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a b s t r a c t

We study firms’ advertising strategies when they face attention-limited consumers, who pay more
attention to a horizontal attribute when it is more heavily advertised. Under competition, one firm’s
advertising can affect a consumer’s valuation for competing products, which we term as the spillover
effect. We show that competing firms may only advertise the horizontal attribute when the spillover
is weak. Moreover, competing firms may advertise less than a monopolist.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

Firms often advertise specific attributes of a product in ad-
ition to its availability and price. There is, however, a large
ariation in the amount of information advertised across product
ategories and advertising channels.1 To study firms’ incentives
n advertising specific attributes, we propose a model in which
n increase in advertising implies that consumers pay closer
ttention to the advertised attributes of a product.2 Moreover,
e allow a firm’s advertising to also induce consumers to pay
loser attention to the same attributes of competing products —
omething we call a spillover effect.3
Specifically, when paying closer attention to the advertised

ttribute, a consumer’s valuation becomes more dispersed ac-
ording to a mean-preserving spread. This increases the perceived
ifferentiation among firms. If the market is fully covered, firms
hen have strong incentives to increase such differentiation by
nducing more dispersion, as shown by, for instance, Anderson
nd Renault (2009) and Zhu and Dukes (2017). However, if the

E-mail address: x.liu29@aston.ac.uk.
1 For instance, Abernethy and Franke (1996) show that advertising of services

presents less information than that of electronics, while television advertising
presents less information than magazines; Anderson et al. (2013) show that
large branded manufacturers or branded manufacturers with large competitors
advertise less information.
2 It has long been recognized that a targeted attribute in advertisement

is likely to affect brand evaluation (Gardner, 1983) and brand prefer-
ence (Chakravarti and Janiszewski, 2004). Consumers also engage more with
advertisements that provide more product information (Lee et al., 2018).
3 The existence of and factors that influence such spillover have been studied

by, e.g., Sahni (2016) for restaurants, Anderson and Simester (2013) for apparel
retailers, and Magee (2013), Ieva et al. (2018), and Jones et al. (2005) for different
advertising channels.
Please cite this article as: X. Liu, Competitive pricing and advertising
https://doi.org/10.1016/j.jmateco.2022.102660.

ttps://doi.org/10.1016/j.jmateco.2022.102660
304-4068/© 2022 Elsevier B.V. All rights reserved.
market is only partially covered, the marginal consumer with a
low match value for the attribute will stop buying the product,
when induced to pay closer attention. Advertising then leads to a
loss of market coverage.

Thus, a monopolist only advertises when the marginal con-
sumer between buying and not buying has a high match value.
With competition, due to lower competitive prices, such a
marginal consumer is more likely to have a low match value,
which reduces the incentives of competing firms to advertise.
However, with competition, there is also a second type of
marginal consumer who is indifferent between competing firms.
Advertising can induce such a consumer with high match value
to strictly favour one firm. This generates additional incentives
for competing firms to advertise, the strength of which depends
on the degree of the spillover. With strong spillover, the relative
preference of a marginal consumer between firms can be hardly
influenced by advertising, and hence, competing firms adver-
tise less. With weak spillover, such a consumer can be easily
induced to favour the advertising firm, which leads competing
firms to advertise more. The results shed light on differences
in the information content between advertising channels and
product categories that differ in their targeted audience (e.g., TV
vs. Magazine) or the degree of spillover (e.g., homogeneous vs.
differentiated products).

The model builds on the literature of limited attention. Differ-
ent from earlier papers (e.g., Van Zandt, 2004; Haan and Moraga-
Gonzalez, 2011) that assume firms advertise to compete for
consumers’ attention in order to be noticed, we focus on con-
sumers’ attention towards specific product attributes. Several
recent papers propose alternative models of attention allocation
across product attributes. For instance, Bordalo et al. (2013)
with spillover. Journal of Mathematical Economics (2022) 102660,

assume that the attribute with a valuation that differs more

https://doi.org/10.1016/j.jmateco.2022.102660
http://www.elsevier.com/locate/jmateco
http://www.elsevier.com/locate/jmateco
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rom the average attracts more attention, and Koszegi and Szeidl
2013) assume that the attribute that has a wider range of valua-
ions attracts more attention. Instead, we assume that consumers
ay closer attention to the attribute when it is more heavily
dvertised. This is similar to the attention-expansion approach
entioned by Zhu and Dukes (2017), but they assume full market
overage while we focus on partial market coverage to study the
radeoff between product differentiation and market coverage.

Our paper is also related to the literature on horizontal infor-
ation disclosure. See, for instance, Lewis and Sappington (1994)
nd Johnson and Myatt (2006) for the case of monopoly, Ander-
on and Renault (2006) and Branco et al. (2016) for monopoly
ith consumer search, and Sun (2011), Hotz and Xiao (2013),
nd Janssen and Teteryatnikova (2016) for cases of competition.
n this strand of literature, a consumer fully takes into account
he disclosed or advertised information, whereas our approach
llows a more flexible impact of advertising on the consumer’s
ecision making. The attention approach also provides a natural
nterpretation for the spillover, which is only considered by a few
apers in specific settings. For example, Meurer and Stahl (1994)
ssume negatively correlated match values for the two products,
nd Anderson and Renault (2009) consider either no spillover or
ull spillover by specifying the types of information disclosed. In
ur setup, we allow for a full spectrum of spillover effect.
The paper proceeds as follows: We present our setup in Sec-

ion 2 and analyse both cases of monopoly and duopoly in Sec-
ion 3. We then generalize the analysis to more than two firms in
ection 4 and conclude with some avenues for future research in
ection 5. All proofs are included in Appendix A.

. The setup

We consider a duopoly, firm 1 and 2, selling to a represen-
ative consumer, who demands only one unit of a product. We
ormalize the value of the outside option to zero, if the consumer
oes not purchase anything. The purchase decision depends on
he consumer’s subjective value (referred to as simply the ‘valu-
tion’ until we discuss consumer surplus in Section 3.2.4) for the
roduct of firm i, i = 1, 2, given by,

i = µ + αiv
h
i .

he first term µ is the intrinsic value/quality of the product,
ssumed to be the same for the two firms. In the second term,
h
i (i = 1, 2) is the match value of the horizontal attribute for
irm i’s product. This formulation follows from Fehr and Rangel
2011) and has the following interpretation: the consumer always
ays full attention to quality, but may only pay partial attention
o the horizontal attribute, as measured by αi. We assume that
i ∈ [α, 1], where α is the attention paid to the attribute without
dvertising.
We assume that vh

i (i = 1, 2) are independently drawn from
continuously differentiable distribution H(vh) on the support

−∞, ∞) with zero mean and variance σ h. The corresponding
ensity function is h(vh), assumed to be log-concave, single-
eaked and symmetric around zero. Most commonly used density
unctions such as Normal and Logistic satisfy this assumption,
ith a full support on the real line capturing incomplete market
overage conveniently. We will also refer to the example of
niform distribution to illustrate some of our results, as it allows
s to have explicit solutions in some cases.4
The distribution and density function of vi are then given by

(vi; αi) = H(
vi − µ

αi
), and f (vi; αi) =

1
αi

h(
vi − µ

αi
).

