
. " w 

'7'2 * 
i' 

9') ( . c' 

94 l~ 
I· 95 11 

% &\ 

11 y7 
;f 

11 
98 

I 99 

I 1C:O 
1 n., 
.i.\Jl ~ i t,'J 

11 .... \/,._ 

If I 103 '! 

104 ff 

I 105 I :o.~ ' i I 
107 

11 1 (·10 
..1.\.".J 1! f 10? ll 

. 
I 

110 I , 
111 ·1 ''! 
i 1? 

I I .i.i.J.. 

113 
11 ; 

114 II tl 
115 

I' I I • 11.:. 
11 

1 
117 1! .J./ 

II : • 1 a Jou II l 11 ~· ~ tt 
11 m 

120 lit 
1')1 

i I u .. , 

II 1 p? 
J..~ 

~ ')'j [ I J.L._i 

124 f!J: 

pt; 

I 
I.....J 

125 
. 

':17 
. 

- L..I . 

128 . 

129 I 
BJ 
131 
132 
t?') 
J.,J~• 

134 
135 



p ' ..,.~ 
137 
138 
139 80 
140 
141 90 
142 
143 
144 
115 
14.~ 
147 C 
148 C 
14~' I' ·~· 
150 r 

l_·t 

151 
1c:') 
- JI... 

iC:':l .!._,..__, 

154 
155 

) 15,S 
157 
158 

: ··1 1 i;:,;, ,j 

160 
161 

) 162 
i L ') 50 J.l~•V 

1.~4 
'.~) 165 ,SO 

1M 
167 

_) v-.s 
169 Cll 
170 

' \ 
') l7' I l 

172 

r~) 173 
174 70 
175 

~) 
176 
177 
178 

G 
179 
180 C 

~ 

0 
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Cont. 

Y=X+O,lOE 00 
HiD2=0 
GO TD 90 
X=0,100000E-02 
Y=O, 1 
CALL RF6ZF\A 1NP1 1Srlf) 
FUN=RlfhR,r lffF;J 
RETJFll 
END 

SU8F:!JUTINE F:F~ZF\A 1r-.:F'1) 
CHECJ< FOR 3ADDLE F'Cll~n 
ALSO DETEF:MIHE VALID DIF:ECTION !J? SEAF.'CH 

DOUE::LE FfECISIQf.\ A_1F{.tR\.~ ,~:X.r~'.JX.,TL 7TL2, 
*SIG t T ,SCALE ,G ,s11S2 ,S ,x / y tfUH,RFUti ,me 

F'AGE 4 

C~~MO~~/F~F2ZF'/R 1 R,J _tF.'.X ;R,JX t TL _t TL2 _f SIG, T, SCALE ;G 1Sl .! S2 ,S _; X .t Y _, 
* FU~~ .~FJ'Ur-~ 1FAC jN} It'-' _;K ;L / Ir~D2 _rIC 

G=FJJi:R.X+F:JX*Rc':< 
IF(G,GE, TL:2*FUrD GO TO 60 
IC=IC+l 
IND2=2 
SCALE=1,0 
L=N-1 
00 50 I=1 1L 
J=L-1+1 
SCALE=S:ctlL9·FAC 
A( ,l) =A( ,l) /SCALE 
RETURN 
Sl=-(R1RX+RJ1RJXl./G 
S2= (RlfF:JX-F;.JlfRX) /G 
SIG=0, 2Cr.'.iOE-03 
S=SQRT(Sl*Sl+S2*S2) 
S=DSC/RT(Sl*S1+S2*S2) 
IF(S,LE.LOl GO TO 70 
S1 =Si.IS 
S2=S2/S 
SIG=SIG/S 
X=X+S1 
Y=Y+S2 
RCTVRH 
END 

SUBRO.JTINE RF5ZF'(AJREZ 1A:il'lZ 1Nf'1) 
OE<TAIN LAST ONE OR TWO ~OOTS 

.I 

.! :e 
j 
• i 
i 

' ~ 
~ 
m 

i ! 
I 

j '),'. 
I 
~ ,1.~1,_, 

" "'); w 
l,.;; I 13£. 
139 

ffi 

140 
141 
j ,1') 
.!..7.L. 

143 
144 
145 
14,~-
1 A"7 
.I.""!/ 

142, 
149 
151) 

151 
152 
153 
154 
155 
1 C:l J.. _ .. _, 

,c-"7 
.J.-1! 

15E, 
159 
160 
1.~1 
162 
163 
164 
l t.~) 

tu 
.L '-"~' 

k.7 
L,~2, 

18i 
170 
171 

7') 
·' '-
173 
174 
175 
lh 
177 
178 
179 
180 
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RFlzr, Al'JD AUX. Cont. 

F'AGE 5 

Bl c. DCllBLE F'REC:smi AtREZ,AIMZ,.F:,R,l,RX1RJX,iL1TL2, 
182 C. *SIG,T1SCALE,G 1S1,S2 1S1X1Y,FlJ;l 1F:FUN,.FAC 
1El3 D fME}iSION A (NF'1) ,REZ ( NF'1) ,AIMZ (NF'1) 
184 C-.0Mr1ON/~:F2ZF'/R 1R,l ,PX ,R,1X _, TL I TL2 1SIG IT ,SCALE ,G,S1 1S2, S 1X, Y 1 

ms * Fllr/ 1RF1JN 1FAC 1N1IrJ 1K1L1 IND2_,IC 
1e .. ~. IF(N ,EQ, 3) GO TO 10 
rn7 C LINEAF: 
lf8 
1 UCJ 
.1.L'/ 

1 S'O 
1'i'1 C 
i 92 10 

194 (lt 

1'7'5 
1 j'i, 
197 
1 <;·g 

200 
2(i1 20 
202 
202 
204 C* 
205 

207 
20H 
2()9 

210 C 
211 Ct 
212 c. 
213 c. 
214 
215 
21t, 
217 
21B 
219 
220 
221 C* 
222 
223 
224 
225 

REZ(ll=-(A(2l/A(l)JitFAC 
AINZ(l) =0,0 
~:EiURrl 

QUADRATIC 
~:=A(2)liA(2)-0 • .ooc~)E •)1liA( 1)lfA(3) 
l=SilPT ( ABS ( F:)) 
T=DSQF:T(DABS( ~:l) 
If,: R • GT, 0, 0) GO TO 20 
F,'.EZ '1) =-0. S*A ( 2; /A( 1) *FAC 
REZ(2)=REZ(l) 
AIMZ(l) =O, S*T/A( 1 )*FAC 
AIMZ(2)=-AIMZ(l) 
R.ETUF.:N 
AirtZ(1l =0,0 
AIP1Z(2)=0,0 
REZ( 1l=◊,5*(-A(2J-SIGrHT 1A(2i) )/A( 1) *FAC 
F<EZ:2)=0,S00D 0~(-A(2)-DSIGtfl 1A(2)) )/A(ll*FAC 
REZ(2)=A(3)/(REZ(1)*A(1l)*FAC*FAC 
~:ELf:N 
END 

SUBRCUTINE RF6ZF'(A,r-lP1 1SAT) 
E\)ALUATE POLYHOMIAL AT COMPLEX F'OINT AND PEF:F0RM ADAMS TEST 

DOUBLE F'RECIS10N A iR ,R,J 1RX 1R,lX I TL; TL2 1 

*SIG IT ,SCALE 1G 1S1 1S2 1S 1X t Y tfU.hl 1RFUr1 ,FAC, 
*P 1Q 1A1 _1A2 /J ,B1 182 1B3 ,c 

LOGICAL SAi 
DI!'tDlSION AtNPl l 
COMMON/RF2ZF'/R ,R,J ,F:X ,R,1X / TL j TL21SIG t T ,SCALE ,G ,s1 ,s2 JS ,x I y I 

* FUN 1RFUNtfACit'1 1 I1,! 1K1L1IND21IC 
F'=-2, ◊*X 
Q=X*X+Y*Y 
T=SDVi'(QJ 
j;[)SQRT (Q) 

A2=0,0 
B2=0,0 
Bl=A(l) 
Al=Bl 

181 

1 a•:, .._._,,_, 

1M 
185 
166 

189 

19~: 

194 
195 

201 

207 

')1() 
L.1.V 

211 
212 
213 
214 
215 
?1 L 
L.l.'.' 

217 
2m 
219 
220 
221 
222 
')')') 
LLh' 

224 
225 



0 

'.) 

~) 

r, 
"'1/ 

,0 

'i:26 
227 [if 

228 
229 
230 
231 
')-j'J 
L,JL. 

233 
234 C* 

237 10 
')')Q 
J..., •. }'.J 

23'7' 
240 
241 
2-42 
243 
244 
245 
24,5 C* 
247 
24B [f 

249 

?FlZP AND AUX. 

C=O,B~E:S(M) 
C=o.e.fDABS(A1) 
L=N-2 
DO 10 K=2 1L 
A3=A2 
A2=A1 
AJ =A( K) -P*A2-Q#13 
C=T*C+ABS(A1J 
C=H:C+DABS (M J 

F::3=82 
B2=B1 
B1=!\1 -F':tif:2-Q*B:3 
A3=A2 
A2=A1 
A1 =Ao-l-1 )-F'*A2-Q*A3 
R=A(N)+X*A1-Q*A2 
RJ=A1*Y 

RJX=2 ,◊*Y* ( f:1- Xct,B2 J 
C=T*(T*C+ABS(AL l+AR3(R) 
C=T*(T*C+DABS(A1J)+DABS(R) 
F'=SQRT(R*R+RclfRci) 
P=DSGRT(R~+R,ilfF:J l 
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Cont. 

Q=2. O¼A&'S(X*A1 )-B, O*(ABS(F;)+ABS(Al )lfT) 

F'AGE .:, 

250 O, G=0,200D 01*DABS(X*Al)-0,&00D ◊1*(DABS(R)+DABStAll*T) 
251 
252 
253 
254 

256 

Q= rn+l 0 +c»'C)*TL* ( 1. O+ TL)H ( 4*rJ-1) 
SAT=,FALSE, 
IF(P ,LT, Q) SAT=,TRUE, 
RETURfi 
END 

257 SUBROUTINE RF7ZF'i A fF:EZ 1All'1Z 1B 1C lfi'1 /:.AT> 
258 C THIS ROUTINE CHECKS FOR REAL AND C'.JMF'LEX F-'OOTS AHD PERFCF1, 
259 C COMF'OSJTE DEFLATION 
2,~0 C, DOUBLE F'F:ECISJOrJ A1F:EZ 1AIMZ,B 1C1R1F:J,RX 1RJX 1iL 1TL2 1 

261 " l,, 

262 
263 
2,:,4 
265 
2U, 
267 
2,:-8 
269 
270 C* 

*SIG.iT 1SCALE 1G 1S1 1S2 1S1X1 Y 1FLINtF'.F!.J.l,FAC 
LOGICAL SAT 
DIMENSION A(NF'l) 1REZ(NP1) 1A1MZ(NF'1) 1B(NP1) 1C(NP1) 
COMl'10N/RF2ZF'/R 1RJ 1RX,RJX1TL 1TL2 1SIG 1T,SCALE,G 1S11S2,S,X,.Y1 

* FUN ,.RFUNifAC ,NI I ,J !K,L ,rnn,rc 
FUN=1.0/TL2 
K=l 
A1MZ(N-1)=Y*FAC 
IF(ABS(Yl ,GT, 1,0) GO TO 20 
IF(DABS(Y) ,GT, 0,100D 01) GO TO 20 

226 
227 
228 
2?/ 
230 

233 
234 

737 
23e. 
239 
240 
241 
242 
2'i3 
244 
245 
24,~, 
247 
246 
249 
250 
251 
252 
253 
254 
255 

256 
259 
260 
261 
2.S2 

268 
2t,9 
270 



·, 
I 

) 

0 

0 

~:71 C 
?!') 
LI L 

274 
275 
2h, 
ZJ7 C 
278 C 
279 
280 
281 
282 
2S3 

"JCd. 
Ll.."-' 

287 10 
'Jf.JD 
LL'l.' 

28'/ C: 
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RFlZP AND AUX. 

CHECK POR REAL ROOT 
Sl=Y 
Y=O,O 
CALL RfoZF'(A1NP1 ,s,m 
Y=S1 

Cont. 

F'AGE 7 

RE.tiL F:OOi ACCEF'iED tND BOTH BhCKWA.:;:D AND FORWARD DEFUlTION ARE 
F'ff{FiJR!'iED WITH LINEAR FACTOR 

REZ rn-1) =XitFAC 
AI:'1Z(/HJ=O,O 
~l=rl-1 
B(l)=A(1) 
C(Nl=-A(N+1l/X 
DO 1C· I=2 1N 
B(Il=A(Il+X*B(I-1) 
L=N-I 
C(L+l)= iC(L+2)-A(L.;.2) )/X 
GO TO 40 

290 C cor'tFLEX 
291 C 
292 20 REZUH )=X*FAC 
2'?3 
294 
2'7'5 
2% 
?S7 
298 
'i:."i9 
300 
3'-.'l1 
302 
303 
304 
305 3'J 
30,~ C 
307 C 
308 C 
309 40 
310 
311 C• 
312 
313 
314 C* 
315 

REZ(N-2)=REZ(N-1) 
AIMZ(N-21=-AIMZ(N-ll 
N=N-2 
R=X+X 
Rci=-(X->:X+Y:i:Y) 
B(1)=A(1J 
B(2)=A(2)+F:->:B(1) 
C(N) =-A (N+2: /Rci 
C(N-1) =-( A (N+1 )+l<lfC( H)) /Rcl 
DO 30 1=3,1-J 
B(Il=A1I)+R*B(I-ll+RJ1B(I-2) 
L=N-I 
C( L+l) = - (A (L+3l -C (L+3) +R*C(L+2)) /R,J 

DO 50 I=1 1N 
RFUN=ABS(B(I)l+ABS(C(I)l 
F:FUN=DABS(B( I) l+DABS(C(I)) 
IF(RFUN ,LE, TL) GO TO 50 
RFIJN=ABS(B(Il-C(I)l/RFlJN 
RFUN=DABS(B(I)-C(I)l/RF[}l 
IF(RFUN ,GE, rtJH) GO TO 50 

271 
')7'J 
LI L 

274 
');'~ 
LJ _; 

?70 
LIU 

279 
280 
281 
282 
283 

'jQf 
L'-'! 

2?0 
291 

293 
2'7'4 
295 
?:7'6 
297 
'X•O 
L,'..J 

299 
300 
301 
302 

304 

307 
30.~ 
309 
310 
311 
?1? 
1-i.1..,_ 

313 
314 
315 



) 

) 

. J 

0 

316 
317 
318 50 
319 
320 
'J'Ji 
._;.L..L 

322 ·'.'•0 
.323 70 
J24 
325 

32? 

FUN=RFUN 
K=I 
CONTm_!E 
IF(K ,LT, 2) GO TO 70 
L=Y-1 
DO 60 I=1 1L 
A(l) =Bm 
A(K)=0.5O)E 00*(B(K)+C(K)) 
L=K+l 
IF(L.GT.Nl RETU~~'l 
DO 80 I=L,N 
A(I)=C(I) 
R~TURN 
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,:::ont. 

F'AGE S 

316 
317 
316 
'ii(j 
,.}.J,. I 

320 

323 
'./24 
Jo 

329 
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The subroutines in this a:rpendix a:pp:roximate the definite 

integral: 

b 

~f(x)dx 

a 

and table D summarizes the action of the subroutines. 

- -

SUBROUTINE NAME PUR:'OSE 

RFlQU computes an approximation to the 

definite integral 

jb f( x)dx 
a 

where a and b are finite and 

f(x) is defined in (a, b) 

ElF·4QU Computes an arproximat.ion to the 

definite integral 

(:11 

J e -xf(x) dx 
X.o 

where XO is finite 

ru5QU Ferform the numerical integration 

of unequally spaced data 

TABL~ D: A summary of subroutines fer integration 



l. f.UBHOUTTJF i~FlQU 

The subroutine RF'lQU integrates a given function over a 

given finite internal. The function need not be defined at 

the end-points. 

b) S~ecification 

Th.e subroutine is written in FO=-ITRAN and it is of the for!:!: 

SUBPOUTIN,-;> Dc?lC)UiA -p F ]-;'DC AFC' D:,"T:S") IV/JTT) __, ..!.l lLJ lU'..J..~ \ f~f ,.w.J..0 1 ..,L'ti-,>t H.l.:.i.:...J.l....lll 1 J.· ..... ..i...!-: 

c) Descri,tion 

Triis subroutine a}Jproximates the integral 

by using a family of interlacing whole-interval com11on-

point, quadrature formulas in an adaftive manner. This 

fa'Tlily is called Patterson's family a..Dd RFlQU is a modified 

version of Patterson's subroutine for adaptive integration 

(see latterson (131) for more details). The relative 

error used for computing the solution is the sum of the 

user supplied relative error and the machine relative error. 

Tnis reduces the danger of a user requesting for an accuracy 

which caDnot be attained. 

d) }arameters 

A real variable, which on entry, the user must set 

to the lower limit of integration. It is not 

altered on exit. 

B real variable which on entry, the user must set 

to the upper limit of integration. It is unaltered 

on exit. 



RELErt 

IFAIL 

real function, su~plied by the user. It 

defines the function whose integral aver a 

finite interval is required. It's s~ecification 

is 

R:SAl FUNCTION F(X ) 

R-2:Al X 

F must be declc.red as :SXT:S:r: . ..l'lA=.. in the ( sub) 

program from which RFlQU is called. 

real variable on entry, it s~,ecifies the 

relative accuracy to which the integral is 

required. It is unaltered on exit. ES 

should be chosen to be s7aller than 0.12-02 

since the reliability of the subroutine is reduced 

for large E:PS. 

real variable, on exit, ANS gives an a::proximation 

to the integral. 

real variable, on exit, RELER gives the value 

of the estimated error in the computed integral. 

integer variable, and it is set to zero on 

successful exit from RFlQU, otherwise it is 

set to a non-zero value. 

All real variables and functions must be declared 

DOUBLE TrtESISION if the double yrecision version 

of the lib:rary is implemented. Also any variable 

which is unaltered by the subroutine can be 

reglaced with a constant. 

e) Error diagnos-tics: 

A successful return from R."'lQU is indicated by IFAIJ equal 



zero. 

IFAE 

1 

2 
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ERROR MESSAGE 

CONVERGENCE NOT 

ATTAINED WITHIN 

LIMITATION OF 

ROUTINE 

A RELAXED 

CONVERGENCE 

CRITERION WAS USED 

f) Other routines used: 

RECOVERY 

Increase El S, if :;:iroblem :;-ersists, 

then the integrand is badly 

behaved (possibly at the end ~oints). 

Check M""'LER. A result is normally 

obtained but it may be UJrreliable 

because it was obtained by ignoring 

convergence failu.......-es in some sub-

intervals when the internally 

declared stack was full or sub

intervals were too small. 

Converged result was obtained but at 

some point a relaxed convergence 

criterion was invoked. E?S and 

RELER may be checked for any 

discrepancy. 

IFlQU calls subroutine RF2QU. RF2QU is not used by any other routine 

in library. It is actually a part of RFHJJ. FUNCTIONS IFlMQ and 

RF2MQ are referenced by RFlQU. The user is not aware of these routines. 

g) Timing 

The amount of time taken derends on the function being integrated. 

For the function given in the examf-le. it took 0.08 sec to compute 

its integral, using Tx990/4 microcomputer. 

h) Storage 

There are internally declared arrays and the com:;:,iled output 

of RFlQU together with RF2QU using Tx.990/4 microcomyuter occupies 

2,810 bytes. There is a labelled common storage named RF3QU. 
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i) Accuracy 

The result produced is accurate to the requested accuracy 

or to machine relative error if IFAIL is zero on exit. 

j) Example 

RFlQU was used to integrate the function 

f(x) = x/(ex-1.0) over the range (0,1) 

Example Dl shows how RFlQU can be used to integrate f(x). 

The requested accuracy was O.lE-05 and the solution is given 

as 0.7750J5EOO with an estimated relative error of 0.61J26E-06. 

This single frecision example requires n.mendment for use in 

DOUBLE PRECISION implementation and the result produced may 

differ slightly. 

2. SUBROUTINE RF4QU 

a) Purpose 

RF4QU integrates functions of the type e-xf(x) over a semi-

infinite interval. 

b) Specification 

The subroutine is written in FORTRAN and it is of the form 

SUBROUTINE RF4QU (xo. ANS, FUN) 

c) Description 

RF4QU ai::proximates the semi-infinite integral 

by using the laguerre formula given by 
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EXAMPLE Dl 

END 

REX. FUt:C:TIQd FU-HX) 

001 l ?ETiJR~i 

0012 :S"!D 

0013 RESULT 

0014 0,7775035E 00 o •. ~132926E-06 0 
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where the abscissas xk are the zeros of the laguerre 

polynomial Ln(x) (Ln(x) = (-l)nxn+ ..•• ) 

and 

The values of wk and¾ can be obtained from tables for a given n 

(see Stroud and Secrest (157) ). For the single precision imple

mentation>n is chosen as sixteen while for double precision 

implementation n is chosen as twenty-five. During the summation 

wk f(xk)' a check is carried out to test whether there is any 

improvement in the sum. If there is none, the summation is 

terminated. 

d) Parameters 

XO 

ANS 

FUN 

real variable and on entry, XO specifies the lower 

bound of integration. Unaltered on exit. 

real variable and on exit, ANS gives an approximation 

to the integral. 

real FUNCTION, supplied by the user. It defines the 

function whose integral over a semi-infinite interval 

is to be determined. It's specification is: 

REAL FUNCTION FUN(x) 

REAl X 

FUN must be declared as EXTERNAL in (sub) program from 

which RF4Q,U is called. As an exam;le, if the integral is: 

f'\.-x dx, 

XO 



NOTb: 

r 
X 

0 

Sin(x) dx 

and if the inte~~al is 

X e sin(x) 

All real variables and functions must be declared 

as DOUBLE :FRZCISICN if the double precision version 

of the library is im:;:lemented. Also any variable 

which is unaltered by the subroutine can be replaced 

by a constant. 

e) ~;rror di&.gnostics 

None 

f) 0ther routines used 

The FUNCTI OJ\ RF2MQ of the library is referenced. 

' g) Timing 

De~ ends on the function and for the exaTJ1_ple given using 

Tx990/4 microcom~Juter, the time taken was 0.06 sec. 

h) Stora,p:e 

There are internally declared arrays and the compiled out-;:ut 

of RF4QU using Tx990/4 microcomputer is 4J2 bytes. 

i) Accuracy 

J') 

Derends on the behaviour of the function. If the integral 

is of the form 

J
<;f)e -x+-, x\ 

..L \ / 

X 
0 

th h · h uracy· i2. exnected, but inte~rals of other :forms en 1lg. aCC' - r ~ 

of functions are less accurate. 

Example 

Exam,le D2 shows how the subroutine can be used. This single 
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precision exam_de reou1· res amendment 
~ for use in DOUBLE r?..ECISICN 

im,.lementation and the result 1,roduced may differ slightly. 

In this examnle, th • ~ e integral 

S
f;:,/) -x 

xe dx 

1 

is evaluated. The result obtained is given to be 0,7357571E O 

k) Further Comments 

J. 

a) 

RF4g.J can be used to ar;proximate the integral 

F(x)<IT 
- 00 

by s~litting it into 

(:P (P f g(x)dx + Jg(-x)<IT 
0 0 

SUBROUTINE RF5QU 

Pur~·ose 

RF5QU :performs numerical integration of unequally spaced data. 

b) S1ecification 

The subroutine is written in FORTRAN and it is of the form: 

SUBROUTINE RF5QU (x; Y, RINT4, N, IA, IB, E, IFAil) 

c) De scri J?ti on 

RF5g.J is based on the classical integration formula that uses 

divided differences. In addition, an indication of the reliability 

of the result obtained is tested by comparing it with the corres

ponding result obtained by a :process of :piecewise 



DlO 

EXAMPLE D2 

0(H)1 

0002 

0003 DATA INPUT,IGUT/1,2/ 

000-4 

0007 

000.:. 

001G FUt·Vi 

0011 

0012 

0013 RESULT 

0014 0,7357571E 00 
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quartic interi,,olation. A.J. though 1 the d~gree of con::istency 

observed doe2. not guarantee a like deg1 .. ·ee of "accur2..c:y 0 in 

any absolute sense, in a great m2,jority o: practical 

a~::,plications, the consistency check may be expected to 

furnish a good indication of the extent to which the 

integral is reliably defined, by the data. ( see Gill and 

Eiller (72)}· 

d) ' arameters 

real one-dimensional array of size N. 

On entry, the array X srecifies the abscissas. 

Two values must not be the same and it is 

preferable for the values to be arranged in 

ascending order. 

re:::_J__ 

IA 

-. ' -l)l::::::., -,:;:_,....,..~,., $ 

1J3 



integer variable, it is set to zero on 

to a non zero value. 

lD.1 real variab]_ss aY-1d fur.!.ctic!'"ls nnJ.st bs- dec~ared 

of the library is implemented. J_lso any variable 

,,;hich is not altered by the sub:::-outine can be 

replaced with a constant. 

e) Brrcr diap::ncstics 

A successful retu:m fro;;1 PJi'5QU is inciicated by IFAIL equal 

zero. 

