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ENDIX C | ‘

SSTIMATE UNCERTAINTY IN WAVEFORM ANALYSIS

5

In the practical analysis of continuous random variabi les or random

processes, it is necessary to know how to control op specify the measure-

ment accuracy of the analysis data that has been generated. If the

measurement accuracy is not known the analysis data rodusc

et

-~ - h ] e
CS e QUaLiTI3«-

tive data.

Basically there are two sources of measurement error in random analysis

analysis. VWhen the uncertainty analysis is complete and the analysis data

collected the two separated uncertainties cr errcrs may be compoundad int

(8]

a single statement of accuracy.

Firstly there is the basic measurement or calibration error., £A statement
of this errvor describes the accuracy with which the equivalent electrical
voltage or waveform represents the actual quantity measured. Basic
measurement and calibraticn errvor may be controlled and measured through
the proper choice of instrumentation and calibration procedures. However,
is net the purvose of this appendix to discuss instrumentaticn and
calibration, no further comment will therafore be made on this topic.

Some details of the basic measurement accuracy of random data analysis 1s

glven in Table II of reference 2.

s always associated with the

s o Frns vy dems
aMalysis of pandom paw data (whether in the Amp, time or frequency domain)

. .
LBtieal on estimare uncapiainty wol
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To understand statistie .1

A 2.

hasic measurement and calibration uncertainty,

uncertainty it is essential to think in terms of populations and samples

+ake:n from pepulations.

vith deterministic vibration énd amplitude time history record will repeat

jtself exactly if the population of deterministic vibration from which it
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is sampled at different times each sample will de unique and is nevep

kely to be exactly the same as any other sample. Since different samples
from the same population can never be exactly the same, it is reas;nable
to suggest that an average descriptidn of each sample would also differ
from semple o sample. [Further, if the average valusz of two very long
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were {0 ¢ompare an average description for the peopulation or universe of
discourse, with the average descrintion of a long samnle and then s shops

sample, we would expect to find that the difference was less in the case

of the long sample. This expected difference between the population or

-

true valves and the sample or estimated values is what is referred to as

statistical measuremcont® uncertainty.
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limits, which are +he language cf statistical uncertainty will also ke
explained, An attempt will also be made to locate the frontier of

“towledge in uncertainty analysis based upon current vesearch work.




STATISTICAL ESTIMATION THEORY

If {x(dﬁj} represents a set of est

imates where the range of + and
3
i — oy € & < oo }s £ 3
o« are o j = =T If v is a true average
. - ads ~an N ) e
value of the randem process {_<(<x‘t) | such as the mean value, aute-~

(o}
correlation value Or power spectral density value. Suppose that Ll(ﬂ 7‘)
E oUW,
is an estimate of U cbtained by time averaging a single sample Ffunction

- L S £ - —
(for a deseription of the structure of random processes see pefercnce 1)

0

over a finite time period T. If the ensemble of time average values is

]

p———
<>
—_
2
-~
p
rr—.
@
[s

f this ensemble is averaged +this average value sheuld equal
I

the true value U without error. A set of estimates having this property

a

is said to be unbiased, i1.e. a set of estimates {U G\‘)} is said to be
“

unbiased if independent of T. The expected value is the true valua.

i.e,

Yhen this happens LJ(agT’> is said to be an unbiased estimate of U,

It should be realiced, however, that the mere fact that this ensemble

E

~ 3
aAVRrage o {LJ(N.T*)E for fived T, is unbiased does not imply that any

If «hs + caro AS - o r becomes large
i this mean square error approaches zero as T — ¢ COmeS ere

R 4 ) - o « . o T
a : : T would o closely acproximate
then Ny sample function estimate (JKN, would tend t y ap
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consistent estimates.

i.e. A set of estimates is co
~
AR PPN € g\ U
L
T e O

~
when this happens (1(9;T> is

Digressing for a moment, note

and mean value are related by

Mean Squars Value

a consistent estimate.

that the mean square value, variance value

the following:

Variance + Square of

Value Hean Value
. T2 - - > c =2
1.€. - O~ ~4- L'" ]
In these terms the mean square error is the sum of variance error zad the
bias or mzan value error squared, thus:
E (4 LS SO L R IS ARSI
= 1y ku,T) -~ 4 3} = s Ll&v‘\‘!) * i Uleg!t )
~ 4 L { Jd
~ N2
€ =z i ~ 3
o ~ \ =\ ,3 _ & (o T %
where oy 1 u_(u.\)} - LLl(mll Mku ),J
hY
c T Ma ,;} e{ —~)
- | A y] /\a:, ") - g;'\_l,(&! i
L t 2 4 .
- e \ r E ¢ 'r‘\) 14
I3 = \ (\ T -
Q'(\Ql Eid(c’*,!)g \L:’( 1u =L, )j L'{
" ~
- . . . e T rhoineen i Data Analyst
in practical terms it is the job of the Test Ingineer and Data Analys
1 -~ m
e . wry TN a 7 e i
to ensure that this bias and variance error will approach zero as

