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Graphical Abstract

Let u be a solution to
Lu=0 inD
satisfying Cauchy data
u=f and Nu=g onTy.

Tterative method to find u.
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Abstract

The problem of reconstructing the solution to a second-order elliptic equation in a
doubly-connected domain from knowledge of the solution and its normal derivative
on the outer part of the boundary of the solutionndomain, that is from Cauchy
data, is considered. An iterative method is given"to generate a stable numerical
approximation to this inverse ill-posed problem. The procedure is physically feasible
in that boundary data is updated with datawef the same type in the iterations,
meaning that Dirichlet values is updated with Dirichlet values from the previous
step and Neumann values by Neumann'data. Proof of convergence and stability are
given by showing that the proposedmethod is an extension of the Landweber method
for an operator equation reformulation of the Cauchy problem. Connection with the
alternating method is discussedy, Numerical examples are included confirming the
feasibility of the suggestedfapproach.
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1. Introduection

Thelalternating iterative method was introduced in 1989 by Kozlov and Maz’ya [16]
for solving, some inverse ill-posed problems notably the Cauchy problem for self-
adjoint strongly elliptic operators. For models not being self-adjoint, other iterative
methods have been developed, early works are [3, 10]. In those latter procedures,
the adjoint of the governing partial differential equation is involved in the iterations.

Email addresses: george.baravdish@liu.se> (George Baravdish), ihorborachok@ukr.net
(Ihor Borachok), chapko@lnu.edu.ua (Roman Chapko), b.t.johansson@fastem.com (B. Tomas
Johansson), marian.slodickaQugent.be (Maridn Slodicka)

Preprint submitted to Elsevier 28rd April 2018



From a physical point of view, the alternating method is natural in that it updates
function values on the boundary with function values from the previous iteration
step, and the normal derivative is updated with the normal derivative from the
previous step. In the Landweber type procedures that have been proposed, see for
example [3], typically the function values are updated via the normal derivative of
the solution of the previous iteration step.

We focus on the case of a second-order strongly elliptic and self-adjoint operator
and present an iterative method of Landweber type building on [3]. In the méthod
we propose, function values on the boundary are updated by function values fzom
the previous step, and the normal derivative by the normal derivative of the previc
ous step. For the proposed method, we outline convergence and stability.  Compared
with [3], we do not work with very weak solutions but in the classical. weak/sense. Nu-
merical experiments are included both in two and three dimensions. This altogether
counts as the novelty of the present work. The method given is presented in [25] for
equations related to eddy-current modelling, and is also mentionedsin”[22]; in both
these works the domain is simply connected. We also digcuss connections with the
alternating method. Rather surprisingly, using the results‘in [22], it turns out that
putting the regularizing parameter to unity in the proposed method, generates the
alternating method.

To formulate the problem to be studied, Aet*P=C.IR", n > 2, be a doubly-
connected domain being the region between the two boundary surfaces I'; and T's.
Here, each boundary surface is simple (no self-intersections) closed (the surface has
no boundary and is connected) and is At least’ Lipschitz smooth. Moreover, I'y lies
in the bounded interior of I';. In the casen.= 2; the region D is the domain between
two simple closed non-intersecting ‘cucrves; note that each time the word “surface”
appears the reader has to keep in mind that the present work also covers the planar
case.

Let u be a solution to

Lu=0 inD (1.1)

and suppose additionally/thati satisfies the following boundary conditions (Cauchy
data) on the outet surfaceyl’s,

us=f onls and Nu=g¢g onTs. (1.2)

The operator Iiis a second-order elliptic operator with N being the corresponding
co-normal derivative,