F2CCVERY 

l NUMJ3£R OF ; TS LT 4 Increase number of -.. oints 

On LOvi:SR SUBSCRIPT or check IA and IB and 

GT ff~· SR OIE take necessary sts· s 

2 Check whether IA is less 

OR UPPER SUBSCHL T than one or IB is greater 

GT NUM OF GIV2N thaJl F ':::'2J:e necess2.ry 

VALU:SS action. 

J SOl'S V P1-,UES CF X Check the values 01 array 

X for equal values and 

make the necessary change. 



. . ,-_ . 
_,._. 1---~..:.. ..... t:rJ.Cc',_,._ 

Depends on the number of c_ata -. oints ano :fo::c the 6i ven 

exa,r1:;le it took O. 2 sec to com ute the integraJ. using Txs,90/4 

microco:-n~·uter. 

There are no internally declared arrays and. the corr;:iled 

out ut of RF5QU using Tx9S)0/1-'r microcoIT1 uter occu. ies 2,266 

byte~ .. 

.Accuracy 

De;)end.s on the da,ta oints given. 1-lo'h·ever an estimate of the 

errcr in the given result is calculated. 

j) 

RFjQU was used to perform .,_. l,,ne numericaJ integration of a 

set of data points given in Exam;le DJ. This single 

-,_recision exam_;::le requires xnendment for use in 

DOUKiS I:?2CISION ir::-.'.lementation and the result ;roduced may 

differ slightly. 

/J. Listing of subroutines 

I 
I> 

i 

I 
I 
( 

I 
11 

I 
f 
!j 

I 
!t 



:)001 
0002 
0,)03 

0004 
0005 
000.:, 
0007 

000'? 
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EXAMPLE D3 

~:SAL X.rY_tf'.I~iT4.~E 
:r~TEG3R IrrI:E:,tr~_,~FrlL 
JI;';E!4SI!JM X(20: 7Y(20) 
itATA INPUT.tIOU7/1::-2 . .,.. 
F:SHI;: \ INPUT ~ 100) ;'"4 
f:ERD{IHPUTl200) (X(I) tY(!J tI~l.,~:) 
!' .... - i 
i:1-j_ 

IB=i,i 
CALL S?SQU (X_;LRI:·i:4 t'.i ,rn.:r: ,2, :?AII.) 

0012 200 FC!RriAT(21~ • .7) 

0013 300 FQf.:~AT(El .. 1+7 t3X~~14.7 ,t3X.,I4) 
0014 STOP 
1'.},J15 Er-ill 
001,~, DATA 
0017 10 
OOle. O,SOOOOOOE-01 0,223.:-t'.i.~-62 O(; 

0020 0,2500GOOE 00 (),50000:::0E 00 
0021 Ot3000000E G-'J 0,54772?.~,E 00 
0022 0,45()!'.;000E 00 0,67082·'.J4E 00 
0023 0,5000000E Of; 0.70710,SoE 00 
0024 0,600fj000E 00 0,7745967E (>0 
0025 0,7000000E 00 0,8366600£ 00 
0026 O,BOOOOOOE 00 O,B944272E 00 
0027 0,1000000E 00 O, tOOO<hlOE 00 
0028 RESULT 
0029 0.6594087E 00 ~.1073904€-03 0 



) 

C) 

0 

0 

0 
I ·a 

l 
11 ·~ ~~ ·1 
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SUBROUTINE RFlQU 

') C ,_ 

3 (' 
C· 

4 (' 
,_. t 

C: C, .J 

6 
7 

J 
c• 

9 
10 [li 

11 
1') 
.lL 

1') 
"•' 
14 
15 
1t, C* 
1; r· 
.!.! C, 

13 
1'i C 
20 
-'J ~ C* <.J. 

')') ,_,_ 
·YJ ,_.., 
24 
r_,c; 
L-' 

,..)1.. 
L'-' 

')7 
L' 

28 10 
a 
30 
')• 
.•l C* 
')') 
v<.. 

33 
34 
35 C* 
36 
')7 (' .,_,., \., 

3e, 
3'i 
40 
41 
42 
43 20 
44 30 
45 
46 40 
47 
48 C* 
49 
50 

F'AGE 1 

SUBROUTINE RFUJU(A:}: ,F' 1Ef='S 1ANS 1RELrn, :FAILl 
THIS ROUTINE F'ERFOR~S AUTO/'iATIC ],ff£GRrlTION OliE( A FINITE 
INTEf<VAL USING T~E BASIC INTEGRATID,'J ALGORITr.M F;F2G·U 

DOUBLE F'f,ECISION A ;.B ,ANS ,REE:f.: ,F 1RST ,STACK 1SiJB1 1 

* S:UB2/;U2:3 1ESE!'l 1C(~"iF' 1 TL I TL2 ,EF·S 1DF2:'[i 
DI~:::NSION RST(5J 1STACKi1501 
N1TA IS!'\AX/150/ 
lOUT= IFlMCl( 1) 
TL=2,0*RF2r1Q(0,0) 
TL=100,0liDF2i'iQ(◊,Ol 

TL2= EF·f;+ TL 
CAE RF2C/U(A 1B 1F:ST 1K I TL2)FAIL 1F) 

AN~:=F:ST ( n 
REL:::r,=O,OE 00 
If (ANS tNEt O t O) F:EL2F:=ABS( (~~ST(K) -PST( K-1)) /Ar~S; 
IF·'. ANS ,NE, O. 0) RELER=DABS ( lRSTCO-fi'ST 0'.-1)) /i'.iNSl 

G-lECJ! IF S,UBDIVISION 1S hEEDED 
IF ( IFAIL,EQ, ·'.)) r:S'URN 

SUBDIVIDE 

ESTIM=DABS(ANS:t:TL) 
F.'.ELER=OtO 
Ar-E:=o.o 
lS 0 1 
IC=l 
SUB1=A 
SUPJ=B 
SUB2=0,51t(SUBl+SUB3) 
CALL RF2CIU(2Jjf1 1SUE:2 1F;~:T 1K1 TL2 1IFAILtf) 
COMP=ABS(fi'ST(K)-FST(K-1)) 
COl'lf'=DABS(RST(K)-RST(K-1)) 
IF(IFAIL.EQ,O) GO TO 30 
IF(COMP, LE.ESTI/'l) GO TD 70 
IF (;'.JBS ( SUB2-SUB1) ,LE. TU GO TO 20 
IF(DABf:(SUB2-SLIB1),LE.TU GO TO 20 
1F(fS,GE.ISMAX) GO TO 20 

STACK SUBHffEFNAL (S!JB1 1SUB2) F'OF: FUTURE E>:AJ'1IH?,TION 
STACK ( IS) =SUB1 
IS=IS+l 
STACK (IS) =SUB2 
IS=IS+l 
GO TO 40 
IC=- IA8S( IC) 
ANS= ANS+R! :r (K) 

RELffi=RELEF:+CCMP 
CALl.. RF2[/U( SUB2 1SUB3 :f<ST 1K I TU ,IFAIL ll 
COl'!f':AP.S (RST( K )-RST( K-1 l) 
COMP:DABS(RST(K)-RST(K-1)) 
IF(IFAIL,EQ,O) GO TO SO 
IF ( corlf\ LE t ESTL~) GO TO so 

4 

10 
11 

-jC; 

21 

24 

')7 
J...J 

22 

34 
')!:; 
·-·.J 

3h 

39 
10 
41 
42 
43 
44 
.1\5 
4~. 
47 

4$ 

so 



( 
·-- ) 

0 

0 

0 

- Dl6 -

51 
52 C:>t 
53 

1F(ABS(SUB3-SUB2),GT,TU Gf: TO 45 
IHM?.S,:SUE:J-SU.82).GT,TU C:O TO 45 
IC= -JABS UC) 

54 GO JiJ 50 
55 C SUBDIVIDE HITERVAL ('.::J32

1
SU83) 

5,~. 45 Sl/81 =SUB2 
57 GO TD 10 
58 50 ANS=ANS+frST\Kl 
59 REU:,~=F:ELE'<+CO/'/F' 
.~{> IF ilS, EQ, l) GC TO 60 

F'ADE 2 

61 C SUBDIVIDE THE DELIQ~iENT INTERVAL LAST STACJ<ED 
IS= 1'3-1 

.~4 
65 
.:-,.~ 
ec 
a:, 7◊ 
,:,9 
70 &() 
-,. 
:' l 

72 C 

74 

~-, 
/I 

78 
79 [lf 

e.o 90 
81 100 
O? 
\.}.£,. 

83 
64 
85 
M 
87 
&! C 

SUP.:3=STACK ( IS) 
IS=E-1 
SUBl=SThCK(IS) 
GO TD 10 

IC= IS IC.Ni 21 IC) 
GO n 30 
IC=ISIGN(2 1IC) 
GO TO 50 

SUBDP.1ISION RCSULT 
IFrHL=O 
IF(IC,LT,◊) IFAIL=1 
IF(IC,EQ,2) IFAIL=2 
IF(lFAIL.W,1) WRITE(IDUTi100) IFAJL 
IF( IFAIL.EQ, 2) '!i/ViTEdO!JT: 90 > IFAIL 
RELER=F;ELff/ABS ( AJ~S; 
PELE~:= F:HER/DABS (ANS) 

FORMAT(2X 11213X 139HA F:ELAXED CONVERGENCE CRITERIA WAS USED/) 
FORi'iAT(2X I I2 13X 124HCDrNERGEHCE NJT ATTA WED/ 

117X ,28HWI1HIN LIMITATimJ OF RGUTIHE/) 
RETU~~ 
END 

SU.BR9UTINE RF2QU (A ,B ,fi'ST ,K I TL _I IU-IEK,F) 

89 C 
90 C 
91 C 

THIS ROUTIHE ATTEMPTS TO CALCULATE THE Hi'TEGF:AL OF F(X) 
FOR THE IHTERVAL (A, B) TO AN Ar..-OJRACY OF AT LEAST 1'L 

Y2 C, 
93 c-
94 
95 
96C 
97 
98 C 
99 

100 

DOUBLE PRECISIOt~ A ,B.1F:ST, TL ,F ,PO 1FLINCT ,DIFF 1X,Slh"1,FZERO 
DOUBLE PREUSlON ACC 
Dil'lENSION Fll/i:T( 15) 1RST:5.' 1F'Q( '-8) 
CDrnON/Rf30U/F'Q 

ICHEK=O 
CHtCK POR TRIVIAL CASE 
IF(A,NE,B) GO TO 1 
K=2 

55 

i ... 
~' .l. 

/ L 

, . 
·I 

7Li 
}I., 

7y 
I' 

86 

97 

100 



_) 

J 

0 

0 

101 
102 
103 
104 
105 C 

10; 
108 C 
1◊'i 

110 
111 
112 
113 
114 
115 
1 li, 
117 E 
, 1 0 
.l.J.!J 

- Dl? -

F:S1'(1)=0.0 
RST(2)=0,0 
NPiS=O 
REi1JRr~ 

SCALE FACTOF:S 
SUM 0 0,SOOE OOJUB+A> 
DIFF=0,5000E ◊O*(B-A) 

1-POINT GAUS.S 
FZ l::F,'[1 = F ( SUl'l ) 

I= c, 
lDLl\=O 
NEw=l 
K=2 
ACC=O,O 
GO TD 30 

k=Y+1 

Cont. 

r,,. ,..,,.... 'J 
If-ll,t ,_:; 

120 C 
121 

CDNTViBUTION FF;[!/'/ FUNCTIOrl VALUES AUEADY CDF!F'JTEf' 
DO 20 ci=l,IOLr 

1")") 
J.i..J.. 

123 
124 C+ 
125 ~-'O 
125 C 
127 30 
128 
12'i1 
DO 
131 
132 
133 
134 C+ 
135 40 
136 
137 
138 
13'i C+ 

I=I+i 
ACC=ACC+F'Q (I) ,:fUNCT(,J) 
ACC 0 ACC+F1'.:H I )*DP.LE (FUHCT !cl)) 

CONTINUE 
CONTRBUTIDN FROM NEW FUNCTIC~4 VALUES, 

IOLD=IDLD+~m,J 
DO 40 ,i=NEW,IOLD 
I=l+l 
X=F1J(I)*DIFF 
Flfr-/CT(J) =F(SIJl'!+XJ+F ,: SUN- X.l 
I=I+l 
1~CC=ACC+PG( I J l!:flJNCT i ,! ) 
ACC=ACC+rnrn*DBLE TJNCT (,1) > 
CONTI HUE 
~:'EW= IDLD+ 1 
I=1+1 
fi'ST(]O = (ACC+F'Q( I )*FZEK'O)*DIFF 
F:ST(K) =SNCL( (ACC+PO( Il*DBi,E(FZERO) hDIFF; 

140 C CHECK ?OR CONIJEA:(.ENCE 
14 i IF(ABS\K'ST (K) -RSTi'.K- 1)) -TL*AP.S(F:ST(K))) ,~O /h 

1
10 

142 C* IF DAP.S(fi'ST (KH:ST 0-1) )-TL;;DA.fiS(RSTOO l) ,f,O /,0 
1
10 

143 C CON1v1EF<.'GENCE NOT ACHIEVED. 
144 50 ICHEK=l 
145 C N~:MAL TERMINATION, 
146 60 
147 
148 
149 
150 

Nf'TS=NEIJ+ IOLD 
RETURN 
END 

101 

10? 

110 

... r-, 

.l ... ._, 

1')1 
J...i...J. 

122 

124 
125 

1·)7 
L! 

128 

'i ')t 
..i,,._,J. 

137 
133 

140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 



0 

0 

0 

151 
152 C, 
153 
154 
155 

157 C* 
1 t;"O 
J...!'..J 

159 
160 C* 

162 

E5 
1,'.'n~, C* 
167 

170 
171 
172 C* 
173 
174 
175 C* 
i7.L, 

177 
178 C* 
179 
180 
1B1 C* 
182 
183 
1M C* 
185 
1M 
lP C* 
le.8 
189 
190 C* 
191 
1'i'2 
193 C* 
1<;4 
195 
1% C* 
197 
1?8 
199 C* 
200 

- JlS -

R~lQU AND AUX. Cont. 

BLOCK DATA 
DOU}:LE F'RECISI[t,I P 
Dil'lEr·iSION F'(43) 
C.ON:.,.r,JN/RF3ClU/F 
DATA hl) ,f'(2)/ 

PAGE 4 

1 0, 77 4596,~ .. ~92414~-34D 00 _, 0 f 555555555555555,~,D 00/ 
DATA P(3 1 /(4)/ 

2 o,ase.sse..sE oo,o.2.~.94,330i- 001 
1 0, 8885,~-~-%8,~Bf .. %E.9D 00 / 1, 2684BS039f.L,,g333,1[i 00/ 

DATH F'{S) j~·(t,)/ 

2 (.J.~04'i'l2E O(f".l,104.~5.S2E 0()/ 
1 0,'1604~'12637030203D 00t0-104,S5,522,'.-02MU3D 00/ 

DATA ~·en ;F'IB)/ 

1 0,45Uil653[L~,584741D oo_,O-l344152~524J7B42D 00/ 
DATA P(11) 1F'(l2)/ 

1 o. s1,so32a2'i"?/0797 4D-o 1,0, 200.sws2n7692:?oD ,x!/ 
DATA P!13l,P(14)/ 

2 O.'i'r'3t.319E OC.10, 17VJ171E-01/ 
1 0, 993831 'i'632127550D 00 10, 1700171')6299402,:.IH.l1/ 

I>-,;TA Pd5) ,F'i16)/ 
2 0 .3834592E 00 10, 929271 '?S-01/ 
1 o .e~,845~'2326722570D oo to, 92'i'271'?531512454D-01/ 

DAWi F'(17) iF'(1.s)/ 
2 o .... 21102n oo,o.111s119E 001 
1 0,,:;21102'14,9372264I1 0-0 10, 1715119ffl1Y.,3914D 00/ 

DATA P(l'i') /i20)/ 

1 0,2233e .. :.:,e .. :,4W/:,69D 00)".l,21915,:-85S4015875D 00/ 
DAT~ P(21l,P(22)/ 

2 0,2255104£ O(:t0,6720775E-01/ 
1 o, 22ss t 04997Y,~,20.!-,7J oo to. ,920775-4295Y.,,070D-01/ 

DATA P(23) /(24)/ 
2 0,2580759E-01 10.1003142E 00/ 
1 0 ,25807598,1Yi,:.17,S,SSD-01/1,10031427&t,117Y5.sD 00/ 
DAT!➔ F'(25) 1F'(2.:.)/ 

2 0 ,84345,SSC-02 /i, ,J64,~,28'i'E-01/ 
1 0, 843456573S'32110~,D-02 10, 4646287'326175799D-01/ 

DATA P(27) 1F'(28)/ 
2 0,8575592E-01t0,1◊95784E 00/ 
1 0 ,85755'i'20049'i"i'035D-01 10, 1095784210559246D 00/ 

DATA F'( 29) / (30) I 
2 o.'i'i'90'7'81E oo,o.2s44?e.(lE-02/ 
1 0, 999098124967 M.7,SD 00 tO ,2544780791561874D-02/ 

l>ATA F'i31) ,F'(32)/ 

15 
1"':) 
153 
154 

17C 
171 

174 

177 
17B 

Je.1 
182 
i 0') 
.l.'..J-..) 

18'1 
1e5 
1 Qi. 
.1\..>'_• 

'1Q7 
lu1 

lBY 
l j'<J 

191 

l r.3 
19~ 
17'5 
19':. 
197 
198 
19Y 
20( 



0 

- :r:i19 -

:RFlQU AND AU:<. Cont. 

PAGE 5 

201 2 0,9815311E OC 10, 1644,~04E-01/ 
202 C* 1 0/iS15311495537401D 00 1J,UA4,~04Y'8543S781D-01/ 
203 DATA F(3:3),P(34)/ 
204 2 0,5'29,~548E 0') 10,359571 1)E-01/ 
205 C* 1 0,9296548574297401D oo,0,35Y5710330712Y22D-01/ 
206 DATA F'(35) ,P(3.~)/ 
207 2 Ot8J67259E Oi:::/~jr5697950E-01/ 
208 C* 1 O,B3,~,725S'361,~.~.8t,87D oo.,o.s.~97Y50949412336D-01/ 
209 DATA P(37) 1F'(38l/ 
210 2 0,7024%2E 00 10,hB7%2E-Ol/ 
211 C* 1 o.10249620.~.491s211D 00 10,ne,,196204yf)0353D-01/ 
212 DATA P(39)tP(40)/ 
213 2 0,5313197E O,J 10, '7Y,2710E-Ol/ 
2i.4 C* 1 0,531319743644375t,D 00t0,9362710Y"i'81261147D-01/ 
215 DATA P(41l,P(42l/ 
2J.~. 2 ·),3311353E Xl 10,105t,.~'i,SE 00/ 
217 C* 
2l8 
219 
220 C* 
221 
??? 
J...J,..J,.. 

2Z3C* 
224 

228 

1 0 t 331135393257'7'7,~eiD 00 10 .105,SS9,~.935,S0234SD 'JO/ 
DAT; P(43l 1P(44)/ 

2 0, 112 49..~,'i'E 0(: 10. 11195,~"SE (})/ 
1 o.11243,394313319.~.,;ri oo,o.1119s.~.e,73,120953s:D cr0/ 
DATA P(45) i'(46l/ 

2 0,1127552E v0 10,3360387E-Ol/ 
1 0,112755259207687D 00 10,33603877l4B20773D-01/ 

DATA F'(47l iP(48)/ 
2 0,12903BOE-01/i,S015713E-01/ 
1 0, 12903BOOiCi035127D-01 10, 501571393058S1954D-01/ 

END 

207 

210 
21l 
212 

217 
21B 

220 
221 
'J')-:1 
,_i,..L 

223 
224 
r.r'.),:; 
i-L-' 

. . 
n 
II 
I· Ii 

l 
i 



2 c. 
~, 
.J 

4 C* 
5 
t, C* 
/ 

8 C* 
9 

10 C* 
11 
i'°' ,L C➔ 

p .! 

iri C* ,.., 
•,:; l_, 

16 C* 
i 7 ,., 
18 C* 
1'7' 
20 C* 
21 
')'j C* J..L 

23 
24 Cit 
zc .) 

26 C* 
27 
?D C* J..U 

cl 
30 C* 
31 
32 C* 
2.3 
34 C* 
35 
';L C* '-''~I 

37 c. 
38 c. 
39 c. 
40 c. 
41 c. 
42 c. 
43 c. 
44 c. 
45 c. 

G 
46 
47 
48 C* 

u 49 
50 C* 

.,., . 
. :::-~).• 

r. 

SUBROUTINE RF4QU 

SUBROUTINE RF4QU(XO ,ANE: 1FUNJ 
DOIJ?LE PFIECISlON A 1X !Q ,XT ,XO 1AREA 1ANS 1FU,"i 1DF2MQ 
DIMENSION A(li) 1X(l.:'.,) 
D Ii'lrJlSION A ( 25 ,1 

1 X ( 25) 
DATA X(1) ,A(1)/0,.~7/,49410E-01,0.i).~15171E C'O/ 
DATJ'.i X ( 1) ,A( 1) /0 .S.~7CL477545270547D-01 10, 13752,~,0i 42293443D (),)/ 
DATA X(2) 1A(2)/0,462Yi632E 00;C1,331057t5E 00/ 
DATA X(2) ,A(2)/0,29901089856698,,~5D oo.0.251M52.737,~49102D (){)! 

DATA X(3) 1Ai3J/0,11410577E Ol,0,2657Y577E 00.i 
DATJ'.i X(3) 1A(3)/0,73590~'5554350161D oo,o.25,~,1nc,J2S09755,3D C,0/ 
DATA X(4) ,A(4)/0.212ne.;'k,E o~,0.13{,2'i693E (),,)/ 
1¥ff t'.i X ( 4) 1A( 4) /0. 13591f,31: ,~035193D 01 10, 1M2154903,'.;243,~,4D 00/ 
DATA X(S) 1A(5)/0.343702/ .. ~.E Ol;(),47::2,992BE-01/ 
DATA X(5) 1A(5)/0,220132605~:72:4.:i7D 01 10,103i?J,9,1;g10752(\SD C'iJ/ 
DATA X CS) ,A (,Si /0. 507801,~ .. SE 01 10, 112Y't900E-O l/ 
DATA X(6) .tA(6)/0t3~\35,~758i0355B037D Oi 10t447141,":il12~'Y3353D-i:}l/ 

DAT;'.\ X (7) 1A (7) /0. 447i.496615073834D 01 10, 153052'.328,8/,3~43D-01/ 
DATA ):(e.) ;A(E,)/0,943.33143E 01,o.20,1u1v1E-03/ 
DAT!'.i X\B) 1A,:S)/0,5929083/~270,)447D 01 10,4152414,S32877U73D-02/ 
DATA X(9) ,A('?)/(i, 122142:2JE 02 10, 143445E .. ~,E-04/ 
DATA X(9: 1A(9)/0,75998~'93W6~74S'D 01 10.8'i20½t17325968,11D-03/ 
DAT?i X(10l 1A(10)/0,15441527E 02 10,68233193E-O,S/ 
DATA X ( 10) 1AOO) /0, 94%7 4'i22C1932434D 01 10, 15115,S0191642405D-03/ 
DATA X(11) 1A( 11)/0,19180156E 02 10,i,%1024BE-07 / 
DATA X ( 11) 1A01) /0, 1162902 491177875D 02 10, 20065531801932~'5))-04/ 
DATA X(12) 1A(12l/t),23515'i'05E 02 10,2M23502E-09/ 
DAT ii X ( 12) 1At12l /0, 140079579n5450,:,D 02 70 ,206777 /4396431877D-05/ 
DATA X(13) 1A(13)/0,28578729E 02 10,21270790E-11/ 
DAT;'.\ X(13) 

1
A(13)/0, 166471255972,S87,SD 02 10, 16346S2022291141D-OM 

DATA X(14) 1A04)/0,3452,339SE G2 10,6297%7C'E-14/ 
DATJ'.i X(14l 11H14)/0,i956289BOll46905D 02 10,976t.015062124477D-08/ 
DATA X (15) 1A( 15) /0 ,41940452E 02 /l,50504737E-17 I 
DATr:i X(15) 

1
AO5)/0,227752419%83504D 02i0.43277207941e.492@-09/ 

MTA X<16) /i( 16l/0,51701160E 02 10,41,~1<:623E-2i/ 
DATA X ( 16) 

1
A ( 1,:i) /0, 2t.30877239096e.88D 02 10.13B'i6009633SY494D-10/ 

MTA X( 17) 
1
A( 11) /0 ,301942911,:,331MOD 02 ,o. 313892279253½'25IH2/ 

DAT!'.i X(lB) 
1
4(18l/0,3447109757192203D 02 10,48026148.22t.04204D-H/ 

DATA X0 9) ,A( 19) /0 ,39190t,08B0393742D 02 10, 4735£,8536480723.SJ-16/ 
DATA X ( 20 l ,A (20) /0. 4442234~'33,~16201D 02 10, 281421)5379e.4302i,D-18/ 
DATA X (21) 

1
A( 21 l /0 ,50~61157 4~'93S33::3D 02 10, 91,q'?5Hi5991140J-21/ 

DATrl X(22)
1
A(22)/0,56M4%71739-1017D 02,0,14189.;00094Y7222D-23/ 

D(1TA X (23) ,A( 23) /0 •. ~.44t-Y,70,~i'.::95413D 02 /l, 82736'.Yl 9-1409S'207D-27 / 
DATA X(24)

1
A(24)/0,7353423479210014D 02 1 ◊,11MS.317115427!'5D-30/ 

DATA X(2Sl,A(25)/0,g526015556249595D 02 1 0,1315&315◊0J59125D-35/ 
AREA=O,OE 00 
TL=0,5E OOitFS21'10(0.0) 
TL=O,SE OO*DF2l'1Q(O,O) 
DO 10 I=1 11t, 
DO 10 I=1 125 

1 
2 
'j 

4 

g 

5 
10 
11 

14 
15 
1 ~. 
17 

?? 
Lv 

?7 
LI 

29 
30 

33 
34 
35 
2.:-
37 
38 
35 
40 
41 
42 
43 
44 
45 



0 

0 

RF4QU 

51 
52 
53 
54 
55 C* 
5,S 10 
57 20 

Cont. 

