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1. Introduction market is only partially covered, the marginal consumer with a

low match value for the attribute will stop buying the product,

Firms often advertise specific attributes of a product in ad- when induced to pay closer attention. Advertising then leads to a

dition to its availability and price. There is, however, a large loss of market coverage.

variation in the amount of information advertised across product Thus, a monopolist only advertises when the marginal con-

categories and advertising channels.! To study firms' incentives sumer between buying and not buying has a high match value.
in advertising specific attributes, we propose a model in which With competition, due to lower competitive prices, such a
an increase in advertising implies that consumers pay closer  marginal consumer is more likely to have a low match value,
attention to the advertised attributes of a product.”> Moreover, which reduces the incentives of competing firms to advertise.
we allow a firm’s advertising to also induce consumers to pay However, with competition, there is also a second type of

closer attention to the same attributes of competing products —  marginal consumer who is indifferent between competing firms.
something we call a spillover effect.? Advertising can induce such a consumer with high match value

Specifically, when paying closer attention to the advertised (o strictly favour one firm. This generates additional incentives
attribute, a consumer’s valuation becomes more dispersed ac- for competing firms to advertise, the strength of which depends

cording to a mean-preserving spread. This increases the perceived on the degree of the spillover. With strong spillover, the relative
differentiation among firms. If the market is fully covered, firms preference of a marginal consumer between firms can be hardly
then have strong incentives to increase such differentiation by influenced by advertising, and hence, competing firms adver-
inducing more dispersion, as shown by, for instance, Anderson  (jse Jess. With weak spillover, such a consumer can be easily
and Renault (2009) and Zhu and Dukes (2017). However, if the i, quced to favour the advertising firm, which leads competing
- firms to advertise more. The results shed light on differences
E-mail address: x.liu29@aston.ac.uk. in the information content between advertising channels and

1 For instance, Abernethy and Franke (1996) show that advertising of services product categories that differ in their targeted audience (e.g., TV

presents less 1.nf0rmat1'on than that of'electromcs, while television advertising VS. Magazine) or the degree of spillover (e.g., homogeneous Vs.
presents less information than magazines; Anderson et al. (2013) show that K .
differentiated products).

large branded manufacturers or branded manufacturers with large competitors

advertise less information. The model builds on the literature of limited attention. Differ-

2 |t has long been recognized that a targeted attribute in advertisement ent from earlier papers (e.g., Van Zandt, 2004; Haan and Moraga-
is likely to affect brand evaluation (Gardner, 1983) and brand prefer- Gonzalez, 2011) that assume firms advertise to compete for
ence (Chakravarti and Janiszewski, 2004). Consumers also engage more with consumers’ attention in order to be noticed. we focus on con-

advertisements that provide more product information (Lee et al., 2018). sumers’ attention towards specific product attributes. Several
3 The existence of and factors that influence such spillover have been studied

by, e.g., Sahni (2016) for restaurants, Anderson and Simester (2013) for apparel recent papers propo;e alternatlv,e models of attention allocation
retailers, and Magee (2013), leva et al. (2018), and Jones et al. (2005) for different across product attrlb}ltes. FO.I‘ Instance, Bordalo Et. al. (2013)
advertising channels. assume that the attribute with a valuation that differs more
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from the average attracts more attention, and Koszegi and Szeidl
(2013) assume that the attribute that has a wider range of valua-
tions attracts more attention. Instead, we assume that consumers
pay closer attention to the attribute when it is more heavily
advertised. This is similar to the attention-expansion approach
mentioned by Zhu and Dukes (2017), but they assume full market
coverage while we focus on partial market coverage to study the
tradeoff between product differentiation and market coverage.

Our paper is also related to the literature on horizontal infor-
mation disclosure. See, for instance, Lewis and Sappington (1994)
and Johnson and Myatt (2006) for the case of monopoly, Ander-
son and Renault (2006) and Branco et al. (2016) for monopoly
with consumer search, and Sun (2011), Hotz and Xiao (2013),
and Janssen and Teteryatnikova (2016) for cases of competition.
In this strand of literature, a consumer fully takes into account
the disclosed or advertised information, whereas our approach
allows a more flexible impact of advertising on the consumer’s
decision making. The attention approach also provides a natural
interpretation for the spillover, which is only considered by a few
papers in specific settings. For example, Meurer and Stahl (1994)
assume negatively correlated match values for the two products,
and Anderson and Renault (2009) consider either no spillover or
full spillover by specifying the types of information disclosed. In
our setup, we allow for a full spectrum of spillover effect.

The paper proceeds as follows: We present our setup in Sec-
tion 2 and analyse both cases of monopoly and duopoly in Sec-
tion 3. We then generalize the analysis to more than two firms in
Section 4 and conclude with some avenues for future research in
Section 5. All proofs are included in Appendix A.

2. The setup

We consider a duopoly, firm 1 and 2, selling to a represen-
tative consumer, who demands only one unit of a product. We
normalize the value of the outside option to zero, if the consumer
does not purchase anything. The purchase decision depends on
the consumer’s subjective value (referred to as simply the ‘valu-
ation’ until we discuss consumer surplus in Section 3.2.4) for the
product of firm i, i = 1, 2, given by,

h
Vi = U+ ajv; .

The first term w is the intrinsic value/quality of the product,
assumed to be the same for the two firms. In the second term,
vf (i = 1,2) is the match value of the horizontal attribute for
firm i’s product. This formulation follows from Fehr and Rangel
(2011) and has the following interpretation: the consumer always
pays full attention to quality, but may only pay partial attention
to the horizontal attribute, as measured by «;. We assume that
o; € [, 1], where « is the attention paid to the attribute without
advertising.

