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Tunable photonic elements at the surface of an optical fiber with piezoelectric core are proposed
and analyzed theoretically. These elements are based on whispering gallery modes whose propagation along the fiber is fully controlled by nanoscale variation of the effective fiber radius, which
can be tuned by means of a piezoelectric actuator embedded into the core. The developed theory
allows one to express the introduced effective radius variation through the shape of the actuator and
the voltage applied to it. In particular, the design of a miniature tunable optical delay line and a
miniature tunable dispersion compensator is presented. The potential application of the suggested
model to the design of a miniature optical buffer is discussed.

I.

INTRODUCTION

Miniature optical delay lines, dispersion compensators
and more general photonic signal processing devices are
considered to be of primary importance for the future
optical communications, computing, and other applications. Various implementations of microscopic optical
signal processing devices have been proposed, including
those based on photonic crystal structures [1, 2], coupled
ring resonator arrays [3] and nonlinear effects in optical
fibers, such as stimulated Brillouin or Raman scattering [4]. The practical realization of miniature optical
signal processing devices is however obstructed by insufficient precision and high optical losses [5, 6].
Another possible approach is referred to as SNAP platform [7] and provides precise control of propagation of
high-Q optical whispering gallery modes (WGMs) along
an optical fiber by introducing nanoscale effective fiber
radius variation (ERV). Using focused CO2 laser radiation to modulate the effective fiber radius by local annealing one can achieve sub-angstrom precision in the shape
of fabricated photonic elements. However this technique
allows one to fabricate only static surface photonic circuits and does not provide any mechanisms for the shape
control and fine tuning of created devices.
SNAP circuits can be created not only by local annealing of the optical fiber, but also in several reversible
ways — these can include possible tradeoff of the precision for reconfigurability and transience. The application field of such methods is not necessarily restricted to
the creation of photonic circuits from scratch (i.e. uniform optical fiber), but can include fine tuning of the precreated ”true” SNAP elements either, or provide gates for
them. One of these methods exploits thermal expansion
of the fiber material due to heating (to the temperatures
much lower than the annealing temperature) caused by
low-power focused laser radiation [8]. Another possible
approach is to introduce ERV elastically, by creation of
additional strain field in the vicinity of the fiber surface.
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Since WGMs are concentrated in a relatively narrow region near the fiber surface, the strain can be introduced
by electrical control of the shape of a piezoelectric core
actuator inserted into a hollow silica fiber without affecting the optical Q-factor.
The purpose of this paper is the theoretical analysis
of this approach. The axisymmetric case of the radially
polarised actuators is considered. The developed theory
allows one to analytically express the introduced ERV
through the shape of the actuator and the voltage applied
to it. In particular, we present the design of a miniature
tunable optical delay line and a miniature tunable dispersion compensator. The potential non-stationary generalisation of the suggested model that can be applied to
the design of a miniature optical buffer is discussed.
II.

THEORETICAL FORMULATION

The considered device is illustrated in Fig. 1. A piezoelectric tube-shaped actuator has the inner radius r1 and
outer radius r2 , both of which can in general vary as
functions of axial coordinate z, metallic core and metallic coating deposited on its outer surface. The actuator
is inserted into a hollow fused silica fiber with outer radius r0 . It is suggested that the piezoelectric material in
the actuator is polarized radially, so that the axial symmetry of the structure is maintained in the process of
deformation. Voltage V applied to the electrodes creates
strain which leads to the nanoscale deformation of the
fiber shape. In addition, the strain introduces anisotropic
variation of the material permittivity. Both these phenomena affect the propagation of the WGMs along the
fiber.
In this paper we consider only static deformations, i.e.
the decay time of light is expected to be much smaller
than characteristic time at which the fiber changes its
shape. It is also assumed that the variation of the parameter values along z coordinate is small and smooth
enough. In this case in the vicinity of the resonant frequency the dependence Ψ of the WGM electromagnetic
amplitude E on z can be factored out of the governing
equations, i.e. E(r, ϕ, z) = Ψ(z)Ξ(r)eimθ . Here Ξ(r)
describes the radial part of the electromagnetic field am-
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where σ is the cross section of the hollow silica fiber and
E0 is the WGM shape for the unperturbed structure.
The first-order variation of the permittivity tensor ∆ε is
coupled to the strain tensor S via the photoelastic tensor
p:
∆ε = −ε2 (∆ε)−1 = −ε2 pS