XT=xm+xo 
G=Ai'. I) 1:fiJNO'.T) 
A~:L'.J=AREA+Q 

- Del -

IF(A.BS(CUAREM ,LE, TU GO TO 20 
1F (f)ABS (Q/f~REf'.1) ) , LE, TU GO TO 20 
CO~ffINUE 
ANS :£XF'( -XO) *A~:EA 

56 C* 20 ANS=DEXF'(-XOi*AREA 
5 S' R.ET!JFr✓ 
,'.',(i EHD 



0 

0 

0 

- D22 -

SUBROUTI~E RF5QU 

SUE:~1JUTINE FSSCiU (X 1 Y 1RH-iT4 JN I IA, IB ,E I IFAIL) 
2 C, DOUBLE F'RECISlON X,Y,E 1H1,H2/G/14 1R1 1R2;F:3,F:4 1 
3 C, 1 D1,D2,D3 1C1S1RINT 1TEi'1P 
4 DIMENSION X(NJ 1Y(r!) 

i:, IFAIL= 1 

8 
'i 

10 1 
11 
12 
13 20() 
14 250 
iC: C: 
.l.-' .,; 

E 
17 S 

1·;, 
20 
21 40(; 
22 450 
23 9 
24 
25 
26 
27 10 
')[J 
LU 

30 
31 
32 
33 
34 
25 20 
36 30 

33 
39 
40 40 
41 50 
42 
43 
44 
45 
46 
47 
48 
4'i 
50 

E=O,O 
IFWLLT.4),0R,(IA,GT.IB)l GO TO 1 
GO TD 5 
WRITE(IOUT 1200) IFHIL 
WRl TE 1

'. IOUT .,25C) 

FDRl'ilTi'.2X 1I2/:X 137HNIJi'1BER OF FIS Li 4 OF: LO'..!EF: ~:UBSClIF'T/) 
FCfo9AT(7X 112HGT UF'F'ER O~iE/) 
lF((IA,LT.:),OR,dB,GT,N)) GO TO S 
GO TD S' 
IFAIL=2 
WFJTE(IOUT 1400i IFAIL 
WRITE! IOUT 1450) 

F0RJ'T';AT(2Y, [2,~X13'1HLOW2F: SUI::SCF::F'T LT 1 OR u::•n:,::;; SUK-;(ViF'T1 ) 

FCtMAT(7X 122f-i'GT NUl'i OF GIVEN F'0Hff'3/) 
IF/IA ,NE. IB) GO TD 10 
FGNT4=0,0 
lFAlL=O 
RETUSJJ 
RHIT=O,O 
S=O,O 
C=O,(i 
~:4=0,0 

IF((IA,EQ,OH)) ,AND, N,GT.4) GO TO 20 
IFIIA,GT,3) J=IA 
GO TO 30 
,l=H-2 
K=rH 
IF(IB,EQ,2 .A~D, N,GT,4l GO TO 40 
IFJ! ,GT. (IB+2)) K=1B+l 
GO TO 5() 
K=4 
DO 120 I=J,K 
IF(I.NE,LJJ GD TO .~o 
H2= X ( ,1-1) -X (, l-2) 
IF(H2,EG,O,OE (lt)) GO TO 130 
D3= (Y(cl-l)-Y(,l-2)) /H2 
H3=X(cl) -X(Ll-1) 

IF(H3,EQ,C,OE 00) GO TO 130 
[11-= ( y (J) -Y ( Ll-1)) /H3 

Hl=H2+H3 
D2= {Dl-~3) /rll 

4 

9 
10 

12 

i}. 
.i.'.' 

')') 
Li.. 

')D 
i-\...' 

29 
30 
31 
'.r) 
'-'L 

34 

')7 

"' 

40 
4i 
42 
43 
14 
4:: 
46 
4? 
4-g 
49 
50 
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l 
.l 
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l 
l 
l 
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\.) 

j 

' l 

J 
0 

i 
C l 

l 

l 
l (i ,,.., 

I 
(; I 

} 0 

: 

t 0 

I} 

• 
.,_ fji.~ 

51 
52 
53 
54 
55 
56 
57 
58 
5? 
.~.() 

61 
,~2 
63 bO 
64 
65 
.~~ 

67 
f:.8 
69 
70 
71 
72 70 
73 
74 
75 80 
76. 
77 
78 
79 
80 
81 
82 
83 90 
84 
85 
86 
87 
88 
89 100 
90 
91 110 
92 
93 
94 
95 
96 
97 120 
98 
99 

100 
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RF5QU Cont. 

H4=X(J+1)-X<J) 
IF(H4,EQ,O,OE 00) GO TO :.30 
Rl=(Y(,1+1 J-Y(,l) )/H-4 
R2= (R1-DU/(H4+H3) 
Hl=H1+H4 
R3= (R2-D2)/H1 
IF(IA,NE,1) GO TO 70 

PAGE 2 

R1Ni=H2*(Y(1)+H2*(0,500E O◊fD3-H2*(D2/0,◊00E 01-(H2+0,20E 01 
2 *h'3)*R3/0,1200E 02))) 
S=-H2*H2*H2*(H2*(0,30E 01*H?+0.5000E 01*H4) 

2 +0,1C,QE 02*H3*H1)/0,6000E 02 
GO TO 70 
H4"' X (l+ 1 )-X (1) 

IF(H4,EQ,O,OE 00) GO TIJ 130 
R1=(Y(I+1)-Y(I))/H4 
R4=H4-iH3 
R2=(R1-D1)/R4 
R4=R4+H2 
R3=(R2-D2)/R4 
F:4=R4+H1 
R4=(R3-D3)/R4 
IF((I,LE,IBJ,AHD,(I,Gi,IA)) GO iO 80 
£=E+R4*S 
GO TO 90 
TE/'1?=H3liH3 
RIHT=RINT +H.3*( (Y( I)+ Y (I-1)) ;.-0,SOOE 00-TE)rl.P*(D2+F:2+ (H2-H4) 

2 . *R3)/0,12000E 02) 
C=TEi'P*H3*(◊,200E 01*i0'lP+0,500◊'JE ◊1*(H3*<H4+H2) 

2 +0,200E 01*H4412))/0,120000E 03 
E=E+(C+Sl*R4 
S=0,200E ◊l*C+S 
IF<I ,NE.J) S=C 
IF(I,NE,K) GO TO 110 
IF(IB,NE,N) GO TO 100 
RINT=RINT+H4* (Y(N)-H4* (0,500E O◊*R1+1-I4*<R2/0,60E 01 

2 t(0,20E 01*H3+H4H·R3/ 1),1200E 02:1
)) 

E=E-H4*H4*H4*R4*(H4*(0,300E 01ftl4+0,50()0E ◊1*H2) 
2 +0,100E ◊2*E3*(H2+H3+H4))/0,6000E 02 
IF(IB,GE,(N-1)) E=E+S*R4 
GO TO 120 
H1=H2 
H2=H3 
H3=H4 
Dl=Rl 
D2=R2 
D3=R3 
CONTII-RJE 
RINT4=RINT 
IFAIL=O 
RE!lf\'H 

52 
53 
5,1 
55 
56 

58 
59 
-~-0 
61 
62 

65 

67 

7Q 
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72 
73 
74 
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77 
70 
/\,, 

79 
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81 
82 

8"1 
85 

87 
88 
89 
'7'0 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
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101 130 
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RF5QU Cont. 

PAGE 3 

IFAIL=3 
WRITE( IOUT t300) IFAIL 
FORMAT(2.X 1I213X 141HSOl1lE VALUES OF X C.0-0RDINATE ARE REF'EATED/) 
REilJfi-'N 
END 

101 
102 
103 
104 
105 
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AF'PEl-IDIX E 

SUBROUTINE FOR ORDINARY DIFFERENTIAL EQUATIONS 

The subroutines in this appendix solve initial-value problem of the 

form (a) 

I 

y.= g. (t,y, .••• , y) i = 1,2, .••• , n 
1 1 n 

with initial conditions y.(t) = ~- i = 1, •••• , n 
1 0 J. 

where n is a finite integer and (b) second order boundary-value problems 

of the form: 

I 

yl=gl(t, Y1, Yz) 

Table E summarizes the actions of the subroutines. 

SUBROUTINE NAME 

RFlDI 

RFJDI 

1-'URFOSE 

solves non-stiff initial-value problems 

of any finite size using Runge-Kutta

Fehlberg algorithm. 

Solves boundary-value problems of size 

two (or second order) using a modified form 

of Palekar algorithm. 

TABLE E: A summary of subroutines for ODE 



1Y) - = -

1. SUBROUTINE RFlDI 

a) Purpose 

The subroutine RFlDI solves a system of first order 

initial-value problems which are not stiff. 

b) Specification 

The subroutine is written in FORTRAN and it is of the :orm: 

SUBROUTINE RFlDI (N,Y,YP,T,TOUT, RE, Fl, F'2, FJ, F4, F5, IFAIL) 

c) Description 

Before subroutine RFlDI is applied, the system of initial-value 

problems to be solved must be reduced to a system of first 

order initial-value problems. RFlDI is based on Runge-Kutta 

formulas developed by E. Fehlberg and implemented by L.F. 

Shampine and H.A. Watts. RFlDI requires six function 

evaluations per step. Four of these function values are 

combined with one set of coefficients to produce a fourth

order method, and all six values are combined with another 

set of coefficients to produce a fifth-order method. 

Com1,arison of the two values yields an error estimate which 

is used for step size control. See Forsythe et al (6o) for 

details. 

d) Parameters 

N integer variable, which on entry, the user must 

set to the number of first order ordinary differen

tial equations to be solved. It is not altered 

on exit. 



y 

n 

T 

TOUT 

RE 

Fl-F5 

IFAIL 
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one-dimensional real array of size N which 

on entry, the user must set to the initial 

values of the system. On exit, it contains the 

solution of the system which is the values of 

Y1 , Y2 ) ·· ·• Yn at the specified end-point 

TOUT. 

one-dimensional real array of size N, on exit 

YP specifies y{, Yz, 
point TOUT. 

at the end 

real variable which on entry specifies the 

initial value of the independent variable. On 

exit it is e4ual to TOUT. 

real variable which on entry specifies the 

final value of the independent variable. It 

is unaltered on exit. 

real variable which on entry specifies the 

relative error at each step of the integration. 

It is unaltered on exit. 

One dimensional real arrays, each of size N. 

'.rhey are used as workspace by the subroutine. 

integer variable, and it is set to zero on 

successful exit from RFlDI, otherwise it is set 

to a non-zero value. 

All real variables must be declared DOUBLE 

PRECISION if the double precision version 

of the library is implemented. Also any variable 

which is not altered on exit by the subroutine 

can be replaced with a constant. 



- E4 -

A subroutine which must always be named FCN must be supplied 

by the user and it is of the form 

SUBRCUTINE FCN (N, T, Y, Yr) 

DIMENSION Y(N), YI (N) 

Il'(l) 

YP(2) 

YP(N) 

RETURN 

END. 

= ) expression in terms of Y(l) • ... , Y(N) and T 

- ? or independent variable 

-l 

e) Error diagnostics 

A successful exit from RFlDI is indicated by IFAIL equal zero 

IFAIL 

1 

2 

ERROR MESSAGE 

MAX NUMBER OF 

DERIVATIVE EVALUATNS 

EXCEEDED 

ERROR TOLERANCE 

TOO SMALL 

f) Other routines used 

RECOVERY 

Decrease the interval 

(T,TOUT) or increase 

RE. If the error persists 

it may be the system of 

equations is stiff and 

this subroutine is not 

suitable. 

Increase relative error 

RE. 

RFlDI calls subroutine RF2DI-RF2DI is a part of RFlDI and 

it is not used by any other subroutine in the library. 

FUNCTION IFlMQ is referenced by RFlDI. The user is not 

aware of these routines. 
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g) Timing 

'Ihe amount of time taken depends on FCN and the requested 

accuracy RE. 'Ihe example given, took 2.0 seconds using 

Tx.990/4 microcomputer. 

h) Storage 

'!here are no internally declared arrays and the compiled 

output of RFlDI together with RF2DI using Tx.990/4 

microcomputer occupies J,358 bytes of storage. 

i) Accuracy 

j) 

The result produced is accurate to the requested accuracy RE 

if IFAIL is zero on exit. Note that RE specifies the accuracy 

at each step and not the final result at TOUT. This means 

that, to produce a reliable final result. the system of 

first order initial-value problems should be well conditioned. 

Example 

RFlDI was used to solve the initial-value problem 

II 2? = 0 y(O) ~. • 
y 1, y (0) C: -1 

which has exact solution y(t) = 1.0/(l+t). This second 

order initial-value problem has to be transformed to a 

system of first-order initial-value problems by setting 

Y1 = y 

I 

Yz == y 
.. 

2y3 = O such that y becomes 

In this case N = 2 and FCN can now be written as shown in 
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example El. The requested accuracy was 0.1 E-OJ with TOUT= J.O 

and T = 0.0. This single precision example requires 

amendment for use in DOUBLE PRECISION implementation and 

the result produced may differ slightly. 

k) Further comments 

The subroutine RFlDI can still work even if T is greater 

than TOUT. 

2. SUBROUTINE RF2DI 

a) :Pu.ryose 

The subroutine RFJDI solves two first-order boundary-value 

problems. 

b) Specification 

The subroutine is written in FORTRAN and it is of the form. 

SUBROUTINE RFJDI (T, TOUT, TL, Y, YP, YB, ID, LMAX, IFAIL) 

c) Description 

Initially, the subroutine assigns the remaining initial 

condition to make the problem a system of two first-order 

initial-value problem~A modified form of RFlDI is then 

used to solve the system. The result obtained is compared 

with the boundary condition given at the end of the interval. 

If agreement is not attained, this result is used to update 

the unknown initial condition. See Palekar (128) for details. 

d) Parameters 

T real variable which on entry specifies the initial 

value of the independent variable. It is not 

altered on exit. 
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E7 

EXAMPLE El 

DI~E~~SIG'~ 'f czc,) _/(? {2') ).Jf1 I~ 2·~ ! ~?2 (2J; : F3 !: 2(: 1? !~( 2~;) .f) \ 20 ~ 
DATA I\_rICUi/20_.::.:.:' 

'f'-.'\ ('i 
.I. - "'' 1,.: 

:-:-::·:'!'!.".m. / ,~'/ :: :.. :• ; ,, .-. - -~ ·"· r- ·.· r-.. 
. -.,..,,,- .-. 

ti :-, -~-- .-. 
._;,.4•-,.. 

·ei1.'=Y1.2i 
yp 121=2.c~r.:i~~3.o 
t;:,•1,:"!''. ;::,: 
iw.... .. --·:· 



TOUT 

TI, 

y 

yp 

YB 

ID 

LMAX 

IFAIL 
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real variable which on entry specifies the 

final value of the independent variable. 

The values of the system at T and TOUT 

define the boundary-value problem. Not 

altered on exit. 

real variable which on entry specifies the 

accuracy of the result to be computed. 

real one-dimensional array of size 2. On 

entry Y(l) and Y(2) must be given values. 

One of them must be a correct value why the 

other an approximate value. On exit Y(l) 

and Y(2) contain the values of y1 and y2 at 

T respectively. 

real one-dimensional array of size 2. On 

exit YP(l) contains y2 at TOUT. 

real variable which on entry specifies y1 at 

TOUT. It is not altered on exit. 

integer variable which on entry is set to 

zero if y
1 

is given to be correct at T and 

TOUT as the boundary conditions. It should be 

set to 1 on entry if y2 is given to be correct 

at T and y
1 

is given at TOOT as the boundary 

conditions. It is not altered on exit. 

integer variable which on entry specifies the 

maximum number of iterations. It is not altered 

on exit and a value of 3000 is suggested. 

integer variable which on successful exit 

from RFJDI is set to zero, otherwise it is set 
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to a non-zero value. 

All real variables must be declared DOUBLE 

PRECISION if the double precision version of 

the library is implemented. Also any variable 

which is not altered on exit by the subroutine 

can be replaced by a constant. 

A subroutine which must always be named FCN must be supplied 

by the user and it is of the form, 

SUBROUTINE FCN(N,T,Y,Y.F) 

DIMENSION Y(N), Y.F(N) 

YF(l) == 

YF(2) = 

RE'llTRN 

END. 

Error dia.e:iostics 

l expression in tenns of Y(l), Y(2),T 

A successful exit from RF'.3DI is indicated by IFAIL equal 

zero. 

IFAIL 

1 

2 

ERROR MESSAGE 

MAX NUMBER OF 

DERIVATIVE EVAf.JJA

TNS EXCEEDED 

ERROR TOLERANCE 

TOO SMALL 

RECOVERY 

Increase TI,, If it 

persists change the 

starting approximate value of 

Y, and try again. 

Increase TI, 

If it persists change the 

starting approximate value 

of Y and try again. 
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DIVISION BY ZERO 

ENCOUNTERED 

USER SUPPLIED 

NUMBER OF ITERA

TIONS EXCEEDED 

f) Other routines used 

The starting approximate 

value must be changed. 

Increase LMAX or TL or 

change starting approximate 

value. 

RF3DI calls subroutine RF4DI and RF5DI. Both are part of 

RF3DI and they are not used by any other subroutine in the 

library. FUNCTION IFlMQ is referenced by RFJDI. The user 

is not aware of these routines. 

g) ,Timing 

The amount of time ta.ken depends on FCN and the requested 

accuracy TL. The example given took 1.4 sec. using Tx990/4 

microcomputer. 

h) Storage 

There are internally declared arrays of size 2. The compiled 

output of RFJDI together with RF4DI and RF5DI using Tx990/4 

microcomputer is 4,480 bytes. 

i) Accuracy 

The result produced is correct to the requested accuracy 

TL if IFAIL is zero on exit. 

j) Example 

RFJDI was used to solve the boundary-value problem 

y''+y = O y(O) = 0, y(l) = .841471 

which has the exact solution y(t) = Sin(t). This second

order initial-value problem has to be transformed to a 

system of first-order boundary value problems by setting 



k) 

J. 

such that 
t I 

y + y 

y =-y 2 1 

- Ell -

becomes 

FCN can now be written as shown in example E2. The requested 

accuracy was O.lE-OJ with TOUT= land T = 0.0. This single 

precision example requires amendment for use in DOUBLE 

~RECISION implementation and the result produced may differ 

slightly. 

Further comments 

If the user-supplied initial approximate value does not result 

in obtaining a solution, the user has to try another approximate 

value. On successful exit the approximate value is replaced with 

a value correct to the requested accuracy. 

Listing 
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EXAlv'.FLE E2 

DIMENSION Y(2J 1Y?(2J 
NITA IN, IOUT/20 121/ 

C 
C SPECIFY INITIAL CONDiiIOHS
C 

i=O,O 
TOUT=1,0 
)'(1)=0,0 
Y(2)=0,2E-02 
YB=0,841471 
ID=O 
TL=O,lE-02. 
CALL R.F3DI (T 1 TOUT I iL I Y t YP: YB 1 :D 130>../\) ! IFAILJ 
IF(IFAJL.NE,0) STDP 
WRITE(IClli'Tt200l Ym 

20) FOR/"IAT(4.X,F,~ .. 4/) 
STOP 
END 

RESULT 

0, 'fi'i'1 

SUBROUTINE FCN(NJ 1 t Y 1 YF') 
REAL T1Y1YP 
DI!'I.ENSION rnn I YP@ 
YP( 1 J =YW 
YF'(2)=-Y(1) 
F:ETUF:H 



- El3 -

SUBROUTINE RFlDI 

F'ACE 1 

SU8FfllliINE F:FlD I (N 1 YI YP I T I T(J..}T 1RE 1F1 1F2 1F3 1F4 1F5, IF AIL) 
2 C, DOUBLE PF,ECISION Y1YP 1T1 TOUT 1RE,F1 1F2if3,F4,F5 1JF21'1Q, 
3 c. 1 u,rL,S'~ALE/11EOET1EE,ET1S.1TL2.,AE,H1Hf'lIN,DT,YPK1ESTT 
4 C 
5 C THIS SUBROUTINE SOL~1ES DIFFERENTIAL EAUATIONS USHIG RK45 
:-. C 
7 
8 
y 

10 C* 
L 
12 
13 
14 

16 
L' 

20 

·")'") r 
:...L ._, 

23 
24 C* 
25 
26 
27 C* 
')Q 
'-'-' 

'2J C* 
30 

DIMENSION Y(N) 1YF'(N) 1FJ (~{) 1F2ni) 1F3(N) ,F4 '.ri) 1F5(N) 
LOGICAL HF 10UTP 
DATA Pl/0,1t<.S95S8E ()3/ 
DATA F'l/0, 188'i5,~3D-03/ 
Df;TA MX/30()().i 
IOUT= IFli'lQ ( 1) 

IFAIL=O 
NFE=l 
CALL FCN (H IT I Y I YP) 
1F ( T , EQ, TOUT ) RETUF,N 
TV F:F2MQ ( 0 , 0) 
TL=JF2f':Q(0,0) 
U=0, 13E 02*TL 
IF ( F;E, LT, TU RE =TL 
DT=TDUT-T 

COMF'IJ::: INITIAL H 
H=AB3(DT) 
H=DABS(DT) 
D070K=1 1N 
TL2 =RE*ABS O' 00) + iL 
TL2=RE*DABS()'(]';) )+TL 
YPK=ABS(YF'(K)) 
YF'K=DABS(YPO'.)) 

31 70 CONTINUE 
32 ~=AMAX1 (H 1U*Al"iAX1 i:ABS(T) 1ABS (Di) J) 

33 C* H=[:,Jrt.AX1%U*Dl";/'.JX1WABS(i) 1DAitS(DT))) 
34 H=SIGN(H,DTJ 
35 C* H=DSIGrHH 1DT) 
36 IF(ABS(DT) ,GT.l.i1*A.BS(T)) GO TJ 95 
37 C IF TOD CW3E TD OUTPUT F'CINT I EXTRAPOLATE AtlD REilrn 
38 C* IF'.DAB.S(DT),G1',W*DAB'.;(T))) GO TO 95 
39 DO ':r'O K=l 1N 
40 90 i(Kl=Y(Kl+DT•YP(K) 
41 CALL i:'CN(N 1TOUT1Y1YP) 
42 NFE=NFE+l 
43 GO TO 3o(; 
44 C INITIALIZE OLrJ'P~IT POINT INDICATOR AHD SCALE TrlE EF.'ROR TOLORANC2 
45 95 OUTP=,FALSE. 
46 SCALE=0,20E 01/RE 
47 AE=SCALE•TL 
48 C STEF' BY STEP INTEGRATION 
49 100 HF=,FALSE, 
50 HMIN=U*ABS(T) 

') ,. 

7 

g 

9 
10 
11 
12 

14 
15 
16 

23 

a 
30 

S7 
-..}: 

39 
40 
41 
42 
43 
44 
45 
AL ,1., 

4: 
4B 
49 
50 



1-\ 

t 

51 C* 
t:;'J 
-''-

53 
54 C* 
55 
5,~ C* 
t;-; 
J; 

-~ 150 
61 200 
L? 

l.•.L, 

t.3 
-~,4 5(() 

65 

67 C 
lO ,_ .. _, 

69 
7() 

RFlDT 

HMIM=U*DABS( i) 
DT:TOUi-T 

Cont. 