Lxpressions for the bias and

ain s )
“ala are given shortly.

variance eprrcr in pr

ractical analysis
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A third property tiat is desivable of estimates is

efficient. Estimate efficlency is diffionlt to define

s£ Adofine arely leags a ¢ . K s
if defined rarely leads to a cleavrer understandlng of the term. In words ,

however, an efficient estimate may be thought of as an estimate chosen
from a population of many, where all estimates have the szme mean sr

expacted vaiue. The most efficient estimate being the one having

least variance and the least efficient estimate being the estimate with

Some examples of efficient estimates are the arithmetic mean of a sample

madz up of N observations

N
i
i.e. x = N DLL is an efficient estimation of the
- 2
ropulation mean A< ‘ The sample variance S
N .2
) 2 ! <z . - )
1.2, S = —_ Z (¥ — =
N
L=f
Z
is =i elficient estimation of the population variance S,
Note, hiowever, that whilst the expected value of the sample mean vaiue

=) %

ry

)
[
\‘:

is the true value) the sample

3 . : & because
variance, $°, is a biased estimate of the population variance

2

il
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To remove the bias o

» 1T may be corrected as

follows:

L NI

F > - . o' 1‘ . . - o
(A proof of this relaticnchip is given by Weatherburr (1961) on nage 131,
From this expressicn, note that the bias in estimating the variance is small
for large samples but large for small samples., Correction of Variance bias

is therefore usually reserved for small samples (say 30 or below).

+3

MEASUREMENT UNCERTAINTY OF ESTIMATES IN TERMS OF STANDARD ERRCR AND
CONFIDERCE INTERVAL
The variance in a set of estimates has already been defined as the second

.
o2

o~ o o~ . U % % g e P SO o R &~ - v }
crant of timate valuss aboutl the esiimate mean value,

e, 1
A
~ E A ( T—\ & / -\
- -— W
s - (o3 ( L hatl ) [S94 N 0}
- 2
—~ - =

or for simpiicity S = E \,Kuj_ 33)}
7here  x; are the individual estimates and % the estimate mean value, It
is usual when dealins wi+h samsles ond populations to denote tha sample ov

a zero mean value the variance is

M 'S - . b3 L4
Hote that fer a set of ectiwates having a

tdentical 4o the mean sauare value.

m
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i

Again it is usual to call the sample an estimate, mean value x znd the

true value .

H

The standard deviation of a set of estimates

[ 8

5 the positive square rcot

£

of its variance, hence, for a set of estimates:

Nayyati = <2 - .
gstandard Deviaticn AR = g
For the population from which the sample came and for which S is an
estimate, the standsrd deviation is & 7

The standard deviation provides only a simple description of the variation
in a set of estimates. A better description of variaticn in a set of
estimates is obtained by studying the distribution of estimates. If the
distribution of estimate values happens to foliow a NORMAL distribution
certain conclusions may be drawn frem this distribution by studying the

standard deviation in the estimates,

If the estinates u(uT) of the true value U follow a normal distribution

. » ""\
t ¢sn be said that about two thirds of the estlmates, U («, ')

ot
i
(¢}
]
[N

will have values lying within T 5 of U, HMore precisely we can expect to
find U lying within the intervals G (. 'r) s, G (e, T) £ 25

and &(Q'“ T) ¥ 35 for about 68.27%, 95.45% and 99,73% of the number of
EStimates reSpectivelj. (Note that the number of estimates should be

. . > asonbly
greater than 30 in opder to make the assumption of normality reason ly

valid,)




andard Deviation.

Standard

. e o mwtoi ) o e T R s .
Error corrits exactly the same interpretation as standard deviation, as
=*2
given abave in coniunction with estimate digtributions, It ig +he

equivalent of standard deviation.

would be valld to ask what has statistical

thecry to do with waveform analysis. The answer is nething

#0% thinking of the waveform as a single time history record and not

sample from an everlasting population.

estimation
i1f you arc

a

as

3

What must be done to ensure that

&7 bte done by

tory record of

randon process would

(o4

number of

estimation theory has a place in your thought is to construct a Random
Process of the type shown in Figure W, Reference ! . This m
cinducting a single expeviment and acquiring a long time his

the variable during this experiment. In this case the

be made srtifiecally by dividing the long vecord into a largs

156 explains

"ith a Pandom Process in mind it should be possible o grasp the Importance
of sstimates, uncertainty and sets, if the Random Process is uow thought

. Y eI e 1 t g
oY 28 a sample from a population., The population exisiing net only now but

mple from a porulatior

"ell into the future.
L. . Semaads - 1 41 e
Milst Randem Processes rrovide a foundation for generating predictiy

ST O
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that a precess or mble

is not always
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can be extracted from sufficiently lon
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d (a4 a
. Singee these latey

Aae Aanalvseis ol 1w Forr g
modes of analysis probably form 90% of all anai LySes carried out in wave-

Fopil & sis more emphasis wi 3
Fform analysis MpNasis will now be placed apon the uncertainty in

N . rRlrna “:roq ﬂ'l")c‘le aamnlas 't et ke -~ a3y 1o
757 This L iay OO c‘} \_...C.L va.Lues L ul G e 3 2 = A y
e kA d 4ils VCERULTE , I THEAN Y O \.’lt:\,

understood heowever, that no statistical statements in *he true sense can
- - A VIO a:

be made based on a sample size of one.

