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SUMMARY 

A quantitative mathematical examination of contemporary models 
of pulmonary gas transport and mixing is presented. This 
examination involved both a reappraisal of the boundary 
eondititons assumed in these models and an exhaustive account 
of their respective stability and convergence criteria. As 
a result of this examination a revised single series 
compartmental mathematical model, derived from physiological 
data and incorporating revised boundary conditions, is 
developed to allow for a more faithful simulation of pulmonary 
gas transport phenomena. 

The model is used to demonstrate that the expired "phase III 
slope" or “alveolar plateau slope" of a tracer gas may give 
an indication of end expiratory stratified concentration 
differences in the acinus. The model also allows for a 
comparison between rigid and compliant model predictions at 
low tidal ventilations. 

By extending the model to include parallel as well as sertes 
elements it is possible to simulate the combined effects of 
regional and stratified inhomogeneities upon gas mixing 
efficiency in both normal and diseased lungs. The influence 
of regional inequalities in ventilation, regional inequalities 
in diffusion pathway length and regional inequalities in gas 
flux (i.e. gas exchange) are studied in various simulated 
normal and diseased states. In all instances it is shown that 
such regional inequalities accentuate both the end expiratory 
concentration gradients (stratified inhomogeneities) and 
the resulting phase III slope of a respired tracer gas. 

Utilising an alternative and more detailed model of the 
bronchial airways, the predictions of the earlier series 
and series/parallel models are further verified. 

KEY WORDS: PULMONARY GAS TRANSPORT MODELS 
BOUNDARY CONDITIONS 
MATHEMATICAL MODELS 
STRATIFIED INHOMOGENEITY 
REGIONAL INEQUALITIES



CONTENTS 

oe Lae 

Summary 

Declaration 

Acknowledgements 

List of Figures 

Introduction 

Assessment of Contemporary Models 

2.1 The Physical Models 

The Mechanisms of Pulmonary Gas Transport 

The Governing Equations 

The Assumed Boundary Conditions 

Alternative Boundary Conditions 

The Numerical Solution Techniques 

Discussion 

A Revised Model 

3.1 

3.2 

3.3 

The Revised Boundary Conditions 

The Total Flux Equation 

Simulation of the Single-Breath Washout 

Test for Gases of Different Diffusivity 

Simulation of the Single-Breath Washout 

Test for gases of different solubility 

Results for Different Volumetric Flow-Rates 

Results for different Pre-inspiratory 

Lung Volumes 

Breath-Holding Studies 

Compliant Model Predictions 

LL 

18 

23 

25 

44 

45 

45 

50 

52 

54 

ST, 

59 

60 

63



= ay oe 

REGIONAL DIFFERENCES 

A Regional Model 

The Governing Equations 

Boundary Conditions 

Results for Constant Diffusion 

Pathway Lengths 

Results for Variable Diffusion 

Pathway Lengths 

Simulation of "Average Case of Emphysema" 

Simulation of the Single-Breath Washout 

Test for Gases of Different Diffusivity 

Simulation of the Single-Breath Washout 

Test for Gases of Different Solubility 

Breath-Holding Studies 

Cardiogenic Gas Mixing Effects 

Discussion 

A BRANCHED "PIPE" MODEL 

5,1 Model Configuration 

The Governing Equations 

Boundary Conditions 

Comparison of the "Trumpet" and "Pipe" 

Model Predictions 

Comparison of the "Regional Trumpet" and 

"Regional Pathway" Model Predictions 

Discussion 

66 

67 

70 

eps 

74 

76 

78 

80 

82 

84 

87 

22 

93 

94 

95 

100 

101 

105



DISCUSSION 

6.1 Re-assessment of the Revised Boundary 

Conditions 

6.2 Results for Non Trumpet/Thumbtack 

Shaped Models 

6.3 Effects of Considering Negative 

‘'G' Values 

6.4 Bronchial Cross-Section from Lung Gas 

Washout - The Inverse Problem 

6.5 Equivalent Asynchronous Emptying 

6.6 Nitrogen Retention Curves - The 

Stationary Interface 

CONCLUSION 

FUTURE WORK 

Appendix I 

Appendix II 

Appendix III 

Appendix IV 

Appendix V 

Appendix VI 

Appendix VII 

References 

Tables 

Figures 

109 

109 

LiL. 

113 

11S 

125 

127 

134 

138 

140 

143 

146 

150 

152 

156 

160 

168



Seite 

DECLARATION 

No part of the work described in this thesis has been 

submitted in support of an application for another degree 

or qualification of this or any other University or other 

institute of learning. 

No part of the work described in this thesis has been done 

in collaboration with any other person.



= vid = 

ACKNOWLEDGEMENTS 

The author expresses his sincere thanks to Dr. D. A. Scrimshire 

for his guidance, supervision and most importantly, his ever 

increasing eritical but valued assessment of the major 

contributions of the work. 

A further expression of sincere gratitude is also due to 

Professor R. H. Thornley, Head of the Department of Production 

Technology and Production Management at Aston for the 

opportunity of carrying out the work. 

Ms. Barbara Drinkwater is also thanked for typing the final 

manuscript and for not complaining about the lengthy and 

rather complex equations. 

Lastly but by no means leastly, I am indebted to my mother for 

her encouragement, understanding and above all her continual 

prayers throughout the difficult moments of the work.



= vidi. = 

LIST OF FIGURES 

Approximate branching pattern of the human bronchial 

airways based on Weibel's symmetrical 'Model A‘. 

Total Cross-Sectional Area/Distance relationship based 

on the "combined airways approximation", i.e. the 

‘Trumpet' or 'Thumbtack' shaped model. 