PAGE 2 

IF(ABS(DT) ,GE,0,2E 01*A3S(H)) GO TO 200 
IF(I>ABS(D-0 ,GE. (0,2D 01*AP.S(H) l) GQ ".'O 200 
IF U1f:S(Di) ,GT.ABS (H)) GO TO 150 
IF(DABS(DT) ,GT ,DABS(H)) GO TO 150 
Oliff'=, TRUE, 
H=DT 
GO TO 200 
H=O, SOE 1Xl*DT 
1F(NFE,LE,(N*MAX)) GD TO 220 
IFAIL=1 
WRITE ( IOUT 1500) I FAIL 
FOS1tAT ( IS ,4X 1·1'.?H'l;\X ~1Ul11BEF; OF DERIVATI~1E PJALUAFE EXCEEDEJ/) 
RETU~'N 
CALL FS2DI (N 1 YI T ,H 1'ff'_rF1 1F2 1F3 /4 ,FS) 

AilJANC2 AN AF'f'FiGXIi'\:;TE SOLUT:0~1 D~1ES: Ot1E STEr' OF L;};GTH H 
NFE=MFE+S 
EEO:ST=O,OE 00 
DG 250 K=l/4 
ET=ABS(Y(K) l+AP-S(Fl (K) )+AE 
ET= DArS ( Y (K)) +DABS (F1 \U) +r1E 

73 EE= ( -o. 2090E C'4*YF' :K )+ ( o. 21·noE os~nm-o, 1504,:E OS*F4 (Kl)) 

74 
75 
7,~ (Ji 

1 +(0,22526E os;;'f?(K) -0,27'.?0 ~,0E 05*F5(K)) 
EEOET=AflAX1(EEOET.tABS(E:S)/ET) 
EEOET=D/'iAX1(EEDET1DA?.S(EE)/ET) 

77 250 !I CONTmJE 
7,~1 
79 
e.o 
81 
e.2 
83 
84 
85 
M 
87 
e,8 

C* 

C 

C* 

ESii=AP'-3 (H) *EEDET*SCALE/0 .7524E O,~ 
ESTT=DAB~;(H) *EEDET*SCAL:S/0, 7524D 06 
IF(ESTT ,LE,O, 1E OU GO TD 26(\ 
HF=, rnJE, 

UrfjJC:CE~SFUL STEP SIZ2 1 REDUCE SiEf' SIZE AND TF:Y AGAIN 
OuTP=, FALSE, 
S=O, lOE 00 
IF(ESTT,LT.0,590~9E 05) S=0,9E c,o/ESTTH0;20E O(, 

H=H*S 
IF(ABS(H),GT,Hl'!H-(1 1;0 TO 200 
IF(IrriBS(H),GT,Hl'1IN) GO TO 200 

89 IFAIL=2 
90 WRJTE(hlJT /.OCl IFAIL 
91 ~-00 FOF:t'l~T(I8 14X 125H~:F:R0R TOI.ORAflCE TOO ~./'IALL/) 
92 RETURN 
5'3 C SUCCESSFUL STEP 
94 2¼ T=T+H 
?5 00 270 K=1 1N 
% ?JO Y(K)=F10'.) 
97 CAL~ FCN(N 1T1Y,YP) 
98 NFE=NFE+l 
99 S=0,5E 01 

100 IF(ESTT,GT,Pl) S=0,9E OO/ESTT*lt0,2E 00 

52 

55 
SS 
57 

65 

/1 

7') 
.' L 

77 
II 

79 

13 

7'5 
9f, 

97 
98 
9Y 

100 
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RFlDI AKD AUX. 

101 
102 C* 
103 
104 C* 
105 
106 300 
107 
108 
109 
110 

IF(HF) S=AMIN1(S,0.1E 01) 
IF(HFl S0 DMIN1(S 10,1D 0l) 
H=SIGN(Al'\AX1(S*ABS(H) ,Ht,IN) 1H) 
H=DSIGN(DMAX1 (S*G>ABS(H) 1tf:IN) ,Hl 
IF(.~10T,OUTF') GO TO 100 
T=rnUi 
RETLIRN 
ENI: 

11i SUE:F;(YJTINE RF2DI(N 1Y1T1H,YP 1F1 1F2,F3,F4;F5) 
112 C FEHLBERG FOURTH-FIFTH Ord)ER RUNGE-KUTTA r'J:THOD 
113 C, DOUBLE f'RECISIC~4 CH ,'r' 1A ,':' ,H, YP ;Fl ,F2 11-3 1F4 1F5 /' 
114 DI/'ENSION P02) /1 ( rfl 7 YP(N i 1F1 ,:N) /2\M) ,F3 (r-n /4('i) 1?5 ( N) 
115 DAT~ P(1 1

1P(2J/ 

117 C* 
1 
1 

" 

• 93/S)OOOE-01 _, ~ ~:7500·)00£+00/ 
t '?375000:JD-O 1, 1 3750(P}}JD+OO./ 

118 DATA P13l 1P(4l/ 
'i '\0 
l..l.! 

120 C* 

1')') 
Li.. 

123 [li 

126 C* 
127 
123 
12'1 C* 
1~:o 
131 
132 C* 
133 
134 
135 10 
136 
137 
138 
13Y 
140 20 
141 
142 
143 
144 
145 30 
146 
147 
148 
149 
150 

1 

t4551,~u~14E--03 ,• t 92307,S?2E+OO/ 
~ 45516,~,135 .. ~39S-t)8 1~~-0:3 1 • 9230/-~.Y21307.~,Y2:?:D+OO/ 

,24366472E-03.1 ,48732943E-04/ 
,24:W,471734B'i27'i'D-03 t , 4U329434f,97e55;'])-04/ 

DATA P(7) ,P(B)/ 
1 ,1312b719E-06 1 ,9028SOOOE+O,V 

• 1312671B77974022D-C,S .1 • 902%0(iOD+O,~./ 
DATA PC9l,P(1Cl/ 

1 .38557350£+07! ,137i249'0E+07/ 
,3e557350D+07 t , 1~7124'i'OD+07/ 

DATA Pl11l 1P(12l/ 
,3Y53-:.S40E+07, , 27702000E+O,~./ 
,3Y53M40D+07, ,27702000I:406/ 

CH=0,25E O◊*H 
DO D K=1 1N 
F5rnJ =Y(K)+CH*YP 1:r:) 
A=T+CH 
CALL FCN(N 1A1FS,F1) 
:H=HitP(1) 
DO 20 K=1,N 
F5(K)=Y(Kl+CH*(YP(Kl+0,30E 01*F1 (K)) 

A=T+P(2) 
CAL~ FCN(N 1A1F5,F2) 
C'.H=HliP(3) 
DO 30 K=1 1N 
F5 (}() =Y ( K)+CH* (◊, l 932E 04liYF'( K)+ (0 ,7296£ 04lif2o:)-Q,72E ◊4*Fl (Kl)) 
A=T+H*F'(4) 
CALL FCN(N 1A,F5 1F3) 
CH=H*F'(5) 
DO 40 K=l,N 
FS (X) =Y(K)+CH* ( ( 0, 8341E 04*YF'( K)-0,845}: ◊3*F3(K))+ 

101 
102 
103 
104 
105 
10,~ 

107 
10,~. 
109 
110 
111 

113 
114 
11 c; ·-· 
1: 7 
.i.J...! 

115 
119 
1 ')(1 .;...:..,.· 

122 

12B 
129 
130 
1'Jt 
.1._,l 

132 
133 
134 
135 

137 
13,g 

13'9 
140 
141 
142 
143 
144 
145 
146 
147 
146 
149 
150 



- El6 -

RFlDI AND AUX. Cont. 

PAGE 4 

151 
152 40 
153 
154 
155 
156 

1 (0.29440E 05*F2(K)-0,32832E 05itf1 C(l)) 
DJNTINUE 
A=T+H 
CALL FCH(N 1A,F5,F4) 
CH=HlfF'(6) 
DO 50 K=l,N 

157 F1 (Xl = Y (Kl+CH*(. ( -0, 60ME ◊4*YF' ( K) + ( 0. 9295E 04f.f'.3 ( K )-
158 1 0,5643E 04*F4(K)))+(0,41040E ◊5*F1(r'.)-0,22J52E 05*f'2(K))) 
159 50 CONTINUE 
160 A=T+0,50E c~'.>fH 
161 CALL FCN(N,A 1F1 1F5) 
162 C COl",PUTE APF'RoxrnnE SOLUTION AT T +H 
163 D1=HlfF'(7) 
1,~4 DO 60 K=l,N 
165 F1 (JO =Y (K) +CH* ( ( P (,g )*YF'(Kl+ ( P( 9)*F3(K) -P( 10) *F4( Kl))+ 
1,Y, (F'( 11l*F2(K)+f'( 12)rF5(K))) 
167 .~o COHTINUE 
1M F:ETURi-l 
169 END 

1 )3 
154 
155 
15,) 
1)7 
15B 
159 
1,:iO 
161 

J.63 

165 
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SUB.?OUTINE RF,3DI 

PAGE 1 

1 
2 C 
3 C 
4 c. 
5 c. 
6 

SUP.F:OUTINE RF3DI ( T, TOUT I TL I YI YP 1 YB ,lD ,LMAX, IFAIU 

B 
9 

10 
11 
12 
13 
14 
15 10 

17 20 
18 
19 C 

THIS SUBF:OUTINE SOLVES A SYSTEM OF TWO FIRST OEDER 
H,'0-POINT BOUNDARY VP.LUE F'F:oBLEi".S USHJG PALEKAR' S ALGOS:ITf-r: 

DOUBLE PRECISION TL I TL2 1 Y 1 '11: 1 YF' 1YT,c11 1 

1 C21;P11,P2 l ,D11 ,D121A,T ,rour ,XT ,DET ,TL3 
Dll'Er/SION Y(2) ,TF'(2) 1 YT(2) 

INITIALIZE 1)ALUES 
TL2=0,5E OOliiL 
TL3=YB<1iL+TL2 
IOUT = IF 1 l'lG ( 1J 
If(ID,EQ,0) GG TO 10 
C11 =Y(2) 
C21=Y(1) 
GO TO 20 
C11=Y(1) 
C21=Y(2) 
YT(1l=r(1) 
YT(2)=Y(2) 

IHTEGRATE WITH AFPF:OXIMATE lNiiI;iL C0NDITIOHS 
20 CAL F'.F4DI(iT 1YF' 1A,WJT 1TL2 1IFAIU 
21 IFOFAIL.NE.0) RETUF'.N 
22 P11=YT(1) 
23 C CHECK FOR CO/fJERGENCE 
'.),1 IF(AB-S(YB-F'11),Li,TL3l RD.JF:•J 
Z5 [lf IFffiABS(YB-F'11), LT, TL3) F:ETUS:i-1 
26 IF(ID,ER,0) GO TD 30 
2J 
28 
'25' 
30 
31 30 
32 
33 
34 40 
35 
36 
37 
38 
39 
40 C 
41 
42 C* 
43 
44 45 
45 
46 
47 
48 
49 
50 
51 

YT(1l=C21 
YT(2)=Y(2) 
)'(1)=(11 

GO TO 40 
Y(2)=C11 
Yi( 1):)'(1) 

Yi(2) =C21 
A=T 
CALL RF4DI ( YT, YF' 1A I TOlJT I iL2, IFAIL) 
IF( rFAIL.NE,0) RETURN 
F'21=YT(1) 
IFIID,EQ,0) Yl2)=C21 
IFCID,HE,Ol Y(11=C21 

CHECI( ?DR CONVEfitEt~CE 
IFIABS(YB-P21l,LT,TL3) RETLlf"J'/ 
IF(DABS(YB-P2U,LT,TL3) RETuRJ~ 
L=O 
L=L+l 
DET=Cll·C21 
IF(DET,EJ,O,0E 00) GO TO 90 
DET=O, lE 01/DET 
D11 = (F'1 l -F'21 )*DEi 
D12=(P21~11-Pll*C21l•DET 
IF(Dll,EQ,0,0E 00) GO TO 90 
XT=(YB-D12)/D11 

'.) 

4 
5 

12 

14 
'" u 

,., 
l/ 
i 0 
J.L' 

lY 
20 
21 

23 
24 

26 

33 
2,.4 

35 

'.)Q 
•·''-' 
'.)ij 
,J/ 

40 
41 
12 
43 
44 
45 
~ 

47 
48 
49 
50 
51 



52 
53 
54 
55 
5,~ 50 
57 
58 60 
59 

63 
.~,4 C* 
u:; 
l~•..f 

?F3DI A!W AU::. 

IF(ID,£Q,0) GD TO 50 
Yi( ll=XT 
YT(2• =·f(2) 
GO iO 60 
YT(1l=Y(ll 
YT(2)=XT 
A=T 
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CALL RF4DICI'T ,'ff' ,A I TOUT 1 TL2 ,IFAIL) 
IF(JFAIL.NE,0) RETURN 
1F(ID,EQ,0) Y(2)=XT 
IF(ID,HE.0) Y(1)=XT 
IF (ABS( YB-YT(l)) ,LT. TL3) ~:ET _!F,'N 
1F(DABS(YB-YT(1)),LT,TL3) REiURN 
IF(L,EQ, (2*(L/2)) :, GO TO 70 
C11 =XT 

PtiGE 2 

67 P11=YT(1) 
.~.g GC TO 80 
69 70 C21 =XT 
70 P2l=YT(ll 
71 C TEST \JlETHER 1'1.AXIl"µJ:'i NlJnBEf, OF ITERATIOMS HAVE BEEN F'EfffORMED 
72 80 IFiL.LT ,Llr\AX) GO TO 45 
71 1-_, 

74 
75 100 
n 
77 90 
78 
79 200 
80 
81 

83 
84 
85 c. 
e .. ~ c. 
87 C 
MC 
89 C 
90 
91 
92 
93 C* 
94 
95 
96 
97 
98 
99 

1(>0 
1(,1 

102 C* 

IFML=4 
WRITE(IOUT 110() IFAIL 
FORMAT(I8 14X 143H~ISEF: SUPPLIED NUMBER OF ITERATI0!'1S EXCEEDED/) 
RETm:, 
IFA[L=3 
WRJTE(I~JT 1200) IFAIL 
FORl"IAT(Ie. 14X 12SHDIVIS:ON BY ZWJ ENCOLmE.:::.:.ED/) 
RETUF:H 
END 

SUBROUTINE RF4DI ( Y 1 YP t T, TOUT 1RE I IFAIL) 
DOUBLE Pf:ECISIOH Y 1 YP I T I TOUT ,,RE 1F1 1F2 tf3i4 1F5 1JTOL, 

1 U1TL 1SCALE 1P1 1EEOET 1EE 1ET 1S1TL2tAE,H 1fi'iIN 1DT;YPK 1ESTT 

THIS SUBROUTINE SOLVES DIFFERENTIAL EAL!ATW,~ LISH.JG RK45 

DIMENSION Y(2) 1YP(2J 1F1(2J 1F2(2l 1F3(2) 1F4(2)tF5(2) 
LOGICAL HF 10ITTP 
DATA F'1/0,1e.695,~.SE-03/ 
DATA F'1/0, 18BS'5,~8D-03/ 
DATA l'lAX/3000/ 
IOUT=IF1MQ(l) 
IFAIL=0 
NFE=1 
N=Z 
CALL FCN(N 1T1Y1YP) 
IF(T,EQ,TOIJT) RETURN 
TL=RF21'1Cl(O,O) 
TL=DF21'1Cl(O,OI 

54 

56 
57 
se 
59 

61 

65 
LL 
'·"-' 

67 

70 
/ .l. 

7'J 
{,.J 

74 
75 

77 
_7.~ 

79 
80 
S1 

07 
Vf 

BC 
,_ 

89 
90 
92 
Y2 
Y-3 
94 
95 
96 
97 
98 
'fl 

100 
101 
102 

rH 

I I~ I 
ltf 
I' f t 

m 
fll 
t t, ~ ~p ~H 
' 

,t I 
Hi 



103 
104 
105 

RF3DI .AND f\.UX. 

U=0,13E 02*TL 
IF(RE,LT,TL) RE=TL 
DT=TOUT-T 

106 C COMFtlE INITIAL H 
107 H=ABS(DT) 
1C•8 Cli H=DABS(DT) 
109 DO 70 K=l,N 
110 TL2°F:E*ABS (Y(]()) + TL 
111 C* TL2=RE*DABS(Y(K)l+TL 
112 YF'K =ABS( YP (¥.) l 
113 C* YF'K=DABS(YF'(K) l 
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Cont. 

114 If((YF'K*HH5,0),GT,TL2) ri=(TL2/YF'l<)H0,2E 00 
115 70 COt-ffHJUE 
116 H=A/'1AXl (H/!*Al'lAX1 (Af!Sm 1AB'3(DT))) 

117 C* H=Df'IA>:1(H 1U*Di'1AX; (DABS(T) 1DABS(DT\)) 
118 H=SIGN(H,DT) 
11'i-' C-~ H=DSIGN(H,DT) 
P(\ lF(ABS(DT) ,GT. U*A...P.S(T)) GO TD 95 
121 C IF TOO CLOE:E TD OUTF'UT r'OH~T, EXTRAF'OLATE AND F::;;;Lr~~: 

122 C* 
E3 
124 90 
125 
1:6 
127 
128 C 
12'i' ':i'5 
130 

IF'.)AF:S(D'.:'),GT.(U-*DABS(T)1 J ;:o TO 95 
DO 90 R=ll: 
Y(Kl=Y(Kl+DT•YP(Kl 
CALL FCN(N 1TOIJT;Y_1YF') 
NFE=NFE+1 
GO TO 3(,:) 

INITIALIZE JIJTP!Jf F'OINT INDICATOR AND SCAlE THE ERFC~ TOLURAriG 
OUTP=, FALSE, 
SCALE=0,20E 01/RE 

131 AE=SCALE*TL 
132 C STEP BY STE? INTEGF:ATim~ 
133 100 HF= ,FALSE. 
134 
135 C* 
136 
137 
138 C* 
139 
140 C* 
141 

HMIN=U*ABS(T) 
HM1N=U*DABS m 
DT=TOUT-T 
IF(ABS(DT) ,GE.0,2E 0l*AEl'S(Hl) GO TO 200 
IFDAE:S(DT) ,GE, (0,2D ◊l*t.1:S(Hl)) GO TD 20() 
IF(APS(DT) ,GT ,ABS(H!) GO TO 150 
IF (DABS(DT), GT, DABS(H) i GO TO 150 
OUTF'=, Th1JE, 

142 H=DT 
143 GO TO 200 
144 150 H=0,50E OO•DT 
1-15 200 IF(NFE.LE. (rl*l'iAXl l GO TO 220 
1L6 IFAIL=1 
147 WRITE(IOUT 1500) IFAIL 
148 500 FCRJ'IAT(l8i4X 143H!'1AX NU'lBER OF DERIVATIVE EVALL\t\THS EXCEEDED/) 
14'i' RETURN 
150 220 CALL RFSDI(N 1Y1T1H1YP 1F1 1F2,F3,F4 1F5) 
151 C ADVANCE AH APPF-'OXIMATE SOLUTI~ ovm ONE STEP OF LENGTH H 
152 HFE=NFE+5 
153 EEOET=O,OE 00 

1(:9 
110 
111 
112 
112 
114 
:1s 

117 

i '11-.;' 
.l.J.' 

120 
121 

122 
124 

12B 
129 
130 
131 
132 
12-3 
12,4 
135 

12,8 

139 
140 
141 
142 
143 
[44 
145 
14,~ 

14i' 
148 

149 
150 
151 
l'.52 
152 
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RF3DT AiJD AUX. Cont. 

DO 250 K=l i1 
ET=t'iBS(Y(K) l+ABS(Fl (K) J+AE 
ET= DABS (YO'.)) +DAP.Sffl ( K)) +AE 

F'AGE 4 

154 
155 
15-~ C* 
157 
158 
1:9 

EE 0 (-0,2090E 04l(r'F'(KJ+(0,21970E 05*F3(K)-0,15(:4.SE 05*F4i'.KJ:,) 
1 +(0,2c.28E ◊5*F2(K)-0,272-~0E 05j-F'S(K)) 

EEO;;T=A/'lAX1(EEOET,.ABS(EE)/ET) 
16(J C* 
1.51 250 
V,2 

EEOET=fX'IAX1 (EEOET ,DABS(EE)/ETJ 
CONTINUE 
ESTT=ABS(H)*EEOET~SC-ALE/0,7524E 0.S 
ESTT=DABS(H)*EEOET*SC:ALE/0,7524D 06 
IF(ESTT,LE,O,lE 01:i GC TO 260 

163 C* 
1,9) 
165 
1,:-.~ C 
167 

HF=, TRUE, 

U~lSUCCE.SSPLP,. STEF SIZE t REDUCE STEF' SIZE AND TRY AGAIN 
OUTP=,FALSE, 

168 S=0.10E 0(1 

169 IFCESTT,LT.0,59049E C5) S=0,9E OO/ESTTH0,2CiE 00 
170 H=H*S 
171 IF(ABS(HJ ,GT.HI'!Ir{l GO TO 200 
172 C* IF(DABS(HJ ,GT ,H/'1Ih.l GO TO 2C·O 
173 IFAJ L=2 

17,~ RF. TUF~'-i 
177 C f,UCC:ESSFUL STEP 
178 2,f,O T=T+H 
1.79 
rno 210 
181 
rn2 
1,33 
1B4 
185 
1M C* 
187 
lM C* 
139 
190 300 
191 
192 
193 
194 
17'5 

C-0 270 K= 11N 
Y(lO=FlO'.J 
CAL1 FCl-HN 1 T 1 Y,♦ YF') 
NFE=riFE+ 1 
S=0.5E 01 
IF ( ESTT, GT.P1) S=O, 9E OO/EE1'Tuo, :=E 00 
IF(HF) S=A/'!H1(S 10,1E 01) 
IF(HF) S=DMINl(S 10,ID 011 
H=SIGN(AMX1 (S*ABS(H) 1HMrn> 1H) 

H=DSIGH( fl/'1AX1 (S*DhBS/H) ,H!'1IN) ,H) 
IF ( , NOT, OUTP) GO iO 100 
T=TWT 
RETUF~"l 
END 

SUBROUTINE RF5DI(N,Y 1T1H1YP/1 1F2 1F3 1F4,F5) 
19.;. C 
197 c. 
198 
199 
200 
201 Cl! 
202 
203 
204 C* 

FEHLBERG' FOURTH-FIFTI-1 ORDE.R RUNGE-KUTTA FlEmJD 
DOUBLE PRECISION CH, Y ,A, T 1H1 YF' ,F1 tf2,F3 tf4 ,F5 l 
D IMDISICll Pi 12) 1 Y ( N) , YP(N) ,Fl (N) l2 ( N) ,F30i J ,F4 ( N) ,F5 (NJ 
DATA F'(l) ,P(2)/ 

1 , Y3750000E-01, ,37500000E+00/ 
1 ,9'3750000D-01; ,37500000D+OO/ 
DATA P(3) 1P(4)/ 

1 ,45516614£-03; ,92307692£+00/ 
1 , 4551,~,S13563'i508.'1D-03, , '1l30769230769231D+OO/ 

155 
1',.:: ... _.,_ 

1~7 _ _,._, 

155-' 

170 
L/ l 
17'J 
J..l i... 

.i.,../ 

176 
177 
170 
.i..' w 

rno 
131 
1 Q'J 

L'L 

1 0':l 
J.W,J 

185 

107 
J.I..'/ 

1?0 
191 
'0 l, '-

1 (:,3 
1 'i'4 
15'5 
196 
197 
198 
199 
20() 
201 
202 
203 
204 



205 
206 
207 C* 
208 
209 
210 C* 
211 
212 
213 C* 
214 
215 
21,~ C* 
217 

- E21 -

RF3DI MW AUX. Cont. 
PAGES 

DAiA F'(5) ,P(6)/ 
1 ,243.S6472E-03 1 ,48732943£-04/ 

, 242-9,4717348'i279D-03, , 4&7329434697&557D-04/ 
DATA P(7) ,PU\)/ 

1 ,13126?19£-0,~, ,9028..:l,01)0E+OY 
.121267187797 4022D-ot 1 • 902e.ewOD+D6/ 

DAiA P(9) ,HlO)/ 
1 ,3e557'.3'50E+07 1 .13712490E+07/ 
1 ,38557250D+07 1 ,l3712490D+07/ 

DATti F'(11J 1P(12)/ 
, 3953.~-S40E+07 1 , 27702000E+O.~./ 
t 3~'536.~40D-?07 1 t 27702000D+O,~./ 

CH=0,25E OO*H 
21B DO 10 K,1,N 
219 10 F5 (K) =Y(]O+C'-rl*YP(K) 
220 A=T+CH 
221 CALL FD-!(NiA,FS ,FU 
222 CH=H*F'(l) 
2Z3 DC 20 !<= 1,N 
224 20 F5!KJ=Y(KJ+CHt(YP(K)+0,30E Ol*Fl(Kll 
225 
226 
')')'7 
L.LJ 

228 

230 
231 
232 
2?J 
234 
')')C" 
L.....:1_) 

A=i+F'(2) 
CAL FCN(N 1A7F5 1F21 
CH=Hio::P(3) 
DO 30 K,1,N 
F5m=Y(K)+U!li(0.1S'32E 04tYP(¥.)+(0.72%E 04*F2t'.Kl-0,7'.:E O ~Fl(K))) 

A=T+H*F'(4) 
CALL FD-!(N 1A1F5,F2) 
Cri=H*F'(S; 
DO 40 K=l,N 
F5UO=Y(Kl+CH*((0,8341E t'.WYPCK)-0,B45E 03*F3(KJ)+ 

1 (0,29440E ◊5*F2(K)-0,32H32E 05*FlffJ)l 
236 40 COr-ITINUE 
237 A=T+H 
238 CALL FCN(N 1A1F5 1F4) 
239 CH=H*P ( 6) 
240 
241 
242 
243 50 
244 
245 
246 C 
247 
248 
249 
250 
251 60 
252 
253 

DO 50 K=1 1N 
Fl (K) =Y (Kit-CH* ( ( -0 ,t,OBOE 04*YHK l + (0. 9295E 04*F3( }'.J -

1 O.x,43E 0LJ!f4(K)))+(0,41040E 05*F1(K)-0,2,;352E 05*f2'.K))) 
CONTINUE 
A=T+0,50E ◊◊*H 
CALL FCN(N 1A1F1 1F5) 

COMPLliE AF'PR0XIMATE SOLUTION AT 7 +H 
CH 0 H*P(7) 
DO 60 K=l,N 
Fl(K)=Y(KJ+CH*((P(8)*YP(Kl+(P(9l*F3(K)-P(10l*F4(K)l)+ 

1 (P(lllliF2(Kl+P(12)*F5(K))) 
CGNTIHUE 
RETURN 
END 

2()5 
')(',I.. 
.i...l.••-' 

210 
211 
'")";') 
LJ.i... 