The preceding notes should provide a reascnable ba ckground for what is to

i
O
H
'-.D
9
=
4
a1}
+

hey have not been understeod the peader is strongly recom-
mended to read Spiegel (1961), Chapter 9 and Weatherburn (1951), Chapters

and

STATISTICAL DEGREE OF FRELDOM

of fraadom ie defined now bacsuse it will ba uged

-1 nl =
iy ath BN"” e of

Since a sontinuaous random variable may be completely reconstruct ted from

e e U

: T -y T A= Aa~ ~ =
rt the Statistical d=2gres oOF

wave -

F
[¥Y]

squivalent noise bandwidth o

form are definad in R

(u




£ atgtriatia 3 e - £ 3
The number of statistical degrees of freedom for each measurement of U

is given by :

n
3

Since tw = WTp (:t\) “rom above

Tha mean square standard evver is here defined for the measurement P (;L)
a ~
a&s the ratio of the variance in the measurement G p (?—) (for

A
zero mean data) to the square of the measurement value p(x)

il.e,
2 6 (%)
= S e\
€ -
P p .S

. _ . 2Ny : .
10 terms of the true population variance, P Lm} the mean square

error is given by:

~ ,: a2, .
é_m = "?'2 £ (3v> © since G_Qf:("‘-) = E_EL:_{_).

nel(x) n

. A S, .
Assuming o ¢ ( _JL) = o (_ 3() we now cbtain




This expression gives the most conservative estimate of Standard Errop.

- . Al Y, s . .
it was stated that the measurement of Ty Will be distributed in some

t

manner about the true value of %, . This is now equivalent to saving that

A
p{x) will be distributed in some manner about v(x). It wight

.

be assumed

A
that p(x) is normally distributed with a standard ervor of 1& . This

would oniy be true if the original random variable was also normally

distributed. However sincs the origiral random variable was time, i.e.
N } T
todn plx) = / Ewdl and since time canno* physically take on
] Yo

vegaiive values t could not have been normally distributed. To the

nie comes the Central Theoren (see Bendat, 1958, page 96). This

~
States, in essence, that the distribution of p(x) will approach normality

aout plx} as the number of degress of freadem becomes larze. This is
true vegardless of +tho distvibution of the original random variable. in

-
terms of the standard ervor, if € is less than unity, then p{x) may be

considered to be normal lly distributed about a mean of p(x) with normalised

3

Wen this oceurs specific confidence statements can
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given by:

!
ARA

—~
>y

ot

i.e. the standard error re voltage is

probability density measured at that voltage. For the purpose of the

example and simplicity, assume that the measured probability density

function followed a nermal distribution.

Suppose

0

~
<

e

at principle poiants on the normal distribution and their

]

as fellows,

Centre voltage Measured value

of window fer p(x)

¢ 0.4 O;OS
+1 0.2 0.064%
+2 0.054 0.1%
3 0.00k4 0.48
ki 0.0001 3.2

& N . . M
vonsider a 68% confidence interval, i.

.
0T

fd
=3

values were

() I = ~ " “A 3¢ = .

ob L n(w) - € o (k) % p (x) < p(x)* Eplx 069
R el |

: lue o{x) will fall within

I vords the probability that the estimated value p{x) will fall within

tie range of + € of the true value is 0.58. .




p({x) betwesen 0.4

to 0.42, At one volt we

N

-y .va\'t

CChiT Ao d

0.22 and

C‘2

(&

that p{x)

At two

.

confidence interval p(x) is between 0.048 and 0.062,

yolts the error has become too large (greater than 0.3) t

3 3§

v—y‘

ASSUMpPT: that distribution of p(x) is normal. At ¢

I~
~

o

1

8 fidence range of 1 - 0,0002 to +

ince p{x} cannot be

10 seconds of raw data have yielded statistical uncertzint
be indefinable we will reverse the procedure and find the
X e s {een - e

based upon an acceptable uncertainty (say 0.3 = & ),

s} R ~n se - A meialk
At three volts p(x) is ©.00u4. Therefore if & is estab

-}
\ A

6.3 =

2(500) (o1} 0-0cun)(T)

A
solving for 7 yiej : T = 25,2 seconds. At four volts p
IRy
® 0.3 - ‘
\ 4 iy }
_a(se0Yen)eeo )(T) ]
and T is 1110 seconds = 18.5 mins

‘his concludes the example.

5% of 0.4 and

negative this latter statement has no

Therefore at threc and four volts the statistical accuracy

The three and four volt centre voltages in the example provide an
opportunity for specifying a statistical accuracy. Since

can be 68% _ iyl

65%

four
o allow an

our volits &

Ffor p(x).

meaning.