The 'Trumpet' or 'Thumbtack' shaped model corresponding 

to the data of Hansen and Ampaya (1975) 

Characteristic times for diffusion and convection in 

the human lung based on Weibel's symmetrical 'Model A' 

(a) Elemental segment of the ‘trumpet' model 

(b) Division of 'trumpet' model into annular 

sections for stochastic simulation 

Normalised 'Flux Curves' obtained from the single series 

compartmental 'trumpet' model and for the conventtonal 

boundary conditions (D = 0.25 cm*/sec equivalent to 02/N2). 

Normalised 'Flux Curves' obtained from the single series 

compartmental ‘trumpet’ model and for the revised 

boundary conditions (D = 0.25 cm*/sec equivalent to O2/N2) 

Concentration/Distance profiles obtained from the single 

series compartmental 'trumpet' model and for the revised 

boundary conditions (D = 0.25 cm?/sec equivalent to 02/N2) 

A more detailed illustration of the end expiratory 

concentration/distance profile obtained from the single 

series compartmental 'trumpet' model and for the revised 

boundary conditions (D = 0.25 cm*/sec equivalent to 02/N2)



lo. 

Abe 

12. 

3; 

14. 

15. 

meine «em: 

The Simulated Single-Breath Nitrogen Washout Curves 

obtained from the single series compartmental 'trumpet' 

model and for the revised boundary conditions. 

The end inspiratory input gas concentration/distance 

profiles for SFg/N2, Ne/N2 and He/N2 obtained from the 

single series compartmental 'trumpet' model md for the 

revised boundary conditions. 

The end expiratory input gas concentration/distance 

profiles for SF./N2, Ne/N2 and He/N2 obtained from the 

single series compartmental 'trumpet' model and for the 

revised boundary conditions. 

The simulation single-breath input gas washout curves 

for SFs«, Ne and N2 as obtained from the single series 

compartmental 'trumpet' model and for the revised 

boundary conditions. 

Predicted end inspiratory input gas concentration/distance 

profiles for a hypothetical soluble tracer gas 

(D = 0.25 cm?/sec, G = +10.0, +25.0, +50.0 mls/sec) as 

obtained from the single series compartmental lung 

model and for the revised boundary conditions. 

Predicted end expiratory input gas concentration/distance 

profiles for a hypothetical soluble tracer gas 

(D = 0.25 cm?/sec, G = +10.0, +25.0, +50.0 mls/sec) as 

obtained from the single series compartmental 'trumpet' 

model and for the revised boundary conditions.



16. 

17, 

18. 

19. 

20. 

2a. 

Simulated single-breath N2 washout curves corresponding 

to a hypothetical soluble tracer gas (D = 0.25 cm*/sec, 

G = +10.0, +25.0, +50.0 mls/sec) as obtained from the 

single series compartmental 'trumpet' model and for 

the revised boundary conditions. 

End inspiratory input gas concentration/distance 

curves for Argon and Nitrous Oxide as derived from the 

single series compartmental 'trumpet' model and when 

the revised boundary conditions are holding. 

End expiratory input gas concentration/distance 

curves for Argon and Nitrous Oxide as derived from 

the single series compartmental 'trumpet' model and 

when the revised boundary conditions are holding 

Simulated single-breath input gas washout tests for 

Argon and Nitrous Oxide as obtained from the single 

series compartmental 'trumpet' model and when the 

revised boundary conditions are holding. 

Predicted concentration/distance profiles for a 

tri-angular wave flow form (D = 0.25 cm*/sec) as 

derived from the single series compartmental ‘trumpet! 

model and for the revised boundary conditions. 

Simulated single-breath N, washout curve for a 

tri-angular wave flow form as predicted by the single 

series compartmental 'trumpet' model and for the 

revised boundary conditions.



22. 

23. 

24, 

25. 

26. 

27. 

rex See 

Predicted concentration/distance profiles for a 

sinusoidal wave flow form as predicted by the single 

series compartmental 'trumpet' model and for the 

revised boundary conditions (D = 0.25 cm*/sec). 

Simulated single-breath N;,; washout curve for a 

sinusoidal wave flow form as predicted by the 

single series compartmental 'trumpet' model and 

when the revised boundary conditions apply. 

End inspiratory input gas concentration/distance 

profiles for various pre-inspiratory lung 

volumes (D = 0.25 cm*/sec) as predicted by the 

single series compartmental 'trumpet' model and 

when the revised boundary conditions apply. 

End expiratory input gas concentration/distance 

profiles for various pre-inspiratory lung volumes 

(D = 0.25 cm*/sec) as predicted by the single series 

‘trumpet' model and when the revised boundary 

conditions apply. 

Simulated single-breath N2, washout curves for 

various pre-inspiratory lung volumes as predicted 

by the single series ‘trumpet' model and when 

the revised boundary conditions apply. 

End inspiratory input gas concentration profiles 

(D = 0.25 cm?/sec, equivalent to 0,/N2) for various 

breath-holding times (1, 2 and 5 seconds) as 

predicted by the single series 'trumpet' model 

and when the revised boundary conditions apply.



28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

~ Rit = 

End expiratory input gas concentration profiles 

(D = 0.25 cm?/sec, equivalent to 02/ N2) for 

various breath-holding times (1, 2 and 5 seconds) 

as predicted by the single series 'trumpet' model 

and when the revised boundary conditions apply. 

Simulated single-breath N2 washout curves for 

various breath-holding times (1, 2 and 5 seconds) 

as predicted by the single series 'trumpet' model 

when the revised boundary conditions are holding. 

Simulated single-breath Nz washout curves obtained 

from the compliant single series 'trumpet' model 

and when the revised boundary conditions apply. 

Simulated single-breath Nz washout curve obtained 

from the compliant single series 'trumpet' model 

for a larger tidal ventilation (i.e. Vp = 1000 mis) 

and when the revised boundary conditions apply. 