4 Note that in this case H(vh) does not have full support on the real line,
o additional assumption is needed to have incomplete market coverage, see
ection 3.2.4 for more details.
 i

2

It is easy to see that F (vi; αi) and f (vi; αi) retain the property
f log-concavity and symmetry with respect to µ. An increase
n αi leads to a mean-preserving spread of F (vi; αi).5 In the
erminology of Johnson and Myatt (2006), an increase in αi leads
o a rotation of F (vi; αi) around µ.

A firm can attract attention to the horizontal attribute via
dvertising. Specifically, by advertising the horizontal attribute at
ntensity si ∈ [0, 1 − α], firm i induces

αi = α + (1 − ω)si + ωsj, for j ̸= i and ω ∈ [0, 1/2]. (1)

he parameter ω captures the spillover effect that the consumer’s
aluation of product i may be affected by firm j’s advertising.6
hen ω = 1/2, the consumer’s valuation of a product is equally

ffected by the advertising of both firms, which we interpret as
trong attention spillover. When ω = 0, the consumer’s valuation
f product i is only influenced by firm i’s advertising, which we
nterpret as no attention spillover.

We consider the firms choose their prices and advertising
ntensities simultaneously, then the consumer makes a purchase
ecision observing all prices and horizontal match values. We
ook for a symmetric equilibrium where firms choose the same
dvertising intensity and price.
As the consumer’s decision is straightforward, we focus on the

irms. For given pj and sj, j ̸= i, the demand for firm i when it
hooses pi and si is given by

i(pi, pj; αi, αj) =

∫
∞

pi

F (vi − pi + pj; αj)dF (vi; αi),

for i, j ∈ {1, 2} and i ̸= j.

hat is, the consumer purchases form firm i, when its valuation
s higher than the price (vi > pi) and higher than that of firm j
vi − pi > vj − pj). The profit of firm i is then given by

i(pi, pj; αi, αj) = piDi(pi, pj; αi, αj) − C(si),

here C(si) is the cost of advertising with an intensity of si, as-
umed to be increasing and sufficiently convex in si with C ′(0) =

and C ′(si) > 0 for si > 0.7
To characterize the symmetric equilibrium, we write the profit

unction explicitly in terms of si and sj as πi(pi, pj; si, sj). Suppose
irm j plays the candidate equilibrium strategy (p∗, s∗), we con-
ider the best reply of firm i. As shown by Caplin and Nalebuff
1991), log-concavity of F (vi; αi) implies that the demand func-
ion for firm i is log-concave in pi. Hence, the profit function of
irm i is unimodal in price and, for each si, there is a unique in-
erior profit maximizing price pi(si), satisfying ∂πi(pi(si), p∗

; si, s∗)
∂pi = 0. Hence, we can rewrite the problem of firm i as choosing
nly si to maximize its profit at the corresponding optimal price,
iven by,

(si, s∗)
∆
= πi(pi(si), p∗

; si, s∗) = pi(si)Di(pi(si), p∗
; si, s∗) − C(si).

or sufficiently convex C(si), this profit function is concave in
i, and the best-replying advertising intensity, s∗i , is uniquely
etermined by s∗i = 0 if π ′(si, s∗) ≤ 0 at si = 0, s∗i = 1 − α if

5 This differentiates our approach from Aköz et al. (2020), where product
eview manipulation shifts the distribution and changes the expected value of
product.
6 One interpretation is as follows: the consumer pays attention to a fixed
mount of advertising messages when evaluating a firm’s product. As a firm
ncreases the amount of messages with the attribute information, the consumer
ays more attention to the attribute. When there is spillover, the consumer
ays attention to a mixture of advertising messages from this firm and also the
ompeting firm.
7 This is a natural assumption, given that attracting attention is costly. This
lso differs from the literature on information disclosure, where disclosing more
nformation is not necessarily more costly. See, for instance, Renault (2015).
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′(si, s∗) ≥ 0 at si = 1 − α, and the solution to π ′(si, s∗) = 0
therwise.
Thus, for (p∗, s∗) to be a symmetric equilibrium, the price p∗

ust satisfy
∂πi(p∗, p∗

; s∗, s∗)
∂pi

=
∂πj(p∗, p∗

; s∗, s∗)
∂pj

= 0.

hat is, p∗ is the competitive price when both firms advertise
t intensity s∗. The existence and uniqueness of such a price is
ell-established in the literature for log-concave density func-
ions.8 And, the equilibrium advertising intensity s∗ depends on
π ′(s∗, s∗), given by

π ′(s∗, s∗) =
dπi(pi(s∗), p∗

; s∗, s∗)
dsi

= p∗
∂Di(p∗, p∗

; s∗, s∗)
∂si

− C ′(s∗),

hich is decreasing in s∗ for sufficiently convex C(si).9 Hence, the
ymmetric equilibrium advertising intensity is uniquely deter-
ined by s∗ = 0 if π ′(0, 0) ≤ 0, s∗ = 1−α if π ′(1−α, 1−α) ≥ 0,
nd the solution to π ′(s∗, s∗) = 0 otherwise.10
Our main analysis focuses on whether a positive advertis-

ng equilibrium with s∗ > 0 exists, and we suppose C ′′(si) is
arge enough such that fully advertising the horizontal attribute
i.e., s∗ = 1 − α) is not an equilibrium. Given that C ′(0) = 0, a
ositive advertising equilibrium exists if firms have incentives to
dvertise the horizontal attribute when neither firm does, i.e., if

∂Di
∂si

|si=sj=0 > 0. In the following, we will identify conditions under
hich this occurs.

emark. We show in the Online Appendix that our main results
hold for a slightly different formulation,

αi = α + si + ωsj, (2)

where ω ∈ [0, 1] measures the degree of spillover. With this
formulation, the degree of spillover has a direct effect on the
equilibrium price. By muting this channel, our model provides a
clean analysis on the effect of spillover on advertising intensity
(see Proposition 3). In addition, with this alternative formulation,
the impact of spillover on attention depends on the rival firm’s
level of advertising, so the consumer always pays more attention
as the spillover becomes stronger, whereas the reverse could be
true in our model (1) as the impact of spillover depends on the
relative levels of advertising.