.

is not known.

ty so wide as to

length of record

(x) is 0.000L




o1t Beranek and Newman (196C) have derived an e

Xpression for gtandard

Y ~ - 3} o~ % - .
error based upen threshold crossing theory, ieir oxpress

.cn (for a guide

ct
v
o
Ch

erivation see Ricz, 1S44) ¢

e

. S . 5
ven below, makes the assumption that

) . £ a 231 Aamnid$ sq e
the random waveform has 2 normal amplitude probability density function
o - A4

)
| £Y

—— .

!
L .
L2898, 7w, (=)

When this relationship was checked experinentally using a random noise

et

generator with a shar

vl
H
n
o

oL
o
®

acy cut off, it was found that the results ied

M
i

76, TW S (x)

Thus the experimental derivarion indicated that the standard error was about

half that nradictsad
I

E & 3 P . = . Y a1 . LN B R o
radl el by thoiy thenrstical formulas and less thean half that

"l" b - . . - “ 3
predictad b}r tha }?1‘-’3"’10’\181_‘/ derivead expressicen.

Note tha® each esuprassion is identical except for the coefficients which

ware 9.707, 0.508 and 0.254.

o
©
23
£
a3}
f'+
s“j_‘.
o
(a9
e
KQ
‘"":a
fa)
Pl "
et
&%
[oy}
(&3
-
o
<
B
w
[t
[)e3
(e
[
%)
ct
[0
fas
[si3
5
Q
L]
4
el
(D
=
@®
[p]
[o¥]
ot
H
)
’.__
3]
rf
e
0
3
[
o
!.l »
b
y
Q
L]

™
!




,,,_:.'5-7 BIP + .. . - a, %
cocefficient depcnden ‘pon the frequency CompOSlth‘G and h'a_*"/

N
estimate p(x) is obtained,
Vo is the expected number of zerc crossings per sscond,

In the previous exprescions for & the fre equency bandwidth of the sigpal

was assumed to range frowm zero to so

=}

e upper {requency ‘;3 the bandwidth
from zero to .ﬁs being the equivalent noise bandwith By ¢/s. Bendat and

Piersol have found experiientally that for signals having

[

relatively

~
)

wide bandwidth, X, in the above expression for € , is »  They have

ezvaluated the coefficient Co for this case as 0.26, i.e,
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of signals with relatively narrow bandwidths X = B, in the

or

i

o B . . » LI R +1 i3 v
It is thought that the first expression applies when the ratio ~/ °
1 e “ . . v Tid s
*8 greater than a third. This applies to low frequency signa.

S ) . : £ zero CYosSsings
b‘-ifm%!ldth is narrow but the expected number Of Zero sing

s thought to apply o

e

tAn

¢ e & 17
® second expression with a coefficient of 0.4

sio ) 1ap than a third. This happens
“i#nals having a ratio . which is smaller tha _

3 . ‘Wyoh Freguency.
"N a narrow bandwidth signal is centred on a high frequency
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In ruman facters research it is unlikely that frequencies will be encountered

(0}

much atove 1000 c¢/=. The range of frequency of interest is thus 0-1000 ¢/s.

o~ » W —~ g :
gince 1000 c/s may be regarded as a fairly low frequency it can be sear

poe

. 1 Ffart+ . 1 - . I
that in human factors researcn, waveforms most closely approximate to the o

a2tz

range of frequency specified by the expression

The value of Ve for signals having a uniform power spectrum over the

bandwidth B8, <¢/s which extends to zero frequency is given by,

Vo = LSO,

Tf the pewer spectrum has a sharp peak at some centre fregquency fc then,
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gs for any signal may be
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educed from the power specirum of the signal tnus,
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tor most physical analyses of amplitude probability demsity, it T
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rtainty criterion is € = 0.1 or greater,
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say 0.2. Bandwidth rather than expected zero crossings may then be nsed

as the frequency description. It is therefore suggested that for most
- D=

numan factors research the expression:-

02

I
A \/
(\%NT\“J ‘o (:ﬁ> ) :

will be adeguate. A plot of € with Co = 0.2 is civen in Fiour
gilven in rigure
2

A

he product B, T W for various valves of p(x),

]
[34]
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By now it will be apparent that some a priori knowledge of the waveform

noise batdwidth and the amplitude probability density values of the

waveform are needed to specify a value for € . Since this is not possible,

-

P

for the most pavt, it is thus essential to pre-analyse the waveform

ot

n
1 - s . - . . N o g .
the amplitude domain to ascertain the set of values p(x). Additionmally

ey syt aye s L s . 1
the equivalent noise bandwidth must also be knowm.

So far, what has been considered is only the variance term (normalisad)

of the mean square estimate errcr. This was menticned during discussien
o statistical estimation theory. The meen square error is givea by:

. ) oo
I() £ _}_A_/__ ’3 (3"- )

2

MNoan RGN - .
Y YAt , e s . e aenlitude probability densaty
RJ Lalng the second declvative of the amplitude Pl 7
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spectral density estimates, a derivation for

power

similar to that for

which will be given later).

square error is given by

Thus the total mean
H.S., Error = G-OL N {EE-;(E
8,TW 6 (%) Cay
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A suggested criterion fOor £ based upon values used by NASA is € = 0,01,

‘,J\

his g2

-3

ves H8% nfidence tha*t the true value p(x) lies within

r—)
P

+ 1% of

the measured value.