Schematic representation of the regional lung 

model (or the series/parallel model). 

End expiratory concentration/distance profiles for 

constant diffusion pathway lengths (D = 0.25 cm*/sec) 

as predicted by the regional 'trumpet' model and 

for the revised boundary conditions. 

Simulated single-breath N, washout curves for 

constant diffusion pathway lengths as predicted 

by the regional 'trumpet' model and for the revised 

boundary conditions. 

End expiratory concentration/distance profiles for



36. 

27, 

38. 

39. 

40. 

=) iS c 

variable diffusion pathway lengths (D = 0.25 cm/sec) 

as predicted by the regional ‘trumpet' model and 

for the revised boundary conditions. 

Simulated single-breath N2, washout curves for 

variable diffusion pathway lengths as predicted by 

the regional 'trumpet' model and for the revised 

boundary conditions. 

End expiratory concentration/distance profiles 

for constant diffusion pathway lengths (D=0.25 cm?/sec) 

and more marked regional flow differences as obtained 

from the regional 'trumpet' model when the revised 

boundary conditions apply. 

Simulated single-breath N, washout curves for constant 

diffusion pathway lengths and more marked regional 

flow differences as obtained from the regional 

‘trumpet' model when the revised boundary conditions 

apply. 

End expiratory concentration/distance profiles for 

variable diffusion pathway lengths and more marked 

regional flow differences as derived from the 

regional 'trumpet' model when the revised boundary 

conditions apply. 

Simulated single-breath N, washout curves for 

variable diffusion pathway lengths and more marked 

regional flow differences as derived from the 

regional 'trumpet' model when the revised boundary 

conditions apply.



41. 

42. 

43. 

44, 

45. 

= by) = 

Predicted end expiratory input gas concentration/ 

distance profiles for SFs/N2, Ne/N2 and He/N2 

mixtures and for constant diffusion pathway lengths 

as obtained from the regional 'trumpet' model 

and when the revised boundary conditions apply. 

Predicted end expiratory input gas concentration/ 

distance profiles for SF;,/N2, Ne/N2 and He/N2 

mixtures and for variable diffusion pathway 

lengths as obtained from the regional 'trumpet' 

model when the revised boundary conditions are 

holding. 

Simulated single-breath input gas washout curves 

for SFs, Ne and He and for constant diffusion pathway 

lengths as predicted by the regional 'trumpet' 

model and when the revised boundary conditions are 

applying. 

Simulated single-breath input gas washout curves 

for SF,, Ne and He and for variable diffusion 

pathway lengths as predicted by the regional 

‘trumpet' model when the revised boundary conditions 

apply. 

End expiratory input gas concentration/distance 

profiles for hypothetical soluble tracer gases 

(D = 0.25 cm’/sec and G = +10.0, +25.0, +50.0 mls/sec) 

and for various regional flow differences pertaining 

to the regional 'trumpet' model when the revised 

boundary conditions are applying.



46. 

47. 

48. 

49, 

50. 

- xv - 

The simulated single-breath Nz washout curves 

relative to hypothetical soluble tracer gases 

(D = 0.25 cm?/sec, G = +10.0, +25.0, +50.0 mls/sec) 

and for various regional flow differences pertaining 

to the regional 'trumpet' model when the revised 

boundary conditions are applying. 

Predicted end expiratory input gas concentration 

/distance profiles for Argon and Nitrous Oxide and 

for various regional flow differences as obtained 

from the regional 'trumpet' model when the revised 

boundary conditions apply. 

Simulated single-breath input gas washout curves 

for Argon and Nitrous Oxide and for various regional 

flow differences as obtained from the regional 

‘trumpet' model when the revised boundary conditions 

apply. 

End expiratory concentration/distance profiles for 

a hypothetical tracer gas (D= 0.25 cm*/sec equivalent 

to O2/N2) for 1 second of breath-holding and for 

various regional flow differences as determined by 

the regional 'trumpet' model when the revised 

boundary conditions apply. 

End expiratory concentration/distance profiles for 

a hypothetical tracer gas (D = 0.25 cm*/sec 

equivalent to 02/N2) for 2 seconds of breath-holding 

and for various regional flow differences as predicted 

by the regional 'trumpet' model when the revised boundary 

conditions apply.



Sl. 

52. 

53. 

54. 

= xvi = 

End expiratory concentration/distance profiles for 

a hypothetical tracer gas (D = 0.25 cm/sec 

equivalent to 0,/N,) for 5 seconds of breath-holding 

and for various regional flow differences as 

predicted by the regional 'trumpet' model when 

the revised boundary conditions apply. 

Simulated single-breath N2 washout curves 

corresponding to a hypothetical tracer gas 

(D = 0.25 cm?/sec equivalent to 0,/N3/) for 1 

second of breathholding and for various regional 

flow differences as predicted by the regional 

‘trumpet' model when the revised boundary conditions 

apply. 

Simulated single-breath N2 washout curves 

corresponding to a hypothetical tracer gas 

(D = 0.25 cm*/sec equivalent to 0,/N.) for 2 

seconds of breath-holding and for various 

regional flow differences as predicted by the 

regional 'trumpet' model when the revised boundary 

conditions apply. 

Simulated single-breath N2 washout curves 

corresponding to a hypothetical tracer gas 

(D = 0.25 cm*/sec equivalent to 02/N2) for 5 

seconds of breath-holding and for various regional 

flow differences as predicted by the regional 

‘trumpet' model when the revised boundary 

conditions apply.



55. 

So. 

Sa. 

58. 

59. 

60. 

61. 