We assume that v/ (i = 1, 2) are independently drawn from
a continuously differentiable distribution H(v") on the support
(—00, 00) with zero mean and variance ¢". The corresponding
density function is h(v"), assumed to be log-concave, single-
peaked and symmetric around zero. Most commonly used density
functions such as Normal and Logistic satisfy this assumption,
with a full support on the real line capturing incomplete market
coverage conveniently. We will also refer to the example of
uniform distribution to illustrate some of our results, as it allows
us to have explicit solutions in some cases.*

The distribution and density function of v; are then given by

- 1 A
U and flug o) = —h(U—E,
o (2%} (0%}

F(v; o) = H(

4 Note that in this case H(v") does not have full support on the real line,
so additional assumption is needed to have incomplete market coverage, see
Section 3.2.4 for more details.
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It is easy to see that F(v;; «;) and f(v;; «;) retain the property
of log-concavity and symmetry with respect to w. An increase
in o; leads to a mean-preserving spread of F(vi; ;). In the
terminology of Johnson and Myatt (2006), an increase in «; leads
to a rotation of F(v;; ;) around p.

A firm can attract attention to the horizontal attribute via
advertising. Specifically, by advertising the horizontal attribute at
intensity s; € [0, 1 — «], firm i induces

ai=a+(1—-w)s;+ ws;, forj#iand w € [0, 1/2]. (1)

The parameter w captures the spillover effect that the consumer’s
valuation of product i may be affected by firm j's advertising.®
When w = 1/2, the consumer’s valuation of a product is equally
affected by the advertising of both firms, which we interpret as
strong attention spillover. When w = 0, the consumer’s valuation
of product i is only influenced by firm i’s advertising, which we
interpret as no attention spillover.

We consider the firms choose their prices and advertising
intensities simultaneously, then the consumer makes a purchase
decision observing all prices and horizontal match values. We
look for a symmetric equilibrium where firms choose the same
advertising intensity and price.

As the consumer’s decision is straightforward, we focus on the
firms. For given p; and s;,j # i, the demand for firm i when it
chooses p; and s; is given by

o0
Di(pi, pj; i, o) = / F(vi — pi + pj; o;)dF (vi; o),
i
fori,j e {1,2} and i #j.

That is, the consumer purchases form firm i, when its valuation
is higher than the price (v; > p;) and higher than that of firm j
(vi — pi > v; — pj). The profit of firm i is then given by

mi(pi, pj; @i, ;) = piDi(p;, pj; @i, ;) — C(s;),

where C(s;) is the cost of advertising with an intensity of s;, as-
sumed to be increasing and sufficiently convex in s; with C'(0) =
0 and C'(s;) > O for s; > 0.7

To characterize the symmetric equilibrium, we write the profit
function explicitly in terms of s; and s; as m;i(p;, p;; Si, $j). Suppose
firm j plays the candidate equilibrium strategy (p*, s*), we con-
sider the best reply of firm i. As shown by Caplin and Nalebuff
(1991), log-concavity of F(v;; ;) implies that the demand func-
tion for firm i is log-concave in p;. Hence, the profit function of
firm i is unimodal in price and, for each s;, there is a unique in-
terior profit maximizing price p;(s;), satisfying d;(p;(s;), p*; si, s*)
/dp; = 0. Hence, we can rewrite the problem of firm i as choosing
only s; to maximize its profit at the corresponding optimal price,
given by,

k A * 3k k K
7 (si, s°) = mi(pi(si), b5 si, ) = pi(si)Di(pi(si), p™; si, ) — C(si)
For sufficiently convex C(s;), this profit function is concave in
s;, and the best-replying advertising intensity, s, is uniquely

i

determined by s} = 0 if 7'(s;,s*) < O0ats; =0,8f =1—« if

5 This differentiates our approach from Akoz et al. (2020), where product
review manipulation shifts the distribution and changes the expected value of
a product.

6 One interpretation is as follows: the consumer pays attention to a fixed
amount of advertising messages when evaluating a firm's product. As a firm
increases the amount of messages with the attribute information, the consumer
pays more attention to the attribute. When there is spillover, the consumer
pays attention to a mixture of advertising messages from this firm and also the
competing firm.

7 This is a natural assumption, given that attracting attention is costly. This
also differs from the literature on information disclosure, where disclosing more
information is not necessarily more costly. See, for instance, Renault (2015).
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7'(s;,s*) > 0 ats; = 1 — «, and the solution to 7'(s;,s*) = 0
otherwise.

Thus, for (p*, s*) to be a symmetric equilibrium, the price p*
must satisfy
omi(p*, p*;s*,s*) _ dm(p*, p*;s*, 57)

api apj
That is, p* is the competitive price when both firms advertise
at intensity s*. The existence and uniqueness of such a price is
well-established in the literature for log-concave density func-
tions.® And, the equilibrium advertising intensity s* depends on
7'(s*, s*), given by
=dmw@ﬂmﬁfsﬂ=pﬁ&@ﬂﬁwﬂ¢)_C@L
dSi Bsi

which is decreasing in s* for sufficiently convex C(s;).? Hence, the
symmetric equilibrium advertising intensity is uniquely deter-
mined by s* =0if 7/(0,0) < 0,s* = 1—a if7'(1—a, 1—a) > 0,
and the solution to 7/(s*, s*) = 0 otherwise.!?