Ter. specify the sample length of record nseded
uncertainty & for a given amplitude window and frequency bandwidth B, ¢/s
£
it is necessary to know the value of the measured amplitude probability
. N N\ v g A \ 3 ‘ -

density p{xJ}. Hence, since p(x) is an unknown during the experimental
plarning stage, the reguired record length cannot be predicted without
carvying cut scme analysis. The mutual interaction of € and T can
therafore be remowved only by a process of iterative measuremeat and

analysis. The contribution made to the mean square error by the bhias

error will be verv swall if W is small. In comparison with the variance
error it will be neglijizible and may therefore be neglected. In genexal

terws the blas error may be thought of as that due to an amplitude

fu

window of finite walue and the veriance as that due to a sample record

s

cr o \
Cy rinite length.

HEASURSHENT UNCERTAINTY IN SECOND ORDER OR JOINT AMPLITUDE PROBABILITY
JENSITY ESTIMATES

Sy oie
4

Yo published experimental work on the measurement uncertalnty in jolint

By ) ; )
APD estimates is known to the author.
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ZXample:  Physical values of the lst order amplitude I

unetion

OF . ot e that a measuring
Jften i Imine to kpow the range of physical vajue that &




calibration problem but some numerical values often help fix some of the

jdeas as well. The example chosen is an analysis of the amplitude

Hy
o

probability density of the cutput from g random noise generater. The

freguency bandwidth of the randem noise generator was 100 o/s to 800G

)
~
4]

the r.m.s. level of the output was 1.00 volt ang the amplitude window was

0.1C0 volt. Figure shows the amplitude probakility density for the

)

The analyser was a Bruel and Kjaen Model 160 and t+he noise generator a

.

dic Co. Model 13SCA. Fitted to this measurad curve is a true

@
A
o
o
5
=
=
2

normal distribution. The measured distribution is shown +o have a vepy

slight positive skew but is otherwise truly normal. The plvsical valuss
~

of p(x) for this data have a maximum of 0.4 and tails off to gzero at

:0int on +the curve is

:‘y’

about 3% 0", The measurement uncert tainty at any

)

given
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€ = 0.2/ (¥ B T o(x) )?

whepa

-
'

= 0,1 volt

T = 4.6 seconds = Averaging Time

0,0042 o
p(x)

=2 € 1 rue lue
For example the interval in which we are 68% confident that the true va

s . ~ R
Vill lie at a value p{x) = 0.4 is

™\ nU
€ = 8:004%2 . heogs
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A
2. the trus value at p(x) = 0.4 iia

>

T

s iIn the range

0.50665. At p(x) = 0.05

i

1o )
&£ = 0,01875

;. the range in which the true value will lie with 68

~ An .

p(x) = 0.04299C6% to 0©,05000938., This concludes t

MEASUREMENT UNCIRTAINTY IN FREQUENCY ANALYSIS

spectral density - weakly stationavy

An estimate of the true mean square spectral density

given bhy:

~ 4 - ! | 2 » [}
q . (F) = = x (L) de

A
p(x) =

0.3973u

% confidenc

S
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e
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he example.

function Gx( £) is

/- .o P . . . o
ynere i \L) is the square of the amplitude time history record
& 1
the narrow bandpass filter of B ¢/s.
The mean square measurement crror of such an estimate is compounddd: From
2 bias srrer and variance error thus.
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ecessary to indulge in deep mathematics to obtain

The result for the bias analysis is expressed

in the imporiant asymptotic formula which assumes that the autscorrela*icn

function R (T) of the

signal, ¢R_(¥) and

J

2’21?:((%) ara

over the range — oo < T < o

i -3 I «,: ” !' ! ! oo {
Thus & ;!aiﬁ,,,\rrﬂf = = ¢ (F)
1 = ? Il

From the above term For bias it follows tha

“8ro as B -= O and

Ci{f) 1s the second derivative of G (f) with respect to

. ,
% i — g s . L 4
ent autoceryalaticn Tunction G A

£f. In terms of

+ +he bias error approaches

the »ecord length T — =0 .
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After a lengthy derivation it has been shown that as
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the variance the standard error may be defined

4s the ratio of the

variance in the estimate to the square of the true value.
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alternative derivation of th
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e vapiance term comes frem the statistical
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for which Gx&f) ic an estimate.

is contained in a continucus white noise

>

width B ¢/s is given by

0= 2 BT
If the o oman . A nlit 11ty
e signal x(t) is assumed to have a normal amplitude probabll \

ENSity Fupets: : i 1
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This concludes the derivation of uncertainty for the power spectral

density. In the expression for mean square error the bias term will be
insignificant except for cases whapre the derivative on slope of the
spectrum is changing rapidly with the bandwidth B. For most caces the

reasurement uncertainty may be taken as the variance ter. Figure

shows € ¢ the BT product.