FIG. 1. Illustration of the tunable SNAP device considered
in the paper. Voltage V is applied to the radially polarized
cylindrical piezoelectric transducer, which is inserted into a
hollow silica fiber. The introduced strain creates nanoscale
effective radius variation of the fiber along the axial coordinate, allowing one to control the propagation of whispering
gallery modes in the axial direction. The device is coupled to
an external photonic circuit by means of a tapered microfiber.

(4)

Here p is in general a 4th rank tensor, but due to the
symmetry of the strain and permittivity tensors can be
reduced to a 2nd rank tensor represented by a 6×6 matrix
using Voigt notation.
The electromechanical problem of piezoelectricity in
the considered case is axisymmetric. Since the characteristic distance of significant change of the shape is much
greater than the fiber’s diameter, a plane strain approximation along z axis can be used. This means that the
only non-zero component of the dimensionless (in units
of r0 ) displacement vector is uρ (ρ), where ρ = r/r0 ,
the only non-zero components of the strain tensor are
Srr = ∂uρ /∂ρ and Sθθ = uρ /ρ. The equation of motion
can be written down as [11]
∂Trr
1
+ (Trr − Tθθ ) = 0.
∂ρ
ρ

(5)

In the piezoelectric region (ρ1 < ρ < ρ2 , ρ1,2 = r1,2 /r0 )
the stress tensor T is coupled to the electric displacement
D by constitutive equations [12]:
T = cE S + et ∇ϕ,

plitude and m is the azimuthal mode index along the
coordinate θ. The propagation of WGMs along z axis
can be described [9] by a one-dimensional equation


∆r(z) ∆nef f (z) λ − λ0 − iγ0
d2 Ψ
2
Ψ = 0.
+ β0
+
−
dz 2
r0
n0
λ0
(1)
Here λ0 and γ0 are respectively the initial resonant wavelength and the loss factor of the WGM, β0 = (2πn0 /λ0 )
is the propagation
√ constant along z axis for a constant
radius r0 , n0 = ε is the refractive index for non-stressed
silica. To describe the dependence of WGM propagation
along z one can introduce dimensionless effective radius
variation (ERV) ∆ρef f (z):
∆r(z) ∆nef f (z)
∆ρef f (z) =
+
,
r0
n0

(2)

which incorporates the geometrical variation of the outer
radius ∆r(z) and the effective refractive index variation
∆nef f (z).
The first term in (2) can be expressed as radial mechanical displacement component at the fiber surface, while
the second one describes the influence of the anisotropic
perturbation of the permittivity tensor at each point on
the propagation of WGMs at this point and can therefore
be obtained from the first order perturbation theory [10]:
RR
E0∗ · ∆ε(z)E0 d2 x
,
(3)
∆nef f (z) = −n0 σ RR
2
2 σ |E0 | d2 x

(6)

S

D = eT − ε ∇ϕ.

(7)

Here ϕ is the electric potential, e is stress-charge coupling
matrix (which is non-zero inside the piezoelectric only)
with superscript t denoting matrix transposition, while
cE and εS are the elasticity and permittivity matrices at
constant electric and constant strain fields, respectively.
As long as the radial electric displacement in the piezoelectric is inverse proportional to the radial coordinate,
Dr = A/ρ, one can write explicitly
∂uρ
1
uρ
+ cE
+ e33
13
∂ρ
ρ
r0
∂uρ
1
uρ
= cE
+ cE
+ e31
13
11
∂ρ
ρ
r0