Lu=L(z,0;)u = Z Oz, (@i j(x)0y,u) + c(x)u,
i,j=1
Nu= N(z,0,)u = Z Vi j(2)0z; u,
i,j=1
where v = (v1,...,V,) is the outward unit normal to the boundary. The coefficients

a;,; and c are assumed to be sufficiently smooth, with a; ; = a; ;; we are not after the



most general setting. Moreover, L is assumed to be strongly elliptic in D meaning
that for every € = (&1,...,&n),

n

Z az7]($)§1€J > Oé|§|2, VS D>

ij=1

and @ > 0. Then it is known that the element ¢(z) in L can be chosen sich
that a(u,u) > Cllul|g1(p), with a(-,-) the standard bilinear form corresponding to
the operator L. We therefore assume that the coefficients of L are such thatithis
inequality holds. It is further assumed that data are compatible such that, there
exists a solution u € C?(D) N C'(D); uniqueness is clear for smooth eefficients by
the Holmgren theorem. Although existence is assumed the solution will“in=géneral
not depend continuously on the data, thus stability cannot be guaranteed.

The Cauchy problem for elliptic equations is classical, and we would commit to
the near impossible trying to give adequate overview and references:kven narrowing
down to iterative methods would be too lengthy. To atr least guide the reader to
some works on the alternating method, we point to thesintreduction in [2]; for
references to a selection of other methods for Cauchy problems both direct and
iterative together with applications, see the introduction in-[8] and for properties of
Cauchy problems [12, Chapt. 3],[1, 7].

We ask the reader to bear in mind that we are not after an optimal procedure
competing with all other methods proposed, We.are solely interested in how [3] can
be modified to satisfy the requirement<that boundary data is updated throughout
the iterations with data of the same type (Dirichlet or Neumann), and how this
new iterative procedure that we propese behave, and will of course relate this to the
iterative methods mentioned above.

For the outline of the werks, in Section 2 we state a method and a stopping
rule (discrepancy principlé) with notes on properties of the problems involved in
the iterations, in particular well-posedness. Section 3 is devoted to convergence and
stability. The proposéd method is rewritten as iterations for an operator equation,
and this route generates proof of convergence using [25, Theorem 2], see Theorem 3.1.
Compared with¢[3];swe do not work with very weak solutions but in the classical
weak sense making theyanalysis different. Connections with the alternating method
is given at“the end of Section 3. In Section 4, it is outlined how to numerically
implement the proposed method in the case of the Laplace equation, using boundary
integral techniques. Section 5 presents some numerical results, both in two and three
dimensions;ishowing the feasibility of the proposed approach.

2. An iterative method for (1.1)—(1.2)

The iterative method for the stable reconstruction of the solution to the Cauchy
problem (1.1)—(1.2) involves mixed boundary value problems, and the procedure
runs as follows:



e Choose an arbitrary initial approximation 7y on the boundary part I';.

e The first approximation ug of the solution u is obtained by solving (1.1) sup-
plied with the boundary conditions

ug=1n only and Nug =g onIs.

e Next, vg is constructed by solving (1.1) with the boundary conditions chafiged
to
Nvg=0 only and v9=f—ug onIls.

e Given that ui_1 and vg_; are known, the approximation wuglis determined
from (1.1) with

up =n, on I’y and Nup =g son'ky

and
Me = NMh—1 + YVk—1|m;

where v > 0 is a relaxation parameter.

e Then vy, is determined from (1.1) with boundary conditions

Nvg=0 only and vp'=f —ur on .

The iterations continues with the last two steps until a suitable stopping rule has
been satisfied. We make precise such“amule’ in the next section.

Comparing the above scheme with the alternating method [16], it is similar in the
sense that the type of boundary ¢ondition alternates during the iterations, however,
in the alternating method only data on I'; is updated. The boundary conditions
for the two problems used in that method are ux = vi_1 on I'y, Nup = g on I'g,
Nuv, = Nuy on I'y, 0 =/f onI's, ug an initial guess. The proposed method is also
different from [3, 18] in that is updated by Dirichlet data; in [3, 13] the element 7 is
updated by a normalyderivative of a solution to an adjoint problem (with boundary
conditions vg =0 on I'y and Nvg = up — f on I'y). However, as we show at the
end of Segtion 3, with the choice v = 1, the sequence generated is similar to the one
obtained from the alternating method.