Our main analysis focuses on whether a positive advertis-
ing equilibrium with s* > 0 exists, and we suppose C(s;) is
large enough such that fully advertising the horizontal attribute
(ie, s* = 1 — «) is not an equilibrium. Given that C’(0) = 0, a
positive advertising equilibrium exists if firms have incentives to
advertise the horizontal attribute when neither firm does, i.e., if
% lsi=sj=0 > 0.In the following, we will identify conditions under

=0.

7'(s*, %)

which this occurs.

Remark. We show in the Online Appendix that our main results
hold for a slightly different formulation,

o = o+ S; + wsj, (2)

where w € [0, 1] measures the degree of spillover. With this
formulation, the degree of spillover has a direct effect on the
equilibrium price. By muting this channel, our model provides a
clean analysis on the effect of spillover on advertising intensity
(see Proposition 3). In addition, with this alternative formulation,
the impact of spillover on attention depends on the rival firm’s
level of advertising, so the consumer always pays more attention
as the spillover becomes stronger, whereas the reverse could be
true in our model (1) as the impact of spillover depends on the
relative levels of advertising.

3. Advertising to attention-limited consumers
3.1. The monopoly benchmark

Before proceeding to the equilibrium with competition, we
establish the standalone incentive to advertise the horizontal at-
tribute for a monopolist. The demand function of the monopolist
with advertising intensity s,, and price py, is

Din(pms Sm) = 1 — F(Pm; & + Sm),
which clearly satisfies

oDy,
——s0& s
0Sm

It immediately follows that:

8 See, for instance, Zhou (2017) for a recent analysis in a different context.
9 The second equality follows from the Envelop Theorem.

10 e cannot rule out the possibility of asymmetric equilibria, especially when
the advertising cost function is not too convex. In fact, without cost of attracting
attention, a firm’s profit would be quasi-convex in the level of attention paid to
the horizontal attribute, which leads to either no horizontal advertising or full
horizontal advertising (see also the discussion in Johnson and Myatt, 2006 on
design costs). Thus, asymmetric equilibrium is likely to exist in such cases. We
provide an example in the Online Appendix, but a full analysis on the existence
and properties of asymmetric equilibrium is beyond the scope of this paper.
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Proposition 1. The monopolist advertises the horizontal attribute if

uf(u; @) < 1/2. (3)
Otherwise, it does not advertise the horizontal attribute.

Condition (3) is satisfied if either the quality w is relatively
low or the dispersion of the valuation (" or «) is relatively
high such that the monopoly price is higher than w. In this case,
the marginal consumer who is indifferent between buying and
not buying has a positive match value, and hence advertising
the horizontal attribute further increases the perceived match
value and increases demand. When the condition is reversed, the
marginal consumer has a negative match value and advertising
only lowers demand, which stifles the incentives to advertise.

3.2. Competitive advertising and attention spillover

In the presence of competition, a firm not only cares about
the marginal consumer who is indifferent between buying and
not buying, but also the marginal consumer who is indifferent
between buying its product and the opponent’s.'’ On one hand,
competition drives down prices, which means the former type
of marginal consumer is more likely to have a negative match
value, and this reduces firms’ incentives to advertise. On the other
hand, the existence of the latter type of marginal consumer means
that a firm may have more incentives to advertise to attract such
a marginal consumer, especially when his/her match value is
positive. We show in this section that the strength of the latter
effect depends crucially on the degree of attention spillover, and
so do the incentives to advertise the horizontal attribute.

3.2.1. Strong attention spillover
We start with strong attention spillover, i.e., ® = 1/2. In this
case, we have

1
o= =a=a+ 5(514-52)-

The demand for each firm, at equal prices, is then given by
e 1 s1+s
Dsisa) = [ Flsadrtvia) = 311 - Plpia+ 252
p

This implies that

dDi(s1, 52)
351‘

Thus, whether firms advertise the horizontal attribute or not

depends on whether the competitive price is above or below p,
when neither firm advertises. Specifically, we have:

s0epspu.

Lemma 1. With strong attention spillover (w = 1/2), firms advertise
the horizontal attribute if

© 3
Wl @) + 2 / £2(0; a)v] < . (@)
n

Otherwise, no firm advertises the horizontal attribute. Moreover, (4)
is more stringent than (3), i.e. competing firms are less likely to
advertise the horizontal attribute than a monopolist.

Similar to Proposition 1, Condition (4) is satisfied when u is
small or when " or « is high such that the marginal consumer
between buying or not buying has a positive match value for both
firms. The second part follows because, under strong spillover,
advertising more on the horizontal attribute does not affect the
decision of a marginal consumer who is indifferent between the

11 e thank an anonymous referee for suggesting this distinction between
the two types of marginal consumers.
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two firms, as the consumer is always equally attentive to the
attribute of both products. Thus, the only effect of competition
is a lower price, which lowers the incentives to advertise. This
differs from the literature, e.g. Anderson and Renault (2009)
and Zhu and Dukes (2017), showing that symmetric firms have
strong incentives to increase the dispersion of the consumer’s
valuations. The reason is two-fold: on one hand, the market is
fully covered in their models, so firms need not worry about
losing consumers to the outside option; on the other hand, they
consider sequential choice of advertising and pricing, and hence
firms advertise strategically to raise equilibrium price.

3.2.2. No attention spillover

Now consider the case of no spillover with w = 0, when
advertising also affects the marginal consumer who would be
indifferent between the two firms. When the competitive price
is above u, such a consumer has a positive match value, and thus
a firm always benefits from advertising by only increasing the
consumer’s valuation for its own product. When the competitive
price is below pu, there is a probability that such a marginal con-
sumer has a negative match value, and advertising could reduce
demand. However, as long as the competitive price is not too low,
this probability is low, and competing firms advertise more under
no spillover compared to strong spillover.