=> Svii = 

Predicted end expiratory concentration/distance 

Profiles for regional differences in both molecular 

diffusion coefficient and volumetric flow-rate 

(simulating the effects of cardiogenic gas mixing) 

as derived from the regional 'trumpet' model when 

the revised boundary conditions apply. 

Simulated single-breath Nz washout curves for 

regional differences in both molecular diffusion 

coefficient and volumetric flow-rate (simulating 

the effects of cardiogenic gas mixing) as derived 

from the regional 'trumpet' model when the 

revised boundary conditions are applying. 

Discontinuity in the 'trumpet' model shape. 

Single 'pathway' or 'pipe' model from the mouth 

to the distal air sacs based on Weibel's 

"Model A' 

A branched 'pathway' or 'pipe' model of the human 

bronchial airways. 

Concentration/distance profiles for both the single 

‘trumpet' and single 'pathway' models when the 

revised boundary conditions are employed 

(D = 0.25 cm?/sec). 

Simulated single-breath Nz washout curves 

corresponding to both the 'trumpet' and 'pathway' 

models and when the revised boundary conditions 

apply.



62. 

63. 

64. 

65. 

66. 

67. 

= OVE 

Predicted end expiratory concentration/distance 

profiles for various regional flow differences as 

determined by the branched pathway model and when 

the revised boundary conditions apply. 

Simulated single-breath N, washout curves, for 

various regional flow differences, predicted by the 

branched pathway model and when the revised boundary 

conditions apply. 

End expiratory input gas concentration/distance 

profiles for regional differences in both volumetric 

flow-rate and diffusion pathway length as predicted 

by the branched pathway model when the revised 

boundary conditions are applying 

(D = 0.25 cm?/sec) 

The simulated single-breath N2 washout curves for 

regional differences in both volumetric flow-rate 

and diffusion pathway length as predicted by the 

branched pathway model when the revised boundary 

conditions are applying. 

Predicted concentration/distance profiles when the 

effects of Taylor Dispersion are incorporated in 

the single pathway model and when the revised 

boundary conditions are applying. 

Predicted concentration/distance profiles when the 

effects of Scherer Dispersion are incorporated in 

the single pathway model and when the revised 

boundary conditions are applying.



68. 

69. 

70. 

Tis 

72. 

= six = 

Solutions of the pulmonary gas transport equation 

in non 'trumpet' shaped models and for the 

conventional boundary conditions. 

Solutions of the pulmonary gas transport equation 

in non 'trumpet' shaped models and for the revised 

boundary conditions. 

Predicted end inspiratory and end expiratory 

concentration/distance profiles for a tracer gas 

having a molecular diffusion coefficient of D = 

0.25 cm?/sec (equivalent to 02/N2) and for six 

values of G (i.e. G = -10.0, -25.0, -50.0, +10.0, 

+25.0, +50.0) relative to the single 'trumpet' 

model and when the revised boundary conditions 

are holding. 

Simulated single-breath input gas washout curves 

for D = 0.25 cm’/sec and G = -10.0, -25.0, -50.0, 

+10.0, +25.0, +50.0 mls/sec as obtained from the 

single 'trumpet' model when the revised boundary 

conditions apply. 

Simulation of the single-breath Nz washout curve 

obtained by numerical solution of the pulmonary 

gas transport equation in the single 'trumpet' 

model and when neglecting mixing during 

expiration.



73. 

74. 

75. 

76. 

77. 

- xx - 

Total bronchial cross-sectional areas computed from 

the expired nitrogen washout curves of three normal 

subjects compared with anatomical data obtained 

from detailed post-mortem measurements on several 

human lungs. 

Effects of axial dispersion (Taylor and Scherer) 

on the total bronchial cross-sectional areas 

computed from the expired nitrogen washout curves 

of three normal subjects. 

Single-breath Nz -Retention curve pertaining to the 

"perfectly mixed' model of the bronchial airways. 

Comparison of the single-breath nitrogen retention 

curves predicted on the basis of the 'perfectly 

mixed' and the 'imperfectly mixed' 'trumpet' 

(with revised boundary conditions) models. 

Simulated single-breath N, -Retention curves for 

various regional flow differences obtained from the 

regional 'trumpet' model when the revised boundary 

conditions apply.



CHAPTER 1 

INTRODUCTION 

As a complete mathematical description of the respiratory 

system as a whole is probably an impossible task, some attempts 

have been made to analyse it's more important characteristics. 

For example, the present study is concerned with the 

mathematical examination of pulmonary gas transport and mixing, 

with the particular aim of answering one question which has 

given rise to a large number of conflicting results - "is the 

concentration of an inert inspired tracer gas the same in the 

series spaces of the lung at the end of expiration?" 

Further, since quantitative information concerning the 

equilibrium of gas molecules within the terminal airway units 

(or primary lobules) of the human lung is difficult, if not 

impossible, to obtain from experimental data alone, it has 

been necessary to simulate the relevant gas mixing processes 

in lung models replicating the pulmonary airway system in order 

to shed some light on this problem. 

The importance of gaseous diffusion in the process of 

ventilation has been recognised since the early part of the 

century. As early as 1917, Krogh and Lindhard observed that, 

after a single inspiration of a gas, the concentration of the 

gas in the latter part of the subsequent expiration did not



reach a true plateau but continued to decrease generating the 

well-known phase III slope. Krogh and Lindhard contended that, 

while new air is entering the lung, there are always 

longitudinal concentration differences in the terminal 

airway units (stratified inhomogeneities) and that these 

differences are reflected at the mouth during the following 

expiration. 

This view, that stratified inhomogeneity was responsible for 

the phase III slope was accepted generally until Rauwerda 

(1946) published the results of his model investigations 

into the rate of gaseous diffusion. This work was subsidiary 

to his main purpose, which was the determination of cardiac 

output, and his approach to the problem of diffusion was the 

application of analytical mathematical techniques to model 

situations analogous to those thought to occur within the 

lung. 

