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A B S T R A C T

The present communication aims to investigate the influence of heat generation/absorption on axisymmetric
Casson liquid flow over a stretched cylinder. Flow is caused due to torsional motion of cylinder. The governing
physical problem is modelled and transferred into set of coupled nonlinear ordinary differential equations. These
equations are solved numerically using built-in-Shooting method. Influence of sundry variables on the swirling
velocity, temperature, coefficient of skin friction and heat transfer rate are computed and analyzed in a physical
manner. Magnitude of axial skin friction is enhances for larger Reynold number and magnetic parameter while
local Nusselt number decays with the enhancement of Casson parameter, heat generation/absorption and
magnetic parameter. Comparison with already existing results is also given in the limiting case.

Introduction

The analysis of non-Newtonian liquids is very important due to their
applications in the industries and engineering. Soups, jams, china clay,
synthetic lubricants, blood at low shear rate etc. are the examples of
non-Newtonian liquids. The properties of such fluids cannot be de-
scribed by a single constitutive equation. Nonlinear relationship exists
between the rate of strain and stress for such liquids. Therefore different
models of non-Newtonian liquids are described by the engineers and
scientists (see [1–10]). Casson liquid is a non-Newtonian liquid which
exhibits the shear characteristics and quantifies yield stress and high
viscosity. When wall stress is larger than the yield stress, then such
model is reduced to a Newtonian liquid. This model describes the be-
havior of various materials for example biological materials, molten
chocolate, nail polish, foam and some suspensions. Magnetohy-
drodynamic (MHD) flows have importance in the engineering and in-
dustrial fields. These are used to control the flow and diffusion rate of
neutrons in thermal nuclear reactors. Kudenatti et al. [11] presented
MHD flow with the effect of suction/injection over a nonlinear
stretching surface. Three-dimensional MHD flow with viscous dissipa-
tion and Joule heating is discussed by Hayat et al. [12]. Machireddy
[13] analyzed magnetohydrodynamic flow past a vertical cylinder with
chemical reactive species and radiation. MHD slip flow by a rotating

permeable disk with variable properties is investigated by Rashidi et al.
[14]. Hayat et al. [15] investigated heat transfer in third grade liquid
between stretchable surfaces. Flow and transfer in electrically con-
ducting liquid due to shrinking rotating disk is studied by Turkyilma-
zoglu [16]. Flow over a stretched surface remained a major area of
study in many engineering and industrial problems due to its large
applications. Examples include hot rolling, glass blowing, wire drawing,
paper production, metal spinning and drawing of plastic films. The
analysis of such flow problems are investigated by many researchers
and scientists in various physical aspects. Ostwald-de Waele fluid flow
over a stretching surface with variable fluid properties is carried out by
Vajravelu et al. [17]. Hayat et al. [18] discussed heat transfer in a
second grade liquid flow with Soret and Dufour effects. Flow of Casson
fluid over a stretched surface with heat transfer and thermal radiation is
presented by Bhattacharyya [19]. Hayat et al. [20] reported the un-
steady MHD squeezing flow induced by a porous stretching plate.
Presence of heat source/sink in the flow field gained importance be-
cause heat transfer rate and quality of final product depend on it. These
effects remained prominent when dealing with chemical aspects and
dissociating liquids. Turkyilmazoglu [21] presented unsteady radiative
MHD flow over an impulsively started vertical plate with heat source
and soret effects. Pavithra and Gireesha [22] examined the viscous
dissipation effect on the Dusty fluid induced by exponentially stretched
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surface with heat absorption/generation. Magnetohydrodynamic
(MHD) flow past an impermeable stretching surface subject to internal
heat generation/absorption is reported by Parsa et al. [23]. Further
relevant studies in this direction through the Refs. [24–30].