To see this, starting from a position where both firms advertise
the horizontal attribute with the same intensity s, define vs as

aD; °° of (v;
—lp=vs = / F(v; a + S)Mdv =0, (5)
asi vs do

we can show that

Lemma 2. There exists a unique vs < u such that Eq. (5) holds.
Furthermore, 0D;/ds; < 0 if p < vs and dD;/ds; > 0 if p > vs.

This follows exactly from the above discussion that, firms are
now able to use advertising to affect competition between firms,
but not just against the outside option. This generates incentives
for firms to advertise, even if the marginal consumer between
buying and not buying has a negative match value, i.e.,, when
vs < p < u. Let vy be the solution to Eq. (5) at s = 0, i.e., the
rotation point of D; when neither firm advertises, we have:

Lemma 3. With no attention spillover (w = 0), firms advertise the
horizontal attribute if

< 1 1- FZ(U()? Q)
2 F(vo, @)f (vo, @) + [0 f2(v, @)dv’

Condition (6) is equivalent to say that the competitive price
Do is higher than vy when neither firm advertises. Since vy < w,
Lemma 3 implies that firms are more likely to advertise the hor-
izontal attribute when there is no spillover compared to strong
spillover. Condition (6) is satisfied if vy is small, which occurs
when the match value is sufficiently dispersed.'? The following
examples further illustrate this result.

Example: The Laplace Distribution Suppose h(v") follows a
Laplace distribution with mean zero and scale parameter b, then
v follows a Laplace distribution with mean w and scale parameter

(6)

Vo

12 Dj(pi, pj; o, ) is log-supermodular in p; and p; and log-supermodular
in p; and «, po is increasing in «, and hence for large enough o we must
have Condition (6) satisfied. In fact, the Laplace distribution satisfies both log-
supermodularity. For more on the comparative statics with log-supermodular
functions, readers can refer to Athey (2002).
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b, that is
Lo ifv<
—f «
fsa)y=1 206°°, UU=Hang
Me_ ab if v > u,
1 1/7# ify <
lea ifv<p
_) 3 =M
F(v,a)—{ 1ol ifu=p
3 > L.

The rotation point vg is determined by

/00 F(v; g)@du =0.

o

After some simplification, this reduces to
Vg=pU— =.

o= M 5
The price pg is determined by

‘1 o0
Up) = 201~ F(p; )] — pIF(p; @ (p; @) + / Pv, a)dv] = 0.
p

Condition (6) is satisfied if L(u — %b) > 0, which simplifies to
ab

— > constant ~ 0.49.

uw

This condition is clearly satisfied when the mean, w, is small or
when the dispersion, ab, is large.

Example: The Uniform Distribution Let H(vy) be the uniform
distribution on the interval [—b, b], so F(v; o) = % which
is the uniform distribution on the interval [ — ab, u + ab]. As
noted, F(v; ) is not continuously differentiable in this case, as
the support of v changes when « changes. For a given price p

and o = a + 5; > o = a, we have
1 v+ab—
vre 'udv—i- =5

p+ab
Di(p; aj) =
i(ps ) /p 2a;b 2ab 2a;

Then, it is straightforward to show that

im OPiPia)) _ . 9Dipie)) _ (p+ab—u)
5;—0 S ai—>a o 8b%a3

Therefore, with uniform distribution, firms always advertise pos-

itively when there is no spillover. (In other words, we have vy =
—o0 and thus always py > vg).

> 0.

3.2.3. The general case
We are now ready to characterize the equilibrium for the full
model:

Proposition 2. In the symmetric equilibrium: No firm advertises the
horizontal attribute if

1 1— F2(vp, @)

Vo = = 59 ;
2 F(vo, &)f (vo, @) + [," f2(v, a)dv
if
1 1 — F*(vo, @)
Vo and

_1

2 Flvg, @) (v0, @) + o F(v, a)do
Ml @) + 2 f Pl a)dv] = 2,
. 4

there exists a @ € (0, 1/2] such that firms only advertise positively
the horizontal attribute when o < ; if

M[f(u;g)JrZ/ f2(v; @)dv] < E,
p 4

firms always advertise positively the horizontal attribute.
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Fig. 1. Advertising intensity.

The Proposition follows straightforwardly from Lemmas 1 and
3. If the quality is low and/or the dispersion of the match value
is high, the competitive price is high, which means the marginal
consumer has a positive match value, and firms always advertise
the horizontal attribute. If the quality is high and/or the disper-
sion of the match value is low, the competitive price is low, mean-
ing that the probability of a marginal consumer having a negative
match value is high, and firms do not advertise the horizontal
attribute at all. In the intermediate range, a threshold equilib-
rium exists where firms advertise the horizontal attribute only
if the spillover is weak enough for the firm to attract marginal
consumers between the two firms. Furthermore, in this range,
when the spillover gets weaker, it becomes easier for a firm to
attract such a marginal consumer. This strengthens its incentives
to advertise, as shown by the following:

Proposition 3. When firms advertise positively, the equilibrium
intensity of horizontal advertising is decreasing in w.

Propositions 2 and 3 demonstrate that competition can reduce
horizontal advertising in the market when pg < u < pn: a mo-
nopolist prices high and always advertise the horizontal attribute,
but competing firms price low and do not advertise when the
spillover is strong. For instance, this could occur with a regulation
imposing a common format of information display. Propositions 2
and 3 also imply that in a threshold equilibrium, firms may fall
into a prisoner’s dilemma. This occurs when attention spillover
gets weaker and firms start to advertise the horizontal attribute.
However, as long as the equilibrium price remains below p, firms
would mutually prefer less horizontal advertising. Thus, firms
may have incentives to increase the level of spillover by, for
instance, engaging in generic advertising rather than promoting
only one’s own brand.