HEASUREMEMT UMCERTAINTY OF JOINT PCWER SPECTRAL DENSITY FUNCTION

dn estimate of the joint or cross power spectral density functicn for a

pair of records is given by

A A A .
Gag (B) = G ) - 8, (F)
I,.f
~ ] -
= gt 4 8 .
T
~ WA
O, (8) = — | = (&£)y (e)dE
\ewﬁﬁk BT - Je
o

Pby‘qi“'alliv"s the cross speciral density function must be measured in two
PACES,  The first part given by Emﬁ() is the Co-Spectrum. The second
P given by EJ;«V\\, (%) is the Quadvatupre Spaclyum. To form the cross

SPectrum the ape subtracted "eut of phage', To cowpute
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A
(o and Quad spectrum of Gxy(f) the signals x(E) and y(t) must both b
\ L [LEE R &

weakly stationary. o

A
The measuvement uvacertainty for Gxy{f) is obtaj .

- > Gue ha 3 ayyy4-
measure ot C.«(_,'(f). That is b}f Sup Llﬁdc‘tlng the measurenent ll'i'lcertainty For
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he componznts LU - and . ¢ 1" . " '
t P xg( ) Qmj( ) cut of phase". The measurement
nty for ths conpeneuts O &) an /- s s
Cy 100 i CDC 12uts and @ v 1s the same as fop the

singular powar spectral density function except for a mltiplicati

A ~ /t\ e\ o my, 2 . . . .
between *,(f) end 4 (t) . This is equivalent to squaring of x, (¢} in
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%, £) in Gzy(f) indicates that 1&(") has been phase lLagged 90° relative

tc 4 " (’S) .

n P'.cnw = £ - :
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then:

X {£) is known a3 the speciral bandwidth of the signal ") }\(">

., .~ . 2
has wnits of rrequency, i.e. c/s & is usually written

In physical terms the spectral bandwidth may be regarded as the

frequency bandwidth of the narrowesc peak in the power speciral density
~ Y
curve Gr{f) A (£f) is closely velated to the resolution neads in power

speciral density analysis. By resolution is meant the ability of an

3 3 vy . 3 Nemm el sy e o ~
2¢t a discrinminating filter whose bandwidth B «/s is ons

haif of the specival bandwid+h

If 5 i

[%]

chozen in this way, the analysis of the data will ensure, with a

104 probaid) Lity of errop, that if Gx(£) has two peaks  A(f) apart that
these o peaks can be pesslved by taking measurvements of Gz(£) at
Intervalg p c/s apart.

Alt’nougﬁu the spectral bandwidth is really & r:.nat;tezr for resolution to be
Coveraq ip Analysis Specification, it has been introduced here because it
#ia fafivencs the choice of filter beadwidth. Since filver bandwidth for

e+

b A 4t 1 S ot
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ven record length will control the ;

a g

salysis, the presence of N (f) here is valig

[
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clarity these

Assume we have a sample record of random vibration which we wish to

ibe in the frequency domain F this g 3 .
describe in the frequency domain. If this record is weakly stationary
N s DL LT R I Sy o 4. -
the power spactral density function Gx(f) may be employed. Suppose that

it is desired tc estimate Gx(f) with a standard error not axceeding the

[69]
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* - - ' a4 e e - o ]
epit 44T 18 We want to be 58% confident that the true

value Gx{f) for th

®

population {x (e, l:)} from which the

.

samcle record came, lies within + 1% of the estimated value.

To contrcl €& we have only to treat ®, T and AL£) since the total mean

4
u
R N N -
N (
a7 s UN{F)

However, whilst B and T may oe specified to control € X{f) is an

1) Lrom, . . a1 P
Uiknown at the raw data stage., In order to gain some knowledge of A(f)
+h . . s : ATt P 5
"¢ precedure is to diagnose the raw data by a pilot analysis. To conduct

£~

o . . . R el .
2 pilot @nalysis it is helpful to have scme a priori knowledge of the raw

data sample, IF for instance the paw vibration sample was representative

°f the whole body vibration of an sutomobile, we could make a shrewd
S g . ) e “ 1
BUESs that jig vower spectrum would have at least two peaxs. One peax
WOUlg - +ha bods it ac
Puld occur round about tihe natural frequency of the body on %8 road

Spring . v o £ +he unsprung mass on
125 and a second around the natural frequency of the unsp g

the + 2em 5 /s in widthn

e s e s . I SR rdey D ¢/5 1 WL )
JTe springs.  Suppose the former peak was of erder

LTt s g ‘ / Ya woul
SHUPEd Ry d et b L ~ie pantyed on 12 CfS. fe would




chose for the pilot analysis a filtep bandwidth of 1 /s,

Ti ilot analysis might have reveale C s _
The pile y 2 ed a peak in the EOWer spectrum of

¢y T tht o SR B | L . ..
width 2 ¢/s.  In this case we would maiutain the Piiot bandwidth of 1 ¢/s

as given by

A(F)