3. Advertising to attention-limited consumers

3.1. The monopoly benchmark

Before proceeding to the equilibrium with competition, we
establish the standalone incentive to advertise the horizontal at-
tribute for a monopolist. The demand function of the monopolist
with advertising intensity sm and price pm is

Dm(pm; sm) = 1 − F (pm; α + sm),

which clearly satisfies
∂Dm

∂sm
≶ 0 ⇔ pm ≶ µ.

It immediately follows that:

8 See, for instance, Zhou (2017) for a recent analysis in a different context.
9 The second equality follows from the Envelop Theorem.

10 We cannot rule out the possibility of asymmetric equilibria, especially when
he advertising cost function is not too convex. In fact, without cost of attracting
ttention, a firm’s profit would be quasi-convex in the level of attention paid to
he horizontal attribute, which leads to either no horizontal advertising or full
orizontal advertising (see also the discussion in Johnson and Myatt, 2006 on
esign costs). Thus, asymmetric equilibrium is likely to exist in such cases. We
rovide an example in the Online Appendix, but a full analysis on the existence
nd properties of asymmetric equilibrium is beyond the scope of this paper.
3

Proposition 1. The monopolist advertises the horizontal attribute if

µf (µ; α) < 1/2. (3)

Otherwise, it does not advertise the horizontal attribute.

Condition (3) is satisfied if either the quality µ is relatively
low or the dispersion of the valuation (σ h or α) is relatively
high such that the monopoly price is higher than µ. In this case,
the marginal consumer who is indifferent between buying and
not buying has a positive match value, and hence advertising
the horizontal attribute further increases the perceived match
value and increases demand. When the condition is reversed, the
marginal consumer has a negative match value and advertising
only lowers demand, which stifles the incentives to advertise.

3.2. Competitive advertising and attention spillover

In the presence of competition, a firm not only cares about
the marginal consumer who is indifferent between buying and
not buying, but also the marginal consumer who is indifferent
between buying its product and the opponent’s.11 On one hand,
competition drives down prices, which means the former type
of marginal consumer is more likely to have a negative match
value, and this reduces firms’ incentives to advertise. On the other
hand, the existence of the latter type of marginal consumer means
that a firm may have more incentives to advertise to attract such
a marginal consumer, especially when his/her match value is
positive. We show in this section that the strength of the latter
effect depends crucially on the degree of attention spillover, and
so do the incentives to advertise the horizontal attribute.

3.2.1. Strong attention spillover
We start with strong attention spillover, i.e., ω = 1/2. In this

case, we have

α1 = α2 = α = α +
1
2
(s1 + s2).

he demand for each firm, at equal prices, is then given by

i(s1, s2) =

∫
∞

p
F (v; α)dF (v; α) =

1
2
[1 − F 2(p; α +

s1 + s2
2

)].

his implies that
∂Di(s1, s2)

∂si
≶ 0 ⇔ p ≶ µ.

hus, whether firms advertise the horizontal attribute or not
epends on whether the competitive price is above or below µ,
hen neither firm advertises. Specifically, we have:

emma 1.With strong attention spillover (ω = 1/2), firms advertise
the horizontal attribute if

µ[f (µ; α) + 2
∫

∞

µ

f 2(v; α)dv] <
3
4
. (4)

Otherwise, no firm advertises the horizontal attribute. Moreover, (4)
is more stringent than (3), i.e. competing firms are less likely to
advertise the horizontal attribute than a monopolist.

Similar to Proposition 1, Condition (4) is satisfied when µ is
small or when σ h or α is high such that the marginal consumer
between buying or not buying has a positive match value for both
firms. The second part follows because, under strong spillover,
advertising more on the horizontal attribute does not affect the
decision of a marginal consumer who is indifferent between the

11 We thank an anonymous referee for suggesting this distinction between
the two types of marginal consumers.
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wo firms, as the consumer is always equally attentive to the
ttribute of both products. Thus, the only effect of competition
s a lower price, which lowers the incentives to advertise. This
iffers from the literature, e.g. Anderson and Renault (2009)
nd Zhu and Dukes (2017), showing that symmetric firms have
trong incentives to increase the dispersion of the consumer’s
aluations. The reason is two-fold: on one hand, the market is
ully covered in their models, so firms need not worry about
osing consumers to the outside option; on the other hand, they
onsider sequential choice of advertising and pricing, and hence
irms advertise strategically to raise equilibrium price.

.2.2. No attention spillover
Now consider the case of no spillover with ω = 0, when

dvertising also affects the marginal consumer who would be
ndifferent between the two firms. When the competitive price
s above µ, such a consumer has a positive match value, and thus
firm always benefits from advertising by only increasing the
onsumer’s valuation for its own product. When the competitive
rice is below µ, there is a probability that such a marginal con-
umer has a negative match value, and advertising could reduce
emand. However, as long as the competitive price is not too low,
his probability is low, and competing firms advertise more under
o spillover compared to strong spillover.
To see this, starting from a position where both firms advertise

he horizontal attribute with the same intensity s, define vs as

∂Di

∂si
|p=vs =

∫
∞

vs

F (v; α + s)
∂ f (v; α + s)

∂α
dv = 0, (5)

e can show that

emma 2. There exists a unique vs < µ such that Eq. (5) holds.
Furthermore, ∂Di/∂si < 0 if p < vs and ∂Di/∂si > 0 if p > vs.

This follows exactly from the above discussion that, firms are
ow able to use advertising to affect competition between firms,
ut not just against the outside option. This generates incentives
or firms to advertise, even if the marginal consumer between
uying and not buying has a negative match value, i.e., when
s < p < µ. Let v0 be the solution to Eq. (5) at s = 0, i.e., the
otation point of Di when neither firm advertises, we have:

emma 3. With no attention spillover (ω = 0), firms advertise the
orizontal attribute if

0 <
1
2

1 − F 2(v0, α)
F (v0, α)f (v0, α) +

∫
∞

v0
f 2(v, α)dv

. (6)

Condition (6) is equivalent to say that the competitive price
p0 is higher than v0 when neither firm advertises. Since v0 < µ,
Lemma 3 implies that firms are more likely to advertise the hor-
izontal attribute when there is no spillover compared to strong
spillover. Condition (6) is satisfied if v0 is small, which occurs
when the match value is sufficiently dispersed.12 The following
examples further illustrate this result.