Literature survey indicates that two-dimensional flows over a
stretched sheet were discussed extensively by various authors. However
axisymmetric flow of non-Newtonian liquid induced by a swirling cy-
linder has not attained much attention of the researchers. Thus in this
article we studied axisymmetric MHD flow of Casson fluid over a
moving cylinder. Effects of heat generation/absorption are present.
Variable temperature is considered at the surface. Governing nonlinear
PDEs are transformed into the nonlinear ODEs using appropriate
transformations. The resulting nonlinear system is solved by using built-
in-Shooting [31–35]. Variation of different variables on the tempera-
ture, radial velocity, swirl velocity and axial velocity fields are ex-
amined. Skin friction coefficients and local Nusselt number are also
numerically computed and discussed. Some studies regarding stretched
surface are mentioned in Refs. [36–44]. Comparison of ″f (1) is also
performed with the previous results [45].

Formulation

Consider axisymmetric flow of Casson liquid due to stretching and
torsional motion of an impermeable cylinder. Heat transfer process is
explored subject to heat absorption/generation. Thermal radiation and
viscous dissipation effects are neglected. Assume that temperature is
vary linearly of cylinder surface with axial distance (see Fig. 1).

Extra stress tensor for incompressible and isotropic Casson liquid
flow is
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Velocity and magnetic fields for the present flow field configuration are

=V u r x v r x w r x[ ( , ), ( , ), ( , )] (2)

and
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Using Eq. (2) we obtain
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Present flow situation is governed by the following equations [26]:
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The continuity expression is fulfilled identically and remaining ex-
pressions (i.e. (6)–(9)) have the final forms:
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Nomenclature

μB plastic dynamic viscosity
py yield stress of fluid
π e eij ij with eij the i j( , )th component of deformation rate
πc critical value of π
u v w, , velocity components
B0 strength of magnetic field
r ϕ x, , directions components
ν kinematic viscosity
ρ density
cp specific heat
G constant rotating speed of cylinder
Q coefficient of heat generation/absorption
H strain rate at the surface of cylinder

R radius of cylinder
l characteristics length
β Casson parameter

TΔ characteristics temperature
T temperature

∞T ambient temperature
B0 applied magnetic field
α thermal diffusivity
γ heat generation/absorption parameter
Re Reynold number
Pr Prandtl number
M magnetic parameter
β Casson parameter
C C,fx fϕ coefficients of surface drag force
Nu heat transfer rate

Fig. 1. Geometry of flow problem.
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Fig. 2. β via f η η( )/ .

Fig. 3. Re via f η η( )/ .

Fig. 4. M via f η η( )/ .

Fig. 5. β via g η( ).

Fig. 6. β via ′f η( ).

Fig. 7. Re via g η( ).

Fig. 8. Re via ′f η( ).

Fig. 9. M via g η( ).
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The parameter involves in flow problem have the following definitions
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The pressure is independent of x under the present data. Since flow is
axisymmetric so pressure can determined from Eq. (6) as follows:
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Fig. 10. M via ′f η( ).

Fig. 11. Re via θ η( ).

Fig. 12. β via θ η( ).

Fig. 13. Pr via θ η( ).

Fig. 14. M via θ η( ).

Table 1
Comparison of ″f (1) with Ishak et al. [45] when → 0β

1 .

M =Re 1 =Re 5

Ishak [45] Present results Ishak [45] Present results

0 −1.1780 −1.1784 −2.4174 −2.4173
0.01 −1.1839 −1.1842 −2.4199 −2.4198
0.05 −1.2068 −1.2070 −2.4296 −2.4295
0.1 −1.2344 −1.2344 −2.4417 −2.4416
0.5 −1.4269 −1.4269 −2.5352 −2.5351

Table 2
Computational analysis of heat transfer rate and surface drag force subject to
influential variables.

Re β M Pr γ − ′θ (1) ( )C Refx
x
R ( )C Refϕ

G
HR

0.2 3 0.1 0.2 0.1 0.3562 −0.8876 −3.1650
0.4 0.3993 −1.0669 −3.2318
0.6 0.3443 −1.2143 −3.2972

5 0.4395 −1.3032 −3.6519
4 0.4301 −1.1685 −3.1191
6 0.4265 −1.1216 −2.9505

0.2 0.4170 −1.1918 −3.1565
0.3 0.4091 −1.2564 −3.3343
0.4 0.4024 −1.3164 −3.4894

0.4 0.5077
0.6 0.6095
0.8 0.7076

0.1 0.7076
0.2 0.5416
0.8 0.3372
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Non-dimensional skin friction C( fx and C )fϕ coefficients and Nusselt
Nu( )x number are
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Methodology and discussion

Built in routine of software Mathematica [43] for solving nonlinear
ordinary differential equations subject to shooting method is utilized.