Admnethod of the above form is used in [25] for equations related to eddy-current
modelling. Moreover, the above method is mentioned in [22]. In both those two
works, the domain is simply connected making the analysis more involved due to
adjustment of the classical Sobolev trace spaces for mixed problems in such domains.

The existence, uniqueness and continuous dependence of a weak solution in the
Sobolev space H!(D) for boundary data in corresponding Sobolev trace spaces is
standard for the problems used in the procedure, see for example [23, Chapt. 4].



3. Convergence of the proposed procedure

Define an operator K acting on the standard Sobolev trace space H'/?(T;) by
K : H'/?(Ty) — H'/?(T;), where

Kn=ulr, for neHY*I), (3.1)
and u satisfies (1.1) with boundary conditions
u=mn onl and Nu=0 on 5.
We also define G : H~'/?(T'y) — H'Y/?(T';), where
Gg=wlp, for ge H Y(y), (3.2)
and w satisfies (1.1) with
w=0 onl}y and Nw =g .onTs.

Finding a solution to the Cauchy problem (1.1)—(142) is then equivalent to solving
for an element n € H'/2(T';) such that

Kn=f -Gy, (3.3)

where K and G are defined by (3.1) and (3.2), respectively.

Both the operators K and G are @well-defined and bounded, due to the well-
posedness (quoted at the end of the previous section) of the boundary value problems
involved in their respectively definition.\Moreover, the kernel of K consists of the
zero element only as explained next.

To see that the kernel of Kuis trivial, assume that Kn = 0. Then, from the
definition of the operator/I, there is a solution u that satisfies (1.1) together with
zero Cauchy data on 4. Due toiniqueness of a solution to the Cauchy problem, it
follows that u is identically zéro in D. Hence, n = 0 and the kernel of K is trivial.

We then defing an auxiliary operator 7' mapping in the opposite direction com-
pared with the éperator K. Let T : H'/?(T'y) — H'/?(T';), where

Th=vlp, for he HY*(Iy), (3.4)
and v gatisfies (1.1) with boundary conditions
Nv=0 onl, and v=~h onlIs.

The operator T is also well-defined and bounded. The kernel of T is trivial, this
follows along the similar lines as shown for the operator K.
Let uy, be the iterates obtained from the proposed algorithm. We then have

M = Uk—1|r; + Y Vk—1|ry = Mo—1 + YT (f — ur—1lr,)

s 4T (f — Gg — Kny_y). (3:5)



This is the extension of the Landweber method for solving equation (3.3) given [25];
in the classical Landweber method the operator T is equal to the adjoint of K, that
is K*. Given the above properties of K and T with T K being positive, convergence
follows from [25, Theorem 2] (the assumption that TK is positive is needed but
not explicitly mentioned in that work). We then have to show that TK is indeed
positive, or alternatively to show that T is equal to K*. For future reference, wé
show both, that is that T K is positive (shown of course without using that T equals
K*) and then we find the adjoint of K.

Note: One can obtain convergence directly using [22]. However, that analysis was
carried out for a simply connected domain, making the analysis more involved (more
complicated trace spaces is then needed). We believe it is of value,to writevout the
details for the case of an annular domain and to relate to the work [25].

3.1. Positiveness of the operator TK

Let K and T be given by (3.1) and (3.2), respectively. We show that the com-
position TK is indeed a positive operator, with respect to‘a certain inner product
(-,-). Let Vi be a closed subset of H'/?(T';), which does nof contain any constant
functions apart from the zero element. The space s a subset of H!(D) obtained
by solving (1.1) with boundary conditions v =9 on I't*and Nu = 0 on I'y, with n
in V7. One can check that 74 is closed.