Example: The Laplace Distribution Suppose h(vh) follows a
Laplace distribution with mean zero and scale parameter b, then
v follows a Laplace distribution with mean µ and scale parameter

12 If Di(pi, pj; α, α) is log-supermodular in pi and pj and log-supermodular
n pi and α, p0 is increasing in α, and hence for large enough α we must
ave Condition (6) satisfied. In fact, the Laplace distribution satisfies both log-
upermodularity. For more on the comparative statics with log-supermodular
unctions, readers can refer to Athey (2002).
 f

4

αb, that is

f (v; α) =

{
1

2αb e
v−µ
αb if v ≤ µ,

1
2αb e

−
v−µ
αb if v ≥ µ,

and

F (v; α) =

{
1
2 e

v−µ
αb if v ≤ µ,

1 −
1
2 e

−
v−µ
αb if v ≥ µ.

The rotation point v0 is determined by∫
∞

v0

F (v; α)
∂ f (v; α)

∂α
dv = 0.

After some simplification, this reduces to

v0 = µ −
αb
2

.

The price p0 is determined by

L(p) =
1
2
[1 − F 2(p; α)] − p[F (p; α)f (p; α) +

∫
∞

p
f 2(v, α)dv] = 0.

ondition (6) is satisfied if L(µ −
αb
2 ) > 0, which simplifies to

αb
µ

> constant ≈ 0.49.

This condition is clearly satisfied when the mean, µ, is small or
when the dispersion, αb, is large.

Example: The Uniform Distribution Let H(vh) be the uniform
istribution on the interval [−b, b], so F (v; α) =

v+αb−µ

2αb , which
is the uniform distribution on the interval [µ − αb, µ + αb]. As
oted, F (v; α) is not continuously differentiable in this case, as
he support of v changes when α changes. For a given price p
nd αi = α + si > αj = α, we have

Di(p; αi) =

∫ µ+αb

p

1
2αib

v + αb − µ

2αb
dv +

αi − α

2αi
.

Then, it is straightforward to show that

lim
si→0

∂Di(p; αi)
∂si

= lim
αi→α

∂Di(p; αi)
∂αi

=
(p + αb − µ)2

8b2α3 > 0.

Therefore, with uniform distribution, firms always advertise pos-
itively when there is no spillover. (In other words, we have v0 =

∞ and thus always p0 > v0).

.2.3. The general case
We are now ready to characterize the equilibrium for the full

odel:

roposition 2. In the symmetric equilibrium: No firm advertises the
horizontal attribute if

v0 ≥
1
2

1 − F 2(v0, α)
F (v0, α)f (v0, α) +

∫
∞

v0
f 2(v, α)dv

;

if

v0 <
1
2

1 − F 2(v0, α)
F (v0, α)f (v0, α) +

∫
∞

v0
f 2(v, α)dv

and

µ[f (µ; α) + 2
∫

∞

µ

f 2(v; α)dv] ≥
3
4
,

there exists a ω̂ ∈ (0, 1/2] such that firms only advertise positively
the horizontal attribute when ω < ω̂; if

µ[f (µ; α) + 2
∫

∞

µ

f 2(v; α)dv] <
3
4
,

irms always advertise positively the horizontal attribute.
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The Proposition follows straightforwardly from Lemmas 1 and
. If the quality is low and/or the dispersion of the match value
s high, the competitive price is high, which means the marginal
onsumer has a positive match value, and firms always advertise
he horizontal attribute. If the quality is high and/or the disper-
ion of the match value is low, the competitive price is low, mean-
ng that the probability of a marginal consumer having a negative
atch value is high, and firms do not advertise the horizontal
ttribute at all. In the intermediate range, a threshold equilib-
ium exists where firms advertise the horizontal attribute only
f the spillover is weak enough for the firm to attract marginal
onsumers between the two firms. Furthermore, in this range,
hen the spillover gets weaker, it becomes easier for a firm to
ttract such a marginal consumer. This strengthens its incentives
o advertise, as shown by the following:

roposition 3. When firms advertise positively, the equilibrium
ntensity of horizontal advertising is decreasing in ω.

Propositions 2 and 3 demonstrate that competition can reduce
orizontal advertising in the market when p0 < µ < pm: a mo-
opolist prices high and always advertise the horizontal attribute,
ut competing firms price low and do not advertise when the
pillover is strong. For instance, this could occur with a regulation
mposing a common format of information display. Propositions 2
nd 3 also imply that in a threshold equilibrium, firms may fall
nto a prisoner’s dilemma. This occurs when attention spillover
ets weaker and firms start to advertise the horizontal attribute.
owever, as long as the equilibrium price remains below µ, firms
ould mutually prefer less horizontal advertising. Thus, firms
ay have incentives to increase the level of spillover by, for

nstance, engaging in generic advertising rather than promoting
nly one’s own brand.

.2.4. Example: The uniform distribution
We provide further analysis of the uniform distribution exam-

le to illustrate some of our results. We start with the equilibrium
rice. For given si = sj = s and pj = p, if firm i charges pi > p, its
emand is given by

i(pi, p; s, s) =

∫ µ+(α+s)b

pi

v − pi + p + (α + s)b − µ

2(α + s)b

×
1

dv;

2(α + s)b

5

if firm i charges pi < p, its demand is given by

Di(pi, p; s, s) =

∫ µ+(α+s)b−p+pi

pi

v − pi + p + (α + s)b − µ

2(α + s)b

×
1

2(α + s)b
dv +

p − pi
2(α + s)b

.

e have

lim
i→p−

∂Di

∂pi
= lim

pi→p+

∂Di

∂pi
= −

1
2(α + s)b

.

Thus, the competitive price p satisfies

D(p, p; s, s) − p
1

2(α + s)b
= 0,

which gives us

p = µ − 3(α + s)b + 2
√
3((α + s)b)2 − µ(α + s)b.

To ensure that the competitive price is interior, i.e. p > µ − (α +

)b, for any s ≥ 0, we need

b > 0.5µ,

which we assume for the following analysis of this section. Fur-
thermore, if αb > 4µ/3, we have p > µ when s = 0.

