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Amplification of temporally modulated signal beams by
two-wave mixing in Bi12SiO20
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A theoretical analysis of two-wave mixing in a BSO crystal is developed in the undepleted-pump approximation
for a modulated signal beam. It is shown that, for a modulation of high enough frequency, significant ac ampli-
fication is possible at three distinct values of pump-beam detuning. A signal beam that is amplitude modu-
lated by a square wave is analyzed by means of the theory, and experimental results are presented in
confirmation of the analysis. Finally, it is shown that in the presence of absorption the optimum detunings for
dc and ac amplification are different.

INTRODUCTION

Two-wave mixing in photorefractive media has been
studied theoretically and experimentally by a number of
researchers, and a wide range of prospective applications
of the effect have been demonstrated or proposed. One
such application, described recently by Hamel de Mont-
chenault and co-workers, concerns the amplification of
high-frequency amplitude-modulated signals by two-wave
mixing in BSO (Bi12SiO2o)."2 In this paper we present an
analysis of two-wave mixing with modulated signal beams
in the undepleted-pump-beam approximation and describe
further experimental results that compare favorably with
the theoretical predictions.

THEORY

We assume that incident on the photorefractive crystal are
a strong pump beam of amplitude P(O) and an amplitude-
modulated signal beam of amplitude S(O, t), the geometry
being as indicated in Fig. 1 and the interbeam angle being
small. Further, we allow for the pump beam to be de-
tuned by an amount 8Sw; detuning may be conveniently
carried out with the aid of the piezoelectric mirror shown.
The dependence of the amplitudes of the two beams and
the space-charge field ESC on the distance into the crystal,
z, may be obtained from Kukhtarev's equations3' 4 as

aEsc Esc _ EQBP*(z)S(z, t) e t

at Td TdIO

as(Z' t) = FjEsc P(z) ej,,,, _ S(z, t),
Oz - EQ

ap(z) J. rEsc*S(Z, t) e-jst aP(z),

az EQ

where ESC is the amplitude of the space-charge field, Io is
the total power density, Td is the dielectric relaxation time,
a is the amplitude absorption coefficient, and A, B, EQ, and
F depend on the material parameters, system geometry,
and source wavelength but are here regarded as constants.

In the undepleted-pump-beam approximation, where
the pump is assumed to be much stronger than the signal
beam, P is affected only by absorption within the material
and hence varies as

P(z) = P(O)e-z (4)

In applications involving the amplification of weak signals
this is a reasonable approximation. Equations (1), (2),
and (4) may then be combined to eliminate Esc, and the
spatial and temporal variation of the signal beam is then
determined by

a2 S(z, t) aS(z, t) + (A _ j) aS(z, t)

azat at Td az

+ a( -_ + i FB ]S(Z, t) = 0. (5)

Here the intensity dependence of the dielectric relaxa-
tion time must be taken into account by letting d =

Tdo[exp(2 az)], where 'rdo is the dielectric relaxation time at
the front of the crystal.5

Since we are interested in signals that are periodic in
time, we shall look for a solution of the form

S(z, t) = a(z)e (6)

where fl is an angular frequency and a1(0) is assumed to be
given. The required solution may readily be obtained as

ii(0[A + j(f~l - 3)Tdo 1 -j rB/2aA(1) al(z) = al(0) Ae-2az + j(f - )d] eaz. (7)

(2 Since any periodic modulation function may be ex-
(2) pressed as a Fourier series,

(3)
S(0,t) = ar(O)e rnt, a-r= a,*

r= -x

we find the general solution to be of the form

A + j(rfl - co)Tdo 1 -j(FB/2aA)

S(Z, t) = ar(J[A&.2az + (rf- )TdO]

X e-.zeirft.