From the assumptions on the operator L wetean, without loss of generality, for
the ease of presentation, assume that(Lu ={Awu. Following [16, 17], the required
inner product on V; is defined by

(n,¢) = /D Vu - Vo dz, (3.6)

where u satisfies (1.1) with beundary conditions

u=m onl, and Nu=0 onTly,
and similarly v satisfies (1.1) with boundary conditions

v=_ onl}y and Nv=0 onls.

Here,n and ¢ belong to Vi, and thus the solutions belong to 7. The reader can
chgck that theé above is a well-defined inner product on V;. In particular, if the right-
hand side in (3.6) is zero for ¢ = 7, then w is a constant throughout the domain D. In
partieular, n is a constant, but the only constant element in 77 is the zero element.
Hende, 7 is zero. For further details on this type of inner product, see [19].

‘We recall the identity

/Vu-Vvdxz/vNuds, (3.7
D r



valid for u,v € H'(D) with u being weak solution of (1.1), see for example [23,
Theorem 4.4].

Let up and u; be generated from the iterative procedure with f = g = 0 and
initial guess n € Vi. The element uy then satisfies the same type of problem as
uo but with ug = uy on I'y. Using the inner product (3.6) together with (3.7) and
employing the boundary conditions for ug, u; and us,

(TKn,n) = / Vug - Vug dz
D

:/ usNug ds
I

= / UlNUO ds
I

= / Vui - Vug dz.
D

(3.8)

Continuing, we obtain

/Vul-Vuodxz/ ugNuq ds
D 1)

S / w1 Nuy ds (3.9)
s
= | |Vu|* dr.
D
Hence, from (3.8) and (3.9)

@xnn) = [ [Vurl da, (3.10)
D

and TK is thereby/a-positive operator on V;.

In fact, for amon-zero n'in V4, T K is a strictly positive operator. To see this, let
the right-handsside in(3.10) be zero. Then the solution u; is a constant throughout
the domain“D. Since ug = uj on I's, ug is therefore constant along I's. Using that
the normal derivative of ug is zero on I's, we can conclude, from the uniqueness of
the Cauchy problem, that wug is also constant in D. In particular, ug is constant
along I'y. “Since, by assumption, data for ug on I'y is taken from the space Vi,
and this space does only contain zero as the constant element, we have that n is
identically zero. Hence, for a non-zero element 7 in V;, the right-hand side in (3.10)
is non-zero. Thus, (3.10) implies that TK is a strictly positive operator on V.

3.2. The adjoint of the operator T

Let us then show that the adjoint of K is equal to T', with K and T given by (3.1)
and (3.2), respectively. Similar to the space V7, let V5 be a closed subset of H/?(T'5),
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which does not contain any constant function apart from the zero element. The space
5 is a subset of H!(D) obtained by solving (1.1) with boundary conditions Nu = 0
on I'y and u = ¢ on I'y, with ¢ in V5. One can check that % is closed.

An inner product on V5 is defined by

(0, 9) = / Vu - Vudz, (3&
D
where u satisfies (1.1) with boundary conditions

Nu=0 onIy and u=¢ only, \(,»

and similarly v satisfies (1.1) with boundary conditions

Nv=0 onl} and v=1 ons.

check that (3.11) is a well-defined inner product on V5.
Let ug, u; and us be as above. The element w; sati
conditions

Nw; =0 only and wy =Y Is.

We also need ws being a solution to (1.1) with

we =wi on Iy and =0 onls.
Then
(Kn,) Vuy - Vwy dx
= / ur Nwy ds
he (3.12)
= / ugNw ds
T2
= Vug - Vwy dz.
D
Furtherniore,
( (n,TY) = / Vug - Vws dx
D
= / wo Nug ds
. (3.13)
= / w1 Nug ds
I

= / Vug - Vwy dx.
D

10



Comparing (3.12) and (3.13), we see that

(Kn, ) = (0, TY),
with n € 74 and ¢ € J% arbitrary. Hence, T = K*.