Trr = cE
33
Tθθ

∂ϕ
,
∂ρ
∂ϕ
,
∂ρ

(8)
(9)

and
ϕ(ρ) =



1 
e33 uρ + e31
εS33

Zρ

ρ1

′



ρ
uρ (ρ ) ′
dρ − A ln  . (10)
ρ′
ρ1

The substitution of eqs. (8-10) into (5) gives
1 ∂u
uρ
∂ 2 uρ
A
+
− ν2 2 = − 2 ,
∂ρ2
ρ ∂ρ
ρ
ρ
where
ν2 =

2
S
cE
11 + e31 /ε33
,
E
2
2
c33 + e33 /ε33

A=

e31
A
.
εS33 cE
+
e233 /εS33
33

(11)
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Taking into account that the inner (metallic) and the
outer (silica) cylindrical layers are assumed to be elastically isotropic and non-piezoelectric, i.e. in these regions
ν = 1 and A = 0, and that the solution has to be finite
at ρ = 0, one can write down the solution as
 I
0 ≤ ρ < ρ1 ;
 uρ (ρ) = αI1 ρ,
II ν
II −ν
uρ (ρ) = uII
+ Aν −2 , ρ1 ≤ ρ < ρ2 ;
ρ (ρ) = α1 ρ + α2 ρ
 III
III −1
uρ (ρ) = αIII
,
ρ2 ≤ ρ ≤ 1.
1 ρ + α2 ρ
(12)
I,II,III
The six constants α1,2
and A are obtained from
the linear algebraic system of equations defined by six
boundary conditions. Four of them are given by the persistence of the radial displacement ur and radial stress
tensor component Trr at material interfaces ρ = ρ1 and
ρ = ρ2 , one comes from the equality of the Trr to zero
at the fiber surface ρf and the last one comes from the
electrostatics, which demands that the difference between
the values of the electric potential ϕ at ρ2 and ρ1 should
be equal to the applied voltage V :
uIρ (ρ1 ) = uII
ρ (ρ1 ),
uII
ρ (ρ2 )
I
Tρρ
(ρ1 )
II
Tρρ (ρ2 )
III
Tρρ
(1)

=
=
=

uIII
ρ (ρ2 ),
II
Tρρ
(ρ1 ),
III
Tρρ (ρ2 ),

i.e.
E(r, θ) ∼ Ai



2β02
r0

1/3

!

(r0 − r) − tn eimθ ,

(14)

where β0 = 2πn0 /λ0 , n0 = 1.46 is the refractive index
of fused silica, λ0 = 1.55 µm is the resonant wavelength
and tn is the n-th root of the Airy function (t0 ≈ 2.338,
t1 ≈ 4.088). It is found that relative effective refractive
index variation ∆nef f /n0 for TEm0 and TMm0 modes
are of same order of magnitude as the relative change of
the geometrical fiber radius, ∆r/r0 , and therefore neither
of these effects is negligible when calculating the the total value of ERV. The further analysis presented in this
paper is constrained to the case of TMm0 modes only,
i.e. it is assumed that the only non-zero component of
the electric field is the radial one Er , and that it can be
described by (14) with tn = t0 .

(13a)
(13b)
(13c)
(13d)

= 0,

(13e)

ϕ(ρ2 ) − ϕ(ρ1 ) = V.

(13f)

The above formulations remain applicable if the shape
of the piezoelectric actuator changes slowly along z axis
of the actuator. In this case the problem of calculation
of shape of the piezoelectric actuator that is required to
obtain the desired ERV ∆ref f (z) amounts to expressing
the ERV in terms of material and geometrical parameters, and then inverting the derived analytic expression
with respect to the geometrical parameters that are supposed to change along z axis. This makes the proposed
method much more effective and universal as compared
to the numerical simulation approach.

III.