(8)

(9)
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Fig. 1. Experimental arrangement. BPF denotes the bandpass
filter; PZ is piezoelectric.
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Let us now consider the special case of square-wave
modulation at an angular frequency fl. The first har-
monic of the intensity I(z, t) = S(z, t)*S(z, t) (an observable
quantity) may be obtained as

I(z, t)n = 2ao(0)a,(0)
([A- jS(wTdo -j_(rB2aA) 1a*

x Re(Ae 2az - 8C)TdJ e ]
f A - (w - fl)do -j(rB/2aA)

I LAe 2az - j(8w6 - fl)Tdo j

| A - j( + )Tdo 1-j(rB/2aA) ¾
+A2az _ j(3 + )rdO J e -Jt

(10)

where Re means the real part and * denotes the complex
conjugate. For a square wave a(0) and al(0) are in the
ratio 1:4/ 7r This expression has three maxima, which
occur either when the gain of the dc Fourier component of
the amplitude of the signal is optimized or when the gain
of the Fourier components at frequencies fl and -Q are
optimized. When the absorption is negligible, these con-
ditions are satisfied for detuning frequencies of 8w =
8 0)opt and 8 = (opt + Q), respectively. This is illus-
trated by Fig. 2(a), which shows a plot of ac gain [I(z, t)n/
2aoal] against 8o with fl = 27r x 20 rad/sec, a wave-
length of 514 nm, a grating spacing of 20 Am, z = 1 cm,
an incident power density of 5 mW/cm2, and the material
parameters set to typical values for a BSO crystal.6

By optimizing the gain of the dc Fourier component, it
is possible to obtain ac gain regardless of the modulation
frequency. For example, Fig. 3 shows plots of ac gain at Q
and 3Q versus detuning 8w), again with negligible absorp-
tion and with other parameters as quoted above. Both
curves can be seen to have coincident maxima at a detun-
ing frequency of 3w0 t. The ac gain reported by Hamel
de Montchenault and co-workers"2 was obtained in this
fashion.

One further consequence of Eq. (10) is that with no de-
tuning applied to the pump beam, i.e., 8t = 0, the ac gain
may be optimized by setting the angular modulation
frequency equal to ±8wo0 pt. This can be seen from
Fig. 4(a), which shows a plot of I(z, t)n versus when
8wo = 0, the other parameters being as above.

It follows from Eq. (10) that the dc gain, obtained by
setting fQ = 0, is optimized at the same value of detuning
as the ac gain obtained when fl >> 8w. Further, the opti-
mum dc gain is equal to the square of the optimum ac
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Fig. 2. (a) Theoretical plot of ac gain against detuning frequency
for a signal-beam amplitude modulated by a square wave at
20 Hz. Filter bandpass set to 20 Hz. (b) Experimental results
for same arrangement.
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Fig. 3. Theoretical results for ac gain as a function of detuning
frequency for a signal-beam amplitude modulated by a square
wave at 20 Hz. (a) Filter bandpass set to 20 Hz, (b) filter band-
pass set to 60 Hz.
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I(z, t)a = 4ao(O)a1(O)

x RetA - JA do ) -j'B/2aA) e-2az cos nt.
x e2z-A1 
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(11)

For dc gain we have

A - JAwrdo -j(rB2.A) e2-2az~
I(z,t)n=o = 4a 0(0)a 1(0) Ae2az - /30Td) e

(12)

Figure 5 shows plots of the square of the ac gain and the
dc gain against detuning for several different values of a.
(The nonzero values are those measured experimentally
at the source wavelengths used in obtaining the experi-
mental results described below.) It is clearly seen that, as
the absorption increases, the detuning needed to obtain
the optimum value of ac gain decreases less than the
detuning needed to optimize dc gain. In addition, the
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Fig. 4. Results for ac gain as a function of modulation fre-
quency, with no detuning and filter bandpass set to modulation
frequency. (a) Theoretical, (b) experimental.

gain. Experimental results obtained at Thomson-CSF
have suggested that this is not the case.7 They found
that, in practice, the peak value of the square of the ac
gain was less than the peak value of the dc gain. In addi-
tion, the detuning frequency needed to optimize the dc
gain was less than that needed to optimize the ac gain.
We suggest that the presence of absorption is responsible
for this discrepancy.

In the absence of absorption, through adjustment of the
detuning, the gain may be optimized at all points through-
out the crystal. When absorption is present, the optimum
detuning frequency will vary with distance into the crys-
tal, since Td is inversely proportional to the total intensity,
which falls off exponentially with distance. From this ar-
gument one might expect that absorption would qualita-
tively result in a broadening of the detuning curve toward
lower detuning frequencies.