3.83. Convergence of the iterative procedure

As has been shown above in (3.5) the proposed method can be re-written as)a
Landweber type iteration for an operator reformulation, (3.3), of the Cauchyproblém
(1.1)—~(1.2). The operators K and T have been shown to satisfy the convergence
criteria both for the generalized and classical Landweber method, and therefore-we
have the following convergence of the proposed iterative procedure.

Theorem 3.1. Let f € H'Y?(Ty) and g € H-Y/?(T'y). Assume that the Cauchy
problem (1.1)—(1.2) has a solutionuw € H' (D) and that ~y satisfies < v.£ 2/ (| T|||| K])-
Let uy, be the k—th approximation in the given algorithm., Then

kli{{)lo ||u — ukHHl(D) = 0
for any initial function ny € Vi.

Convergence of higher derivatives can also be achieved in the interior of D. Let
D’ be a domain such that D/ C D. Since ‘wy = satisfies (1.1), we can use local
estimates for elliptic equations, see [23§ Theotem 4.16], which gives

lur — ull ey < Cllug — ullgr (D),

with the choice of the non-negative integer ¢ depending on the smoothness of the
coefficients in the operator!L. This estimate and Theorem 3.1 show convergence of
higher derivatives in D.*Since.u + uj has zero co-normal derivative on I's, one can
even allow for D’ to Mave a non-empty intersection with I's.

To formulate a stopping rtle, the discrepancy principle [24], assume that we have
noisy Cauchy dafa'@’ and 7/ such that

If— f5||H1/2(F2) +1G(g - 96)”H1/2(F2) <.

Let ui be thejiterates with f° and ¢° as data. For the generalized Landweber
type methad the discrepancy principle can be applied. This means that one should
terminate the iterations when

17— quHl/?(Fg) <79,

where 7 > 1. Stopping rules for the alternating method are given in ([16, 17, 19, 11]).

11



The regularizing parameter v can be chosen as v = 1. To see this, let ug, u; and
ug be as in the previous section. Then

/VUQ-Vuzdxz/ us Nug ds
D

Iy

:/ urNug ds
Iy

:/ Vui - Vug dx.
D

This implies

/V(ul—u2)~V(u1—u2)daz:/ |Vu1|2dx—/ |Vug|? da. (3.14)
D D D

Similarly,

/Vul-Vuldx:/ uy Nugds
D s

:/ ugNwuq ds

Ty

:/ Yug 'Vu dz,
D

which implies

/ V(up —up) - V(ug —up) da'= / |V |* do — / |V |? da. (3.15)
D D D

Using that
(TKn,TKn) = / Vug - Vug dz
D

together with (3(14)and (3.15), give

(TKy, TKn) < /D Vuol? = [In]1% (3.16)

withe- || the nerm induced by the inner product (3.6). The norm of the operator TK
is therefore according to (3.16) less than or equal to one. Thus, from Theorem 3.1,
the regularizing parameter can then be chosen as v = 1. We point out that one is
not an eigenvalue of TK.

Note: Other iterative methods, where data are updated with data of the similar
type, can be proposed as well. For example, one can start by guessing the Neumann
data instead of the Dirichlet data. The procedure is then:

e Choose an arbitrary initial approximation &y on the boundary part I';.

12



e The first approximation ug of the solution u is obtained by solving (1.1) sup-
plied with the boundary conditions

Nug=¢&, onl; and ug = f on [s.

e Next, vg is constructed by solving (1.1) with the boundary conditions changed
to
v9=0 onlI}y and Nvg=¢g— Nug on Is.

e Given that ugp_1 and vg_q are known, the approximation wuj is détermined
from (1.1) with

Nug =&, only and up = f on g

and
& = &—1 + YNuvg—1lr,,

where v > 0 is a relaxation parameter.

e Then vy, is determined from (1.1) with boundary conditions

vp =0 onl}y and Nypg=g= Nuj on 5.