Regarding the incentive to advertise the horizontal attribute,
s discussed in Section 3.2.2, with uniform distribution, firms
lways advertise positively when there is no attention spillover.
herefore, we have two types of equilibrium:

1. A threshold equilibrium where firms advertise positively the
horizontal attribute when attention spillover is weak.

2. An advertising equilibrium where firms always advertise the
horizontal attribute.

threshold equilibrium exists when the dispersion of the match
alue is relatively low such that the competitive price when no
irm advertises is below µ, which arises when αb < 4µ/3,
and an advertising equilibrium exists when αb > 4µ/3. This
is illustrated in Fig. 1.13 On the left panel, we have α = 0.8
and firms always advertise positively; on the right panel, we
have α = 0.4 and firms only advertise positively if w < ŵ ≈

.323. Fig. 1 also demonstrates that the advertising intensity is
ecreasing with the level of spillover in both types of equilibrium.
urthermore, notice that from Proposition 1, a monopolist would

13 We set µ = 1, b = 2 and C(s ) = s2 .
i i
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not advertise the horizontal attribute when α = 0.4 as αb < µ.
owever, when the spillover is weak enough, competing firm do
dvertise.
As the spillover gets stronger, firms advertise less and the

onsumer’s valuation becomes less dispersed. This tends to lower
he equilibrium price as shown in Fig. 2.

This means that the consumer may be better off when the
pillover gets stronger, even if this means that the consumer’s
urchase decision is more biased due to paying less attention. As
ell known in behavioural welfare economics, we can measure
onsumer surplus on different grounds. One way is to measure
ith the subjective value, that is

Ssub = max{µ + αiv
h
i − p, µ + αjv

h
j − p, 0},

here the consumer purchases the product with the higher sub-
ective value and obtains a utility equal to that. Alternatively, we
an measure with the experience value, whereas the consumer’s
urchase decision is still determined by the subjective value. That
s,

Sex = µ + vh
i − p,

hen product i maximizes the subjective value. In this case, the
onsumer experiences the full value of the horizontal attribute
n contrast to partial subjective value. On the equilibrium path,
he product that has a higher subjective value also has a higher
xperience value, but the consumer may purchase too little or too
uch compared to the purchase decision based on the experience
alue.
As shown in Figs. 3 and 4, when the spillover gets stronger,

onsumer welfare is higher when measured by the experience
alue but could be lower when measured by the subjective value.
he reason is that, the experience value is not affected by atten-
ion paid to the horizontal attribute, and the consumer benefits
rom lower prices under stronger spillover. On the contrary, the
ubjective value becomes less dispersed when the consumer pays
ess attention as the spillover becomes stronger. Thus, even if
irms are charging lower prices, the consumer could lose from
btaining lower subjective values.

. More than two firms

We briefly consider in the section a generalization of the
nalysis to more than two firms. We maintain the modelling
ramework and consider N firms, each choosing its advertising
ntensity and price. To incorporate spillover, we assume that
6

the attention paid to the horizontal attribute of firm i, αi, is
determined by

αi = α + (1 − ω)si +
ω

N − 1

∑
j̸=i

sj,

or ω ∈ [0, N−1
N ], i.e., there is no spillover if ω = 0 and strong

pillover if ω =
N−1
N . The demand for firm i is given by

Di(pi, p−i; si, s−i) =

∫
∞

pi

∏
j̸=i

F (vi − pi + pj; αj)dF (vi; αi), for j ̸= i,

here p−i and s−i are the profiles of prices and advertising
ntensities of firms other than firm i. The result of Lemma 1 under
trong spillover can be readily generalized to many firms. To see
his, with strong spillover, the demand of firm i at equal prices is
iven by

i(si, s−i) =

∫
∞

p
FN−1(v; α)dF (v; α) =

1
N
(1 − FN (p, α)),

where α = α +
1
N

∑N
i=1 si is the average attention paid to the

orizontal attribute. Clearly, FN (p, α) decreases with α when p >

, and increases with α otherwise. Hence, firms only advertise
when the competitive price with no advertising (α = α) is above
. Furthermore, since the competitive price decreases with the
umber of firms,14 competition reduces horizontal advertising
nder strong spillover.
The result under weak spillover is slightly different when there

re many firms. We consider no spillover (ω = 0), a positive
advertising equilibrium exists in this case if

∂Di

∂si
=

∫
∞

p
FN−1(v; α)

∂ f (v; α)
∂α

dv > 0,

where p is the competitive price when no firm advertises. When
N = 2, we have seen that a rotation point exists and the above
condition is violated when the competitive price is below the
rotation point. However, this is no longer the case when N > 2.
n fact, we can show that:

roposition 4. With no spillover, there exists an N∗ such that
Di/∂si > 0 for any p if N > N∗.

Mathematically, as N increases, the integrand in ∂Di/∂si shifts
relatively more weight to the positive part of ∂ f /∂α, and ∂Di/∂si

14 This is a known result for log-concave density functions and shown, for
instance, by Zhou (2017) in a different context.



X. Liu Journal of Mathematical Economics xxx (xxxx) xxx

e
b
m
i
f
u

d
t
a
e
v
p
p
e
s

5

a
a
d

d

Fig. 3. Consumer surplus: Subjective value.
Fig. 4. Consumer surplus: Experience value.
ventually becomes positive for any p.15 Intuitively, as the num-
er of firms increases, it becomes relatively more likely that a
arginal consumer between firm i and its competitors has a pos-

tive match value, hence, advertising is more likely to benefit the
irm. In this sense, competition increases horizontal advertising
nder no spillover.
For intermediate levels of spillover, our insights from the

uopoly analysis still hold in the following sense. Let vN
0 (ω) be

he highest value such that ∂Di(ω)/∂si = 0 at p = vN
0 (ω),16

nd let vN
0 (ω) = −∞ if a solution to ∂Di(ω)/∂si = 0 does not

xist. We can show that, as ω decreases from (N − 1)/N to 0,
N
0 (ω) decreases from µ to vN

0 (0) < µ. So, if the competitive
rice without advertising is higher than µ, firms always advertise
ositively; whereas if it locates between vN

0 (0) and µ, a threshold
quilibrium arises where firms only advertise positively if the
pillover is weak.