')j') 
i....i.,..l 

214 
215 

221 
'J')-') 
.... i...i... 

224 

229 
230 
231 
232 

234 
235 

237 

?.si 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 

253 
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Af PENDIX F 

MINIMIZATION AND LEAST SQUARES APPROXIMATION 

The subroutines documented in this appendix are used to: 

i) minimize nonlinear functions of single or several 

variables. 

ii) approximate a given set of data (co-ordinates) with a 

polynomial using the method of least squares. 

Table F summarizes the action of the subroutines. 

SUBROUTINE NAME 

RFlMI 

RF2MI 

RFlLS 

PURFOSE 

De term.ine s the local minimum in an 

interval (a,b) of a non-linear 

single variable function using 

Brent's algorithm. 

Determines the local minimum of a 

nonlinear function of several variab

les using Rosenbrock algorithm. 

Fits least squares polynomial to 

a set of given data points. 

TABLE F: A summary of subroutines for minimization and 

approximation. 
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1. SUBROUTINE RFlMI 

a) F'urcose 

b) 

Subroutine RFlMI locates the minimum of a nonlinear 

function of single variable in a given interval. 

S-cecification 

'.Ihe subroutine is written in FORTRAN and it is of the 

forms 

SUBROOTINE RFlMI(AX, BX, FUNCT, FMIN, EPS) 

c) Description 

'.Ihe method used is based on safe gaurded successive-interpolation 

schemes. It combines the guaranteed convergence attribute 

of the golden-section search ~ith the superlinear asymptotic 

rate of convergence of successive parabolic interpolation. 

(see Forsythe et al (60) and Brent (15) ). 

d) Farameters 

AX 

BX 

FUNCT 

real variable which on entry the user must set to 

the lower limit of the interval containing the 

minimum to be determined. It is unaltered on 

exit. 

real variable which on entry, the user must set 

to the upper limit of the interval containing the 

minimum to be determined. It is not altered on 

exit. 

real function supplied by the user. It defines 

the function whose minimum is required in the 

given interval (AX, BX). 

It's specification is: 



FMIN 

EFS 

e) Error 

None 

f) Other 

None 
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REAL FUNCTION FUNCT(X) 

REAL X 

FUNCT must be declared as EXTERNAL in the calling 

(sub) program. 

real variable, on exit, FMIN approximates the 

roint where FUNCT attains a rrdnimum in the 

interval (AX, B-X). 

real variable, on entry, it sr,ecifies the 

relative accuracy to which the minimum is 

required. 

di~ostics 

routines used 

g) Timing 

The amount of time taken depends on the function whose minimum 

is required and the size of the interval containing a minimum. 

For the function given in the example, it took O.J5 sec to 

com1ute a minimum using Tx.990/4 microcomputer. 

h) Storage 

i) 

j) 

There are no internally declared arrays and the compiled 

output of RFlMI using Tx990/4 microcomputer is l,_568 bytes. 

Accurac;y: 

Result is 

:rrecision 

Exrurn:.le 

RFlMI was 

accurate to the requested accuracy or machine 

depending on which one is larger. 

used to locate a minimum of the functions 

f(x) "" 1 
"x-'-2.x-5 
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in the interval (0,1), 

and the requested accuracy was o.94E-05. Example Fl shows 

how RFlMI can be used. This single precision example 

requires amendment for use in DOUBLE FRECISION imrlemen

tation and the result produced may differ slightly. 

2. SUBROOTINE RF2MI 

a) Purrose 

Subroutine RF2MI locates the local minimum of a nonlinear 

function of several variables which is not constrained. 

b) Specification 

'llle subroutine is written in FORTRAN and it is of the 

form 

SUBROOTINE RF2MI (X, FUNCT, EPS, F, ID, N, V, 

1 AI.SHA, A,D,E, IFAIL) 

c) Descrii,tion 

'llle local minimum of a function is sought by conducting 

cyclic searches parallel to each of the orthogonal unit 

vectors, the coordinate directions, in turn. n (where n 

is the number of variables) such searches constitute one 

stage of the iteration process. For the next stage a set 

of n orthogonal unit vectors is generated, such that the 

first vector of this set lies along the direction of greatest 

advance for the previous stage. 'llle Gram - Schmidt 

orthogonalization procedure is used to calculate the new 

unit vectors. (see Rosenbrock (142) and Machu.ra et al 

(107) ). 
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EXAMPLE Fl 

DAT:~ IN ,♦ Ictrr/20 .12l/ 

t:V.., 1 i'' 
,_ • .,-,- .... f .... 

:·':':::• ·-·,;. ._., 

:::'C·l :~ ~ 
t',"-,l._:1_:-1,;. 

Ot6J.655443 

END 



d) F'ararneters 

X 

FUNCT 

EPS 

F 

ID 

- F6 -

real one-dimensional array of size N where N is 

the number of variables. On entry X is the 

initial estimate of the solution. On exit X is 

the best estimate of the solution found to the 

requested accuracy. 

real function, supplied by the user. It defines 

the function whose local minimum is to be 

computed. It's specification is 

REAL FUNCTION F(N,X) 

REAl X(N) 

FUNCT must be declared as EXTERNAL in the (sub) 

program from which RF2MI is called. 

real variable, on entry, it specifies the relative 

accuracy to which the solution is required. It 

is unaltered on exit. If a user su;:·plied EFS 

is less than 5 * machine relative error, then 

EPS is assigned a value of Square· root (5 * machine 

relative error). It is suggested that EPS should 

be chosen to be equal to SQRT(machine relative 

error). 

real variable which on exit gives the value of the 

Function FUNCT at the solution X. 

integer variable, which on entry, the user must 

set to the row size of matrix V and ALPHA declared 

in the calling program. This means that V and 

ALPHA must always have the same row size in the 

calling (sub) program. It is not altered on exit. 



N 

V 

ALPHA 

A 

D 

E 

IFAIL 

NOTE: 
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integer variable which on entry, the user 

must set to the number of variables of the functions 

to be minimized. It is unaltered on exit. 

real two-dimensional array of size NxM which is 

used as workspace, with M > N. - -
real two-dimensional a...-rray of size N x M 

which is used as workspace with M > N 

real one-dimensional array of size N used as 

workspace. 

real one-dimensional array of size N used as 

workspace. 

real one-dimensional array of size N used as 

workspace. 

integer variable, it is set to zero on successful 

exit from RF2MI, otherwise it is set to a non-zero 

value. 

All real variables must be declared DOUBLE 

PRECISION if the double precision version of the 

library is implemented. Also any variable which 

is not altered by the subroutine can be replaced 

with a constant. 

e) Error diag_!lostics 

A successful return from RF2MI is indicated by IFAIL equal 

zero. 

IFAIL 

1 

ERROR MESSAGE 

COWV NOT ACHIEVED 

AFTER 400fN FUN 

EVALUATIONS 

RECOVERY 

The user can call the subroutine 

again using the present solution 

as initial estimate or EPS can be 

increased and the subroutine called 

again. 



f) 

g) 

h) 

i) 

j) 

2 

J 
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:NUMBER OF V APJ.ABIES 

LESS THAN 2 

ITERATION STUC~ CN 

ONE SIDE 

Other routines used 

The function IFlMQ is referenced. 

Timing 

If N = 1, then subroutine 

RFlMI should be used. 

'.Ihis usually happens when 

EPS is too small or the 

initial estimate is too far 

from the solution. Use a new 

initial estimate or increase 

EPS and use the solution 

obtained in the first call as 

your initial estimate. In most 

cases it is the best solution 

RF2MI can obtain, when IFAIL = J 

on exit. It is not likely to 

improve on this solution on 

subsequent calls. 

Depends on the function, the initial point and the requested 

accuracy. For the example given, RF2MI took 5.5 sec. using 

Tx990/4 microcomputer. 

Store&e 

There are no internally declared arrays and the com:piled 

output of RF2MI using Tx990/4 microcomputer is 2,598 bytes. 

Accuracy 

Depends on EPS. 

Example 

Example F2 shows how the subroutine RF2MI can be used. In this 

I 
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EXAMPLE F2 

C I;'fftrr ~t~BSR OF 1~1Af1'.IA3LES 
F:E~1D(IN_t30◊) N 

READ( IN ,t100) CX ( ::1 _:I:: 1.,N) 
CALL RF?.f~I ( X ,F{GS:21'1 ,ts;=·s,:: f: ~0 _,;·~,. : .. } 7,~L? ,rA _;r .::S: If;·;IL) 
IF(IFAIL.N:S,0) SlO? 
w,::;~ITE( IJUT_~ 100) \X ~::_;I :1 .ttD 
WRITS { IOUT ,t2f\) J 

1.~)0 ?8?~AT(2E~jt7! 

E\D 

~-ri--, ..... 
~:2::-L:.:...:.:. 

~:..1:-: .,. ___ :,:i,:-~~.: 
.... ; , .... ,_. ,_ .. _;~~- ~ 



J. 

a) 

b) 

c) 

d) 
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example the local minimum of the function: 

is located with initial point taken as (-1.2, 1). This 

single precision example requires amendment for use in 

DOUBLE PRECISION implementation and the result produced may 

differ slightly. 

SUBROUTINE RFlLS 

;purpose 

RFlLS fits a least squares polynomial to a given set of 

co-ordinates. 

sr,ecification 

RFlLS is written in FORTRAN a.~d it is of the form: 

SUBROOTINE RFllS (F,X,W,M,Kl,SI,1- ,RLP,TF,X2,L) 

Descrh)tion 

This method is based on the use of orthogonal polynomials. 

(see YJ.akinson (109) and Forsythe (58) for more details) 

Parameters 

F 

X 

w 

real ·one-dimensional array of size M. On entry, 

the array F specifies the ordinates. Not altered on exit. 

real one-dimensional array of size M. On entry, 

the array X specifies the abscissas; X(l) should 

be algebraically the smallest abscissa and X(M) 

the largest. Not altered on exit. 

real one-dimensional array of size M. On entry 

the array W specifies the weights which should 

be provided inversely proportional to the 

square of the standard error of the observations. 

'11. , I 
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'1 
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I , I 

'i I 
li 
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1 it ~ 
H H 
t I 
ri I 
µ ft 
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M 

Kl 

SI 

RLP 

TI 

X2 

L 
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If no weights are to be used, then W (k) = 1.0 , 

K = 1, .. • ·, N before entry to subroutine. 

It is unaltered on exit. 

integer variable which on entry the user must 

set to the number of coordinates. Not altered on 

exit. 

integer variable which on entry the user must 

set to the number of coefficients of the 

interpolating polynomial (degree of polynomial+ 1) 

to be computed. Kl < M 

real one-dimensional array of size Kl. On exit 

F contains the coefficients of the computed 

interpolating polynomial, with P(l) the inder,endent 

term. 

real one-dimensional array of size Kl. On 

exit, SI contains the measures of the goodness 

of fit of each polynomial tested starting from 

degree 1 to Kl-1. 

real one-dimensional array of size M, used as 

work space. 

real one-dimensional array of size Mused as 

workspace. 

real one-dimensional array of size Mused as 

workspace. 

logical variable, which before entry, the user 

must set to.FALSE. or.TRUE. If 1 is .FALSE. 

it means that a polynomial with less number of 
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coefficients than Kl can be chosen if it is 

found to be equally good a fit as a polynomial with 

Kl coefficients. If Lis .TRUE. it means the 

polynomial must have exactly Kl coefficients. 

It is not altered on exit. 

e) Error diagnostics 

None 

f) Other routines used 

'Ihe subroutine RF21S is used. It is a part of RFlLS. RF21S 

is not used by any other routine in the library and it is 

not available to the user. 

g) Timing 

Depends on the number of co-ordinates and the degree of the 

polynomial to be obtained. For the example given, Tx990/4 

microcomputer used 0.92 sec. 

h) Storage 

'Ihere are no internally declared arrays and the compiled 

output of R.H'J.LS together with RF21S using Tx990/4 microcomputer 

occu1;ies 2,570 bytes. 

i) Accuracy 

Depends on the behaviour of the function to be interpolated. 

'Ihe subroutine does not give any estimate of the error in the 

interpolating polynomial obtained. 

j) Exam-ple 

Example FJ shows how RFlLS can be used in this example RFlLS 

is used to fit a polynomial of degree 5 to a set of 10 data 

points. 'Ihe polynomial obtained is evaluated at the point 
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0.55. The points given represent the function f(x) == Ji . 
This single :precision exam_ple requires amendment for use in 

DOUBLE FRECISION implementation and the result produced 

may differ slightly. 

4. LISTINGS 
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Example F3 

DI~ENSIJN F\2"0) 1X(2·)) 1X2(20) ,.W\2'J) ,,RLF'(2◊)_~7f'{2·J) ,.Sl(11) .♦ 

* Pll:J 
DI:'!ENSiCN R(3) 
LOGICAL L 
DATA IN,IiJUT./20/21/ 

C INI7liiLIZE ~:ALUES 

;:EAD(2C·; 100) r 
!"'.f"i 1."', .,,, ... ~ "r. 
:...·•-- ... ·-· - ~:. 

f:3.A)(20 ,2(!·:i) X :; E) _fF ::~) .-~< i~; 
~ i"": ,...,,..,, ......... ' " '_.., 
...,'-.! t)_l~~~.:_;"~J..::i 

DJ 4D I=1_.1}2 
,_>=:(1- = 

• ,,-. -,, '"'" I "I'.-., ,I',\ : r. r,. \ • r-, , "I , ~ • T: ~ , 

::;_:··'di:,' .. .i.:_::.._:;_~.--:-\/) .1 i_r \,) t .t·\.:=.:.. ,t'i>..:. _: 
•~A ~~~-•-'-"• ~ -\ :::'J'-1 ~-·_;r\;':M ~ · .. ~:i_;_ 1+ .. .-' _; 

.. ,.._,,.. ":'r:·-~,...--~:'1-1': 
1 i_::>,,•r-:1 -,.J.';, 

,-,.,.,.~!"". 
-Ji!Ji" 

10 

.,300C,00~1E+OO .894lt272::+00 .100:1)CC'E+01 
• 900000(1E+OO .'r'1,?.~.333E-OO • 1 ilOG000E+O! 
• 1000000Et-01 , 100':JOC'JE+Ol .100'JOOOE+01 

RESULTS 

.7412733E 00 6 

.1394t,QlE+OO , 2on346E+O1 - .3527716E+()l 
, 1025849E+-01. 

,477O71OE+01 -.3~8555.SE+Ol 
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SUBROUTI~E RFlMT 

PAGE 1 

1 SUSROJTINE RFli'il( AX ,BX 1FLINCT ,FMIN,EF'S) 
2 C, DOl8LE p:;:ECJ SlON A1B if'l.JHCT 1Fl'1IN 1EF'S 1A,X 1JX 1C1D 1E1DF2NQ 1 TL 1 

3 C, 1 Xl'ltf',G,R,TOL1 1TOL2 1U,V 1W1FU,FVJW,FX,X 
4 C C IS THE SQUARED IN✓ERSE OF TrG GOLDEN RATIO 
5 C=0,500E ◊O*(C,30E 01-SQRT(O,SOE 01)) 

,, C* C=0,50D 0◊*(0,30D 01-DSQR7(0,50D 01)) 
7 TL=RF2l'IG(0,0) 
8 C* TL=vF2MQ(O,O) 
9 TL=SQRT(TL) 

10 C* TL=DSQR!(Tl.) 
11 C INITIALIZQTION 
12 A=AX 
13 B=BX 
14 V=A+Ct(B-Al 
15 \.J=l.1 

16 
17 

X-11 -v 

E=O,O 
15 FX=?UNCT(X) 
19 FV=FX 
20 F\ii=?X 
21 C l'IAIN LOOP STARTS HERE 
22 20 Xl'1= 1),50E OOt(A+BJ 
23 TOL1=TL~PSiX)+0,23'.J3313E O◊*EPS 
24 C* TOL1=T1. .. *DABS(X)+0-3:i3333333333333D OOtEPS 
25 TOL2=0,20E Ol•TOLl 
26 IF!ABS(X-Xl'D,LE,(TOL2-0,50E ()(h(B-A))) GO TO 90 

2-7 C* IF(DABS(X-Xl'D, LE. (TOL2-0,50D 001: ( B-A))) GO TC 90 
28 IF(ABS(EJ,LE,TOL1) GD TO 40 
?JC* IF(DABS(E),LE,TOLl) GO TO 40 
30 R=(X-W)*(fX-fl.,J) 
31 Q=(X-V)t(FX-F~) 
32 P=(X-U)*Q-(X-W)1R 
33 Q=0,20E ◊ll(Q-R) 
34 IFW,GT,0,0) P=·P 
35 Q=ABSW) 
3~, C1 D.=DABS(Q) 
37 R=E 
38 E=D 
Yi 30 IF(ABS(P:1 ,GE,ABS(0,50E 001Q;:R)) GO TO 40 
40 Cl 3() IFDABS(P),GE,DABS(0,50I• 0()1Q*R)) GO TO 40 
41 IF(F',LE,Ol!(A-X)) GO TO 40 
42 IF(P,LE,A*(B-X)) GO TO 40 
43 C A PA;/ABOL [C INTERPOLATIOh STEP 
44 D=P/0 
45 U=X+D 
46 IF((U-A),LT,TOL2) D=SIGH(TOL1 1XM-X) 
47 C* IF( (U-Al ,LT, TOL2:• D=DSIGH(TOLl,XM-Xl 
48 IF((B-U>,LT,TOL2) D=SIGH(TOL1,XM-Xl 
◄9 C* IF((B-Ul,LT,TOL2) D=DSIGH(TOL1,XM-Xl 
50 co ro 50 

') 
L 

4 
5 
.~ 
7 
.~ 
9 

10 
11 
12 

14 
15 
i,~ 
17 ,__. 

1B 
1~ 
20 
2i 
22 
2'.: 
24 
'J<; ,._~ 
'll 
L'-' 

'J7 
L.' 

'JO 
L.U 

30 
31 
'}'J 
._11... 

3.g 
39 
40 
41 
42 
43 
44 
45 
46 
4/ 
48 
49 
50 
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RFlMI Cont. 

51 40 IF(X,GE,XMl E=A-X 
52 IF(X,LT,XM) E=B-X 
53 D=C*E 
54 50 IF(ABS(Dl,GE,TOLll U=X+D 
55 C* 50 lF(DABS(D) ,GE. TOLl) U=X+D 
~S IF(ABS(D),LT,tOLl) U=X+SIGN(TOL1 1D) 
57 C* IF()ABS(D),LT,TOLl) U=X+DSIGH(TOL1 1D) 
56 FU= FUNCT ( U l 
59 C L!f'DATE A ,B ,~1 ,w I AND V 

/\ 

.~o IF(FU,Gi,FX) GO TO 60 
61 IF(U,GE,XJ A=X 
/:,2 IF(U,LT,X) B=X 
63 V=W 
.~.4 FV=FW 
65 X=U 
t-~ FX=FIJ 
f:..7 GO TO 20 
LO 60 IF(l!,LT ,X) A-11 

1.111_.• -c, 

i::/1 IF(U,GE.Xl B=U 
70 IFffU,LE,FW) GD TO 7() 

71 mw.w.xJ GJ TO 70 
72 IF(FU, LE,ft,1) GO TO 80 

73 1F( 1J.EQ,X) GD TO 80 
74 IF(~', EQ ,Wl GO jiJ 80 
7C: Gu iO 20 ,_, 
n 70 V=W 
77 FV=?W 
78 W=ll 
79 FW=?U 
80 GD TO 20 
81 80 'J=U 
e.2 FV=FU 
83 GO TO 20 
e.-4 C END OF MAIN LOCf' 
85 90 FMIN=X 
8.~ RE TLIK'H 
87 END 

PAGE 2 

51 
52 
53 
54 
JS 
56 
c;7 
..II 

58 
59 
.~o 

65 

7';· 
''-

74 
7C: ,__, 

J ,_. 

77 
!I 

bO 
S1 
82 

84 
8:i 
Bf:: 
07 
cl/ 

!l 
~ 

- ~ 

n 
. ji 

ii 
~ ! 
~ t 
~ & 
ll l, 
ff! u 
ll ~ 
!if r 
11 

11 r, 
tl ~ ri 
t !I ~ Li 

t~ ft?'. 

~1, 
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SUBROUTINE ~F2MI 

PAGE 1 

1 
2 c. 
3 C, 
4 c-
5 

SU3ROUTINE RF2l'iI (X 1FUNCT 1EPS 1F 1 ID ,.N 11J 1AlJ'HA 1A ,D ;E 1IFAILl 
DOUBLE F'REClSlON XtE?S 1E~'S2ifLMCT 1A1D1V11;1J'f,A 1BETA 1E1F0 1 

6 
7 
B 
9 

10 500 
11 
12 5 
13 
14 
15 
16 
17 C* 
18 
1'1 [:-' 
20 
21 C* 
22 
23 10 
24 

2 F1 1B1DF2f'\Q 1BSTY 
DOUBLE PRECISION Q 
DIMENSION V( ID 1N) ,ALPHA( ID/!} ,A(N) 1D(N) 1E(r-i) 1X(N) 
IOUT= IFlf'li.l( 1) 
IF(N,GT,1) GO iO 5 
IFAIL=2 
WR1TE(IOUT 1500) IFAIL 
FORl'iAT(I8 14X 131HHUl'13ER OF VARIABLES LESS THAN 21) 

RETURN 
t--:CY ,1 
IF(N,GT,4) NCY=2 
IF(N,GT. 10) NCY=3 
IFAIL=O 
TL=0,50E ◊1*RF2i'IQ(0,0) 

TL=◊, lOOE 02*DF2J'lQ(0,0) 
IF ( EPS, LT. iU EPS=SQRT ( TL) 
i:F ( EPS, LT. TU 2F'S = DSQRT ( TU 
EPS2=FLOAT(N)*EF'S 
EP~:2= DBLE( FLOAT(N) l*EPS 
DO 10 I=1 1N 
E(1)=0,1◊00E 00 
NFV=O 

25 C V(I;,J) IS (:. Nli-N MATRIX DEFINING A SET OF N 11UTUALLY 
26 C mTHCCONAL COORDINATE DIRECTIONS. 1J(I_1,1) IS THE UNIT 
'2J C l'lATRIX AT THE STP.RT OF THE F'ROCE.SS 
28 DO 30 I = 1 1 l·l 
?i DO 20 cf=l;N 
30 20 V(I 1Jl=O~O 
31 30 V(I 1I)=0,100E 01 
32 MTK=40◊*N 

33 FO = F'J--lCT ( N 1 X l 
34 C START OF ITERr)T10N LOOP 
35 40 DO 50 1=1,H 
36 A(I)=0,200E 01 
37 50 D(1)=0,0 
38 C EVALUATE F Ai THE ~1E\J POINT X 
39 K=O 
40 60 K=K+1 
41 IF(K,LT,30) GO TO 65 
42 C ITERAiIOH STUCK ON M SIDE 
43 IFAIL=3 
44 DO 68 L=1,N 
45 68 X(Ll=AlJ'Hi1(1tLl 
46 F=B 
47 WRITE<IOJT /l/J) IFAIL 
48 600 FORMAT(I8 14X 1'2JHITER~TIOH STUCK OH OKI SIDE/) 
49 RETURN 
50 65 DO 130 I=l,H 

2 

4 

7 , 

10 
11 
12 
12 
14 

rn 
1~ 
20 
21 
'Yl 
L...i..... 

27 
28 

30 
31 
32 

':!D 
uU 

3S 
40 
41 
42 
42 
44 
45 
46 
47 
4,g 

49 
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RF2MI Cont. 