———

b}

ko

. - ]
when B satisfied B = 7«(9)[ Q. , the second term in €7 becores
. s 2 . P
negligible and €& reduces to | BT. Therefore to maintain an E of 0.0L

a raw data sample must be acquired of length

i : I

T = lge> 77;;5’1

o= 10t seconds

tonsider the case where the filter bandwidth in the above example was 4 c¢/s

Instead of 1 ¢/s, 1.e. B = If the same record length is used

2 A (f).

amelv 10t -
famely 107 seconds the mean sguare standard error becomes:
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E = = I -4~ ‘ l:...__.@._—-
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= 0.2
Teking the positive squavre root:
£ = 0,065 + 0.1357

17.2%

i

£ = 0,172

how the bias error as given by the second term has swamped the

..
&
r
HHR
(9]
(]

varience error. The measurement uncertainty has been increased from 1%

.

7 a0, e I A o~ . N . . . \ St
t 17.2%, It ic clear from this example how important it is to maintain

G

if this is possible. This concludes the example.
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S e asuvrsment uncertainty in a power spectral density estimats, may

Al oy ot . .. . LI
dellriatively be exprassed by a confidence interval. The coniiaence

which the true value, Gx(f) is known to lie
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¥th a8 given level of conf is assumed that the distribution
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also asonr .. : e mal)
© aSsumes that the original raw data x(t) followsd a norma.

Tz"ﬁ S ~ P I i, B

SR the ratic of the estimated value Gx(f), to the true value (), for
1 v . .. s o E Eeppy £ the
VeN confidence interval will vary with the degrec O <reedom of th

Lt

4y

Sl vy ] . s RN JF measurewment uncertainty.
JEESL Plgurs illustrates this description ol mEasured
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e v v canmnde and the Frlter D2 ndwidth
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3,5 ¢/s the degree
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dence 1imits for 2 power spectral density

degree of freedom of 70 is given hy:
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From Figurc If Gx{f) is 2.0 wolits“/ c¢/s then Gx(f) lies in the

2 .
range 1.5 to 2.73 wolts™/ c¢/s with 90% confidence.

HEATUREMENT UNCERTAINTY IN FREQUENCY RESPCNSE ESTIMATES

exeitation xfk)znd respense y( b ) and estimate of the fregquency rvesponse
of the system is given by:
~ G (&
HEE) = 28—
{ =
- rc)
Yo L
FaY
(.I ‘I > A . N . g
SRYLEY is the estimated sross nower spectral denzity function betwsen the
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YPUT and output and Gx(f) is the estimated power spectral density function
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of hg inout, M (£) is the estimated frequency wesponse function which
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’ ~ - WY e o
Cirries 3 gain factor /,L.!(@}/ and phase factor ¢(F)  thus:
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end E is the standard ervor in estimating the gain or phase factors.

Soocman's eguation iz shown plotted in Fipguce . The three sets of

curves are pleotted for P = 0,9, 0,85 and 0.8 with & = 0.005, 0,10 and
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0.15, P and & give the probability of maintaining a desirsd measurenment
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the measurerent of H(E) involves ( < (&

To iterate a frequency response fuanction to 2 given level of Teasuperent
sccuracy £irst measure the coherence function for a chosen lensth of
) 12th of

3 L . . N
data sample. HNext enter the ordinate of Figure at th

* Tn A - . 3 . .
of 3’13((1) ard follow up tc the chosen combination of P and ¢ . Then
read off the number of degrees of freedom ane

2¢ Calculate a new racoprd

length for a given bandwidth. From the new length of data sample

estimate the ccherence function a second time repeating the procedure
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until the desired measurenent accuracy is realised.

CLUSTONS REGAKDING THE MEASUREMENT UNCERTAINTY IN RBOUE ANALYSIS

For ordinary power spectral density analysis thz mean square standard error

is given by:

. i n ndwidth of
N) is the spectral bendwidth of the powaer specirum on the bandwidth of

~ (R 3 & - eih | he
the narrowest peak than can be pesolved. If possibie Af) should be

A
) t is
determined prioe to settling the analysis data. i.e, Q:J S - 18
T - ey S epmtive o ure When
wuegested that AF) be determined by an iterative procedur

3 ; 73 wenld maintain the relation-
rossivle, the filter bandwidth should maln
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Ao, 1 yydey
: . s 3eh AF) the mean square standard eri
Maintains this relationship with &
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maintain the above

not

_ . s
The mean gquare eYror In egstimating the srass

tin ~TOSS power spectral demsity
A A
o A Yl e e T o - P B - r /A .
sunction is known only for the components ka‘) ) and ¢ l\,\((:\ The
>
mean Square standard error for the compenents is similar to that fop the
ordinary power spectral density function, namely
~ Y
e” {c (&) and ©_ f8) | = .
2y~ <oy -
fer a frequency respense function estimate the measurement uncert tainty is

given by Goodman in terms of phase Factor, gain factor, degree of freedon
and coherence. Since the fregquency response function contains hoth the
ordinary power spectrum and cr'oss spectrunm functicns all remarks relating
to tha ordinary and crosz spectrums apply to the frequency responsge

function, In order to messcure the frequency responze function with a knowr
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s corpelation function R*fj@) is given by
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The second tevrm 1in the expression for mean Square error is the sq
+3 juare of