. Concluding remarks

We conclude with some avenues for future research. Our
nalysis fits the situation when firms choose their prices and
dvertising strategies simultaneously, for instance, when firms
ecide to advertise their prices. When firms do not advertise or

15 For instance, this is the case when N = 3 in the example of Laplace
istribution with α = 0.5, µ = 2 and b = 2.
16 There could exist multiple solutions to ∂Di(ω)/∂si = 0. In such cases, we
consider the largest one. So that we have ∂D (ω)/∂s > 0 for any p > vN (ω).
i i 0

7

cannot commit to their prices, we need to consider the addi-
tional strategic effect of advertising on price competition. We also
focus on the role of advertising in attracting and manipulating
a consumer’s attention and thus omit the role of advertising in
providing information about the availability of a product. It would
be interesting to study the incentives to advertise horizontal
attributes when firms compete for both the attention towards
their products and the attention towards specific attributes.
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Appendix A

A.1. Proof of Proposition 1

The profit of the monopolist with an attention level α+sm and
price pm is given by

π (p ; s ) = p [1 − F (p ; α + s )] − C(s ).
m m m m m m m
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ositive advertising occurs if ∂πm/∂sm > 0 at sm = 0. This is
satisfied when pm(0) > µ. Notice that the first order condition
with respect to pm at sm = 0 is
∂πm

∂pm
= 1 − F (pm; α) − pmf (pm; α).

he optimal price is higher than µ if ∂πm/∂pm is positive at
m = µ, which is equivalent to

f (µ; α) < 1/2,

by using the fact that F (µ; α) = 1/2.

.2. Proof of Lemma 1

Given pj and sj, the profit of firm i is

πi(pi, pj; si, sj) = pi

∫
∞

pi

F (vi − pi + pj; α +
si + sj

2
)

× dF (vi; α +
si + sj

2
) − C(si).

The first order conditions are
∂πi
∂pi

= 0 =
∫

∞

pi
F (vi − pi + pj; α)dF (vi; α)

− pi[F (pj, α)f (pi, α)
+

∫
∞

pi
f (vi − pi + pj, α)f (vi, α)dvi];

∂πi
∂si

= 0 = pi
∫

∞

pi
[
1
2

∂F (vi−pi+pj,α)
∂αj

f (vi, α)

+ F (vi − pi + pj, α) 12
∂ f (vi,α)

∂si
]dvi − C ′(si).

In a symmetric equilibrium (p∗, s∗), the FOC with respect to si
simplifies to

1
2
p∗

∫
∞

p∗

[
∂F (vi; α)

∂α
f (vi; α) + F (vi; α)

∂ f (vi; α)
∂α

]dvi = C ′(s∗).

sufficient and necessary condition for s∗ > 0 is then∫
∞

p0

[
∂F (vi; α)

∂α
f (vi; α) + F (vi; α)

∂ f (vi; α)
∂α

]dvi > 0,

here p0 is the equilibrium price corresponding to s1 = s2 = 0.
his is equivalent to say that p0 is above the rotation point of Di,
.e. p0 > µ, which is satisfied if ∂πi

∂pi
|pi=pj=µ > 0, that is,

1
2
[1 − F 2(µ; α)] − µ[F (µ; α)f (µ; α) +

∫
∞

µ

f 2(v, α)dv] > 0.

which simplifies to

µ[f (µ; α) + 2
∫

∞

µ

f 2(v; α)dv] <
3
4
.

For the second part, it suffices to show that competition
lways reduces equilibrium prices, which is implied by log-
oncavity of f (v; α). Specifically, the monopoly prices without
orizontal advertising is determined by

m
=

1 − F (pm; α)
f (pm; α)

.

Under competition, when both firms do not advertise, the first
order condition of price (from the proof of Lemma 1) is

0 =

∫
∞

pi

F (vi − pi + pj; α)dF (vi; α) − pi[F (pj, α)f (pi, α)

+

∫
∞

pi

f (vi − pi + pj, α)f (vi, α)dvi].

he symmetric equilibrium price then satisfies

c
=

1
2

1 − F 2(pc; α)
c c

∫
∞ 2

.

F (p , α)f (p ; α) + pc f (vi; α)dvi i

8

A sufficient condition for pc < pm is that for any p,

1
2

1 − F 2(p; α)
F (p, α)f (p; α) +

∫
∞

p f 2(vi; α)dvi
<

1 − F (p; α)
f (p; α)

,

which simplifies to∫
∞

p
f 2(vi; α)dvi  

A

−

∫
∞

p
f (vi)[f (p) − f (vi)]dvi  

B

> 0.

First, notice that as p → ∞, A − B → 0. Furthermore, we have
∂A
∂p

= −f 2(p; α),

nd
∂B
∂p

=

∫
∞

p
f (vi; α)f ′(p; α)dvi = f ′(p; α)[1 − F (p; α)].

Thus,
∂(A − B)

∂p
= −[f 2(p; α) + f ′(p; α)[1 − F (p; α)]] < 0.

The last inequality follows because, when f (v; α) is log-concave,
the hazard rate f

1−F (v; α) is increasing in v, i.e.

f ′(v; α)[1 − F (v; α)] + f 2(v; α) > 0.

herefore, we must have A − B > 0 for any p.

A.3. Proof of Lemma 2

We can rewrite the demand of firm i as

Di =

∫
∞

p
F (v; α + sj)f (v; α + si)dv = 1 − F (p; α + si)F (p; α + sj)

−

∫
∞

p
F (v; α + si)dF (v; α + sj).

hus,
∂Di

∂si
=

∫
∞

p
F (v; α + sj)

∂ f (v; α + si)
∂α

dv

= −
∂F (p; α + si)

∂α
F (p; α + sj)

−

∫
∞

p

∂F (v; α + si)
∂α

dF (v; α + sj).

ince ∂F (v;α)
∂α

≤ 0 for all v ≥ µ, it is easy to see that ∂Di
∂si

> 0 for
ll p ≥ µ.
When p < µ, we have

∂2Di

∂si∂p
= −

∂ f (p; α + si)
∂si

F (p; α + sj).