F'ACE 2 

51 DO 70 J=1 1N 
52 70 X(,,)=X(J)+E(I)~'(I

1
J) 

53 NFV=NFV+1 
54 IF ( Ni-v , GT. /'lTK) GD TO 290 
55 Fl=?Uhfr(NtX) 
>~ IF(Fl-FO) 80 190/7'0 
57 C NEW VHl.UE OF THE FU~-lCTION IS LESS nwi THE OLD ONE 
5-8 80 D(J)=D(ll+E(I) 
59 E(Il=0,30E OltE(IJ 
6(i FO=F1 
61 IF(A(l),GT.0,15E 01) Adl=O.lOE 01 
,'.'>2 GO TO 110 

63 C THE NEW VALUE OF THE FUNCTION IS GREATER THAN OR DJUAL 
,:--4 C THE OLD ONE 
-55 90 DO 100 ,l=1 1N 
t.~ 1o(i X(,1J=:<(,T)-:rn1v(I;,r) 
67 E(I)=-0,500£ 0()-iif(I) 
-:--S IF(A(Il,LT,0,15E 01) Affi=O,O 
69 110 
70 
71 120 
72 
73 130 
74 

IF(A(J) ,GE.0,500E 00) (.:0 TO 130 
CONTINUE 
GO TO 140 
COOINUE 
GO TO 60 

75 C GRAM-SCHMIL'T ORT/J.DGONILISATION P~'.OCE::~S 
7.~ 140 DO 1,SO I=1 1N 
77 DO 160 ,l=1 trl 
78 Q=O,O 
79 DO 150 L=I1N 
M 150 Q=Q+D(L)flJ(Lt,l) 
81 C+150 Q=Q+DBLE(D(L) )fl)(L 1,l) 

82 160 ALPHAO 1,!) =Q 
83 C+l,~O ALF'rlA(I,JJ=SNGLWl 
84 Q=O,O 
85 DO 200 ,1=1,N 
M 200 Q=Q+ALF~'1A(1,,J)lfALPHA(1 1,I) 

87 C+200 Q=Q+DBLE<ALPHA(1 1JillfALPHA(1,J) 
88 B=(I 
B~ C+ B=SNGL(QJ 
90 B=SQRT(B) 
91 C* B=DSQRT(B) 
92 L=0 
9'3 C TEST FOR CONVERGEi'CE 
94 
95 
9/:. C* 
97 205 
98 

DO 205 ,T= 11N 
If(B,GT, (Ef'S2*ABS(X(,l) l+l'L)) L=l 
IF(B,GT, (Ef'S21tDABS(X(,1) )+TLl) L=l 
C001rl!E 
IF(L,EQ,0) GO TO 300 

9<f C 
100 C 

CALClf'...ATE THE NEW SET OF Ofi'Tt-DNffil'l4L CODRDIHATE 
Dil:ECTIONS ( THE NEW MTIUX V (I ,,1) ) 

51 
52 
53 
54 
55 

/ l 

7,:, 
f '.J 

7'1 
75 
7' I,) 

77 ' / 

Q'j 
UL. 

0') 
'-'V 

QC:: ,u 

37 

89 
90 
91 
92 
9'3 

100 



101 
102 210 
103 
104 
105 

:RF2!'-1T Cont. 

00 210 cl=1 1N 
V(1,,f)=ALPHA(1 /Cl)/B 

00 280 L=1JNCY 
DO 250 MP=2.1N 
IP=f'IP-1 

106 DO 230 1'1=MF',t,l 
107 Q=O,OE 00 
108 DO 220 K=l,N 
lOY 220 Q=Q-ALPl·fi(/'l, Kl li~1

( IP ,K) 
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110 C+220 Q=Q-DBLE(ALPHA'.M 1Ki)1<9(IF' 1K) 
111 BETY=Q 
112 C+ BETY=~J-1GL(Q) 
113 DO 230 ,J=l,,N 
114 230 
115 

ALPHA ( M ,,r) =ALF'HA (i'I ,,; )+BET'l'-Wi :F· 1,l) 

Q=O,OE 00 
116 DO 240 K=1 1N 
117 240 Q=Q+ALF'HA( 111.f' 1K )f-'.ciLF'i·lA(1'F 1Kl 
113 C+240 Q=Q+DBLE(ALP;-H(M?,K) )*ALPHA(:'if' 110 
119 BETY=Q 
120 C+ BETY=SMGL(Q) 
121 
122 Cit 
123 
124 250 
125 
126 
127 
128 260 
129 28') 

BETY=SQRT< BETYl 
BETY=DSQRJ(BETY) 
DO 25(1 K=1 1 t~ 
V(l'1F' 1Kl=ALF'HA(l'lP 1Ki/BEiY 
IF(L.EQ,NCY) GD TO z,g(l 
DO 260 I=2 1N 
DO 260 cl=1 1N 
ALF'HA (I ,,fl =1.!(I tJ) 

COt-ITIHUE 
130 C E'IIJD OF GRAM-SCH!'1IDT PROCESS 
131 DO 285 L= 1 /J 
132 285 ALPi-tA(1 1U=X(Li 
133 B=FO 
134 GO TO 40 
135 C GO TO NEXT ITERATJCt-l 
136 290 IFAIL=l 
137 IJRITEOOUT ;700) IFML 

PAGE 3 

138 700 
13Y 300 
140 

FURl'1AT(Ig,4x,43H:::()Ni) NOT ACHIEVED Af'TER 4◊0*t-,i f1JN EIJf'iJ)JATNS/) 
F=FO 
RETURN 

141 END 

101 
102 

, W: 
10-4 
105 
100 
107 
103 
109 
110 
111 
112 
i13 
114 

117 
118 

120 
i2i 
122 
123 
124 
125 
12-~, 
127 
125 
129 
130 
131 
132 
133 
134 

136 
137 
1 :38 
13'7 
140 
141 

·1 
!. ' ~j I 
~, t 
t; f ,, 1 
n ; n 
1; r 
!i 11 
!, 0. 

~ ~ 
~ 1.·.· 

II t 
ij [ )1; 
H 
H 

~ I w 
/ t; f; 

~ ; 
~ 

~ 
• f; 

p e 
: L{ ,p 

(I' r.l.• ~ fi 
K 

II 
II h i1 {i 

fH 
H~ 
fill ti ., 

t~ d 
(if{ 

ffli 

lZf1' 

I 
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SUB~OUTI~E RFlLS 

PAGE 1 

') c. 
Sl!~iJUTlNE RflLS(F ,x ,w ;l''l ,K ! ,sr ,P ,RLP, TP,X2 JL) 

DOlJBLE PRECISION F 1W 1X 1X2 ,R:..P, TP 1SI 1S ,F',,AL 1BO 
1

CTP ,rC.F'S ,CF, i. 

3 c, 
4 
5 
6 
7 
B C 
'i' C 

10 C 
11 
12 
13 10 
14 
15 
16 
17 
iB 
l'i' 

20 
')• Ll 
')') 
LL 

23 
24 
25 
')• 
.:.t, 

2.7 
2B 
cl 20 
30 
31 
')') ,_,,. 
33 
34 Cii 
35 
36 

1 CLF' 1S1/'lIN, DEL SQ ,A 18 1 n./ 10i'i 1 DU 1F:Ll,J ,Bl 
LOGICAL L 1SWX ,CO:'lf' 
DIMENSION F (I'!) 11.mo ,x ( M) ,R:J• (I':) I TP (!'i) ,X2(M) 
DIMENSION SI (Kl) ;F' '. K1) 1CTF'( 11) 

1
CPS( 11) 

1 
1 CF'( 11) 1CJ'( 12) 

INITIALIZE 

~=Kl-1 
DO 10 I=l ,Kl 
CP(I)=O,OE 0() 
SI/'IH4=0,0E ,JO 
SWX= I TRUE. 
OM=O,OE 00 
BO=O,OE 00 
CLF' ( 1l =O ,OE 00 
CLP(2)=0,0E 00 
DELSQ=O,OE 00 
CTP,:U=O,lOE 01 
TW=O,OE 00 
CO/'!P=,FALSE, 
DO :20 I=l,11 
DE~SQ=DELSG+W(I)*F(I)*F(I) 
Tf'(I)=0,10E vl 
Rl P( I)=0,03 00 
OM= 0/HiJ rn * F (I) 

TW=TW+W(I) 
S=CWl/TW 
CP(l)=S 
DElSQ=DELSQ-S*OM 
SI(l)=DELSQ/FLOAT(/'1-ll 
S1(1)=DELrn/DBLE(FLOAT'./'1-l)) 
A=0,40E 01/(XCM:-X(l)) 
B=-,ZOE 01-AltX(l) 

37 DO )) I=l,l'I 
38 30 X2(I)=A*X(Il+B 
3'i C MIN WlPUTATI(}J LOO? 
40 DO 120 I=1 1K 
41 DU=O,OE 00 
42 DO 40 ,1=1 1r1 
43 40 DU 0 DU+WU)*X2U.l*TP(,l)lfTF'Ci) 
44 AL=DU/TW 
45 RLW= T\t/ 
46 0M=0,0E 00 
47 Til=O, OE 00 
48 DO 50 ,1=1 111 
49 DU= OOitRIJ· U) 
50 Rl.F'(,l)=TPW 

2 

4 
5 

i 
I 

!3 
9 

10 

12 

1 Q 
H.J 

')') 
'-L 

')': 
L·-

')7 
'-' 

2B 
2S 
30 
31 
'Y) 
<.-}L 

34 

')") ...,., 

?.!3 
39 
40 
41 
42 
42 
44 
45 
4f, 

47 
48 
49 
5() 

,i ri 
!16 
•~-·-' r1 '&l 
1 C 

H 
: ~ 

u 
' i ~ 

iH 
!l !! 
111; 

. H t • n r . I I 
, H '" ~; 

~ !,i 

' 11 ~ 

'rn •.u 

1,1; 

; ii 
ltf~' 
if t'T 

~jf 
1i1•~ t : 
ijti; 

• ~fl 
i l;~, . R; 

I! 

I, 

I 
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RFlLS AND AUX. 

51 
52 
53 50 
54 
55 

58 [lf 

59 
l:-0 
61 
62 
63 C 
.:-,-4 

b5 
,'.,.~, 

TF'( J) = ( X2 (cl)-ALJ *TP(J )-DU 
TW= TW+W( J >ll:TP( ,i l *TP( J) 
Oi'!=IJ/'l+W( ,! ) *F ( ,i) *TP( ,I) 
Bi=T\ii/RLW 
S=OM/TW 
DEL...c;Q=DELSQ-S;OM 
SI (I+ 1) =DEl.S[l/EDAT(~- I -1) 
SI (I +1) =DELSJ]/DBLE (FLOAT(/'l- I -1) J 
IF(L) GO TO 90 
IF(COl'!F'l GO TO 120 
IF( ,NOT.SwXJ GO TO 80 
IF(SI(l+l),LT.SI(I)l GO TO 70 

HIGHER POWE:i: AF'PEARS r-lOT TO l/'1F'ROVE FIT 
SWX=,FALSE, 
SI!'!IN=SI ( l) 
DO ,w ,1=1,K1 
CF'::( J J =C?( ,J) 

GO TO 90 

PAGE 2 

67 .~.o 
68 70 
.~,9 80 IF(SI(I+1l ,Li, (0,6E ◊◊*Sii'lIN) l CC!f'f' ,TRUE, 
70 C 
71 C TERl'lIN/lTIOrJ OF i''iAIN LO!JF AT :>LiFSViOR FIT TO FIF:ST O~iE DJND, 
72 C REaJRf:ION TO OBWJN THE COEFFICIENTS CP OF THE F'OLYNO~IAL 
73 C OF BEST FIT OF DEGREE 1+1. 
74 C 
75 5'0 

77 
78 
79 100 
e/J 
81 
82 
83 
84 
85 
M 110 
87 120 
88 
89 
90 
91 HO 
92 140 
7'3 
94 
95 
96 
97 
98 c. 
99 

100 

DO iOO ,i=1 1I 
DU=CLP( cl+ll*BC 
CLP(J+1 )=CTPU) 
CTP (ell =CLP(,_! J -AL*CTF' ( ,1) -DU 
CF' ( ,1) =CP(,l )+S*CTP(,l) 
CPU+l)=S 
CTF·(I+1)=0,10E 01 
CLPiI+2)=0,0E vJ 
IF(COf'tP,OR,S.W GO TD 120 
IF(I,NE,K) GO TO 120 
DO 110 J=l 1K1 
CP ( en =CF'S( J) 
B0=31 
IF(L) GO TO 140 
DO 130 I=ltK 
IF(CP(Kl),NE,O,OE (X>) GO TO 140 
Kl=K1·1 
CALL R?2LS(A 1B,CP1P)'.1 1TF',RLP) 
RETURN 
END 

SUBROUTINE Rf2LS(A,B 1C,D 1N1 1Z1W) 
DOUBLE PRECISION A,B,c,D,z,w 
DIMENSION C(~1) 1D(Nll 1Z(N1l 1W(N1) 
W(1l=0,10E 01 

54 
55 

1.7 
'-'-' 

70 

/5 
76 
// 
70 
''-' 
7Y 
80 
B1 
Q') 
\.JJ.. 

84 
55 

.g7 
BS 

9l 
'i'2 
93 
94 
95 
96 
97 
98 
99 

100 
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PAGE 3 

101 Z(1) 0 0,10E 01 101 
102 D(l)=C(l) 102 
103 DO 10 1=2,1'-H 103 
104 WU) =0, 10E 01 104 
105 Z(l)=BllZ(I-1) 105 
106 10 D(l)=D(l)+C(I)*Z(I) 10,~ 

107 DO 3(l ,1=2,t:l1 107 
108 \,/(1)=WU)*A 108 
109 D(.fl=C(cll *W( 1 ). 10) 

110 K=2 110 

111 ,ll=,l+l 111 
112 IF(,11,GT,N1) GO TO 30 112 
113 DO 20 1=,J1 ,m 11" .J 

114 WO'.) =A*W(KhW(K-1) 114 

115 D( ,I)= D(cl) +C (I) llW(K)*Z ( Kl 115 
116 20 K=K+1 11,:1 

117 30 C0NTiNUE 117 
113 RETURN 113 

119 EMD 1t9 
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A?PENDIX G 

SIECIAL FUNCTIONS AND MACHINE CONSTANTS 

The functions in this append.ix are used to approximate some 

special functions and to determine machine eonstants. Table G 

summarizes the actions of the functions. 

FUNCTION NAME 

RFlSF 

DFlSF 

RF2SF 

DF2SF 

RFJSF 

DFJSF 

RF4SF 

DF4SF 

RF5SF 

DF_5SF 

RF6SF 

DF6SF 

RF?SF 

DF?SF 

RF8sF 

DF8SF 

IFlMQ 

RF2.MQ 

DF2MQ 

TABLE G: 

PURI-OSE 

Evaluates Sinh(x) 

Double precision version of RFlSF 

Evaluates Cosh(x) 

Double precision version of RF2SF 

Evaluates the error function Erf(x) 

Double precision version of RFJSF 

Evaluates Bessel function J 
0 

Double precision version of RF4SF 

Evaluates Bessel function J1 

Double precision version of RF5SF 

Evaluates Bessel function Y 
0 

Double precision version of RF6SF 

Evaluates Bessel function Y1 
Double precision version of RF?SF 

I 

Evaluates ~ a T ( t) 
r r 

Double precision version of RF8sF 

Determines integer machine dependent 

constants 

Determines machine relative error 

Double precision version of RF2MQ 

Summary of functions. 
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1. FUNCTION RFlSF 

a) Furoose 

RFlSF approximates the function Sinh(x). 

b) SDecification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RFlSF ( X) 

c) Description 

Sinh(x) is defined as: 

Sinh(x) = o.5(ex-e-x) 

but because of round off errors, function RFlSF uses the 

definition: 

Approximating polynomial is in Hart et al (81) 

d) Iara.meters 

The result is returned via the function name RFlSF. The 

only variable in the parameter list is X and it is not 

altered on exit. It is also real and it is the point at 

which Sinh is evaluated. 

2 FUNCTION RF2SF 

a) Purpose 

RF2SF approximates the function Cosh(x) 

b) Specification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF2SF(x) 

c) Description 

Cosh(x) is defined as: 



i 
F 
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and function RF2SF uses this formula. 

d) :Farameters 

J. 

The result is returned via the function name RF2SF. The 

only variable in the parameter list is X and it is not altered 

on exit. It is also real and it is the point at which Cosh is 

evaluated. 

FUNCTION RFJSF 

a) IURTOSE 

RFJSF is used to approximate the error function Erf(x) 

b) Specification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF'JSF(X) 

c) Description 

The error function is defined as: 
X 2 

= .3.( e-t dt 
.frr J 

C 

and it is an increasing function of x. Function RF'JSF 

approximates Erf(x) by the use of Chebyshev polynomials. (see 

Clenshaw (28) for approximating polynomial). 

d) Parameters 

The result is returned via the function name RFJSF. The only 

variable in the parameter list is X, and it is not altered on 

exit. It is also real and it is the point at which Erf is 

evaluated. 

4. FUNCTION RF4SF 

a) Purpose 

RF4SF a1,proximates the Bessel function J
O 

of the first kind. 



- G4 -

b) Specification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF4SF(X) 

c) Description 

Bessel functions of order '\) are solutions of the differential 

equation: 

.2 
z + 4a 

F'or J
O

, the order is zero. Function RF4SF approximates 

J
0 

by the use of Chebyshev polynomials. (see Clenshaw (28) 

for approximating Ghebyshev polynomial). 

d) Para.meters 

The result is returned via the function name RF4SF and the 

real variable X is not altered on exit. It is the point at 

which J is evaluated. 
0 

5, FUNCTION RF5SF 

a) Purpose 

RF5SF approximates the Bessel function J1 of the first 

kind. 

b) S~ecification 

'Ihe function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF5SF(X) 

c) Description 

J
1 

is a solution of equation 4a of order 1. Function 

RF5SF arproximates J
1 

by the use of Chebyshev polynomials 

(see Clenshaw (28) for approximating Chebyshev polynomial). 
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d) I arameters 

The result is returned via the function name RF5SF and the 

real variable X is unaltered on exit. Also X is the point 

at which J1 is evaluated. 

6. FUNCTION RF6SF 

a) Punose 

Function RF6SF is used to approximate the Bessel function 

Y of the second kind. 
0 

b) Srecification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF6SF(X,IFAIL) 

c) pescription 

Y is also a solution of equation 4a, but it has logarithmatic 
0 

branch points at the origin and it is not defined for negative 

or zero values of X. Function RF6SF approximates Y by the 
0 

use of Chebyshev rolynomials. (see Clenshaw (28) for 

approximating polynomial). 

d) Parameters 

The result is returned via the function na.n,e RF6SF and the real 

variable X is unaltered on exit. Also X is the point at 

which y
0 

is evaluated. IFAIL is the error flag and it is an 

integer variable set to zero on successful exit otherwise non zero value. 

e) Error diagnostics 

On successful exit IFAIL is set to zero. 

IFAIL 

1 

ERROR MESSAGE 

-VE OR ZERO VALUES 

NOT ACCElTED BY RF6SF 

RECOVERY 

Check X and change it 

to positive non-zero value 
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FUNCTION RF?SF 

\ a) Furnose 

Function RF?SF is used to a?proximate the Bessel Function 

Y1 of the second kind. 

b) Specification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTIC:N RF?SF (X, IFAIL) 

c) Description 

Y1 is the first order form of Y
0 

and Function RF7SF approximates 

Y1 by the use of Chebyshev yolynomial. (see Clenshaw (28) for 

approximating polynomial). 

d) I arameters 

The result is returned via the function name RF?SF and the real 

variable X is not altered on exit. .Also X is the point where 

y
1 

is evaluated and must be specified by the user before entry to 

the function. IFAIL is an integer and it is the error flag set to 

zero on successful exit, othen.ise non-zero value. 

e) Error di~nostics 

8. 

IFAIL 

1 

FUNCTION RF85F 

a) Ei:Y:Pose 

ERRCR MESSAGE 

-VE GR ZERO VALUES 

NOT ACCEI TED BY 

RF?SF 

RECOVERY 

Check X and 

change it to 

positive, non-zero 

value. 

RF8sF evaluates a Chebyshev polynomial at a given point. 



b) 

c) 

d) 

- G7 -

Specification 

The function is written in FORTRAN and it is of the form: 

REAL FUNCTION RF'8SF (A, T,N) 

Description 

RF8SF 
n I 

evaluates __ f(x)= ~ a 
r=O r 

T (x) 
r 

by using the recurrence relation 

r=n, n-1, .••. , O 

and finally obtaining f(x) by 

Parameters 

A 

T 

N 

real one-dimensional array of size N. On entry 

A s1-ecifies the coefficients of the Chebyshev 

polynomial. Not altered on exit. 

real variable which on entry, the user must set 

to the point where the polynomial is to be 

evaluated. Not altered on exit. 

integer variable which on entry the user should 

set to the number of coefficients of Chebyshev 

polynomial to be evaluated. Not altered on exit. 



RF8sF 

NOTE: 
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Function name which on exit contains the 

result of the evaluation. 

RF8SF ( and DF8SF if double :precision arithmetic 

is available) is in file BASE which means that 

it is not linked sperately like others. 

9. FUNCTION IFlMQ 

a) Puroose 

This function is used to obtain integer machine dependent 

constants. 

b) Srecification 

The function is written in FORTRAN and it is of the form: 

INTEGER FUNCTION IFlMQ.(I) 

c) Descri_ption 

The value of I must be such that 1 ~ I ~ 8 if double precision 

arithmetic is available and 1 ~ I~ 7 if only single rrecision 

arithmetic is available. Each value of I specifies a 

particular integer machine dependent quantity to be computed. 



I 

1 

2 

3 

4 

5 

6 

7 

8 

d) Parameters 
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MACHINE UANTITY 

Standard output unit number of the system. 

Base of the arithmetic used by the machine. 

Number of base-B digits in the mantissa of a 

single precision floating-point number. 

Maximum exponent (Emax) of floating point numbers 

such that j x l<10Emax 

Minimum exponent (Emin) of floating-point 

numbers such that lOEmi< j x I 
Maximum integer representable 

Minimum integer representable 

Number of base-B digits in the mantissa of a 

double-precision floating-point number if double 

precision arithmetic is provided. 

The result is returned via the function name IFlMQ and the 

integer variable I which specifies what machine dependent 

quantity is to be determined. . It is not altered on exit and it 

should be specified on entry by the user. 

~: IFlMQ is in the file BASE. 

10. FUNCTION RF2MQ 

a) Pur1;ose 

This function computes the machine relative error. 
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b) Specification 

RF2MQ is written in FORTRAN and it is of the form: 

REAL FUNCTION RF2MQ(R) 

c) Description 

RF2MQ obtains the machine relative error TOL defined as: 

( 1-t ( p Chopped arithmetic 

TOL= ~ ( ½ ~l-t rounded arithmetic 

where , is the base of the arithmetic used and t the mantissa length. 

length. 

d) Farameters 

The result is returned via the function name RF2MQ. The 

variable R has nothing to do with the com?utation. It is 

there so that RF2MQ can satisfy the definition of a Function 

in FORTRAN. R can therefore be given any value on entry and 

it is not altered on exit. 

~: RF2MQ (and DF2MQ if double precision arithmetic is 

available) is in file BASE. 

10. DOUBLE :FRECISION VERSIONS 

The functions DFlSF, DF2SF, DF3SF,DF4SF DF.5SF, DF6SF, DF'?SF 

DF8SF and DF2MQ are the double precision versions of functions 

RFlSF, FR2SF RF3SF, RF4SF, RF5SF, RF6SF RF?SF, RF8sF, and RF2MQ 
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respectively. When these double precision versions are in use, 

they should be declared as DOUBLE FRECISION together with the real 

variables in their parameter list in the (sub) :i:,rogram in which 

they are referenced. The results produced are usually more 

accurate than those of single precision versions. 