The similar analysis can be carried out, \with,the spaces V; and V5 replaced by
H~Y2(I'y) and H~1/2(T'y), respectively;, to show convergence.

Moreover, in [5], another variant using Dirichlet and Robin boundary values
problems is numerically investigatedswith indication of convergence.

3.4. Connection with other iterative methods

As it turns out, the propesed method has a connection to the classical alternating
method [16, 17], although thejiterations seem at first different. Relations between
the alternating method,and the Landweber method is investigated in [22]. In [22],
the above method is mentioned (see also [25]), and a different expression is given
for the adjoint Operator to K in (3.1) compared with what we obtained above. We
recall the expression for the adjoint from [22]. Let wg solve (1.1) with

wog=0 only and wog=h onlIs.
Moreover, letAv; satisfy (1.1) with
Nwi; = —Nwg only and wy =0 on .

Then in [22] it is shown that the adjoint of K in (3.1) is K*h = w1|r,. This is then
the same as what we have obtained. To see this, note that w = wg 4w is a solution
to (1.1) supplied with

Nw=0 onl} and w=~h only,

13



and w|r, = wi|r,. The problem for w and the restriction of the solution to I'y is
precisely as in the definition of the operator T, see (3.4). This operator is, as have
been shown above, equal to the adjoint of K.

With this alternative form of the adjoint operator, one can establish that

TKn=n-— Bn,

with B the operator used in the alternating method, for details see [22]. This equality
in turn implies that although the proposed iterative scheme and the altermating
method look different (see description on p. 2), the proposed method will generate
the similar sequence as the alternating method for the choice v = 1.

We show this in the case f = g = 0; then f and Gg in the right-hand side of'(3.3)
is zero. Let now wy solve (1.1) with

wo =mn, on Iy and Nwy=0 onIq.
Moreover, let w; satisfy (1.1) with
Nwi; = Nwg on Iy and wi =0, on I'y.
Then the alternating method (described on p. 2), updates as
M1 = W1|r,. (3.17)
The difference w = wy — wy satisfies (1.1) and
Nw=0 onl}y and W= wo on I's.

Moreover, using the definition of the operator Ty see (3.4), together with w = wg—wy,
it follows that
Two = UJ|F1 =Nk — w1|p1. (318)

In the proposed procedure, se€%(3.5), putting v = 1 and using (3.18), we have
Nk+1 = Mt L(0 —wolr,) = nk — nk + wilr, = wilr,. (3.19)

From (3.17) and (3.19), 4t follow that the alternating method and the proposed
procedure generate the same’sequence when f =g =0 and v = 1.

To summarize, we have the following. To solve (3.3) in a stable way, one can
apply the Landweber itération. The generalized form in [25] forms the composition
TK at eachi iteration step. With K from (3.1) and T' = K*, we obtain the proposed
methody¢which, as-a special case, when the regularizing parameter v = 1, is similar to
the alternating'method [16, 17]. For acceleration of the alternating method, see [15]
and for exterision to Helmholtz equation, see [4]. Working in L? instead of the
classical Sobolev trace spaces, and choosing T' = K., the method in [3] is obtained
for anmular domains. In that method, Dirichlet data is updated by Neumann data
and yice versa (see description on p. 2). Additionally, that method works for general
elliptic equations as well as parabolic ones. The method [3] was generalised to simply
connected domains in [13, 14] using weighted Sobolev spaces.

Whether there is a particular choice of T and accompanying spaces making the
proposed method work for more general elliptic equations remains to be seen.

14



4. Numerical solution of the problems used in the iterative procedure

As mentioned in the introduction, we shall make numerical experiments with the
proposed procedure in the case when the second-order operator L is equal to the
Laplace operator. In the present section, we therefore briefly outline how to solve
the boundary value problems occurring in the iterative procedure for this choice
of L.