When f (v; α + si) is log-concave, there exists a ṽ < µ such that
∂ f (v;α+si)

∂si
< 0 when ṽ < v < µ and ∂ f (v;α+si)

∂si
> 0 when v < ṽ. To

see this, for any α, we have f (v; α) =
1
α
h( v−µ

α
). Due to symmetry,

e consider v ∈ (−∞, µ] and we have

∂ f (v; α)
∂α

= −
1
α2 h(

v − µ

α
) −

v − µ

α3 h′(
v − µ

α
),

which is positive if

−
v−µ

α
h′( v−µ

α
)

h( v−µ

α
)

> 1.

otice that, for v < µ, − v−µ

α
is positive and decreasing; h′

h (
v−µ

α
)

s also positive and decreasing (due to log-concavity). Thus, the
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eft-hand side of the above inequality is decreasing in v and equal
o 0 for v = µ. Therefore, ∂ f (v; α)/∂α is either always negative,
or positive for low value of v and negative for high value of v.
owever, since

∫ µ

−∞
f (v; α)dv = 1/2, and thus

µ

−∞

∂ f (v; α)
∂α

= 0,

here must exist a ṽ < µ such that ∂ f (v;α)
∂α

> (<)0 if v < (>)ṽ.
Therefore, for p ∈ (−∞, µ), ∂Di

∂si
first decreases and then in-

reases in p. Moreover, we have limp→−∞
∂Di
∂si

= 0 and ∂Di
∂si

|p=µ >

, hence, there exists a vs ∈ (−∞, µ) such that ∂Di
∂si

|p=vs = 0, and
∂Di
∂si

> 0 when p > vs and
∂Di
∂si

< 0 when p < vs.

A.4. Proof of Proposition 2

Whether a positive advertising equilibrium exists depends on
whether the price p0 is above or below the rotation point, when
neither firm advertises the horizontal attribute. We prove the
result by showing that the rotation point is increasing in the level
of spillover ω. Recall that

Di(ω) =

∫
∞

p
F (v; α + (1 − ω)sj + ωsi)dF (v; α + (1 − ω)si + ωsj).

hus,

∂Di

∂si
(ω) =

∫
∞

p
[ω

∂F (v; α + (1 − ω)sj + ωsi)
∂α

× f (v; α + (1 − ω)si + ωsj) + (1 − ω)
× F (v; α + (1 − ω)sj + ωsi)

×
∂ f (v; α + (1 − ω)si + ωsj)

∂α
]dv,

hich, when si = sj = 0, simplifies to

∂Di

∂si
(ω) =

∫
∞

p
[ω

∂F (v; α)
∂α

f (v; α)+(1−ω)F (v; α)
∂ f (v; α)

∂α
]dv. (7)

We first show in a few steps that, for each ω ∈ [0, 1/2), there
xists a v(ω) < µ such that

∂Di(ω)
∂si

≶ 0 ⇔ p ≶ v(ω).

Step 1: For all p ≥ µ, ∂Di(ω)
∂si

> 0.
We have

∫
∞

p
∂F (v;α)

∂α
f (v; α)dv < 0 for all p ≥ µ as

F (v; α)/∂α < 0; and
∫

∞

p F (v; α) ∂ f (v;α)
∂α

dv > 0 for p ≥ µ from
he proof of Lemma 2. Thus,
∂Di(ω)

∂si
≥

1
2

∫
∞

p [
∂F (v;α)

∂α
f (v; α) + F (v; α) ∂ f (v;α)

∂α
]dv

=
∂
∂α

1
2

∫
∞

p F (v; α)f (v; α)dv

=
∂
∂α

1
4 [1 − F 2(p; α)],

> 0,

where the first inequality follows as ∂Di(ω)/∂si puts more weight
on the positive part and less weight on the negative part for
ω < 1/2, and the last inequality follows as F (v; α) is rotation
ordered with rotation point µ.

Step 2: There is a unique v∗
∈ (−∞, µ) such that

K (v∗) = ω
∂F (v∗

; α)
∂α

f (v∗
; α) + (1 − ω)F (v∗

; α)
∂ f (v∗

; α)
∂α

= 0.

First, notice that ∂F (v;α)
∂α

> 0 for all v < µ. The proof of
Lemma 2 shows that there exists a ṽ < µ such that ∂ f (v;α)

> 0

∂α

9

for v < ṽ. Thus, K (v) > 0 for v < ṽ. Now we focus on v ∈ [ṽ, µ).
Define a function G(v), for v ∈ [ṽ, µ) as

(v) =
−F (v; α) ∂ f (v;α)

∂α

∂F (v;α)
∂α

f (v; α) − F (v; α) ∂ f (v;α)
∂α

=
1

1 −

∂F (v;α)
∂α

f (v;α)

F (v;α) ∂ f (v;α)
∂α

.

By assumption, F (v; α) is log-concave, and thus f (v;α)
F (v;α) is positive

nd decreasing in v. Furthermore, we have

∂F (v; α)/∂α

∂ f (v; α)/∂α
= −

v−µ

α2 h( v−µ

α
)

1
α2 h(

v−µ

α
) +

v−µ

α3 h′( v−µ

α
)

= −
1

1
v−µ

+
1
α

h′( v−µ
α )

h( v−µ
α )

,

which is also positive and decreasing in v due to (1) 1
v−µ

is
decreasing in v and (2) h′/h is decreasing in v as h is log-concave.

Thus, G(v) is increasing in v with G(µ) = 1 and G(ṽ) = 0.
ence, there exists a unique v∗

∈ [ṽ, µ) such that G(v∗) = ω. This
eans that K (v) > 0 for v < v∗ and K (v) < 0 for v∗ < v < µ.
Step 3: There exists a rotation point v(ω).
Now it is straightforward to see that, for p ∈ (−∞, µ), ∂Di(ω)

∂si
irst decreases and then increases with p, with ∂Di(ω)

∂si
|p→−∞ = 0

and ∂Di(ω)
∂si

|p=µ > 0. Thus, there exists a unique v(ω) such that
∂Di(ω)

∂si
|p=v(ω) = 0, and

∂Di(ω)
∂si

≶ 0 ⇔ p ≶ v(ω).

Now we are ready to show that v(ω) is increasing in ω. This is
from the observation that, for any given p,

∂
∂Di
∂si

∂ω
=

∫
∞

p

∂F (v; α)
∂α

f (v; α)dv −

∫
∞

p

∂ f (v; α)
∂α

F (v; α)dv < 0.

he last inequality follows from (1) the first integration is nega-
ive for any p (due to symmetry of f ) and (2) the second integra-
ion is positive at v(ω) (as Eq. (7) is equal to zero at v(ω)). Thus,
f ∂Di(ω1)

∂si
≤ 0 for all p ≤ v(ω1), then

∂Di(ω2)
∂si

< 0 for all p ≤ v(ω1)
f ω2 > ω1. Thus, we must have v(ω2) > v(ω1).

Therefore, we have dv(ω)/dω > 0, with v(1/2) = µ and
v(0) = v0.