Variations of involved variables in the velocities ′f η g η( ( ), ( )) and
temperature θ η( ) are discussed through this section. Characteristics of
Casson β( ) parameter on radial velocity f η η( ( )/ ) is exhibited in Fig. 2.
Here f η η( ( )/ ) decreases for larger β( ). With the increase of β( ) the
plastic dynamic viscosity increases which leads to reduce f η η( ( )/ ). It
is also noted that fluid particles attain the velocity of the cylinder near
the surface due to no slip condition. Velocity is higher near the cylinder
and then it gradually decreases far away. Fig. 3 is interpreted to show
the behavior of Reynolds number (Re) on f η η( ( )/ ). Velocity decreases
with the increase of (Re). Velocity profile attains its maximum value
near the cylinder and velocity gradually decays away from it. Fig. 4
displays significant feature of magnetic M( ) parameter on f η η( ( )/ ). It
is found that f η η( ( )/ ) decreases with the enhancement of M( ). As M( )
increases the Lorentz force is relatively higher than the viscous force.
Since Lorentz force is a resistive force which offers resistance to the
fluid motion. Therefore a decrease is noted in radial velocity for higher
M( ). Behavior of Casson parameter β( ) on swirl and axial components of
velocity fields is sketched in the Figs. 5 and 6. Both the velocity com-
ponents are smaller for larger β( ). Variation of (Re) on g η( ) and ′f η( ) is
displayed in the Figs. 7 and 8. Velocity components decrease gradually
when Reynolds number (Re) increases. Analysis of M( ) on velocity
components is shown graphically in Figs. 9 and 10. Magnetic parameter
M( ) tends to decrease g η( ) and ′f η( ). It is also scrutinized that fluid
attains the maximum velocity at the surface. Behavior of Reynolds
number (Re) on θ η( ) is plotted in Fig. 11. Clearly θ η( ) decays for larger
(Re). Effect of β( ) on the temperature profile is sketched in Fig. 12.
Temperature profile is higher for larger β( ). Influence of Prandtl (Pr)
number on θ η( ) is shown in Fig. 13. It is seen that θ η( ) decays as (Pr)
increases. As (Pr) increases volumetric heat capacity of the fluid in-
creases which tends to decrease the temperature profile. Influence of
θ η( ) for various estimation of M( ) is plotted in Fig. 14. Here θ η( ) en-
hances for larger M( ). Lorentz force is directly related to the magnetic
parameter M( ) which opposes velocity of fluid as a result more heat is
produced. Hence temperature of the fluid increases. Comparison of

″f (1) with existing literature is shown (see Table 1). Present flow
problem shows excellent agreement with previous results. Influence of
different physical variables on the coefficients of drag force and heat
transfer rate are shown in Table 2. Here increase of (Re) and M( ) show
the enhancement in the magnitude of axial drag force. However it

shows decreasing effects for higher β( ). Magnitude of ( )( )C Refx
x
R en-

hances for larger (Re) and M( ) while it decays with the enhancement of
β( ). Nusselt number Nu( )x enhances for higher (Re) and (Pr) while it
shows decreasing behavior for larger β( ), M( ) and γ( ).

Conclusion

Magnetohydrodynamic (MHD) flow of Casson liquid is studied in
this article. Flow is caused due to torsional motion of cylinder. Heat
transfer process is explored subject to heat absorption/generation. The
main observations are as follows:

• All the velocity components are decreasing function of Casson
parameter, Reynold number and magnetic parameter.

• Temperature is increasing function of β( ), M( ) and γ( ) but it decays
for larger (Re) and (Pr).

• Skin friction coefficients enhances for rising values of (Re), M( )
while decreases for larger β( ).

• Local Nusselt Nu( )x number enhances for larger estimation of (Pr)
and (Re) while it decays with M( ), β( ) and γ( ).
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