3.2.4. Example: The uniform distribution

We provide further analysis of the uniform distribution exam-
ple to illustrate some of our results. We start with the equilibrium
price. For given s; = s; = s and p; = p, if firm i charges p; > p, its
demand is given by

ey —pit+p+(@t+sh—p
2(a +s)b

mwhm&5%=/

pi

if firm i charges p; < p, its demand is given by

pHEERIPP y — it p+ (@ + )b — p

Di(pi, p; s, S) :f

o 2(a +s)b
1 v p—Dpi
2(a + s)b 2(a + s’

We have

. oD; . aD; 1

lim — = lim — =————.
pi—p~ Opi  pi—pt D 2(a +s)b
Thus, the competitive price p satisfies

1

D(p,p;s,s)—p——— =0,

(P, D; s, S) pﬂg+sw

which gives us

p=pu—3(a+s)b+2y/3((e+5)b?2 — ula+s)h.

To ensure that the competitive price is interior, i.e. p > u — (o +
s)b, for any s > 0, we need

ab > 0.5u,

which we assume for the following analysis of this section. Fur-
thermore, if ob > 41 /3, we have p >  when s = 0.

Regarding the incentive to advertise the horizontal attribute,
as discussed in Section 3.2.2, with uniform distribution, firms
always advertise positively when there is no attention spillover.
Therefore, we have two types of equilibrium:

1. A threshold equilibrium where firms advertise positively the
horizontal attribute when attention spillover is weak.

2. An advertising equilibrium where firms always advertise the
horizontal attribute.

A threshold equilibrium exists when the dispersion of the match
value is relatively low such that the competitive price when no
firm advertises is below u, which arises when ab < 4u/3,
and an advertising equilibrium exists when ab > 4u/3. This
is illustrated in Fig. 1.1> On the left panel, we have ¢ = 0.8
and firms always advertise positively; on the right panel, we
have o = 0.4 and firms only advertise positively if w < w ~
0.323. Fig. 1 also demonstrates that the advertising intensity is
decreasing with the level of spillover in both types of equilibrium.
Furthermore, notice that from Proposition 1, a monopolist would

13 weset u=1,b=2 and C(s;) =52
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Equilibrium Price
o
o

(b) a=04

Fig. 2. Equilibrium price.

not advertise the horizontal attribute when o« = 0.4 as b < pu.
However, when the spillover is weak enough, competing firm do
advertise.

As the spillover gets stronger, firms advertise less and the
consumer’s valuation becomes less dispersed. This tends to lower
the equilibrium price as shown in Fig. 2.

This means that the consumer may be better off when the
spillover gets stronger, even if this means that the consumer’s
purchase decision is more biased due to paying less attention. As
well known in behavioural welfare economics, we can measure
consumer surplus on different grounds. One way is to measure
with the subjective value, that is

Cssub = maX{/.L + aivih —D, M + ajU]h — D, 0}7

where the consumer purchases the product with the higher sub-
jective value and obtains a utility equal to that. Alternatively, we
can measure with the experience value, whereas the consumer’s
purchase decision is still determined by the subjective value. That
is,

Csex:,u'f'v]h_p,

when product i maximizes the subjective value. In this case, the
consumer experiences the full value of the horizontal attribute
in contrast to partial subjective value. On the equilibrium path,
the product that has a higher subjective value also has a higher
experience value, but the consumer may purchase too little or too
much compared to the purchase decision based on the experience
value.

As shown in Figs. 3 and 4, when the spillover gets stronger,
consumer welfare is higher when measured by the experience
value but could be lower when measured by the subjective value.
The reason is that, the experience value is not affected by atten-
tion paid to the horizontal attribute, and the consumer benefits
from lower prices under stronger spillover. On the contrary, the
subjective value becomes less dispersed when the consumer pays
less attention as the spillover becomes stronger. Thus, even if
firms are charging lower prices, the consumer could lose from
obtaining lower subjective values.

4. More than two firms

We briefly consider in the section a generalization of the
analysis to more than two firms. We maintain the modelling
framework and consider N firms, each choosing its advertising
intensity and price. To incorporate spillover, we assume that

the attention paid to the horizontal attribute of firm i, o, is
determined by

w
ai=a+(1—-w)i+ ﬁzsﬁ
J#
for € [0, NT’I], i.e., there is no spillover if @ = 0 and strong

spillover if w = %=1, The demand for firm i is given by

o0
Di(pi, p—i; Si, S—i) = / l_[F(Ui — pi + pj; a;)dF(v;; a;), for j # i,
P i

where p_; and s_; are the profiles of prices and advertising
intensities of firms other than firm i. The result of Lemma 1 under
strong spillover can be readily generalized to many firms. To see
this, with strong spillover, the demand of firm i at equal prices is
given by

Di(si, s—i) = /OOF”—l(v; a)dF(v; o) = %(1 —F(p, a)),
p

where ¢ = o + ﬁZf’: 1 Si is the average attention paid to the
horizontal attribute. Clearly, FN(p, o) decreases with « when p >
i, and increases with o otherwise. Hence, firms only advertise
when the competitive price with no advertising (¢« = «) is above
. Furthermore, since the competitive price decreases with the
number of firms,'* competition reduces horizontal advertising
under strong spillover.