This is found to be the case when realistic values of the
absorption constant are included in Eq. (10). However,
the curves for dc and ac gain are affected differently. For
the case of ac gain under the conditions f >> 8w and
sco - acop t , Eq. (10) simplifies to
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Fig. 5. Theoretical plots of dc gain (solid curves) and (ac gain)2

(dashed curves) as a function of detuning frequency for various
values of the absorption constant a. The nonzero values are
those occurring at the source wavelengths that were used to ob-
tain the experimental results in Fig. 7. a) a = 0, (b) a =
0.56 cm-', (c) a = 0.90 cm-', (d) a = 1.09 cm .
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square of the optimum ac gain falls more rapidly than the
optimum dc gain. Both these tendencies are in agree-
ment with the observations made at Thomson-CSF It is
worth noting from Eq. (11) that the optimum value of
ac gain is obtained at a detuning frequency that is inde-
pendent of fl itself. Furthermore, this detuning fre-
quency is also independent of the precise form of the
applied modulation.

EXPERIMENT
Experimental confirmation of the theory described above
was sought by using the arrangement shown in Fig. 1
above. Expanded and collimated beams of light from the
514-nm line of an Ar+ laser were used to illuminate the
110 face of a 1-cm long crystal of BSO. An electric field of
9 kV/cm was applied perpendicular to the 110 face, and the
light was polarized perpendicular to the 001 face. The
pump beam had an intensity of 5 mW/cm2, and the beam
ratio was approximately 400:1. The modulation was pro-
vided by a chopper. A bandpass filter was used to obtain
the ac output from the photodetector at the fundamental
frequency of the square wave.

The modulation frequency was set to 20 Hz, and for
a range of different detuning frequencies the ac signal
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Fig. 7. Experimental values of dc gain (open squares) and (ac
so gain)2 (filled squares) plotted as a function of detuning frequency

for three different source wavelengths. Absorption constants
were determined at these wavelengths and are indicated in the
figure.
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Fig. 6. Experimental results corresponding to the conditions de-
scribed in Fig. 3.

amplitude was recorded. These results are shown in
Fig. 2(b) above and may be compared with the theoretical
plot. The filter bandpass was then centered on 60 Hz,
and another set of data was obtained. Detuning curves
for the 20- and 60-Hz settings are shown in Fig. 6 and
may be compared with the theoretical results shown in
Fig. 3 above.

An attempt was also made to duplicate the results
shown in Fig. 4(a), for zero detuning. For this experi-
ment the ac gain was measured as a function of the modu-
lation frequency of the signal beam. For each mea-
surement the filter bandpass was centered on the current
modulation frequency. The experimental results of (ac
gain)n versus fl are shown in Fig. 4(b).

The effects of absorption on the detuning curves for dc
and ac gain were investigated by obtaining data at 496,
501, and 514 nm, at which wavelengths a was measured to
be 1.09, 0.90, and 0.56 cm-', respectively. These values
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were used for the three theoretical plots shown in
Figs. 5(b)-5(d). The experimental results are illustrated
in Fig. 7, which shows plots of dc gain and (ac gain)2 ob-
tained at these wavelengths. The experimental condi-
tions were as described above except that the field was
8 kV/cm and the total incident intensity was -2 mW/cm2 in
all cases. For the ac gain measurements a modulation
frequency of 220 Hz was used.

The final experiment confirms the theoretical predic-
tions of the effects of absorption on the detuning curves.
Complete agreement between experiment and theory is
not to be expected, partly because many of the material
parameters used in the simulations were typical values
and not necessarily representative of our sample and
partly because the effects of optical activity were not
taken into account in this study. Given the effects of ab-
sorption, the other experimental results may be seen
to be in good qualitative agreement with the theoretical
predictions.

CONCLUSION

We have analyzed the amplification of a temporally modu-
lated signal beam by a strong pump beam in a photore-
fractive medium. It should be stressed that, while we
dwelt on the amplification of amplitude-modulated sig-
nals, both frequency and phase modulation are also cov-
ered by the theory. It is necessary only to compute the
frequency spectrum of the signal at the input to the crys-

tal in order to obtain the frequency spectrum at any point
within the crystal. The theory was found to be in good
qualitative agreement with results obtained experimen-
tally using a BSO crystal.
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