He came to the conclusion that diffusion in the lungs was 

sufficiently rapid as to exclude a measurable concentration 

gradient within a terminal airways unit one second after the 

establishment of the gaseous interface. He defined a terminal 

airways unit as that structure fed by a terminal bronchiole, 

and hence having a length of 7 mm. As a result of his analysis 

he concluded that the current explanation of the phase III 

slope as representing stratified inhomogeneity was incorrect. 

It was not until some 20 years later that Cumming et al (1966)



criticised Rauwerda's analysis primarily on the assumptions on 

which he based his model. The major criticism being that the 

lung cannot be represented by any closed object (cylinder, 

sphere or cone) 7 mm. in length, because reflection and 

diffusion from both ends makes mixing very rapid. In fact, 

Cumming et al (1966) proposing instead several larger versions 

of Rauwerda's models and employing similar solution techniques 

demonstrated how stratification could be present at the end 

of a breath of normal duration. 

Both of these previous model analyses have been criticised by 

La Force and Lewis (1970) on two grounds. First "if the 

terminal airways are to be treated as a solid figure, the 

appropriate one is not a cone but a golf tee or a thumbtack". 

The second criticism is that "the airways are not a solid 

figure but a succession of dichotomous branches". Thus, 

La Force and Lewis set out to treat a "dichotomously branched 

model"having the lengths and cross-sectional areas proposed by 

the morphometric analysis of Weibel (1963). In addition to 

this model they also considered a model which takes into 

account the additional cross-sectional area contributed by 

the alveoli. 

From a geometric point of view the models considered by La 

Force and Lewis appeared to be more realistic. It is 

interesting to note, however, that their claim that the 

analysis was for a "dichotomously branched" model is of little



practical significance since the mathematics used by La Force 

and Lewis yielded the same results as that for a solid figure 

of the "thumbtack" shape. In fact, they concluded that the 

alveolar concentration stratification disappeared in much less 

than one second and therefore rejected the findings of 

Cumming et al (1966). 

Although these analyses represented the initial steps in 

analysing gas transport in a geometry approaching that of 

the lungs, they were inadequate because the effects of 

convective gas flow were not included. 

The inclusion of convective gas flow simultaneous with 

longitudinal diffusion has recently been considered by several 

groups of investigators (Cumming et al, 1971; Baker et al, 

1974, 1975; Scherer et al, 1972; Pedley 1970; Paiva, 1972, 

1973, 1978; Davidson and Fitzgerald, 1974; Davidson, 1975 

and Pack et al, 1974, 1977). These models improved on the 

earlier models in another important way; washout of gas from 

the lung could be simulated. This was of fundamental importance 

since, given that any stratification which is obtained reflects 

in some way that which actually occurs in the lung, there is 

no way that this will evidence itself in the expired gas 

concentrations. During expiration following an inspiration of 

air, for example, gas comparitively rich in oxygen is convected 

out of the lung, and diffusion continues down existing 

longitudinal concentration gradients; these gradients will



therefore decrease. That is, Krogh and Lindhards explanation 

for the phase III slope requires that the longitudinal 

concentration differences remain significant in the gas during 

expiration by the time it reaches the mouth. 

Although all the above groups of workers have allowed for the 

important concept of convectional transport they have differed 

considerably in its' interpretation within the framework of 

their models. For example, Cumming et al (1971) solved the 

classic static diffusion equation approximating convective gas 

flow by allowing successive quantums of flow to enter their 

Model followed by a diffusion period, (100 mls entered after 

every 150 m/sec diffusion period). Scherer et al {2972)), on 

the other hand, derived a partial differential equation for 

simultaneous convection and diffusion. More recently 

Davidson and Fitzgerald (1974) and Davidson (1975) developed 

a detailed model of a pathway through the branched system of 

the respiratory region, which when matched onto the one- 

dimensional "trumpet" model described by Pedley (1970) for 

the conducting airways, enabled the time course of gas 

concentrations from the mouth to the pulmonary membrane 

during a breath to be predicted. Besides allowing for the 

convective flow of gas and taking some account of the detailed 

anatomical features in the respiratory region, the pathway 

model also facilitated for the expansion of the respiratory 

region during breathing - an important physical process which 

will be dealt with in more detail in subsequent chapters.



The primary intent of these contemporary model simulations was 

to examine the existence of concentration stratification 

(serial gradients) and it's possible contribution to the phase 

III slope. All of the investigators found that significant 

concentration gradients exist within the acinus at the end of 

a normal inspiration but only Cumming et al (1971) observed 

a resulting 'phase III' slope during expiration. 

This thesis serves to reconcile these apparently conflicting 

conclusions by mathematically examining the above contemporary 

model analyses. As a result of the detailed examinations, 

a revised pulmonary gas transport model has been developed 

capable of simulating results in close agreement with those 

obtained from normal subjects. Further, by extending this 

revised model to include parallel as well as series elements 

it has been possible to infer how certain specific types of 

pulmonary defects can affect the gas mixing behaviour in the 

acinar region. By modifying the above revised models 

appropriately, it has also be possible to estimate how the 

effects of molecular exchange across the alveolar-capillary 

membrane influence the approach to gaseous equilibrium. 

Finally, an improved mathematical description of molecular 

gas movements consisting of a detailed model pathway from 

the mouth to the terminal alveolar sacs is presented. The 

model pathway consists of a succession of uniform cylindrical 

pipes varying in dimensions according to the morphometric 

data of Weibel (1963). This improved model has then been used



to examine how micro (rather than macro) changes in both 

airway calibre and regional gas flow-rate influence gas 

equilibrium in the acinus. Results obtained from this new 

model have also proved useful in both testing the predictions 

and verifying the conclusions of the earlier revised models 

discussed above.