The result under weak spillover is slightly different when there
are many firms. We consider no spillover (w = 0), a positive
advertising equilibrium exists in this case if

o0 .
% = / FNfl(v;g)Mdu > 0,
35,’ P o

where p is the competitive price when no firm advertises. When
N = 2, we have seen that a rotation point exists and the above
condition is violated when the competitive price is below the
rotation point. However, this is no longer the case when N > 2.
In fact, we can show that:

Proposition 4. With no spillover, there exists an N* such that
aD;/ds; > 0 for any p if N > N*.

Mathematically, as N increases, the integrand in dD;/ds; shifts
relatively more weight to the positive part of 3f /d«, and 9D;/ds;

14 This is a known result for log-concave density functions and shown, for
instance, by Zhou (2017) in a different context.
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eventually becomes positive for any p.'> Intuitively, as the num-
ber of firms increases, it becomes relatively more likely that a
marginal consumer between firm i and its competitors has a pos-
itive match value, hence, advertising is more likely to benefit the
firm. In this sense, competition increases horizontal advertising
under no spillover.

For intermediate levels of spillover, our insights from the
duopoly analysis still hold in the following sense. Let v(’)v(a)) be
the highest value such that daDj(w)/ds; = 0 at p = vo’"(a)),16
and let vg(w) = —oo if a solution to dD;(w)/ds; = 0 does not
exist. We can show that, as w decreases from (N — 1)/N to 0,
vy (w) decreases from u to vy (0) < w. So, if the competitive
price without advertising is higher than u, firms always advertise
positively; whereas if it locates between vg’ (0) and u, a threshold
equilibrium arises where firms only advertise positively if the
spillover is weak.

5. Concluding remarks

We conclude with some avenues for future research. Our
analysis fits the situation when firms choose their prices and
advertising strategies simultaneously, for instance, when firms
decide to advertise their prices. When firms do not advertise or

15 por instance, this is the case when N = 3 in the example of Laplace
distribution with « = 0.5, x =2 and b = 2.

16 There could exist multiple solutions to dD;(w)/ds; = 0. In such cases, we
consider the largest one. So that we have 3D;(w)/ds; > 0 for any p > v} (w).

cannot commit to their prices, we need to consider the addi-
tional strategic effect of advertising on price competition. We also
focus on the role of advertising in attracting and manipulating
a consumer’s attention and thus omit the role of advertising in
providing information about the availability of a product. It would
be interesting to study the incentives to advertise horizontal
attributes when firms compete for both the attention towards
their products and the attention towards specific attributes.
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Appendix A

A.1. Proof of Proposition 1

The profit of the monopolist with an attention level a +s,, and
price py, is given by

Tm(Pms Sm) = Pm[1 — F(Pm; & + Sm)] — C(Sm).
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Positive advertising occurs if d7,,/0s, > 0 at s, = 0. This is
satisfied when p,;,(0) > . Notice that the first order condition
with respect to p,, at s, = 0 is

—=1- F(pm; g) _pmf(pm; Q)«

9pm

The optimal price is higher than w if 9w, /dp, is positive at
Pm = W, which is equivalent to

uf(p; @) < 1/2,
by using the fact that F(u;

07T m

a)=1/2.
A.2. Proof of Lemma 1

Given p; and s;, the profit of firm i is

* Si+Si
ﬂi(Pi,Pj;Si,Sj)=Pi/ F(vi—pi+pjia + —2)
pi
Si+ i
x dF(uio+ S 9)  (sy)
The first order conditions are
=0 = [XF(vi—pi+pj; @)dF(v;; @)
—Pigi(l)j,a)f(pi,a)
+f F(vi — pi + pj, a)f (v, a)dvil;
i OF(vj—p; o)
T=0 =p )13 (v @)
+F(v; - p,+p1, o) 3 L8 1, — C'(sy).

In a symmetric equilibrium (p*, s*), the FOC with respect to s;
simplifies to

/ aF(vlv f( v o )+F(Uf; a)%]dvi = C/(S*)'

A sufficient and necessary condition for s* > 0 is then

F(v;; ;

[a (av:x ,)f(vi; af(;)l a)
Po

where pg is the equilibrium price corresponding to s; = s, = 0.

This is equivalent to say that py is above the rotation point of D;,

i.e. po > u, which is satisfied if ‘”’ oi pi=p=n > 0, that is,

1

S — FA(u; 2)] — M[F(u;g)f(u;g)Jr/ f2(v, @)dv] > 0
m

which simplifies to

M[f(ll;g)-i-Z/ F2(v; a)dv] < E
w 4

o)+ F(vi; @) ldv; > 0,

For the second part, it suffices to show that competition
always reduces equilibrium prices, which is implied by log-
concavity of f(v; ). Specifically, the monopoly prices without
horizontal advertising is determined by
1-F(p™; o)

fm o)

Under competition, when both firms do not advertise, the first
order condition of price (from the proof of Lemma 1) is

m __

0 =/ F(vi — pi + pj; a)dF(v;; @) — pilF(pj, )f (pi, o)
pi

(o]
+ / f(vi — pi + pj, &)f (vi, &)dvi].
Di

The symmetric equilibrium price then satisfies
1 1—F2(p%; a)

T 2F(p, @) (p: ) + S PP e)dvi’

C

p
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A sufficient condition for p¢ < p™ is that for any p,
1 1—F(p; @) 1—F(p; @)
<

ZF(p!a)fpvf—i_f fzvlafdvl f(psg) '

which simplifies to

f (v a)dvi — / FIFP) — fupdy; > 0.
p p

B
First, notice that as p — 0o, A — B — 0. Furthermore, we have
9A

L f2(..
o f=(p; o),
and
0B © , ,
s / Flv: ) (p: @)dv; = £/ (p: )1 — F(p: ).
P p
Thus,
Jd(A—B
% = —[f*(p; &) + f'(p; 2)[1 — F(p; 2)1] < O.