We start with the method for the mixed Dirichlet-Neumann boundary ~alue
problem consisting of

Au=0 in D, (41)
with 5
u=~h onl; and —u:g on I's.
ov

We search for the solution as a combination of a single- and double-layer potential

0% (z,y)

v (y) ds(y), reD, (4.2)

u(z) = / 11 () () ds(y) + / 2(v)

Ty Ty

with @ the fundamental solution to the Laplace equation in IR", and the densities
p1 € C(I') and po € C(I'y) are to be determined.

To determine these densities, using properties of,single- and double-layer poten-
tials [18, Chapt. 6.3-4], it follows that the densities satisfy the following system of
integral equations

[ e dse) + [ Bt dse) = he). aery
b y, (4.3)
0®(z,y) 5 0 0P (z,y) () = oz .

It is then adyamntageous; both for theoretical analysis and numerical discretisa-
tion, to parameterise these equations, that is making a specific parameterisation of
the boundary parts, and then make the singularities in the kernels explicit. For
two-dimensional regions, this is undertaken in [9, Sect. 3.3] together with showing
existence and uniqueness of solutions to the obtained system. In three-dimensions,
one,can parameterise via the unit sphere as suggested in [26]. This is realised in [6,
Sect. 3.

For the numerical discretisation, in two-dimensions, this is performed via a Nys-
trom, scheme, see [9, Sect. 2.2]. In three-dimensions, the approach [26] is followed,
see |6, Sect. 4].

The similar representation and discretisation are employed for the other bound-
ary value problem used in the given procedure.

15



5. Numerical examples

We present numerical examples with the proposed algorithm, both in two and
three dimensions. The examples show that the method can be turned into a practic-
ally functioning procedure for the reconstruction of functions from Cauchy data. As
pointed out in the introduction, we do not strive for full generality and do not de-
velop a fully optimized code applicable for complicated data and domains competing
with all other methods for Cauchy problems. We are only interested to see how the
proposed method performs. The examples chosen are such that if the reader imple-
ments similar models in terms of boundary data and distance between the’boundary
surfaces, results of the similar form is to be expected.

1k 14
0 4
0 I’y
L 11
-1+ - A
\//(]j
L | | | ] 1 0 -1 1 0
-1 0 1
a) The domain in Ex. 1 b) The domain in Ex. 2

Figure 1: The two selution domains used in the numerical examples

Ezxample 1. Let the bounded domain D be the region between the following two
curves,
Ty =4 ()= (0.5cost,0.4sint — 0.3sin’¢) : ¢ € [0,27]}

and
'y = {x2(t) = (1.3 cost,sint) : t € [0,27]}.

We consider the harmonic function e, (z) = 22 — 22 , x € D, and the necessar
1 25 > y

data forithé Cauchy problem are generated as the restriction of wue, and its normal
derivative on.the boundary I's.

Results of the numerical reconstruction of the function ue, on the boundary
part.Ly of the domain D, using the given procedure for the case of exact and noisy
datay are presented in Figs. 2—-3. The regularizing parameter was set to v = 0.5. The
numerical solution of the corresponding mixed problems is realised by the indirect
integral equation approach presented in the previous section. The Nystrém method
with trigonometric quadrature is then applied. The number of quadrature points is
chosen as 2n = 64. Note that for noisy data, random pointwise errors are added to
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the corresponding boundary function, with the percentage of error given in terms of
the L?-norm.

0.1
0.08 |- .

0.06

0.04 =

0.02 T

| I
1000 2000 3000

o

a) Function values b) L2-error

Figure 2: Reconstruction on I'i in Ex¢ 1 (exact data)

0.15

0.1

0.05

! !
0 100 200 300
a) Function values b) L2-error

Figure 3: Reconstruction on I'; in Ex. 1 (3% noisy data)