- Y . hy js > o Aot -3 ALl
the bias €rror. For a ¢ross correlation esiimate the bias eppop is 7
ero,

osroved DelowW.
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Since the expested value of an expectancy is the expected vaiue itself
(the terms, integral on average, may replace the expectancy term in

continuous data)

E ]_ Q:%(tﬂj * Ragy ()

Ml o o 82 ~ Tier - . . 1 3 -
umererore, oy qefinition if the expected value of an estimate is the true
value, the estimate is unbiased,

Uipr

T 2 3 > N7 Coguple vy o
be varisnce crror is the first term in the expression Top mean square

erray os. - . . . - . 3 ~ e 1
rop, since, 1’1owe'ver-, the bias error is zero, the variance error 1S

also . " .
the yean square error in this case.
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If the processes {x(_d, t); and {‘j (cl, ) Trom vhich the zample
functions x{&) and 4(t) are derived, are normally distributed, the

expectancy bracket may be re-written thus,

e Locldy (U= 2) WO+ 1) | = Ratay (1) R (v-u)

< Q‘j (v-u) - f&sug (Veu+ ?:) 423 x(V-tL+ )

Ia Ee Sy o o e - - > LA
Fence the mzan squars evror hacomes:

['Qx(,v»U) Qj(\,/—UQ + Qxﬁ (V-u+ }_)

ad U are reversed the abave expression becomes:
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check that this estimate 623a3(2> e ac
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that the mean Square erprer approd

Lie b R .
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nathematically, however, when done it proves that Rse. ()
2 ) A .
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3 consistent estimate of PLU ( E)

veakly Stationary - Autocorrelation Functien
na‘—-“‘—'_"' -

The autecorrelation function is a special case of tha ang

ne aut ® 2ross correlation
furction and occurs when vy (e) = x (E) . fn estimate of the true auto
(Y a —
correlation functicn is given by
T

Rx(x) = w[ 2 (E)x (& + ) clk.

~
The measurement uncertainty associated with R«/}) has been siudied in
depth by Bendat (1958), Chapter 7. EPendat has found that at L= 0O

the mean square standard crrow is given by

The autocorrelation function maintains +his measuremen® vncertainty

ciosely in the small lag region round about Tt =0.
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For targe lag times a more complicated expressi
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nowever, the more complicated expression gives a smaller value for the
e b, N ,

fean square standard epror than does & - = /EN‘ . Therefore it would
be conservative to use the expression based upon small lag times for
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wha mean square 2vror for cress corralats: .
he crrelation estimates is complicated at

11 walues of & because of th :sE >f i i
alues ca e transform of the variable t into U and
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conservative estimate for the mean square error in cross correlati
- # CIOS5 correiation

estimates would be given by the expression fop autocorreiation
h Lo erroyr,

The measurement uncertalnty in auwtocorrelation estimates may be cone
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vhere B, 1s the equivalent ideal noise bandwidth of the signal and T
is the averaging time. This relationship is more accurats at small
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Note that the measurement uncertainty in correlation analysis is the same
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similar for the frequency and time analvses. The peason being
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Measurement reliability is.a statement of confidence with which future
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malysis data may be uced %o predict the magnitude o statistical
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the frequency range. .
to cover the frequency range. The measupemgent uncertainty for this gopt

of ensemble frequency analysis has not been studied, lowever, an

1. .3 P S W s 3 °
2 s e d WIILQL lelds si : i s
alternative methed which y ds similar results is to perform an ordinary

sower spectral densi me his‘cory record. This would
~ " 3
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generate a set of values {4, (F){ which could thep be averaged, The

difference between the two types of analysis is that the first analysis

makes no assuwptions about g taticnarity and cculd vield a power spectrun

e

«t

at different timss (i.e. a time varying or non stationary freguency

analysis). The second analysis involves the stationary assumption.

Therefore, for the second case the measurement uncertainty is given by
“

/s for each estimate G (F). For the collection of estimates
[C\:,“Cf'):(f (in accordance with statement made earlier in connection with
A

.~ e . - o ~
statistical estimation theory) if Gy (€) is an unbiased estimate of Gx(€),
A .,’ -
the true value, the average « [QxCQ | should give Cx(F) without errow,

if the size of the ensemble ig large, i,e.

The measurement uncertainty im non-stationary analyis is not yat fully
N 1 I,

incerstood.,  For the time varying non-stationary analysis the error

exovessions for stationary time signals should provide a reasonable
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\ s . . . . . - ~gtatlionary
PEroximation in most cases. As with stationary analysis, non-stationavy
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finite amplitude and frequency filters and a variance error due

- . E J. non-
Mmbey of ensemble members. (It has been assumed here that all mo
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Stationary analysis will be carried out on an ensamble of 1eCOrds.
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