The last inequality follows because, when f(v; «) is log-concave,
the hazard rate 1fTF(U§ «) is increasing in v, i.e.

f/(v; @)[1 = F(v; @)] + f2(v; @) > 0.

Therefore, we must have A — B > 0 for any p.
A.3. Proof of Lemma 2
We can rewrite the demand of firm i as

o0
D= [ Foiabs)uiatsio = 1= Fpia +s)F(piac+ )
p

_/ F(v; & + 5)dF(v; & +53).
p

Thus,
oD; * of (v; S
27 / F(v: g_,_sj)wdv
85,' p o
OF(p; a + s;
oo
 9F(v; S;
_ / Mdﬂv; a+s).
» fole]
Since X9 < o for all v > I, it is easy to see that "DI_‘ > 0 for
allp > p.
When p < p, we have
9°D; of (p: o +5)
= - — F(p; Sj).
as;op as; (P @ +57)

When f(v; o + s;) is log-concave, there exists a ¥ < u such that
Ylas) 0whenu<v<uandm 0 when v < 9. To
see this, for any o, we have f(v; a) = ;h( *£). Due to symmetry,
we consider v € (—oo, 1] and we have

of(v; ) lhv—,u vV— U

da o2 o )= a3 o

which is positive if
VM Uiy
h(2=2)

> 1.

Notice that, for v < pu, _T is positive and decreasmg, ( “)
is also positive and decreasing (due to log-concavity). Thus the



X. Liu

left-hand side of the above inequality is decreasing in v and equal
to O for v = w. Therefore, df (v; @)/d« is either always negative,
or positive for low value of v and negative for high value of v.
However, since [* f(v; a)dv = 1/2, and thus

K oof(via)
/,m PR

there must exist a v < u such that df(” ) > (<)0if v < (>)0.

Therefore, for p € (—o0, u), 3 f’D’ ﬁrst decreases and then in-
T’?':Oand Sl >

0, hence, there exists a vs € (—oo, i) such that B—silp:vs =0, and
aD;

8% > 0 when p > vs and 5% < 0 when p < v
1 1

creases in p. Moreover, we have llmﬂH,oo

A.4. Proof of Proposition 2

Whether a positive advertising equilibrium exists depends on
whether the price pg is above or below the rotation point, when
neither firm advertises the horizontal attribute. We prove the
result by showing that the rotation point is increasing in the level
of spillover w. Recall that

Di(w) = [oo F(v; o + (1 — w)sj + ws;)dF(v; o« + (1 — w)s; + ws;).
p

Thus,
daD; ®  9F(v; o+ (1 —a))Sj—i-a)s,-)
—(w)= [w
85,‘ p o

x fv; a4+ (1 —w)si + wsj) + (1 — w)

x F(v;a+ (1 — w)s; + ws;)

of (v; o 4 (1 — )51+U)Sj)]dv’
do

which, when s; = s; = 0, simplifies to
aD; *©  9F(v; of (v;
) = / 00 D0 )4 (1- o) )L Dy, (7)
as; b oo o

We first show in a few steps that, for each w € [0, 1/2), there
exists a v(w) < u such that

aD;
8’§‘”) <0 p< )
i

Step 1: For all p > p, %ﬁ:‘)) > 0.
We have f°° aF(";g)f(v'oc)dv < 0 forall p > pu as

dF(v; a)/da < 0; and [ ° F(v; oz)af”“ dv > 0 for p > p from
the proof of Lemma 2. Tﬁus

Tz g [ TR (v e) + F(w;
= %Ef F(v; a)f(v; a)d
31

= @Z[‘l _Fz(p’ )]3

o) 0f(a'2g) ]dv

where the first inequality follows as dD;(w)/ds; puts more weight
on the positive part and less weight on the negative part for
® < 1/2, and the last inequality follows as F(v; «) is rotation
ordered with rotation point pu.
Step 2: There is a unique v* € (—
of (v*; &)

D )+ (1 - o T g
% do

v‘g)

00, i) such that
Kw*)=w

First, notice that £ > 0 for all v < . The proof of
Lemma 2 shows that there exists a ¥ < u such that f’f v ”‘) >0
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for v < v. Thus, K(v) > 0 for v < v. Now we focus on v € [v, ).
Define a function G(v), for v € [v, u) as

G(v) = —fve) af%va;g) = !
) ey o) — Flv; @) L0 )
da da 1 — a
F(vie) ==

By assumption, F(v; «) is log-concave, and thus f(” 0‘) is positive
and decreasing in v. Furthermore, we have

OF(v; @)/da —h(=F)
af (v; &) /dcx Sh(ZE) + S (2R
B 1
T sy
v + a h(“;”)

which is also positive and decreasing in v due to (1) vlu is

decreasing in v and (2) h’/h is decreasing in v as h is log-concave.
Thus, G(v) is increasing in v with G(u) = 1 and G(v) =

Hence, there exists a unique v* € [v, i) such that G(v*) = w. This

means that K(v) > 0 for v < v* and K(v) < 0 for v* < v < .
Step 3: There exists a rotation point v(w).