The reconstructions behave as expected. For example, for exact data, the de-
credse of the€rror is to good order of the form O(k~1/2) and this is known decrease
in 'the error for the Landweber method with noise free data. As the noise decreases
the approximation improves. Increasing the noise makes the iterations deteriorate
due to the ill-posedness of the Cauchy problem. However, the reconstructions still
try”to mimic the shape of the original function, thus the method is in this sense
stable with respect to (moderate) noise in the data. It is also possible to reconstruct
the missing Neumann data on I';. This is more challenging and reconstructions
will be less good. Rather then overloading with figures, we can report the similar
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behaviour as in [6]. For examples with the alternating method in conjunction with
the boundary element method, see, for example [20, 21].
Example 2. Let the bounded domain D be the region bounded by the two surfaces

Ty ={&(0,0) =r1(0,p)(sind cos g, sin @ sin p, cosd) : 6 € [0, 7], ¢ € [0,27]}
and
Ty = {&(0, ) = ra(sinf cos p, sin fsin g, cos ) : 6 € [0, 7], € [0, 27)}
with radial functions

(0, ¢) = 0.2 <O.6 +V/4.25 1 2cos 39)

and

2(6, ) = /0.8 + 0.2(cos(2¢) — 1)(cos(48) — 1).

The domain D is the region between an acorn shaped surface inside a cushion type
surface, see Fig. 1.

We consider the harmonic function ., (z)=e**€os(z1), x € D. The necessary
data for the Cauchy problem is generated from the.exact solution on the boundary
surface I'y (as in the previous planar case).

The numerical solution of the corrésponding mixed problems is realised by the
indirect integral equation approach from the previous section.

For discretization of the system ofiintegral equations, Wienert’s method [26] is
applied. This means that a Galerkindiscrete projection method is used, where the
unknown densities are represénted as a linear combination of spherical harmonics;
boundary integrals are rewritten over the unit sphere employing Gauss-trapezoid
cubatures, having super-algebrai¢ convergence.

We have taken 2(fnt1)? basis functions and 2(n’ 4 1)? cubature points (n and
n’ do not necessarily have, t6 be equal). Wienert’s method [26] generates a system
of linear algebraic equations of order 2(n + 1)2 x 2(n’ + 1)2. Calculation of each
coefficient of”the system requires in total some computational time. Additional
optimisation by using certain temporary matrices have been applied. As a result,
for the construction of the matrix corresponding to the linear system obtained from
discretisation, requires O(n®) operations.

The results of the numerical reconstructions of the function u., on the bound-
ary.I'y of/the domain D, with the given algorithm for the case of exact and noisy
data, ‘are presented in Figs. 4-5. The iteration parameter « is selected as v = 0.5.
Values of the relative error at each iteration are presented in Fig. 6. Also in this
example, we leave out figures for the reconstructions of the normal derivative of I'y
but report that results similar to [6] are obtained.
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ACCEPTED MANUSCRIPT

a) Exact values y b) Approximation (noisy data)

Figure 5: Reco n of u on I't in Ex. 2 (3% noisy data)
6. Conclusion
i tive

ocedure for the Cauchy problem for second-order strongly
elliptic e has been proposed and investigated in annular domains. This
i 3] but updates data with data of the same type throughout the
iteratio at/is Dirichlet data is updated by Dirichlet data from the previous step,
and Neum data is similarly updated by Neumann data. Boundary conditions of
s used in the iterations are of mixed type, and the method is started by
guess of the Dirichlet data on the boundary part where data is missing.
Convergence was established by rewriting the Cauchy problem as an operator equa-
on the boundary, for which the method can be written as a Landweber type
rocedure. Numerical experiments included show that the algorithm performed well
with convergence rates as expected for a Landweber method. The similar procedure
is used in [25, 22] for simply connected domains. It was shown that choosing the
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a) Exact data b) 3% noisy.data

Figure 6: L2-error for the reconstruction of w on I'1 in Ex. 2

regularizing parameter to unity the proposed procedure‘generates iterations as in

the

alternating method [16, 17]. As was pointed out), other variants of the iterat-

ive method can be proposed as well and one such-method was given (starting with
guessing the Neumann data instead of the Dirichlet data).
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