RESULTS AND DISCUSSION

In the model considered in this paper it is expected
that the piezoelectric actuators have the shape of cylindrical tubes made of PZT-5H ceramics with aluminium
core. The outer radius r2 of the actuator is assumed to
be constant, while the inner one, r1 , varies with z coordinate.
The resonant wavelength variation depends on the polarization of the electromagnetic field in the optical mode
and on the radial component of the mode shape. The
shape of the unperturbed modes near the fiber surface
can be expressed using the Airy function approximation,

FIG. 2. (a) The distribution of the effective radius variation
(ERV) for the fundamental TM mode as a function of dimensionless geometrical parameters ρ1 = r1 /r0 and ρ2 = r2 /r0 ;
(b) The typical distribution of the radial displacement uρ
along r axis for ρ1 = 0.25, ρ2 = 0.75, r0 = 20 µm, V = 100 V
(thick solid line, left scale); the radial distribution of the electric field in WGM with λ0 = 1.55 µm, filled region, right
scale.

The calculations are performed in two steps. At first,
the system of equations (13a-13f) is solved analytically
to obtain the coefficients αI,II,III
for the radial displace1,2
ment (12). This allows one to express the ERV (2) in
terms of material and spatial parameters after calculating
effective refractive index variation through eq. (3). The
permittivity tensor is calculated from strain by eq. (4).
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Since silica is an initially isotropic material, its photoelastic tensor p has only two independent components,
p11 = 0.121 and p12 = 0.27 [13]. Second, the shape of the
piezoelectric actuator that is required to obtain the desired ERV distribution along z, ∆ref f (z), is determined.
To do this one needs to fix the outer actuator radius r2
and express the inner radius r1 as a function of z, i.e.
r1 = r1 (∆ref f (z)).
The distribution of the ERV as a function of dimensionless geometrical parameters ρ1 = r1 /r0 and ρ2 =
r2 /r0 is given in Fig. 2a. The voltage to fiber radius ratio is V /r0 = 5 × 106 V/m. The typical values of the
introduced ERV are of the order of 10−4 and for a given
ρ2 there is an optimal value of ρ1 for which the resulting
ERV is maximal.
The distribution of the radial displacement component
along dimensionless radial coordinate ρ for ρ1 = 0.25,
ρ2 = 0.75 is shown in Fig. 2b. The same figure shows the
corresponding distribution of Ez component of the WGM
field given by (14) for r0 = 20 µm. Notice that in order
to avoid losses the thickness of the region in the vicinity
of fiber surface in which the WGM power is concentrated
has to be smaller than the silica layer thickness. Fig. 2b
testifies that the resulting values of displacement on the
fiber surface significantly depend on the the properties of
the core material.

shown in Fig. 3a. The structure shown in Fig. 3b has the
ERV proportional to z 2/3 , which corresponds to the constant dispersion, i.e. the linear group delay and, therefore, to the dispersion compensation behavior for incoming optical pulses [15].
An interesting opportunity is to take advantage of
rapid switching abilities of piezoelectric actuators in order to construct fast switching devices such as SNAPbased harmonic optical buffers described in [16]. A nonstationary generalization of the above analysis is required
to figure out the potential characteristics of such a device. Assuming that the response rate of such buffer is
primarily determined by the time required for the acoustic pulses to travel through silica from the piezoelectric
actuator to the outer fiber surface, one can roughly estimate that this rate can take values of a few GHz. It is
suggested that the considered model of the piezoelectric
actuator with constant outer radius r2 ensures that the
acoustic vibrations reach the fiber surface with the same
phase.
It is assumed above that the ERV in the absence of
voltage applied to the electrodes is zero, i.e. the fiber is
initially uniform. However, the nanoscale initial ERV
won’t change the above formulations. Therefore, the
technique presented here can be used to add tunability to
the SNAP devices introduced by non-reversible methods.
IV.

FIG. 3. The cross-section of a dispersionless delay line (a)
and a dispersion compensator (b). Solid lines, left scales:
ERV introduced into the structure. Solid lines, right scales:
inner piezoelectric actuator radius r1 . Dashed lines, right
scales: fit results for r1 (z). The fiber radius is 20 µm, the
outer piezoelectric actuator radius is 15 µm, applied voltage
is 100 V.

The calculated distribution of the ERV is utilized to
determine the piezoelectric actuator shapes for two important cases — a dispersionless delay line and a dispersion compensator. The parabolic dependence of the ERV
on z, leading to the dispersionless pulse propagation [14],
and the corresponding piezoelectric actuator shape are
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