Now it is straightforward to see that, for p € (—o0, u),
aD;( a))
as;

c)D (o.))

first decreases and then increases with p, with

"%S(‘”)|p « > 0. Thus, there exists a unique v(w) such that

lp=v(w) = 0, and

oo = 0
and
9D;j(w)
as;
0Di(w)
35,‘

s0 % ps o)

Now we are ready to show that v(w) is increasing in w. This is
from the observation that, for any given p,

@ 00 [e%s) .
h =f Mf(v a)du—/ af(v’g)F(v;g)dv < 0.
ow b do » oo
The last inequality follows from (1) the first integration is nega-
tive for any p (due to symmetry of f) and (2) the second integra-
tion is positive at v(w) (as Eq. (7) is egual to zero at v(w)). Thus,
if 3D3(sw1 <0 forall p < v(wy), then ""2 < 0forall p < v(w;)
if wy > wq. Thus, we must have v(w,) > v(a)l)

Therefore, we have dv(w)/dw > 0, with v(1/2) = p and
v(0) = v.

Thus, if pg < vp, no firm advertises the horizontal attribute for
any level of spillover, which occurs when

1 1— F2(vg, @)
Vo = =
2 F(vo, at)f (vo, ) +f v, a)d
If vg < po < u, which occurs when
1 1 — F%(vg, @)
vy < and

2 F(vo, @)f (vo, @) + [ f2(v, e)d

Wl (s @) + 2 / P @)l = 2,
n

then firms advertise the horizontal attribute for » low enough
such that v(w) < po; If po > u, firms always advertise the
horizontal attribute and this occurs when

M[f(u;g)JrZ/ f*(v; @)dv] < 3
p 4
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A.5. Proof of Proposition 3

Consider a symmetric equilibrium with p; = p, = p* and
s1 = s = s*, which must satisfy the first order conditions:

J(P §* w p f BF(v a v 'Ol)
-I-(l—a))F(v )28 dy — C/(s*) = 0,
L(p*, s*; w) f F(v; a)dF(v; o) — p*[F(p*; a)f (p*; &)

+ 3 F(w; c)dv] "o,

where ¢ = o +(1—w)s* +ws* = o +s*. Take total differentiation
of the two FOCs with respect to w, we obtain

9] ds* + ] dp _ _ 9

ds dw ap do dw’

oLdst | oLdpt _ oL

Bs do p do — dw*
Thus,

* _Aa A aq
di — do  0p ds  dp
do |t ol /e e

w do  9p as  op

The denominator is positive when (s*, p*) is a maximum. More-
over, we have dL/dw = 0 when s; = s; = s*.!” We also have
dL/dp < 0 due to concavity of profit in the price. Thus, ds*/dw
has the same sign as dJ/dw and we have

a _ /°° aF(U;a)f(v;a)dv B /O" of (v; @)
w » Ja b da

which is negative following similar arguments as in the proof of
Proposition 2.

F(v; a)dv,

A.6. More than two firms

We first prove the result that firms always advertise positively
under no spillover when competition is sufficiently intense.

Proposition 4. With no spillover, there exists an N* such that
daD;/ds; > 0 for any p if N > N*.

Proof. We have

daD; o af (v;
7 — / FN_l(v;g) f(v g)dv,
851 p da

when no firm advertises. Similar argument as in the two firms
case implies that dD;/ds; is always positive for p > u. So we
focus on p < w. From the proof of Lemma 2, there exists v <
u < 2u — v such that of /da > 0 for v < v and v > 2u — 7,
and df /da < 0 for v < v < 2 — . Hence, dD;/ds; achieves a
minimum at v = v. Then, we have

L I UL
el =" v,g)[fﬁ ()
3f(v;a)dv
o
o Flv;a) \n-10f(v; @)
+/z;ka(F(2u—f1;g) da dv]'

We focus on the two terms in the square bracket, which deter-
mine the sign of dD;/ds;. The first term is negative and increasing,
and approaches zero as N increases; the second term is positive
and increasing, and approaches infinity as N increases. Hence,
there must exist an N* such that dD;/ds; > 0 atp = v if N > N*,
which means we must have dD;/ds; > 0 for any p. O

7 This is where our formulation on the spillover effect simplifies our analysis.
For instance, if we assume «; = a +5; + ws;, then the direct effect of @ on price
is not zero.

10
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This means that, unlike the two firms case, a rotation point
may fail to exist for sufficiently weak spillover. Specifically, for

any w, we have
w
/ [[F@wia+(—w)s+ ﬁ(s,»Jrgé;sk))
ij

L 2]
w
x dF(via+(1 -+ Zsj).
J#i
When no firm advertises, we obtain

= /oo [a’F”*z(v;g)Mﬂ”;g)
p

85,‘ da
] dv.

of (v; @)
Ja
Clearly, from the discussion above, if ® is sufficiently small,
we have 8D( )/as, > 0 for any p if N is large. However,
" < 0, there exists a vo( w) € (v, u) such that
3Di(w)

35: |p_ N(w = 0. This is also the highest v; N(w) that satisfies the
equation, due to monotonicity of dD;/ds; on the interval [v, u].
Furthermore, if we have 9D;/ds; > 0 for p > v N(w) for a given N,
similar arguments as in the above proof imply that we must have
aD;/ds; > 0 for p > v{(w) for any higher N. Thus, v{(w) must be
decreasing in N. When dD;(w)/ds; > 0 for any p, we can interpret
it as v} (w) = —o0.

On the other hand, we have

HODLNED _ [ ptas ™ D

ow
— /OOFNfl(v; Q)Mdv.
p

+ (1 - )" (v; @)

Ja

Similar arguments as the proof of Proposition 2 imply that the
first integration is always negative, and the second integration
is positive at vON (w) when it is finite. Hence, the above term is
negative, which means that the rotation point must be increasing
in w.

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.jmateco.2022.102660.
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