CHAPTER 2 

ASSESSMENT OF CONTEMPORARY MODELS 

2.1 The Physical Models 

The best known and widely used quantitative description of the 

pulmonary airway system is the so-called Weibel symmetrical 

‘model A' (Weibel, 1963). Weibel has approximated the 

complex branching pattern of the bronchial tree by 23 

generations of successive dichotomously branching right 

cylindrical airway tubes (Figure 1). Generation O corresponds 

to the trachea and there are 2? (i = 0; LY .... 23) equal 

elements in generation i. Generations 17 to 19 correspond to 

respiratory bronchioles, where walls (lumen) are partially 

alveolated, and generations 20 to 22 to alveolar ducts where 

the entire wall is occupied by alveoli. Alveolar sacs 

(generation 23) end the bronchial tree (see table 1). 

The data from Weibel's ‘model A' is invariably used to 

represent the bronchial tree by combining the dimensions of 

all airways of the same generation number, thereby producing 

the well known "trumpet" (Paiva, 1972) or "thumbtack" 

(La Force and Lewis, 1970) shaped function of total cross- 

sectional area and distance (Figure 2).



With the advent of more powerful morphological measuring 

techniques, a greater insight into the detailed shape of 

the "trumpet" model distal to generation 17 (respiratory 

bronchioles) has been attained (Horsfield et al, 1968, 1971 

and Hansen and Ampaya, 1975) (Figure 3). These improved 

morphometric estimates have been employed more recently to 

examine the influence of changes in the structural dimensions 

of the models on the gas mixing behaviour in the acinus 

(Paiva, 1976 and Mons and Ultman, 1977). 

2.2 The Mechanisms of Pulmonary Gas Transport 
  

The inspired gas enters the lung through the trachea and 

passes through some 23 generations of branching to reach the 

terminal alveolar sacs. The bulk movement of the inspired 

gas is induced by a pressure gradient and is termed 

convection. Superimposed on this bulk flow at all times is 

molecular diffusion due to local concentration gradients. 

The actual transport of the inspired gas is accomplished by 

the coupling of these two mechanisms. If inspired gas is a 

mixture of only two components (as assumed in all contemporary 

models), then the transport of either component may be 

described by the binary convective-diffusion equation. 

OF 
at 

+ (V. Vv) F = DV? F + R (1) 

in which F is the concentration (in, say, mol/litre) of
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the component under consideration in the binary system, V 

is the velocity vector of the bulk flow, V is the vector 

operator "del" (Hildebrand, 1962), D is the diffusion 

coefficient between the two components of the gas mixture 

and R is the sink or source term in the mass balance equation. 

Equation (1) is a general equation in the vector form and is 

valid for any co-ordinate system. The first term on the left 

hand side of this equation gives the transient change of F at 

the position under consideration, the second term represents 

the convection of this component due to local velocity V at 

the same position. 

The first term on the right hand side describes the diffusion 

of the gas under consideration through an indigenous gas 

in the binary system as characterised by D whose value depends 

on the total pressure and the temperature of the mixture, the 

molecular weights of the two species involved and is almost 

independent of the composition of the mixture. The last term 

of the equation represents the rate of production or 

disappearance usually due to chemical reactions. If no 

reactions are involved in the mass transport process, 

R= 0. 

In a healthy subject breathing normally, i.e. 500 cm? 

tidal volume, the inspired air arrives by convection until 

the age or 20° bronchial generation of Weibel's 'model A'
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and attains then, by diffusion the alveolocapillary membrane, 

where it passes into the blood. This is demonstrated more 

precisely in Figure 4 in which characteristic times for 

convection and diffusion have been calculated. The 

ascending curve (t,) represents the time for the inspired 

gases to pass through one generation by convection and the 

descending curve (tq) and equivalent time for the diffusion. 

The first curve rises very steeply because the lung ends in 

a “cul-de-sac", and the second varies with the square of the 

lengths of the different generations. 

2.3 The Governing Equations 

The equations governing the transport (simultaneous convection 

and diffusion) of gas molecules within the bronchial airways 

are obtained by applying Ficks Law and the principal of mass 

balance to an elemental segment of the “trumpet" model shown 

in figure 2 (see Figure 5). 

Diffusional Transport 

The transport of gas molecules due to diffusion at a distance 

‘y' from the portal end of the "trumpet" model may be written 

as: 

GS = ps ee (2)
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where, F = F (y, t) is the fractional input gas concentration 

at distance 'y' from the beginning of the model and at time t 

after the start of the transport process, S = S (y) is the 

total cross-sectional area of the airways at distance 'y' 

from the portal end and D is the binary molecular diffusion 

coefficient of the input gas/residual gas. From equation (2) 

and the conservation of mass, it follows that, 

Se ee (3) 
at dy 

hence, from equations (2) and (3) we obtain 

aa = - _ (D Ss oF 

ot oy oy 
) (4) 

where t is the time. 

In deriving equation (4) all previous investigators have 

explicitly assumed that the tortuosity resulting from branching 

does not affect the form of the overall conservation equation 

for the total gas in the a generation and that any 

concentration gradients perpendicular to the airway axes 

(i.e. radial concentration gradients) can be ignored. The 

latter assumption has been shown to be realistic as judged 

from a detailed survey of gas diffusion in an alveolar duct 

(Paiva, 1974).
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Convectional Transport 

Equation (4) describes the change in the number of gas molecules 

in the elemental segment due to diffusion. This number also 

changes due to the convective airflow which is responsible 

for the change in lung volume. 

tT = PFS ¥v (5) 

where, v is the convective velocity of input gas molecules 

(Sv is the volumetric gas flow rate). Using equations (3) 

and (5) it follows that, 

s => = == (F S v) (6) 
ot oy 

Now the general form of the governing gas transport equation 

(convection-diffusion equation) is obtained by combining the 

equations (4) and (6) such that, 

ae = Ge 22 = 2 as 4) (7) 
ot oy oy oy 

s 

When discussing solutions of equation (7) it is important to 

distinguish between two distinctly different types of model, 

i.e. that of the 'rigid model' and the ‘compliant model'.