Thus, if p0 ≤ v0, no firm advertises the horizontal attribute for
any level of spillover, which occurs when

v0 ≥
1
2

1 − F 2(v0, α)
F (v0, α)f (v0, α) +

∫
∞

v0
f 2(v, α)dv

;

If v0 < p0 ≤ µ, which occurs when

v0 <
1
2

1 − F 2(v0, α)
F (v0, α)f (v0, α) +

∫
∞

v0
f 2(v, α)dv

and

µ[f (µ; α) + 2
∫

∞

µ

f 2(v; α)dv] ≥
3
4
,

then firms advertise the horizontal attribute for ω low enough
such that v(ω) < p0; If p0 > µ, firms always advertise the
horizontal attribute and this occurs when

µ[f (µ; α) + 2
∫

∞

f 2(v; α)dv] <
3
.

µ 4
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.5. Proof of Proposition 3

Consider a symmetric equilibrium with p1 = p2 = p∗ and
s1 = s2 = s∗, which must satisfy the first order conditions:

J(p∗, s∗; ω) = p∗
∫

∞

p∗ ω
∂F (v∗

;α)
∂α

f (v∗
; α)

+ (1 − ω)F (v∗
; α) ∂ f (v∗

;α)
∂α

dv − C ′(s∗) = 0,
L(p∗, s∗; ω) =

∫
∞

p∗ F (v; α)dF (v; α) − p∗
[F (p∗

; α)f (p∗
; α)

+
∫

∞

p∗ f 2(v; α)dv] = 0,

where α = α+ (1−ω)s∗ +ωs∗ = α+s∗. Take total differentiation
f the two FOCs with respect to ω, we obtain
∂ J
∂s

ds∗
dω +

∂ J
∂p

dp∗

dω = −
∂ J
∂ω

,

∂L
∂s

ds∗
dω +

∂L
∂p

dp∗

dω = −
∂L
∂ω

.

hus,

ds∗

dω
=

⏐⏐⏐⏐⏐− ∂ J
∂ω

∂ J
∂p

−
∂L
∂ω

∂L
∂p

⏐⏐⏐⏐⏐
/⏐⏐⏐⏐⏐ ∂ J

∂s
∂ J
∂p

∂L
∂s

∂L
∂p

⏐⏐⏐⏐⏐ ,
The denominator is positive when (s∗, p∗) is a maximum. More-
ver, we have ∂L/∂ω = 0 when si = sj = s∗.17 We also have

∂L/∂p < 0 due to concavity of profit in the price. Thus, ds∗/dω
has the same sign as ∂ J/∂ω and we have

∂ J
∂ω

=

∫
∞

p

∂F (v; α)
∂α

f (v; α)dv −

∫
∞

p

∂ f (v; α)
∂α

F (v; α)dv,

hich is negative following similar arguments as in the proof of
roposition 2.

.6. More than two firms

We first prove the result that firms always advertise positively
nder no spillover when competition is sufficiently intense.

roposition 4. With no spillover, there exists an N∗ such that
Di/∂si > 0 for any p if N > N∗.

Proof. We have
∂Di

∂si
=

∫
∞

p
FN−1(v; α)

∂ f (v; α)
∂α

dv,

hen no firm advertises. Similar argument as in the two firms
ase implies that ∂Di/∂si is always positive for p ≥ µ. So we
focus on p < µ. From the proof of Lemma 2, there exists ṽ <
µ < 2µ − ṽ such that ∂ f /∂α > 0 for v < ṽ and v > 2µ − ṽ,
nd ∂ f /∂α < 0 for ṽ < v < 2µ − ṽ. Hence, ∂Di/∂si achieves a
inimum at v = ṽ. Then, we have

∂Di

∂si
|p=ṽ = FN−1(2µ − ṽ; α)

[ ∫ 2µ−ṽ

ṽ

( F (v; α)
F (2µ − ṽ; α)

)N−1

×
∂ f (v; α)

∂α
dv

+

∫
∞

2µ−ṽ

( F (v; α)
F (2µ − ṽ; α)

)N−1 ∂ f (v; α)
∂α

dv
]

.

e focus on the two terms in the square bracket, which deter-
ine the sign of ∂Di/∂si. The first term is negative and increasing,
nd approaches zero as N increases; the second term is positive
nd increasing, and approaches infinity as N increases. Hence,
here must exist an N∗ such that ∂Di/∂si > 0 at p = ṽ if N > N∗,
which means we must have ∂Di/∂si > 0 for any p. □

17 This is where our formulation on the spillover effect simplifies our analysis.
or instance, if we assume αi = α + si +ωsj , then the direct effect of ω on price

is not zero.
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This means that, unlike the two firms case, a rotation point
may fail to exist for sufficiently weak spillover. Specifically, for
any ω, we have

Di(ω) =

∫
∞

p

∏
j̸=i

F (v; α + (1 − ω)sj +
ω

N − 1
(si +

∑
k̸=i,j

sk))

× dF (v; α + (1 − ω)si +
ω

N − 1

∑
j̸=i

sj).

When no firm advertises, we obtain
∂Di(ω)

∂si
=

∫
∞

p

[
ωFN−2(v; α)

∂F (v; α)
∂α

f (v; α)

+ (1 − ω)FN−1(v; α)
∂ f (v; α)

∂α

]
dv.

Clearly, from the discussion above, if ω is sufficiently small,
e have ∂Di(ω)/∂si > 0 for any p if N is large. However,

when ∂Di(ω)
∂si

|p=ṽ < 0, there exists a vN
0 (ω) ∈ (ṽ, µ) such that

∂Di(ω)
∂si

|p=vN0 (ω) = 0. This is also the highest vN
0 (ω) that satisfies the

equation, due to monotonicity of ∂Di/∂si on the interval [ṽ, µ].
urthermore, if we have ∂Di/∂si > 0 for p > vN

0 (ω) for a given N ,
imilar arguments as in the above proof imply that we must have
Di/∂si > 0 for p > vN

0 (ω) for any higher N . Thus, vN
0 (ω) must be

decreasing in N . When ∂Di(ω)/∂si > 0 for any p, we can interpret
it as vN

0 (ω) = −∞.
On the other hand, we have

∂(∂Di(ω)/∂si)
∂ω

=

∫
∞

p
FN−2(v; α)

∂F (v; α)
∂α

f (v; α)dv

−

∫
∞

p
FN−1(v; α)

∂ f (v; α)
∂α

dv.

Similar arguments as the proof of Proposition 2 imply that the
first integration is always negative, and the second integration
is positive at vN

0 (ω) when it is finite. Hence, the above term is
negative, which means that the rotation point must be increasing
in ω.

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.jmateco.2022.102660.
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