These DOUBLE IRECISION versions are only im:i::lemented if 

double :precision arithmetic is available. 
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FUNCTION RFlSF 

0001 R::AL FLJr,/CTJON ~:F1SF(XJ 

0002 C RFiE;f COMF'LITE.S THE SirJ:-i OF X rr,; E:rNGLE F'f:EClSIOH 

0003 C USING F'OLYN'Dl'IIAL AF'F'ROXI/'li':'?ION OR 0,5*(EXP(X)-EXP(-XJ) 

0004 REAL X t Y 1SlJI'; 

0005 IF(ABS(X) .LE. 0,50()()000E 00) CO TO 10 

0006 

0007 RF1SF=O, 50◊C",)E ◊◊* (Y- ( 0.1 OOE 01/Y)) 

0008 RETURN 

0009 10 

0010 

0011 

0013 

0014 

0015 
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FUNCTION D?lSF 

0001 DOUBLE PRECISION :UNCTJ(}.J DFlSF(X) 

0002 C DFlSF CO/'f'LITES THE SINH OF X IN DOiJP.LE PRECISIOri USI/\iG 

0003 C EITHER F'OLYNO/'llAL APPROXIMATION OK 0.5(EXP(X)-EXF'(-X)) 

0004 !.)().JBLE PVi-:crSION X t Y 
1

SU'1 

0005 IF(DABS(X) ,LE. 0,500000D OOJ GO TO 10 

0006 Y=DEXF'(X) 

0007 DF1SF=(Y-(0,10000D 01/Yl)*0,5000000D 00 

0008 Rt1URN 

0009 10 Y=X*X 

0010 SU"!=O. 2518290.:-,.~.s924D-07Jt:Y +O, 2755.~s: 01358094D-05 

0011 SIJ/'!=SlJi'1*Y+O, 1984127045517 62D-03 

0012 SLM=Slli"l*Y+O, 83333'.E332B6556D-O:c 

0014 EU'!=S!-4"1*Y+O. 10001}JOOC\>000()(1D O 1 

0015 D?1SF=X*SU!'l 

0016 RETUPJ./ 

0017 END 
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FUNCTION RF2SF 

0001 RE/:L FUNCTION Rf2SF(X) 

O\.'Xl2 C RF2SF CrnFtiTES THE GOSH OF X IN SIJ!GLE PRECISION 

0003 C USING THE FDRmuI.A 0,.5lf(EXP(X)+EXP(-X)) 

O(l04 REAL X,Y 

0005 Y=EXF'(XJ 

000,~ RFZSF=(Y+.:0,10\.."\QO\..')()E 01/YJ)i!0,50001)00E 00 

0007 RETlfu"/ 

0008 END 
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FUNCTION DF2SF 

0001 DOUBLE F'RECISION Fl.M:TIDN DF2SF(X) 

(X.l{)2 C DF2SF EVALUATES THE COSH OF X IH DOUBLE F'RECISrm 

0003 C usm; THE FffiMUI.A 0,5lf(EXP(X)+EXP(-X)) 

0004 OCl!BLE PRECISION X
1
Y 

0005 Y=DEXP(X) 

000,5 D F2SF = ( Y + i 0. 10000(,0,J D 0 1/Y) ) ~ • 5 00000,)D oc, 

0007 RETI.~ 

0008 END 
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FUNCTION RF3SF 

c,001 
m2 c 
0003 C 
0004 
0005 
O(i(6 

0007 
(.>)()8 

0009 
0010 
0011 
0•)12 
0013 
0014 
0015 
0016 
0017 
0(!18 

0019 
0020 
0021 
0022 
0◊£.'3 C 
0024 
0025 
0()26 

0027 
0028 
OO?J 
(>J30 10 
0031 
0032 
0033 
0034 

REAL FUNCT10N RF3SF(X) 
R.r-"'.E:F EVALUATES THE ERRffi Fli'-ICTION ERF AT A GIVEN 
POINT X IN SINGLE F'RECISION us:NG C.l--/EBYSHEV F'OLYN0/'1IALS 

REAL A1X1T,XT 1XT2 
DIMENSION A(25l 
Dl➔TA A(l) 1A(2) 1A(3)/ 

1 0,3H/i73037E 01 1-0,13Ek,314E ◊1 1 0,64731640E 00/ 
DATA A(4) 1A(5) 1Ai6)/ 

1 -0,30593102E 00 10.13367975£ 00 1-o.sY247457E-011 
MTA A(7) 1A(8) 1A(9)/ 

1 0,23691752.E-01 1-0.M473,~26E-02 10,3085,~61::i"E-02/ 
DATA A00) 1A(1il 1A( 12)/ 

1 -0, 100,63863E-02 10,30754633£-03 1-0 .e.82619.3~E-04/ 
DATA A(13) 1A(14)!A(15l/ 

1 0,238450%E-04 1 -0,b07S':003E-05 1 ◊,14659722E-05/ 
DATA AW,) 1A(i7) !A(l8)/ 

1 -0, 33515993£-0,6 10,728057S'5E-07 ,-0, 15057912E-07 / 
MTA A(19)/0,29709474E-OS/ 
DtlTA A(20) 1A(21l 1A(22)/ 

1 -0, 5,~,02i27 4E-09 ,o, 10H ~1,~2£-,)9 ,-0, 175-..%5()5E-10/ 
DtlTA ti(23) 1A(24l 1A(25)/ 

0, ?9103B14E -11.1-0.46532645£-12 10, 7164815£-13/ 

RF3SF=O,O 
I? (X, EQ. o. 0) RETURN 
RF3SF=O, 1 OE 01 
I?(ABS(X) ,LE,0.40E 01) GO TD 10 
IF(X,LT.O,OE 00) RF3SF=-0,10E 01 
RETURN 
T=0,25E O◊ltX 

XT=0,20E 01*T*T-0,100E 01 
Rt3SF=T~RF8SF(A 1XT,25l 
RETUf-:N 
!}ff) 
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FUNCTION DF,3SF 

0001 
0002 C 
0003 C 
0004 
0005 
000,5 
0007 
0008 
0009 
0010 
00·.1 
()()12 
0013 
0014 
0015 
0016 
0017 
()() 18 
0019 
0020 
0021 
())22 

0024 
0025 
◊J26 

0027 
(~'.l28 C 
0029 
0030 
0031 
0032 
002J 
0034 
0035 
0036 
0037 
0036 
00'39 
\N40 C 
0041 
0042 
0043 
0044 
0045 
0046 
0047 
0048 10 
0049 
0050 
0051 
0052 
0053 20 
0054 
0055 

DOUBLE PRECISION FL~JCTION DF3SF(X) 
il-iIS R'JlJTINE COMF'iJTES THE EF:F:Ct:: FU/iCTION 
IN DOUBLE F·RE:ISIDN USING Cf£BYSHEV POLYNOMIALS 

ro.JBLE PRECISION A1P. 1X1T/T2,XT 1XT2
1
DF&SF 

Dil'!Er./SJON !1(31) 1BW,) 
DATA Ml) 1/'.i\2) 1A(3:1

1A(4)/ 

1 0,3M7303,S55222Y04D 01,-0,13&1-~-31420019795'D 01
1 

2 0,64731-~4046545842D ()(l,-0,30593102442203:,~D 00/ 
DtiTA A(5) 1A(6) 1A(7) 1A(S) 

1
A(9) 

1
11(10)/ 

1 0, 13&~79.7 4.7:-v20::01D (.\') ;-0 ,59247 4'.x>591259()3D-01, 
2 0,23.SS'175182492819D-01 ,-O.M472-~2635240453D-02

1 
3 0, 30BSU,171BS0924D-021 · 0, 100.~Jf .. ~-35123797,SD-02/ 
DATA A(ll) 1Ar12J 1A(13) 1A(14.l 

1
A(15) 

1
A06)/ 

1 0, 30754632Se,4:-I0778D-◊31-0.&a2.~19€-37552-~312D-04, 
2 0, 23S4509616607263D-04 _,-0,,:-07910022.S05,S27D-05

1 
3 0, 14,~597217338083D-05 t -0, 3351599342720,SD-(~5/ 

Dri1A A(17) 1A(18) tAO9) 1A(20.l 1A(2l) tA/22)/ 
1 0,72B0579544232D-07 1-0, 15<)579117fo.~BD-07, 
2 o ,2970947 4:-'055D-oe . ., -o. 5.~.021212~'3BD-09., 
3 0, 101131,~2390[1-()91 -0, 1750.~50495D-10/ 

DHTA A(23) 1A:24i 1A(25) 1A(2t,) 1A(27) 
1
A(28)/ 

3 

0, 29103,?,139D-11 1 -0, 4,~532,~5D- l 2
1 

0, 7164,~15D-13 1 -,) , 1063749D-13
1 

0, 1524-MD-14 1 -0 ,21120D- 25.:' 
DATA A(29) 1Af3i)) ,A(31)/ 

1 0,2fS:i'l(iOD-16 1-0,2NOD-17, 
'j 
'- 0,460D-18/ 

DAiA B<l) 1B(2),.B(3)_,B(4) 1B(5),BU,)/ 

2 
(i, 197070:;272257545D 01,-0, 143397 40271774'12,D-Cil 

1 
O ,a72-~1.S92202,~,139D-03 ,-0, 98035160.ci336237D-05

1 
3 O, 43313342C3472e.D-06 1 -0 ,23-5215002,~,24 iD-07 / 

DATA BO) 18(8) 1B(9) 1B(10) 1B(ll) 1B(12J/ 

1 0, 15154S'.965f.1D-081-0, 110,ri493YB5t,D-09, 
2 0,9◊4259014D-11 1 -0,B0947054D-12 1 
3 0,7e.S325.~-D-13 10,B17918D-14/ 

DATA B(13) 1B(14) 1BU5) 1B(lO/ 
1 0,90715D-15 1-0,10616D-15 1 
2 0,1315D-16 1-0,170D-17/ 

DF3SF=0, OD 1')0 

T=DAE!S(X) 
IF(T,EQ,0,0D 00) RETUPJl 
DF3-SF=0, 1◊D 01 
IF<T,LE,0,650D 01) GO TO 10 
If(X,LT,0,0C ()()) DF3SF=-◊,10D 01 
RE'I'JRN 
JF(T,GT, 0,400D 01) GO TO 20 
XT=◊,25D o~x 
T2=0,20D ◊lKXT*XT-0,1000 (>1 
D?3SF=XT*DF8SF(A 1T2,31) 
RET!Jfi'N 
XT=◊,40D 01/T 
T2=0,20D ◊lKXT*XT-0,lOOD 01 
XT2=DFBSF(B 1i2 116) 
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DF3SF Cont. 

0056 XT=D:::XF'(-T*TlltO,S.~418958354775.:-JD 00/T 
0057 XT2=0,100D 01-XT*XT2 
0058 ffiX,LLO,OD ◊:J) XT2=-Xi2 
0059 D?3SF=XT2 
00-~ RETURN 
0061 END 
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FUNCTION R?4SF 

0001 REAL FLINCTJON RF4SF(X) 
0002 C THIS FUNCTION APF'ROXIMTES THE BESSEL FUlt::iION ,!O AT X 
0003 C IN SINGLE F'RECISION USING CHEBYSHF,i POLYN0/'1It'1LS 
c-00,1 REAL A ,P ,a ,x ,s1, s2, r /f2, i".3 1 EP 
0005 Dil'IENSJDN A04) ,F'<B) 10(8) 
()(lOt, DATA A(l) 1A(2) 1A(3) ,A(4)/ 
0007 1 o,315455'i'4E oo,-o.87234423E-02,o.26:i17B61E oo,-o,37C\J9L'7'iE YJ/ 
oooe DATA A(5) ,A(6) ,A(7) l,(6)/ . 
0009 1 0, 15806710E 00 1 -0 ,348?37t.9E-01 10, 481918,01£-02 1-0. 4.~.062617£-03/ 
c,:110 DATA A(Y) 1A(10) ,A( 11) 1A(12)/ 
0011 1 0 ,32460329£-04 1-0, 1761 'i'467'E-05 .10, 7":'.>081.~,3t,E-07.,-0.26792535E-08/ 
C{l12 DATA A(13) ,A(14)/ 
0013 1 0,784tl6963E-10 1-0,1943...0J47E-11/ 
0014 C 
0015 DATA P(l) /'(2) ,h3) ,F'(4) 1P(5) 1F'(.S) if'U) ,F'(8)/ 
()016 1 0, 19Y8Y207E 01 1-0,52-~52205E-03 10, 30751M8E-05 1 -0, 51705945E-07 1 

0017 2 0, 1,~306465E-OB d• ,nS10914E-10 10, s1.~.82624E-1 l ,-O. 430457,g9E-12/ 
i'.X)18 C 
◊01Y 

(:r.'.)20 

0021 
O,:i:22 C 
0023 
0024 
00;:5 
()026 
0027 
0028 
0029 
ono 
0031 
0032 
0033 20 
0034 
000'5 
0036 
0037 
003il 
0039 
0040 
0041 

DATA Q,:: 1 .10.(2J 70'3) ,u<4) ,c1<s;, ,J(.~) ,o(n ,we); 
1 -0, 31111709E-O 110, 083851 'i'YE-04 t -0, 7 4144984£-06 /', 17972457E-C-7, 
2 -0 ,7271915'+09 ,o .42201219£-10 1 -0 .32•}67 47 4E-11,0, 300d4'i1E-12/ 

RF4SF=0,100E 01 
T=ABS(X) 
'i2=RF2i'1Ci(0,0) 
T2 = SQF:T ( t:2) 
IF(T,LT,T2) RETURN 
JF(i.Gi\O.&JE 01) GO TO 20 
T=0,125E ◊O*T 
T=0,20E 011r1T-O,IOE 01 
R? 1!SF=RF8SF (A 1 T, 14) 
RETURN 
EP=T-0,78539316E 00 
T2=SQRT(Tl 
T=0,60E 01/T 
i".3=0,2C.vE 01*T*i-0,100E 01 
S1 =RF8SF(P, T3 12, i 

~:2=RF8SFW 1i3 1,9) 
R."4SF=O, 797£',845-:.E C"J* ( s: *COS ( E~' )-S2*SIWEP)) /T2 
RETURN 
u:D 
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FUN,'.::,TION DF4SF 

0001 DOUBLE F'RECISION fUt{:TI0!-1 DF4SF(X) 
0002 C THIS FUNC':'IOH APF'RDXIl'!ATES rrlE BESSEL fUl-,CiI(t.i ,ro AT F'OlNT X 
0003 C IN DOUBLE F'REC1SIDN 
0004 
0005 
0006 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
0014 
1)015 
0016 
0017 C 
0'.!18 
OOF 
(,:)20 

0021 
(/)22 
0023 
0024 
0025 
O(l26 C 
0027 
0028 
0029 
0()30 
0031 
()()32 

0033 
0034 C 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0042 
0043 
0044 
oo~· 20 
0046 
0047 
0048 
0049 
0050 
0()51 
0052 
0053 

DOUBLE PRECISIOH Ai ,a ,x ,s1,S2 1T1T21 T3 ,EP ,-DF2l1Q_1DF8SF 
Dil'lENSI(t.l A(17) ,tP(14) 10(14) 
DATA A(l) ,A(2) _,A(3) 1A(4l 1A(5) 1A(.S)/ 

1 0,315455942949780?.D 00,-0,8723442352S52221D-02 1 
2 0, 26517&~1320333Mf 00, -0, 370094'i"i'3872,S4S'6D ◊), 
3 O. 1560671◊23320973D 00 .• -0,348?37 69411406,:,SD-01/ 

['fiTA A(7) 1A(B) 1A ( 'i') .,A ( 10) ,A( 11 J ,A ( i2) / 
1 0 ,48191800,~9467,:i04D-02, -0, 4~06261 M,20627:-0D-03 1 
2 ◊,324,~iJ3-ZS821()()5(l8D-04 1 -0, 17 61946Y077,~,2150D-05, 
3 0 ,7 60B1635Y2419D-07 1-0,267Y2535.3056D-08/ 
MTA A(13) 1A(14) tfl(15) ,AO,,) 1A(17J/ 

1 0, 7 &4869,5314D- 10, -0, 1943.334,59D-11, 
2 o. 41a:21D-13, -o .75e.e.sr-1s ,o. i222D-1.s/ 

[•1.WA F'( 1) _tP(2) 1P(3) _,P( 4) ;F'(5) tf'(.~.)/ 
1 o. 1 'i'98920698695O373D 01 1 -0.536522()4~,8132i17D-03 1 

2 
') 
,J 

0, 30751B47,975_•;;47[i-05 1 -0, 517059 11537W6D-(l7, 
0. 1630,~,464,~,352D-08 _,-0 .7S.,4091377D-10/ 

DATA F'(7) ,Pi'.e.) ,PM ;P(1O) 1P01) ;F'(12) tf'i13) ,P(14)/ 
1 0,51t,B2.~,239D-ll 1-0, 43045789D-12 10, 432.~59.sD-13 1 

2 -0,506903D-l4 10,67481D-15,-0,10012D-15 10,1631D-16 1 

3 ·0,2BBD-17/ 

DATA Q(l) 1Q(2) 1Q(3) iQ(4J i[}(5) 1Q(U/ 
1 -0, 311117092106740D-01 10 .. ~B33519942611650D-04 1 

2 -o,141449e,4110606D-06 10. 1797245724797D-o7, 
3 -0+7271915~3.~,9D-O'i 10 ,4220121 n!5D-10/ 

t>tiTA Q(7) 1C!(B) 1Q(9) 1Q(10) 1Q(11) 1ll(12) /l(13) 1Q(14)/ 
1 -0 ,320947 42D-11 i(l ,3◊0i,1451D-12 1 -0. ~3.S328D-13, 
2 0.42552:3D-14 1 -0,60999D-15 ,o. S't: .. ~2D-16 ,-0, 1669D-16 ;0,311D-17 / 

DF4SF=0,100D 01 
T=DABS(X) 
T2=DF2MQ(O.OD 00) 
T2=DSQRT(T2) 
I?(T.LT,T2) REiURN 
IF(T,GT,0,80D 01) GO TO 20 
T=0,125D O~T 
T=0,20D 01*T~T-0,10E 01 
DF4SF=DFBSF(A 1T117) 
RETURN 
EP=T-C1,7853981t33974483D 00 
T2 = D Sf.lKT o· l 
T=0,80D 01/T 
i3=0,200D ◊l*T*T-0,lOOD Ol 
St=DF8SF(P 1T3 114J 
S2=T*DF8SF(Q 1T3114l 
DF4SF=O ,797884Y.-08028654D 00*( 51 *DCOS( EPJ -S2liDSIN(EF') J m 
RETURN 
END 
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FUNCTION RF5SF 

0001 REAL FUNCTlON =:FSSF(X) 
0002 C THIS M."1'I~ tPF-r:OXli'J.AiES THE BESSEL FU~TI(}I ,i1 
0003 C IN SINGLE F'RECISION USING C/-1.EBYSHEV POLYNOf'1IALS 
0004 Rflll Al 1Q1X 1S1,S2 1 TI T21XT21T3

1
EP 

0005 Dll".DISION A02) ,F'(5) 1Q(5) 
0006 DATA A(l) 1A(2) 1A(3) 1!-\(4) 

1
A(5) 

1
A(6J/ 

0007 1 0,12Y67175E 01 1-0,11918012£ 01 1 0.12875'941£ 01
1 

0008 2 -0,66144393£ 001 0,17770912£ 00 1-0,29175525E-01/ 
0009 DATA A(7) 1A(ll,J 1A'.9) 1AO0) 1Ai11) 

1
A<12)/ 

0010 1 0,3:::402702E-02 1 -◊,2604·1439E-03 1 0.1~.S7019E-04, 
0011 2 -o.1,~11se1sE-06 1 o,29L97070E-01 1-o,94z4213oE-09/ 
0012 C 
0013 
0014 
0015 
0016 
0017 
0018 
0019 C 
0020 
o:l21 
0022 
0023 
()\')24 

0025 5 
0026 
00'2] 
ooze. 
0029 
(XJ30 
0031 20 
0032 
0033 
0034 
0035 
0()36 
0037 
0033 
0039 
O'.140 
0041 

DATA P(1) 1P(2) 1P!3) 1F'(4) 1h5)/ 

1 0,20018~~1E 01 1 ◊,8989S983E-◊31 -0,39872B43E-051 
2 0,61776340E-071-0,18718907E-OB/ 

DATA Q(l) 1Q(2) 1Q(3J 10(4) 
1
Q(5)/ 

1 ·· o. 93555574£-01 1-0. %277235E-04 .. o. 911%153£-o.~ 
1 

2 -0,20'i'59781E-07 1 0,,3229193-JE-0'?/ 

T=ABS(X) 
I?(T,GT,O,OOE 0ll GO TO 20 
IF(T,GT,0,200E-02J GC: iO 5 
RF5SF=0.5E Ov~X 
RErui;:N 
T=0,125E OO*T 
T2=0.20E OlliP,T-0, lOE 01 
Si =T*~:F8SF(A r T2 112) 
IF(X ,LT, O,OE 00) S1=-S1 
RF5SF=S1 
RETURN 
EF'=T-0,23561945£ 01 
T2=SQRT(TJ 
T=0,80E 01/T 
T3=0,2(>0E 0litT*T-0, 101'.lE 01 
S1=RF8SF(P 1T3 15) 
f:2=Tlif:F8SF(Q 1T3 15J 
Sl =◊, 7978845,SE 00* (Sl *COS( EPJ -S2*SIN( EP J) /T2 
JF(X ,LT, ◊,OE 00) S1=-S1 
Rrsi;F=s1 
RETURN 
END 
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FUNCTION :CF5SF 

0001 IX~JBLE F'F:ECISJDN FUNCT10N DFSSF(X) 
0,)02 C mrs FUITTION APF'F:OXIl'lATES TKE BESSEL FUNCTIC.l-i ,,1 
0003 C rn DOUBLE F'RECISION USING CHEBYSHE'v' POLYHOMIALS 
Vc'l04 
0005 
0006 
0007 
0,'.)08 
0009 
0010 
0011 
0012 
0013 
0014 
0015 
0016 
0017 C 
0018 
0019 
0,)20 

0:)21 
0022 
0023 
0024 
0025 
0026 
OO?J 
()J2e. 
0029 
0030 
0031 
0032 
002.3 
0034 C 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0042 5 
0043 
0044 
0045 
0046 
0047 
0048 20 
0049 
0050 
0051 
0052 
0053 
0054 
0055 

D!JJBLE PRECISION A,F'1G,X,S:.,s2,r,T2,T3,EP,DF2!'!0,DFSSF 
DIMENSION A(17) ,H14) /2(14) 
DATA A(l) 1A(2J /(3J 1A(4) A(5i 1AU:-)/ 

1 0,1296717541210530D 01 1-0,lh'l801160541217D 01 1 

2 0,1287Y94M82,57678D 01 1-0.~S144'.W3413454t2D 00 1 

3 0, i777091l 7ZJ972S3D 00 1-0, 2917552480M5421D-Ol/ 
DATA A(7) 1A(E.l 1AM 1A( 10) tAOl) ,A( ~2)/ 

1 ◊, 32402701g2,:,32.g57D-02 .1 -(), 2,~04443893485S07D-03, 
2 0, 15£-~,701Y23W3213D-04 1-0, 7 617567 t,0540)3D-0,~, 1 

3 0,2949707007278D-07,-0.Y4242129e.i6D-09/ 
DATA A(13) 1A(14} 1A(15J 1A(16) 1A(17)/ 

1 0, 2528123664D-10 1 -i), 5777 4042D-12 1 

2 0,1136572D-13 1-0,1'i'554D-15 1 0,295D-17/ 

DATA P(ll ,F'(2l ;P(3l ,F'(4l ;F'(5) l(6l/ 
1 o.2oorno.:,oe.112002?D 01 1 o,e.'\il9BS-.S3308~,940,SD-031 
2 -0, 39S72S43004b&91D-05, 0 •. ~177,~;;,3,;•,~.0,S44D-07 1 

3 -0,1871t,Y074911D· 0,31 o.e.s16e,9,9,,:.t,OD-1()/ 
DATA F'(?l ,Pm) 1P(9) tf'( 10) ,F'\11) ,P( 12) ,f'( 13) ;F'i 14)/ 

1 -0,5704e.'.'?-~,4D-11 1 0,4,:,99l955D-12 1 
".) 
L -014,~84?24D-13 1 0, 5452b7[- l 4 J-0. 72212D-15., 
3 0,10.~6BD-15 1-0,1731D-E: O,'.vSD-17/ 

DATA Q( 1) ;(1'.2) 1Q(3) ;Cd4i 1Q(5) p6l/ 
1 0,9355557413907065D-01;-0,%2772354'i'15707'?D-04 1 

2 0, 913e-'.'152579555D-06 1 -0. 20'i597613e.40Sil-07, 
O. 82...~1933277D-09 1-0, 46663.:,3,~-88-D-10/ 

DATA Q(?) 1Q(8) 10(9) ,.11(10) ,Qd1) 10( 12) 1003) 1Cli 14)/ 
1 0,351521e.79D-11 1-0,32643157D-12, 
2 0, 35%777D-13 1 -0, 456125t-14 1 0, -~506.3D-15 1 

3 -(i,10269D-15 1 0,176e,D-16,-0,32BD-17/ 

T:DABS(X) 
IF(T,GT,0,8CD 01) G/J TO c) 
T2=DF2/'lG(0,0) 
T2=0,1D OOiD:OO(T2) 
I?(T.GT, T2) GO TO 5 
DFSSF=O,SD OO*X 
l;EiLRH 
T=0,125D OO*T 
T2=0,20D 011:T+<T-O,lOD 01 
Sl=T*DF8SF(A,T2117) 
IF(X ,LT, O,OD OOJ S1=-S1 
DF5SF=S1 
RETlf,'H 
EP=r-o.2:{S.~194490192345D 01 
T2 = DSQRT m 
T=0,80D 01/T 
T3=0,200D ◊l*T*T-0,l0•)D 01 
Sl=DF&sF(P 1T3 114l 
S2=T*DFBSF(Q 1T3 114) 
Sl=0,797&S4560802M54JJ 00li(S1*0COS(EPJ-S21:DSrn(EPJ )/T2 
I?(X ,LT, O,OD 00) S1=-S1 



DF5SF 

0056 
0057 
0058 

Cont. 