Rigid Models 

Workers who have employed rigid type models, i.e. (Pedley, 

1970; Paiva, 1972, 1973 and Baker et al, 1974, 1975) have 

further simplified equation (7) by assuming that, 

Se = Q (constant) (8) 

This last assumption has caused considerable controversy 

particularly as regards the correct boundary conditions to 

employ at the alveolar wall (Scrimshire et al, 1978). 

Compliant Models 

On the otherhand, those workers who have developed compliant 

models such as Scherer et al(1972) and Pack et al (1974,1977) 

have adopted a different approach in that they have assumed 

that the incompressible convective flow into and out of the 

bronchial airways is caused by the expansion and contraction 

of the alveolar regions. In fact, they considered that the 

amount of convection v (y, t) S (y, t) was equal to the total 

volume change in the airways distal to some base point, i.e. 

L 

wy, t) = a a8 dy (9) 
S(y, t) 

y 

and where L is the total length of the model.
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The expansion and contraction of these models is determined 

by the functional relation, 

Sty, t) = 8 (y)[ 1.0 - fly) b(t) | (10) 

which defines the total cross-sectional area at any point 

during the breathing cycle in terms of a "flexibility 

function" f(y), and an oscillatory function of time, b(t). 

Since there is a lack of experimental evidence on the precise 

distribution of lung volume changes (Hughes et al, 1972; 

Marshall and Holden, 1963) the functional form of f(y) must 

remain empirical and the authors assume it to be evenly 

distributed along the length of their models. 

Perhaps the most perplexing problem encountered in developing 

a compliant lung model is in deciding exactly how the model 

should expand and contract. For example, should we apriori 

specify how the volume changes thereby imposing a flow of 

gas into and out of the bronchial airways such as in the 

models of Scherer et al (1972) and Pack et al (1977). Or 

should we impose the flow of gas and allow the model to 

expand and contract in a way that at least agrees 

qualitatively with observed behaviour in vivo as 

experimentally determined by such authors as Hughes et al 

(1972). Since in all instances a flow of gas must be 

imposed in order to solve the pulmonary gas transport equation,



it would appear that the latter approach is the more 

realistic. The mathematical details of such an alternative 

approach will now be presented and compared with the 

corresponding contemporary model developments. 

Hughes et al (1972) have inferred from their somewhat 

extensive experimental findings that lung volume varies 

approximately in proportion to the cube of bronchial 

distance, i.e. 

Vv o 1° (11) 

ae Wes kD? (12) 

Where V is the lung volume and 1 is the bronchial distance. 

Let us now define the following, 

Vy Initial lung volume or functional 

residual capacity (13) 

Ve = Vi Ave (14) 

where, AV is the amount of the tidal volume (Vp) that 

enters the lung model over an infintesimal time interval At. 

Then we may write, 

Vr |= kody 3 (15) 

Vo = k Is° (16)
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and hence, 

V2 + 
le = li ( HW ) (17) 

V2 + 
If we now let a = ( a , then 

ig = (a ly (18) 

S2 = a? § (19) 

Thus, as At + O equations (18) and (19) imply that, 

L(t + At) [a cy] 1 ¢) (20) i 

and, 

S (t + At) [a ce]? s ce) (21) 

Inherent in the derivation of equations (20) and (21) is the 

fact that the trumpet model simultaneously increases/decreases 

it's length whilst the volume expands/contracts respectively. 

However, previous compliant lung models (Scherer et al, 1972 

and Pack et al, 1974, 1977) have only allowed their models to 

expand and contract but have kept their lengths fixed. It will 

be shown later (Chapter 3) that these inconsistencies in the 

physical models can contribute to an artificially rapid approach 

towards gaseous equilibrium within the acinus.



2.4 The Assumed Boundary Conditions 

At this stage the general form of the boundary conditions 

assumed by all previous contemporary workers, employing either 

a ‘rigid’ or a 'compliant' "trumpet" shaped model, shall 

merely be stated and subsequently be assessed in the light of 

a recent reappraisal (Scrimshire et al, 1978). 

DURING INSPIRATION 

  

Htc, t) = 1,0 for t,< t < 4 (22) 

and 

oF = . = = 0.0 for t)< t < 5 (23) 

y=L 

DURING EXPIRATION 

ar Tr 3 = Q.30 for os ex 2 (24) 

y=0. 

and 

3 T 3 = 0.0 for $<teTr (25) 
yeL 

Before assessing these boundary conditions it is advantageous 

to consider the functional form of the total flux equations, 

G (y, t) defined as the combination of both convective and 

diffusive flux contributions, i.e.
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Gly, t) = SvF - DS = (26) 

Rigid Models 

For rigid models we know that from equations (8) and (26) 

that, 

f) 0 "y ! 0 n Gp (yr t) (27) 

Thus, 

a ° ‘ 1 U n o 

© 5 Gp (0, t) (28) 

Since we are assuming that a uniform convective flux (that 

is uniform flow) of gas enters the model, we do not expect any 

concentration differences to exist near the model entrance. 

In other words, we require that 

GR (o, t) = + QF (29) 

y=0 

which implies from equation (28) that 

oF 
Geen = 0.0 y (30) 

y=0
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It is thus intuitively obvious that the input gas concentrations 

at the model entrance must remain constant as defined in 

equation (22). 