DF5SF=S1 
RETURN 
E.ND 
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FUNCTION RF6SF 

0001 
0002 C 
0003 C 
0004 
0005 
OfJOI:, 

RE,,U, FUNt.":TW·-1 F:F.~SF· X,IFAIU 
THIS fUNCTJ{}j APf'RGXIrtATES THE BESSEL FU!i_7"JON YO 
1H SINGLE F'RECJSJ JN USING CHEBYSHE~1 POLYN,...11t!IALS 

REAL A ,P, a ,x ,s1 ,s2, r /r:2 ,xn, i3, EF' ,RF4s 
DIIWIS10N Ai14) 1Y(13,\_,?(8) 

1
Q/B) 

JATA A( 1) 1M2) 1A(3) 
1
.Ai4.l/ 

CVJ07 
◊XlB 

0009 
0010 
0011 
0012 
0013 
0014 C 
0015 
c:.n6 
0017 
t)Ol3 

0019 
(~:)20 

0021 
()()22 
0023 C 
0024 
0025 
0026 
0027 C 
0028 
0029 
0030 
0031 C 
0()32 
0033 
0()34 
0035 
0()36 
0037 100 
0038 5 
C,OJy 

1 0,31545594E oo,-0,8723.q423E-02,o,26)17861E 01),-0,3700'i'4½'E 00/ 
MTA A(5) 1M 6) ,AU! 

1
A(S)/ 

1 0, 15806710E 00 1 -O ,34BS-37.S9E-G1,,J, 45191e.01E-02
1
-,),4~,062.~17£-03/ 

DATA M9) 1M10J ,M10
1
M12)/ 

l 0, 32460329£-04, -0, 17 6194,59E-•J5 ,o, 7.:.0BU.3c.E-07 
1
-0 ,2,992535£-08/ 

Mf.A M13.l ,M14)/ 
1 0,7.S4MY63E-10,-o,1943e,J.qE-11/ 

Dt'lTA YW 1Y(2) 1Y(3) ,Yc4:, 
1
i'i'.5) ,Y(-5)! 

1 -◊, {"~•2'7222,~.E -o 11 -0, 27 44,7 430E 00, 
2 0. 175'03-il31E rx,, 1 0. 26156735£ 00, 

-◊,1773020LE OO, 0,4719t"~'nlE-01/ 
f"HiA Y(7) ,r'(B) 1 Y'.9) 1 '(( 10) 1 j'( 11) 

1 
!'(12) 

1 
Y(13)/ 

1 -0,72.~79.~25E-◊2 1 0,7531125'i'E-·J3, 
2 -0, 56320791£-)4, i), 320,~5325£-05, 

3 -0,14407233E-O,S 1 ◊, 524E7948E-07 
1 

-O, 1'.;.€
0
37552E-09/ 

MTA P(l) tf'(ZJ ,P(3) 1P(4) 1F'(5) 
1
F(n /'(7) ,HE,)/ 

1 0, 199892(J7E 01 ,-0 ,53652205£-()3 1•'.), 30751S4.SE-05 
1
-0, 51?05•:;•4sE-07 ,-

2 0, 1,:'.3{)6L.~5E-08 1 -◊,7e-~40914E-101 0, 51682.524£-l 1, -◊, 43045789E-12/ 

DATA Q(l) ,G(2) ,G(3) ,Gi 4) ,G(5) /Ht,) ,am ,0(8)/ 

1 -O ,3111170YE-01 10,.~83B51'i9E-04 1-0.74144~'84E-05
1
0, 17972457E-07, 

2 -0,7271915jE-09 10, 4Z::-'0121 'tE-10, -0, 32067 474E-l1
1
0, 3(i(,.~._ 451E- 12/ 

lFiX,GT.0,0) GO TO 5 
I/JUT= ff1/'IQ( 1) 
lFAIL=l 
liJRlTE(lOtrr,100) IFAIL 
RETURN 
FGR1'1AT08;4X 140H-VE Ofi ZERO VAUJES r¥JT ACCEPTED P.Y RF6SF/) 
IFArL=◊ 
T=X 
1f(T.GT,0,8CE 01) GO TO 20 
EP=RF2/'JCH0,0) 
EP~SGRT<EF') 
IF(T,GT,EP> GO TO 10 
RF,'.\5F=0,636t.1977E OO*lALOG/0,50E (>0JEX)+-0,577215ME 00) 
RETLJF:N 
T=0,125£ OO*T 
1=0,20E Ol~TiT-0,10£ 01 
RF4S=RF8SF(A 1T,14) 
1'2=~:FBSF!Y, 1113) 

0040 
0041 
0042 
0043 
0044 
0045 
0046 10 
0047 
0048 
0049 
0050 
0051 
0052 .20 
0053 
(X)'j4 

RF6SF=◊,63M1977E 00ltf<F4S~LOCiX)+T2 
RET~ 
EP=T-0,78539816£ 00 
1'2=SOO!m 
T=0,80£ 01/T 

0055 T3=0,200E 01¥TllT-0,100f 01 
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RF6SF Cont. 

0()56 S1=RF8SF(F'_.T3 18) 
0057 S2=T*RF8SF(Q 1T3tB) 
0,)58 RF-~.SF=0,7'i'78&456E ()()li(S2~:DS(EP)+S1*S1N(EF') )/T2 
0059 R2ili<t4 
0060 END 
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FUNCTION DF6S? 

DOUBLE PRECISION Fi.N:TION DFt,SF(X 1IFAIU 0001 
0002 C 
0003 C 
0004 
0005 
(YJ06 
0007 
0\_')()8 

THIS FUNCTION AF'f'F;DXIl'iATES iHE BESSEL FUN YO IN WUBLE F'f:ECISlOri 
USING CHEBYSHEi) P0UN{)'IIALS 

1)009 
0010 
0)11 
0012 
0013 
0014 
0015 
0016 
0017 C 
0018 
0019 
0020 
0021 
0:)22 
0023 
0024 
0025 
(i()26 
002] 
one. 
00'6 C 
OJ30 
0031 
0032 
0033 
0034 
0035 
003,~. 
0037 
0038 C 
0039 
0040 
0041 
0042 
0043 
0044 
0045 
0046 C 
0047 
0048 
0049 
0050 
0051 100 
0052 
0053 5 
0054 
0055 

DOUBLE PRECISIOri A I Y ,F' 10 ,X 1Sl 1S2 1 TI T2 1 T3 ,EF· 1DF2nQ 1DF8SF 
Dil'1ENS10N A(17) /1(17) /(14) 1Q(l4l 
DATA A(l) 1A(2) 1A(3l 1A(4l 1A(5) 1A(6l/ 

1 0.2154559429497802D 00 1-o.s123442352e52221D-02 1 

2 0,265179-,1320333.~D 00,-0,3701)94YY3872.~4Y8D OJ 1 
3 0, 15S0910233?0973D 00 ., -0. 34893769411403.SBD-01/ 

DATA A(7) 1A(f.) 1A(9l 1A(10) ,A( 11 l 1A( ~2)/ 
1 0, 4819180069L6761)4D-02, -0, 4606261,:,,:,2{)62750D-03 .t 
2 0,324t,C328821◊0508L-04 1 -0, 17 61946'i'07h,21'."">0D-05, 
3 0,76081c,3592419D-07 1 · 0,26792535305@-08/ 

DATA A(13) 1A04) ,A(15l .,A(16J ,At17)/ 
1 0,784M96314D-10 1-0, 1943834,~S'D-11 1 

2 0, 4125321D-13 1 -o .75B85D-15 ,o ,1222D-1,~,/ 

DATA Y(1) 1Y(2) 1Y(3l,Y(4l 1Y(5)/!'(6)/ 
1 -0,662':?222M06569e.BD-Ol 1-0,2744743i)55297u53D 00, 
2 O,J7%343140771&27D ◊''1 1 0,2615,~,734625504,'.">-5D 00 1 
3 -0,177302012751143.~Jl 00 1 0,47i~•.~.68~'595h339D-01/ 

DATA Y (7); Y (B), Y ('i':1 , Yi 10), Y01), Y ( 12)/ 
1 -0, 72t-7Y6247955207"iD-02 1 0, 7531135932577742))-03 1 

t. -0,5,S3207Y141056Y87D-04 1 ◊, 3206532537,S'..J,BOD-05 i 
3 -0.14407233274019D-O,~, 0.52487'i'47e,733D-08/ 

DATA Y(13) 1'i(14) 1Y(15) 1Y06) 1Y(l7)/ 
1 -0, 15B37552542D-(19 I 0.402,j33082D-11 t 
2 -0,8747341D-13, 0,1643~9D-14 1-0,2698D-16/ 

DATA F'(ll 1F'(2) if(3) tf'(4) 1F'(5) ,F'(6)/ 
1 o. 19939206986950373D 01,-0,5365220468132117D-03 1 

2 0,30751M78751947D-05,-0,517059453760hD-(l7 1 
3 0, B3M4646352D-08 1-0,786409i.377D-10/ 

DATA F'(7) tf-(Sl ,P(9) ,F'( 10) /'<11 l ,P( lr) ,F'( 13) 1F'( 14)/ 
1 0,51682A239D-11 1-0,43045789D-12 10,43265%D-13 1 

2 -0 ,506903D-14 10 ,67 481D-15 1-0, 10012D-15 ,o, 1631D-16, 
3 -0,288D-17/ 

DATA Q(1l 1Q(2) 1Ql3) 1Q(41 1Q(5),Q(6)/ 
1 -0 ,3111170921◊6740D-0~ ,o, 683B5199426116Y>D-04 1 

2 -0,741449Ml10606D-06 ,0, 1797215724797D-07 1 

3 -0.721191553.:i9D-O'i' 10, 4220121 S'OSD-10/ 
DATA Q(7)

1
Q(8) 1Q(9) 1Q(10) 1Q(ll) 1Q(12),Q(13),Q(14)/ 

1 -0, 3209 474?.D-11,0,30061451D-121 -0, 3336328D-13, 
2 O, 425523D-14 

1
-0, 60999D-15 10, 9M,2D-1-51 -0, 1M.9D-16 ,O, 31 :D-17 / 

I?(X,GT,O,OD OOl GO DJ 5 
IFAIL=l 
IOUT=IFlMCl( 1) 
WRIIT(IOUT,100) lFAIL 
FORMAT(1B14X,40H-VE OR ZERO VALUES NOT ACCEPTED BY DF6SF/) 

RETURN 
IFAIL=O 
T=X 
IF(T,GT,O,S◊D 01) GO TO 20 
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DF6SF Cont. 

005t, T3=DF2l'I0(0,0) 
0057 f3=DSQRT(i3) 
0053 IF(T.GT, T3) GO TO 10 
0059 
0060 
C•Ot,1 
(Jt..'\:.2 10 
0(kJ 
0064 
OOtS 
0(,~,6 
00/:..7 
0068 20 
00~.9 
0070 
0071 
0072 
0073 
0074 
0075 
('lJ7,~-

DF6SF=0,6J6M97723675/l13D ◊O*lDLOG(0,50D O:.l*Tl 
+0,577215&~49015329D 00) 

RETUK'N 
T=0,125D OO*T 
T=0,20D Ol•T*T-0,lOD 01 
T3=Dfe.SF(A 1T117) 
S2=DF8SF ( Y, T, 17) 
DF6SF=O, 63.~-d 'i'7723,~75.sl3D 0()11i3*DLOG(X) +S2 
i{EiUFN 
EP=T-0,7e539f,1633'7'744.~3D 00 
'f2= DSGRT ( T) 
T=O,BOD 01/T 
T3=0,2C{)D 01'•>:T~T-0,100D 01 
S1=DFSSF(P,T3 114l 
S2=T*DF8SF(Q 1T3 114) 
DF,~.SF=0 ,7Y7861l5608i)28 .. ~54D 0-'.i* ( S2*IlCOS ( E?l+S1 *DSIN( EF)) /T2 
F:ITL!R~J 
Sr~D 
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FUNCTION RF7SF 

0001 
0002 C 
0003 C 
0(>04 
0005 
0006 
0007 
0008 
0009 
O(i10 
0011 
0012 C 
0013 
0014 
0015 
0016 
0017 
0018 
0019 C 
0020 
0021 
0022 
00?3 
()()24 

0027 
0028 
00~"7' 
0()30 
0031 
0032 100 
0033 
0034 4 
0035 
0036 
0037 
0038 
0039 
0040 
0041 
0042 5 
0043 
0044 
0045 
0046 
0047 10 
0048 20 
0049 
0050 
0051 30 
0052 
0053 
0054 
0055 

R3AL FUNCTION Rf7SP(X,1FAILJ 
THIS FUHCTIDN AF'F'h'C1XIMATES THE BESSEL FUNCTIOl-i Yl 
Hl SIN'GLE PRECISION USING Cf-lEBYSHE1J POLYHOi'lIALS 

RF.AL A;P ,a ,x ,s1 ,s2, T ! T2,XT2, T3 ,EP 
DIMENSION A(12l ,Y(12),P(5) 1Q(5) 
MTA A(l) ;A(2) ,Arn ,A(4) 1A(5) ;A(6)/ 

1 0,12%7175E 01 1-0,11918012E 01., 0,12f,7y9,,1E 01 1 
2 -0,661443Y3E C-'J 1 0.t7770912E 00 1 -0,29175525£-0l/ 

DATA AU) 1AUl)k9) 1A(10) 1A(l1) 1A(12)/ 
1 0,.32402702E-021-0,26044439E-031 0, 152-~,70h'E-04 1 
2 -0 ,7,~17587SE-06 1 0 ,29497070£-07 1 -,) , 942421:JOE-09 / 

Dt'.\TA Y\1) 1Y(2) 1Y(3) 1Y(4) 1Y(5) ,YU:.)! 
1 0,40,~,08212E-01 1-0,1286973SE 001-0.76729,B~E 0(> 1 
2 0,.956157SE 00 1-0,22b62499E 00 1 0,423i9130E-0i/ 

MTA Y(l) 1Y(e.) 1Y(':) 1Yil0); Y(11) ,Y( 12)/ 
1 -o. 51316412£-02 t o ,44041e.t.3E-o3 1 -o. 2830%.£.0E-04, 
,: 0, 141,:-.S244E-05 1 -0, 5,:,88440◊£-07, 0.13754703£-06/ 

MTA P( 1) ;F'(2) 1H3) l(4) ,PUJ/ 
1 0,200180,:'..!E 01 1 0 •. $989/W83E-03 1-0,::9872Bi!3E-05 1 

2 0,61776340E-07 1-0.lt,7l8907E-O,~./ 
DATA Q(l) ,D.(~) ;CH3) 1Q(4) 1Q(5)/ 

1 ◊, 935~574E -01 ,-o. %277235£-04 ,o, 913M153E-().~, 1 

2 -o.20'i'sr.s1r:-07 1 o •. ~.2291 Y:33E-09/ 

DATA CON/0 ,,:,3,~,t,l 'i'77E 00/ 
IF(X,GT ,0,0) GO TO 4 
IFAIL=l 
WJT= IF1MG ( 1) 

WRITE ( IOlJi 11 ()0) IFAIL 
FlliMAT ( I6 ;4X ! 40H-VE OR ZE~:G VALUES r OT ACCEPTED BY RF7:.;F I) 

RETURN 
lfAIL=O 
T=X 
JF(T,GT,0,80E 01) GO TO 30 
T3=RF2M0(0,0) 
T3=0,10E ~)*SCIRT(T3) 
IF(T,GT,T3) GO TO 5 
RF7SF= -CON..'T 
RETlJ<N 
T=0,125E OO*T 
T2=0,20E 0l*T*T-0,l0E 0l 
1F(X,GT,0,200E-02) GO TO 10 
S1=0,5E OO*X 
CO TO 20 
S1=T*RF8SF(A 1T2,12) 
S2=TliRF8SF(Y 1T21 l2) 
RF7SF=CON*ALOG(X)*S1-C[)l/X+S2 
RETURN 
EF'=T-0,23561945E 01 
T2=SQFtTm 
T=0,BOE 01/T 
T3=0,200E Ol*T*T-0, 1(x)E 01 
S1=RF8SF(P 1T3,5) 
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.RF?SF Cont. 

005,~ S1=T ►RFSSF(G 1 T3,5i 
0057 R.'27SF=0,797S8456E 0(Ht(S2*COS(EPl+S1*SIN(EP) l/T2 
0058 R.,l7'URN 
0059 END 
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FlJNCTIOI; DF7SF 

0001 
0002 C 
0003 C 
0004 
0005 
OOOc. 
0007 
0008 
0009 
0010 
0011 
0012 
0013 
O(J14 
0015 
0016 
0017 C 
0018 
0019 
0,)20 
0021 
0022 
0023 
(:()24 
0025 
0026 
0027 
0028 
◊◊cl C 
0030 
0031 
0032 
0033 
0034 
oo:,s 
0036 
0037 
0038 
0039 
0040 
0041 
0042 
0043 
0044 
0045 
0046 C 
0047 
O(HB 
0049 
0050 
0051 
0052 100 
0053 
0054 4 
0055 

DOUBLE F'RECISIC~ FUNCTJ[l.l DF7SFiX
1
IFiHLJ 

THIS FUNCTION FPf'fi'OXll'lATES mE BESSEL Fllt-rT[ON Y1 
IN DlJUP.LE F'i<ES}SION usrnc CHEBYSHE\) POLY,"!0/'llALS 

OO.JBLE PRJJ.:ISIO/.< A, Y l' ,a 1X ,.s1 ;:;2, r2,c~ 
1 
T3, r 

1
u-· ,Df21':[; ,DFBSF 

DI!",Dl'SJON A(17) 1Y(17)
1
P(14)

1
Q(14, 

DATA A(l) ,A(2J ,A(3) ,A(4) ,A(S) ,A(6)/ 

1 0,1296717541210530D O1 1 -0,1191S◊l160541217D 01
1 

2 0,1287994(18857678D O1 1 -O,i..S14439341345432D 00
1 

3 D+1777091172397283D 0O;-O,291755248OM5421D-01/ 
DATA A(7) 1A(8J 1A(9) 1AO0) 1A(11) ,A(12)/ 

1 o. 32402701S2,:>B:?-857D-0:2, -0.26044.ci3893485B07[)-03
1 

2 0, 15M.701?239'/3213D-()4 1 -O .7.~17587&J54003D-0.5
1 

3 0,2949707007278D-07 1-0,94242129e.16D-09/ 
DATA A(1~:J 1A(14J 1A(15J 1A(16) 

1
A(17)/ 

1 0. 25281.23664D-10, -0. 5777 4042D-12, 
2 0,1138572D-13,-0,19554D-15 1 0,295D-17/ 

DATA Y(ll 1Y(2) ,YC3) ,y,:4) 1Y(5) 
1
Y(6J/ 

1 0, 40608211771&.851D-01.-0, l266973&4381'.EOOD 00
1 

2 ·0,7672%2/,22-~-:..545'i'D 001 O,675,~157807721877D 0(>
1 

3 -o. 22662497'155,~7549D 001 o. 4231918035333.:SOD-(11/ 
MTA Y/7) 1YCB) i\'M ,Y(1O) 1Y(11) 

1
YO2)/ 

1 -o.::i316411t.1O61085D-O2, 0, 44O47e-~29M7(J~'95D-0.3, 
2 -0,2830464M4S'514Bi)D-04 1 0, 14k-~,242"S44'ti35D-O5

1 
3 -O,5,f.384400'.f'919D-O7, O,l87547O32473D-O8/ 
MTA Y(13J 1Y(14l ,1Y115) 1)'(1.~), Y•: 17)/ 

1 -0,5172121~73D-10 1 0. 121143321D-11
1 

2 -0,2440149D-13 1 O,42773D-15 1 -0,65BD-17/ 

['RTA F'(l) l'(2) ,P(3) ,F'(4) ,P(5) 
1
P(6)/ 

1 0, 200180.,0B1720027D 01 1 o.B9ti989833()8594(>6D-03
1 

2 -o ,39872B43004889J D-05 1 (), t.:77tJ39,:;)644D-07 
1 

3 -0+187189074911D-08 1 O, B81689B.~6OD-1O/ 
, DATA F'(7) l'\BJ 1P(9) tf'(10) 1P(11) 1P(12) 1P(13) 

1
Pd4)/ 

-0,5704M364D-11 1 0,46991955D-121 
2 -0,4684224D-U, 0,545267D-14,-0,72212D-15

1 
3 0.1~6BD-15,-0,1731D-16 1 0,305D-17/ 

DATA Q(l) ,aw ,0(3) ,0(4).,Q(S) ,Q(6)/ 
1 0,7'355557413Y07065D-01 1-0.9627723549157079D-04, 
2 0,913M152577555D-06 1-0,209597B13B408D-07, 
3 0, B2291933277D-091-0, 46.%36:HBBD-1O/ 

DATA Q ( 7) , Q ( 8 ) , Q ( 9) , Q ( :. 0) , Q ( 11 ) 1 Q ( 12) , Q ( 13) , Q,; 14 ) / 
1 O, 3515211l79D-11 1-0. 32,:i43157D-121 
2 0,3596777D-131-0,456125D-14, ◊,650S3D-15, 
3 -0,10269D-15 1 0,1768D-16.1-0,328D-17/ 

DrlTA CON/0,6366197723,675813D 00/ 
IF(X,GT,0,0D OOJ GO TO 4 
IFAIL=1 
JtJJT=IFll'IQ(l) 
lr.f<ITE(IOOT 1100) IFA1L. 
Fffi/'l,m IB 14X 140H-VE ffi ZEF:O VALUES NOT ACCEPTED BY Df7SF/J 
RETlI<N 
IFAIL=O 
T=X 
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DF?SF Cont. 

005t, 
0057 
0058 
0059 
0060 
0061 
C•J~2 5 
0063 
()\'\~4 

0065 10 
0066 
0067 
0068 20 
00.~9 
0070 
0071 
0072 
0073 
(>074 
0075 
0076 

1F(T,GT,0,80D 01) GO iO 20 
T2=DF2MQ(O,OD ooi 
i2=0,1D 001:DSQRi(T2) 
I?(T,GT,T2l GO TO 5 
DF7SF=-CCWT 
RETUR~l 
T=O, 125D OOliT 
T2=0,20D OltT•T-0,lOD 01 
Sl=T•DF8SF(A/i2,17) 
S2=T*Dfe.SF(Y,T2 117) 
DF7SF=CON1DLOG(X)1:S1-COO/X+S2 
RETLl!\'N 
E:F'=T-0,2::5.~1944901Y2345D 01 
T2=DSQRT(Tl 
T=O,e-OD 01/T 
T3=0,200D Ol*T*T-0,10-0D 01 
Sl=DF8SF(P 1T3 114) 
S2=T*DFBSF(Q 1T3 114) 
DF7SF=0,7978e.45,S08022-~.54D 00* ( S2*DCOS( EP)+S1 i;f:SHi( EP)) /i2 
RETURN 
END 



0001 
0002 C 
0003 C 
0004 C 
0005 C 
0006 C 
00{)7 
0(>08 
0009 
0010 
OOH 
0012 
0013 
0014 
0015 
0016 
0017 
0018 
0019 
C•J20 
0021 
0022 10 
0023 20 
0()24 
0025 

- G32 -

FUNCTION :RF8SF 

REAL FLKTION RF8!:F(A 1 T 1N) 
11-JIS Fl.Ji'/1__1l[}i E~1ALUATES CHEBYSHEV POLY 
I~ SINGLE F'RECISIDN 
A COEFF OF CHEBYSHE\,1 P0LYHCl'1I:'iL 
T F'OlNT AT W HCH POLYNOMIAL IS TO BE E1JALUATED 
N DIMEHSIOH OF ARRAY A 

~J:AL A,T 1T2 1B0 1Bl,B2 
D Ii'1EHS ION A (H) 

T2=T+T 
Bl=A(Nl 
R?BSF=Bl 
IFULLT ,2) RETURN 
l'l=N.·· 1 
BO=T2itB1+A(/'1) 
B2=0,0E 00 
1 F rn , EQ, 2) GO iQ 20 
i'\2=M-1 
DO 10 I=1 r1'12 
,l =I'!- I 
B2=B1 
B1=BO 
B<:=T2*B1-B2+A(J) 
RFBSF=0,50E 00lf(B0-B2) 
RETURN 
END 



-
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?UNCTION DF8SF 

0001 OOUBL:: F'REClSION FLM:Tilli DFBSF(A 1T1r1) 
0002 C TI-HS FUNCTION EVALUATES D-iEBYSHE\-1 POLYNOMIAL 
0003 C IN DOUBLE F'RECISION 
0()()4 C A COEFF OF F'OLYHCr!IAL 
0005 C T F'OIHT \r!l-ffiRS F'OLYNOMIAL IS TD BE EVALUATED 
0006 C N DIMENSION OF ARRAY A 
0007 DOUBLE F'RECISION A1T1T2 1BO,-B1 1B2 
0008 DIMENSION A(Nl 
0009 T2=T+T 
0010 Bl=A(N) 
00: 1 DFHSF=Bl 
O(ll2 IF(N,LT,2) EETURH 
0013 M=N-1 
0014 BO=T2*B1+A(M) 
0015 Er2=0,0D 00 
0016 IF(N,EQ,2) GO TO 20 
00~7 rJ=M-1 
0018 DO 10 I=1 1M2 
0019 J=M-I 
0020 32=B1 
0021 Bi=BO 
c~n2 10 OO=T2*Bl-B2+AW 

.00.2::uo ~DEBSF;0.50D 00l!(BO-B2) 
002' RETURN 
0025 END 