Whilst the boundary conditions conventionally assumed for the 

entry portal of all previously proposed models are easily 

understood, and represent a reasonable approximation to reality, 

those specified at the distal end of rigid models are less 

obvious. The intention is to define a situation which ensures 

a zero flux of input gas across the alveolar wall, y = L, thus 

mimicing the behaviour of an insoluable tracer. 

From equation (27) we have that, 

6 (bet) = fo P = Ds (L) 3 (31) 
y= y= 

and on substituting from equations (23) and (25) into equation 

(31) we find, 

G (lL, t) = +QF| , for ty t < 5 (32) 
y=L 

and, 

Gp (ly t) = “S60 R|| | for $<tyt (33) 

y=h
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From a scrutiny of equation (32) it is clear that a finite 

flux of input gas is being continuously drawn out of the 

model across the alveolar wall during inspiration, and from 

equation (33) it can be seen that gas is being similarly 

drawn into the model during expiration. This is not really 

suprising since the conservation of mass dictates that, 

during inspiration in a rigid model, an outflow must occur 

across the alveolar wall and during expiration a reverse inflow 

must occur. Such an artifact in rigid models violates the 

physiological condition of "no flux" at the alveolar wall. 

Now, during expiration the contribution from diffusive mixing 

near the model entrance is negligible in comparison to the 

convective mixing (Paiva, 1972). As a result a relatively 

uniform convective flux of gas out of the model is 

anticipated, which may be stated mathematically as, 

Gp (o, t) = = Rosa (34) 

yao 

During expiration, we have from equation (27) that 

ate ve x oF GR (o, t) = QF DS (0) By (35) 

yao) y=0O 

Substituting from equation (34) into equation (35) gives 

oF ms 
By = Oo (36)
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which also implies that the concentration gradient has 

smoothed out by the time the mouth is reached (Pedley, 1970). 

In fact, equations (33) and (34) state that eventually gas 

is leaving the model at the same rate at which it is being 

withdrawn through the alveolar wall; hence concentration 

gradients would not be expected to persist under such 

conditions. In other words, the artifact caused by the 

violation of the "no-flux" condition at the alveolar wall 

would appear to be primarily responsible for the unrealistically 

rapid approach to gaseous equilibrium. 

Compliant Models 

For the compliant models of Scherer et al (1972) and Pack 

et al (1974, 1977) we have from equations (9) and (26) that 

n o my | | 

L 
a & Wee) = £ J = dy e DS ty (37) 

Y 

Putting y = L in equation (37) yields 

-ps a) , tet <i (38) 

y=L 

tt GL, t) 

In order to ensure that the total flux is zero at the alveolar 

wall, it is further necessary to specify the boundary condition
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By = 0.0, as in rigid models. 

Since some 95 per cent of lung volume is contained within 

the terminal generations of the bronchial tree (a linear 

distance of only 0.6 cms) it is hardly suprising that these 

compliant models again fail to display any stratified 

inhomogeneities in the acinar region because of this 

explicit assumption. On reflection, it is clearly 

inappropriate to specify the boundary conditions in terms 

of a fixed concentration gradient at the alveolar wall, 

since it is the change in concentration gradient immediately 

adjacent to this point that is the main purpose of the 

simulations. 

2.5 Alternative Boundary Conditions 

From the above discussions it is evident that a better 

approximation to the actual conditions within the lungs 

could be made by ensuring a zero flux of gas at the 

alveolar wall whilst simultaneously allowing the concentration 

gradient to be a variable. Applying the former condition, 

i.e.G(L,t) =O to equation (31) yields, 

o= +QF| — vs () = for tig t<¥ (39)
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: oF T Oo= -QOF - DS (L) 3 He ee (40) 

y=L 

oF 6 F 7 | a DS Uw) a. fOr ty < oD) (41) 

y=L y=L 

and, 

Sl - 7 pear | + fr go ke 8 eal 
y=L y=L 

Equations (41) and (42) now represent a true "no-flux" 

condition. 

By adopting boundary conditions identical to those given in 

equations (41) and (42), it can be shown how significant 

concentration gradients (stratified inhomogeneities) can 

exist at end expiration, (a 0.7% difference in input gas 

concentration between the ends of a single compartmental 

model). Further, by suitably modifying this analysis it is 

possible to simulate the corresponding single breath 

nitrogen washout curve having a 'phase III' slope of 3.42% 

in agreement with the experimental findings obtained from 

normal subjects (Mills and Harris, 1965 and Jones, 1967).
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The application of the above revised boundary conditions to 

situations analogous to those thought to occur within the 

lung will be discussed in more detail in chapters 3 and 4. 

2.6 The Numerical Solution Techniques 
  

The numerical solution techniques employed by the contemporary 

workers fall into two main catagories, i.e. those workers who 

have adopted finite difference techniques (Scherer et al 

(1972); Baker et al (1974, 1975); Pack et al (1974, 1977) 

and Scrimshire et al (1978)) and those other workers who have 

resorted to Monte Carlo methods or stochastic simulation 

(Paiva, 1972, 1973 and Jones and Scrimshire, 1976). In order 

to determine which of these methods is the most efficient to 

use when solving the pulmonary gas transport equation, it is 

necessary to compare their respective stability and 

convergence criteria. 

Finite Difference Schemes 

Essentially, two types of finite difference approximation are 

available, i.e. those of the 'explicit' (direct) and the 

‘implicit' (indirect) types. The pertinent characteristics 

of these schemes will now be highlighted and subsequently 

it will be demonstrated how the explicit scheme is more 

efficient than it's implicit counterpart in the numerical 

solution of the pulmonary gas transport equation. Further,


